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Preface

Combinatorial commutative algebra lies at the intersection of two more es-
tablished fields, commutative algebra and combinatorics. In commutative alge-
bra, Cohen-Macaulay and Gorenstein properties, local cohomologies, Castelnuovo-
Mumford regularities and Hilbert series are important objects. One of the purposes
of this field is to investigate the relationship between these commutative algebraic
properties and combinatorial objects. For example, the important events in com-
binatorial commutative algebra was R. Stanley’s proof([36]) of the upper bound
conjecture for the simplicial sphere, based on early work by M. Hoschster and G.
Reisner. The problem can be defined in combinatorial and geometric terms, but
the method of the proof makes full use of commutative ring theory. In this proof,
Stanley uses the Stanley-Reisner ring of the simplicial complex.

Monomial ideals are an important subject in combinatorial commutative alge-
bra. Standard methods in combinatorial commutative algebra for studying homo-
logical and enumerative problems about arbitrary monomial ideals are to reduce to
squarefree or Borel fixed cases. Borel fixed ideals are monomial ideals of a poly-
nomial ring fixed under the action of upper triangular matrices, and it play an
important role in Grobner basis theory and many related areas, since they appear
as the generic initial ideals of homogeneous ideals. Moreover, Borel fixed ideals are
strongly stable ideals, when characteristic is 0. On the other hand, any monomial
ideal is reduced to a squarefree monomial ideal by (standard) polarization.

Edge ideals are also known to be an important object in combinatorial commu-
tative algebra. The study of edge ideals was started by Villarreal in [43]. An edge
ideal is a quadratic squarefree monomial ideal associated with a finite simple graph.
By using edge ideals, the relationship between ring-theoretic and graph-theoretic
properties has been actively investigated. These studies include the characterization
of Cohen—Macaulay and Gorenstein properties.

A Specht module is one of the important representations of symmetric groups.
It is studied by W. Specht in 1935. The Specht modules form a complete set
of irreducible representations of the symmetric group, in characteristic 0. Such
modules are vector spaces spanned by Specht polynomials, which can be constructed
combinatorially. We can also consider ideals generated by Specht polynomials. This
is called the Specht ideal. Such ideals are known to be related to combinatorial
commutative algebra, subspace arrangements, equivariant cohomologies of Springer
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fibers and symmetric system of equations.

The organization of this doctoral thesis is as follows; it consists of three chapters.

In Chapter 1, we study the Alexander duality for strongly stable ideals. In [46],
Yanagawa constructed the alternative polarization b-pol(I) of a strongly stable
ideal I. Note that b-pol(]) is the squarefree monomial ideal. On the other hand,
the Alexander duality for squarefree monomial ideals is a very powerful tool in the
Stanley—Reisner ring theory.

In this thesis, we construct the Alexander dual of strongly stable ideal, and
as one of its applications, we describe the formula of the Hilbert series of the
local cohomology modules of the quotient ring by a strongly stable ideal using
its irreducible decomposition. On the other hand, we show that strongly stable
property is characterized by its irreducible decomposition.

In Chapter 2, we study the edge-weighted edge ideals. In this chapter, we
consider a finite simple graph. The edge-weighted edge ideal of an edge-weighted
graph was introduced in [28]. They also investigated unmixedness and Cohen-
Macaulayness of these ideals, in the case that a graph is a cycle, a tree or a com-
plete graph. The purpose of this thesis is to continue this research on a Cohen—
Macaulay very-well covered graph. In particular, we characterize unmixed and
Cohen-Macaulay properties of edge-weighted edge ideals of Cohen—Macaulay very
well-covered graphs. Our results can be seen as generalizations of the results con-
cerning the Cohen-Macaulay property of usual edge ideals of very well-covered
graphs.Another kind of generalization of edge ideals is considered in [17, 29, 30].
Indeed, [29] introduced the vertex-weighted edge ideal of an oriented graph. In this
paper, we provide the counterexample of the conjecture[29, Conjecture 53].

In Chapter 3, we study the (Castelnuovo-Mumford) regularity and the Hilbert
series of Specht ideals for some partitions. A Specht ideal I§p for a partition A is an
ideal generated by the Specht polynomials of A. For the partition A = (n —d, d) or
(d,d, 1), Yanagawa show that pr is a radical ideal over any field, and the quotient
ring of these ideals are Cohen-Macaulay using by a result of Etingof et al. [13],
which concerns the characteristic 0 case. In addition, in [22], results on the Cohen—
Macaulay property of R/ I(Sf_ 44 are proved without using the results of Etingof
et al. The paper [44] computes the Betti numbers of Specht ideals for hook type
partitions, it means that we know its Hilbert series in this case.

In this thesis, we compute the Hilbert series of a quotient ring by a Specht ideal
of (n —d,d) and (d,d,1). We also prove that the Hilbert series of these Specht
ideals is independent of the characteristic of the field, using the theory of Grébner
basis. The main tool in this calculation is the recursive formulas between Specht
ideals when considering the number of variables. As an application, we compute
the regularity reg(R/I5"), when R/I" is Cohen-Macaulay.
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Chapter 1

Strongly stable ideals

1.1 Introduction

This chapter is based on the author’s paper [38] with Kohji Yanagawa. Strongly
stable ideals are monomial ideals defined by a simple condition, and they appear as
the generic initial ideals of homogeneous ideals in the characteristic 0 case (so they
are also called Borel fized ideals in this case). In a positive characteristic case, the
generic initial ideal for any homogeneous ideal is the Borel fixed ideal, but a Borel
fixed ideal is not necessarily strongly stable. However, any strongly stable ideal is
always Borel fixed.

One of standard methods in combinatorial commutative algebra for treating ho-
mological and combinatorics problems about arbitrary monomial ideals is to reduce
to the squarefree or Borel-fixed case. In particular, (standard) polarization is often
used as a method to reduce general monomial ideals to squarefree monomial ideals.

Extending an idea of [26], Yanagawa([46]) constructed the alternative polariza-
tion b-pol(I) of a strongly stable ideal I. We briefly explain this notion here. Let
S = Klz1,...,x,] be a polynomial ring over a field K. For a monomial ideal I,
G(I) denotes the set of minimal monomial generators of I. If I C S is a strongly
stable ideal with deg(m) < d for all m € G(I), we consider a larger polynomial ring
S = Klz;; |1 <i<n,1<j<d] with the surjection f : S 3> i — x; € 5.
Then we can construct a squarefree monomial ideal b-pol(I) C S (if there is no
danger of confusion, we will simply write I for b-pol(I)) satisfying the conditions

f(I) =1 and fj(f) = B2,(I) for all i,7, where §;; stands for the graded Betti
number. The alternative polarization is much more compatible with operations for
strongly stable ideals than the standard polarization.

On the other hand, the Alexander duality for squarefree monomial ideals is a
very powerful tool in the Stanley—Reisner ring theory. For a squarefree monomial
ideal I € S, IV C S denotes its Alexander dual. There is a one to one correspon-
dence between the elements of G(I) and the irreducible components of IV. Let
S = Kly; |1 <i<d,1<j<n]bea polynomial ring with the isomorphism
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(—)t: S5 Ti; — Yji € S’ For a strongly stable ideal I, there is a strongly stable
ideal I* C Klyi, ..., ya] with b-pol(I*) = (b-pol(I)¥)". Clearly, the correspondence
I <— I* should be considered as the Alexander duality for strongly stable ideals.

After we finished an earlier version of [38], we were informed that, in Flgystad
[15, §6], the above duality has been constructed using the notion of generalized
(co-)letterplace ideals. Each approach has each advantage. The paper [15] treats
the duality in a much wider context, but if one starts from the generator set G(1),
our construction is more direct (Proposition 1.31 and Theorem 1.23 give a simple
procedure to compute I* from G(I)). We will give a complete proof of the existence
of the duality, since we will re-use ideas of the proof in later sections.

The outline of the paper is as follows. Section 2 is mainly devoted to the proof
of the existence of the dual I*. If I is a Cohen—Macaulay strongly stable ideal,
S/I is the Stanley—Reisner ring of a ball or a sphere (a ball in most cases), and its
canonical module can be easily described. In Section 3, we show the formula

* J
H(H:(S/I), \ Z”B”"]I )A

on the Hilbert series of the local cohomology module H! (S/I). This is more or less
a consequence of a classical result [10], and we will improve this formula later.

In Section 4, we discuss the relation to the notion of a squarefree strongly stable
tdeal, which is a squarefree analog of a strongly stable ideal. For a strongly sta-
ble ideal I C S, Aramova et al [1] constructed a squarefree strongly stable ideal
I ¢ T = Klzy,...,zy] with N > 0. The class of squarefree strongly stable
ideals is closed under the (usual) Alexander duality of T', so our duality can be con-
structed through /7. However, without b-pol(7), it is hard to compare the algebraic
properties of I* with those of I.

In Section 5, we give a procedure to construct the irreducible decomposition of
b-pol(/) from that of a strongly stable ideal I. As corollaries, we will give formu-
las on the arithmetic degree adeg(S/I) and H(H.(S/I),\) from the irredundant
irreducible decomposition

I= ﬂ m?®

ack
with £ C Z+o U (Z>0)2 y---uU (Z>0>n_ Here, for a = (al, N CLt) € (Z>0)t with
t < n, m® denotes the irreducible ideal (z{',...,x{") of S. In this situation, set

t(a) :=t, e(a) := a;, and w(a) :=n — >_._, a;. Then we have
adeg(S/I) = Z e(a
ack

and

H(H&(S/[),)\_l) _ Z ()\w(a) + )\w(a)—i—l 4t Aw(a)—&-e(a)—l) /(1 o )\)z

ackE,
t(a)=n—i
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Section 6 gives additional results on the irreducible decompositions of strongly
stable ideals. While a strongly stable ideal I is characterized by the “left shift
property” on G(I), Theorem 1.35 states that it is also characterized by the “right
shift property” on the irreducible components of I.

1.2 The construction of the Alexander duality for
strongly stable ideals

In this section, we define the Alexander duality for strongly stable ideals using
the alternative polarization. As applications, we show that the alternative polar-
ization of a Cohen-Macaulay strongly stable ideal is the Stanley—Reisner ideal of a
ball or a sphere, and give a description of its canonical module.

First, we introduce the convention and notation used throughout the paper. For
a positive integer n, set [n] := {1, ..., n}. Let S := K[xy,...,x,] be a polynomial
ring over a field K, and m = (z4,...,z,) the unique graded maximal ideal of S.
For a monomial ideal I C S, G(I) denotes the set of minimal monomial generators
of I. We say an ideal I C S is strongly stable, if it is a monomial ideal, and the
condition that m € G(I), z;|m and j <4 imply (z;/z;) - m € I is satisfied.

Let d be a positive integer, and set

S:=K[z;;|1<i<n1<j<d]
Note that _
O :={r;; —z;|1<i<n 2<j<d}CS
forms a regular sequence with the isomorphism S/(©) 2 S induced by S 3 ; ; —
x; € S.

Definition 1.1. For a monomial ideal I C S, a polarization of I is a squarefree
monomial ideal J C S satisfying the following conditions.

(1) Through the isomorphism S/(©) 2 S, we have S/(©) Rz S)J=~S/I.

(2) © forms a S/J-regular sequence.

n a;

For a = (ay,...,a,) € N", 2® denotes the monomial [[_,

v € 8. Fora
monomial 2® € S with deg(2?) < d, set

If I C S is a monomial ideal with deg(m) < d for all m € G(I), then it is well-known
that
pol([) := (pol(m) [m € G(I))
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is a polarization of I, which is called the standard polarization.

Any monomial m € S has a unique expression

m:H:cai with 1 <o <as<---<a,<n. (1.2.1)
i=1

If e (= deg(m)) < d, we set

b-pol(m) := [ [ za. € 5. (1.2.2)
i=1
As another expression, for a monomial z® € S with deg(z?) < d, set b; := 23:1 a;

for each i > 1 and by = 0. Then

b-pol(z?) = H z;; € 8.
1<i<n
bi—1+1<5<b;

For a monomial ideal I C S with deg(m) < d for all m € G(I) (in the sequel, we
always assume this condition), set

b-pol(I) := (b-pol(m)|m € G(I)) C 5.

See the beginning of Example 1.6 below.
In [46], Yanagawa showed the following.

Theorem 1.2 ([46, Theorem 3.4]). If I C S is a strongly stable ideal, then b-pol(I)
gies a polarization of I.

In the rest of the paper, the next fact is frequently used without comment.

Lemma 1.3. Let I C S be a strongly stable ideal. For a monomial m € S with
deg(m) < d, m € I if and only if b-pol(m) € b-pol(I).

