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How many claims does it take to get ruined and recovered?�
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Abstract

We consider in the classical surplus process the number of claims occurring up to ruin, by a different method presented by
Stanford and Stroiński [Astin Bulletin 24 (2) (1994) 235]. We consider the computation of Laplace transforms (LTs) which
can allow the computation of the probability function. Formulae presented are general.

The method uses the computation of the probability function of the number of claims during a negative excursion of the
surplus process, in case it gets ruined. When initial surplus is zero this probability function allows us to completely define
the recursion for the transform above. This uses the fact that in this particular case, conditional time to ruin has the same
distribution as the time to recovery, given that ruin occurs.

We consider also the computation of moments of the number of claims during recovery time, which with initial surplus
zero allows us to compute the moments of the number of claims up to ruin. We end this work by giving some insight on the
shapes of the two types of probability functions involved.
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1. Introduction

In this work we consider the classical risk process, where claims occur as a Poisson process. Much has been
studied and said in the actuarial literature over the classical model about ruin probabilities, either finite or infinite
time. We know that if ruin is to occur it does at the instant of a claim. We can thus think of ruin not by directly
addressing thewaiting timeof the event ‘ruin’ (finite time ruin probability), but think of the waiting time in terms of
number of claims that occur until the process gets ruined, if it does. This is not a new approach, for instance,Stanford
and Stroínski (1994)dealt with this problem in the classical model for phase-type distributed claim sizes. Recently,
Stanford et al. (2000)extended the same approach to some non-Poisson claim processes. Both papers deal with
the problem by studying the increment (positive or negative) on the risk reserve between two consecutive claims
as the difference between the revenue earned and the claim amount. Their approach involves a recursive evaluation
of Laplace–Stieltjes transforms allowing the calculation of the probability of ruin on thenth claim occurrence
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236 A.D. Eǵıdio dos Reis / Insurance: Mathematics and Economics 31 (2002) 235–248

(n = 1,2, . . . ), by evaluating the transform at the origin. The transform is based on the joint probability of non-ruin
up to thenth claim and the reserve remaining after thenth claim occurrence less than an appropriate level, sayy. The
authors considered phase-type distributed claim sizes, in particular exponential, mixtures of exponentials and Erlang.

We restrict here to the study of the same problem in the classical model, the evaluation of the probability of
ruin occurring at thenth claim (n = 1,2, . . . ) in the classical model in a more general way, using a completely
different approach, more direct, sayclassical, by enhancing the relationship between time to ruin and duration of a
negative surplus, once ruin has occurred, with an initial surplus zero. This has been explained byEǵıdio dos Reis
(1993). We extend the study to the number of claims occurring during a first period of negative surplus. This study
is fundamental in our approach to our main problem and was not considered byStanford and Stroiński (1994).

Let {U(t), t ≥ 0} be the classical continuous time surplus process so that

U(t) = u+ ct − S(t), t ≥ 0,

whereu (≥0) is the insurer’s initial surplus,c the constant insurer’s rate of premium income per unit time,S(t) =∑N(t)
j=1 Xj the aggregate claim amount up to timet , N(t) the number of claims in the same time interval having a

Poisson(λt) distribution,S(t) = 0 if N(t) = 0, and{Xj }∞j=1 a sequence of i.i.d. random variables representing the
individual claim amounts.{Xj } is independent of{N(t)}. We denote byB(x) andb(x) the common distribution
and density function ofXj , respectively, withB(0) = 0, so that all claim amounts are positive. We also assume
that the mean ofXj , which we denote byb1, is finite and thatc > λb1. For simplicity we writea = λ/c. We will
further assume in some parts of this paper the existence of the moment generating function ofXj for some strictly
positive argument, which we denote bym(s) = E[esXj ], and we state that clearly where appropriate.

Define the time until ruin, denotedT , by

T =
{

inf {t : U(t) < 0},
∞, if U(t) ≥ 0∀t.

