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ABSTRACT

High dimensionality brings both opportunities and challenges to the study of applied
mathematics. This thesis consists of two parts. The first part explores the singularity
formation of the axisymmetric incompressible Euler equations with no swirl in R”,
which is closely related to the Millennium Prize Problem on the global singularity
of the Navier-Stokes equations. In this part, the high dimensionality contributes
to the singularity formation in finite time by enhancing the strength of the vortex
stretching term. The second part focuses on sampling from a high-dimensional
distribution using deep generative networks, which has wide applications in the
Bayesian inverse problem and the image synthesis task. The high dimensionality in
this part becomes a significant challenge to the numerical algorithms, known as the

curse of dimensionality.

In the first part of this thesis, we consider the singularity formation in two scenarios.
In the first scenario, for the axisymmetric Euler equations with no swirl, we consider
the case when the initial condition for the angular vorticity is C* Holder continuous.
We provide convincing numerical examples where the solutions develop potential
self-similar blow-up in finite time when the Holder exponent @ < «*, and this upper
bound a* can asymptotically approach 1 — % This result supports a conjecture
from Drivas and Elgindi [27], and generalizes it to the high-dimensional case.
This potential blow-up is insensitive to the perturbation of initial data. Based on
assumptions summarized from numerical experiments, we study a limiting case of
the Euler equations, and obtain * = 1 — % which agrees with the numerical result.
For the general case, we propose a relatively simple one-dimensional model and
numerically verify its approximation to the Euler equations. This one-dimensional
model might suggest a possible way to show this finite-time blow-up scenario
analytically. Compared to the first proved blow-up result of the 3D axisymmetric
Euler equations with no swirl and Holder continuous initial data by Elgindi in
[30], our potential blow-up scenario has completely different scaling behavior and
regularity of the initial condition. In the second scenario, we consider using smooth
initial data, but modify the Euler equations by adding a factor ¢ as the coeflicient
of the convection terms to weaken the convection effect. The new model is called
the weak convection model. We provide convincing numerical examples of the
weak convection model where the solutions develop potential self-similar blow-up

in finite time when the convection strength &£ < &*, and this upper bound £* should
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be close to 1 — % This result is closely related to the infinite-dimensional case of an
open question [27] stated by Drivas and Elgindi. Our numerical observations also
inspire us to approximate the weak convection model with a one-dimensional model.
We give a rigorous proof that the one-dimensional model will develop finite-time
blow-upife < 1 - % and study the approximation quality of the one-dimensional
model to the weak convection model numerically, which could be beneficial to a

rigorous proof of the potential finite-time blow-up.

In the second part of the thesis, we propose the Multiscale Invertible Generative
Network (MsIGN) to sample from high-dimensional distributions by exploring the
low-dimensional structure in the target distribution. The MsIGN models a transport
map from a known reference distribution to the target distribution, and thus is very
efficient in generating uncorrelated samples compared to MCMC-type methods.
The MsIGN captures multiple modes in the target distribution by generating new
samples hierarchically from a coarse scale to a fine scale with the help of a novel prior
conditioning layer. The hierarchical structure of the MsIGN also allows training
in a coarse-to-fine scale manner. The Jeffreys divergence is used as the objective
function in training to avoid mode collapse. Importance sampling based on the
prior conditioning layer is leveraged to estimate the Jeffreys divergence, which is
intractable in previous deep generative networks. Numerically, when applied to two
Bayesian inverse problems, the MsIGN clearly captures multiple modes in the high-
dimensional posterior and approximates the posterior accurately, demonstrating
its superior performance compared with previous methods. We also provide an
ablation study to show the necessity of our proposed network architecture and
training algorithm for the good numerical performance. Moreover, we also apply
the MsIGN to the image synthesis task, where it achieves superior performance
in terms of bits-per-dimension value over other flow-based generative models and

yields very good interpretability of its neurons in intermediate layers.
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Chapter 1

INTRODUCTION

1.1 Overview

High dimensionality brings both opportunities and challenges to the study of applied
mathematics. This thesis consists of two parts. The first part explores the singularity
formation of the axisymmetric incompressible Euler equations with no swirl in R”,
which is closely related to the Millennium Prize Problem on the global singularity
of the Navier-Stokes equations. In this part, the high dimensionality contributes
to the singularity formation in finite time by enhancing the strength of the vortex
stretching term. The second part focuses on sampling from a high-dimensional
distribution using deep generative networks, which has wide applications in the
Bayesian inverse problem and the image synthesis task. The high dimensionality in
this part becomes a significant challenge to the numerical algorithms, known as the

curse of dimensionality.

In the first part of this thesis, we consider the singularity formation in two scenarios:
the axisymmetric Euler equations with no swirl and with Holder continuous initial
data, and a weak convection model of the axisymmetric Euler equations with no swirl
and with smooth initial data. In both scenarios, we provide convincing numerical
evidence of the potential finite-time blow-up in R" that has not been studied before.
The potential finite-time blow-up is computationally robust with respect to the
perturbation of initial data, implying that the potential blow-up mechanism should
be quite generic and insensitive to the initial data. We propose simplified models
to understand the mechanism of the potential blow-up. Our numerical results also
support several conjectures on the finite-time blow-up of the Euler equations as

proposed in a recent survey paper [27].

In the second part of this thesis, we propose the Multiscale Invertible Generative
Network to sample from a high-dimensional distribution. The Multiscale Invertible
Generative Network generates samples by transporting a simple reference distribu-
tion to the target distribution. As a deep generative network, the Multiscale Invertible
Generative Network can control its capacity and computational cost by the number of
network parameters, thus making it quite scalable to the high-dimensional problems.

By exploring the low-dimensional structure in the high-dimensional distribution, we
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achieve superior performance over other approaches on the tested examples in the
Bayesian inverse problem and the image synthesis task, especially in distribution

approximation and multiple mode capturing.

1.2 Singularity Formation in the Euler Equations

Intentionally redacted.

1.3 Sampling of High-Dimensional Distributions

In this part, we introduce the Multiscale Invertible Generative Network, which is ab-
breviated as the MsIGN, to sample from high-dimensional distributions. Sampling
from a distribution provides convenient ways to access the information carried by the
distribution, for example, mean, variance, and the expected value of any function of
the random variable. When the dimension of the distribution is high, calculating an
integral of the distribution becomes computationally infeasible, but using the Monte
Carlo method with samples of the distribution is still efficient. However, sampling
from a high-dimensional distribution is very challenging. The curse of dimen-
sionality significantly slows down algorithms that work well for low-dimensional

problems and spoils the quality of the samples.

The MsIGN is a deep generative network that maps samples from a simple reference
distribution to the target distribution. It makes use of the multiscale structure that
widely appears in many high-dimensional distributions in applications to design its
network architecture. As a deep generative network, the MsIGN can control its
capacity and computational cost by the number of network parameters, thus making
it quite scalable to the high-dimensional problems. We use the MsIGN to solve two
high-dimensional distribution sampling problems: the Bayesian inverse problem,
whose applications widely appear in fluid dynamics, geophysics and medical imag-
ing, and the image synthesis task, which is one of the core problems in machine

learning.

The Bayesian Inverse Problem

The inference of a parameter of interest of a complicated system from limited and
noisy observation is a far-reaching problem that has a wide range of applications,
including various scenarios in geophysics, fluid dynamics, and materials science. A

popular setting is when the noise is an additive Gaussian to the observation:

y=F(x)+e, &~N(,T), (1.1)
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where x € X is the parameter of interest, and we assume that (X, || - |[x) is a
Banach space. Here y € R is the finite-dimensional observation, £ € R% is the
centered Gaussian observational noise, and its covariance I' is a d, X d, positive
definite matrix. ¥ is referred to as the forward map that describes some underlying

dynamics of the system. We define the data-misfit functional from (1.1) as

1
®(x;y) = =5 lly = F@IIF, (12)
where we introduce the notation ||z||1% :=zIT7 !z, for z € R%.

The Bayesian approach provides a powerful framework to the “inversion” from the
observation y to the parameter x that organically blends the prior knowledge with
the observation matching. More specifically, the Bayesian inverse problem casts a

posterior distribution v on the parameter x by

dv 1

E(x) = ml:(x’y)’ (13)
with

L(x;y) =exp (-D(x;y)) (1.4)

where y is the Borel prior probability measure on X, £(x;y) is the likelihood, and

the normalizing constant Z(y) is given by

zm=/£mwwm. (1.5)

The posterior (1.3) gives full characterization of all possible solutions to the inverse
inference of x based on y in (1.1), and this framework is very convenient in modeling
and quantification of uncertainty in the inference problem. We refer the reader to
[88, 22] for more theoretical discussion about the Bayesian framework presented

here.

When X is an infinite-dimensional Banach space, the practical treatment of the
posterior v requires discretization to a finite-dimensional space. This is typically
the case when the parameter x is a function or a field. Following Section 4.1 of
[42], we assume X admits an unconditional normalized Schauder basis, and project
x to a finite number of them. Under proper assumptions on the prior u in [42], the
projected posterior is consistent with the original posterior defined in (1.3) in the
sense of the Hellinger distance. More examples of the consistency of the projected
posterior to the original posterior can be found in [18, 88, 21, 49, 89]. Therefore, we

will let X = R? from now on, based on the practical and simplicity consideration.
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The posterior distribution v¥ in (1.3) can be also characterized by its density ¢g”,

which is the Radon-Nikodym derivative dv” /dx to the Lebesgue measure dx on R¢:

g’ (x) = ﬁp(xul(x;y), (1.6)

where p is the density function of the prior u. We remark that the normalizing
constant Z(y) defined in (1.5) is often computationally intractable, due to the high

dimensionality of x.

In the following, since the observation y in (1.1) only helps in defining the posterior
distribution, but does not play an active role in our purposed method and analysis,

we will write v as v in (1.3), and ¢~ as ¢ in (1.6) to simplify the notation.

We target at generating samples from the posterior distribution defined in (1.6) given
its unnormalized density function, which is a long-standing challenge especially
when the dimension of x is high. Since samples help build the estimate of quantities
like Ey-, [ f(x)] for any measurable function f on R¢ by the Monte Carlo method,

the sample generation is of great importance in the Bayesian framework.

The Curse of Dimensionality

While the posterior (1.3) in Bayesian inverse problems is very informative, its sam-
ples are needed for building statistical quantification, like mean and variance, of the
inverse inference of x based on y. However, when x € R¢ is high-dimensional, sam-
pling the posterior v becomes a long-standing challenge. For example, an arbitrary
posterior can have its importance regions, also known as “modes”, anywhere in the
high-dimensional space, and as a consequence there will be an exponential growth
of computational cost with respect to the problem dimension, for example, see [58,
39].

To deal with the curse of dimensionality, various Markov Chain Monte Carlo
(MCMC) algorithms [4, 5, 95, 75, 94, 19, 39, 16, 9, 26, 20] have been proposed
to improve the convergence rate by designing favorable proposals. For example,
the Langevin diffusion is leveraged to design a better proposal distribution with
advantages like higher acceptance rate in [4, 5, 94, 20]. The Hamiltonian dynamics,
due to its energy preserving property, is also utilized to improve acceptance rate and
lower sample correlation in [75, 16]. By considering proposal distributions well-
defined on the function space, [19, 20] designed MCMC samplers to be independent
of the discretization of the function. In [32, 95], the tempering method is used to

accelerate mixing for multimodal distributions. In [39, 26], the multi-level MCMC
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samples a telescopic expansion of the discretization error using multiple correlated
MCMC chains at different levels. However, when it comes to high-dimensional
problems, MCMC-type methods still face challenges in computational cost, algo-
rithm tuning, sample correlation and mode collapse. For example, the Langevin
diffusion tends to move the MCMC chain toward the high density region, which
would easily lead to mode collapse in the high-dimensional case. For the MCMC
samplers independent of the discretization, detecting modes away from the current
state could also be difficult when the dimension is high, and thus might also suffer
from the mode collapse. The multi-level MCMC usually needs a lot of uncorrelated
samples from the coarse scale to run the MCMC chain in the fine scale, which would
be time consuming for high-dimensional problems. And for the tempering method,
the parameter tuning could be sensitive in order to control the computational cost

and avoid mode collapse, especially when the dimension is high.

Concurrently, the sampling problem is framed into a deterministic optimization by
variational inference, and numerous methods are based on different formulations of
the optimization, including the Stein variational gradient descent (SVGD) [69] and
its related methods [64, 10, 14, 13], and the transport map approach [17, 74, 29,
78, 85, 48, 7, 57]. Despite the better robustness in algorithm tuning and reduced
sample correlation, these methods can still have a scalability issue or suffer from
mode collapse in high-dimensional cases. We will give a more detailed description
on the transport map approach in Section 5.1. We remark that [78, 85, 98, 14, 7, 13]
invoked the low-dimensional structure in the likelihood, and showed good potential
in overcoming the high-dimension challenge. We will give a detailed discussion on
the comparison of the low-dimensional structure in our MsIGN and other literature

in Section 5.2.

The Image Synthesis Task

The image synthesis task looks for new, unseen samples x from a target distribution
q characterized by a data set of ground-truth example samples {xi}fi |» Where x is an
image stored as a matrix or tensor. The density function of the target distribution ¢
is in general unknown. The dimension of the target distribution is determined by the
resolution of the image x (for example, 64 X 64), and the number of color channels
(for example, 3 for the RGB format of images). As a consequence, the problem

dimension can easily go beyond 10° or 10*.

The image synthesis task is one of the core problems in machine learning. As an
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example of unsupervised learning (because there are no labels in the data), the image
synthesis task is an important tool to learn the realistic world model from a large
amount of data and can be extended to other similar tasks like image inpainting,
denoising, and colorization. Solutions to the image synthesis task can potentially
lead to more robust and data-efficient ways to simulate interactions with the real

world.

The image synthesis task gives a good show case on the model capacity of the
MSIGN, or in other words, the richness of the parametric family of transport maps
modeled by the MsSIGN. Due to different types of objects appearing in the images,
the distribution of images is naturally multi-modal, and therefore, the result on the
image synthesis task can show the capacity of our method for very complicated
and multimodal target distribution. Besides, by benchmarking with other recent
flow-based generative models, we can also demonstrate the parameter efficiency of

our MsIGN design, and show the interpretability of internal neurons of our MsIGN.

There has been an enormous amount of studies on the image synthesis task, espe-
cially in the recent decade. Most studies follow the approach of generative adversar-
ial networks (GANSs) [34] or likelihood-based methods. Among the likelihood-based
methods, autoregressive models [40, 36, 92, 91] generate new images pixel by pixel
by sampling from the conditional distribution on the existing pixels. However, due to
the sequential sampling strategy, it becomes troublesome for the high-dimensional
problems like high-resolution images. The variational autoencoders [52, 55, 51]
directly capture the distribution of the whole image by optimizing a lower bound
on the log-likelihood of the data. The indirect optimization on the lower bound
of the objective makes the training of variational autoencoders relatively challeng-
ing. The diffusion models [83, 37, 84] employ a stochastic differential equation to
diffuse the image distribution to random noise. For sample generation, they solve
the reverse-time diffusion process to move random noises to images, which could
be very time-consuming for high-dimensional problems. Another category of the
likelihood-based methods is the flow-based generative models, like the NICE [23],
the Real NVP [24], the Glow [54], and the MsIGN, which look for a bijective trans-
port map between a simple reference distribution, which is also called the latent
space, and the target distribution. Compared to the generative adversarial networks
and variational autoencoders, the flow-based generative models allow density eval-
uation and are very efficient in latent-variable inference. As a bijective map, the

representation of an image in the latent space can be simply obtained by the inverse
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of the map. Since the log determinant of the Jacobian of the map is also accessible
for flow-based generative models, the density evaluation of images is also possi-
ble. Furthermore, the efficient latent-variable inference of the flow-based generative
models favors downstream tasks on the latent space, like image manipulation and

conditional image synthesis.

Summary of Our Results

We propose the Multiscale Invertible Generative Network (MsIGN) to sample from
high-dimensional distributions by exploring the low-dimensional structure in the
target distribution. The MsIGN models a transport map from a known reference
distribution to the target distribution, and thus is very efficient in generating uncor-
related samples compared to MCMC-type methods. The MsIGN captures multiple
modes in the target distribution by generating new samples hierarchically from a
coarse scale to a fine scale with the help of a novel prior conditioning layer. The
hierarchical structure of the MsIGN also allows training in a coarse-to-fine scale
manner. The Jeffreys divergence is used as the objective function in training to
avoid mode collapse. Importance sampling based on the prior conditioning layer is
leveraged to estimate the Jeffreys divergence, which is intractable in previous deep
generative networks. In our numerical experiments applied to two Bayesian inverse
problems, our results show that the MsIGN clearly captures multiple modes in the
high-dimensional posterior and approximates the posterior accurately, demonstrat-
ing its superior performance compared with previous methods. We also provide the
ablation study to show the necessity of our proposed network architecture and train-
ing algorithm to the good numerical performance. Moreover, we apply the MsIGN
to the image synthesis task, where it achieves superior performance in terms of
bits-per-dimension value over other flow-based generative models and yields very

good interpretability of its neurons in intermediate layers.

1.4 Roadmap of the Thesis
In Part I, we discuss the singularity formation of the Euler equations in Chapter 2,
3, and 4.

We first consider the 3D axisymmetric Euler equations with no swirl in Chapter
2, where we present detailed numerical evidence of the potential finite-time self-
similar blow-up in Section 2.2, 2.3, and 2.4. Then we study two factors that influence
the behavior of the potential blow-up: the Holder exponent « in Section 2.5, and

the stretching factor ¢ in z-axis in Section 2.6. Since recently Elgindi proved



8

the first blow-up result in the 3D axisymmetric Euler equations with no swirl and
with Holder continuous initial data in [30], we make a comprehensive comparison
between our scenario and his scenario in Section 2.7. We also study the robustness

of the potential blow-up to the initial data in Section 2.8.

In Chapter 3, we extend our blow-up scenario in Chapter 2 to the high-dimensional
case. To start with, we discuss the formulation of the n-D axisymmetric Euler
equations with no swirl in Section 3.1, and present detailed numerical evidence of
the potential finite-time self-similar blow-up in Section 3.2. Then in Section 3.3
we study the potential blow-up in different settings of the Holder exponent «, the
stretching factor ¢, and the dimension n and summarize our results. In Section 3.4,
a potential mechanism is proposed for the limiting case of 6 — 0, and together with
observations from numerical experiments, we derive the asymptotic behavior of the
scaling factor ¢; and the upper bound a* for a that could develop singularity. Both
of these results match our numerical results very well. In Section 3.5, we propose
a relatively simple one-dimensional model that approximates the original equations

pretty well, which could potentially benefit the analytical study of our scenario.

In Chapter 4, we propose the weak convection model. In Section 4.1 we discuss our
motivation of the model, compare the model with previous models and study some
properties of our model. In Section 4.2, we present detailed numerical evidence
of the potential finite-time self-similar blow-up in the weak convection model. We
summarize the influence of the convection strength € and the dimension # on the
potential blow-up in Section 4.3. And in Section 4.4, we propose a one-dimensional
model, and study its approximation to the weak convection model numerically. We
also give a rigorous proof of the finite-time blow-up in the one-dimensional model

in Section 4.4.
In Part I1, we discuss the sampling of high-dimensional distributions in Chapter 5.

In Section 5.1, we review several important concepts and recent studies in high-
dimensional distribution sampling using deep generative networks. The motivation
of the MsIGN is discussed in Section 5.2. In Section 5.3 and 5.4, we introduce
the network architecture and training strategy of the MsIGN in order to solve the
Bayesian inverse problem. Numerical results of the MsIGN on two Bayesian inverse
problems are shown in Section 5.5, and the ablation study that verifies the necessity
of our proposals is presented in Section 5.6. Then, we move on to the image
synthesis task and discuss the network architecture and training strategy of the

MSIGN in Section 5.7, and present our numerical results in Section 5.8. In Section



5.9, we provide discussion on interesting topics for future study.
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Singularity Formation in the

High-Dimensional Euler Equations

10



11
Chapter 2

SELF-SIMILAR FINITE-TIME SINGULARITY FORMATION
FOR HOLDER CONTINUOUS SOLUTIONS TO THE
INCOMPRESSIBLE EULER EQUATIONS ON R3

2.1 Problem Settings and Initial Data

Holder Continuous Initial Data

In this chapter, we study the 3D axisymmetric Euler equations with no swirl and
with Holder continuous initial angular vorticity. The initial data for w? is C* Holder

continuous, and is of the form w?

~ r% near r = 0, where « is the Holder exponent.
Such Holder continuity of the angular vorticity implies that the velocity field u is
C'® continuous. To remove the formal singularity in (??) near » = 0 and improve
regularity of the vorticity field in favor of numerical computation, we introduce the

new variables

1 1
(L)l(l", Z) = r—awg(r, Z)’ l//l(l", Z) = ;'7[/0(7,’ Z)' (21)

In terms of the new variables (w1, ¥), the 3D axisymmetric Euler equations with

no swirl have the following equivalent form

wiptu wiy+utw;=—-(1-a)y wi, (2.2a)
3 _

Vi = Y1z = S, =01t h (2.2b)

u' = 1Yz, ut = 24 + rg . (2.2¢)

Self-Similar Solution

For nonlinear PDEs, people are particularly interested in studying self-similar blow-
up solutions. A self-similar solution is when the local profile of the solution remains
nearly unchanged in time after rescaling the spatial and the temporal variables of
the physical solution. For example, for (2.2), the self-similar profile is the ansatz

N 1 X — Xo
wi(x,1) = (T—t)CwQ((T—t)CI)’

N 1 X — X
Yi(x,1) = (T—t)cw‘P((T—t)Cl)’

for some parameters c,,, ¢y, ¢;, Xxo and T. Here T is considered as the blow-up time,

(2.3)

and xo is the location of the self-similar blow-up. The parameters ¢, ¢y, ¢; are

called scaling factors.
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The 3D Euler equations (??) enjoy the following scaling invariant property: if (u, p)

is a solution to (??), then (#47, pa7) is also a solution, where

A (x t A2 o xt
ua,r(x,t)=;u (Z’¥)’ pa,r(x,t)=§p (E’?)’ (2.4)

and 4 > 0, 7 > 0 are two constant scaling factors. In terms of the equivalent
form (2.2) of 3D Euler equations, the scaling invariant property is equivalent to: if
(w1, Y1) is a solution of (2.2), then

(o (5 2)- 20 (5.

is also a solution.

If we assume the existence of the self-similar solution (2.3), then the new solutions
in (2.5) should also admit the same ansatz, regardless of the values of 1 and u. As

a result, we must have
co=1l+ac, cy=1-c¢. (2.6)

Therefore, the self-similar profile (2.5) of (2.2) only has one degree of freedom, for
example ¢y, in scaling factors. In fact, ¢; cannot be determined by straightforward

dimensional analysis.

As a consequence of the ansatz (2.3) and the scaling relation (2.6), we have

1 1
||CU9(X, Hllz= ~ -1 l1zCx, 0)|[ L ~ T_p (2.7)

which should always hold true regardless of the value of ¢;.

Boundary Condition and Symmetry
We consider the axisymmetric Euler equations with no swirl (2.2) in a cylinder
region

Deyi ={(r,z) : 0<r <1},

We impose a periodic boundary condition in z with period 1

a)l(r,z)=w1(r,z+l), $1(F,Z):lﬁ1(ra2+1)- (28)

In addition, we enforce that (w;, 1) are odd in z at z = 0,

(,()1(7', Z) = —(1)1(7', _Z)’ lﬁl(r, Z) = —Wl(r, _Z)- (29)
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And this symmetry will be preserved dynamically by the 3D Euler equations.

At r = 0, it is easy to see that u" (0, z) = 0, so there is no need for the boundary
condition for wq at r = 0. Since we = ry; will at least be C2-continuous, according
to [66, 65], ¥ must be an odd function of r. Therefore, we impose the following

pole condition for ¢/
¥1,(0,2) = 0. (2.10)

Since we assume a solid “wall” at the boundary at r = 1, we impose the no-flow

boundary condition

¥1(1,2) =0. (2.11)

This implies that u”(1,z) = 0. So there is no need for the boundary condition for

wp atr =1 as well.

Due to the periodicity and odd symmetry along the z direction, the equations (??)

only need to be solved on the half-periodic cylinder
D={(r,2):0<r<1,0<z<1/2}.

It is important to notice that the above boundary conditions of 9 allow no trans-

portation across its boundaries. Indeed, we have
u"'=0 on r=0,andr=1,

and
u*=0 on z=0,andz=1/2.

Initial Data
Inspired by the potential blow-up scenario in [43], we propose the following initial

data for w in D,

. —12000 (1 - r2) " sin(272)
@1 = 1 +12.5c08%(nz) '

(2.12)

Later we will see in Section 2.8 that the self-similar singularity formation has some
robustness to the choice of initial data. We solve the Poisson equation (??) to get
the initial value ¥/} of ¢;.

The 3D profile and pseudocolor plot of (w], ) can be found in Figure 2.1. Since
most parts of w] and y/{ are negative, we negate them for better visual effect when

generating figures.
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Figure 2.1: 3D profiles and pseudocolor plots of the initial value —«w] and —y7.
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Figure 2.2: Angular vorticity w? at ¢ = 0.

In Figure 2.2, we show the 3D profile and pseudocolor plot of the angular vorticity
w? at t = 0. We can see that there is a sharp drop to zero of —w? near r = 0, which

is due to the Holder continuous of w? at r = 0.

We plot the initial velocity field " and u* in Figure 2.3. We can see that u" is
primarily positive near z = 0 and negative near z = 1/2 when r is small, and u* is

mainly negative when r is small. Such a pattern suggests a hyperbolic flow near



15

T

u u
05 50 05
- 0
0.4 0.4 50
0
03 03 -100
I I
-150
0.2 -50 0.2
-200
0.1 0.1
100 -250
0 0
0 02 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 1
r r

Figure 2.3: Initial velocity fields u” and u®.
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Figure 2.4: A heuristic diagram of the hyperbolic flow.

(r,z) = (0,0) as depicted in the heuristic diagram Figure 2.4, which will extend

periodically in z.