Proof. The necessity is shown in [46, Lemma 3.1], and the sufficiency is an easy
exercise. O

An irreducible monomial ideal of S is an ideal of the form ({'|a; > 0) for some
a € N". A presentation of a monomial ideal I as an intersection I = ()_, Q; of
irreducible monomial ideals is called an irreducible decomposition. An intersection
I =(_, Q; is @rredundant, if none of the ideals @; can be omitted in this presen-
tation. Any monomial ideal has a unique irredundant irreducible decomposition
I =(,_; Q;. In this case, each Q; is called an irreducible component of I. If I is a
squarefree monomial ideal, then the irreducible components are nothing other than
the associated primes.

a;
%
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If I C S is a squarefree monomial ideal (equivalently, S/I is the Stanley—Reisner
ring of some simplicial complex), then the irreducible components of I are of the
form m% := (x; | i € F) for some F C [n], and the ideal

IV = (H z; | m* is an irreducible component of I )
i€F
called the Alexander dual of I. Then we have IVV = I. This duality is very
important in the Stanley—Reisner ring theory. See, for example, [10, 23].
Lemma 1.4. For a monomial ideal I C S, the following conditions are equivalent.
(1) 1 is strongly stable.
(2) b-pol(I) C S has an irreducible decomposition N._, Ps satisfying the following
property.

(x) For each s, there is a positive integer ts, and integers ’y»<s> for1 <i<t,

such that Py = (IM@ 1<i<t)and1 <A <9 <0 < %<Ss>-

Proof. (1) = (2): This is shown already in [46, Remark 3.3].
(2) = (1): For a contradiction, assume that I := b-pol(I) satisfies the condition
(%) but I is not strongly stable. Then it is easy to see that there is some m =

x® € G(I) such that z;41 |m and (x;/xj41) - m & I for some j < n. Then we have
b-pol((x;/xj41) - m) & b-pol(I), and it implies that b-pol((z;/z41) - m) & Py =

P R p— 1 3
(xm;sh%ﬁé@, . ,xtwt(:)) for some s. As before, set by := 0 and b; :== ., a; for
1 > 1. Since
b-pol(m) = H Tij,
1<i<n
bi—1+1<j<b;

we have 7" & {b;_1 +1,...,b; } for all i # j,j + 1, fyj@ Z{bj_1+1,....0;+1},
and ’yﬁl & {b;+2,...,bj+1}. Here we have b-pol(m) € b-pol(I) C Ps, and it
implies %@1 = b; + 1. Since 7]<-S> < %@1 (=b;+1) and %@ E{bj_1+1,....b;+1},
we have %@) <bj_q. If j > 2, combining 7;8_>1 < 7<S> (< bj_1) with 7§S_>1 Z{bj_o+

J
1,...,bj—1 }, we have fy<s_>1 < bj_. Repeating this argument, we have 'yfs> < by.

j
Since 7§S> > 1 and by = 0, this is a contradiction. O

Let S := Klyi;11 <i <d,1 <j <n] be a polynomial ring with the ring
isomorphism (—)*: S — 5’ defined by S 3 z; ; — y,, € 5.

Theorem 1.5 (c.f. [15]). Let I C S be a strongly stable ideal. Then there exists a
strongly stable ideal I* C S := Klyi, ..., ya| such that b-pol(I*) = (b-pol(I)¥)".



CHAPTER 1. STRONGLY STABLE IDEALS 10

Proof. As before, set I = b—p01(~1 ). There is a one to one correspondence between
the irreducible components of I and the elements of G(IV). If the irrdundant
irreducible decomposition of [ is given by

I= ﬂ(xim@

s=1

1<i<t,)cCS§,

then we have

L
(') = (Hyw_mﬂ. [1<s< 7") c s
=1

Since 11” <Y <o < 7§:> by Lemma 1.4, we have b-pol(1*) = (IV)t for

ts
I = (H Yy
i=1

There also exists a one to one correspondence between the irreducible compo-
nents of IV and the elements of G(I), equivalently, the elements of G(I). If the

monomial m in (1.2.1) belongs to G(I), the irreducible component of IV given by

1§s§r>CS’.

m is of the form (%4, 1,%ap2s---,Ta.e) by the expression (1.2.2). Then the cor-
responding irreducible component of (I¥)t (= b-pol(I*)) is (Yars - -+ Yern) C S
Since a; < -+ < a, I* is strongly stable by Lemma 1.4. O]

The above theorem gives a duality between strongly stable ideals I C S =
K[zq,...,x,) whose generators have degree at most d and strongly stable ideals
I*C S = Kly1,...,ys) whose generators have degree at most n.

Example 1.6. For a strongly stable ideal I = (22, z119, 173, 3, T223), we have

b-POI(I) = ($1,1$1,2, 1,122, L1132, L2122, 12715153,2)
= (w11, w21 ) N (211, To2, 232) N (Z12, To2, T32)
b‘POI(I)V = ($1,1$2,1, 11022732, $1,2$2,25L’3,2)
(b'POI(I)V)t (Y1112, Y1,1Y2,202,3, Y2,1Y2,2Y2,3 )5

hence the dual strongly stable ideal is given by

On the other hand, if we use the standard polarization, we have

POIU) = ($1,11U1,2, 1,121, 1,131, L2,1L22, $2,1I3,1)
= (211,221 ) N (211,222,231 ) N (Z12, %21, 2371)
POI(I)V = ($1,1$2,1, 11222731, 12721231 )

Here (pol(1)Y)" = (y11Y1.2, Y11Y1.3Y2.2, Y1.2Y1,3Y21) can not be the standard or al-
tarnative polarization of any ideal.
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The next two results are implicitly contained in Flgystad [15]. However they are
stated in the context of the preceding papers [16, 8], where the words “letterplace
ideal” and “coletterplace ideals” are used in the narrow sense (see Remark 1.8
below).

Proposition 1.7. If I C S is a strongly stable ideal with \/I = m, then b-pol(I)
(more precisely, b-pol(1)*) is the letterplace ideal L(J;d,[n]) in the sense of [8].
Here J is an order ideal of Hom([n], [d]). Conversely, any letterplace ideal L(T; d, [n])
arises in this way from a strongly stable ideal I with v/I = m.

Proof. If I C S is a strongly stable ideal with v/ = m, then the dual I* C S’ =
Klyi,...,y4] is a strongly stable ideal whose minimal generators all have degree n.
As shown in [16, §6.1], b-pol(I*) is a co-letterplace ideal L([n|, d; J) for some order
ideal J C Hom([n],[d]). Then the Alexander dual of b-pol(I*), which coincides
with b-pol(I)!, is the letterplace ideal L(J;d, [n]) by definition.

The second assertion follows from the fact that any co-letterplace ideal L([n], d; J)
is the b-pol(—) of some strongly stable ideal whose generators all have degree n. [

Remark 1.8. In [15], Flgystad generalized the notions of a (co-)letterplace ideal so
that b-pol(I) of any strongly stable ideal I belongs to these classes (one of the
crucial points is considering an order ideal J in Hom([n], N), not in Hom([n], [d])).
Through this idea, he gave the duality.

For a monomial z® € S with a = (a4,...,a,) € N, set v(2?) := max{i | a; >
0}. It is well-known that if I is strongly stable, then

proj — dimg(S/I) = max{v(m) | m e G(I)} and ht(I) = max{i|z; € VI}.

Hence, for a strongly stable ideal I with ht(/) = ¢, S/I is Cohen-Macaulay if and
only if ¥(m)c for all m € G(I), if and only if m € Kfxy,...,z.] for all m € G(I).
Of course, S/ b-pol(I) is Cohen-Macaulay if and only if so is S/1.

Corollary 1.9. Let (0) # I C S be a Cohen—Macaulay strongly stable ideal, and
set I :==b-pol(I). Then S/I is the Stanley—Reisner ring of a ball or a sphere. More
precisely, if n > 2, then S/1 is the Stanley—Reisner ring of a ball.

If n =1, then I = (x¢) for some e < d. Hence [ = (11219 - T1,), and §/I~is
the Stanley—Reisner ring of a sphere (resp. ball) if e = d (resp. e < d).

Proof. First, assume that v/7 = m. In this case, I is a letterplace ideal L(.7: d, [n])
by Proposition 1.7, and the assertion follows from [8, Theorem 5.1] (note that the
poset [n] is an antichain if and only if n = 1).

If /T # m (equivalently, ¢ := ht(I) < n), then we have I = JS for a strongly
stable ideal J C K[z, ...,z with /J = (z1,...,2.). Moreover, the simplicial
complex associated with I is the cone over the one associated with b-pol(.J). So
the assertion can be reduced to the first case. O
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For z2 € S with deg(z?) < d and [ := v(z?), set
-1
pw(z®) = (H xi,bi-‘rl) - b-pol(z®),
i=1

where b; := Z;Zl
structed a minimal S-free resolution P, of b-pol(/) of a strongly stable ideal I. If
S/1I is a Cohen-Macaulay ring of codimension ¢, the “last” term P. of the minimal

free resolution is isomorphic to

D S(- deg(u(m))).

a; for each i as before. In [27], R. Okazaki and Yanagawa con-

meG(I)
v(m)=c
We also set B
X = H T
1<i<n
1<5<d
and B
w(m) == X /u(m)
for m e G(I).

Corollary 1.10. Let (0) # 1 C S be a Cohen—Macaulay strongly stable ideal with
ht() = ¢, and set I := b-pol(I). Then the canonical module wg,; is isomorphic to

the ideal of S/1 generated by (the image of) {w(m) | m € G(I),v(m) = c}.

Proof. By Corollary 1.9, S / I is the Stanley—Reisner ring of a ball or a sphere. Recall
that, for the Stanley—Reisner ring K[A] of a simplicial sphere A, K[A] itself is the
multigraded canonical module of K[A] (see [4, Corollary 5.6.5]). If A is a simplicial
ball, then the boundary JA is a sphere. Hence the ideal of K[A] generated by all
squarefree monomials associated with the faces A\ 0A is a canonical module of
K[A] by [4, Theorem 5.7.2]. Anyway, the canonical module wg, is isomorphic to a
multigraded ideal of S/I. Since wg /7 = Ext%(g /1, wg) and wg is isomorphic to the

principal ideal ()N( ) of S , W57 s a quotient of

Homg(ﬁc,wg)%“ @ §(—deg(w(m))).
et

So we are done. O

For a Cohen-Macaulay strongly stable ideal I, the canonical module wg,/; of S/I
itself is isomorphic to wg,;®5.5/(©) and © forms a (wg, 7)-regular sequence, where
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O ={ri1—x;]1 <i<n 2<j < d}. However, wg/ is not isomorphic to an
ideal of S/I in general.

We also remark that [8, Corollary 4.3] gives a description of the canonical mod-
ule of the quotient ring of a letterplace ideal, and it also works in the case of
Corollary 1.10. However, our description is much simpler in this case.

1.3 The Hilbert series of H.(S/I)

In this section, for a strongly stable ideal I, we show that the Hilbert series of
Hi(S/I) can be described by the irreducible decomposition of b-pol([).

Let R = K|xy,...,2,] be a polynomial ring. For a Z-graded R-module M,
H(M,X) denotes the Hilbert series Y, ,(dimg M;)A\" of M. Let wg denote the
graded canonical module R(—m) of R.

The following must be a fundamental formula on the Alexander duality of
Stanley—Reisner ring theory, but we cannot find any reference.

Lemma 1.11. Let R = K[x1, ..., 2] be a polynomial ring, and I C R a squarefree
monomial ideal. Then we have

H(EXt (R L), ) = 3 Pl

Jj=0

Here IV C R is the Alexander dual of I, and [3,,(I") is the graded Betti number of
IV, that is, the dimension of [Tori(I1¥, K)],.

Proof. For a = (ay,...,a,) € N the vector a = (ay,...,a,) € N™ is defined by

_ 1 1fa221,
a; =
0 ifa; =0.

By [45, Theorem 2.6], Ext’%(R/I,wpr) is a squarefree module. Hence we have
[Extp(R/I,wg)]a =0 for all a € Z™ \ N™, and

Bt (R/T, wrla = [Bxtiy(R/T, wn)la
for all a € N™. Furthermore, it is well-known (cf., [45, Theorem 3.4]) that
[Exti(R/I,wg))s = [Tor) g (I, K)li-a.

Here we set 1 := (1,...,1) € N™ and |b| := 3" b for b= (by,...,b,) € N™. It
is also well-known that [Tor®(IV, K)]a # 0 for a € Z™ implies a is a 0-1 vector.

So we have ,
dimg [Ext}; ™ (R/I,wg)]o = Bim(I")
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and

dimg [Exty " (R/I,wr));

Z > dimg[Exty(R/I,wg)]a
<l )dlmK[Extm "R/I,wp)]a

[—j

(l B 1) dimy [Tor" (1Y, K)]1-a

for [ > 0. So the assertion follows from the following computation

V

Bzymj[
2

where [ := j + p.

Corollary 1.12.

Bim(IV)+ Y
ﬁi,m(lv) + Z

j>1 p>0 p

= (i)

dimg [Exty " (R/1,wg)]o + Z dimg [Exty ™" (R/1,wg)); - A,

>1

]

For a strongly stable ideal I C S with I := b-pol(I), we have

H(Ext?" W(S/T,wg), Z Piz J"d J

7>0

Proof. The assertion follows from Lemma 1.11 (applying to IcsS ) and the equality

Bp,q(fv) = ﬁp,q(l*)-

O

Theorem 1.13. Let I C S be a strongly stable ideal. Then the Hilbert series of the
local cohomology module H:(S/I) can be described as follows.