We denote byTc = T |T < ∞ the conditional random variable time to ruin, given that ruin occurs. The probability
of ultimate ruin from initial surplusu for this risk process is defined as

ψ(u) = Pr{U(t) < 0 for some positivet |U(0) = u} = Pr{T < ∞|U(0) = u}
and letδ(u) = 1−ψ(u) denote the survival probability. It is well known thatψ(0) = ab1. If the moment generating
function ofXj exists for some strictly positive argument, then the adjustment coefficient for this risk process is the
unique positive numberR such that

λ+ cR= λm(R). (1)

LetG(u; x) andg(u; x) be the (defective) distribution and density function of the probability and severity of ruin,
respectively

G(u; x) = Pr{T < ∞ and U(T ) > −x|U(0) = u} and
d

dx
G(u; x) = g(u; x).

It is well known thatg(0; x) = a[1 − B(x)], see for instanceBowers et al. (1986). We denote byY andYc
the defective random variable of the severity of ruin and the conditional severity of ruin, given that ruin occurs,
respectively.

Let P(u; n) be the probability that ruin occurs before or at thenth claim (n = 1,2, . . . ) from initial surplus
u ≥ 0 andp(u; n) be the respective probability function. Denote the associated random variable byM. Obviously,
we have that

p(u; 1) = P(u; 1), p(u; n+ 1) = P(u; n+ 1)− P(u; n), n ≥ 1

andψ(u) = limn→∞P(u; n).
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Consider the surplus process ongoing even if ruin occurs at some instant. Once ruin has occurred, the process will
be passing through negative values temporarily, as it will recover back to positive surplus values with probability 1
[please seeEǵıdio dos Reis (1993)]. Let T̃c be the duration of the surplus excursion through negative surplus values
up to recovery or time to recovery, conditional onT < ∞. Denote byq(u; n) the (conditional) probability of having
n claims before the surplus process recovers to non-negative values and after the process has been ruined, given that
ruin has occurred from initial surplusu. The support of the r.v., sayK, is the set{0,1,2, . . . }.

In the next section we consider the calculation of the Laplace transform (LT) for the probabilityp(u; n), n =
1,2, . . . . Section 3deals with the computation of the probability functionq(u; n), n = 0,1,2, . . . . In Section 4
we consider the particular caseu = 0 and establish the relation between the probability functionsp(0; n + 1)
andq(0; n) which will allow us to completely define the transform derived inSection 1. Section 5deals with the
calculation of the moments of the number of claims during the time to recovery, through the calculation of the
moment generating function, in case it exists. In the last section we compute a couple of examples and plot the
probability functions previously studied.

2. On the number of claims before ruin

Considering the first claim occurrence we have that

P(u; 1) =
∫ ∞

0
λexp{−λt}

∫ ∞

u+ct
b(x)dx dt =

∫ ∞

0
λexp{−λt}[1 − B(u+ ct)] dt,

P (u; n+ 1) = P(u; 1)+
∫ ∞

0
λexp{−λt}

∫ u+ct

0
b(x)P (u+ ct − x; n)dx dt, n ≥ 1

and

p(u; n+ 1) =
∫ ∞

0
λexp{−λt}

∫ u+ct

0
b(x)p(u+ ct − x; n)dx dt, n ≥ 1 (2)

p(u; n+ 1)=c−1
∫ ∞

r=u

λexp

{
−λ

(
r − u

c

)}∫ r

x=0
b(x)p(r−x; n)dx dr=a

∫ ∞

r=u

e−a(r−u)b ∗ p(r; n)dr

(3)

settingr = u+ ct, a = λ/c and the convolutionb ∗ p(r; n) = ∫ r
x=0 b(x)p(r − x; n)dx. Similarly, we have that

p(u; 1) = a eau
∫ ∞

u

e−ax[1 − B(x)] dx. (4)

Let p̄(s; n+ 1) = ∫∞
0 e−sup(u; n+ 1)du be the LT ofp(u; n+ 1). The LT of(3) comes, forn = 1,2, . . .