2.2 Numerical Evidence for the Potential Blow-Up
From this section to Section 2.4, we will stick to the case with Holder exponent
a = 0.1. We will present the results with different values of Holder exponent « in

Section 2.5, Section 2.6, and afterwards.

On 1024 x 1024 spatial resolution, we use the adaptive mesh method to solve (2.2)
with Holder exponent @ = 0.1, until the time when the local resolution of adaptive
mesh gets close to the machine precision. The adaptive mesh method is described in
details in Appendix A. The stopping time is reported as ¢ = 1.6524635 x 1073, after
more than 6.5 X 10 iterations of computation. We plot the 3D profiles of w1, ¥,
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Figure 2.5: Profiles of —w1, —¢1, —w?, —y?, u” and —u® at t = 1.6524635 x 1073
on the whole domain D.

w?, zﬁe, u”, and u*® at this time in Figure 2.5. We can see that w; is very concentrated
near the origin, and so is w?. Therefore, we zoom-in around the origin and plot the

local near field profiles of wy, ¥, w?, 9, u”, and u? in Figure 2.6.

From Figure 2.6, we observe that the “peak” of —w; locates at the z-axis where
r = 0, and is being pushed toward the origin as implied by the velocity field u”, u®.
Let (R (1), Z,(t)) be the point to achieve maximum magnitude of —w; at time #, we
have Ri(t) = 0. And at (R{(¢), Z1(t)), the radial velocity u” is zero, and the axial
velocity u® is negative, so Z;(¢) should decrease in time.
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—wq =1

<107 <107

Figure 2.6: Zoomed-in profiles of —w1, =1, —w’, —y?, u”, and —u? near the origin
(0,0) at 7 = 1.6524635 x 107,

In Figure 2.7, we plot the local velocity field near the maximum of —w? and —wy,
respectively. We use the pseudocolor plots of —w? and —w, as the background,
respectively for the figure in left and right, and mark the maximum of —w? or
—w; with the red dot. The velocity field demonstrates a clear hyperbolic structure
as depicted by Figure 2.4. And the velocity field clearly pushes the maximum
(Ry(1),Z1(t)) of —w; toward the origin.

In Figure 2.8, we show the local streamlines near the maximum of —w? in R3.

The maximum of —w? locates in the red ring around the z-axis. In the left figure,
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Figure 2.7: The local velocity field near the maximum of —w? and —w;. The
pseudocolor plot of —w? or —w is the background, and the red dot is its maximum.

local 3D streamlines local 3D streamlines

Figure 2.8: The local streamlines near the origin. The green pole is the z-axis, and
the red ring is where —w? achieves its maximum.

we plot a set of streamlines that travel through the maximum ring from top to
bottom. And in the right figure, we plot a set of streamlines that travel around the
maximum ring from top to bottom. From Figure 2.8, we notice that the streamlines

are axisymmetric, and do not form swirl around the z-axis.

In Figure 2.9, we record curves of important quantities of the system. The magnitude
of w; has grown significantly, especially near the end of the computation. At the
final time of the computation, ||w ||z~ has increased by a factor of around 5400, and
|lw|| L~ has increased by a factor of more than 560. We also observe that the double
logarithm curve of the maximum vorticity magnitude, loglog ||w||z~, maintains a
super-linear growth, and the time integral /Ot [[w(s)||z~ds has rapid growth with
strong growth inertia close to the stopping time. This provides strong evidence for

a potential finite-time blow-up of the 3D Euler equations by the Beale-Kato-Majda
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Figure 2.9: Curves of ||w1]|r~, Z1, ||w||z~, loglog |w]| e, fot [[w(s)||L~ds and E as
functions of time 7.

blow-up criterion (??).

The kinetic energy E, which is defined as

1 1 1/2
E = —/ |lu|? dx = JT/ / (|ur|2 + |uZ|2) rdrdz,
2Jp o Jo

for our axisymmetric case with no swirl, is a conservative quantity of the 3D Euler

equations. Despite the discretization error, numerical dissipation, round-up error,

and other numerical errors in our numerical method, the kinetic energy E should

still be bounded from below and above. In Figure 2.9, we can see that there is little
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change of the kinetic energy E as a function of time 7. In fact, the major reason for
the change of E in our computation is due to the update of adaptive mesh, where
we need to interpolate w and | from an old mesh to a new mesh. Since the new
adaptive mesh will be more focusing on the near field around the origin, the far field
velocity field might lose some accuracy, leading to a change in the kinetic energy
E. However, such an update of adaptive mesh happens occasionally (35 times out
of 65000 iterations), and each such change in the kinetic energy E is negligible. By
the end of the computation, the change in the kinetic energy E is at most 1.4 x 1074
of the magnitude of E.

From Figure 2.9, we can also see that Z;(¢) monotonically decreases to zero with
t. The curve of Z;(t) seems to be convex, especially in time windows close to the

stopping time. We refer to Section 2.3 for more study of the behavior of Z; (¢).

—w; at t = 1.6507447e-03 —w; at t = 1.6520384e-03

0.8 - 0.8 -
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contours of —w; at different time
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£

Figure 2.10: Top row: Local profiles of —® att = {1.6507447, 1.6520384} x 1073,
Bottom row: Local contours of —@ at t+ = {1.6507447, 1.6512953, 1.6517173,
1.6520384} x 1073,

To check the self-similar property of the solution, we visualize the local profile of

the scaled w; near the origin. We define

d\)l(f’ {, t) = wi (Zl(t)é‘:’ Z (t)g’ t) /”a)l(t)”Loo,
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Figure 2.11: Cross sections of —® at different times.

as the scaled version of w;. The above definition pins the magnitude of |®;| to 1,
and pins the maximum location of |@;] to (&£,¢) = (0,1). We plot the profiles of
—® near the origin at different time instants in the top row of Figure 2.10, and plot
the contours of —@1 (&, ) at different time in the bottom row. The profile of —®
seems to change slowly in the late time, indicating a potential self-similar structure
of the blow-up profile near the origin. In other words, xo = O in the self-similar
ansatz (2.3). In Figure 2.11, we plot the cross sections of —@w; até =0 and { = 1.
The cross section at & = 0 shows a good potential for a self-similar blow-up, while
the cross section at { = 1 shows that the blow-up profile has not converged to a
self-similar profile yet. This is reasonable because although we are very close to the
potential blow-up time, the strong collapsing along the z-direction and the effect of
round-off errors prevent us from continuing the computation. We refer to Section
2.4 where we use the dynamic rescaling method and indeed observe numerically the

convergence to the potential self-similar profile.

Resolution Study

We perform resolution study on the numerical solutions of (2.2) to verify the validity
of our numerical results. We first simulate the equations on spatial resolutions of
256k x 256k with k = 1,2,...,6. The highest resolution we used is 1536 x 1536.
Next, for the numerical solution at resolution 256k X256k, we compute its sup-norm
relative error in several chosen quantities at selected time instants using the numerical
solution at resolution 256(k + 1) x 256(k + 1) as the reference, for k = 1,2,...,5.
Finally, we use the relative error obtained above to estimate the convergence order

of the numerical method.

We consider two types of quantities. The first type is the function of the solutions.
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Here we consider the magnitude of w1, ||w||z~, the maximum norm of vorticity,
||w]| L=, and the kinetic energy, E. We remark that ||w; || ~ and ||w||z~ only depend
on the local field near the origin, and E should be considered as a global quantity.

The second type is the vector fields of w1, 1, ", and u* that are actively participating

in the simulated system (2.2).
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convergence order of ||wy ||z
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Figure 2.12: Relative errors and convergence orders of ||wi]|z~, ||w]|z~, and E in

sup-norm.

For each quantity, we use gy to represent the estimate we get at resolution 256k X

t %1073

256k. Then the sup-norm relative error ey is defined as

ex = llgk — qrs1ll=/ | qr+1ll -
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If g is a vector field, we first interpolate it to the reference resolution 256(k + 1) x
256(k + 1), and then compute the relative error as above. The convergence order of

the error Sy at this resolution can be estimated via

Br =log (ez_:) /log (%) .

In Figure 2.12, we plot the relative error of the quantities ||wi]|z~, ||w]||z~ and
E fort € [O, 1.6 x 10‘3], and the convergence order of the error in the late time
te [1 x1073,1.6 x 10_3]. We observe a numerical convergence with order slightly

higher than 2. The convergence order is quite stable in the time interval of our

computation.
mesh size Sup-norm relative error at f = 1.6 x 10>
w1 order 8} order
256 x 256 2.545 x 107! - 5912x 1073 -
512 %512 5.478 x 1072 2.216 1.168 x 1073 2.340
768 x 768 1.969 x 1072 2.524 4.136 x 1074 2.560
1024 x 1024 | 9.189 x 103 2.655 1.926 x 10~* 2.656
1280 x 1280 | 5.008 x 103 2.720 1.050 x 1074 2.719
hsi Sup-norm relative error at r = 1.6 x 10>
mesh size u” order u* order
256 x 256 2.035 x 1072 - 8.095 x 1073 -
512 x 512 3.954 x 1073 2.364 1.533x 1073 2.310
768 x 768 1.405 x 1073 2.552 5.793 x 10~% 2.556
1024 x 1024 | 6.540 x 1074 2.658 2.699 x 10~* 2.655
1280 x 1280 | 3.594 x 1074 2.682 1.472 x 1074 2.719

Table 2.1: Relative errors and convergence orders of wy, ¥, u” and u* in sup-norm.

In Table 2.1, we list the relative error and convergence order of the vector fields at
t = 1.6 x 1073. The convergence order stays well above 2, suggesting an at least

second-order convergence for our numerical solver of the 3D Euler equations.

Effectiveness of the Adaptive Mesh
Using the initial data (2.12), w; will quickly become very singular near the origin.
Our adaptive mesh is designed to resolve the singular profile of w;. The idea of the

adaptive mesh is to introduce two variables

(p,m) € [0,1] x [0, 1],
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and the maps

r=r(p), z=z(n),
such that we map the physical domain in (r, z) to a computational domain in (p, 7).
The maps r = r(p), z = z(n) are designed to resolve the profile of w; well in the
plane of (p, ). The detailed settings of the adaptive mesh can be found in Appendix

A.2. In this section, we test the effectiveness of our adaptive mesh.

—w1(r(p), z(n)) as a function of (p,n) —w1(r(p), z(n)) as a function of (p,n)

x10° x108

w00 ", n Cp
—1(r(p), z(n)) as a function of (p,n) —1(r(p), z(n)) as a function of (p,n)

Figure 2.13: Profiles of —w; (r(p), z(n)) and =¥ (r(p), z(n)) as functions of (p, n)
from two different angles at r = 1.65 x 1073,

We first visualize w1 (r(p), z(n)) and ¥ 1 (r(p), z(n)) as functions of (p, n7) in Figure
2.13 att = 1.65 x 1073, Although w is very singular as a function of (r, z) as in
Figure 2.5, it is clear that w; is well-resolved in the (p, n7)-plane. We can also see
that i is already relatively smooth in the (r, z)-plane, especially when far away
from the origin. Therefore, we do not need to place many points in the far field to

resolve 1.

In Figure 2.14, we visualize the local mesh view of w; and ¢ at t = 1.65 X 1073
from which we can see how the density of the adaptive mesh distributes in different
regions. We can see that along the r-direction, the adaptive mesh has three different
phases from r = 0 to the far field: intermediate density, high density, and low



25

Figure 2.14: Local mesh view of w; and ¢| at ¢t = 1.65 X 1073,

density. Along the z-direction, the adaptive mesh has two phases from z = 0O to the
far field: high density and low density. Most of the mesh concentrates around z = 0

where the solution is most singular in the profiles of w; and .

MEp(wl) MEn(wl)

P

Figure 2.15: Mesh effectiveness functions ME, and ME,, of w; and ¢ at ¢ =
1.65 x 1073.

Following [44], we define the mesh effectiveness functions to quantify the quality
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of the adaptive mesh. For some function v on the (r, z)-plane, we define
hovp — herpvy hyvy hyzyv,

ME,(v) = = , ME,(v)= = ,
P Vil Ivilze " Vil vl

where h,, hy is the resolution on the plane of (p,n). We further define the mesh

effectiveness measures as follows:
MEM,, (v) = IME,(V)||z=, MEM,(v) = [[ME,(v)||r~.

According to [44], the mesh effectiveness measures estimate the greatest relative
growth of a function in a single mesh cell on the (p, n)-plane. Small mesh effec-
tiveness measure values indicate that the adaptive mesh has resolved the function

well. Thus, we study the mesh effectiveness measures for our adaptive mesh.

We can see from Figure 2.15 that the mesh effectiveness functions are all uniformly

bounded. Their magnitude has a relatively small absolute value.

mesh size Mesh effectiveness measures at t = 1.65 x 1073
MEM,, (w;) | MEM,(w;) | MEM, (/1) | MEM, (¢/1)
256 x 256 0.087 0.046 0.095 0.075
512 x 512 0.044 0.027 0.048 0.037
768 x 768 0.029 0.017 0.032 0.025
1024 x 1024 0.022 0.014 0.024 0.019
1280 x 1280 0.017 0.010 0.019 0.015
1536 x 1536 0.014 0.008 0.016 0.012

Table 2.2: Mesh effectiveness measures MEM,, and MEM,;, of w; and ¢ at different
mesh sizes at f = 1.65 x 1073,

time Mesh effectiveness measures at mesh size 1024 x 1024

MEM, (w1) | MEM;(w1) | MEM, (¢1) | MEM,;; (1)
1.60 x 1073 0.028 0.009 0.024 0.019
1.61x 1073 0.027 0.010 0.024 0.019
1.62x 1073 0.025 0.010 0.024 0.019
1.63x 1073 0.024 0.010 0.024 0.019
1.64x 1073 0.023 0.011 0.024 0.019
1.65x 1073 0.022 0.014 0.024 0.019

Table 2.3: Mesh effectiveness measures MEM,, and MEM,;, of w; and ¢ at different
time instants at mesh size 1024 x 1024.

In Table 2.2 and 2.3, we list the mesh effectiveness measures MEM,, and MEM,, of

w1 and ¢ at different mesh sizes and different time instants. Mesh effectiveness
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measures decrease as the resolution increases, which is reasonable because higher
resolution is expected to be more powerful to resolve the singular part of the solution.
Despite that mesh effectiveness measures might slightly increase with the time,
they all remain relatively small throughout the computation, which means that our
adaptive mesh method has done a good job in resolving the singular solution of the

3D Euler equations.

2.3 Scaling Analysis of the Potential Blow-Up

In this section, we quantify the scaling property of the potential blow-up observed
in our computation. This scaling analysis will give more supporting evidence that
the potential blow-up satisfies the Beale-Kato-Majda blow-up criterion (2?). It also

uncovers more properties of the potential blow-up.

linear fitting of 1/||w|| _oelinear fitting of 1/([¢)y .|| L~
T T T T 2 T T T T

o fwl~ o 1l
—a- (b—t) fitted —a- (b—t) fitted

-6
5 x10

R? statistics: 1 —1.21 x 10°°
a = 0.5272513, b = 1.6529325 x 103

R? statistics: 1 —1.28 x 104
a = 1.3541672, b = 1.6529356 x 103

05 . . . . 02 . . . .
16495 165  1.6505 1.651 1.6515 1.652  1.6525 16495 165  1.6505 1.651 1.6515 1.652  1.6525
t x1078 t x1078

Figure 2.16: Linear fitting of 1/||w||z~ and 1/||¥;||L~ with time.

As discussed in (2.7) of Section 2.1, if there is a self-similar blow-up, the scaling
invariant property of the 3D Euler equations will ensure that ||w||z~ ~ 1/(T —t) and
1l ~ 1/(T —t). Therefore, we examine this property by regressing IIwIIZL

and ”l’//]’Z”Zl’ again ¢, respectively. More specifically, for a quantity v, which is

-1
Lo

either ||a)||Z§o or ||¥1 .| we perform the least square fitting of the model

v~a-(b-t),

in searching for constants a and b, where a is the negated slope of the fitted line, and b
can be considered as the estimate time of the blow-up. In Figure 2.16, we visualize
the data points and the fitted line using data between ¢ = 1.6500174 x 1073 and
t = 1.6520384 x 1073, The R? of the fitting between ||w||;L and #is 1 - 1.28 x 1074,
and the R? of the fitting between ||y ||;L and 7 is 1 — 1.21 x 107>. Such high R?

values show strong linear relation between IIa)IIZL, ||¢,//1,Z||Z}o and ¢. Moreover, the
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fittings of the two quantities estimate the blow-up time to be » = 1.6529356 x 103
and b = 1.6529325 x 1073 respectively. These two blow-up times agree with each
other up to 6 digits. Therefore, Figure 2.16 provides further evidence that the 3D

Euler equations develop a potential finite-time singularity.

We next move to fit the scaling factors ¢; and c,, used in the self-similar ansatz (2.3)
of the solutions. Since the functions Q and ¥ are time-independent in (2.3), we
should have that

Zi~ (T =0 il ~ (T =),

where we recall that Z; = Z;(¢) is the z-coordinate of the maximum location of
—w1. Due to the unknown powers c¢; and c,,, the direct fitting of the above model
is nonlinear. Therefore, we turn to a searching algorithm for the power variable.
Specifically, for a quantity v, that is either Z; or ||w; ”Z‘L’ we search for a power ¢

such that the linear regression of
/e sa (b-r),

has the largest R value up to some error tolerance. We will start with a guessed
window of the power ¢, and then exhaust the value of ¢ within the window up to
some error tolerance, and choose ¢ with the largest R? value. If the optimal ¢ we
searched falls on the boundary of the current window, we then adaptively adjust
the window size and location, and repeat the above procedure. When the optimal

searched c falls within the interior of the window, we stop the searching.

1/e

linear fitting of Z; e

linear fitting of [lwy|

%10

‘ 5 %107
R le/c

o el

9 45
—a- (b—t) fitted —a- (b—t) fitted
8 - 4 -
7r 3.5
6 3F
5+ 25
4 2k
3} R? statistics: 1 —5.78 x 107° 151 R? statistics: 1 —1.37 x 1074
,| c=420 || oe=141
a = 2684.4004, b = 1.6529889 x 1073 a = 13.073133, b = 1.6530613 x 10~°
1 . . . 05 . . .
1.6495 1.65 1.6505 1.651 1.6515 1.652 1.6525 1.6495 1.65 1.6505 1.651 1.6515 1.652 1.6525
t %10 t %1078

Figure 2.17: Linear fitting of le/c and ||w; ||Zi,/c with time.

In Figure 2.17, we demonstrate the result of the searching. We can see that with the
chosen ¢, the linear regression achieves a very high R” value, suggesting a strong

linear relation. The estimated blow-up times only relatively differ from the previous
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estimate by at most 7.8 x 107, Moreover, the searching suggests that ¢; ~ 4.20
and ¢, ~ 1.41, and these estimated values of ¢; and ¢, satisfy the scaling relation

¢y = 1 + acj as in (2.6) approximately.

It is worth emphasizing that the estimated c; is well above 1, and this explains the

convex curve of Z;(¢) as observed in Figure 2.9 in Section 2.2.

We remark that we did not perform the searching algorithm with ||{|| .~ to find out
the scaling factor ¢y, so that we could check the other scaling relation ¢y, = 1 — ¢;
in (2.6). This is because ||y ||z~ is mainly affected by the far field behavior of ¥/,
as shown in Figure 2.5. However, the self-similar ansatz (2.3) is only valid in the
near field, so such fitting is meaningless. In fact, the good fitting between ||y , ||zl,

and ¢ already implies that ¢, = 1 — ¢/, because the self-similar ansatz suggests that
12llgh ~ (T = p)cvre.

mesh size o Xl/bllwllL - - lx/lll‘v//l,z”L -
1024 x 1024 | 1.6529356 | 0.99987 | 1.6529325 | 0.99999
1280 x 1280 | 1.6527953 | 1.00000 | 1.6528189 | 1.00000
1536 x 1536 | 1.6525824 | 1.00000 | 1.6527396 | 1.00000
mesh size c 10° flb R2 c 11()/3||>(1)119||L R
1024 % 1024 | 420 | 1.6529889 | 0.99994 | 1.41 | 1.6530613 | 0.99986
1280 x 1280 | 421 | 1.6527877 | 0.99999 | 1.42 | 1.6527894 | 1.00000
1536 X 1536 | 4.25 | 1.6526864 | 1.00000 | 1.41 | 1.6526953 | 1.00000

Table 2.4: Fitting results of ||wl|7L, 1 ll75, Zi and [lwi]7L at different mesh
sizes.

Finally, we perform the above fitting work in different spatial resolutions, and
summarize the results in Table 2.4. We can see that the fitting has excellent quality
at all spatial resolutions, and the fitted parameters are consistent across different

spatial resolutions.

2.4 Dynamic Rescaling Method with Operator Splitting

The Dynamic Rescaling Method

As we have observed in Section 2.2, if we pin the magnitude of maximum of |w; |
to a constant, and if we pin the maximum location of |w| to a fixed point, then the
profile of w; seems to remain unchanged over time. This implies that the 3D Euler

equations might have a self-similar blow-up with the given initial data (2.12).
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In order to better study the potential self-similar singularity, we add extra scaling

terms to (2.2) and write
w17+ (51§ + ﬁg) W1¢e+ (51{ + ﬂ() D1 = (Cw - (1- a)lj/l’g) a1, (2.13a)
7 7 35 ~ ga—1
—Yige Y — glﬁl,.f =017, (2.13b)

i = —&Q1g, @6 =20 + &g, (2.13c)

where ¢; = ¢/(1), ¢, = ¢, (1) are scalar functions of 7. In (2.13a), the terms
C1€0; and ¢;{ 0, stretch the solutions in space to counter the self-similar focusing
effect. The term ¢,@; rescales the magnitude of @;. The combined effect of
these terms dynamically rescales the solutions to capture the potential self-similar
singularity. Such dynamic rescaling strategy has widely been used in the study of
singularity formation of nonlinear Schrédinger equations as in [73, 61, 63, 60, 77].
And recently it was also used in the study of singularity formation of the 3D Euler

and Navier-Stokes equations as in [44, 11, 12].

If we define
Cy(t) =Cu(t)+ (1 +a)é (1), (2.14)
we can check that (2.13) admits the following solution

w1 (67 é/’ T) = Cw(T)wl (él (T)é:’ CN‘l (T){’ Z(T)) >
lﬁl (5’ ga T) = C‘lﬁ(T)wl (CI(T)f’ Cl(T)é” t(T)) s
where (w1, ) is the solution to (2.2), and

Co (1) = exp (/OT c],(s)ds) , C’l/,(r) = exp (/OT c~¢(s)ds) ,

Ci(t) =exp (— ‘/OT 5[(s)ds) , t(r)= C‘w(r)él(‘r) = C'w(r)él_“(r).

(2.15)

The new equations (2.13) leave us with two degrees of freedom: we are free to choose

{¢1(1), ¢, (7)}. This allows us to impose the following normalization conditions

@1(0,1,7) =-1, @1,(0,1,7) =0, forr>0. (2.16)

One way to enforce the normalization conditions, as used in many literatures like
[44, 67], is to first enforce them at 7 = O using the scaling invariant relation (2.4),

and then enforce their time derivatives to be zero

icZ)l(O, 1,7) =0, id)] ¢(0,1,7) =0, fort>0. (2.17)
ot or ~
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Using (2.13a), the above conditions are equivalent to

. - 01(0,1,
&) = = 201(0, 1,7) = (1 = )12, 0, Lr)%, -

CN‘LU(T) :(1 - CY)(ZLK(O, L, T)'

However, it is hard to evaluate (2.18) accurately, because it requires calculating
second-order derivatives. More importantly, due to the complicated nonlinear nature
of (2.13a), even if (2.18) can be accurately evaluated, the temporal discretization
(Runge-Kutta method) makes it difficult to enforce (2.16) exactly for the next time
step. As a result, imposing (2.17) is not as helpful to preserve the normalization
conditions (2.16) in the following time steps. The maximum magnitude and location
will gradually change in time, which makes it difficult to compute the self-similar

profile numerically.

Operator Splitting
To enforce the normalization conditions (2.16) accurately at every time step, we
utilize the operator splitting method and rewrite (2.13a) as

@1 = F(@) +G (@), (2.19)
where
F(&1) =il @1e — @1, — (1 — @)1 @1,
contains the original terms in (2.2a), and
G(@1) = —C1€d1¢ — E1{D1,¢ + D1,

is the linear part that controls the rescaling. Here we view i as a function of @
through the Poisson equation (2.13b). The operator splitting method allows us to

solve (2.13a) by solving @ ; = F(®1) and @1 = G(®;) alternatively.

We can use the standard Runge-Kutta method to solve @, = F(®;). As for
@1 = G(®1), we notice that there is a closed form solution for the initial value

problem
@1(£,4,7) = Co(1)@1 (C(1)E,Ci(7)L,0) (2.20)

where C, (1) = exp (fOT c],(s)ds) and C;(7) = exp (— foT 51(s)ds).

In the first step, solving @;, = F(®;) will violate the normalization conditions

(2.16). But we will correct this error in the second step by solving @ = G(®1)
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with a smart choice of C; and C,, in (2.20). In other words, at every time step when
we solve @1 = G(@), we can perfectly enforce (2.16) by properly choosing C;
and C,, in (2.20). We could also adopt the Strang’s splitting [87] for better temporal

accuracy.

Numerical Settings

Now we numerically solve the dynamic rescaling formulation (2.13). For the initial
condition, we use the result from the final iteration of the adaptive mesh method
in Section 2.2, and use the relation (2.5) to enforce the normalization conditions
(2.17). Now that the maximum location of @ is pinned at (¢, ) = (0, 1), we focus

on a large computational domain
D' ={(£0):0<E<1x10°,0< ¢ <5%x10%.

This choice of the computational domain implies that the dynamic rescaling formula-
tion effectively solves the original equations in the domain (r, z) € [0, 100000Z;] X
[0,50000Z;].

max; |1, (7, 2)|/[[¢1]|

max, [¢1,:(7; 2)|/[¥1.:] 2=

0 0.1 0.2 0.3 0.4 0.5
r z

Figure 2.18: Decay of the derivatives of .