/81,]
=2 "y

JEZ
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Proof. Set © :={x;1 —x;;]1 <i<mn,2<j<d}. By the full statement of [46,
Theorem 3.4], if Extg(S/I, S) # 0, then © forms an EXtig(S/I, S)-regular sequence.
Hence we have

[5/(8) ®5 Ext?(S/I,wg)|(nd —n) = Extg™(S/1,ws)
and
H(Exty™(S/I,ws),\) = A" H(S/(0) ®gzExty(S/I,wg), \)
= A= M H(BExt (ST, wg), \)
(] gy nzﬁnd netie Jnd ]( )N

)
7>0

where the last equality follows from Corollary 1.12. Replacing j by nd —n + j, we
have

H(HL(S/I),\™") = H(Ext¥ ' (S/I,ws),\)

*\ ynd—n-+j
— )\nnd ndn § ﬁljnjj))\
_ nd n+j
j>n—nd
o z : ﬁﬂ ]n ] I* A]

j>n—nd

Here the first equality follows from the fact that Hy,(S/I) is the graded Matlis dual
of Exty " (S/I,ws). O

Corollary 1.14. Let I C S be a strongly stable ideal. Then S/I is a Cohen-
Macaulay ring if and only if I* has a linear resolution.

Proof. Follows from Theorem 1.13, or from [10, Theorem 3]. O]

Corollary 1.15. Let I be a strongly stable ideal. If the irredundant irreducible
decomposition of b-pol(1) is of the form

T

b—pOl(I) = m(l’iqfs}

s=1

J)c 8, (1.3.1)

then we have

ijl #{s € [r]|ts=n—1, ’Vt<f> =7 })\i—j+1
(1= N :

H(H,(S/I),A™") =

Proof. By the additivity of the statement, it suffices to compute how an irreducible

component
Po=(z, s)

Z’YZ
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of b-pol(I) contributes to the Hilbert series H(H: (S/I), ™). For simplicity, set

v =7%" and t = t,. This component gives

t

H Yyso> S G(I*)

i=1

By the Eliahou-Kervaire formula ([12]), the contribution of P to the Betti numbers
of I is

0 if At
(7)) =t
for B+ (I*), equivalently,
0 ifn—i#t,
(=) ifn—i=t,
i—j

for B;_jn—;j(I*). Hence, by Theorem 1.13, P, concerns H:(S/I) if and only if
i = n —t. Moreover, if i = n — ¢, the contribution to H(H.(S/I),\™!) is the
following

SN G PUAED DRI (Y el G DY

2 TN 11—\

Sl = RN
(L=A)

(zz;é(l . /\)k’(’Y;l) )\’y—l—k))\i—’y-‘rl

(L=A)

(=N +) N
(L=A)

)\i—'y—i-l

(1=N)¢

j=i—yt1

(here k =1 — j)

So the proof is completed. O

Example 1.16. For the strongly stable ideal I in Example 1.6, b-pol(I) has two
height 3 irreducible components P» = (z11,%229,%32) and P3 = (212,22, %32).
Clearly, 152 = 4% = 2 in the above notation. Hence we have H(H2(S/I),A"1) =
2A721 = 2)\~! by Corollary 1.14.

In Section 5, we will give a procedure to construct the irreducible decomposition
of b-pol(I) from that of I itself. After this, we will return to the Hilbert series of
Hi(S/I). See Corollary 1.29 below.
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1.4 Relation to squarefree strongly stable ideals

We say an ideal I C S is squarefree strongly stable, if it is a squarefree monomial
ideal and the condition that m € G(I), x;|m, j <iand z; fmimply (z;/z;)-m € [
is satisfied. For our study on (squarefree) strongly stable ideals, the dimension of
the ambient ring S = K{z1,...,z,] is not important. So we consider the following
equivalence relation. For monomial ideals I C S,y = Klz1,...,2,] and J C
Stmy = K[z1,..., 2], therelation I = J holds if the following condition is satisfied.

e Without loss of generality, we may assume that n < m. Then regarding S,
as a subring of S,y in the natural way, we have G(I) = G(J).

For a monomial m € S of the form (1.2.1), set
m? := onéi-i'i—l eT,
i=1

where T' = K[xy,...,xy] is a polynomial ring with N > 0. Aramova et al. [1]
showed that if I C S is a strongly stable ideal then

I =(m|meG))CT

is squarefree strongly stable. Conversely, any squarefree strongly stable ideal is of
the form 17 for some strongly stable ideal 1. B

Let I C S be a strongly stable ideal, and I := b-pol(I) C S its alternative
polarization. For

Or:={z; — w1 |1 <i<nl<j<d},

we have an isomorphism 5/(6,) 2 T = K[zy,...,zy] with N = n+d — 1 induced
by S 3 x;; — 451 € T. As shown in [46, §4], we have

(1) Through the isomorphism S/(6,) 22 T, we have 5/(6,) ®g S/I = T/I°.
(2) © forms a S/I-regular sequence.

Theorem 1.17. Let I be a strongly stable ideal. If the irredundant irreducible
decomposition of b-pol(I) is of the form (1.3.1), then we have

I° — ﬂ(%smﬂ [1<i<t,)CT.

s=1

Proof. As above, set I := b-pol(I). Since both S/I and T/I° are reduced, and

S/, o | 1<i<t,)®55/(61) = T/(

290

x%@-ﬁ-i—l |1 <i<ty),
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it suffices to show that all associated primes of 7'/17 (= g/f@g 5/(©1)) come from
those of S/I.
As shown in [46, Theorem 3.2], S/I is sequentially Cohen-Macaulay, that is, if

Ext%(g /1, wg) # 0 then it is a Cohen-Macaulay module of codimension c¢. From
[42, pp.349-351], we see that

(the number of height ¢ associated primes of I) = deg(Ext‘fsv(g /1,5))
and
(the number of height ¢ associated primes of I7) = deg(ExtS.(T/1°,T)).

By the same argument as the proof of [46, Theorem 3.4], we can show that ©
forms an Ext%(S/1, S)-regular sequence (see also [46, Proposition 4.1]). Hence

S/(61) @z Ext&(S/1,S) = Exts.(T/1°,T),

and we have

deg(Ext$(S/1,S)) = deg(Ext§:(T/17,T)).
So we are done. m
Corollary 1.18. If I is a strongly stable ideal, we have
([U)V = (]’*)0"
where = 1s the relation defined above.

Proof. 1f the irredundant irreducible decomposition of b-pol(7) is given as in (1.3.1),
then both (I7)Y and (I*)? are equal to

ts
(nyf‘”ﬂ‘—l |1<s< r).
i=1

More precisely, (I*)? should be an ideal with variables y;, % ..., but this is not
essential. n

The Alexander duals of squarefree strongly stable ideals already appeared in an
earlier paper [19] (of course, they knew that these are squarefree strongly stable
again). However, the algebraic relation between I and 7 is not clear, if one does
not know b-pol(7).

Example 1.19. Consider the strongly stable ideal I = (2%, 2129, 7123, 13, T223) of
Example 1.6. Then

17 = (2122, 2123, X174, Tox3, To¥y ) = (21, T2 ) N (21, T3, 14) N (72, T3, Ty)

and hence (17)Y = (2122, T1232 4, T2T37y4).
On the other hand, since I* = (y2, y1y3, y5), we have (I*)7 = (y1Y2, Y1Y3Ya, Y2Uy3Ya)-
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1.5 The irreducible components of I and b-pol(/)

In this section, for a strongly stable ideal I, we give a procedure to construct the
irreducible decomposition of b-pol(7) from that of I itself. As corollaries, we give
formulas on the arithmetic degree adeg(S/I) and the Hilbert series of H{ (S/T).

Definition 1.20. For a = (a4, ...,a;) € (Z=o)?, set

U(a) = (b, b1, ) € (Zso)' bi = (Z%‘) —i+1 for 1 <t,

j=1
bi1 <c<bi1+a—1

Here, if t = 1, then we set 1 < ¢ < a;.

Remark 1.21. In the above situation, we have |¥(a)| = a;. Moreover, for b =
(b1,,...,bi—1,¢) € ¥(a), we have 1 < b <--- < by <c.

Example 1.22. If a=(3,2,1,2), then ¥(a) = {(3,4,4,4),(3,4,4,5) }.

For a = (ay,...,a;) € (Zsg)" with ¢t < n, set m® = (z{',...,2%) C S. If
(0) # I C S is a strongly stable ideal, then an irreducible component of I is of the
form m? for some a € (Z~)". Hence there is some

E CZsoU(Zs0)? U+ U (Zso)"

such that
I=(\m® (1.5.1)
ack

is the irredundant irreducible decomposition.
For b = (by,...,b) € ¥U(a), we set

b._ g
m- = (xl,blawlbza oo 7$t7bt) - S.

Theorem 1.23. Let I be a strongly stable ideal whose irredundant irreducible de-

composition is given by (1.5.1). Set V(E) = J,cp ¥(a). Then

b-pol(I)= () m" (1.5.2)
beU(E)

1s the irredundant irreducible decomposition.

It is easy to see that W(FE) = |
arguments below.

To prove the theorem, we need some preparation. Let I be a strongly stable ideal
whose irredundant irreducible decomposition is given by (1.5.1). We decompose F
into three parts Ey = { (a1,...,a;) € E|t <n}, By ={(a1,...,an) € E|a,=1}
and Ey = {(a,...,a,) € E|a, >2}.

ace Y(a). We will implicitly use this fact in the
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Lemma 1.24. With the above notation, I : x, is a strongly stable ideal (not nec-
essarily minimally) generated by

{me G(I) |z, does not divide m}U{ m/x, | me G(I),z, divides m}.

Moreover, its irredundant irreducible decomposition is given by

[:a, = ( N ma) N ( N ma—en), (1.5.3)

acky acFEs
where e, is the n-th unit vector (0,0,...,1) € Z".

Proof. The first and second assertions are clear. To see the last assertion, note that

Feay = () = (Y (w2,

ackE ack
and
m? ifae E(),
m:z, =¢S5 if a € Eq,

m?~° if a € F,.

So (1.5.3) holds. Since there is no inclusion among m? for a € Ey and m®~°" for
a € B, the decomposition (1.5.3) is irredundant. O

Set
I:=(m e G(I) |z, does not divide m).

For a = (ay,...,a;) € E, set
a ift<n
a) = ’ 1.54
»(a) {(al,...,an_l) if t = n. ( )
Lemma 1.25. With the above notation, we have the following.

(1) I is a strongly stable ideal, and
T = ﬂ me@
ack

is a (possibly redundant) irreducible decomposition.
(2) For a € Ey, m¥® is an irreducible component of 1.

Proof. (1) Easy.

(2) For a contradiction, assume that m#® for a € E; is not an irreducible
component. Then there is some a’ € E \ {a} such that m¥®) c m#®  Since
a € Fy, we have m® C m?, and this is a contradiction. Il
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Next we will study how to recover a strongly stable ideal I from I : z,, and 1.
Let
I:z, = ﬂ m? and = ﬂ m* (1.5.5)
ack acG

be the irredundant irreducible decompositions. Decompose F' into
Foz{(al,...,at)EF]t<n} and F13:<F\F0>C<Z>0)n,

and set p(F) := {y(a) | a € F'}, where ¢ is the function defined in (1.5.4). By
Lemmas 1.24 and 1.25, if a € G \ p(F), then a is of the from (ay,...,a,-1) and
m2®en ig an irreducible component of I, where we set a ® e, := (a1,...,a,_1,1).

Lemma 1.26. With the above notation, we have the irredundant irreducible de-
composition

I= <ﬂ ma> N (ﬂ ma+e"> ﬂ( ﬂ )ma@e">.

acky acky acG\p(F
Proof. Easily follows from Lemmas 1.24 and 1.25. ]

The proof of Theorem 1.23. We prove the theorem by double induction on n and

d(I):= > deg(m).

meG(I)

Let I be a strongly stable ideal. We may assume that z,, divides some m € G(I).
In fact, if this is not the case, we can replace I by I N Klxy,...,z, 1], and the
induction works. Under this assumption, both d(I : ,) and d(I) are smaller than
d(I). By the induction hypothesis, if I : z,, and I have irreducible decompositions
of the form (1.5.5), we have irreducible decompositions

bpolI:x,)= (] m®> and  bpolT)= () m"
beU(F) be¥(G)

In the sequel, for a = (ay,...,a,) € (Z=o)", consider the vector (by,...,b,) with

b = (Zaj) —i+1fore=1,...,n. In this case,
j=1
W(a) = { (b1, bn1,0) | b1 < < by} (1.5.6)
and
V(a+e,) =Y(@U{(b,...,b0p_1,b,+1)}.
Set a:= (bl, c. >bn—17bn + ].)

