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ABSTRACT

Since frost accumulation is a common but undesired phenomenon for air-source heat pumps in winter operations,
transient modeling of such systems with frost buildup on the evaporator coil is significantly useful for improved control
designs under frosting conditions. Despite the abundance of modeling studies on heat exchanger behaviors under
frosting operations, there still remain challenges on model robustness due to the complicated cycle dynamics coupled
with frost dynamics. This paper presents a finite volume heat exchanger model with frost formation integrated into
each control volume. A fan model is proposed to capture the air flow redistribution due to non-uniform frost formation
on the coil surface, that can avoid solutions of a large nonlinear equation system, to improve the model robustness and
numerical efficiency. The developed heat exchanger model is coupled to other component models to complete a heat
pump cycle model. Transient simulations are carried out to explore the impact of frost on the system performance, and
results are compared against experiment data.

1. INTRODUCTION

Frost formation occurs on evaporator coils typically when the surface temperatures are below the dew point of moist
air and the freezing point of water during winter operations. As frost forms, decreases of the free air flow passage and
increases of the thermal resistance between the surfaces and ambient air result in an overall degradation of the system
performance, and potentially raise safety concerns. The buildup of frost eventually necessitates that the system shifts
into a defrosting mode to remove the accumulated frost and return the system to its normal operating characteristics.
For instance, reverse-cycle defrosting (RCD), that heats the outdoor coil by reversing the thermodynamic cycle, is one
of the predominant defrost approaches for air-source heat pump (ASHP) units (Nawaz et al., 2018). Currently the most
common defrost control strategy for ASHP and refrigeration systems is the time-based defrost, that initiates a defrost
cycle after a pre-programmed time interval (Song et al., 2018). Since this strategy relies on open-loop operations or
incorporates fairly simple feedback schemes (e.g., tube surface temperature of the outdoor coil) that can not reflect
the actual operating characteristics, systems applying the strategy may suffer from considerable energy inefficien-
cies. Dynamic modeling of ASHP with frost buildup is extremely useful in development and evaluation of improved
control, fault detection and diagnostics (FDD) algorithms. Furthermore, transient models that can capture the ASHP
system dynamics under frosting conditions will facilitate optimizing the defrost interval to improve the overall system
performance and minimize interruptions caused by defrost operations.

Due to the complicated underlying physical behaviors of coupled frost and refrigerant loop dynamics, a very limited
number of system-level modeling efforts can be found in the open literature. Many studies solely focused on the heat
exchanger air-side performance neglecting the refrigerant loop dyanmics, e.g., (Da Silva et al., 2011; Padhmanabhan
et al., 2011; Breque & Nemer, 2016). In terms of complete cycle modeling studies considering the dynamics on both
the refrigerant side and air side, Qiao et al. (2017) integrated a one-dimensional frost growth model into a segment-by-
segment evaporator model coupled to other components of a two-stage flash tank vapor injection heat pump system.
Transients of the system going through a start-up period, a stable frosting stage, followed by an unstable hunting
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stage due to the performance degradation by frost accumulation were simulated. Comparisons of the simulation results
against experimental data indicate that the developed model can reasonably predict the system responses under frosting
conditions. The distributed-parameter heat exchanger model is able to capture the surface temperature variations along
the refrigerant flow path due to pressure drop, and thus predict the non-uniform frost formation in each discretized unit.
As a result, such a heat exchanger model coupled to a fan model can be used to solve the air flow distribution over time
due to non-uniform frost thicknesses, also known as air flow maldistribution. Padhmanabhan et al. (2011) formulated a
non-linear algebraic equation system based on the air pressure drop equalization to predict this phenomenon. Chung et
al. (2019) and Breque and Nemer (2017) followed the same approach to compute the air flow distribution by numerical
iterations. Qiao et al. (2017) proposed a simplified approach by linearizing the pressure drop equalization equations
with respect to air mass flow rates of control volumes and the total fan volume flow rate, such that the time evolution
of air flow redistribution can be computed in an explicit manner without numerical iterations. However, in order
to perform the linearization, a symbolic system of pressure drop equalization equations needs to be formulated by
substituting a specific fan curve as well as air pressure drop correlation into the equations. It is not straightforward to
implement this approach to general ASHP systems, since a specific fan model needs to be developed when different fan
curves or empirical pressure drop correlations are used. Furthermore, the approach cannot be easily implemented in
an object-oriented modeling language such as Modelica. The objective of this work is to develop a general simulation
tool for ASHP under frosting operations capable of captureing the dominant system transients and enables robust
simulations for control and FDD purposes. To achieve this, a one-dimensional heat exchanger model integrated with
frost formation is developed, and then coupled to other component models to complete a cycle model. Specifically,
a fan model is proposed that avoids solution of a large non-linear algebraic system and is easy to adapt in an object-
oriented way. The reminder of this paper will be presented as follows. Section 2 presents development of a complete
ASHP cycle model for predicting system behaviors under frosting conditions. Section 3 reports simulation results and
comparisons against the measurements, followed by a summary of conclusions in Section 4.