We adopt the boundary conditions and symmetry of (2.2) in Section 2.1, except
the far field boundary conditions for ;. Due to extra stretching terms, the far
field boundary for 1 will no longer correspond to the far field boundary for 1,
namely r = 1 and z = 1/2. However, we notice that ¢, decays rapidly with respect
to r, and ¥, decays rapidly with respect to z. For example, Figure 2.18 shows
the decay of ¥, as r — 1 and the decay of ¢, as z — 1/2 for the solution
to (2.2) at t = 1.6524635 x 1073. Therefore, it is reasonable to impose the zero
Neumann boundary condition at the far field boundaries of D’: ¢ = 100000 and
¢ = 50000. Due to the size of the computation domain 9’ and the presence of the
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vortex stretching terms, the error introduced by this boundary condition will have
little influence on the near field around (¢, ¢) = (0, 1).

We remark that we still need the adaptive mesh in r- and z-direction, because we not
only need to cover a vary large field, but also need to focus around (&, ) = (0, 1).
The adaptive mesh in solving the dynamic rescaling formulation will not change
during the computation, since the dynamically rescaled vorticity has its maximum

location fixed at (£, ¢) = (0, 1) for all times instead of traveling toward the origin.

Convergence to the Steady State
We solve (2.13) until it converges to a steady state. In Figure 2.19, we monitor how
the normalization conditions (2.17) are enforced. The two normalized quantities are
visually fixed at 1. In fact, they deviate from 1 by less than 5.14 x 107*. In Figure
2.20, we view the system (2.13) as an ODE of @; as in (2.19), and plot the relative
strength of the time derivative

&1l IF(@1) + G(&1) ||z~

&1l &1l

as a function of time 7. This relative strength of the time derivative has a decreasing

b

trend and drops below 8.18 x 1076 near the end of the computation, which implies
that we are very close to the steady state.

[@1(7)|z~ and Z(7)

— @1 (M)l
—Z(7)

0.5

Figure 2.19: Curves of the normalized quantities ||@(7)||.~ and Z; (7).

When the solution of (2.13) converges to a steady state, @; and 1 should be
independent of the time 7. Therefore, we should have the following relation from
(2.15)

wi(r,2,0) ~ € ) (G (w0, G (r(0)z),

(20 ~ G () (C7 () 6 (e 1)z
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11 ()2 /M@ (7] ves. 7

Figure 2.20: Curve of the relative time derivative strength ||@1 - (7)||~/||@1(T)]| -

where 7 = 7(1) is the rescaled time variable. Comparing the above relation with the
ansatz stated in (2.3), we conclude that
C Co Cy

Co=—2—, cy=—— 2.21)

¢ = w T o~ ~ 2 -~ ~
Cop +acy Cy tacy

Gyt ad)
We remark that assuming (2.14), the above relation naturally guarantees that the

scaling relation (2.6) holds true.

In Figure 2.21, we show the curves of scaling factors ¢;, ¢,, for the dynamic rescaling
formulation (2.13) and ¢y, ¢, for the self-similar ansatz (2.3). We observe arelatively
fast convergence to the steady state as time increases. The converged values ¢; =
4.549 and c,, = 1.455 are close to the approximate values obtained in Section 2.3.
Moreover, they also satisfy the relation (2.6).

The approximate steady states of @ and ¢/ are plotted in Figure 2.22. We see that
both @ and ¢ are quite smooth in &, suggesting a possible 1D structure of their
profiles. While both functions have weak dependence on &, —@ seems to tilt up
around & = 0 a little bit. The shape of the steady states looks similar to the shape of

the profiles we obtained via the adaptive mesh at the stopping time in Figure 2.6.

2.5 Holder Exponent in Potential Blow-Up Formation

Intentionally redacted.

2.6 Anisotropic Scaling of the Potential Self-Similar Solutions

Intentionally redacted.
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Figure 2.21: Convergence curves of the scaling factors using dynamic rescaling
method. Top row: ¢; and ¢,,. Bottom row: ¢; and c,.
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Figure 2.22: Steady states of —@ and —.

2.7 Comparison with Elgindi’s Singularity Formation

In this section, we compare our blow-up scenario with the scenario in [30] studied
by Elgindi.

Elgindi introduced a polar coordinate system on the (r,z)-plane to construct his
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blow-up solution. More specifically, he introduced
p=vVr2+z2, 0 =arctan (E) )
r

Then for a Holder exponent @, he introduced a change of variable R = p® and define
the variables |
Q(R,0) =’ (r,z), W(R,0) = ?w(r, 2).

In this setting, (??) can be rewritten as

Q, + (3T + Q’RTR) Qg — (‘Pg — Ytan 6) Qr = (2‘1’ tan 6 + aRYg tan 0 + \PQ) Q,
(2.22a)

— @’R*Wrr — a(5+a)R¥g — Wyy + (P tan ), — 6¥ = Q. (2.22b)

We remark that we do not adopt the convention (??”) as in [30], instead we stick to

our convention (??).

Elgindi’s analysis of (2.22b) establishes the following leading order approximation

for small @
Y(R,0) = % sin(260)L17(Q)(R) + lower order terms, (2.23)
where .
Lix()(R) = /R ) /O "0 P asan,

with K(6) = 3sinfcos?>6. If we plug in the approximation (2.23) to (2.22a),
neglecting lower order terms of «, and (time) scaling out some constant factor, we

arrive at Elgindi’s fundamental model
1
Q= —L;p(Q)Q, (2.24)
a

which admits self-similar finite-time blow-up. In his analysis, Elgindi chose the
following self-similar solution of the fundamental model (2.24)
R a/3

Q(R,0,1) = %F (ﬁ) (sin@cos2 9) , (2.25)

where ¢ > 0 is some fixed constant, and F(z) = 2z/(1 + z)>.

One difference between our blow-up scenario and Engindi’s blow-up scenario is

how the scaling factor ¢; depends on @. We rewrite (2.25) as
P r’z "
-t \l-1)\p3

B 0 a r2/3Z1/3)fl
- () )
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If we let G(z) = F(z%), we see

0. ¢ 0 23,113\
T 1 —¢ (1 _t)l/a' 0 ’

Since 237173/ p is homogeneous, we may conclude that the scaling factors for the

self-similar blow-up solution (2.25) are
c=1/a, c,=2.

Note that this also satisfies the relation ¢, = 1 + ac; in (2.6). This implies that ¢;
decreases as « increases, and ¢; will tend to infinity as @« — 0. However, as shown
in Figure ??, our ¢; increases as « increases, and ¢; — +co when « tends to some

a* below 1/3, and a* is approaching 1/3 as the parameter 6 approaches zero.

Furthermore, the regularity of our initial data as a function of p is different from
that of Elgindi’s initial data. Around (r,z) = (0,0), Elgindi’s initial condition has
the following leading order behavior

a/3
Q~ p? (sin@ cos® 9) = 23003,

However, our initial condition gives

0

_ ., o a, _ 1
W =rw ~rz=p

¥ cos? @sin 6.

These two leading order behaviors differ from each other in that

* Elgindi’s initial condition has a C* Holder continuity in p, whereas ours is

C® smooth,

* FElgindi’s initial condition has a Holder continuity near z = 0, whereas ours is

smooth in z.

In Conjecture 8 of [27], the authors conjectured that the initial data could be C*
in p for finite-time blow-up of the 3D axisymmetric Euler equations with no swirl.
Our initial data slightly improves the regularity of the initial data in p. In the next

Section, we will briefly explore the initial data with higher regularity in p.

In Lemma 4.33 of [27], the authors stated that the limiting equations at @ = 0 of
(2.22), can blow up in finite time for initial data of € that only has a C*-Holder
continuity near r = 0 for @ < 1/3. Our study shows that even for the original Euler
equations, it is not essential to have Holder continuity in the initial data along the
z-direction. The essential driving force for the finite-time blow-up comes from the
Holder continuity of the initial vorticity along the r-direction.
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2.8 Sensitivity of the Potential Blow-Up to Initial Data

We also study the sensitivity of the potential self-similar blow-up to initial data. In

addition to the initial data (2.12), we consider the following cases,

o,1 2 18 .
W ——12000(1—r) sin(277),

w‘l”z = —6000 cos (%) sin(27z) (2 +exp (—r2 Sinz(”Z))) ’ (2.26)

o3 —12000 (1 - %) " sin(272)}
1 1+ 12.5sin%(nz) '

- 1. I 2.
initial data —w]" in case 1 initial data —w;™” in case 2

L. 3.
initial data —w;™ in case 3

2000 -
1500 -|
1000

500

z r

Figure 2.23: Profiles of the initial data in all three cases.

o,1
1
is a perturbation of w? by setting the denominator to be 1. In case 2, w>? has a
p 1 0y g 1

We show the profiles of these three initial data in Figure 2.23. Here, in case 1, w

. 18 .
decay rate in r slower than (1 — r2) , and is no longer a tensor product of r and z.
o?

In case 3, w, 3 has an improved regularity in p near the origin. Indeed, we have,
with w1 (r,z,0) = w3 (7, 2),

w’(r,z,0) = l”aw(fﬁ(r, 2) ~ r?% = p>*@ cos® 9 sin’ 6.

For all three cases, we only solve the 3D Euler equations with @« = 0.3 and 6 = 1,

due to the limited computational resources. As shown in Table ??, for our original
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initial data, ¢; = 112.8 is already very large. It suggests that our choice of @ and ¢ is
very close to the borderline between the blow-up and non-blow-up. If the blow-up
profile of the above initial data agrees with our original initial data well, we then
have good confidence that they should have the same behavior for other settings of

« and 6.

We solve the 3D Euler equations with the above initial data by first using the adaptive
mesh method to get close enough to the potential blow-up time, and then using the

dynamic rescaling method to capture the potential self-similar solution.

linear fitting of 1/[|w||~, case 1 linear fitting of 1/||w||r~, case 2
x107 6 x10”

i, < 1lwlm - 1lwln

’ —a- (b—t) fitted sl —a- (b—t) fitted

0.8
0.7 -
0.6

0.5 -
0.4 -
0.3 -
o2 1- R? statistics: 1 — 1.04 x 1075
a = 0.014865988, b = 4.1015389 x 10~3

R? statistics: 1 — 1.18 x 107°
017 4 = 0.014874936, b = 3.14560772 x 1073

[} 0 L
25 2.6 2.7 2.8 2.9 3 3.1 3.75 3.8 3.85 3.9 3.95 4 4.05 4.1

t <10 t x10°

Figure 2.24: Fitting of 1/||w||z~ with time ¢ in the first and second cases.

convergence of ¢;(7) convergence of ¢;(7)
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115 1 115
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100 : : : 100
0 2 4 6 8 10 0 2 4 6 8 10
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Figure 2.25: Curves of the scaling factor ¢; in the first and second cases.

For the first and second cases, we show the fitting of 1/||w||z~ with time 7 in Figure
2.24, and the curve of the scaling factor c; in Figure 2.25. We can see that in both
cases, ||w||L~ scales like 1/(T — ), which implies a finite-time blow-up. Moreover,
c; converges to 112.8, matching the value of ¢; we obtained using the original initial
data well. In Figure 2.26, we show the cross sections of the steady state of —@

in comparison with the result obtained using the original initial data. There is no



40

(-cross section of —@y at £ =0 &-cross section of —@0y at ( =1

the first case
1 the second case 1
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0.8 0.8
— —
¢ |3 06 ¢ |3 06
0.4 0.4
—the first case
0.2+ 0.2 —
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0 . . ) 0 . e —
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Figure 2.26: Cross sections of the steady states of —@ in the first and second cases.

visible difference between the three steady states presented. In fact, even on the
whole computational domain D’ = {(f, 0):0<éE<1x10°,0< 7 <5% 104} in
the dynamic rescaling computation, the steady states in the first and second cases
only differ by 7.03 x 1071° and 5.29 x 10~1° respectively from the steady state using
our original initial data w{ in relative sup-norm sense.

linear fitting of 1/||w||~, case 3
10 convergence of ¢;(7)

o 1llwllze a0
—a- (b—t) fitted

1.8-

35
1.6 -

14 30r

1.2- 25

1 3 20 K//f__ I 4
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0.6
10+
0.4 . )
R? statistics: 1 —9.18 x 1076 5
027 4 = 0.036810647, b = 1.5709852 x 102
o ‘ ‘
o ‘ ‘ ‘ ‘
0.0152 0.0153 0.0154 0.0155 0.0156 0.0157 0 50 100 150
t T

Figure 2.27: Fitting of 1/||w||.~ and curve of the scaling factor ¢; in the third case.

For the third case, the fitting of 1/||w||.~ and the curve of the scaling factor c; is
shown in Figure 2.27. We observe that 1/||w|| .~ has a good linear fitting with time,
suggesting a finite-time blow-up. However, ¢; converges to 19.44 which is clearly
different from 112.8, suggesting that there might be a new blow-up mechanism. In
Figure 2.28, we compare the steady states of ‘“(1)’3 and w7 in the 3D profiles and the

O’

2D contours. The steady state of w, 3 has a slower change near z = 0. This might
be caused by the smoothness of the initial data near z = 0. We have w‘fﬁ ~ 1?3, in
contrast to w] ~ r*z near (r, z) = (0,0). The steady state of the third case develops

a channel-like structure that is not parallel to either axis.
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steady state of —@; in the original case steady state of —@; in the third case

steady state of —@; in the original case steady state of —@; in the third case
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Figure 2.28: Profiles and contours of the steady states of —@; in the original and
third cases.

The new blow-up scenario in the third case provides some support of Conjecture
9 of [27], in which the authors conjectured that the 3D Euler equations could still
develop a finite-time blow-up for initial data that are C* in p. In our future study,

we plan to investigate the potential blow-up using a class of initial data of the form

18
W = ~12000 (1 - r2) sin(272) 2K+,

Z2k+1 2k+1+a

=p cos® 0 sin***1 g is C2k+1

with a positive integer k, so that a)cl”4 ~r¢

smooth in p.
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Chapter 3

SELF-SIMILAR FINITE-TIME SINGULARITY FORMATION
FOR HOLDER CONTINUOUS SOLUTIONS TO THE
INCOMPRESSIBLE EULER EQUATIONS ON R"

3.1 n-D Axisymmetric Euler Equations with No Swirl
In this chapter, we study the self-similar finite-time blow-up for n-D axisymmetric

Euler equations with no swirl.

To start with, we introduce the n-dimensional axisymmetric Euler equations. Let
u(x,t) :R"x [0,T) - R",

be an n-D vector field of the velocity, and
p(x,1) :R"x [0,T) —> R,

be an n-D scalar field of the pressure, where x = (x1,x2,...,x,) € R". Then the

n-D Euler equations are written as

u+u-Vu=-Vp, (3.1a)

V-u=0. (3.1b)

We then consider hyper-cylindrical coordinate system (r, 61, ..., 6,-2, z), which is
related to the Cartesian coordinate system (xp, X3, ..., x,) via the following relation

X] =rcosfy,

Xy = rsinf; cos O,

Xp—1 =rsinfy---sinf,_»
X, = Z.
We can see that the hyper-cylindrical coordinate system is simply the direct product

of a (n — 1)-D spherical coordinate system with a 1D Cartesian coordinate system.

We write down the frame of the hyper-cylindrical coordinate system in the Cartesian
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coordinate as

e, = (cos@,sinfjcosby,...,sind---cos, »,sinf---sinb,_5,0),
eg, = (—sinfy,cos0cosby,...,cos6;---cosb,_p,cos6;---sinf,»,0),
eg, , = (0,0,...,-sin6,_2,co0s6,_2,0),

e, =(0,0,...,0,0,1).

Similar to the 3D case, we call an n-D vector field v to be axisymmetric if the

following ansatz applies
v=v'(r,2)e,+ e (r,z)eg, +v(r,2)e,,

in other words, v", v?1, and v¢ are only functions of (r, z). For such vector field, the

calculus on the curvilinear coordinate [25] of (r, 61, ..., 0,2, z) gives
n—2 n—3)cotd
V.v=v 4+ vr+( ) Vo4,
r r

1 1
(v-V)v = [Vl + vl — vt e 4 (V8 138 S0 e
r r

+ (V'VE+viv) e,

where again we use subscripts to denote derivatives for simplicity, except that it

does not apply to the unit vectors e,, ey,, and e;.

We can see that if there is “swirl” %" # 0 in the initial condition for dimension
n # 3, then the incompressibility condition V - u = 0 will inevitably introduce the
dependence on 6 for the equations, which implies that we cannot obtain a truly
axisymmetric Euler equations for dimension greater than 3. Note that when n = 3,
the incompressibility condition does not introduce any trouble since the third term

in V - v vanishes exactly for n = 3 even if there is swirl.

Therefore, to derive the n-dimensional axisymmetric Euler equations withn > 3, we
need to impose the “no swirl” assumption % = 0. Luckily, the “no swirl” assump-
tion will be preserved dynamically by the n-D Euler equations. We remark that the
axisymmetric Euler equations offer tremendous computational saving, which en-
ables us to investigate potential finite time singularity for the general n-dimensional

Euler equations using our current computational resources.
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Thus, the axisymmetric n-D Euler equations with no swirl can be written in the

vorticity-stream function form as

z, 0 n-2

W/ +u"w? +u W, = u o, (3.2a)
r
n-—2 n—2
-yl -yl - - vl + ") v’ =, (3.2b)
-2
W=yl wi=T Syl eyl (3.2¢)
r

Similarly, since we plan to use C* continuous initial data for the angular vorticity

w?, we make the following change-of-variables

W(r,2) = rw(r, 2), l//g(l’, 2) =ry(r, 2). (3.3)

Using (w1, ¥1), an equivalent form of the n-D axisymmetric Euler equations with

no switl is given below

wituw+uto;=—-(n-2-a)Y wi, (3.4a)
n _

Vi Y1z = Wi = ot L (3.4b)

u'=-rfg, ut=(n= DY+, (3.4¢)

Roughly speaking, the dimension n controls the strength of the vortex stretching
term —(n — 2 — @)y ;w and the z-advection speed u* = (n — )y + ryy,. It
also modifies the Poisson equation for ¢;. It seems natural to conjecture that the
singularity formation will be more likely in the high-dimensional case because of

the stronger vortex stretching.

3.2 Numerical Evidence for the Potential Blow-Up

Settings of the Problem

We provide numerical evidence for the finite-time blow-up in the high-dimensional
case. We will use the setting n = 10, @ = 0.5 for this section. More exploration of

different parameters will be studied in the Section 3.4 and 3.5.

For this 10-dimensional case, we use the same computational domain D for (r, z),
and the same numerical solver as for the 3D Euler equations, see Appendix A. To

expedite the computation, we use a modified version of the initial data (2.12),

. —12000 (1 - r2) " sin(272)

Wy . D
1+ 12.5sin“(7rz)

(3.5)

because the initial vorticity will concentrate more near the origin than (2.12).
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—wq =1

%1010 %107

%1072

Figure 3.1: Zoomed-in 3D profiles of —w1, =1, u” and —u® att = 7.9582242 % 1074
near the origin (0, 0).

Adaptive Mesh Method

On 1024 x 1024 spatial resolution, we solve the equations until = 7.9582242 x 1074,
where the solution becomes too singular to be resolved by our numerical method.
The zoomed-in profiles of —w1, —¢/1, and the velocity fields u”, —u* are shown in 3.1.
We can see that —w; seems to mostly depend on z instead of 7. In Figure 3.2, we show
the curves of important quantities of the solution. At the end of the computation,
lwi||z~ has increased by a factor of around 6.5 x 10, and ||w||.~ has increased
by a factor of around 515. We recall that (R;(¢), Z,(t)) is the maximum location
of |wi|. We still observe that R (t) = 0, and —w; becomes very one-dimensional.
We observe that Z; (¢) decays very fast towards zero, acting like (7 — 7)€ with some

terminal time 7" and an exponent ¢ > 1.

The double logarithm curve loglog ||w||z~ grows superlinear in time, giving us a
first sign that the solution will form potential singularity in finite time. Another
sign comes from the Beale-Kato-Majda blow-up criterion (2?), as the time integral

fot llw(s)||z~ds grows rapidly in time.

We remark that the kinetic energy E is also a conservative quantity in the n-
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dimensional case. After more than 5.5 x 10* iterations, the change in the kinetic
energy is less than 1.17 x 10~ of its own scale. The conservation of energy provides

additional support for the accuracy of our numerical solution.

aellwr @z /[lw1(0)][ = vs. ¢ Zy(t) ves. t
ol
5
4
al
ol
;
0 . . . .
0 1 2 3 4 5 6 7 8 5 5 = 3
t =107t «1074
[lw(@)|[L=/[|w(0)]| = v.s. T . log log [|w(t)||z~ v.s. t
500 -
400 -
300 -
200
100 -
o L
0 1 2 3 4 5 6 7 8
t x1074
, Evs. t
| fQ ||(/J(S)H[‘/ocd8‘ v.s. t o V‘S |
0.014 -
0.013
0.012 -
0.011 -
0.01 L L L L
0 1 2 3 4 5 6 7 8
t x107t t 10

Figure 3.2: Curves of ||w1]|z~, Z1, ||w||z~, loglog ||w]| L, /Ot [[w(s)||L~ds and E as
a function of time.

Scaling Analysis

In Figure 3.3, we perform scaling analysis for the potential blow-up. Similar to the
3D case, the scaling invariant property of the n-D Euler equations implies that if the
self-similar blow-up exists, then ||w||z~ and || .||z~ should scale like 1/(T — 1),

where T is the blow-up time. In the top row of Figure 3.3, 1/||w||z~ or 1/|[y1 || L
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Figure 3.3: Fitting the scales of ||w||r~, ||¥1.;||z~, and ||w1 ]|z, Z;.

as a function of t gives excellent linear fitting with R? value higher than 0.9998. The
blow-up times estimated by the fitting of these two quantities also match each other
very well, with one 8.0134092 x 10~ and another 8.0134974 x 10~*. It provides
further evidence that the our 10-D Euler equations develop a potential finite-time

self-similar singularity.

In the second row of Figure 3.3, we use the fitting method described in Section
2.3 to find out the scaling factors ¢; and ¢,,. The self-similar ansatz implies that
l|wi||ze ~ 1/(T —t)°» and Zy ~ (T —t)“!. Therefore, we find the best constant ¢ for
-1/c 1/c
lwll, <" or Z,

results give ¢; = 5.75 and ¢, = 3.95, which satisfies the relation (2.6) ¢, = 1 + ac¢;

such that they achieve the highest R* values when fitting with 7. Our

approximately. Moreover, the estimated blow-up times in both cases agree with

each other quite well.

Dynamic Rescaling Method
The scaling analysis suggests that the potential singularity is very likely to be self-
similar. Therefore, we use the dynamic rescaling method to study the potential

self-similar profile of the solution. In the high-dimensional case, the dynamic
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rescaling formulation becomes

B1r+ (515 + af) B+ (5,5 + ﬁé’) Bre = (co— (n=2—a)iis) @1, (3.6a)
n

—dige — Wi - 5&1,5 =&, (3.6b)
i = -0, i€ =(n— 1)+ & (3.6¢)

We adopt the same settings for the computational domain 9’, the normalization

conditions (2.16), and the operator splitting method (2.19) as in Section 2.4.

&1 (D)l /Nr (Dl v 7

0 0.‘5 1‘ 115 2 2.‘5 3
Figure 3.4: Curve of the relative time derivative strength ||@ + (7) ||z /||@1(T)]| L.

We observe fast convergence to the steady state using the solution from the last
iteration of the adaptive mesh method as the initial condition for the dynamic
rescaling formulation. In Figure 3.4, we plot the relative time derivative strength
|@1.2 (D)L= /|l@1(T)||~. This relative strength of the time derivative has a de-
creasing trend and goes down below 1.78 x 1076 near the end of the computation,

which provides strong evidence that we are close to the steady state.

In Figure 3.5, we plot the curves of the scaling factors. In the top row, the scaling
factors ¢;, ¢, that are used in the dynamic rescaling method demonstrate good
convergence to a constant value. In the second row, the scaling factors ¢;, c,,
that appear in the self-similar ansatz converge to the value of 5.897 and 3.949
respectively. The estimated values for ¢;, ¢, not only match the estimated values
from the scaling analysis, but also satisfy the relation ¢, = 1 + ac; approximately.

This provides another verification of the validity of our results.

The steady states of —@; and | are plotted in Figure 3.6. We can see that —@, is

very close to be one-dimensional, with little tilt towards & = 0.
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Figure 3.5: Convergence curves of the scaling factors using dynamic rescaling
method. Top row: ¢;; and ¢&,,. Bottom row: ¢; and c,.
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Figure 3.6: Steady states of —@; and —{, with n = 10 and @ = 0.5.

3.3 Holder Exponent, Anisotropic Scaling, and Dimension in the Potential

Self-Similar Blow-Up

Intentionally redacted.

3.4 Possible Mechanism of the Potential Singularity Formation

Intentionally redacted.



3.5 A One-Dimensional Model for the Potential Self-Similar Blow-Up

Intentionally redacted.

50
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Chapter 4

FINITE-TIME SINGULARITY FORMATION OF THE WEAK
CONVECTION MODEL OF THE IMPRESSIBLE EULER
EQUATIONS ON R”

4.1 Motivation of the Model

In this chapter, we turn to study the axisymmetric Euler equations with smooth
initial data. It is known that 3D axisymmetric Euler equations with no swirl have
global regularity if the initial data is sufficiently smooth [90]. In fact, as observed
by [66], any smooth solution (u?, w?, %) of the axisymmetric Euler equations (2?)

(no need to be swirl-free) must satisfy the compatible conditions:

ue(O, Z,1) = wO(O, Z,1) = 1//9(0, z,t) =0.
Therefore, we may define the new variables, as introduced by Hou and Li in [45]:

wr=ulr, wr=dIr, w1 =ylr 4.1)
In the new variables, the vorticity equation becomes

Wi +u w+utor; =2uu ;.
If we assume the no swirl condition, the vorticity equation simplifies to
wi+u o, +utor; =0,

which implies that the maximum of |w1| is conserved. At the same time, the vorticity
vector in the axisymmetric and no swirl setting can be simplified to w = w’ey. As

aresult, w = rw;ey would violate the Beale-Kato-Majda blow-up criterion (?7?).