For a = (ay,...,an_1) € (Zo)"', we have

V(ade,) ={(br, . ..bn-1,bn1) },
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i
where b; = (Zaj) —i+1fori=1,...,n—1. Set a:=(by,...,bp_1,bp_1).
j=1
By Lemma 1.26, it is enough to show

b-pol(I) :( N ﬁib) m( N ﬁib) m( N 615).
bev (Fp) ack acG\p(F)
be¥(aten)

Since

(the right hand side) = ( ﬂ ﬁVlb) N (ﬂ ﬁvla) a < ﬂ ﬁiﬁ)

be¥(F) ack acG\p(F)
= b-pol({ : z,)N ( m 515) N ( m ﬁa),
ach acG\p(F)

it suffices to show that

b-pol(I) = b-pol(I : z,) (ﬂ @ ) N ( N ﬁ“@). (1.5.7)

ack acG\p(F)

First, we will prove the inclusion C of (1.5.7). Since b-pol(/) C b-pol(I : xz,), it
suffices to show that

b-pol(m (ﬂ i ) N ( N ﬁ@) (1.5.8)

ack; acG\p(F)

for all m € G(I).

Take an arbitrary a € Fj, and set a = (by,...,b,_1,b, + 1) as above. Since
b-pol(m) € b-pol(I : x,), we have b-pol(m) € mP for all b € ¥(a). Recall the
description (1.5.6) of W(a). If 2, does not divide m, there exists some 1 <i <n—1
such that z;y, | b-pol(m). Hence b-pol(m) € m2. If x, divides m, then it can be
possible that z;;, does not divide b-pol(m) for any 1 <4 < n—1. Note that m/x,, €
I : z, and b-pol(m/z,) € mP for all b € ¥(a). Hence, we have z,,, | b-pol(m/z,)
in this case. It implies that x, 4, | b-pol(m), and hence b-pol(m) € m?.

Next, take an arbitrary a € G \ p(F'), and set a = (by,...,b,_1,b,_1) as above.
Set e := deg,, (m), where deg, (—) stands for the degree with respect to the variable
x;. Then n := m - (v,_1/7,)¢ € I, and hence b-pol(n) € b-pol(I) C mP for
b := (by,...,b,_1) € ¥U(a). It follows that b-pol(m) € m2. In fact, if 2;,, | b-pol(n)
for some i < n— 1, then x;,, | b-pol(m). If z,,_14, , | b-pol(n), then either z,,_1,, ,
Or Zpyp, , divides b-pol(m). Now we have shown (1.5.8).

Next, we will prove the inclusion D of (1.5.7). To do this, it suffices to show

" polim) & () 1 () )

ack acG\p(F)
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for m € G(I : z,) \ I. Since m ¢ I, there is some a € F; with m € m2™®_ or
some a € G\ ¢(F) with m ¢ m?®e If m ¢ m®*°", then x; ;| b-pol(m) implies
j < Choydeg,, (m) < Yhoy(on = 1) = (Sicyar) —i=bi—1fori <n—1, and
j < b, for i = n. It means that b-pol(m) ¢ m®. Similarly, m ¢ m2® implies
b-pol(m) ¢ m®. Now we have shown that (1.5.2) holds

It remains to show that there is no inclusion among ideals m® for b € ¥(E),
but this is easy. O

Example 1.27. Consider a strongly stable ideal [ = (22, z179, 173, 3, 1023),
which is a slight modification of the one in Example 1.6. From the irreducible
decomposition I = (z1,z9) N (2%, x9, x3) N (21,23, 25), let us construct the decom-
position of b-pol(7). Theorem 1.23 states that (xq,z2) yields (211, 221), (2%, 22, x3)
yields (x1.9, 222, Z32), but (z1, 23, 23) yields (211, Ta2, T32) and (x1 1, Ta 9, 233). Now
we get the irreducible decomposition

b-pol(I) = (x11,221) N (21,2, T2, T32) N (T1.1, T22,T32) N (T11, T2, T33)-

The next result concerns the arithmetic degree adeg(S/I) of S/I. For the basics
of this notion, consult [42, §1]. However, following [24], we use the refinement
adeg;(S/1I) of adeg(S/I) for 0 < i < dim.S/I, which measures the contribution of
the dimension i components of I. Hence adeg(S/I) = )., adeg;(S/I).

Corollary 1.28. Let I be a strongly stable ideal with the irreducible decomposition
(1.5.1). For (ay,...,a;) € E (recall that a; > 0), set t(a) :=t and e(a) := a;. Then

we have
adeg (/1) = Y ela)

ack
t(a)=n—i

for each i. Hence,

adeg(S/I) = Z e(a)

ack

deg(S/I) = > e(a).
ackE
t(a)=ht(I)

and

Proof. Set I := b-pol(/). By an argument similar to the proof of Theorem 1.17, we
have

adeg, (5/1) = deg(Ext5(S/1,5))
= deg(Ext%(S/1,5))
= the number of codimension ¢ associated primes of I

Take a € E with #(a) = ¢. Then a yields e(a) irreducible components of I of
codimension ¢. Any codimension ¢ component of I is given in this way, and they
are all distinct. So we are done. O
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Corollary 1.29. Let I be a strongly stable ideal with the irreducible decomposition
(1.5.1). For a = (ay,...,a;) € E (recall that a; > 0), set t(a) = t, w(a) =
n—>"'_ a;, and e(a) := a,. Then the Hilbert series of the local cohomology module
Hi(S/I) is given by

H(H&(S/I),)\_l) _ Z ()\w(a) + )\w(a)—H 4ot Aw(a)—&-e(a)—l) /(1 _ )\)z

ackE,
t(a)=n—i

Proof. For a = (ay,...,a;) € E with |a| := >'_, a;, ¥(a) is the set
{(b1,ba,...,bi_1,¢) | |a| —t—a;+2<c<|a]—t+1}

with a; elements. Here b, = <Z;=1 a;j) — i+ 1 for each ¢, while this value is not
important now. By Theorem 1.23, for b € ¥(a), mP is an irreducible component
of b-pol(I), and any irreducible component is given in this way.

As we have shown in the proof of Corollary 1.15, for b = (by,bs,...,b_1,¢) €
U(a), the component mP contributes to the Hilbert series of H{ (S/I) if and only
if i =n —t. If i = n —t, the contribution is A"“*1/(1 — \)’. Here, the numerator

equals \"7t=¢*1 and the exponent n —t — ¢ + 1 moves in the range
n—t—(laj]—t+1)+1 < n—t—c+1 < n—t—(laj—t—a,+2)+1
w@ < n—t—c+1 < w(a)+e(a)—1.

Hence the contribution of a € F to H(HL(S/I), A7) is

0 if i #£n —t(a),
Aw@) L w@)+l oy yw(a)te(a)-1
OEY;

So we are done. O]

if i =n —t(a).

Example 1.30. This is a continuation of Example 1.27. For the strongly sta-
ble ideal I = (x1,x9) N (23, 29, 23) N (21,23, 23) C K|z, 72, 73], let a and b de-
note the exponent vectors (2,1, 1) and (1,2,2) of the height 3 components, respec-
tively. With the notation of Corollaries 1.28 and 1.29, we have w(a) = —1,e(a) =
1,w(b) = —2 and e(b) = 2. Hence we have adeg,(S/I) = e(a) + e(b) = 3. Simi-
larly, H(H2(S/I),A\™') = A2 + 2\~!, where the contributions of the components
(22, w9, 23) and (1,23, 23) are A" and A2 + A1, respectively.

1.6 Remarks on irreducible components of strongly
stable ideals

In this section, we collect a few remarks on the irreducible decompositions of
strongly stable ideals. These results are only loosely related to the alternative
polarization and Alexander duality, but they are useful in actual computation.
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For a = (ay,...,a;) € N with a; > 0 and b = (by,...,b;) € (Z=0)*, we set
a:=(a;+1l,a0+1,...,00_1+1,a;) € (Zsy)',

and

bi=(by—1,by—1,...,b1—1,b) € N’
Note that this notation is different from that in the previous section.
For a monomial z® € S with a = (a4, ..., a,) € N, recall that v(z®) = max{ |
a; > 0}. For a monomial ideal I, set v(I) := max{v(z®) | 2 € G(I)}. If I is
strongly stable, then it is well-known that

v(I) = max{ht(m®)|m®is an irreducible component of I }

= max{/ | m?is an irreducible component of I for some a € (Zs)" }.

Proposition 1.31. Let I C S be a strongly stable ideal with | := v(I). For
7 € G(I) with v(x®) = 1, m® is an irreducible component of I. Conversely, any
irreducible component of height | arises in this way. More precisely, if mP is an
irreducible component of I with ht(mP) = [ (in other words, (b € Zsq)'), then

2 e G(I).

Proof. Take z* € G(I) with v(z*) = [. Since 2*/x; ¢ I, there is an irreducible
component mP with 22/z; ¢ mP. Clearly, b € (Z()! now. We will show that
b =a. Since 22 € I C mP and 2*/x; ¢ mP, we have b; > a; for all i <[ — 1, and
ap = by. If b > a; + 1 for some i < [ — 1, then (z;/z;) - 2* ¢ mP, and this is a
contradiction. Therefore, b; = a; + 1 holds for all 7 <1 — 1, and we have b = a.

Conversely, we assume that mP is an irreducible component of I with ht(m®) = 1.
First, we will show that m := 2 € I. For a contradiction, assume that m ¢ I.
Then there is an irreducible component m® of I with m ¢ m®. Then we have ¢; > b;
for all i < I, and ¢; > b (if ¢ € (Zsg)!). It follows that m® C mP. This is a
contradiction.

Next we will show that m € G(I). Since we have shown that m € I, there is
x® € G(I) which divides m. Clearly, ¢; < b; — 1 foralli <l—1, ¢, <b,and ¢; =0
for all ¢ > [. Since ¢ € mP, we have v(z°) = [ and ¢; = b; > 0. Moreover, since
(2;/2) - 2¢ € mP for all 4 < [, we have ¢; = b; — 1 for all i <[ — 1. Hence we have

b=c, and m = 2® = 2° € G(I). O
Corollary 1.32. Let I C S be a strongly stable ideal, and set | := v(I). Then we
have
adeg,,_,(S/I) = Z a
z2eG(I)
v(z®)=l

Proof. By Corollary 1.28 and Proposition 1.31, the assertion follows. O
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Remark 1.33. Let I C S be a strongly stable ideal with [ := v(I). If S/I is
Cohen-Macaulay (equivalently, { = ht([/)), then Proposition 1.31 directly gives the
irreducible decomposition of I. If I > ht([/), then we consider

Iiag:={feS|alfelforqg>0}.

This is a strongly stable ideal again, and the intersection of the irreducible com-
ponents of I whose heights are less than [. Moreover, G(I : z{°) can be easily
computed from G(I). Therefore, combining this operation with Proposition 1.31,
we can compute the irreducible decomposition of 1.

Example 1.34. For the strongly stable ideal [ = (23, 2229, 7123, 117973, ¥373), the
generators T1Tor3 and xix? yield (2%, 23, 23) and (a3, x5, 22), respectively. Next,
consider the strongly stable ideal I’ := I : 5° = (2%, x125), and it has an irreducible
component (22, z5) given by 125, which is also an irreducible component of I itself.
Finally, I’ : 3% = (x1) itself is an irreducible component of /. Hence the irreducible
decomposition of I is

I'= (1) N (21, 22) N (21, 23, 25) N (2], 22, 75).

Theorem 1.35. Let I C S be a monomial ideal with the irredundant irreducible
decomposition (1.5.2). (Note that the irreducible decomposition of a strongly stable
ideal is always in this form.) Then the following are equivalent.

(1) I is strongly stable.

(2) If a = (a1,...,a;) € EN(Zso)', a;i > 1 and i < j < t, then there is some
b € E such that m®=¢+% > mP where e; € Nt is the i-th unit vector.

Proof. (1) = (2): For a contradiction, assume that a strongly stable ideal I does
not satisfy (2). Then, for each b € E, we have m®=¢+% 2 mP, and we can take a
monomial mp, € G(mP) with m, & m2=+% (of course, my, = 2% for some k € [n]).
Let m be the least common multiple of {my, | b € E}. Sincem € (,cpmP =1 C m?
and m ¢ m*~*% the degree deg, (m) with respect to x; is

=a; (if k=),

So we have (x;/z;)-m ¢ m?, and hence (x;/z;)-m ¢ I. It contradicts the assumption
that I is strongly stable and m € I.

(2) = (1): For a contradiction, we assume that I satisfies (2) but it is not
strongly stable. Then there are some m € G(/) and some ¢ > 2 such that x; divides
m and (x;—;/x;) - m ¢ m? for some a = (a1,...,a;) € E. Then it is easy to see
that a;_; > 1 and t > i. By (2), we have m®~®i-1+¢ 5 mP for some b € E. Since
(zi_1/w;) - m ¢ m®, we have m ¢ m®~®-17e_ It contradicts that m € I Cc mP. [
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Example 1.36. For a strongly stable ideal I = (23, 179, 23, 123, ¥323) C K21, 79, 73],
we have the irreducible decomposition

I = (z1,23) N (2], 22, 23) N (21, 25, 23).