p̄(s; n+ 1)= a

∫ ∞

0
e−su

∫ ∞

r=u

e−a(r−u)b ∗ p(r; n)dr du = a

∫ ∞

r=0
e−arb ∗ p(r; n)

∫ r

u=0
e−(s−a)u dudr

= a

s − a

∫ ∞

0
e−arb ∗ p(r; n)[1 − e−(s−a)r ] dr = a

s − a
[p̄(a; n)b̄(a)− p̄(s; n)b̄(s)], s �= a,

(5)

taking into account of the fact that the LT of a convolution is the product of LT’s, and whereb̄(s) is the LT
of b(x).
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Similarly, forp(u; 1) we get its LT using(4)

p̄(s; 1)=
∫ ∞

0
a e−(s−a)u

∫ ∞

u

e−ax[1 − B(x)] dx du =
∫ ∞

0
a e−ax[1 − B(x)]

∫ x

0
e−(s−a)u dudx

= (s − a)−1
(∫ ∞

0
a e−ax[1 − B(x)] dx −

∫ ∞

0
a e−sx[1 − B(x)] dx

)
= (s − a)−1(ḡ(0; a)− ḡ(0; s)), s �= a, (6)

whereḡ(0; s) is the LT of the densityg(0, x). Note that using l’Ĥopital’s rule, we have that

p̄(a; 1) = lim
s→a

p̄(s; 1) = − lim
s→a

d

ds
ḡ(0; s) =

∫ ∞

0
x e−axg(0, x)dx = −ḡ′(0, a),

whereḡ′(0, a) = (d/ds)ḡ′(0, s)|s=a .
Back to the transform̄p(s; n+ 1), n = 1,2, . . . , from (2) settingu = 0 we get

p(0; n+ 1)=
∫ ∞

s=0
a e−as

∫ s

x=0
b(x)p(s − x; n)dx ds

=
∫ ∞

s=0
a e−asb ∗ p(s; n)ds = ap̄(a; n)b̄(a), n = 1,2, . . . (7)

so that we can write

p̄(s; n+ 1) = p(0; n+ 1)− ab̄(s)p̄(s; n)
s − a

, n ≥ 1(s �= a). (8)

Formula(8) is a recursive formula for the transform̄p(s; n + 1) (n ≥ 1). To evaluate the recursion we need to
computep(0; n + 1), which is the LT of the convolutionab∗ p(s; n) evaluated ata = λ/c. Recall that this is a
positive constant. Forn = 1 (andu = 0) we have immediately from(4)

p(0; 1) = ḡ(0; a). (9)

If we take(5) and compute the limit ass → a, we see that

lim
s→a

p̄(s; n+ 1) = − lim
s→a

a

[
p̄(s; n) d

ds
b̄(s)+ b̄(s)

d

ds
p̄(s; n)

]
, n = 1,2, . . .

using l’Hôpital’s rule. We will see in subsequent sections how to better computep(0; n+ 1), n = 1,2, . . . .
By successive substitution in(8) and using(6) we get

p̄(s; n)= (−1)n
(ab̄(s))n−1

(s − a)n
ḡ(0; s)+

n−1∑
i=0

(−1)i
(ab̄(s))i

(s − a)i+1
p(0; n− i),

p̄(s; 1)= (s − a)−1(ḡ(0; a)− ḡ(0; s)), s �= a,

whereḡ(0; s) = a[1 − b̄(s)]/s and ḡ(0; a) = 1 − b̄(a). p̄(s; n) depends upon the transformsb̄(s) and ḡ(0; s),
which in turn depends also on̄b(s). Invertingp̄(s; n) we get the probability distributionp(u; n), which depend on
the probabilitiesp(0; i), i = 1,2, . . . , n. We will see in subsequent sections that we are able to compute these.