The reason for the global regularity of the 3D axisymmetric Euler equations with no
swirl is due to the balance of the vortex stretch term and the convection terms. In the

r

equation of the angular vorticity w?, the vortex stretching term %u w? gets canceled

by a part of the convection term u”w? after the change-of-variable w’ = rw;.

To better understand the balancing effect between the vortex stretch term and the
convection terms, we modify the 3D axisymmetric Euler equations with no swirl so

that the vortex stretch term has different strength than the convection terms. We also
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generalize this design to the n-dimensional case. Recall that the n-D axisymmetric
Euler equations with no swirl have the form

z 9_1’1—2

! +u" Wl + 0! = u W, (4.2a)
r
-2 -2
ul -l -l e Sy = (4.2b)
r r
-2
u=—yl wt= T 2f 4yl (4.2¢)
r

We introduce the weak convection model by adding a parameter € € [0, 1] to control
the strength of the convection terms:
o_N—2 . ¢

wf + surwf +eutw] = . u w’, (4.3a)
-y, — vl - ”;2w5+ ”;2w9 = o’ (4.3b)
W=yl wi= ”T_zw +y?. (4.3¢c)
If we still introduce the change-of-variable (4.1), the equations in (4.3) becomes
Wi +ew wiy+entw, =—-(n-2-eY wi, (4.4a)
i =Yl — ;'»l’l,r = wi, (4.4b)
u ' =-rgy,, ut=m-1Y+ryy,. (4.4¢)

The case of € = 1 resumes the original n-D axisymmetric Euler equations with no
swirl (3.2). We can see that indeed for the 3D case, the vortex stretching term | ;w

vanishes when € = 1.

We remark that the weak convection model (4.3) is different from the models studied
in [62, 47, 44, 46]. In [62, 47], the authors directly dropped the convection terms
in 3D axisymmetric Euler equations using the variables (wy, ¥ ). In [44, 46], the

authors generalized the previous model by modifying the Biot-Savart law (4.2c) to

W'=e(-ryiz), w=e((n=-Dyri+ry,).
This modification has some good properties like preserving some modified kinetic
energy. In the no swirl case, the above modification can be written in the form of

the equations in our model (4.4) with only (4.4a) replaced by
wi+ew wy+eutwr; =—-en -3 0.

In other words, the no swirl case of the model in [44, 46] only rescales the time by
the parameter &, and does not change the balance between the convection terms and
the vortex stretching term. In contrast, the weak convection model (4.4) gives more

degrees of freedom to study the balancing effect.
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No Energy Conservation

An important difference of the weak convection model (4.4) to the original n-D
axisymmetric Euler equations is that the kinetic energy is not conserved in our
weak convection model. In fact, since we would like an imbalance between the
convection terms and the vortex stretching terms, it would be hard to maintain the

energy conservation.

Specifically, in the n-D axisymmetric setting, we define the kinetic energy E as
1
E=- / ((ur)2 + (uZ)Z) F2drdz, 4.5)
2Jp
where D is the cylinder domain

D=A{(r,z):0<r<1,0<z<1/2}.

We first notice that,

/D ((ur)Z + (uz)z) " 2drdz :/1) ((_”//1,1)2 +((n=Dy + rl/,l,r)Z) 712drdz

:/ ("[’ir + z//%,z) r'drdz
D
+(n-1) / ((n - l)tp%r”_2 + Zwlgbl,rr"_l) drdz.
D

Using the Poisson equation (4.4b) and integration by part, we have

n
/ (l//%r ¥ ‘/’%Z) ridrdz = / (_"[’1” Y1z - —l//1,r) Yir'drdz
Dt ’ D r

= / wyr'drdz.
D
Furthermore, the integration by part also gives
/ ((n — YA+ 2¢1¢1,,r"—1) drdz = / (w%r”-l) drdz = 0.
D D r

So we have an equivalent formula for the kinetic energy E

E:—/ wyr'tdrdz.
2Jp

Now we use (4.4a) and find

d

QEE = / (—eu' wi, — ew'wi; — (n—2— &)W wi) Yir'drdz
D

= —8/ (w1, +uwi ) yir'"drdz — (n -2 - &) / Yy w rdrdz
D D

=I+1IIL
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For the first term I in the right-hand side of the above equation, we do integration

by part and plug in the incompressible condition V - u = u/. + "T'zur +ul =0:
[=-¢ /2) (U wi,+utwy ;) Yir'drdz
=& /z) (u; + gur + ui) wyr'tdrdz + & /1) (urglfl,r + l/lzl/ll’z) wr'drdz
:g/ %urwlwlr”drdz+8/ (u" Y1, +uY ) wir'drdz,
Dr D

and then we plug in the Biot-Savart law (4.4c¢) for u", u*:

128/ g(—rl//l,z)wu//1r”drdz
pr
* S/D ((=rv1z) ¥+ (0 = Dyt +r¢1,) ¥2) wrr'drdz,

=e(n - 3)/ Yy wrdrdz.
D

Therefore, we can conclude that

d

1 1
—E:—e(n—3)/ Yiv Za)lr”drdz——(n—2—3)‘/ Y wr'tdrdz
a2 o WL 2 5 WL

= _l(n — 2)(1 — 8)/ l/lll//LZ(,()lrndrdZ.
2 D

We can see that in general the kinetic energy E is conserved only if n =2 or e = 1.

4.2 Numerical Evidence for the Potential Blow-Up

Settings of the Problem

In this section, we present numerical evidence for the potential blow-up. We will use
the setting n = 3, & = 0.1 for this section. More exploration of different parameters
will be studied in the Section 4.3.

We use the computational domain D defined in the previous section for (r,z). We

impose a periodic boundary condition in z:
wi(r,z,t) =wi(r,z+1,1) =0.
‘We enforce the initial data for w; to be an odd function of z:

(,()l(r, s t) = _(l)l(r, —Z, t)9



55

and this will be dynamically preserved by the equations. So we only need to solve
the equations in a half period in z. We impose a no-flow boundary condition at
r=1:

¥1(0,z,1) =0.

We use the same numerical solver as for the 3D Euler equations, see Appendix A.

The initial condition for w; is the same as we used in Chapter 3:

. —12000 (1 - r2) " sin(2n2)

Wy = . 2
1+ 12.5sin“(7z)

(4.6)

—w1 -1

019
10+ 80 -

x1

60 -

40 -

y4 r

Figure 4.1: 3D profiles of —w;, —¢ at t = 1.3002048 x 1072,

Adaptive Mesh Method

On 1024 x 1024 spatial resolution, we solve the equations for more than 1.3 X 10°
iterations until 7 = 1.3002048 x 10~2, where the solution becomes too singular in
space to be resolved by our numerical method due to the round-off error. At the
end of the computation, ||w;||z~ has increased by a factor of around 2.9 x 10'°,
and the maximum vorticity ||w]||z~ has increased by a factor of around 2.0 x 104,
The profiles of —w, —¢ are plotted in Figure 4.1. We see that —w; is significantly
large near the origin (r,z) = (0,0). The zoomed-in profiles of —w;, —¢, and the
velocity fields u”, —u* are shown in Figure 4.2. It is very interesting to notice that
even though the scale of the plotted r axis is 2.5 x 10> larger than the plotted z axis,

—w1, =1 seem to be very one-dimensional and depend on z only.

We show the curves of important quantities of the solution in Figure 4.3. We observe
a clear superlinear curve for log log ||w|| .~ in time. This provides a first sign that the
solution will form potential singularity in finite time. Another sign comes from the

Beale-Kato-Majda blow-up criterion (??), as we observe a remarkably fast growth of
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the integral fot [[w(s)||L~ds. Let Z;(¢) be the z-coordinate of the maximum location
of |w1]|, we see that it collapses to zero very fast in time. We also observe that, since
we do not have energy conservation here, the kinetic energy E grows rapidly in the
late stage of the computation.

—w1 -1

x10'°

r

Figure 4.2: Zoomed-in 3D profiles of —w;, —¢1, u", and —u* att = 1.3002048 x 1072
near the origin. Note that the r axis scale is 2.5 x 10° of the z axis scale.

Self-Similar Profile

Since the solution is very one-dimensional and seems to only depend on z, it is
reasonable to assume that the self-similar profile, if exists, would be anisotropic.
In fact, let (R(), Z(t)) be the the maximum location of |w?|. In other words, we
have |w?(R(t), Z(t))| = ||’ (t)||1~. In Figure 4.4, we plot the ratio R(¢)/Z(t) and
the trajectory of (R(¢),Z(t)) in time t. We can clearly see that R/Z grows very
fast in late time, and the value of this ratio even goes beyond 107. The trajectory
of (R(t),Z(t)) also demonstrates a clear anisotropic nature of the solution. The

change of R(¢) in time is significantly slower than the change of Z(7) in time.
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Figure 4.3: Curves of ||w1]|z~, Z1, ||w||z~, loglog |w]| e, fot [[w(s)||L~ds and E as
functions of time.

Therefore, instead of the self-similar ansatz (2.3), we would now assume

1 r Z
wi(x,1) = Q((T_I)CZ’(T—I)C’)’

4.7)

r Z
lﬁl(x,t) ~ (T—I)L“/"P ((T_t)c;’ (T—I)Cl) ’

with the parameter ¢; < ¢;. We use the parameter ¢} to model the anisotropic

l f—
behavior in r and z. We remark that it could also be possible that Q and ¥ in (4.7)
are independent of r. However, we choose the current ansatz (4.7) because it is

capable to model all these cases.
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R(t)/Z(t) vs. t trajectory of (R(t), Z(t))

-7
3 x10

25
108 -
ol

/

- 05-

——

S
1 1 1 1 1 L L
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0 1 2
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10°

Figure 4.4: Curve of the ratio R(#)/Z(¢) as a function of time and the trajectory of
(R(t), Z(t)) over time.

If we plug in this ansatz back to the weak convection model (4.4), and expect the
leading order terms of both sides match with each other, we should still have the

scaling relation, as the special case @ = 1 of (2.6):
co=1+c,, cy=1-¢.

As a consequence, we should still expect that

1
12Dz ~ T

However, we no longer have ||w?(#)||z~ ~ 1/(T —t), and instead we have

1

o’ (D)l ~ .
(T —t)ce

’

!
the self-similar solution to satisfy the Beale-Kato-Majda blow-up criterion (??).

We notice that the exponent ¢, — ¢ > ¢, — ¢; = 1, so our ansatz (4.7) still allows

Due to the one-dimensional structure of the solution, we only plot the z-cross section

to check if the solution is potentially self-similar. Specifically, we plot

014, 1) = w1(0,4Z1 (1), 1) /|wi || L=,

at different time instants. In Figure 4.5, we show the profiles of —; at the 1.0x 10°-
th, 1.1 x 10°-th, 1.2 x 10°-th, 1.3 x 10°-th iteration of our computation. We see no
visible difference in —@;. In fact, during this time, the maximum vorticity ||w||z~
has increased by a factor of 8.2 x 103. This gives us a strong evidence that there

exists a self-similar blow-up profile.
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—w; at different time instants

—t = 1.30020325 x 102
—t = 1.30020456 x 1072

t = 1.30020480 x 1072
—1 = 1.30020484 x 1072

0.8

0.6

0.4

021

Figure 4.5: Profiles of —w; at different time instants.

Scaling Analysis
Similar as we did in Section 2.3 and Section 3.2, we perform scaling analysis on the

curves of important quantities.

For ||y1;||~, since our self-similar ansatz (4.7) predicts it to scale like 1/(T — 1),
we will directly fit ||y ; ||z§o with 7 and check the quality of the fitting. For quantities
like ||w||L~, ||w1]|L~ and Z, we do not know their exponents. Therefore, we follow
our searching algorithm, described in Chapter 2, for the exponent ¢, and then fit a

linear model.

In Figure 4.6, we can see that the fitting quality is all very good, with very high R?
values. Besides, the estimated blow-up times from different quantities match each
other up to 7 digits. From the fitting of le /¢ and |1 ||Zl,/ ¢, we obtain the estimate
¢y, ~ 2.08 and ¢; = 1.08. This matches with our scaling relation ¢, = 1 + ¢;
approximately. In addition, we notice that ||w||z~ scales like 1/(T — )38, The
exponent 1.88 is clearly larger than 1, which is the case for the isotropic self-similar

blow-up (2.3). This also matches with our assumption that ¢; < ¢;.

Dynamic Rescaling Method

Numerical results in the previous sections suggest that the potential blow-up of
the solution is very likely to be self-similar. In this section, we use the dynamic
rescaling method to study this potential self-similar profile. From the zoomed-in
profiles of —w and —¢; in Figure 4.2, we can see that there is little dependence
on r in —w; and —¢ ;. Thus, we tend to think that there is no dependence on r in
the self-similar ansatz (4.7). However, in favor of a closed-form equation, we still

add same stretching term in r and z, as we did in (2.13). The dynamic rescaling
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Figure 4.6: Linear fitting of -1 Ve ZV¢ and |jw |7 Y€ with 6
igure 4.6: Linear fitting of ||y .||~ llwll,« ", Z,;"" and [|wi ||, with time.

formulation for the weak convection model (4.4) is

Bir+ (5,§ + gﬁf) B+ (5,§ + gﬁf) Brs=(Co—(n=2-e)W1s) @1, (4.82)
n ~
—Y1¢ =0y, (4.8b)

&
i ==&, @ =(n— D+ &1 (4.8¢)

g6 —P1g0 —

Similarly, if we plug in our new ansatz (4.7) and ignore the lower order terms, we

should have following identities

Cl Cow 51//

c|=— c c

-~ ~ w = ~ = < <>
CotCy Cy tCy CytCy

which can be seen as the special case of @ = 1 of (2.21).

For our computation of the dynamic rescaling formulation (4.8), we still use the same
computational domain 9’, the normalization conditions (2.16), and the operator
splitting method (2.19) as in Section 2.4.

In Figure 4.7, the curves of the scaling factors are plotted. In the top row, the scaling

factors ¢; and ¢, in the dynamic rescaling method demonstrate good convergence to
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Figure 4.7: Convergence curves of the scaling factors using dynamic rescaling
method with n = 3 and € = 0.1. Top row: ¢;; and ¢,,. Bottom row: ¢; and c,,.

a constant value. In the second row, the scaling factors ¢; and ¢, in our self-similar
ansatz (4.7) converge to the value of 1.077 and 2.077 respectively. The estimated
values for ¢; and ¢, not only match the estimated values of the scaling analysis, but
also satisfy the relation ¢, = 1+c¢; approximately. This provides another verification

of the validity of our results.

steady state of —& steady state of —151

1000 1000

Figure 4.8: Steady states of —@; and —;, withn = 3 and & = 0.1.

In Figure 4.8, we show the steady states of —@; and —/;. Despite that the scales
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Figure 4.9: Steady states of the derivatives —@1 ¢, —@1, and =1 ¢, =1 ¢, with
n=3and e =0.1.

for r axis and z axis are quite different in the figures, the steady states of —@; and
—1 seem to depend on z only. In other words, the steady states are also very one-
dimensional. In Figure 4.9, we show the derivatives of the steady states of —®; and
— 1. The &-derivatives, —@ 1,¢ and - 1,¢, are at the magnitude of at most 2.5 X 1077,
much smaller than the magnitude of the /-derivatives, —@;  and —1&1,4, who are at
the scale of 10°. Figure 4.9 gives a strong evidence of the one-dimensional profile in
the self-similar blow-up. In the meanwhile, the highly one-dimensional self-similar
profile we captured also endorses our anisotropic self-similar ansatz we assumed
in (4.7), where the collapsing along the r-axis is much weaker than the collapsing

along the z-axis.

Sensitivity to Initial Data
The potential self-similar blow-up solutions we described above seem to be robust

with the initial data. We perturb the original initial condition (4.6) a lot and design
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the following initial conditions for w:

Lol —6000 cos? (&) sin(27z)
1 1+12.5sin%(nz)

w?’z —6000 cos? (%) sin(2nz) (2 +exp (—r2 sinz(nz))) )

In both cases, the decay as r — 1 is much slower than the original (1 — r?)18. The

second case afl”z also introduces non-tensor-product part of r and z.

&-cross section of —@p at (=1 &-cross section of —; at ( =1
12- 3.2025
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Figure 4.10: Comparison of cross sections of steady states of —@; and —; with
different initial data withn = 3, € = 0.1.

Due to the limited computational resources, we only solve the weak convection
model (4.4) with n = 3 and € = 0.1. For both cases, we first use the adaptive mesh
method to solve the equations (4.4), and then use the solutions in the last iteration
as initial conditions to the dynamic rescaling method. In Figure 4.10, we compare
the cross sections of steady states of @ and 1 in cases 1 and 2 with those of
the original case of initial data. It is interesting to notice that the cross sections
of all three cases have no visible difference. We report that the sup-norm relative
difference of the steady states of @; in (&, ) € [0,200] x [0, 20] among these three

cases is at most 5.4 x 10™°. We also report that the scaling factors ¢; estimated by
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these three methods are all 1.722, agreeing each other by at least 4 digits. The steady
states and scaling factors provide a strong evidence that the potential self-similar

blow-up solution is not sensitive to the choice of the initial condition for w;.

4.3 Influence of the Convection Strength and Dimension on Potential Finite-
Time Blow-Up

In this section, we explore how the convection strength £ and the dimension n

influence the blow-up of the weak convection model (4.4). For each combination

of £ and n in the following, the equations (4.4) are first solved by the adaptive

mesh method close enough to the potential blow-up time, and then we switch to the

dynamic rescaling method to continue the computation in a local region near the

origin (r, z) = (0,0).

] &-cross section of —@0y at ( =1 ¢-cross section of —1y at ¢ =1

L L L ) T N N i
0 50 100 150 200 250 0 50 100 150 200 250

3 3

Figure 4.11: Cross sections in & of steady states of —@ and — with different & in
R3.

In Figure 4.11 and 4.12, we compare the cross sections of steady states with different
convection strength €. We can see from Figure 4.11 that regardless of the convection
strength &, the steady states of —@; and —/; seem to be very one-dimensional. From
Figure 4.12, we see that the larger ¢ is, the wider spread —@; is. This could be
caused by the stronger convection effect on w; with larger . We can also see that
the magnitude of y; grows fast with &, which further implies stronger convection

along the z-axis, because u¢ = (n — 1)y; when & = 0.

In Figure 4.13 and 4.14, we compare the cross sections of steady states in different
dimensions n. Similarly, we still observe that the steady states for both @; and U
are very one-dimensional. In Figure 4.14, we can also see that the steady state of @
becomes slightly more compact, and the magnitude of y/; becomes slightly smaller

as the dimension n increases. There seems to be a non-trivial limit case as n — +oco.
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Figure 4.12: Cross sections in { of steady states of —@ and — with different & in
R3. Top row: on a local window. Bottom row: on a larger window.
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Figure 4.13: Cross sections in & of steady states of —@; and — with different
dimensions n with € = 0.1.

Cl &

n 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
3 10.5000 | 1.072 | 2.742 | 76.61 - - - - -
10 | 0.5000 | 0.7578 | 1.101 | 1.588 | 2.356 | 3.818 | 7.949 | 118.3 -

Table 4.1: The scaling factor ¢; for different choice of n and €.
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Figure 4.14: Cross sections in ¢ of steady states of —@; and —; with different
dimensions n with € = 0.1. Top row: on a local window. Bottom row: on a larger
window.

In Table 4.1, we list the estimated scaling factor ¢; we observed for different com-
binations of (n, €). The empty entries mean that the combination of (n, €) does not
develop finite-time blow-up. The scaling factor ¢; grows fast as &€ approaches the
critical value £* that separates the region between the blow-up and non-blow-up.
As & approaches &%, it seems that ¢; tends to infinity. Based on the data points in
Table 4.1, it is natural to conjecture that * = 1 — % In Section 4.4, we will provide

a heuristic explanation for this critical value.

4.4 A One-Dimensional Model for the Finite-Time Blow-Up

The numerical results in Section 4.2 strongly suggest that the profiles of w; and
can be well approximated by their dependence on z only. Based on this observation,
we assume that

w1 (l", Z) = wl(o’ Z)’
and derive a one-dimensional model for the weak convection model (4.4).

We simply assume 9, = 0 for all quantities in the weak convection model (4.4). We
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slightly abuse the symbols and consider w; and ¢/ as the 1D profile of the original

w1 and ¢ in z. The 1D model of the weak convection model can be written as

wis+en—Dywi,=-(n-2 -8y wi, (4.9a)
VYl = Wi (4.9b)

In fact, the Poisson equation (4.9b) under the given zero Dirichlet boundary condition

has the following closed-form solution:

z/L 1
Wi(z) = L(L - 2) /0 swi(Ls)ds + Lz //L(l — s)wi (Ls)ds,

where L = 1/2 is the domain size in z-axis. The 1D model (4.9) is very easy to

compute numerically, because there is no need to solve the 2D Poisson equation.

Numerical Verification

We run direct numerical simulation to check how well the 1D model (4.9) approx-
imates the original model (4.4). For the 1D model, we use the z-cross section of
the original initial data (4.6) at r = 0 as our initial data. Similarly, we first solve the
1D model (4.9) using the adaptive mesh method, and then use the result in the late
stage to start the dynamic rescaling computation.

1/¢; as a function of e, n = 3 1/¢; as a function of e, n = 10
2 2
——1/¢; from the original model ——1/¢; from the original model
—e—1/¢; from the 1D model —e—1/¢; from the 1D model

0.5 - 0.5 -

1 1 I 1 ) )
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0 0.8

e

Figure 4.15: Comparison of the estimated scaling factor ¢; from the original model
and the 1D model.

We first look at their estimate of the scaling factor ¢;. In Figure 4.15, we compare the
1/c; curve versus . In both cases of n = 3 and n = 10, the curves from the original
model and the 1D model look very close to each other. In Table 4.2, we listed the
estimated c; for different combinations of (n, ). We can see that the difference is

very small when ¢ is small. However, the scaling factors ¢; between our 1D model



68

n=3 00 | 01 | 02 | 03
Clorigimal | 05000 | 1.072 | 2.742 | 76.61
cip | 0.5000 | 1.072 | 2.564 | 52.17

e

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Cloriginal | 0.5000 | 0.7578 | 1.101 | 1.588 | 2.356 | 3.818 | 7.946 | 118.3
ci.ip | 0.5000 | 0.7572 | 1.101 | 1.586 | 2.343 | 3.758 | 7.670 | 74.13

n=10

Table 4.2: The scaling factors ¢; from the original model ¢; original and the 1D model
cy,1p for different combinations of (n, €).

and the original model will become inconsistent when & is approaching its critical

value £*.

Next we compare the steady states of their converged solutions. We consider the
combinations (n, &) = (3,0.1), (3,0.3), (10,0.3), and (10, 0.7), because they cover
the situations when ¢ is small and € is close to £* in both dimensions. We report that
for all cases, the steady state of the original model has very good one-dimensional
structure. Therefore, in Figure 4.16, we show the comparison between {-cross
section of the original model (4.8) and the steady state of our 1D model (4.9). We
notice that there is no visible difference in the steady states of —@; in all cases.
In fact, even for £ € [0, 1000], the steady states of —@; only differ in the relative
sup-norm by 2.4 x 1074, 4.6 x 107*, 4.4 x 107™*, and 3.3 x 107 in four cases
respectively. However, the comparison of the steady states of —/; show that the 1D
model approximates the original model well only when ¢ is small. The profiles of the
steady states of —; differ in relative sup-norm by 1.4 x 1072, 7.2x 1072, 5.6 x 1073
and 6.9 x 1072 in four cases respectively. The difference in the steady states of
—J1 is mainly located in the far field, especially in the cases of (n,&) = (3,0.3)
and (10,0.7). In fact, the difference grows as { increases. An explanation for this
phenomenon is that in the far field, the second-order -derivative —1,/71,4«4« becomes
very small, so the £-derivative terms —/ ¢ — ?&1,5 should not be neglected in the
Poisson equation (4.8b). Therefore, in the far field, (4.9b) needs some correction to

better approximate (4.4b).

As a conclusion, the numerical simulation verifies that the 1D model (4.9) is a good
approximation of the original model (4.4) when & is small. When the parameter
is approaching £*, the /| of the original model is different from the 1D model in the

far field, although the profiles of w; of both models are very close.
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Figure 4.16: Comparison of the 1D steady states of —@; and —; for the 1D model

and the original model.
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A Heuristic Explanation of the Blow-Up
The proposed 1D model (4.9) has a much simpler structure than the original model
(4.4), and this gives hope to derive more explicit explanation of the numerical

phenomenon.

In (4.9), let us introduce v = —y1 ;, the model can be re-written as

wis+en—-NWwi;=(n-2-¢e)hwy,

We then integrate the dynamic equation for w; from 0 to z. Due to the second

equation v, = w1, we have

vi+ten—1) /Zwlwl,z =—-(n-2-¢) /Zglfl,za)l + C(1), (4.10)
0 0

where C is a function of time 7 only.

Now we add e(n — 1) foz Y1.;w to both sides of (4.10). Using the product rule, the
left-hand side of (4.10) becomes,

Vt+8(n_1)/0'(wlwl,z"i"//l,zwl) Vt+8(”_1)/0v(l//1wl)z

vi+e(n— Dyw;

vi+e(n— 1y v,.

And using integration by part, the right-hand side of (4.10) becomes
Z Z
—-(n-2- ns)/ Y101 +C(t) =(n-2 —ne)/ v, + C(t)
0 0

= %(n—2—n.s)/0Z (VZ)Z+C(t)

1
= E(n —2—ne)? +C'().