We consider the irreducible component m® = (xy, x3, z3) with a = (1,3,1). Clearly,

a—eztes (1,2,2)

_ _ 22 2
m =m —(.%1,332,373) ) (331,.%‘2),
where (z1,3) is an irreducible component.
Next consider the ideal J = (23, 23wy, 123, 23, 1123) with the irreducible de-
composition

J = (xl,wg) N (.T%,I’%,Ig) N (l’?,l’g,{[‘g).

For the irreducible component m® with a = (2,2, 1), we have
ma_e2+e3 = m(271’2) = (xfa X2, CE%) 2 (xla mg)a (1’?, T2, 1'3),

and J is not strongly stable. Of course, we can check this directly. In fact, we have
m:=xx3 € J, but (xo/x3) - m = x129 ¢ J.



Chapter 2

Edge ideals

2.1 Introduction

This chapter is based on the author’s paper [35] with S.A.Seyed Fakhari-N.Terai—
S.Yassemi. In this chapater, a graph means a simple graph without loops, multiple
edges, and isolated vertices. Let G be a graph with vertex set V(G) = {xy,...,z,}
and with edge set F(G). Suppose w : E(G) — Z-( is an edge weight on
G. We write G,, for the pair (G,w) and call it an edge-weighted graph. Let
S = Klxy,...,,| be the polynomial ring in n variables over a field K.

For a graph G, I(G) is called the (ordinary) edge ideal of G, which is defined as

1(G) = (wz; | x5 € E(G)).

The study of edge ideals was started by Villarreal in [43]. The (edge-weighted) edge
ideal of an edge-weighted graph G,, was introduced in [28] and it is defined as

I(Gw) = ((Izi'J)w(xlxj) |LU1'IJ‘ € E(G))7

(by abusing the notation, we identify the edges of G with quadratic squarefree
monomials of S). For example, we consider the edge weight w such that w(e) = 1,
for any edge e € E(G). Then I(G,) is an (ordinary) edge ideal. Paulsen and
Sather-Wagstaff [28] studied the primary decomposition of these ideals. They also
investigated unmixedness and Cohen-Macaulayness of these ideals, in the case that
G is a cycle, a tree or a complete graph. The aim of this paper is to continue this
study. In Section 2.3, we characterize unmixed and Cohen-Macaulay properties
of edge-weighted edge ideals of very well-covered graphs (see Section 2.2 for the
definition of very well-covered graphs). Our results can be seen as generalizations
of the results concerning the Cohen-Macaulay property of usual edge ideals of very
well-covered graphs (see e.g., [5, 7, 6, 18]). For other aspects of ring-theoretic study
of very well-covered graphs, see e.g., [2, 20, 21, 34].

Another kind of generalization of edge ideals is considered in [17, 29, 30]. Indeed,
Pitones, Reyes and Toledo [29] introduced the vertez-weighted edge ideal of an

28
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oriented graph as follows. Let D = (V(D), E(D)) be an oriented graph with V(D) =
{z1,...,2,}, and let w : V(D) — Z+ be a vertex weight on D. Set w; = w(x;).
The vertex-weighted edge ideal of D is defined as

I(D) = (zix;” | zx; € E(D)).
Pitones, Reyes and Toledo proposed the following conjecture.

Conjecture 2.1. [29, Conjecture 53| Let D be a vertex-weighted oriented graph
and let G be its underlying graph. If I(D) is unmixed and S/I(G) is Cohen-
Macaulay, then S/I(D) is Cohen-Macaulay.

In Section 2.4, we provide counterexamples for this conjecture.

We close this introduction by mentioning that unmixed and Cohen-Macaulay
properties of vertex-weighted edge ideals of vertex-weighted oriented very well-
covered graphs are studied by Pitones, Reyes and Villarreal [30].

2.2 Preliminaries

In this section, we provide the definitions and basic facts which will be used in
the next sections. We refer to [9] and [42] for detailed information.

Let G be a graph with vertex set V(G) = {z;...,x,} and with edge set E(G).
For every integer 1 <i < n, the degree of x;, denoted by deg. x; , is the number of
edges of G which are incident to z;. For F C E(G) we denote (V(G), E(G)\ F) by
G — F. For a family F of 2-element subsets of V(G) the graph (V(G), E(G)UF) is
denoted by G + F. A subset C' C V(@) is a vertex cover of G if every edge of G is
incident with at least one vertex in C. A vertex cover C' of G is called minimal if
there is no proper subset of C' which is a vertex cover of G. A subset A of V(G) is
called an independent set of G if no two vertices of A are adjacent. An independent
set A of G is maximal if there exists no independent set which properly includes A.
Observe that C' is a minimal vertex cover of G if and only if V(G) \ C is a maximal
independent set of G. A subset M C E(G) is a matching if e N e’ = (), for every
pair of edges e, e’ € M. If every vertex of GG is incident to an edge in M, then M
is a perfect matching of G. A graph G without isolated vertices is said to be very
well-covered if |V (G)] is an even integer and every maximal independent subset of
G has cardinality |V (G)|/2.

A graph G is called Cohen-Macaulay if S/I(G) is a Cohen-Macaulay ring. An
ideal I C S is unmized if the associated primes of S/I have the same height. It is
well known that I is unmixed if S/I is a Cohen-Macaulay ring. A graph G is called
unmized if the minimal vertex covers of G have the same size. It can be easy seen
that G is an unmixed graph if and only if /(G) is an unmixed ideal. Also, note
that ht I(G) is equal to the cardinality of the minimum vertex covers of G.

We denote the set of minimal monomial generators of a monomial ideal I by

Gens(I).
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We introduce polarization according to [37]. Let I be a monomial ideal of
S = Klzi,...,x,) with minimal generators uy, ..., u,, where u; = []"_ 27", 1 <

Jj < m. For every i with 1 < i < n, let a; = max{a;; | 1 < j < m}, and suppose
that

T = Klx11,T12, - ., T1ay, T21, T22, - s T2a95 - - - Tnls Tn2, - - - 5 Tray )
is a polynomial ring over the field K. Let IP°! be the squarefree monomial ideal of
. .. 1 1 a; j .
T with minimal generators ui®, ..., ub?, where u}” = [T, [[;2) za, 1 < j < m.

The monomial u;’Ol is called the polarization of u;, and the ideal I is called the
polarization of I. It is well known that polarization preserves the height of ideals.
In particular, I is an unmixed ideal if and only if IP°! is an unmixed ideal.

Finally, we recall the concept of Serre’s condition. Let I be a monomial ideal of
S. For a positive integer k, the ring S/I satisfies the Serre’s condition (Sk) if

depth(S/I), > min{dim(S/I),, k}
for every p € Spec(S/I).
Lemma 2.2. [33, Lemma 8.2.1] The following two conditions are equivalent.

1. S/I satisfies the Serre’s condition (Sk).
2. For every integer i with 0 < i < dim S/, the inequality
dim Exte"(S/I,S) <i—k

holds, where the dimension of the zero module is defined to be —oo.

2.3 Edge-weighted edge ideals of very well-covered
graphs

In this section, we study the unmixed and Cohen-Macaulay properties of edge-
weighted edge ideals of very well-covered graphs. We first recall some known facts
about the structure of very well-covered graphs. It is obvious that every vertex of
a very well-covered graph G belongs to a maximal independent set of cardinality
|V(G)|/2. Thus, we conclude the following result from [15, Theorem1.2].

Lemma 2.3. Let G be a very well-covered graph. Then G has a perfect matching.

By the above lemma, we may assume that the vertices of the very well-covered
graph G are labeled such that the following condition is satisfied.

(M) V(G) =X UY, XNY =0, where X = {x1,...,2,} is a minimal vertex
cover of G and Y = {yi,...,yn} is a maximal independent set of G such that
{z191,. .., 2pyn} C E(G).

Following the notations of condition (*), for the rest of this section, we set
S =Klxy,...,Tn,Y1,--.,ys]. For later use, we recall the following characterization
of very well-covered graphs.
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Proposition 2.4. [7, Proposition 2.3] and [25, Theorem 2.9] Let G be a graph
with 2h vertices, which are not isolated. Assume that the vertices of G are labeled
such that condition (*) is satisfied. Then G is very well-covered if and only if the
following conditions hold:

(1) if zixj, yjx, € E(G), then zix, € E(G) for distinct indices i, j and k and for
zi € {xlvyl};

(i1) if v;y; € E(G), then x;z; ¢ E(G).

Remark 2.5. Let G be a very well-covered graph with 2h vertices and let w be an
edge weight on G. Moreover, assume that the vertices of G are labeled in such a
way that condition (*) is satisfied. Fix an integer i with 1 <7 < h. As z;y; € E(G),
we deduce that every minimal prime p of 1(G,,) contains one of the variables z;, y;.
On the other hand, the height of p is equal to h. Therefore, p can not contain both
x; and y;.

We are now ready to state and prove the first main result of this paper, which
characterizes edge-weighted very well-covered graphs with unmixed edge ideal.

Theorem 2.6. Let G be a very well-covered graph with 2h vertices and let w be an
edge weight on G. Moreover, assume that the vertices of G' are labeled in such a way
that condition (*) is satisfied. Then I(G,,) is unmized if and only if the following
conditions hold:

(1) if xiz; € E(G), then w(z;z;) < w(zy;) and w(z;z;) < w(z,y;) for distinct
indices 1,7, and for any verter z; € {z;,y;};

(11) if zixj and y;xi, are edges of G, then w(zixy) < w(zix;) and w(zxy) < w(y;zy)
for distinct indices i, j, k and z; € {x;,y;}, or for j #i =k and z; = y;.

Proof. Set J := I(G,,)P°".

Suppose I(G,,) is unmixed. Then J is an unmixed ideal of height h. It follows
from Remark 2.5 that for every integer ¢ with 1 < ¢ < h, any minimal prime of J
contains exactly one variable whose first index is . We first prove condition (i).
Assume that z;2; € E(G). Set a := w(z;z;) and b := w(x;y;). As

Ti1Tio ** - TigZj1%52 - * Zja € J,

there is a minimal prime p; of J with z;, € p;. By contradiction, suppose a > b.
It follows from

TinTio - TpYilYie Y € J
that at least one of the variable x;1, X, . . ., Tip, Vi1, Yi2, - - - , Yip belongs to p;. There-

fore, p; contains two variables with first index ¢, which is a contradiction. Hence,
a <b.
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Now, set ¢ := w(x;y,) and suppose a > c¢. As
Ti1Tig ** * TiaZj1%52 ** * Zja € J,
there is a minimal prime py of J with z;, € p2. Also, it follows from
Tj1Tjo - TicYi¥je - Yje € J

that at least one of the variable z 1, 2o, . . ., Zjc, Yj1, Yj2, - - - , Yjc belongs to pa. There-
fore, po contains two variables with first index j, which is a contradiction. Hence,
a<c.

Next, we prove condition (ii). Assume that z;z; and y;z, € E(G). Since G is
unmixed, it follows from Proposition 2.4 that z;z, € E(G) (this is trivially true,
if i = k and for z; = y;). Set d := w(zxy), e == w(zx;), f = w(y;xk). Suppose
d > e. Since w(z;xy) = d, it follows that

Zi1%42 * " Zi(d—1)TE1TE2 * © - Tk f ¢ J.
Thus, there is a minimal prime p3 of J with
Zi1%i2 " Zi(d—1)Tk1Tk2 "+ Thf ¢ ps.

Hence, neither of the variables z;, 22, ..., Zi@d—1); Tk1, Tk2, - - - , Tuy belongs to ps.
Then we deduce from

Zi1%i2 " Zielj1% 2« *  Tjes, Yj1Yj2 *  YjfTr1Th2 * Tif € J

that xjs, y;c € ps, for some positive integers s and ¢. This is a contradiction, as no
minimal prime of J can contain both of z;, and y;;. Thus, d <e.
Suppose d > f. Since

Ri1%42 *° * Rielk1Tk2 * " Th(d—1) ¢ J,

there is a minimal prime p4 of J which contains neither of the variables
Rily %25+« + 3 Ziey Tkly T2y« + + s Th(d—1)-
It follows from
Zi1%2i2 * * * ZieX 1052+ Te, YjalYjo - Yjfleilea - - Ty € J

that 2,y € pa, for some positive integers £ and r. This is again a contradiction.
Therefore, d < f.

We now prove the reverse implication. Suppose conditions (i) and (ii) hold and
assume by contradiction that 1(G,,) is not unmixed. Hence, J is not an unmixed
ideal. Thus, there is a minimal prime p of J such that z;,,y,, € p, for some
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integers j,p,q > 1. As above set ¢ := w(z;y;). Note that if z,,,y;, € p, then we
have x5,y € p for s # p and t # ¢, since p is a minimal prime of the polarization
J of I(Gy). See, e.g., the proof of Lemma 1.1 in [40].