3. On the number of claims before recovery

Let us now consider the calculation ofq(u; n), the probability of havingn claims before the surplus process
recovers to non-negative values, given that ruin has occurred, or the (conditional) probability of havingn claims
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during a negative surplus excursion. The support of the r.v.K is the set{0,1,2, . . . }, we note that we do not include
the claim that has (just) caused ruin. This one is included on the number of “claims to get ruined”. We can take
different approaches for the computation ofq(u; n), as follows.

First, we follow the paper byGerber (1990)and consider the particular case, when the surplus process starts with
u = 0. LetTx be the time of the first passage of the surplus process through a fixed positive levelx starting from
initial surplus zero. FromDickson and Gray (1984)we know that the process gets to positive levelx without having
occurred a single claim is equivalent to be for the first time at this level at timeTx = c/x, and the probability is

Pr
[
Tx = x

c

]
= e−λx/c = e−ax. (10)

Let us go now back to the general surplus process withu ≥ 0, and consider that ruin has occurred at some instant
(T ), with given deficity. GivenYc = y, the time that the process gets back to the zero level for the first time
without any claim occurrence has probability exp{−ay}. The proper distribution for the deficit at the time of ruin is
G(u, y)/ψ(u). Then to get the probability of having zero claims until the process recovers to level zero is got by
averagingexp{−ay} over the distribution ofYc. That is,

q(u; 0)ψ(u) =
∫ ∞

0
e−axg(u; x)dx = ḡ(u; a), (11)

giving the LT of g(u; x) evaluated ats = a. For a positive integern we need to establish an equation for
q(u; n).

Consider first the calculation ofq(u; 1). Suppose that ruin occurs at timeT with −U(T ) = y and restart the
process from−y and let the process upcross the level zero, or start from zero and cross the positive fixed levely.
If no claim occurs, the process will recover at timeTy = y/c. Consider that one claim occurs at instantt before
recovery. The instant must lie in the interval(0, y/c) with densityλexp{−λt}. The amount of the claim isx with
densityb(x). Just after this event the surplus will be−y + ct − x. No claim occurs until the process recovers
from here. This has probability exp{−a(x + y − ct)} (see above). If we then average with the distribution of the
conditional severity of ruin, we get that

ψ(u)q(u; 1)=
∫ ∞

y=0

∫ y/c

t=0
λe−λt

∫ ∞

x=0
e−a(x+y−ct)b(x)dx dt g(u; y)dy

=
∫ ∞

y=0
e−ayg(u; y)

∫ y/c

t=0
λe−λt eλt

∫ ∞

x=0
e−axb(x)dx dt dy

= b̄(a)

∫ ∞

y=0
aye−ayg(u; y)dy = −ab̄(a)ḡ′(u; a),

where ḡ′(u; a) is the derivative of the LT ofg(u; x) evaluated ats = a. For n = 2,3, . . . , we can proceed
recursively.

Let q(n|y) be the conditional probability of havingn claims before the process recovers to non-negative values,
for a given severityYc = y, or the conditional probability of having exactlyn claims before the process upcrosses
the positive levely. Note thatq(n|y) is independent ofu. Following the reasoning above we have that

ψ(u)q(u; n) =
∫ ∞

y=0

∫ y/c

t=0
λe−λt

∫ ∞

x=0
q(n− 1|x + y − ct)b(x)dx dt g(u; y)dy, n = 1,2, . . . . (12)

Recall that one claim must occur at time, sayt , before timey/c with amountx. At this instant the surplus will be
at the (negative) value−(x + y − ct), and then has to upcross level 0 after a further(n − 1) claims. Note that we
can have the starting expression forq(0|·) from (10). To better evaluate(12)we can use direct results fromGerber
(1990)just like what follows.
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For a given positive valuex andSk = X1 +X2 +· · ·+Xk andS0 ≡ 0, fork = 0,1,2, . . . , Gerber (1990)shows
that, our notation isq(k|x, Sk),

q(k|x, Sk) = x
ak(Sk + x)k−1

k!
e−a(Sk+x)