The constant in the last line is related to the previous constant by C’(¢) = C(¢) —
%(n — 2 — ne)v(0). However, we slightly abuse the symbols and still use C for C’

in the following. So we now have

vi+en— Dy, = %(n—2—n8)v2+C(I). 4.11)
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To fix the constant C (), we notice that ¢| has the zero Dirichlet boundary condition
atboth sides z =0and z = 1/2, so /01/2 v(z)dz =1 (0) —y¢1(1/2) = 01is a constant.
Therefore, we integrate (4.11) from z = 0 to z = 1/2, and we must have that

1/2 1 1/2 5 1
sn=1) [ @@z = 3n=2ne) [ @i+ 300,

Using integration by part again, we have

12

) 12
1 (@va()dz = () |2 - /0 (v (2)dz,

1/2
= / v2(z)dz.
0

Plugging this relation back, we have

0

1/2 1/2
C(t)y=2&e(n-1) Y1(z)v,(z)dz — (n — 2 — ne) / v2(z)dz,
0 0

1/2 1/2
=2e(n-1) /0 v2(z)dz - (n-2-ne) /0 vz(z)dz,

12
=((Bn-2)e—n+2) / v2(z)dz.
0
This gives rise to the following equations for v:
1 12
vi+ten—1yv, = E(n —2-neW? +(Bn-2)e-n+2) / v2(z)dz,
0

(4.12a)
Y. = (4.12b)

’U:—d)LzattZO 1/11&tt=0

0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
z z

Figure 4.17: 1D profile of v = =1 ; and ¢y at t = 0.

In Figure 4.17, we plot the initial state of v and ¢ for the initial data w] we used.

We can see that v achieves its maximum at z = 0, and it is positive near z = 0. The
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negative value of 1 suggests that at # = 0, v is transported towards z = 0. In fact,

w1 = v, satisfies the equation
witem— Do, =-(n-2- e wi.

Since the initial condition (4.6) for w is negative in (0, 1/2) and zero at the bound-
aries z = 0 and z = 1/2, w; will remain negative inside the domain and zero at the
boundaries. The negativity of of w; = v, inside the domain leads to the following

lemma:

Lemma 4.4.1. v(z,t) is always monotonically decreasing in z.

Therefore, the maximum of v will always locate at z = 0. Thus, we let V(z) = v(0, 7).

We first drop the constant term C(7). Because (0) = 0, the convection term

vanishes in the equation for V, so we have
1 2
V,:E(n—2—n8)V . (4.13)

Therefore, if and only if € < 1 — %, V will have a finite-time blow-up near z = 0
at the rate of 1/(T — t), where T is the blow-up time. Since we have w; = v,
we naturally claim a finite-time blow-up at z = 0 for w; when ¢ < 1 — % In
fact, in Section 4.2, the scaling analysis for self-similar ansatz (4.7) implies that
we must have ||v||z~ = |[Y1.|lz= ~ 1/(T —t), which has been verified by our
numerical simulation in Figure 4.6. This exactly agrees with the corollary here that
V~1/(T-1).

In addition, (4.13) suggests that if € > 1 — % V will decay like 1/(¢ + ¢) for some
constant c. In Figure 4.18, we plot 1/||v|| .~ against time # for two no-blow-up cases:
(n,&) = (3,0.4) and (10, 0.9). Surprisingly, the behavior of 1/||v||z~ = 1/|[1 .||z
is quite linear with the time #, which agrees with the prediction from (4.13) fairly

well.

Roughly speaking, if there is a focusing self-similar blowup for v = - ;, we can
easily show that the growth of its L?> norm is much slower than V2 = v(0, 7).
Therefore, the effect of dropping the constant term C(¢) can be neglected. In the

following, we will show this rigorously.

If 22 < ¢ < 1-2 wehave (3n—2)e —n+2 >0, and as a result

1/2
Ct)=(B3n-2)e—n+ 2)/ v2(z)dz > 0.
0
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Figure 4.18: Linear fitting of 1/||y/1 ;|| L~ with time ¢ for the no-blow-up cases.

Therefore we must have :
Vi > E(n -2 —ne)V>,

with n — 2 — ne > 0, which implies that v = —; , will blow-up in finite time.

If0 < e < 3”n'_22, we still have n — 2 — ne > 0, but now C(¢) < 0. We need to

establish a bound for the constant term C(¢).

Let W(t) = v(1/2,1) be the minimum of v at time 7. We first claim that

Lemma 4.4.2. I[f W < 0, then /01/2 vi(z)dz < -1VW.

Proof. From Lemma 4.4.1 we know that v is monotonic decreasing. Since V > 0
and W < 0, we know that there is exactly one zero of v between 0 and 1/2. Let z*

be this zero. We havethat 0 < v < Vforz <z, and 0 > v > W for z > z*.
Since v = -y, and ¥1(0) = ¥1(1/2) = 0, we know that /01/2 vdz = 0. In other

words,

5

‘/OZ v(z)dz:—Ll/zv(z)dz.

Let A = /OZ* v(z)dz, we have that

*

Z
A= / v(z)dz < Vz7".
0

On the other hand,

1/2
A= —/* v(z)dz < -W(1/2 - z").
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So we must have
A <min(VZ*, -W(1/2 - z")).

It is not hard to show that

-VwW
in(Vz*,-W(1/2-7")) = ————,
Z*en(r})e};i/z)mm( z (1/2-2%)) VW)
and therefore, we have A < %

Finally, we have

1/2 z* 1/2
/ v2(z)dz :/ vz(z)dz+/ v2(z)dz
0 0 z*
4 1/2
< V/ v(z)dz + W/ v(z)dz
0 z*

1
= (V= W)A < —5VW,

which finishes the proof. [

The equation for W reads
1 2
W, = E(n —2—ne)W=+C(1).
And therefore,

d 1
" (V+W)= E(n -2 —neg) (V2 +W2) +2C(1).

Since /01/ 2 v(z)dz = 0, and by the monotonicity of v as stated in Lemma 4.4.1, we
must have W(r) = v(1/2,1), as the minimum of v in [0, 1/2], is smaller than zero.

Since W < 0, we use Lemma 4.4.2 to bound the right-hand side of the above
equation. Noticing thatn —2 —ne > 0 and (3n — 2)e —n +2 < 0, we have

1
5(n—2—ns) V2+W2) +2C(1)

(
:1(n—2—ne)(
(

1/2
5 2+W2)+2((3n—2)8—n+2)/ vidz
0

\%4
1
Zi(n—Z—ns) V2+W2)—((3n—2)8—n+2)VW

—s(n—-1) (V2+W2)+%(n—2—(3n—2)s)(V+W)2 > 0.
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And thus we know that % (V+W) > 0. Since at t = 0, we have V(0) + W(0) > 0
(which can also be verified by Figure 4.17). So V(¢) + W(¢) > 0 for ¢t > 0, which
means that V > —W. Together with Lemma 4.4.2, we have that

% ——=VW < -V~
0 YE=T3 2

As a consequence, we always have

1/2 1
C(t):((3n—2)s—n+2)/ vzdz>§((3n—2)8—n+2)Vz.
0

Therefore, we turn back to the governing equation for V, and obtain

1
V, = 5(n —2—ne)V*+C(®1)

1 1
> 5(”-2-”8)V2+5((31’1—2)8—”+2)V2
=s(n— 1)V

Sowhen0 < ¢ < %, V will blow up in finite time.

Lastly, when & = 0, the 1D model (4.12) can be simplified as

1

12
(==(n=-2v"—(n-2 *(2)dz.
w=3=2 = w=2) [

Since W < 0, we have, by Lemma 4.4.2:

d 1
7 VW =50-2) (V2+W2) +2C (1)

12
_ %(n ) (v2 + W2) _2(n-2) /0 v2(2)dz

> %(n—Z) (v2+W2) +(n=2)VW
= %(n—Z) (V+W)2.

Since V(0)+W(0) > 0, V+W will become infinite in finite time, and so will v(0, ),
because v(0,7) =V > V + W. Therefore, we also have a finite-time blow-up for w;

in this case.

We conclude our result in the below:

Theorem 4.4.1. Forany e < 1 — % there exist smooth solutions of our 1D model
(4.9) in R" that form singularity in finite time.
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For the future study, it would be interesting to study the quality of the approximation
to the original model (4.3) by our 1D model (4.9), especially for € close to 1 — % It
is worthwhile to mention that if we could generalize Theorem 4.4.1 to the original
model (4.3), then we notice that as n — +oo, the upper bound 1 — % for & that admits
finite-time blow-up would approach 1, whose case would asymptotically recover the
n-D axisymmetric Euler equations with no swirl. Since in Theorem 4.4.1 we only
use a smooth initial condition for wy, this would give a numerical answer to the
Question 7 of [27] in the infinite-dimensional limit case, where the authors ask if the
n-D axisymmetric Euler equations with no swirl can form singularity in finite-time

from smooth initial data when n > 4.
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Chapter 5

MULTISCALE INVERTIBLE GENERATIVE NETWORKS FOR
HIGH-DIMENSIONAL DISTRIBUTIONS

5.1 Background Review
In this section, we review several important concepts and recent studies in high-

dimensional distribution sampling using deep generative networks.

The Transport Map Approach

The transport map is a deterministic nonlinear transformation that links two proba-
bility measures and their samples, and it has become a very popular approach to the
Bayesian inverse problem recently. Specifically, a map T : R% — R is a transport
map if it pushes forward a reference probability measure y in R% to a probability
measure of interest v in R?, for example, the one defined in (1.6). The push forward

relation, denoted as Tyy = v, means that
v(A) = y(T7'(A)), where T-'(A) := {x e R¥|T(x) € A}, (5.1)

for any Borel measurable set A ¢ R?. It is well-known that when the target
distribution v is non-atomic, there exists a transport map that pushes forward y to

v, see [6, 72, 93]. However, the uniqueness is not guaranteed in general.

Compared to the MCMC-type methods [4, 5, 75, 79, 20] and the SVGD-related
methods [69, 14, 13], the transport map approach is more advantageous in the
efficient sampling process. Given the transport map 7 between the reference measure
v and the target meaure v, and given independent and identically distributed (i.i.d.)
samples {x;};_, from 7y, which is usually chosen as some simple and well-known

distribution like Gaussian, we get i.i.d. samples of v immediately as {7 (xx)}}_,

If d, = d and T is a diffeomorphism (invertible, and both 7" and T-! are differen-
tiable), the density function 7 of 7y is linked with the density function g of v by the

change-of-variable rule. Let J,T be the Jacobian of T with respect to x. We have
q(x) = n(T7'(x))| det L,T ™! (x)]. (5.2)

The existence of such an invertible transport map with Jacobian almost everywhere

with respect to y can be guaranteed by the absolute continuity of reference mea-
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sure y and target measure v when d, = d. For example, the Knothe-Rosenblatt

rearrangement [81, 56] is a special example of such a transport map.

In Bayesian inverse problems, we design a parametric family {7, : 6 € ®} for the
transport map and choose the parameter 6 via variational inference. Essentially,
it seeks the optimizer of a learning objective over the parameter ¢, which usually
measures the approximation of our working distribution Tyyy to the target v such
as in (5.1), and applies some regularization or constraint. For example, in [29],
the transport map is represented by multi-variate polynomials, and the Kullback-
Leibler divergence (which we will denote as the KL divergence for short) is used
to assess the approximation quality. The optimization is further regularized by the
Wasserstein metric, and the transport map is constrained to be a Knothe—Rosenblatt
re-arrangement. In [69], the transport map is a perturbation of the identity map
by elements from a reproducing kernel Hilbert space, and the approximation is
measured by the KL divergence. Other designs also include certain implicit maps
[17, 74]. Sometimes the uniqueness of the optimum is sacrificed because any

transport map satisfying (5.1) is sufficient for sample generation.

Deep Generative Network as a Transport Map

The recent development of deep learning techniques offers an alternative to represent
the transport map. In fact, the deep generative network has already been very
successful in machine learning tasks like natural image synthesis [54, 96], where it
is used to model a transport map from a reference distribution to the distribution of
natural images. The deep generative network has the advantage of large capacity and
that its complexity has weak dimension dependence. It also has flexible scalability,
in that the more computational resources we have, the larger the network we can

use, and better the result we can expect.

As examples of deep generative networks, generative adversarial network (GAN)
[34] and variational autoencoder (VAE) [53] learn a non-invertible transport map,
while flow-based generative models (also called invertible flows) [23, 24, 54] repre-
sent an invertible transport map whose log determinant of Jacobian is also accessible.
The difference in modeling an invertible or non-invertible transport map leads to
different available choices of the learning objective. We would like to point out
that the GAN and the VAE are both originally designed for sample generation in the
natural image synthesis task. The image synthesis task defines the target distribution

by giving a large number of i.i.d. samples from that distribution, but the Bayesian
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inverse problem defines the target by its unnormalized probability density.

One typical flow-based generative model considered here is known as the Glow [54],
which is also originally designed for the image synthesis task. The Glow model

designs an invertible transport map 7" by composition of units of the transport map:
T=TyoTy,o---0T,,

where 7; is a unit of the transport map called invertible blocks. In [54], each
invertible block 7; is a concatenation of three invertible units: actnorm, invertible

1 X 1 convolution, and affine coupling.

Let x and y both be 3D tensors of size 4 X w X ¢, which is the popular format to
store objects of images in original applications of the Glow. In the following, we
will use x and y to show the operations encoded in each invertible unit. We remark
that ¢ is used to denote the color channel dimension, and so is usually assumed to

be a small number.

The actnorm unit essentially performs element-wise shifting and scaling: if y is the

output of x through the actnorm unit, then
Yijk = SkXijk +bp,

fori=1,...,h, j=1,...,wand k = 1,...,c. Here s and b are the parameters
of the actnorm unit, which encode the scaling and shift information. In the reverse

direction, to map from y to x, we have

Xijk = (Vijk = bi)/Sks

as long as elements in b are non-zero. More interestingly, the Jacobian matrix of
the forward map from x to y is diagonal, and therefore the log determinant of the
Jacobian can be given as hw i _, log |sk|. Due to the scaling and shift operation,
the actnorm unit can serve as a normalization to increase numerical stability and

robustness.

The unit of invertible 1 X 1 convolution can be seen as the generalization of the
actnorm unit. It performs linear transformation on the third dimension: if y is the

output of x through the invertible 1 X 1 convolution unit, then

Yij. = Wxiji.,
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fori=1,...,hand j = 1,...,w. Here W is an invertible ¢ X ¢ matrix, and x; ; .,
Yi,j,. are vectors of length c. Due to the fact that the third dimension c is small, the

matrix W is easy to invert, so the inversion from y to x can be given by
=Wy,
Xij: = Yij,:-

Similarly, the Jacobian matrix of the unit of invertible 1 X 1 convolution is block
diagonal with many small-sized blocks, making the log determinant easy to com-
pute: hAwlogdet|W|. The invertible 1 X 1 convolution unit not only scales the
third dimension, but also introduces permutation along the third dimension. The
parameters of the invertible 1 X 1 convolution unit are the ¢ X ¢ matrix W, which in
practice is stored in its PLU decomposition for easy inversion and easy access to its

determinant.

The affine coupling unit is a triangular transform which introduces nonlinearity. We
first split the tensor x into x| and x;, so that dim(x) = dim(x;) + dim(x,). Splitting
can be done by simply cutting the tensor into two parts. For example, we can cut x
along the first dimension and get x; = x1.p, .. and X2 = Xj,41.,.. With some number
1 < hy < h. Then we choose two arbitrary nonlinear maps f and g from the space

of x, to the space of x;, and map

s=f(x2), b=g(x).

Finally, we let
(YDijx = Sijk (X0 jx + bijks Y2 = X2,

fori=1,...,h,j=1,...,wand k = 1,...,c. The output y is the concatenation
of y; and y;, so that dim(y) = dim(y;) + dim(y,). For example, if y; has size
hi XwXc, and y, has size (h— hj) X w X ¢, then we can concatenate y; and y; along
the first dimension to get an & X w X ¢ tensor y. The Jacobian matrix of this affine
coupling unit is a block-triangular matrix, and surprisingly the log determinant of

the Jacobian can be written as

c

h w
2.2, 2102 l(F ()il

i=1 j=1 k=1

Due to the block-triangular structure, we can also map backward from y to x by first

splitting y into y; and y;, then obtaining x; and x; by

(XD jk = ((M),-,,;k - bi,j,k) [Sijk> X2=Y2,
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where s = f(y2), and b = g(y7), and in the end, concatenating x| and x; to recover
x. The parameters of the affine coupling unit only appear in the parametric functions
f and g. The functions f and g introduce nonlinearity to the affine coupling unit.

In practice, the functions f and g are modeled by deep neural networks.

The chain rule allows us to pile up these invertible units together as a transport map
unit 7;, and pile up 7; together as the transport map 7', with its inverse available and
the log determinant of its Jacobian computable. Consequently, the Glow model is a
parametric transport map 7' = Ty, where parameters 6 is the collection of parameters
in the invertible units. Since the map T = Tj is invertible, we can evaluate the

density using (5.2).

The application of deep generative networks to the Bayesian inverse problem is not
new to us. The authors in [48] represented the transport map by non-invertible
generative networks, and the works in [80, 2, 59, 57] used invertible networks. As
shown by (5.2), the invertibility of the map enables the evaluation of density, which
in turn allows more effective learning objectives. The works in [80, 2, 59] used
learning objectives like the maximum mean discrepancy, or the KL divergence, while
the training presented in [57] resembles a GAN. Algorithms in [80, 57] can face
potential difficulties in scaling up for high-dimensional problems. Also, due to the
tricky non-convex optimization problem and the property of the learning objective,
the approaches in both invertible [2, 59] and non-invertible [48] generative networks
could encounter some challenges such as mode collapse as the dimension grows.
Our proposed method is different from them both in the network architecture and
in the training strategy, and targets at the high-dimensional cases of the Bayesian

inverse problem.

5.2 Low-Dimensional Structure in the Posterior Distribution

We propose the Multiscale Invertible Generative Network, which we denote as
MSIGN for short. The MsIGN makes use of the low-dimensional structure in the
posterior distribution and generates samples via the transport map approach. In this
section, we discuss the low-dimensional structure in the posterior distribution that

motivates our method.

The target Bayesian posterior v essentially re-factorizes the prior u with respect
to the likelihood £. As implied by (1.6), the Radon-Nikodym derivative g—;(x)
is proportional to the likelihood function £(x;y). Roughly speaking, due to the

limited number of observations or measurements, which is usually small compared
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to the problem dimension (s < d), the difference between the high-dimensional
posterior v and the prior u most likely lies in a low-dimensional subspace. We
refer to [86, 98] for detailed discussion about this low-dimensional difference.
Since the prior y is usually tractable and easy to sample from, we attack the high-
dimensional challenge by exploring the low-dimensional structure in the likelihood,
and sequentially approximating the high-dimensional posterior by low-dimensional

surrogates.

Surrogate Distribution for the Posterior

A typical and common case of such low-dimensional approximation to the Bayesian
posterior arises when the hidden system states x € R? represent the parameterization
of some spatial or temporal quantities. An example of such quantity can be the
permeability field as a variable of space position in the Darcy flow, or the reaction
rate as a variable of time in chemical kinetics. For such spatial or temporal x, it is
very common that spatial or temporal variation of x comes from some multiscale
structure from coarse (a low-dimensional version of x) to fine (the original x). In
other words, the concept of resolution or scale naturally arises in x. To build
the low-dimensional approximation, we first introduce a deterministic upscaling
operator A : RY — R¥% such that x. = A(x) links the original fine-scale x € R? to
its coarse-scale version x, € R%. Since the coarse-scale variable is always lower-
dimensional, we have d. < d. The upscaling operator A can either be a linear
operator that averages the value of x in individual regions, like the average pooling
operator, or be a nonlinear operator that homogenizes the fine-scale variation of x,
like methods in [28, 1, 8]. Despite unavoidable inaccuracy due to the information
loss, the coarse-scale version x, should still preserve the ability to give informative
prediction of system observables. The corresponding forward map based on the

coarse-scale x. is denoted by 7 : R — R,

We say a Bayesian inverse problem has the multiscale property, if the original fine-
scale forward map ¥ in (1.1) can be well approximated by the coarse-scale forward

map (5.6) associated with the upscaled coarse-scale variable by ‘A:
Fe(A(x)) ~ F(x), forxeR? (5.3)

To quantitatively define the multiscale property, we introduce the definitions and

assumptions

Assumption 5.2.1. Assume that the forward map ¥ has a finite bound with respect
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to the prior,

Co = / |F (x)||Z0(x)dx < +o0, (5.4)

and assume the approximation of (5.3) satisfies
i = [ 1700 - T AR p () < +oo. (5.5)

Using the above notations, the multiscale property of a Bayesian inverse problem is

characterized by the quantity 0 4.

A popular example of a multiscale Bayesian inverse problem is, for example, in sys-
tems like elliptic equations with multiscale coefficients, numerical homogenization
provides a very good approximation using coarse-scale features, see [28, 1, 8]. The
approximation (5.3) then essentially characterizes the low-dimensional structure in
the likelihood function £. A similar idea has also been exploited in other approaches

to the Bayesian inverse problem, including [98, 7, 14, 13].

Similar to (1.4), we can define a coarse-scale likelihood function:
1 2
Lo(xery) =exp | =5lly = Fexo) 12 (5.6)

The approximation (5.3) motivates us to define a surrogate posterior distribution v

by S—Z (x) o« L.(A(x);y) such that ¥ is close to the target posterior v. The probability

density g of ¥ for x € R¢ is given by
- 1
4(x) = Zp () Le(A); 3), (5.7

where the normalizing constant Z is given by

Z(y) = / p(x) Le(Ax): y)d.

Roughtly speaking, since F.(A(x)) = F(x), we expect L. (A(x);y) =~ L(x;y),
and therefore we have

1 1
4(x) = Zp(X) L(AX); y) » =p(x) Lx; y) = %q(X)- (5.8)

In [98], authors used a similar low-rank approximation of the target distribution as
our v in (5.8), whereas they focused on a linear upscaling operator (A, and targeted

at searching for an optimal low-rank approximation. The surrogate distribution v
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in our framework, however, is designed as an intermediate step to capture the target
distribution v. We will build a transport map to bridge the difference between v and

v as in Algorithm 1.

We recall that the definition of the Jeffreys divergence [50] between two distributions

q and ¢ is given by

Dy(qllg) := Dxr(qllg) + Dxr(Gllq), (5.9)
where Dxy is the Kullback-Leibler divergence, which is given by

q(x)
log q(X)] '

Dxi(qlld) = Brey [log 4()

| Dx1(Gllq) = Ex~g

In fact, the approximation of the surrogate g to the posterior ¢ can be characterized
by the following theorem, inspired by [14]:

Theorem 5.2.1. Assume that Assumption 5.2.1 holds, and further assume that
04 is smaller than some constant 6o = 8o(y, Co, Z), which only depends on the
observation data vy, the forward map bound in the prior Cy, and the normalizing
constant Z. Then the Jeffreys divergence between g in (1.6) and § in (5.8) is bounded
by

Dy(qllg) < C55°. (5.10)
Here the constant C = C(y, Cy, Z) only depends on y, Cy, and Z.
Proof. Let I(x) := |log L(x;y) —log L.(A(x);y)|, we have

20(x) = [lly = F @) = lly = Fe(A) I
= |2y - F(x) = Fo(A))) T7H(F (x) = Fo(AW)))] -

Using the Cauchy-Schwarz inequality and the triangular inequality, we have
21(x) < ClIylir + 1F (x) = F (A e + 21 F () Ir) x [[F(x) = Fe(AX))Ir.
Therefore, we proceed to bound the integral f I(x)p(x)dx as
[ 1wpeoas <l [ 176 - AW epias
+5 [ 1P W - F@AW) R pa 6.1

+/ IF e 17 (x) = Fe (A)) Irp(x)dx.
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On the other hand, the weighted integral Cauchy-Schwarz inequality gives
[ 1700 = Feaen oo < a1y

Here we recall that 64 = f |7 (x) - ﬁ(ﬂ(x))”l?:p(x)dx. We also recall that
Co = f IIT(x)ll%p(x)dx, so we also have

JIF @7 @ - @A lrpeas < 651

Thus the bound (5.11) can be given explicitly

12 1202 1 12 1) e
/ I(x)p(x)dx < [lyllroy” +Cy*6 +§6ﬂ:(||y||r+c0/ + 305 | o

Now for the KL divergence Dky (¢||G), we have

N Lsy)Z \1 .
Drtald) = [ 1oe L2 ) S Lipar

_ 1 L(x;y) _ Z
= / log (m) L(x;y)p(x)dx + log 7

Since 0 < L(x;y) = exp(—%Hy - T(x)ll%) < 1, we can go further by

Dutald) <5 [ 10g( L(3y)

Le(Ax)3y)
:%/I(x)p(x)dx+log§

Z
1 —
)‘p(X)dx +log >

1 12 Loap) ap Z
< 2 (||y||r+C0 +§6ﬂ 63{ +10gz.

For the other KL divergence Dky (§||q), similarly we have

. 1 1 z
Diw(dlla) < > (||y||r +C 55;{2) o +log>.

Putting these estimates together, we have

- - - I 1 1
Di(q1d) = Drc(allg) + Dxw (dllq) < (E + z) (llyllr +C 56;42) 65

(5.12)

Finally, we deal with the constant terms. We observe that

|Z—Z|=‘ / L6 y)p()dx - / zzcm(x);y)p(x)dx‘
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< / 1L(x;y) = L(AW): ) |p(x)dx.

Noticing that |e* —e”| < |x—y|forx,y < 0,and log L(x;y) = —%lly—?'(x)lll% <0,
log L.(A(x);y) = —%lly - ﬁ(ﬂ(x))ll% < 0. Thus, we further obtain

Z - 7] < / log £(x;¥) = log Lo (A(x): y)|p(x)dx = / 1(x)p(x)d

12 1ap).ae
S(||y||r+C0/ +55j{)5y{.