Since we have zj12jo - - x;cyj1Yj2 - - Yje € J C p and xj,,,yjq € P, it follows that
p < cor g < c. First we consider the case ¢ < ¢. Assume p > ¢. Since p is a minimal
prime of J and z;, € p, there is i # j and z; € {z;,y;} such that z;x; € E(G) and
w(z;z;) > p (otherwise xj, does not belong to any minimal prime of J). Then by
(i), we have ¢ > w(zx;) > p > ¢, which is a contradiction. Hence p < ¢. Next
we consider the case p < ¢. Suppose ¢ > c. Since p is a minimal prime of J and
Yjq € P, there is k # j such that y;z, € E(G) with w(y;xr) > ¢g. Then by (i) we
have ¢ > w(y,;xr) > q > ¢, which is a contradiction. Therefore, ¢ < ¢. We have
then shown that both p < cand ¢ < c.

Now we show that there is ¢ # j and z, € {x, y¢} such that z.z; € E(G) with
a = w(zmw;) > p and

201,202, - - -5 Zla E P

As seen before, since p is a minimal prime of J and z;, € p, there is £ # j and
2y € {xp,ye} such that zx; € E(G) with o > p. Suppose there does not exist ¢
such that

201y %025 - - -5 Rl g p
Then for any z,,z; € E(G), there exists 8, < ay, = w(z,x;) such that z,s, € p.
Then we have

Zm1Zm2 " ZmamTj1Tj2 *  Tia,, €0 = (Gens(p) \ {z;p})-

Since any minimal monomial generator of J which is not divided by z;, belongs
to p’, we have J C p’, which contradicts the fact that p is a minimal prime of J.
Similarly, there is r # j such that y;z, € E(G) with § := w(y;x,) > ¢ and

Tr1, T2y - oo T QI p.
By Proposition 2.4, zx, € E(G). Set v := w(zpx,). It follows from condition (ii)
that v < a and v < 5. Thus,
20152025 - - -y Ry Tply Tp2y -« o5 Ty ¢ p.

This contradicts
201242 " " 2y Lp1Lyp 0 Ty €J

Hence, I(G,,) is an unmixed ideal. O
Remark 2.7. Let G be a very well-covered graph and let w be an edge weight,

such that I(G,) is an unmixed ideal. Assume that the vertices of G are labeled
in such a way that condition (*) is satisfied. It follows from Theorem 2.6 that if

x:y;, 2y € E(G), then w(x;y;) = w(z,y;) = w(zy,) = w(z;v:).
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Example 2.8. Let G be the graph with vertex set V(G) = {z1, %2, 3,91, Y2, Y3}
and the edge set

E(G) = {(fﬁhyl)a (22, y2), (23, y3), (21, Y2), (1, Y3), (xz,ys)}

then the edge ideal of G is

](G) - ($1?Jl7$2y2,$3y3, Z1Y2, I1y3,$2y3)7

and G is very well-covered, and consider edge-weighted edge ideals

_ /.33 .22 33 22 2 9
I(Guu) = (x1y1>1323/2>x3y37x13/27551y37x2y3>7

I(Gyy) = (27y3, 25ys, T3y, T3ys, T1Y3, T3Y3).-

Then I(G,,) is unmixed, since w; satisfies the assumption of Theorem 2.6. How-
ever, I(G,,) is not unmixed, because wy does not satisfy the assumption of Theorem
2.6. In fact, wo(z1y2) > wo(x2ys).

Our next goal is to provide a characterization of Cohen-Macaulay edge-weighted
edge ideals. First we summarize the known results concerning the Cohen-Macaulay
property of a (non-weighted) very well-covered graph.

Lemma 2.9. [7, Lemma 3.5] Let G be an unmixed graph with 2h vertices, which are
not isolated, and assume that the vertices of G are labeled such that condition (*) is
satisfied. If G is a Cohen-Macaulay graph, then there exists a suitable simultaneous
change of labeling on both {x;}, and {y;}l, (i.e., we relabel (x;,,...,x;) and
(Yirs -+ Yip) as (z1,...,21) and (y1,...,yn) at the same time), such that x;y; €
E(G) implies i < j.

Hence, for a Cohen-Macaulay very well-covered graph G satisfying condition
(*), we may assume that

(**) z,y; € E(G) implies ¢ < j.

Now we recall a Cohen-Macaulayness criterion for very well-covered graphs. See
also [5, Theorem 6.3] and [6, Theorem 2.3] for different characterizations.

Theorem 2.10. [7, Theorem 0.3] Let G be a graph with 2h vertices, which are not
isolated and assume that the vertices of G are labeled such that conditions (*) and
(**) are satisfied. Then the following conditions are equivalent:

1. G is Cohen-Macaulay;
2. G is unmized;

3. The following conditions hold:
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(1) if zizj, y;x, € E(G), then zixy, € E(G) for distinct indices 1, j, k and for
zi € {zi, yi};
(i1) if v;y; € E(G), then x;x; ¢ E(G).

In order to study the Cohen-Macaulay property of edge-weighted edge ideal of
very well-covered graphs, we introduce an operator which allows us to construct a
new weighted very well-covered graph from a given one.

Let G, be a weighted very well-covered graph with n = 2h vertices and assume
that the vertices of G are labeled such that condition (*) is satisfied. For any
ke lh]:={1,...,h}, set

Ny :={i € [h] - ziyr, € E(G)} \ {k},
and define the base graph O(G) as follows
Ok(G) := G — {zjyx : 1 € Ny} + {zxp 1 i € Ni}.
Now we define the weight w’ on Ok(G) by

vy wlziy) if e = a0k, @€ Ny
wi(e) { w(e) otherwise.

Finally, we set

Ok(Gw> = Ok(G)w/
We are now ready to prove the second main result of this paper.

Theorem 2.11. Let G be a Cohen-Macaulay very well-covered graph and let w be
an edge weight on G. Then the following conditions are equivalent:

1. I(Gy) is an unmized ideal;
2. S/1(Gy) is a Cohen-Macaulay ring.

Proof. The implication (2) = (1) is well known. So, we prove (1) implies (2). As
G is a Cohen-Macaulay very well-covered graph, we may assume that conditions (*)
and (**) are satisfied. In particular, |V (G)| = 2h, for some h > 1. It follows from
the unmixedness of I(G,,) that the height of every associated prime of S/I(G,)
is h. Using Remark 2.5, for every p € AssS/I(G,,) and for every integer k with
1 < k < h, exactly one of x; and y, belongs to p.

We use induction on m := Z?Zl degs y; > h. For m = h, the assertion follows
from [28, Theorem 5.7]. Hence, suppose m > h. Then there exists an integer k
with 1 < k < h such that degy; > 2. By contradiction, assume that S/I(G,,) is
not Cohen-Macaulay. Set G!, := Ok(G,,), where

vy wlxiys) if e =amp, @€ Ny
wie) { w(e) otherwise.
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Using Theorem 2.6, one can easily check that [(G),) is an unmixed ideal. By
induction S/I(G!,) is Cohen-Macaulay. Therefore,

(S/1(Gw))/(we = yr) = (S/I(G))/ (2x — yi)

is Cohen-Macaulay since yy is a leaf of G, and hence x;, —y, is regular on S/I(G,, ).
As S/1(G,,) is not Cohen-Macaulay, z) — y is not regular on S/I(G,,). Hence,

Tk — Yk € U p.

p€Ass S/1(Guw)

Thus, there exists an associated prime ideal p of S/I(G,) such that z; — y, € p.
Consequently, zg,yx € p. This is a contradiction and proves that S/I(G,,) is
Cohen-Macaulay. O

It is well known (and easy to prove) that every unmixed bipartite graph is very
well-covered (for example, it follows from [42, Theorem 7.1.8 and Lemma 7.4.18]).
Hence, as an immediate consequence of Theorem 2.11, we obtain the following
corollary.

Corollary 2.12. Let G be a Cohen-Macaulay bipartite graph and let w be an edge
weight on G. Then the following conditions are equivalent:

1. I(Gy) is an unmized ideal;

2. S/1(Gy) is a Cohen-Macaulay ring.

2.4 Examples

Let D be a vertex-weighted oriented graph and let G be its underlying graph. As
we mentioned in Section 2.1, Pitones, Reyes and Toledo conjectured that S/I(D)
is Cohen-Macaulay, if (D) is unmixed and S/I(G) is Cohen-Macaulay (see Con-
jecture 2.1). The following example shows that Conjecture 2.1 is not true.

Example 2.13. Let K be a field with char(K) = 0 and let D be the oriented graph
with vertex set V(D) = {x1,..., 211} and the edge set

) (I% 301)7 ($17 $10), (xla xn), ($2, 954), ($27 $5),
)7 (x27 x11)7 (l’g, £I§'5>, (1’3, ‘1'6)7 (ng, x8>7 ('xSa xll)a

( 0
) (I4, $9), (£E4, xn), (967, $5)7 ($5, 909), (IE11, 5105), (956, $8),
( )

Consider the weight functions

Cf1ifiA1
wl(‘”i)_{ 2 if i =11,
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and

2 ifi=T1.
For i = 1,2, let D; be the vertex-weighted oriented graph obtained from D by
considering the weight function w;. Then

w2(xi):{ 1 ifi#£7

[(Dy) =(x123, T124, T17, ©1T10, 1127y, T, Tos, Tolly, Tal10, Tahy,
T35, T3Tg, T3Tg, T3T1y, T4Te, T4Tg, T4T1y, T5T7, TsTo, T5T11,
TGI8, T6Tg, T7T9, T7T10, T8T10),
and
I(Dy) =(7123, T124, T177, T1710, L1711, TaTg, ToTs, Ty, TaT10, ToT11,
L3L5, L3Le, L3L, T3L11, L4Le, L4L9, L4L11, Ls5L7, L5L9, L5L11,
T6Ts, Ty, T2y, T7T10, T8T10)-
Let G be the underlying graph of D. The edge ideal I(G) of G comes from the
triangulation of the real projective plane and it is known that S/I(G) is Cohen-
Macaulay, as char(K) # 2 (see for example [42, Exercise 6.3.65]). It is known that
S/1(G) is Cohen-Macaulay. However, for i = 1,2, as a Macaulay2 computation
shows, I(D;) is unmixed but not Cohen-Macaulay, disproving Conjecture 2.1. We
show that S/I(D;) satisfies the Serre’s condition (S3), while S/I(Ds) does not.
Using Macaulay2 we know that depth S/I(D;) = 2 for ¢ = 1,2. Since for i = 1,2,
dim S/I(D;) = 3, the quotient ring S/I(D;) satisfies the (Sz) condition if and only
if
dim Ext3(S/I(D;), S) = dim Extg ~*(S/1(D;),S) <2 -2 =0,
by Lemma 2.2. With Macaulay?, one can check that dim Ext%(S/I1(D;), S) = 0 and
dim Ext3(S/1(Dy), S) = 1.
The following example provides counterexamples for the edge-weighted version
of Conjecture 2.1.

Example 2.14. Let K be a field with char(K) = 0 and let G' be the same graph
as in Example 2.13. Consider the following edge-weighted edge ideals.
I(Gw,) =(2173, 1124, 1177, 11710, T1711, TaTg, ToT5, TaTg, TaT10, T2T11,
L35, L3Le, L3L8; L3XL11, LaLe, LaLo, Lal11, X5L7; LsL9, L5L11,
TGI8, T, LT, TrT10, Tallg)-
[(Gw2> :(l’%r%, SL’%&ZZ, .TJ%SC?, x%x%m l’%l’%l, SC%LL‘Z, x%:cg, 37%565, xgx%m xgxilv
IL’%[L’%, l’gﬂ?g, lg:tg? 23:2)’1'%1, 55393%7 QTZZL‘S, xil'%l? $§l‘%, x%xé, xgaﬁl?
TETS, Taly, TaTa, Ty, TeT10)-
Then S/I(G) is Cohen-Macaulay. However, a Macaulay?2 computation shows that
I(Gy,) is unmixed, but S/I(G.,,) does not satisfy the Serre’s condition (.S3), hence
it is not Cohen-Macaulay. On the other hand, I(G,,) is unmixed and S/I(G,,)
satisfies the Serre’s condition (S3) condition, but it is not Cohen-Macaulay.



Chapter 3

Specht ideals

3.1 Introduction

This chapter is based on the author’s paper [39] with Kohji Yanagawa. For a
positive integer n, a partition of n is a sequence A = (Ay,...,\;) of integers with
A > A > o> >1 and 2221 A; = n. The Young tableau of shape A is a
bijection from [n] := {1,2,...,n} to the set of boxes in the Young diagram of .
For example, the following is a tableau of shape (4,2, 1).

117

(3.1.1)

Let Tab(\) be the set of Young tableaux of shape A. If A = (\y,..., ), then we
simply write as Tab(Aq, ..., ;). We say a tableau T' is standard, if all columns (resp.
rows) are increasing from top to bottom (resp. from left to right). Let SYT(A) (or
SYT(A1,...,A)) be the set of standard tableaux of shape A = (A\1,..., \)).

Let R = K{zy,...,z,| be a polynomial ring over a field K, A a partition of n,
and T" a Young tableau of shape A. If the j-th column of T" consists of j1, j2, ..., jm
in the order from top to bottom, then

frG)y= I @ —=z)er

1<s<t<m

(if the j-th column has only one box, then we set fr(j) = 1). The Specht polynomial
fr of T is given by

A1
fro=1] 0.
j=1
For example, if 7" is the tableau (3.1.1), then fr = (z3—x¢)(23—24) (v —24) (x5 —22).