is the “conditional probability that the process{U(t)|u = 0} will passfor the first timethrough the levelx between
thekth and the(k + 1)th jump”, in his terminology. Hence,

q(n− 1|x + y − ct) =
∫ ∞

0
(x + y − ct)

an−1(z + x + y − ct)n−2

(n− 1)!
e−a(z+x+y−ct)b∗(n−1)(z)dz,

whereb∗(n−1)(·) is the(n−1)th convolution ofb(·). However, to compute(12)we do not need to evaluate the inner
double integral on the right-hand side. We can compute directly the probability

q(k|x) =
∫ ∞

0
x
ak(z + x)k−1

k!
e−a(z+x)b∗k(z)dz, k = 1,2, . . . .

We have that

(z + x)k−1 =
k−1∑
n=0

(
k − 1
n

)
znxk−1−n (k = 1,2, . . . ).

Then

q(k|x)= xak

k!
e−ax

∫ ∞

0

k−1∑
n=0

(
k − 1
n

)
znxk−1−n e−azb∗k(z)dz

= xak

k!
e−ax

k−1∑
n=0

(
k − 1
n

)
xk−1−n

∫ ∞

0
zn e−azb∗k(z)dz

= xak

k!
e−ax

(
k−1∑
n=1

(
k − 1
n

)
xk−1−n(−1)n

dn

dsn

∫ ∞

0
e−szb∗k(z)dz

∣∣∣∣
s=a

+ xk−1b̄(a)k

)

= ak

k!
e−ax

(
k−1∑
n=1

(
k − 1
n

)
xk−n(−1)n

dn

dsn
b̄(s)k

∣∣∣∣
s=a

+ xkb̄(a)k

)
.

Now,

ψ(u)q(u; k)=
∫ ∞

0
q(k|x)g(u, x)dx = ak

k!

(
k−1∑
n=1

(
k − 1
n

)
(−1)n

(
dn

dsn
b̄(s)k

∣∣∣∣
s=a

)

×
∫ ∞

0
xk−n e−axg(u, x)dx + b̄(a)k

∫ ∞

0
xk e−axg(u, x)dx

)

= ak

k!

(
k−1∑
n=1

(
k − 1
n

)
(−1)n

(
dn

dsn
b̄(s)k

∣∣∣∣
s=a

)
(−1)k−n

(
dk−n

dsk−n
ḡ(u; s)

∣∣∣∣
s=a

)

+ b̄(a)k(−1)k
(

dk

dsk
ḡ(u; s)

∣∣∣∣
s=a

))
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= (−a)k

k!

(
k−1∑
n=1

(
k − 1
n

)(
dn

dsn
b̄(s)k

∣∣∣∣
s=a

)(
dk−n

dsk−n
ḡ(u; s)

∣∣∣∣
s=a

)
+ b̄(a)k

(
dk

dsk
ḡ(u; s)

∣∣∣∣
s=a

))

= (−a)k

k!

(
k−1∑
n=0

(
k − 1
n

)(
dn

dsn
b̄(s)k

∣∣∣∣
s=a

)(
dk−n

dsk−n
ḡ(u; s)

∣∣∣∣
s=a

))
,

where the symbol((d0/ds0)b̄(s)k)|s=a = b̄(a)k.
If we apply Leibnitz’s rule for derivatives of products we get

ψ(u)q(u; k) = (−a)k

k!

(
dk−1

dsk−1
(b̄(s)kḡ′(u; s))

∣∣∣∣
s=a

)
.

In summary we have

q(u; 0) = ḡ(u; a)
ψ(u)

, q(u; 1) = −ab̄(a)ḡ′(u; a)
ψ(u)

,

q(u; n) = (−a)n

ψ(u)n!