This bound suggests that there exists 6o = do(y, Co, Z) which only depends on y, Cy
and Z, such that if 6 5 < &g, then |Z — Z| < Z/2. Therefore, the bound (5.12) can
be simplified to

- 1 1 1
Di(qllq) < (— + —) (||Y||r +C) e 55;{2) 512

zn" z
=2 (”)’”r +C 4 %5;(2) o’
LetC = % (||y||r + Cé/z + %6é/2), which only depends on Z, Cy and y. We conclude
that when 6.4 < &g, Dy(ql|q) < C(Si,f. H

Scale Decoupling

When x follows the prior u, the distribution of x. = A(x) is u. = Ayu, which is
the push-forward of u by A. Let p. be the density function of Ayu, the conditional
probability rule gives that p(x|A(x)) = p(x)/p(A(x)). So we conclude

p(x) = pe(Ax)) p(x[A(x)). (5.13)

We interpret (5.13) as a recovery game for sample generation. To sample x from p,
one can first sample its coarse-scale version A (x) from p., and then recover missing
fine-scale details while preserving the coarse-scale structure by sampling from the

conditional distribution p(x|A(x)).
With the coarse-scale prior u. and the coarse-scale likelihood £, in (5.6), we define

a coarse-scale posterior v, by %(xc) oc L.(x¢;y), whose density function is

1
ge(xe) = mpc(xc)ﬁc(xc;)’)- (5.14)

where the constant is given by

Zc(y):/pc(xc)Lc(XCQ)’)dxc-
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An important observation is that the coarse-scale posterior (5.14) and the surrogate

posterior in (5.8) can be bridged by our conditional prior (5.13):

%Pc(ﬂ(x))p(ﬂﬂ()c))l:c(ﬂ(x);)’)
(5.15)

= %P(xlﬂ(X))qc(ﬂ(X)) oc p(x|A(x)) g (A(x)).

G(x) = %puwc(ﬂ(x);y) -

The scale decoupling of the surrogate distribution in (5.15) can be used to construct
samples from the target posterior v as summarized in Algorithm 1. Since it as-
sumes the capture of the coarse-scale distribution v, Algorithm 1 only serves as a

conceptual guideline of our strategy.

Algorithm 1 An Ideal Sampling Algorithm
Output: Sample x from the target distribution v

: Sample x. from the coarse-scale distribution v,.

: Sample X from the prior conditional distribution p (X|A(X) = x.).
: Learn a transport map F that pushes forward v to v.

: Obtain sample x from the target distribution v by x = F(X).

AW N~

As a remark, in step 2, X ideally will follow the surrogate distribution v. Since
Theorem 5.2.1 implies that ¥ is not far away from v, there exists a transport map
F that is close to the identity map. We introduce the details of the learning of the
transport map F in Sections 5.3 and 5.4.

Comparison with the Low-Dimensional Structure in Other Works
In [78], the authors proposed a similar formulation as (5.15). In their setting,
a likelihood function has the multiscale structure, if there exists a coarse-scale

random variable y of dimension d,. with d. < d and a likelihood £, such that

L(x,y:y) = L(y5y). (5.16)

Here L(x,7y;y) is the joint likelihood of (x,7y) given the observation y. Then the
Jjoint posterior distribution of the fine- and coarse-scale parameters (x,y) can be

decoupled as
9(x.7) < p N Ly ) L p(x.y) Le(y:y)
@ pxly)p(y)L:(ysy) @ p(x|¥)gc:(y), (5.17)

with normalizing constants omitted in the equivalence relations. Here, we use

the definition of multiscale structure (5.16) in [78] in (i). For (ii) we apply the
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conditional probability rule p(x,y) = p(x|y)p(y). In (iii), the authors in [78]
defined the posterior in the coarse scale as g.(y) := p(y) L. (v;y).

There are two important differences in these two definitions. First of all, our coarse-
scale parameter x. is a deterministic function of the fine-scale parameter x, while
in [78], ¥ is a random variable that may contain extra randomness outside x (as
demonstrated in numerical examples in [78]). This difference in definition results in
significant difference in modeling: our invertible model has d-dimensional random
noise z as input to approximate the target posterior g(x), while models in [78]
have (d + d.)-dimensional random noise as input to approximate the joint-posterior
q(x,7y). Another consequence is that users need to define the joint prior p(x,y) in

[78], while in our definition the prior of x. is naturally induced by the prior of x.

Secondly, our multiscale structure (5.8) is an approximate relation and we use
an invertible flow in our MsIGN to model this approximation, while in [78] the
multiscale structure (5.17) is an exact relation and authors treat the prior-upsampled
solution p(x|y)q.(y), which is in the right-hand side of (5.17), as the final solution.
Our approximate multiscale relation and further treatment by the invertible flow
enable us to apply the method recursively in a multiscale fashion, while in [78] the
proposed method is essentially a two-scale method and there is not further correction

based on the prior-upsampled solution p(x|y)g.(y) at the fine-scale.

Finally, the invertible model in [78] consists of multivariate polynomials, which
suffer from the exponential growth of polynomial coefficients as dimension grows.
In our work, the invertible model is deep generative networks, whose parameter

dimension has a weak dependence on the problem dimension.

We also observe that [86, 14, 13] seek a best low-rank approximation of the posterior,
and treat the approximation as the final solution with no extra modification. As we
will see in Section 5.5, the true posterior could still be far away from the prior-

upsampled solution, especially in the first few coarse scales.

In addition, while in [2], flow-based generative models are also used to approximate
the distribution of inverse problems, their definition of posterior is not equivalent to
ours, as they assume no error in measurement (1.1). Furthermore, as their training
strategy looks to capture the target distribution while simultaneously learning the
forward map ¥, they mainly focus on low-dimensional Bayesian inverse problems,

in contrast with our high-dimensional setting here.
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5.3 Network Architecture of Multiscale Invertible Generative Networks

To carry out the ideal step 1 of Algorithm 1, we apply the above procedure recursively
until the dimension of the coarsest scale is small enough so that the corresponding
coarsest-scale posterior v, can be easily sampled by a standard method. To elaborate
this hierarchical divide-and-conquer strategy, we introduce the following rule of
notations to distinguish between scales: let L be the number of scales, and for
1 <1< L,letx; € R% be the quantity of interest at scale /, and A; : R4 — RY-1 be
the upscaling operator connecting scale [ and [ — 1: x;—; = A;(x;). The final scale
x7, coincides with our original target x, and the dimension goes up as [/ increases:
di<dy)<...<dp=d.

At the final scale L, x; inherits the original prior distribution y; = u, whose density
is pr = p, likelihood function £; (xz;y) = L(x;y) and the posterior distribution
vy = v, whose density is g = ¢, as defined in (1.4) and (1.6). At scale /,
1 <1< L -1, the forward map 7;(x;) : R¥% — R* is a coarse-scale approximation
of the next scale: F;( A1 (x41)) = Fr+1(x141), analog to (5.3). Following (5.14),
we define the posterior v; at scale [ by S—Z oc L;(x7;y), whose density is

qi(x;) = o1(x) Li(x;y), (5.18)

1
Zi(y)
with

Zi(y) = / pi(xr) Li(xp; y)dx;.
Here p; is the density of the prior distribution y; at scale /, which is defined as:

Hi = Apergpier = (A 0 -+ - 0 Ap)y pr. And L (xg; y) is the likelihood at scale [:

1
Lixizy) = exp (—5||y - ﬁ(xnn%) .

In an analogous manner, the surrogate distribution v; is an approximation to v; for

2 <[ < L. Tts density g, is given by

Gi(x) = Ziy)pz(xz)zzl_l(ﬂz(x»;y), (5.19)

with
Zl()’):/Pl(xl)-El—l(ﬂl(xl)Z)’)dxl-

Following (5.15), ¥; is closely connected to the last-scale posterior v;_; by a prior

conditional distribution:

Gi(xp) oc pg (x| A (x1))q1-1 (A (x1)).
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Using the notations above, a conceptually workable modification of Algorithm 1

can be summarized in Algorithm 2.

Algorithm 2 The Hierarchical Sampling Strategy of the MsIGN
Output: Sample x = x; from the target distribution v = v,

1: Sample x; from the coarsest-scale distribution v; by a standard method.
2: for!/ < 2to Ldo

3: Sample X; from the conditional distribution p; (X;|A; (%;) = x;-1).

4: Learn a transport map F; that pushes forward v; to v;.

5: Obtain sample x; from the distribution v; by x; = F;(X;).

6: end for

Sampling from the Coarsest-Scale Distribution

In the step 1 of Algorithm 2, we learn a transport map Fj that pushes forward
v1, the di-dimensional standard Gaussian distribution, to v;. Because the problem
dimension d; can be chosen to be very small, many standard methods of transport

maps can be applied here, like [80, 48, 57].

Sampling from the Conditional Distribution

In the step 3 of Algorithm 2, the prior conditional distribution (5.13) only depends on
the original prior y; = p and Ay, [ <1’ < L, which are all known in advance to the
observation y. Therefore, we can compute a transport map PC; : R4-1 x Ré~di-1
R% named as prior conditional map, such that a sample ¥, € R% from the prior
conditional distribution p; (%;|A;(X;) = x;—1) can be generated by ¥; = PC;(x;—1, 1),
where z; € R4~4-1 follows vi1, the (d; — d;—1)-dimensional standard Gaussian
distribution. And x;_; € R% is the sample from the last scale posterior g;.
Again, we remark that the sample %; generated in this way will follow the surrogate

distribution v;.

Since the prior conditional map PC; only depends on the prior distribution p; and
upscaling operator Ay, it can be pre-computed before giving the observation y,
and will be fixed afterwards. The existence of the map PC; is guaranteed by the

following theorem.

Theorem 5.3.1. If there is a map B; : R4 — RU~4-1 sych that the map C; : R4 —
R4 given by
Ai(x)

Gl = Bi(x)

b
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is a diffeomorphism, then there exists a bijective transport map S; : R4 — R4,
such that Sy = -1 ® yi, and Py o S = A, where Py : R — R-1 g the

linear projector to the first d;—y dimension.

Our prior conditional map PC; can then be taken as PC; = Sl_l. Specifically, X; and

X[—1,%]-1 ave one-to-one correspondence under vy. us
h t pond der S;. Th
(S (i1, 1) |z € RUT-1Y = (%) | AN (%) = x1-1 ),

which means the one-to-one correspondence between {(x;_1,z;)|z; € R%~%-1} and

the conditional set {%;|A;(X;) = x;-1 } under §;. Since z; ~ y; and

S (-1 ®y1) =
Sl‘1 (x7-1, z7) should follow the conditional distribution p;(%;|A; (%) = x;-1).

We give a constructional proof of Theorem 5.3.1 below:

Proof. Consider the new distribution fi; = Cjyu;. Since the first d;—; dimensions of
Cris A, and py-1 = Apypy by definition, we know that the marginal distribution
of fi; in the first d;—; dimension is exactly p;—1. Let (4;);, (-1 ® y1); be their

marginal distributions in the first i dimensions. We have (f;),4,_, = p-1.

Now we consider constructing a triangular map R; : R% — R% that pushes forward
[ to (-1 ®7y;. Our construction mimics the way to construct the K-R rearrangement
[82,93]. We start by setting R; 4, , = idy, , to be the d;_-dimensional identity map.
We have R; 4,4 (A1)4,_, = (11-1 ® ¥1),4,_, because both sides are y;-;.

Our construction works recursively. Suppose we have R;; : R® — R’ that pushes
forward (f1;); to (u;—1 ® y;); fori > d;—;. Since fi;, u;—1 ® y; are non-atomic, we

can find a non-decreasing map Iél,m - Ri*!1 — R such that for any fixed x1, ..., x;,

Rijrr(xts o oxis g ((0)jer (At X, -0 x0) = (i1 @ Y1)ir (Xt X1, -0 o0 X0).

Specifically, let Fiy1 (X415 X1, .. .,X;) be the cumulative density function of the 1D
distribution (£i7);, (dxis1|x1, ..., %), Giy1(Xi+1; X1, . - ., X;) be the cumulative den-
sity function of the 1D distribution (y;—1 ® y;);4 (dxit1]x1, . . ., X;), so they are both
monotonically increasing because we assume all distributions here are absolutely

continuous to the Lebesgue measure. We could simply set

5 .
Ry (X1, X Xie1) = Fimn (X3 X1, -, X) 7 Gipn (Xig13 X1, -, XG).
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This construction also ensures that R; ;41 (X1, . .., X;, Xi+1) is monotonically increas-

ing in x;41. Therefore, setting Ry ;41 : R+ — R™*! as

Rijvi(X1, .. xi, Xie1) = | 4
Ryt (X1, ooy X1y Xi1)

Rii(x1,....x:) ]

we can verify that R; ;14 (A1);11 = (-1 ® 1) 41, as in Section 2.3 of [82].

This recursive construction for d;—; < i < d; finally gives us a lower-triangular
bijective map R; : R% — R4 such that Rygfi; = pi-1 ® yi, and Pjy o Ry = Py,

because R; 4, , =1idy, ;.
Finally we consider S; = R; o C;. On the one hand, we have

Swpi = (Ry o Cg i = Ryg (Crgptr) = Ryghls = pai—1 © 1,
and on the other hand, when we apply the linear projector P;_;, we get

Pi_108S=Pi10(RoC)=(Pi-1oR)oC=Pi_1oCr = A

By construction, S is a bijective, and from [82], given the regularity of y; and y;_1,
the constructed R; is a diffeomorphism and so is S;. Finally we remark that the

uniqueness of S; is not necessarily guaranteed. 0

Itis interesting to notice that in the special case of linear upscaling operator A; (x;) =
Apx; with A; € R4-1%d1 and the Gaussian prior y; = N(0,%;), there is a closed

form formula for the map PC;.

Theorem 5.3.2. For linear upscaling operator A;(x;) = A;x; with a matrix A; €
R4=1%41 that has full row rank, and a Gaussian prior u; = N (0, X;) with X; symmetric

positive definite, the transport map PC; can be chosen as

%1 = PCi(xi-1,21) = Um1xi-1 + Vizy, (5.20)
where Uj_1 = ZIAIT(AIZIAZT)_l, V, € Réx(di=di-1) g any matrix satisfying

ViVl =% - AT (AZA]) T AZ,

and the existence of V; is guaranteed. Furthermore, PC; defined here is a bijective

between X; and (x;-1, z7).
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Theorem 5.3.2 is very helpful in pre-computing the map PC; in the popular cases
of a Gaussian prior. The transport map PC; is called the prior conditioning layer in

our MsIGN framework.

To prove Theorem 5.3.2, we first notice that since A; € R4 (d,_; < d;), we
can always find a matrix B; € R(i=di-0)xd; - gych that AlBlT = 0. We now state the

following lemma, called the partition of unity.

Lemma 5.3.1. Since A; € R4-1%di B, ¢ Rldi=di-)xd; AIBIT = 0 and the covariance
matrix X; is symmetric positive definite, we have the following decomposition of the
identity matrix 1;, € R4 ;

1
2 (5.21)

1 1 _1
I, =37 A] (A% A]) AR +3, 2Bl (B2 'B] ) ' B2
Proof. Consider the following matrix Q; € R%>4;
1 _1
Q = [22AT (A AT 22 BT(BiE ' BT) 7).

We claim that €; is an orthonormal matrix because

14 *
T -
Ql Ql = ITI ] = Idl9

as * = (AZZZAIT)_%AIBIT(BIZZ_IBZT)_% = 0 due to the assumption AIBIT =0.
Therefore, €; is a d; X d; orthonormal matrix, and QZQZT = I4,, which means

| 1
(AIZA])2A L}

Coof - [l T\-1 s1pT(py-1pT)-4
Iy = Q€ = [ZIZAZ (AZiAp)™ %, "By (BiX; B))™ (BJZ_IBT)_%BIE_
l l !

Bl—=

-1
2

1 1 _1
= X2A] (A% A]) AR + 3 2B (B B]) T BIE 2.

Finally, we prove Theorem 5.3.2.

Proof. First we notice that A;U;—; = 14, , and A;V; = 0, so A;X; = x;—1. Fol-
lowing Theorem 5.3.1 and the remark in Section 5.2, we now only need to prove
that PCyy (u;—1 ® y;) = p; to show that ¥, = PC;(x;-1, z;) follows the conditional
distribution p; (%;|A;(X;) = x;—1) for a fixed x;_; and z; ~ y;.
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Since the map P(; is linear, and x;_1, z; are independent Gaussians, both sides of
(5.13) are Gaussian distributions. It remains to check that their moments match

each other, which translates to
Y = U AZA UL+ ViV (5.22)

Here A;X;A] is the covariance matrix for xj_; = A%

Recalling the definitions of V; and U;_; in Theorem 5.3.2, we have VIVIT =2 -
SAT (A AT AZ and Uisl AilZATUT | = SAT (AZA]) 7 AZ. So (5.22)
holds and the first part is proved. We are left to show the existence of V; and the
invertibility of PC;.

Let 3-1 = ViV = %, - AT (A/£,AT) " A/%;. We notice that

D=

1 1 1
S =% - Z (AZAD AT = 57 (g, - S A (A A]) AR | 22

Using the partition of unity in Lemma 5.3.1, we have

L 1 1 1
Si-1=X7% 2B (B 'B]) !B, 222 = B (B, 'B] ) ' By.

Therefore, the existence of V; € R4*(di=di-1) guch that Xp-1 = VIVIT is guaranteed,
because taking any orthonormal matrix P; € R(~d-)x(di=di-1) " the construction
V= BZT(BIZZ_IBIT)_%PI satisfies the requirement.

To show the invertibility of PCy, let X, = PC;(x;_1, z;) = Uj_1xx_; + V;z;. We claim

that the inversion can be given by
- - Sl ey
Xj-1 = AjX;, and z = PIT(BZZZ IB{) ZBIZI lxl,

where P; is the orthonormal matrix such that V; = BIT(BZZI‘IBIT)‘%PI. To see this,

we compute, under the above claim,
_ L s
Ui_ixi21 +Vizg = U1 Aixp + V[PZT(BIZI 1BIT) 2B2, lxl
= (U1 A1+ V,PT(BZ ' BT 1 Bi5 D).
We will show U;_1A; + V,PIT(BIZI‘IBlT)‘%BZEI‘1 = I, to complete the proof.

Since Up_ = S AT(AZAT)™" and V; = BT (B,%;'BY) 2 P;, we have Ui_1A; =
= AT (A= AT) " Ay and V,PT (B2 ' BT) 3 B=; ! = BT (B;%'BT) ™' BT} . So we
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proceed to obtain

_ _1 _
Ui-1A; + VP (B ' B)) 2B/x; !
=X AT (AZA)) A + B (B ' B]) T BiY

D=
D=

L L 1 -1 - -
=22 |22 A (AZA]) ' AZ] + 2B (B 'B)) ' BT, 2| 5,

1 1
=321,%, 7 = I

g

Here in the last line we invoked the partition of unity in Lemma 5.3.1. [

Sampling from the Transport Map

In the step 4 of Algorithm 2, due to the resemblance between ¥; and v; as shown by
Theorem 5.2.1, the transport map F; that modifies X; ~ ¥; to x; ~ v; can be seen as
a perturbation of the identity map. Therefore, we stack multiple invertible blocks
of the Glow [54] introduced in Section 5.1 as the invertible flow Fj, and initialize
it to be an identity map in R%, which is quite different from [54]. Specifically,
for every invertible block in Fj, the parameters s and b in the actnorm unit will be
initialized as the all-one vector and all-zero vector respectively. In the invertible
1 X 1 convolution unit, the matrix W is initialized as the identity matrix. And in the
affine coupling unit, we initialize the parameterized map f and g such that f returns

a constant all-one tensor, and g returns a constant all-zero tensor.

Overall Architecture

We conclude the network architecture for the pipeline described in Algorithm 2 in
Figure 5.1. The network architecture is also formally written in Table 5.1. We recall
that for 1 <[/ < L, y; is the (d; — d;—1)-dimensional standard Gaussian distribution,

assuming dy = 0, and z; is a sample to ;.

scale \ distribution perspective sample perspective
[=1 ‘ Figyr=n x1 = Fi(z1)

2<i<L PCy (1 ®vi-1) =i % = PCi(xi-1,21)
Fvi = v x; = Fi (%))

Table 5.1: The multiscale strategy of the MsIGN to approximate v = v; and generate
a sample x; from it.

Let 7; = F; o PC; for | > 2 and T} = F; be the transport map at scale [ = 1. The

hierarchical sampling strategy in Algorithm 2 can now be formulated as learning 7;
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Multiscale Invertible Generative Networks (MsIGNs)

Scale [=1 =2 =3 I=L
| I I |
I I 2 I 5 ! [
| I I |
L ....................... T R . T
| 1 ; 1 |
B 1] = ! o ' R
i | I 5 1' s . _’I e
| it | . | it
| I I |
| I I |
| | | - | | - -
| I I |
| l | \ -y -y | - -
| =~ I ~ I | ~
X1 X2 X X3 X3 | XL X,
Resolution ~ 2x2 4x4 4x4 8x8 8x38 2k x ok 2bx ok
I Gaussian Noises Invertible Flow I Prior Conditioning

Figure 5.1: A diagram of the network architecture of the MsIGN.

such that
Tyyr=vi, Ty(yi®vi1)=v, 2<I<L. (5.23)

The overall transport map represented by the MsIGN can then be written as 7' =
T; o---oTj, where T; : R — R is the extension of 7Tj : R4 — R% to the
full dimensions by the direct product with the identity map for the dimensions not

considered by 7;. Settingy =y, ® --- ® y2 ® y1, we have Tyy = v[.

5.4 Training Strategy of Multiscale Invertible Generative Networks

The MsIGN adopts the variational inference approach to learn the network parame-
ters. To avoid abuse of notations, we omit the scale indicator (subscript / in Section
5.3) when there is no ambiguity, since the whole pipeline in Algorithm 2 is pro-
cessed scale by scale. We use ¢ as the density function of the target distribution,
which can be any v; for 1 <[ < L. And similarly we use py as the density function
of the working distribution, which is Fyyy, when! = 1, or Fj3v,;-; when ! > 2. Here
0 denotes the network parameter of the invertible flow Fj, and belongs to a proper

set ©. Variational inference learns the parameter 6 by solving the optimization

inD (py, 5.24
min (po>q) (5.24)

for some hand-picked discrepancy D.

We remark that the prior conditional layer PC does not need training. With the
existence guaranteed by Theorem 5.3.1, we can learn PC offline as it only depends

on our choice of the prior u and upscaling operator A. Particularly, for linear
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upscaling operator A and Gaussian prior y, it has a closed form according to
Theorem 5.3.2.

Choice of Learning Objective

Multiple choices of the discrepancy D are available here for the training of the
MsSIGN, since the invertibility allows the density evaluation of pg by (5.2). In the
literature of Bayesian inverse problems, the Kullback-Leibler (KL) divergence is
easy to compute and has been widely used as the learning objective in variational
inference. However, its landscape could admit local minima that don’t favor the
optimization. The authors in [76] suggest that minimizing the KL divergence

Dx1.(pollg) = Ex~p, [log pq"(g)] is zero-forcing, meaning that it mostly enforces

that pg is small whenever ¢ is small, because when py is large and ¢ is small, both

pPo(x)
q(x)
value. But when py is small and ¢ is large, Dy (pg||lg) can still be small, as we have

the density pg and the weight log are significant, resulting in a large objective
little weight py in this area. As a consequence, Dk (pgl|g) primarily penalizes pg
in the less important region of g. However, the case of mode missing, where py is
small but g is large, can still be a local minimum. Therefore, we turn to the Jeffreys

divergence [50] which is a symmetrization of the KL divergence:

Dj(pollg) = Dxr(pellg) + DxrL(qllpe)

x
=Ex~py [log IZ]H((x)) +E,~y [log

q(x) ] (5.25)
po(x) ]’

We use a toy example of a 1D Gaussian mixture model to illustrate this observation.
Given o > 0, let g be the density of a Gaussian mixture model with parameter

u = (uy, up) unknown but fixed:

1
q(x) = 5 (N(x;m,cfz) +N(x;uz,<72)) : (5.26)

Here N (x; i, 02) is the density function of a Gaussian distribution N (u, 0?). Our
working distribution admits a density p that is also a 1D Gaussian mixture model

with parameter 6 = (61, 6,) to be determined:
1
Po®) = 5 (N(x:01,0%) + N33 02,0%)) (5:27)

Setting 1 = —pp = 1.5, and o = 0.25, we plot the landscapes of the KL divergences
Dx1.(pollg) and Dky(¢||pe), and the Jeffreys divergence Dj(pgl|q) as functions of
6 in Figure 5.2. We mark the global minima (ground-truth) by golden crosses, and

other local minima by green crosses. Notice the difference of scale as shown by



99

the color bar. We can see that Dy (pgllg) admits two undesired local minima as
compared to Dj(pgllq). This suggests that using the KL divergence Dy (pgllq) as
the learning objective here can lead to a mode collapse, while the Jeffreys divergence

Dj(pgllq) can capture both modes correctly.

Landscape of Dy (q|lpe)

Landscape of Dk, (pslq)
T e ™ e ™

Figure 5.2: Landscapes of the KL divergences and Jeffreys divergence between pg
and g.

We also mention here that the other single-sided KL divergence Dy (¢||pg) alone
could lead to undesired local minima. Similar to what we discussed above, if py cap-

tures all modes in g but also contains some extra modes, described as “zero-avoiding”

in [76], we could also observe a small value of Dk1.(¢||pg) = Ex~q [log pqe(g) ] , which
can be a potential local minimum of the objective landscape. Therefore, we choose

the Jeffreys divergence as a robust learning objective to capture multi-modes.

Multi-Stage Optimization

Estimating the Jeffreys divergence in (5.9) requires computing the expectation

Exg [log pq;ég)], where the distribution is the target g. Thus it is usually pro-

hibitively expensive. Since the MsIGN constructs a good approximation § to g,
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as in (5.8), we do importance sampling for the g-expectation part in the Jeffreys

divergence. Therefore, we can use the Monte Carlo method to estimate

90 |, 400 ]
i Epe |

po(x)
q(x)

Moreover, we can estimate the derivatives of the Jeffreys divergence to parameters
6 by

Djy(peallq) =Ex~p, [log +Eyvg [ (5.28)

0

%DJ(‘DHH(]) :Ex~pg

(1 +1log Pe(x)) 010gpe(X)] B [q(X) ﬁlogpe(X)] ‘

q(x) 06 T G(x) 00
(5.29)

Here in (5.29) we use the identity E,,, [0 log pg(x)] = 0 as limjy|—+c00 po(x) = 0.
We remark that due to the limited number d, of observations in (1.1), g and §
are both equivalent to p. As a result, g is equivalent to ¢ and the validity of the
importance sampling is guaranteed. We also remark that the normalizing constant
Z of g in (1.6) is usually unknown, so we can only evaluate Zg(x) as a whole.
Fortunately, (5.28) and (5.29) are invariant to such multiplicative constant since we

have

po(x) ax) - g(x)
¢ ] + B [c](X) to Pe(x)]
5o o2 51

Dy(pollg) = Baepy [1

5.30
a0 Zq(x) 30

*a [é(x) %8 o)

Here we do not need to worry about the multiplicative constant in the importance

weight ¢(x)/g(x) since it can be eliminated by importance sampling with self-
normalization weights. Similarly, (5.29) is also invariant to the normalizing constant
Z.