The symmetric group &,, acts on the vector space V) spanned by { fr | T €
Tab(A)}. An &,,-module of this form is called a Specht module, and very important

38
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in the theory of symmetric groups, especially in the characteristic 0 case. Over any
field of characteristic 0 the Specht modules are irreducible, and form a complete
list of irreducible representations of the symmetric group. Here, we remark that
{fr|T € SYT(A)} forms a basis of Vj.

In [47], Yanagawa studied the ideal

¥ .= (fr | T € Tab()\))

of R. Yanagawa has ht(I3?) = A; by [47, Proposition 2.3]. The main result of [47]
states the following.

Theorem 3.1 ([47, Proposition 2.8 and Corollary 4.4]). If R/ [fp is Cohen—Macaulay,
then one of the following conditions holds.

(1) A\=(n—d,1,...,1),
(2) A= (n—d,d),
(3) A= (d,d,1).
If char(K') = 0, the converse is also true.

The case (1) is treated in the joint paper [44] , and it is shown that R/I(STILD A1)
is Cohen—Macaulay over any K. To prove the last assertion of the above theorem
for the cases (2) and (3), we first show that I5” is a radical ideal (at least, in
these cases) over any K, and use a result of Etingof et al. [13], which concerns the
characteristic 0 case. In addition, in [22], results on the Cohen-Macaulayness of
R/I (Srf_ dd) are proved without using the results of Etingof et al. In particular, the
results for the positive characteristic case are also given.

The paper [44] computes the Betti numbers of R/I (Sff 41,1y, it means that we
know its Hilbert series in this case. In the present paper, we compute the Hilbert
series

H(R/IP t) ==Y dimg[R/I}"); - £
€N
in the cases (2) and (3) of Theorem 3.1. The main tool for computation is the
following recursive formulas as graded S-modules

(RIIP )/ (S/I oy ) = @DS/I o)) (—m). (3.1.2)

m>1
forn—d>d> 2, and
(R/TE )/ (S/I0 1 gy 1) = ED(S/I0 ) (=m). (3.1.3)
m>1

as graded S-modules, for n = 2d > 4. Here we set S = K|[xy,...,x,_1]. Since
(n—d—1,d) is a partition of n — 1, [(S d-1.d) is an ideal of S. The same is true for
other partitions of n — 1.

As an application, we have the following.
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Theorem 3.2. If R/[Sp a4y 15 Cohen-Macaulay (e.g., when char(K) = 0), then
we have reg(R/In dd)) =d ford > 2, and if R/Iddl) is Cohen-Macaulay (e.g.,

when char(K) = 0), then mg(R/Idd1 )=d+ 1. Hence ](drjd,l) has a (d + 2)-linear
resolution in this case.

Since R/[dd1 (not S/Id 1.a-1,1)) does not appear in the above recursion for-

mulas, these formulas are not enough. So we use [31, Theorem 3.2] for R/ I(S 1.1
However, this result assumes the Cohen—Macaulay property, so we have to show
the following.

Theorem 3.3. Hilbert series of R/I(Sf_dd) and R/I®

(da1) do not depend on char(K).

We prove this (essentially) in §3 using the Grobner basis argument.

However, Our paper [39] was submitted, the authors were informed that minimal
free resolutions of R/[(Sqf_ 40y for 1 < d < n/2 in char(K) = 0, and the Hilbert
series of their rings had been studied by Berkesch Zamaere, Griffeth, and Sam
[3]. More precisely, [3] determined the &,-module structure of Tor (K, R/ I S;’ ad))-
(They called 1 (s;: a4y the “(d + 1)-equal ideal”. Of course, this name comes from
the decomposition (3.4.1) below.) However we do not use results of [3], and they
do not prove that the Hilbert series does not depend on char(K’). Moreover, the
recursive formulas (3.1.2) and (3.1.3) is not appeared in their paper.

3.2 Main theorem and related arguments

For the definition and basic properties of Specht ideals I /\p, consult the previ-
ous section. Here we just remark that the Cohen—Macaulay ness of R/ )\p actually
depends on char(K). For example, R/I;; I is Cohen—Macaulay if and only if

char(K') # 2. The same is true for R/] 221) See [47, Theorem 5.3]. If char(K') = 2,
Macaulay2 computation shows that R/ r (2.2,1) and R/I 85_373 for n < 10 do not sat-

isfy even Serre’s (S;) condition. So the (S) condition of R/I5" also depends on
char(K) (recall that the (Ss)-ness of the Stanley—Reisner ring K[A] does not de-
pend on char(K)). Macaulay2 computation also shows that R/I (84"’4) is not Cohen—
Macaulay, if char(K) = 2,3. See [47, Conjecture 5.5]. To the authors’ best knowl-
edge, examples of R/ pr satisfying the (Ss) condition are Cohen—Macaulay.

We regard S = Klzy,...,x, 1] as a subring of R = Klzy,...,x,]. If pis a
partition of n — 1, then the Specht ideal ]Ep is an ideal of S.

Theorem 3.4. Hilbert series ofR/ISp a.a) ond R/I(Sdpd 1y do not depend on char(K).
Furthermore, the Hilbert series of R/I ) s given by

14 hyt + hot? + - - - + hgt®
(1—t)

H(R/I 4 4:t) =
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with .

o () st

(1) ifi=d.
Stmilarly, when n = 2d + 1, the Hilbert series of R/I(S;d,l) s given by
14 hyt + hot? + - + hapat*!
S 1 2 d+1
H<R/[(£d,1)’ t) = — Ndrl =
(1-1)

with

b — (dﬂ—l)
(3

The proof of Theorem 3.2 (assuming Theorem 3.4 ). For a Cohen—-Macaulay graded
ring R/ of dimension d whose Hilbert series is given by

foralll <i<d+1.

1+ Ayt + hot® + -+ - + hyt®

H(R/I,t) = TP

with hs # 0, it is well-known that reg(R/I) = s. So the assertion follows from
Theorem 3.4. U

3.3 The initial monomials of Specht polynomials

In this section, we will give Grobner basis theoretic results, which can be used
to show the Hilbert series do not depend char(K'). See [11, §15] for notions and
results of the Grobner basis theory. Here we consider the lexicographic order on R
with @, = x,_1 > -+ > x1. Let in(f) be the initial monomial of 0 # f € R.

Consider a tableau

1t | i ||t |tag1| 0 |fn—a

T = € Tab(n —d,d).
Ju | J2 || Jd

Since the permutation of 75, and j; only changes the sign of fr, we may assume that
ir, < ji for all 1 <k < d. Then we have in(fr) = z;,xj, - - - z;,.

The following lemma holds for a general partition A, and must be well-known
to specialists. Since we could not find appropriate references, we give a quick proof
for the reader’s convenience.

Lemma 3.5. For a partition A = (n — d,d), we have the following.

(1) For distinct T, T" € SYT(X), we have in(fr) # in(fr).
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(2) Let V\ C R be the Specht module of shape A. For 0 # f € V), there is a
unique T'€ SYT(X) such that in(f) = in(fr).

Proof. (1) If in(fr) = in(f7) holds for T, 7" € SYT()), then the second rows of T'
and 7" are same. It means that T'=T".

(2) It is well-known that {fr | T € SYT(A)} forms a basis of V. Hence the
assertion follows from (1). O

In the rest of this section, we assume that n = 2d. Let m{*t1 be the ideal of R
generated by all squarefree monomials of degree d + 1, and set

S 7S d+1
Ty = T + 0.

For a € N", set 2 :=[];c,, 27" € R. For f =}, yu ca?® € R (ca € K), we call

trm(f) == Z cat® € R

:L"“Qm(‘”l)

the trimmed form of f. For example, if d = 2 and f = x12% — 22522 + 3x103704 —
Tox324, then we have trm(f) = z123 — 22922,

For F' C [n] with #F =: ¢ < d, let Tabp(d,d — ¢) be the set of Young tableaux
of shape (d,d — ¢) with the letter set [n] \ F. For example, if n = 8 (i.e., d = 4)
and F' = {1,6}, then

218713
4

is an element of Tabg(4,2). For the convention, set Taby(d,d) := Tab(d,d). If
#F =d, then T € Tabp(d,0) consists of a single row, and we have fr = 1.

For a subset F' C [n], set 2 :=[[,.p2; € R and 2! := [[,_p2? € R. For a
monomial 2® € R, set supp(z®) :={i | a; > 0}.

Lemma 3.6. Let z* € R be a monomial with F' := supp(z?), and set ¢ := #F.
If trm(z?fr) # 0 for T € Tab(d,d), then we have ¢ < d, and there is some
T" € Tabp(d,d — ¢) such that

trm (2 fr) = 222" fp.

In prticular, we have
trm(a” fr) = 2°F fr.

The converse also holds, that is, any x®x™ frv for T' € Tabp(d,d — c) equals
trm(x? fr) for some T € Tab(d,d).
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Proof. Without loss of generality, we may assume that F' = {1,2,...,¢}. Note
that nonzero terms of fr are (£ of) squarefree monomials of degree d. Hence if
trm(x? fr) # 0, then T is of the form

1 ld—c |ld—ct1 | ld—ct2 | *°° iq

i1 v | e 1 2 c

after a suitable column permutation and permutations of the two boxes in the same
columns (fr is stable under these permutations up to sign). Moreover,

1 ld—c | ld—ct1 | ld—ct2 | *°° 14

71 | Jdee

satisfies the expected condition.
The last assertion can be proved in a similar way. O]

Theorem 3.7. With the above situation,

( | {tom(a" fr) | T € Tab(d, d)} \ {0}> U G(m@+D) (3.3.1)

FCln]

forms a Gréobner basis of J(Sdpd). Here G(m'91)) is the set of squarefree monomials
of degree d + 1.

Proof. Take Fy, Fy C [n] and Ty, Ty € Tab(d,d) with ¢; := trm(zf f,) # 0 and
o = trm(z™2f7,) # 0. We have some a,b € N" such that the least common
multiple of in(yp;) and in(yp,) coincides with z*in(p;) = 2P in(p,). Note that 2?2
and z° need not be squarefree, and z®in(p;) = 2P in(yp,) might belong to mid+h,
These phenomena make the following argument a bit complicated.

We set ¢ := x2p; £ 2Pp,, where we take & to cancel the initial terms. By
Buchberger’s criterion ([11, Theorem 15.8]), it suffices to show that ¢ can be reduced
to 0 modulo (3.3.1) by the division algorithm. To do this, it suffices to show that

trm(¢) can be reduced to 0 modulo

| {trm(z" f7) | T € Tab(d, d)} \ {0}. (3.3.2)

FC[n]

If trm(¢)) # 0, then at least one of the following conditions holds
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(i) trm(z®p;) # 0, equivalently, for G := supp(x2z),

zero term of fr.

G divides some non-

(ii) trm(zPyy) # 0, equivalently, for Gy := supp(zPz’?), 22 divides some non-

zero term of fr,.

Assume that only (i) holds. Since (ii) is not satisfied now, we have
trm(vp) = trm(z?p;) = trm(z?2™ fr,) = :BaxleGllef

for some T] € Tabg,(d,d — ¢;) by Lemma 3.6, where ¢; := #G;. Hence trm(¢))
belongs to

(trm(z22™ f7) | T € Tab(d,d) ) = 222" 2% ( fr» | T' € Tabg, (d,d — ¢1) ).

The subset
{trm (2% f7) | T € Tab(d,d) } \ {0} (3.3.3)

of (3.3.2) spans the subspace
Vi = (trm(z9 fr) | T € Tab(d,d) ) = 2**( fr» | T' € Tabg, (d,d — ¢,) ),

which is actually the Specht module of shape (d,d — ¢;). In fact, the symmetric
group Sp,\q, acts on Vi. The multiplication x (222 /z¢1) gives a bijection from
Vi to 22xf12%( fr | T' € Tabg,(d,d — ¢1)), to which trm(z)) belongs, and this
bijection preserves the monomial order. Hence trm(t)) can be reduced to 0 modulo
(3.3.3) by Lemma 3.5 (2). The case when only (ii) holds can be proved in the same
way.

Next consider the case when both (i) and (ii) are satisfied. Set

Vi = ( trm(2®2" fr) | T € Tab(d,d) ) and V, := { trm(2P2™ f) | T € Tab(d, d) ).

Clearly, trm(z%p;) € Vi and trm(zPpy) € Vo, If a monomial x® appears as a
NON-Zero term of f € Vi (resp. f € Va), then we have [], ., z{" = 222" (resp.
[1.50 2" = 2P2™). Henceif 2™ # 2P2™ then ViNVa = {0}. Therefore, either
Vi = Vyor ViNVy = {0} holds. If Vi = V,, then we have trm (221 ), trm(zPpy) € V1,
and hence trm(¢)) € Vi. So the situation is essentially the same as the previous

cases, and trm(¢) is reduced to 0 modulo (3.3.3). If V; NV, = {0}, then we have
trm(vp) = trm(z?p;) £ trm(zps) € Vi + Vo = Vi @ V4,

and no terms of trm(zp;) and trm(zPy,) are canceled. Hence trm(¢) can be
reduced to 0 modulo the subset

({trm(z% fr) | T € Tab(d,d)} U { trm(z%2 fp) | T € Tab(d,d)}) \ {0}

of (3.3.2). In fact, the “Vi-part” and the “Vi-part” can be reduced to 0 individually.
m
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Corollary 3.8. The Hilbert function of J(S;d) does not depend on char(K).