(
dn−1

dsn−1
(b̄(s)nḡ′(u; s))

∣∣∣∣
s=a

)
, n = 2,3, . . . . (13)

The calculation of the probabilities of the (conditional) number of claims during a negative excursion of the surplus
process involves the computation of the LTs of the claim amount distribution and the distribution of the probability
and severity of ruin, and, of course, the ultimate ruin probability. The LTs exist at least fors ≥ 0, seeGerber
(1979), and we should be able to compute them, at least numerically. In the subsequent section we will consider the
particular caseu = 0. Different authors have considered the computation of the distributionG(u, x). A reference
paper isGerber et al. (1987). For other references please seeLin and Willmot (1999). See alsoWillmot (2000).

4. The case with zero initial surplus, u = 0

We consider here, in particular, the computation ofq(0; n), n = 0,1,2 . . . , which will allow us to compute
p(0; n), n = 1,2, . . . , as we will establish a relationship between these two probability functions.

For the density of the (defective) severity of ruin withu = 0 we know thatg(0; x) = a[1−B(x)] giving ḡ(0; s) =
a[1− b̄(s)]/s andḡ′(0; s) = −[ḡ(0; s)+ab̄′(s)]/s, so thatḡ(0; a) = 1− b̄(a) andḡ′(0; a) = −ḡ(0; a)/a− b̄′(a).
Knowing thatψ(0) = ab1, we have that

q(0; 0) = ḡ(0; a)
ψ(0)

= 1 − b̄(a)

ab1
, q(0; 1) = −ab̄(a)ḡ′(0; a)

ψ(0)
= b̄(a)

ḡ(0; a)/a + b̄′(a)
b1

,

q(0; n) = − (−a)n−1

b1n!

(
dn−1

dsn−1
(b̄(s)nḡ′(0; s))

∣∣∣∣
s=a

)
, n = 2,3, . . . . (14)

We can establish easily a direct relation between the claims arriving during a negative surplus excursion and claim
number until ruin whenu = 0. Consider both the conditional random variables of the time to ruin and the time to
recovery, given thatT < ∞, Tc andT̃c with initial surplusu = 0. As explained byEǵıdio dos Reis (1993), these
two have the same distribution in this particular case. Thus, there is an obvious relation between the conditional
r.v.’sM|T < ∞ andK. They do not have exactly the same distribution, the support set is different. Once ruin has
occurred we may have zero claim occurrence until the process recovers. That is, the claim that causes ruin is not
counted as a claim in the negative excursion until recovery. On the other hand, once the process starts with initial
surplus zero it will never get ruined without any claim. So we need at least one claim, the claim that causes ruin, to
have a negative deficit atT .
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We recall that the support of the r.v.K is the set{0,1,2, . . . }. Given the above reasons we can conclude
that

ψ(0)q(0; n) = p(0; n+ 1), n = 0,1,2, . . . . (15)

We see from(9) and (14)thatp(0; 1) = ψ(0)q(0; 0) = ḡ(0; a). We could show an analytical proof by induction,
using(3) and (7), and formulae(14). Thus, we can evaluate completely recursion(8) and then by inversion compute
the probability function{p(0; n), n = 1,2, . . . }.

5. On the moments of the number of claims before recovery

In this section we assume that the moment generating function exists for some strictly positive argument, in the
classical model, so the adjustment coefficientR exists. Consider the surplus process ongoing even if ruin as occurred
at some instant.

We first do are-capand take again the work byGerber (1990), i.e., consider the particular case of the surplus
process withu = 0. For this particular process, let̃K denote the number of claims occurring before the first
upcrossing of the process at positive levelx, whether or not ruin has previously occurred.Gerber (1990)showed
that the moment generating function ofK̃ is given by

E[esK̃ ] = ef (s)x, (16)

wheref (s) is a function such that

s = ln
λ+ cf(s)