Finally we solve the optimization (5.24) by stochastic gradient descent. Optimization

strategies for Dy(pg||g) are summarized in Algorithm 3.

As shown by Algorithm 2, the multiscale strategy in the sample generation process
of the MsIGN enables a coarse-to-fine multi-stage training, which also benefits our
importance sampling strategy of the Jeffreys divergence. At stage [ of Algorithm
2, we target at capturing ¢;, and only train invertible flows before or at this scale:
Fp,I” < 1. (5.8) implies that g; can be well approximated by the surrogate g;, which
is the conditional upsampling from g;—; as in (5.15). So we use §; to initialize
our model by setting Fj-,I” < [ as the trained model at stage / — 1 and setting

F; as the identity map. To initialize the multi-stage training at scale [ = 1, the
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Algorithm 3 Optimization of the Jeffreys divergence
Input: Unnormalized density g of v, density ¢ of ¥, sample size N, learning

rate 77, initializer 6y, number of iterations M

Output: Optimizer 6 for (5.24) with D being the Jeffreys divergence

: fort —0toM —1do

Sample {x;}, i.id. from pg,, sample {x’ };V:l i.i.d. from g

3: Evaluate p? = pg, (x}), g7 = q(x}), p;. = pgt(x}), q;. = q(x;.), and c]}
q“(x;.) fori,j=1,...,N

4: Compute the self-normalized importance weight w;. = W; /W', for j
I,...,N, where W = ¢/;/q; and W’ = PO W

5: Obtain g7 = Jlog pg,(x)/d6; and g;. = 8logp9,(x;.)/80, by the back
propagation of the MsIGN fori,j =1,...,N

6: Estimate the gradient G, of the Jeffreys divergence (5.29) by

o =

M=

N
1 N €\ % 1 ’ 7
Gt:ﬁ (1+logpi—10g‘]i)gi_ﬁzwjgj
j=1

i=1

Update the parameter by 6,1 = 6; — nG;
7: end for

Jeffreys divergence Dj(pyl|lq) is directly estimated by the Monte Carlo method
with samples from distribution py and g. The py samples come from the model
itself and the g samples come from a pretrained MCMC chain, or other standard
methods. We remark that at / = 1, the problem dimension is very low (in our
example the dimension d| = 4), so it should be easy for standard methods to capture
q1- Numerical experiments demonstrate that such multi-stage strategy significantly
stabilizes the training process and improves the performance. The overall training

strategy at one scale is summarized in Algorithm 4.

5.5 Numerical Experiment on the Bayesian Inverse Problem

In this section, we present numerical experiments on two high-dimensional Bayesian
inverse problems. To make the high-dimensional inference more challenging, we
design the target distributions to have at least two equally important modes. In one
of the problems called the synthetic Bayesian inverse problem, true samples to the
target distribution are available. In another problem named the elliptic Bayesian
inverse problem, true samples are not available but the problem is close to real-
world applications in the subsurface flow study. We also report the ablation study
of the MsIGN in Section 5.6 on these two Bayesian inverse problems, where we

compare the performance of different network architectures and training methods to
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Algorithm 4 Training Process of the MsIGN at Stage /
Input: Well trained Fj/, I’ < [ and pre-computed PCy, I’ < [
Output: Well trained F;

1: if / = 1 then

Sample from the coarsest-scale g by standard methods

3: Learn F; by solving mingeg Dj(pgllg1) by stochastic gradient descent, the
gradient is estimated by the Monte Carlo method

4: else

5: Initialize F; as an identity map to model the working distribution pg, together
with layers trained from last stage: Fy, I’ <[, and PCp,,l" <1

Duplicate Fy, I’ <l and PCp,l’ < [ to model the surrogate §;

7: Learn F; by solving mingeg Dj(pgllq;) by stochastic gradient descent as in
Algorithm 3 with the help of the surrogate g;

8: end if

»

demonstrate the effectiveness of our proposed strategy.

General Settings

In our numerical examples of two high-dimensional Bayesian inverse problems,
the target posterior v is a distribution of discretized 2D field on the unit square
Q = [0, 1]* which can be seen as a vector of 64 x 64 = 4096 dimension. For both
examples, we place a centered Gaussian with a Laplacian-type covariance as the

prior:
w=N (O,ﬁz(—A)‘l_“) , (5.31)

which is very common in geophysics and electric tomography. Here the covariance
operator admits zero Dirichlet boundary condition. The likelihoods will be specified
individually for each problem. As illustrated by Algorithm 2, we plan to learn the
4096-dimensional posterior v = vy at the end of L = 6 scales, and set problem
dimension at each scale as d; = 2! x 2! = 4!, Since we are interested in the
inference of a 2D field, it is natural to set the pooling operator A as the local average
operator. Specifically, on the discretized field, A gives the local average in every

non-overlapping 2 X 2 patch, and reduces the dimension by 4.

We equip our target distribution v with multimodality by designing a symmetric
distribution with carefully-chosen parameters. Combining properties of the prior u
defined above and the likelihood £ defined afterwards, the posterior is designed to

be mirror-symmetric:

q(x) =q(x'), ifx(sy,s2) =x"(s1,1 - s7) for every (s1,s2) € Q. (5.32)
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We carefully select the prior and the likelihood so that our posterior g has at least
two modes, which will be demonstrated for both problems. The two modes are

mirror-symmetric to each other and possess equal importance.

We benchmark our MsIGN from some state-of-the-art approaches in the litera-
ture: the Hamilton Monte Carlo (HMC) [75], the Stein variational gradient descent
(SVGD) [69], the projected Stein variational gradient descent (pSVGD) [13], and the
amortized Stein variational gradient descent (A-SVGD) [31]. The HMC is a typical
MCMC approach that is empirically successful in high-dimensional problems. The
SVGD is a recent particle-based method that moves particles along the gradient
of the Kullback-Leibler divergence with respect to the target distribution. And the
pSVGD further applies adaptive dimensional reduction in the process of the SVGD.
The A-SVGD is another deep generative network approach that trains the network
by the gradient signal in the SVGD. We use the Glow model [54] for the network
architecture in the A-SVGD, which is proven to be very successful in other sample
generation tasks, like image synthesis. The number of parameters of the network
for the A-SVGD is guaranteed to be comparable to that for the MsIGN, so that the

A-SVGD can serve as a fair benchmark in deep generative network approaches.

We measure the computational cost by the number of forward simulations, because
simulating the forward map # in (1.1) contributes to most of the training time,
especially for the elliptic Bayesian inverse problem (more than 75% of the wall
clock time). For each method, we budget the same number of forward simulations

to generate the same number of target samples for fair comparison.

More parameter settings of network architecture and training strategy can be found

in Appendix B.

The Synthetic Bayesian Inverse Problem

The synthetic Bayesian inverse problem allows access to ground-truth samples of
the target distribution v so the comparison is clear and solid. The prior u is set as
(5.31) with @ = 0.1, g = 2.0. As for the likelihood, the forward map is given by

2
F(x) = (g.x)? = ( /Q sD(S)X(S)dS) ,

with ¢(s) = sin(zsy)sin(2zsy) for s = (s1,52) € Q. We remark that due to
the symmetry ¢(s1,s2) = ¢(1 — s1,52), we have F(x) = F(x) if x(s1,52) =
x'(s1,1 = sp) for (s1,52) € Q. Therefore, the likelihood is guaranteed to be mirror

symmetric. The ground-truth for x is x (s, s2) = sin(7sy) sin(27s;), see Figure 5.3.
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We generate the observed data y by (1.1) with € ~ N(0,0.04). The computation

budget in the number of forward simulations is fixed at 8 x 10° for generating 2500

samples in every computation.

o the ground-truth x o the mirror symmetry of x

0.8 0.8

0.6 0.6
&' 0.5 0.00 &' 0.5
0.4 1 0.4 1

0.21 0.21

Figure 5.3: The ground-truth x and its mirror symmetry. The dashed line is the
symmetry axis.

With the prior and likelihood designed above, our posterior at all scales can be

factorized into one-dimensional sub-distributions, namely
d;
q1(x) = [ | qa(win.x)),  for1<i<e,
k=1

for some orthonormal basis {wl,k}‘,f’: ;- In fact, w; x can be taken as the first few 2D
Fourier basis functions, because they are the eigenvectors of the covariance matrix
of the prior (5.31), and the measurement function ¢ is one of their members. This
property gives us access to true samples via the inversion cumulative function sam-
pling along each direction wy. In fact, all these 1D sub-distributions are unimodal
Gaussians except that there is one with two symmetric modes. This double-modal
sub-distribution is the marginal distribution g . along direction w;, = ¢. This

confirms our construction of two equally important modes.

For each method, we estimate a quantity of interest Q using the Monte Carlo
method with generated samples. We run each method for multiple times, and obtain
estimates Oy, k = 1, ..., K. To assess the distribution approximation, we consider
the root mean square error of the estimation, which is defined as

1 K
— > 10 - 0«l>.
)
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We may generalize this definition for vector or tensor Q, with now the absolute value
| - | replaced by the Frobenius norm. We report the root mean square errors of each
method for the following quantity of interest in Figure 5.4: the sub-distributional
mean, which is a vector in R% with entries E [(wl,k,x>] for k =1,...,d; at scale
1, the sub-distributional standard deviation, which is a vector in R with entries
Sd [(wl,k,x)] for k = 1,...,d; at scale [, and the sub-distributional correlation,
which is a d; X d; matrix with entries Corr [(wl,k,x>, <w1,kr,x>] fork, k' =1,...,d,
at scale /. To better compare between different scales, these root mean square errors
are divided by their dimensions. The bar range in Figure 5.4 indicates the variation

of the error estimates in 5 independent runs.

We observe that the MsIGN is more accurate among other methods in distribution
approximation, especially at finer scale when the problem dimension is high. We also
remark that the pSVGD achieves a very good result because the target distribution
is intrinsically low-rank. In Table 5.2, we report the Jeffreys divergence between
the target distribution g and the distributions py captured by the A-SVGD and our
MsIGN, since they both allow density evaluation of py. We can see that the MsIGN

has superior accuracy in distribution approximation, especially in high-dimensional

problems.

Scale Dimension | MsIGN A-SVGD

I=1 d=22=4 (3.00 £ 0.07) x 107! (8.59 +5.45) x 107!
=2 d=4>=16 | (4.85+0.28)x 107! (2.87 +£0.21) x 10*°
=3 d=8=64 | (849+0.87)x 107" (9.21 +£0.29) x 10*°
=4 d; =162 =256 | (2.74+0.13) x 10"  (3.90 + 0.67) x 10*!
I=5 d;=322=1024 | (1.34+0.04) x 107! (4.26 + 0.49) x 10*?
1=6 d; =642 =4096 | (5.89 +0.17) x 10" (3.62 +0.36) x 10*3

Table 5.2: Distribution approximation errors by Jeffreys divergence. The values in
the parenthesis indicate the fluctuation in 5 independent runs.

To visualize the mode capture, we plot the marginal distributions along the critical
direction w; ., from which we expect to observe double-modality by our construction.
The marginal distribution is reconstructed by the kernel density estimation from 2500
generated samples for each method. As our MsIGN works by sequentially capturing
q; for [ from 1 to 6, we show the mode capture results at each scale in Figure 5.5.
We can see that as the dimension increases, the A-SVGD and the SVGD become
less robust in mode capture and eventually collapse to a single mode. Moreover,

the HMC becomes imbalanced between modes, and the marginal distribution of the
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pSVGD is a bit biased for [ = 6. In contrast, our MsIGN successfully captures

these two modes and its marginal distribution is the best among these methods when
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compared with the ground-truth.

marginal distributions, scale /=1 marginal distributions, scale | =2
—— ground-truth A-SVGD —— ground-truth A-SVGD
121 —— MsIGN SVGD 124 —— MsIGN SVGD
—— HMC —— pSVGD —— HMC —— pSVGD
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Figure 5.5: Comparison of the marginal distributions along the critical direction
wy . for the synthetic Bayesian inverse problem at all scales [ = 1,...,6.

.0

We remark that since our MsIGN is a transport map approach, the generated samples
are naturally independent. The sample correlation trouble that could potentially
occur to the MCMC-type or the SVGD-related methods does not appear in our
approach.

The Elliptic Bayesian Inverse Problem

The elliptic Bayesian inverse problem originates from geophysics and fluid dy-
namics. It is known to be very challenging due to its high-dimensionality and its
complicated forward map #. The prior yu is set as (5.31) with @ = 0.5, 5 = 2.0.
The forward map is given by linear measurement of the solution to an elliptic partial



108

differential equation (PDE) associated with x. We define

F) = | fyer(ous)ds fyeaous)ds ... freissuls)ds| B,
(5.33)

where ¢ (s),1 < k < 15, are measurement functions, and u(s) is the solution of

the following elliptic PDE with zero Dirichlet boundary condition
_v. (ex@w(s)) = f(s), seQ. (5.34)

The measurement functions ¢, are designed to be the characteristic functions of
certain regions. As shown in Figure 5.6, for 1 < k < 10, ¢y is the characteristic
function of two red squares that are mirror-symmetric to each other. For 11 < k <
15, ¢y is the characteristic function of one red square that is mirror-symmetric to

itself. The force term f, also shown in Figure 5.6, is chosen as

#(s) = 200 togs-sifp 4 100 —rops-poip _ 30 p-tos-pi _ 30 -t0ps-le.

T T T s

where f; = (0.25,0.3), f> = (0.25,0.7), f3 = (0.7,0.3), fa = (0.7,0.3), and || - ||
is the Euclidean norm in R?. The force term is also mirror symmetric along the s,
direction. We assume the error ¢ in (1.1) follows N (0, (0.02)?1;5) and generate our
observational data y using the same ground-truth of x shown in Figure 5.3. We set
a budget of 5 x 10° number of forward simulations on our computation cost. We
remark that the PDE (5.34) is always solved by the finite element method with fixed
mesh size 1/64, regardless of the resolution of x.

tlhoe measurement functions ¢, the froce term f
: 1.0
HE B B B =&
1 2 3 4 5
0.8 0.8
HE B B B B~
6 7 8 9 10 i
061 061
11 12 13 14 15 i
Sos i — i & 0.5
0.4 4 044
6 7 8 9 10 i
HE EHE B B B~
0.2 0.2 1
1 2 3 4 5
HE B B B B~
0.0 : . . . 0.0
00 02 04 06 08 10 0.0

S1

Figure 5.6: The measurement functions ¢, kK = 1,2, ..., 15, and the force term f
for the elliptic Bayesian inverse problem. The dashed lines are the symmetry axes.
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Figure 5.7: The two intrinsically different MAP points x* and x**, and the sliced
landscape between x* and x™**.

In the problem design, the trick of imposing symmetry condition (5.32) guarantees
at least two equally important modes in the posterior. One evidence of the existence
of two equally important modes is from the Maximum-A-Posterior (MAP) search.
We use the gradient descent method from randomly generated points to search for

the MAP point. In other words, we solve the optimization
arg max log g (x).
X

Two intrinsically different MAP points x* and x** are identified from numerical
computation with the same log ¢ value in Figure 5.7. We see that the two MAP points
x* and x™ are mirror symmetric to each other. We also plot the sliced landscape of
log g between x* and x** in Figure 5.7, which is the curve of log ¢ (%x* + %x**)
against . We can clearly see a double-modal feature of the landscape, suggesting
that these two MAP points are highly possible to be representatives from two different

modes.
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Due to the lack of ground-truth samples, we first compare sample means obtained
by different methods. In Figure 5.8 we plot the mean estimates of different methods
using 2500 samples. They all look similar and mirror-symmetric along the s;-
direction. The comparison of sample means indirectly suggests the effective target

posterior approximation of our MsIGN.

sample means from different methods
HMC A-SVGD SVGD pSVGD o2

0.0 T T T T T T T T T T T T T T T T T T T T
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Figure 5.8: The means of the samples generated from different methods.
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Figure 5.9: Visualization of samples from each method by dimension reduction.

Since the posterior is designed to have at least two mirror symmetric modes with
equal importance, we examine the multiple modes capture of different methods. We
report the K-means clustering result of 2500 generated samples and means of each
cluster in Figure 5.9. In the first row, we embed the high-dimensional samples to a
2D plane by the Principle Component Analysis (PCA) method, and mark the cluster
result by the K-means algorithm using colors of red and blue. We can see that
samples of the MsIGN and the HMC capture two well-separated modes in the target

posterior distribution, but the others fail. Moreover, the HMC captures two modes
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but is less balanced than the MsIGN and shows an undesired sample correlation. In
the second and third rows, we show the means of each cluster. It is interesting to
see that two cluster means from all methods are approximately mirror-symmetric to
each other. Meanwhile, the means from the MsIGN agree with the HMC. This result
also supports that the MsIGN captures double modes of the posterior distribution.
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Figure 5.10: Comparison of the marginal distributions along the critical direction
wy . for the elliptic Bayesian inverse problem at all scales [ = 1,...,6.

We also check the marginal distributions of the posterior along eigenvectors of
the prior covariance matrix, and pick a particular one, which is the eigenvector
corresponding to sin(zsy) sin(27s;), to demonstrate that we can capture double
modes. The choice of this eigenvector is because the ground-truth of x, as shown
in Figure 5.3, is exactly sin(zsy)sin(2xs;). Therefore, it is highly likely that

the two modes of the posterior are very close to the ground-truth of x and its
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mirror-symmetry, so along this direction the marginal distribution is likely to be
double-modal. Furthermore, we observe that some of the tested methods can stably
capture multiple modes in the marginal distribution along this direction. We show
the mode capture results for all scales / = 1,...,6 in Figure 5.10. All methods
except the MsIGN and the HMC failed in detecting all modes, and could even get
stuck in the middle. The HMC has acceptable performance, but still suffers from
imbalanced modes at some scales. We remark that when [/ = 1, the HMC also fails
to capture both modes. This phenomenon might be caused by the aliasing effect.
Very rough resolution at this scale pushes the prior to penalize the smoothness too
much, and also adds the sensitivity of the likelihood function. Therefore, there is a
larger log density gap between modes in the posterior ¢g; than other scales, which

adds up to the difficulty of multiple modes capture.

5.6 Ablation Study on the Bayesian Inverse Problem

Our MsIGN algorithm introduces new network architecture, as in Section 5.3, and
new training strategy, as in Section 5.4. To better under the mechanism of the
mode capture ability of the MsIGN and the interplay between network architecture
and training strategy, we run extensive experiments with different combinations of
choices of network architecture and training strategy. For this purpose, we plot the
critical sample marginal distribution along w; . to verify the mode capture, as we
did in Figure 5.10 in Section 5.5.

For the network architecture, we replace the prior conditioning layer by two direct

alternatives:

* the split and squeeze layer in the original design of the Glow [54],

* a stochastic nearest-neighbor upsampling layer, which is the prior condition-
ing layer if assuming the prior is a standard Gaussian distribution whose

covariance matrix is an identity matrix.

In the first case, our MsIGN model essentially recovers the Glow. However, for the
Glow model, we cannot use the Jeffreys divergence as the objective, because it is
infeasible to estimate Dy (g||pg). Instead, we use the KL divergence Dky (psllq)
as the objective, as in the original design of the Glow [54]. In the second case, the
stochastic nearest-neighbor upsampling layer ignores the prior information when it
upscales the samples. We call the model in this case as the MsIGN-SNN.
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Figure 5.11: Comparison of the marginal distributions at the finest scale (/ = 6) of
models with different network architectures.

Figure 5.11 shows that the prior conditioning layer design is crucial to the perfor-
mance of the MsIGN on both problems, because neither the MsSIGN-SNN nor the
Glow has a successful mode capture.

As for the training strategy, we study the effectiveness of the Jeffreys divergence
objective and multi-stage training. For the choice of objective function, we try

replacing the Jeffreys divergence by:

* the Kullback-Leibler (KL) divergence, which is defined as

p(x)
LTS

b

D (pll) = Exey [10

* the kernelized Stein (KS) discrepancy, which is defined as

KSD(p,q) = Ex,y~p [5q,p(x)Tk(xay)5q,p(x)] >

for some positive kernel k, where 6, ,(x) = Vlog g(x) — Vlog p(x), see [68].

For the choice of training manner, in addition to the default multi-stage training, we

also consider:

* the single-stage training that directly trains our model on the fine-scale prob-

lem.

In other words, the single-stage training does not go from the coarse-scale prob-
lem to the fine-scale problem. We remark that the single-stage training using the

Jeffreys divergence is infeasible because of the difficulty to estimate Dgy (¢||pg) in
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the Jeffreys divergence (5.9). We combine different objective choices with differ-
ent training manner choices, and obtain new methods named the MsIGN-KL, the
MsIGN-KL-S, the MsIGN-KS, and the MsIGN-KS-S. For example, the MsIGN-KL
trains our MsIGN using the KL divergence as the objective in a multi-stage manner,
while the MsIGN-KL-S uses the KL. divergence as the objective in a single-stage
manner. Similarly, the MsSIGN-KS, and the MsIGN-KS-S are two methods using the
kernelized Stein discrepancy as the objective in multi-stage manner and single-stage
manner, respectively.
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Figure 5.12: Comparison of the marginal distributions at the finest scale (/ = 6) of
models with different training strategy.

Figure 5.12 shows that all models trained in the single-stage manner (the MsIGN-
KL-S, the MsIGN-AS-S) face serious mode collapse. Furthermore, our multi-stage
training strategy can benefit the training of other objectives, because the MsIGN-KL
and the MSIGN-AS are much better than the MsIGN-KL-S and the MsIGN-AS-S
respectively. The Jeffreys divergence objective, as used in the MsIGN, leads to more
balanced samples in both modes, especially for the complicated elliptic Bayesian

inverse problem.
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5.7 Multiscale Invertible Generative Networks for the Image Synthesis Task

In this section, we turn to the image synthesis task. When we adopt the same
network architecture from the Multiscale Invertible Generative Network (MsSIGN)
described in Section 5.3, there is no known prior distributions p for images, and the
density function of the target distribution g is also unknown. In fact, information of

the image distribution ¢ is given by its samples {x; l{il.

Modification to the Network Architecture

Despite the absence of the prior distribution for images, it is still reasonable to think
that the image distribution g has some multiscale structure. Roughly speaking,
images of different resolutions usually convey the same set of information to human
eyes, but only with different details. For example, let the deterministic upscaling
operator A be the local average operator that downsamples an image from resolution
d % d to resolution d/2 x d /2. In Figure 5.13, we show a 128 x 128 sample image
from the data set CelebA, and the downsampled images after recursively applying
A. We can see that as resolution goes down, details in the image is gradually lost,

but we could still recognize a human face in the images.

Figure 5.13: One 128 x 128 sample image from CelebA data set, and its lower
resolution versions in 64 x 64, 32 x 32 and 16 x 16, from left to right.

Thus, we recall the definition of the surrogate distribution (5.7) and the scale de-

coupling relation (5.15):

g(x) < p(x[A(x))ge(A(x)) = g(x). (5.35)

Here g is the surrogate distribution, (A is the local average operator, and ¢, is the
target distribution at the coarser resolution. In Bayesian inverse problems, (5.35)

holds true because we assume the likelihood has some multiscale structure.

In the image synthesis task, ¢ and g. are taken as the distributions of images in
fine and low resolutions. We should still expect (5.35) to hold true because the low

resolution image A (x) has already outlined objects in the original image x. In other
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words, A(x) is already very close to the original image x, with only details in pixel
level needed to recover. Here we consider p as the distribution that approximates
the pixel-level recovery of x from A(x), and we will use a Gaussian distribution
to model p. We remark that we do not need to find the optimal p, because the
difference between the surrogate ¢ and the target g will be corrected by a transport

map, as in step 3 of Algorithm 1.

Similar to Algorithm 2, we apply the relation (5.35) recursively until the resolution
of image is small enough, so that the coarest-scale image distribution can be easily
captured by standard methods. In other words, we still use the settings and notations
in Section 5.3. Let L be the number of scales, and for 1 < [ < L, let x; € R% be
the image at scale /, and A; : R% — R%-! be the upscaling operator connecting
scale [ and [ — 1: x;—1 = A;(x;). For the target distribution ¢; at scale [, although
we cannot define it via density as in (5.18), it can be defined as the distribution of
downsampled image data x; at scale / from the data set. The final scale x;, has the
same resolution as the target image x, and the dimension and resolution increase as

[ decreases: dy <dr < ...<dp=d.

To construct the prior conditional layer PC; at scale [ , we assume a simple Gaussian
prior p; = N(0,%;) with an isotropic covariance matrix for natural images, i.e,
2= O'lzldl for some o; > 0. Then we determine o7 from the data set and construct

our prior conditioning layer by Theorem 5.3.2.

To determine the prior standard deviation o; and construct the prior conditional layer
PC;, we notice that the upscaling operator used here is the local average operator
A; € R4 which gives average on every non-overlapping local 2 x 2 patch. In

other words, A;x; is the Frobenius inner product of

11
I 1

and the local 2 x 2 patch of x;. Therefore, the orthogonal completion B; €

R(@=di-1)Xdi of the matrix A; on this local 2 X 2 patch can be equivalent to

H S

We properly choose a normalized version of A; and By, so that [AZT BIT] is an

orthonormal matrix. The orthonormality gives that AITAI + BITBI =1g4.
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Now using Theorem 5.3.2, we can find an explicit form for X;;_1, [ > 2:

X1 =2 — ZlAf(AlzlAlT)_lAlZl = O'IZIdl - UfA{(A[Af)_lAI

2 24T 2T
Therefore, we can choose V; = 0By, such that X;;_; = VIVIT.