Proof. In general, a homogeneous ideal I C R and its initial ideal in(1) := (in(f) |
0 # f € I) have the same Hilbert function, and the Hilbert function of a monomial
ideal (e.g., in(/)) does not depend on char(K). Since the Grobner basis of J(dp B

does not depend on char(K) by Theorem 3.7, the assertion follows. O

3.4 The proof of the main theorem and some ex-
amples

To prove Theorem 3.4, we can extend the base field. So we assume that #K = oo
in this section.

For a subset () # F C [n], set Pp := (; — x; | i,j € F) C R. Clearly, this is a
prime ideal with ht(Pr) = #F — 1. By [47, Theorem 3.1], ]( _a,q) 18 a radical ideal,
and hence we have

S
raao= () Pr (3.4.1)

FCln]
#F=n—d+1

by [47, Proposition 2.4].
Lemma 3.9 ([47]). For f € R, the following are equivalent.
(1) [ € Isf dd)’
(2) Take a = (ay,...,a,) € K™. If there is a subset F' C [n| with #F =n—d+1
such that a; = a; for all i,j € F, then we have f(a) =
Proof. Easily follows from (3.4.1). O

Lemma 3.10. If n —d > d > 2, then we have

5P

gy NS = JSP

(n—d—1,d)"

Moreover, as graded S-modules, we have

(RITGY 40/ (SIIRE ) = ED(S/IZY 1)) (=) (3.4.2)

m>1

Proof. For a subset F' C [n — 1], we set Py = (z; —z; | 4,5 € F) C S. It is
easy to check that Pp NS = Pp, (,, for F' C [n]. For F' C [n — 1] and i € F, set
= (F\{i})U{n}. Then we have ht(Pr) = ht(Pp) but (PN S) C (PrNS),
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unless F' = {i} (in this case, Pr = (0)). Hence we have

P NS = ( N PF>mS
)

FcCln
#F=n—d+1

= [ PrnS)
FCln]
#F=n—d+1

= [ PrnS)

FC[n],neF
HF=n—d+1

:ﬂpg

FC[n—1]
#F=n—d

S
= [(afqu,d)-
Hence we have shown the first assertion, and we see that S/ (Sf_ d—1,4) Can be seen
as an S-submodule of R/I (S P d) in the natural way. To show the second assertion,
set M = (R/I(Sf_dd))/(S/I(Sf_d_w)). This is a graded S-module.
We denote the image of 2" € R in M for m > 1 by 2. First, we show
that ](Sf_ ad-1 C (0 o @77). It suffices to show that fraf? = 0, equivalently,

frame S+ P for all
n (n—d,d)

11 | 12 | |ld—1| W | |tn—d

T = € Tab(n —d,d —1).
Ji | J2 | Ja

We can prove this by induction on m. In fact, if we set

T — iy | t2 | |td-1| 4 |tds1| " |[tn—d

€ Tab(n — d,d),

Ju | J2 | {Ja—1| 1

we have fr = fr-(z;, — x,), and hence frx, = fra,, — frr € S+ [(Sffdd) (note
that x;, € 5). If m > 1, then

fralt = (fra,)al " = (frai, — fr)al ™" = (fra) e, — fra)

Here fra™ ! el (Sf_ gy and framt e S+ [&S;’_ 4.0 by the induction hypothesis.
Hence (fra™ Nz, € S+ I(Sf_d 4> and

frag = (frag Vai, — fral P €S+ I,
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Next we show that
M=ps-ap (3.4.3)

as S-modules. Here S - 27" is the S-submodule generated by 277 € M, and it does
not mean this is a free S-module. To do this, assume that

i fixh, =0
i=1
for some [ > 1 and fy,..., f; € S. Then we have
!
Y fah e SHIP
i=1
Hence there is some fy € S such that
!
Z firl, € I(Sifd,d)‘
i=0

Take a = (aj,...,a,_1) € K" '. If there is a subset F' C [n—1] with #F = n—d+1
such that a; = a; for all ¢, j € F', then we have

for all b € K by Lemma 3.9. Since #K = oo now, we have

> fi(a)r, = 0.

i=0
Hence we have f;(a) iO for all 7, and f; € I (S;f’_ 441y by Lemma 3.9. Since we have
shown that ](s;:d dq)x% =0 for ¢ > 1, we get the direct sum (3.4.3). Moreover, the
aboveirgument als_o shows that I(Sf_d,d_n D (0 :p 7). Hence we have I(Sf_dd_l) =
(0 :p 28), and S - xf, = S/I(Sf—d,d—l)‘ So we are done. O
Ifn=2d+1, ](S;d yCRisa radical ideal by [47, Theorem 4.2], and we have
S
k=[] Pr (3.4.4)
FC[n]
#F=d+1

by [47, Proposition 2.4].
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Lemma 3.11. Ifn = 2d > 4, then we have

Sp
dd)ﬂS—Id 1,d—1,1)"

Moreover, as graded S-modules, we have

(BRI /(ST 4 10) = DS/ Ly 1)) (=m). (3.4.5)

m>1

Proof. The assertion follows from the argument similar to the proof of Lemma 3.10,
while we use (3.4.4) this time. O

Corollary 3.12. If n —d > d > 2, then we have

H(R/IY 4y t) = H(S/TE 4y ), >+1—H<S/fs,fdd o b). (3.4.6)

Stmilarly, if n = 2d and d > 2, we have

t

(R/I(Sdpd t) = H(S/I(Sdp 1,d—1,1)’ )+ — 1= (S/I(Sdpd 1) t). (3.4.7)

Proof. The first assertion follows from (3.4.2). In fact, we have

(R/[(n d,d)’ ) = (S/['n, d—1,d)’ +Ztm S/I(n d,d-1)’ t)

= H(S/IF gy git) + l—H(S/Iif dd-1b):

Similarly, the second assertion follows from (3.4.5). O

Now we can start the proof of the main theorem.

The proof of Theorem 3.4. We prove the assertion by induction on n. Note that we
also have to prove that the Hilbert series of R/} I o dd) and R/ rr (d,4,1) do not depend
on char(K).

It is easy to see that R/In 11y = K[X], and its Hilbert series is 1/(1 —¢). So

the assertion holds in this case. Similarly, R/ r (11,1) 18 @ hypersurface ring of degree

3, and its Hilbert series is (1 + ¢ + ¢?)/(1 — )% So the assertion also holds in this
case.
We assume that the statement holds for n — 1. If n is an odd number 2d+ 1, we

first treat I(dpd 1y- Recall that I(dpd C Klzy,...,xp1],andlet 7 : R — S (= R/(z,))

be the natural surjection. Clearly, we have S/?T(I(Sdpd ) = R/(]Sdpd1 + (1,)). As

shown in [47, §2], z,, is R/I p—regular for any non-trivial partition A of n. So we
can recover the Hilbert series of R/Idd ) from that of S/ﬂ'([sdpd 1)
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Since ﬂ([(ddl)) = I(Sdpd) N m{*) by [47, Lemma 2.10], we have the short exact
sequence

0 — S/m(I3y1)) — S/Iiny & S/m — S/ —s 0. (3.4.8)

The Hilbert series of S/](Sd‘?d) (resp. S/J(Sdpd

induction hypothesis (resp. Corollary 3.8). Since m is a monomial ideal, its
Hilbert series is also characteristic free. Hence H(S/7 ([ Sdp 1)), ) does not depend

on char(K) by (3.4.8). So the same is true for H(R/I(Sdpd 1y b)-
So we may assume that Char(K) = 0, then R/IM1

number of minimal generators of I°F (dd.1) 1S #SYT(d,d, 1), and we have
(2d + 1)! 2d+1
YT(d,d, 1) = =
#SYT(d, d,1) (d+2)d!/(d+1)(d —1)! d+2

by the hook formula (c.f., [32, Theorem 3.10.2]). Since R/I 201 1s Cohen-Macaulay

and ht(ISdpd1 ) = d, Isdpd 1) has a (d + 2)-linear resolution by [31, Theorem 3.2].
Hence,

) do not depend on char(K) by the
(d+1)

is Cohen-Macaulay. The

D (1)
=0 \
(1— t)at
by [42, Exercises 5.3.16]. So the assertion holds in this case.
Next, we consider the Hilbert series of R/I;} I Sp With n—d > d > 2 (without
the assumption that char(K) = 0). By the mductlon hypothesis, H(S/I Sf 1) b)
and H(S/I(n dd-1)> t) do not depend on char(K), and we have

H(R/Iip,,)0t) =

1+ Ayt + hot® + -+ + hljt?

=T

(S/Isﬁ) d—1,d)’ t) =

with
. {(n-d;i-?) ifl1<i<d-1,
ColG) ifi=d
and " 142 " d—1
(S/[n . t) _ 1+h1t+h2t +"_'+hd_1t
(1= ¢y
with

. {("dj“) if1<i<d-—2,

(n2) ifi=d-—1.

Since dim R/T (Ss_ 4.4y = d; the denominator of the Hilbert series of H(12/I (sf ) t)
is (1 —t)¢, and the numerator is

L+ R+ Dt + (b + WD+ 4 (W + B )t 4 (Bl 4 Rl )t?
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by (3.4.6). Now, we have
Ri+l=mn—-d—-1)+1=n—d,

W h n—d+i—2 n n—d+i—2 _ n—d+i—1
el i i—1 i

for2<i<d-—1, and

-2 n—2 n—1
h/ h// — n — i
a ¥l (d—2)+(d—§> (d—2>
So the assertion holds in this case.
Next, assuming that n = 2d, we consider the Hilbert series of R/ ]( dd) with
d > 2. By the induction hypothesis, H(S/I Sdp A1) ,t) does not depend on char(K),
and we have
L+ Rt +hyt2+ -+ Al 14!
(1 —¢)d-1

e {(‘“j‘l) if1<i<d-2,

() ifi=d-1.

H(S/I3 ) 1) =

with

We have already shown that
1+ At + hot? + -+ + hte

=T

= (d+z:—2).
1

Since dim R/I(Sdpd = d, the denominator of the Hilbert series of H(R/Isdpd), t) is
(1 —t)?, and the numerator is

L+ (R 4+ Dt + (b + WD+ (W + B )t 4 (Bl 4 Rl )t?
by (3.4.7). Now, we have

(S/I(d 1,d— 11)’t) =

with

Wo+1=(d-1)+1=d,

[y N - d+1—2 n d+1—2 _ d+i1—1
oot i i—1 i

for 2 <i<d-—1, and

Wt 2d — 2 N 2d -2\  [(2d -2 N 2d -2\  [(2d-1
a1 = d d—3) \d-2 d—3) \d-2)

So we are done. O]
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Example 3.13. [47, Proposition 5.1, Proposition 5.2] We state the case of d = 2

as an example. For R/ P (n-2.2)>

1+ (n—2)t+1?
Sp _
(R/In 22)7t) - (1 —t)2 )

and reg(R/I, rr (n_22)) = 2. This case has already been studied in [47]. In particular, it

has been proved that R/} I op ) 18 Gorenstein over any field K. See [47, Proposition
5.2]

In [22], they have the following result about the Cohen-Macaulay property of
Specht ideals I (Sff d d).(They have also studied some cases with positive characteris-
tic.)

Theorem 3.14. [22, Theorem 1.2] Let K be any field of p = char(K) > 0, and
fix positive integers n, d satisfying n > 2d. If p =0 or p > d, then R/In dd) 8
Cohen-Macaulay.

Corollary 3.15. Let K be any field of p = char(K) > 0. If p =10 or p > d, then
reg(R/I(Sf aa) = d-

Proof. We assume that p = 0 or p > d. By Theorem 3.14, R/ I(Sf_ dd) is Cohen-
Macaulay. Hence, by using Theorem 3.2, we get reg(R/I, r (nday) = d- O

Example 3.16. We consider the Specht ideal 1(5 4 1f char(K') = 0 or char(K) > 5,
then

reg(R/I(54 ) =4
This is known from Corollary 3.15.
Remark 3.17. Let p = char(K) > 0. In [47, Conjecture 5.5], Yanagawa conjectures

that R/I(dd1 is Cohen-Macaulay if and only if p = 0 or char(K) > d + 1. We

assume that this conjecture is true. Then 1reg(R/ISdpd1 y=d+1,if p=20or
char(K) > d + 1, by using Theorem 3.2.

Example 3.18. We consider the Specht ideal I5F (33.1)- If char(K) =0, then

1
reg(R/IS;3 b)) =4

This is known from Corollary 3.2. Note that if [47, Conjecture 5.5] is true, then
reg(R/I33 1y) =4, when char(K) > 5.
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