λm(f (s))
, (17)

and−a < f (s) ≤ 0 ands ≤ 0. This follows from the fact thatf (0) = 0, the derivatives of both the numerator and
the denominator in(17)are positive. The numerator is zero forf (s) = −a, and the denominator is always positive.
If there are no restrictions in the range off (s) in expression(17), we see that the numerator equals the denominator
for f (s) = 0 or f (s) = R, and that for values off (s) < 0 (f (s) > −a) or f (s) > R, the fraction is between
0 and 1, and so the logarithm is negative. If we take the first two derivatives of the cumulant generating function,
lnE[esK̃ ] = f (s)x, and evaluate at them atf (0) = 0 we get easily

E[K̃] = λx

cδ(0)
and V [K̃] = λx(c2 + λ2σ 2

X)

[cδ(0)]3
,

whereσ 2
X = V [Xi ] = b2 − b2

1.
Consider now the general model with initial surplusu ≥ 0. If we now follow what is developed byEǵıdio

dos Reis (1993), Section 3, and take the expected value of(16) with respect to the conditional distribution of
the severity of ruin, givenT < ∞, we get the moment generating function of the number of claims occurring
during a negative surplusK, given that ruin occurs. We denote this moment generating function (mgf) asMK(u, s).
Hence

MK(u; s) = MYc(u; f (s)), (18)

wheref (s) is defined as for(17). This mgf is simply got by settingx = Yc and taking expectations. If we take the
first two derivatives of the cumulant generating functionφ(s) = lnMKc(u, s) = lnMYc(u, f (s)), we get

φ′(s) = s′(f )−1 d

df
lnMYc(u, f ), φ′′(s) = − s′′(f )

s′(f )2
φ′(s)+ s′(f )−2 d2

df 2
lnMYc(u, f ).
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Evaluating atf (0) = 0, knowing that

s′(0) = cδ(0)

λ
and s′′(0) = −c2 + λ2σ 2

X

λ2
,

we get

E[Kc] = λE[Yc]

cδ(0)
= λE[T̃c|u],

V [Kc] = λ

[cδ(0)]2

(
c2 + λ2σ 2

X

cδ(0)
E[Yc|u] + λV [Yc|u]

)
= λ

(
1 + ψ(0)

1 − ψ(0)
E[T̃c|u] + λV [T̃c|u]

)
.

For the expressions for the momentsE[T̃c|u] andV [T̃c|u] please seeEǵıdio dos Reis (1993). If we look at the
expected value formula forK we see that it equals the mean claim occurrence for the process times the expected
negative surplus duration per unit time. Expressions for the moments of the severity random variable can be got from
Lin and Willmot (2000). Easy expressions for the same moments whenu = 0 and limiting ones whenu → ∞ can
be found inEǵıdio dos Reis (1993, 2000). This means that evaluation of the moments forKc is available, provided
they exist.

Furthermore, given what is explained in the previous section concerning the distributions ofK andM with u = 0,
moments of the number of claims up to ruin are also available, for this particular case.

6. Examples

For illustration we computed some examples and give some insight on the shapes of the proper probability
functionsp(u, n)/ψ(u) andq(u, n). For some cases it is straightforward to use the built-in functions of the pack-
ageMathematica, or similar, to produce figures for these probability functions. Namely, if we consider the
Gamma(α, β) family for the claim size distributions. If we consider for instance a Pareto distribution it is easy
to produce figures for the caseu = 0, but for positive initial surplus we need other numerical procedures which
are beyond the scope of this work. We consider three examples for the individual claim size distributions: Expo-
nential(1), Gamma(2, 2) and Pareto(2, 1), all with mean one. For the Pareto we only consider the computation of
q(0, n) = p(0, n + 1)/ψ(0). In this case we recall that the variance does not exist. In all the cases we putλ = 1
andc = 1.2. We produce some graphs for the probability functions.

Fig. 1.q(0, n) = p(0; n+ 1)/ψ(0), Exponential(1),λ = 1, c = 1.2.
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Fig. 2.p(1; n)/ψ(1), Exponential(1),λ = 1, c = 1.2.