Now we are only left to estimate the scalar o for each [ > 2. We estimate oy

according to Theorem 5.3.2:
xi = Upaxi-1 + Vi = Uimixg-r + 0Bz, 20~ N(0, Lgy-ay,), (5.36)

where x;, x;—1 are the natural images at the resolution d; X d; and d;_1 X d;—1. Here
Uj-1 by definition is Uj_y = A7 (A;ZA]) ™! = 07 Al (07 A4;A]) ™" = AT Plugging
it back to (5.36), we have x; = A]x;_j + 0yB] z;. Now multiplying both sides with
B, noticing that BlBlT =I4—q, , and BZAIT = 0, we obtain

Bix; = oz;.

Now we estimate 0; by moment matching of both sides. The covariance of the
right-hand side is simply alzld,_d,_l, because we assume z; ~ N(0,14-4,,). The
covariance of the left-hand side can be estimated from the data set using the Monte
Carlo method, because B; is known, and x; is the natural image at resolution d;. For
example, we use 10000 randomly sampled images from each data set and we report
our estimates of oy in Table 5.3. The estimate of o7 is quite robust with the random

images chosen from the data set.

data set ‘ MNIST CIFAR-10 CelebA 64 ImageNet32 ImageNet 64

fop} 0.67 0.48 0.22 0.32 0.28
03 — 0.46 0.30 0.42 0.36

Table 5.3: Estimates of oy for different data sets and scale /.

Modification to the Training Strategy
Since there is no density function for image distribution ¢, we modify our training
strategy for the MsSIGN for the image synthesis task. We do not use the Jeffreys

divergence Dj(q||pe) here because we are not given the density of target distribution
po(x) ]

g to evaluate the KL divergence Dk (psllg) = Ex~p, [log 20

The learning objective is now set as the KL divergence Dk (¢||pg), and we search

for the optimal network parameter # € ® that minimizes the KL divergence. We
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remark that this is essentially the maximal likelihood estimation, i.e,

max By [log po(x)],

where py is the distribution modeled by the MsIGN. The expected value with
respect to image distribution g can be estimated by the Monte Carlo method using
the samples of g from the data set. We still maintain the hierarchical sampling and

multi-stage training strategy as in Algorithms 2 and 4.

5.8 Numerical Experiment on the Image Synthesis Task

We test our model on various data sets, for example, the MNIST, a 28 X 28-resolution
grey-scale handwriting digit data set of 60000 images, the CIFAR-10, a 32 x 32-
resolution color image data set of 60000 images in 10 selected classes, the CelebA
64, a 64 X 64-resolution color celebrity face data set of more than 2 x 10° images, the
ImageNet 32 and the ImageNet 64, 32 x 32-resolution and 64 X 64-resolution color
image data sets of more than 1 x 10° images in 1000 object classes respectively.
We remark that due to the presence of color channels (“RGB” format), the problem
dimension is, for example, d = 3 X 64 x 64 = 12288 for the data set CelebA 64 and
ImageNet 64. Parameter settings of network architecture and training strategy of
the MsIGN can be found in Appendix B.

We report the bits-per-dimension (BPD) value, which is a shifted and scaled version

of the KL divergence:

BPD 1= B, [log po()] = & (Dke.(gllpo) ~ Euvy llogg(x)]).

Because E, -, [log g(x)] is a constant that only depends on the target distribution ¢,
a small BPD value means better approximation quality of p to the target distribution
q. We compare the BPD value of our MsIGN with our baseline models of flow-
based generative networks in Table 5.4. Our MsIGN is superior in the BPD value
among the baseline models in almost every data set. Moreover, the MsIGN is more
efficient in terms of parameter size: for example, in the experiments shown in Table
5.4, the MsIGN uses 24.4% fewer parameters than the Glow for the CelebA 64 data
set, and uses 37.4% fewer parameters than the Residual Flow for the ImageNet 64

data set.

In Figure 5.14 and Figure 5.15, we show synthesized images from the MsIGN after
training on the MNIST data set or the CelebA data set. The synthesized images in
Figure 5.14 look like real human handwriting digits. And the synthesized human
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Model ‘ MNIST CIFAR-10 CelebA 64 ImageNet32 ImageNet 64
Real NVP [24] 1.06 3.49 3.02 4.28 3.98
Glow [54] 1.05 3.35 2.20* 4.09 3.81

FFJORD [35] 0.99 3.40 - - -

Flow++ [38] - 3.29 - - -

i-ResNet [3] 1.05 3.45 - - —
Residual Flow [15] | 0.97 3.28 - 4.01 3.76
MSsIGN \ 0.93 3.28 2.15 4.03 3.73

Table 5.4: Comparison of the bits-per-dimension value with baseline models of flow-
based generative networks. *: Score obtained by our own reproducing experiment.
—: Score not reported.

Figure 5.14: Synthesized hand writing digits from the MsIGN after training on the
MNIST data set.

faces in Figure 5.15 are hard to distinguish from real human faces without careful
watching. It shows good performance of the MsIGN in capturing the data set

distribution and synthesizing natural images.

In Figure 5.16, we show linear interpolation of real images from the CelebA in the
latent feature space. In each row, the images at both ends, denoted as x; and x,, are
randomly chosen from the data set. Recall that T = Ty is the invertible transport map
represented by the MsIGN, where 6 is the network parameter. We do interpolation
in the latent space between the latent representation z; = 7! (x1)and zp = 71 (x2)
of x; and x; respectively, and plot images T'(1z; + (1 — A)z2) in the intermediate
columns with 4 = 1/8,2/8,...,7/8. In each row, the interpolated images in the
middle look like human faces with shared features of the faces at both ends. The

latent space seems to be semantically meaningful, which implies that the MsIGN
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Figure 5.15: Synthesized human faces from the MsIGN after training on the CelebA
data set.

Figure 5.16: Linear interpolation of real images in latent space. In each row, images
from left to right correspond to 4 =0, 1/8,...,7/8, 1.

captures the data manifold well.

We visualize snapshots at internal checkpoints when the MsIGN maps Gaussian
noises to images in Figure 5.17. As Table 5.1 shows, the MSIGN generates a image
in the following way: first we generate Gaussian noises 21, ..., 7z, then we have
x1 = F1(z1), and recursively do

X1 =PCi(x;-1,21), x;=Fi(x;), for2<Il<L.
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Here PC; is the prior conditioning layer, and F; is the invertible flow at scale /. The
output x;, at the final scale is the image generated. The invertible flow F; is a stack

of multiple invertible blocks introduced in Section 5.1. In other words,

Fi=fiiofrio--0 fur,

where f;;, 7 = 1,...,n are the invertible blocks, and n is the number of invertible
blocks. To visualize this process, from top to bottom in Figure 5.17, we plot four

snapshots at each scale [:

X; from the surrogate distribution §;,

the intermediate state when X; go through 1/3 of the invertible blocks in Fj,

the intermediate state when X; go through 2/3 of the invertible blocks in Fj,

x; from the target distribution g;.

Notice that at [ = 1, X1 1s not defined, but we can use z; instead. Therefore, in each
column of Figure 5.17, we plot 4 X L = 4 x4 = 16 images. It demonstrates how the
MSsIGN maps Gaussian noises at the top of the column to the images at the bottom

of the column.

The first five columns in Figure 5.17 show how the MsIGN maps the latent repre-
sentation to the image randomly chosen from the data set. The last five columns in
Figure 5.17 shows how new images are synthesized from Gaussian noises. From
top to bottom we can observe how Gaussian noise is transformed into a human
face, and how it grows from a low-resolution one (32 x 32) to a high-resolution one
(128 x 128). It demonstrates excellent interpretability of internal neurons of the
MsIGN, which to the best of our knowledge has not been reported for flow-based
generative models before.

5.9 Future Study and Discussion

The Multiscale Invertible Generative Network (MsIGN) and its associated train-
ing algorithms make use of the low-dimensional structure to approximate high-
dimensional distributions. The hierarchical structure and the multi-stage training
strategy benefit the approximation of high-dimensional distributions and help avoid
mode collapse. We demonstrate the potential of the MsIGN in the high-dimensional
problems like the Bayesian inference problem and the image synthesis task, leaving

several interesting topics to follow up.
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Due to the constraint from the convolution kernel in the invertible flow, in order to
apply the MsIGN to the Bayesian inverse problem, the physical space needs to be
discretized as a uniform grid. Besides, the ratio between two adjacent scales needs
to be an integer like 2. In fact, the MsIGN only approximates the finite-dimensional
discretization of the posterior distribution in the Bayesian inverse problem on a
uniform grid. The consistency of the discretizated posterior to the posterior in
the function space is guaranteed by the settings of the Bayesian inverse problem,
which holds true for most cases in practice. For example, see [18, 88, 21, 49, 89,
42]. Tt is then natural to ask if the MsSIGN can be generalized to other settings of
discretization, which would give more flexibility to the MsIGN. To do so, we need
to generalize the prior conditional layer and the invertible flow. The generalization
of the prior conditional layer is not difficult, but it would be interesting to see if there
is a localized prior conditional layer, like the case for the uniform grid presented in
this chapter. A localized prior conditional layer would be very beneficial to control
the computational cost. On the other hand, the generalization of the invertible flow
is non-trivial. Building an invertible flow on a general mesh that is computationally

efficient would be an attractive topic to explore.

Recently, the authors in [70, 97] established estimates of the capacity of deep gen-
erative networks needed to approximate distributions in the Wasserstein distance,
maximum mean discrepancy, or kernelized Stein discrepancy. In the network ar-
chitecture of the MsIGN, the deep generative network is designed to bridge the
difference between the surrogate distribution ¢ and the target distribution ¢. It
would be interesting to study the capacity of deep generative networks needed to
push forward § to g up to certain error tolerance. This would require sharper

estimates of the difference between ¢ and ¢ in different metrics.

It is also interesting to ask if we could establish a better estimate of the Jeffery
divergence, or propose other choices of objective. Using the Jeffreys divergence
as the objective function is very helpful to avoid mode collapse in our numerical
examples. However, when the problem dimension is too high, or the target posterior
is too singular, the importance sampling strategy will become less effective. Thus,
building a better estimate of the Jeffery divergence, or proposing other choices of

objective, would be very helpful in the training of the MsIGN.

We are also interested in applying the MsSIGN to other Bayesian inference problems,
for example, more challenging problems as considered in [49, 20], and the data

assimilation problems with multiscale structure in the temporal variation, such
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as those considered in [33]. It is interesting and looks promising to see how deep
neural networks can help attack the high-dimensional cases of the Bayesian inference

problem.
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Figure 5.17: Visualization of snapshots at internal checkpoints of the MsIGN when
it maps Gaussian noises to images. In each column, from top to bottom, we show
how the MsIGN progressively generates new samples from low to high resolution.
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Appendix A

DETAILS OF THE ADAPTIVE MESH METHOD

A.1 Adaptive Mesh Method
Since the solutions of Euler equations quickly become very singular and concentrate
in a rapidly shrinking region, despite that the initial data are very smooth, we use

the adaptive mesh method to resolve the singular profile of the solutions.

A detailed description of the adaptive mesh method can be found in [44, 71]. Here
we will give a brief introduction of the adaptive mesh method. In Appendix A.2,

we will list the parameter setting used for the experiments in Part 1.

We will take the following equivalent form of the axisymmetric Euler equations

with no swirl as an example in this section,

wi tuw+uto;=—-(n-2 -8y wi, (A.1a)
n

Vi =Pl — ;l/’l,r = Wi, (A.1b)

u' ==y, ut=(n= Dy g, (A.lc)

which is (??) after making the change of variables: w; — 1% y1 — 1y? The
equations that we solve in Part 1 might be slightly different from this equation, but

it does not affect the numerical treatment.

The Euler equations (A.1) are posted as an initial-boundary value problem on
the computational domain (r,z) € [0, 1] x [0,1/2]. We introduce two variables
(p,n) € [0,1] x [0, 1], and the maps

r=r(p), z=2z(n).

Here we assume these two maps and their derivatives are all analytically known.
We also assume that these two maps are monotonically increasing. We will use
these two maps to map the physical domain in (r, z) to a computational domain in
(p, 1), sothat w(r(p), z(n)) and ¥ (r(p), z(n)) as functions of (p, i) are relatively
smooth.

Let ny, n;, be the mesh resolutions along the r- and z- direction respectively. And let

hy, = 1/ny, hy = 1/n, be the mesh sizes along the r- and z- direction respectively.
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We place a uniform mesh on the computation domain of (p, n):
Moy = {(ihp, jhy) : 0 <i <np0<j<ny,}t,

This is equivalent to covering the computation domain of (r,z) with the tensor-

product mesh:
Mz = {(r(ihy), z(jhy)) : 0 <i <np,0<j<ny}.

The Vorticity Equation and The Velocity Equation

Let v be some solution variable (either w or ¢1), and let v; ; = v(r(ih,),z(jhy))
be the discretization of v on the mesh. We can use the following formula to get
second-order (in space) approximation of the spatial derivatives of v using the central

difference scheme:

(1) = (Vp)i,j N 1 Vislj ~ Vi—l,j’
’ (o), (ro); 2hy
(vo)r, = (Vn)i,j N N Vi,j—l.
’ (Z’I)j (Zn)j 2hy

At the boundary of the domain, we need to extend the discretization v beyond the
boundary to use the formula above. This can be done by using the symmetry and
the boundary conditions. For example, since v is an odd function of z at z = 0 and
at z = 1/2, we have

Vi—1 = =Vil, Vipg+l = ~Vip,-1, 0=<i<n,.

Since v is an even function of r at r = 0, we have

Atr =1, we could extend v by extrapolation:

Vi,+1,j = 3Vnp,j - 3Vnp—l,j +Vn,-2,j 0<j< ny.

With the spatial derivatives available, we can solve the velocity equation (A.1c). For
the vorticity equation (A.la), the time evolution is solved by a second-order explicit

Runge—Kutta method.
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The Stream Function Equation

We use a B-spline-based Galerkin Poisson solver to solve | from (A.1b) on the
computation domain of (p,n). To start with, we rewrite (A.1b) in the following
way:

b (r&) _L(&) . (A2)
P n

r'rp Tp i\ Iy
Next, we multiply both sides with "7, z, ¢ for some suitable test function ¢; € V to
be specified below, and integrate both sides over the domain (p,7n) € [0, 1] x [0, 1].
After integration by part, we obtain the weak form of the equation (A.1b) for :
letting

Vipd1p Yingdig) ,
a1, é1) 1:/ 2( PRI R I AT A, rpzydpdn,
[0,1]

Tp Tp i Iy

and
@0 = [ ooirnedpdn
[0,1]?
we look for iy € V such that for any ¢ € V,

a(,¢1) = f(¢1).

Considering the symmetry and boundary conditions of ¢, we define the function

space V as
v =span{1 € H' ([0.112) 1 (=p.m) = @10, m), 41 (1) = 0,

¢1(p,—n) = =¢1(p,n), d1(p, 1 —1m) = —¢1(p,77)}~

We establish a finite-dimensional subspace V£ , of the space V using weighted

uniform B-splines of even order k by
Vvlj’h = span {w(p)Bl{‘,hﬂ(p)Bj?’h’7 (1),0<i<n,0<j< n,]} .

The weight function w(p) = 1 — p? is to enforce the zero Dirichlet boundary
condition of ¢ at r = 1. The function Bf‘ , 1s the shifted and scaled uniform
B-spline of order k adjusted to satisfy the boundary condition. Specifically, we have

Bk ( )_ bik,hp(p)-'-bl{(,hp(_p)
Lhp p)= 1+5,~0

B-I;’hll (n) - ZZ (bf.»hil (2M + 77) - b‘]](.,]’lq (2M - T])) s
Me

b
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where 6;¢ is the discrete Dirac delta function. We will see that b;‘ , has compact

support of size kh, so the infinite sum in B;f ,..(m) will only have finite number of
»fn

non-zero terms. The function bf‘ , 1s the shifted and scaled uniform B-spline of order

k:
k k(s .k . .
bi,h(s) =b E—l+§ , s€][0,1],i € Z, k is an even number,

such that it is centered at /. And b* is the standard B-spline functions, defined
recursively [41] by:

. xelo1 x
Pl = el bk(x):/ bl(0)dy, k> 2.
0, x¢01] o1

The Galerkin finite element method then discretizes and solves the Poisson equation
for ¢ by finding ¥y, € Vi 4> such that for any ¢, € V£ B

a(Win, ¢11n) = f (d11) .

Since Vv’; , 1s a finite-dimensional space, the above equation can be converted to a

sparse linear system, and solved by developed sparse linear solvers.

In our computation, we use k = 2, which balances the computational cost with
the accuracy. We also remark that, when the dimension » is high, the weight r"
in a(yq,¢1) and f(¢;) is quite small, and this will make the linear system quite
ill-conditioned. To overcome this difficulty, for n > 5, we will multiply both sides

of (A.2) with r"'r,z,¢1, and this yields the weak form: letting

UipPrp Yigdiy m—nyi, m
a1, ¢1) i=/[ ]2( PP A0y Eo1) " rpzydpdn,
0,1

o Tp Zp Iy rrp

and
f (1) = / w1¢1l’mrpzndpdn,
[0,1]?
we look for ¢y € V such that for any ¢ € V,

a(,¢1) = f (1) .

If m # n, the bilinear form a (¢, ¢1) is no longer symmetric, which would introduce
extra computational cost when solving the linear system. However, we still observe
robust second-order convergence in the Poisson equation solver. We choose m = 1

for the case n > 5 in our experiments.
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Adaptive Mesh
The key ingredient of the adaptive mesh method is to properly design the map
r =r(p) and z = z(n7). In general, we want w; to be smooth as a function of (p, 17)

throughout the computational time.

In the following, we will use y to represent r or z, and x to represent p or 17, because
the construction of the adaptive mesh is the same for these two variables. The only

difference is the parameter settings. Following [44], we design the map as

() = ¢ /0 p(s)ds, (A3)

where ¢ is a constant to adjust the size of the domain in y, p is chosen from a
parametric family of positive functions. In our practice, we use two parametric
families for p. The first parametric family is p(s) = p(s, x1, X2, ¥1, ¥2), where there
are four parameters x1, x2, y1, y2and 0 < x; <x2 < 1,0 < y; <y < 1. The
second parametric family is p(s) = p(s, x1,x2,x3, ¥1, y2, y3), Where there are six

parameters x1, X2, X3, 1, y2, y3,and 0 < x; <xp <x3 < 1,0<y; <yr <y3 < 1.

We take the first parametric family as an example to illustrate the idea. Our design

principle is to enforce the following relation to hold approximately:

y(xi) 2y, y(x2) = yo, (A4)
while still guaranteeing the boundary conditions:
y(0)=0, y(1)=1, (A.5)
if y represents r, and
y(0) =0, y(1)=1/2, (A.6)
if y represents z.
Specifically, we have the following representation of p:
p(s,x1,x2,¥1,¥2) = po+ p1g(s — x1) + p2q(s — x2),
where pg, p1, p2 are coefficients to be determined by x1, x», and y;, y», and

(x) = (1 +x)%0
Y T (10
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is a smooth function that well approximates the Heaviside step function:

1 x>0,
q(x) =
0 x<0O.
The above approximation suggests that
Po s € [0,x1),
(s, X1,X2,y1,¥2) Po+ P1 s € [x1,x2),

po+pi+p2 s€[x1].

And this property simplifies the approximation relation (A.4) and the constraint
(take (A.5) for example) to

PoX1 = Y1,

pox1 + (po+ p1)(x2 —x1) = y2,

pox1+ (po+p1)(x2 —x1) + (po+p1+p2)(x3 —x1) = 1,
where we use the design (A.3), and assume ¢ = 1 fornow. We solve this linear system
for po, p1, p2. It is worth noting that the above system is just an approximation,

because ¢ is not the exact Heaviside step function. Therefore, we need to choose an

appropriate constant ¢ to enforce that y(1) = 1. In other words, we could let
1

Cc = .
T
Jy [po+pig(s —x1) + pag(s — x2)] ds

The construction of the second parametric family p(s) = p(s,x1,x2,X3, Y1, Y2, Y3)

is very similar to the first one. We refer the reader to [44] for detailed description.

The approximation relation (A.4) suggests that we could carefully design the pa-
rameters xp, X3, ¥1, y2, to “zoom-in” to the singular region of the solution. We will

describe the strategy to choose the parameters in Section A.2.

A.2 Update of the Adaptive Mesh

Experiments in Chapter 2 and 3

For the axisymmetric Euler equations with no swirl and with Holder continuous
initial data, we use the first parametric family for the adaptive meshes both in r and

z direction. The initial setting for the adaptive mesh is,

x1 =0.012,x, =0.1,y; =0.6,y, = 0.9, forr =r(p),
x1=0.12,x,=0.1,y; =0.6,y, =0.9, for z = z(n).
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Because w; will develop a potential self-similar blow-up near the origin, the max-
imum location (P, H) of |wi(r(p), z(n))| as a function of (p,n) will be monoton-
ically pushing toward the origin (0,0). Since our computational mesh M, ;) is
uniform, and w; = 0 at the origin, when P or H is too close to 0, there will be few
points between the origin and the maximum location, and thus w; could become

unresolved.

Therefore, we update our adaptive mesh as long as
H <0.2.

Since the singularity formulation is self-similar, this criterion can also monitor the

singularity formation along the r-direction.

The new adaptive mesh has the following parameters: for r = r(p):

x1 =1.5r(0.2),x, = 10r(0.2),y; = 0.6, y, = 0.9, forr =r(p),
x1 =1.5z(0.2),x, = 10z(0.2), y; = 0.6, y, = 0.9, for z = z(n).

This update rule guarantees that, take the z-direction for example, there will be
approximately 60% of the points placed between the origin and 1.5H after the
update. Moreover, there will be approximately 90% of the points placed between
the origin and 10H.

When we update the adaptive mesh, we use a fourth-order piece-wise polynomial

interpolation to interpolate the solutions from the old mesh to the new mesh.

Experiments in Chapter 4

For the weak convection model with smooth initial data, we use the second para-
metric family for the adaptive meshes in r and the first parametric family for the
adaptive meshes in z direction. This is because the solution will soon develop a very
one-dimensional structure, as shown in Figure 4.2. The smoothness of w; along the
r— and z— directions becomes quite anisotropic. The initial setting for the adaptive

mesh is,

x1 =0.002,x, =0.012,x3 =0.1,y; =0.05,y, =0.6,y3 =0.9, forr =r(p),
x1=0.12,x,=0.1,y; =0.6,y, = 0.9, for z = z(n).

Since wj is quite anisotropic in » and z, we update them separately.
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We update the adaptive mesh in z direction as long as
H <0.2.
The new adaptive mesh for z has the following parameters:

x1 = 1.52(0.2), x> = 10z(10), y; = 0.6, y, = 0.9.

As for the r direction, Figure 4.2 suggests that —w; is very flat in r near r = O,
but then decays to zero at the far field. The most singular part of —w; is not near
the r = 0. Instead, we consider designing the new adaptive mesh to smooth the
derivative w; . Let x(p) = |w1,(r(p),z(H))|. Our numerical observation shows
that y is a unimodal function: y(0) = 0, and it monotonically increases to its
maximum, and drops down a very small value. Letting X = maxX,¢[,1] ¥(p), we
define P, P; as

Py :inf{p s x(p) > %X} P, = sup {p x(p) > éX}
Then we update the adaptive mesh in r direction as long as
Py, — Py <0.2.
The new adaptive mesh for r has the following parameters:
x1 =r(P1),x2 =r(P3),x3 =2r(P2) —r(P1),y1 =0.2,y, = 0.6, y3 = 0.9.

Roughly speaking, if there are too few points near the maximum location of y,
which is where —w; drops fastest in r, we update the adaptive mesh in r to place

more points in that region.

Similarly, when we update the adaptive mesh, we use a fourth-order piece-wise
polynomial interpolation to interpolate the solutions from the old mesh to the new

mesh.
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Appendix B

EXPERIMENTAL SETTINGS OF THE MULTISCALE
INVERTIBLE GENERATIVE NETWORKS

We describe detailed settings of the network architecture and training strategy of

the MsIGN in our numerical experiments in Part 2 in this section.

As shown in Figure 5.1, the MsIGN has L scales, and at each scale /, the MSIGN
consists of two parts: the prior conditioning layer PC;, and the invertible flow Fj.
The prior conditioning layer PC; is intrinsically a linear transformation. Theorem
5.3.2 gives the closed form formula for the prior conditioning layer PC;. The
invertible flow Fj is a stack of multiple invertible blocks of Glow [54]. We will use
K as the number of invertible blocks in each invertible flow. Each invertible block
consists of three invertible units: actnorm, invertible 1 X 1 convolution and affine
coupling. In each affine coupling unit, functions f and g are modeled by deep neural
networks to introduce nonlinearity to the unit. Following the practice in Glow [54],
the network structure of functions f and g is the concatenation of 3 convolution
neural networks and 2 ReLLU activation layers in turn. The hidden channel size H

controls the capacity of the deep neural networks modeling functions f and g.

As for the training of the MsIGN, the multi-stage training of the MsIGN follows
the Algorithm 4. At stage [ > 1, the specific training of the invertible flow of
the MsIGN follows the Algorithm 3, where we need to specify the sample size
(also called minibatch size) N, learning rate . We remark that for the Bayesian
inverse problem, the number of iterations M is calculated based on the computation
budget for that problem. For the image synthesis task, the number of iterations M
is characterized by the number of epochs E, which is the number of times that the

whole data set has been fed into the model.

We list the values of L, K, H, N, n for the Bayesian inverse problem in Table B.1.
The column starting with “Synthetic” gives the settings for the synthetic Bayesian
inverse problems. The column starting with “Elliptic” gives the settings for the
elliptic Bayesian inverse problems. We also list the values of L, K, H, N, n, E for

different data sets in the image synthesis task in Table B.2.
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Parameter Synthetic Elliptic
L 6 6
K 16 32
H 32 64
N 100 100
n 1x107* 1x107*

Table B.1: Parameter settings for the MsIGN in the Bayesian inverse problem in
Section 5.5.

Parameter‘ MNIST CIFAR-10 CelebA 64 ImageNet32 ImageNet 64

L 2 3 3 3 3

K 32 32 32 32 32

H 512 512 512 512 512
N 400 400 200 400 400

n Ix10 1x107° 1x10™ 1x107™* 1x10™
E 2000 2000 1000 400 200

Table B.2: Parameter settings for the MsIGN on different data sets in the image
synthesis tasks in Section 5.8.