Example 1 (Exponential(1)).B(x) = 1 − exp{−x}. We have thatψ(u) = 1.2−1 exp{−u/6}, g(u, x)/ψ(u) is
independent ofu and is again Exponential(1). We considered different values for the initial surplus, namely:u =
0,1,2,5,10. We show inFigs. 1–5graphs forq(0, n) andp(u, n)/ψ(u). We also refer to the graphs shown by
Stanford and Stroiński (1994), they show the cumulative probabilities. Since in this case the conditional distribution
of the severity of ruing(u, x)/ψ(u) is independent ofu, q(u, n) = q(0, n), there is no need to show more graphs
for this probability function.

We underline the following features from the graphs: for low values of the initial surplus (u = 1,2) the
conditional probabilitiesp(u, n)/ψ(u) decrease withn and the probability of getting ruined on the first claim
is quite high. On the other hand, if we think of recovery, given that ruin has occurred, it is very likely that
recovery happensfast, in terms of claims occurrence (high probability of recovery with no claims). For big-
ger values of the initial surplus the shapes ofp(u, n)/ψ(u) change. Relatively speaking the probability of get-
ting ruined on early claims (u = 5,10) becomes smaller. An important feature we get from the figures is the
long/thick tail of the probability functions and the strong and positive skewness. The greater theu the thicker is the
tail.

Fig. 3.p(2; n)/ψ(2), Exponential(1),λ = 1, c = 1.2.
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Fig. 4.p(5; n)/ψ(5), Exponential(1),λ = 1, c = 1.2.

Fig. 5.p(10; n)/ψ(10), Exponential(1),λ = 1, c = 1.2.

Fig. 6.q(0, n) = p(0; n+ 1)/ψ(0), Gamma(2, 2),λ = 1, c = 1.2.
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Fig. 7.q(5, n), Gamma(2, 2),λ = 1, c = 1.2.

Example 2 (Gamma(2, 2)).B(x) = 1 − (1 + 2x)e−2x . We have thatψ(u) = −0.010092 e−2.96841u

+ 0.919183 e−0.122502u, g(u, x)/ψ(u) = 1 − e−2x − A(u)2x e−2x , where

A(u) = 0.599745+ 0.309346 e−2.845908u

1.83837− 0.0201841 e−2.845908u
,

i.e., g(u, x)/ψ(u) is a mixture of an Exponential(1) and a Gamma(2, 2) [please seeEǵıdio dos Reis (1993)].
We considered the same values ofu as in the previous example. We show inFigs. 6–11graphs forq(u, n) and
p(u, n)/ψ(u). The features we see from the graphs in this example are similar to the previous case. A comment is
needed for the functionq(u, n): unlikep(u, n)/ψ(u) its shape does not change and there is little sensitivity of the
probability function to a change in the initial surplus.

Example 3 (Pareto(2, 1)).B(x) = 1− (1+x)−2. For this example we just computedp(0; n+1)/ψ(0) = q(0, n).
Fig. 12plots this probability function. In the graph two aspects are noticeable: Comparing to the previous examples
the probability of getting ruined in the first claim is smaller but on the other hand the right tail is thicker.

Fig. 8.p(1; n)/ψ(1), Gamma(2, 2),λ = 1, c = 1.2.
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Fig. 9.p(2; n)/ψ(2), Gamma(2, 2),λ = 1, c = 1.2.

Fig. 10.p(5; n)/ψ(5), Gamma(2, 2),λ = 1, c = 1.2.

Fig. 11.p(10; n)/ψ(10), Gamma(2, 2),λ = 1, c = 1.2.
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Fig. 12.q(0, n) = p(0; n+ 1)/ψ(0), Pareto(2,1),λ = 1, c = 1.2.

As a final remark on previous examples, the shapes of the probability functionsp(u, n)/ψ(u) remind the shapes
of the conditional density functions of the time to ruin random variable [please seeCardoso and Egı́dio dos Reis
(2002), Dickson and Waters (2002)]. The shape ofq(u, n) has to do with the distribution of the time to recovery.
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