2. MODEL DEVELOPMENT

2.1 Heat Exchanger Model
Much of the previous modeling efforts have focused on heat exchanger models since the dominant dynamics of a
general vapor compression cycle reside in two-phase heat exchangers. In the present work, a heat exchanger model
is integrated with a detailed frost growth model to investigate the overall impact of frost formation on the system
performance. To describe dynamics of the refrigerant in heat exchanges, a number of assumptions are required to
simplify the model construction of two-phase flow:

• The refrigerant flow is one-dimensional with uniform fluid properties at cross sections.

• Changes in kinetic energy and potential energy are negligible; viscous dissipation is negligible; axial heat con-
duction along the refrigerant flow direction is negligible.

• The liquid and vapor of the two-phase region are in thermodynamic equilibrium.

• Body forces are neglected in the momentum balance.

The finite volume (FV) approach, that segments a heat exchanger into an arbitrary number of equally sized control
volumes, is utilized for discretization. The refrigerant pressure and enthalpy as a pair of independent thermodynamic
properties are chosen as state variables to express the discretized governing equations. A staggered grid scheme is
adopted to solve the balance equations in those control volumes (Laughman et al., 2015). As shown in Figure 1, the
mass and energy balances are solved in the upper grid, referred to as volume cells, where thermodynamic properties
are determined, while the momentum balance is solved in the lower grid, referred to as flow cells, where dynamics of
the mass flow rate are evaluated for neighboring volume cells. With a discretization of n control volumes for a heat
exchanger, n − 1 momentum balances are formed, where each of the two boundary flow cells has an extended length
of half the cell. In this way, the momentum balances solve interface mass flow rates on the n − 1 inner edges of the
volume cells, leaving mass flow rates on the outer edges (ṁ1, ṁn+1) as boundary conditions to the grid. Meanwhile, the
first and last volume cells expose the thermodynamic states. As a result, connection with other flow devices avoids the
solution of large nonlinear systems for algebraic pressures (Franke et al., 2009). The discretized governing equations
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Figure 1: Staggered grid for discretization of balance equations.

of refrigerant mass, momentum and energy balances are given respectively in (1)-(3),
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where V denotes the volume of each volume cell, Li denotes the length of a flow cell, v̄i denotes the average velocity
of a volume cell, Ff,i denotes the friction force across a flow cell which is evaluted by the equivalent frictional pressure
drop, Q̇i is the convective heat transfer rate with the metal wall, Hi denotes the enthalpy flow rate computed at the edge
of a volume cell. The upwind difference scheme is used to approximate thermodynamic quantities at the volume cell
interfaces. Therefore, the enthalpy flow rate can be calculated as

⎧⎪⎪⎨⎪⎪⎩

Hi = ṁihi−1,upstream
Hi+1 = ṁi+1hi.

(4)

Assuming a uniform temperature of the tube wall and associated fins, conservation of energy for the coil metal structure
can be derived as

(Mfincp,fin +Mtcp,t)i
dTw,i
dt
= αr,iAs,i(Tr,i − Tw,i) + Q̇f,i (5)

where Q̇f,i denotes heat conduction with the frost layer. The air temperature and humidity profile can be derived
from one-dimensional, quasi-steady-state mass and energy balances with a uniform surface temperature and inlet air
conditions,

Tai,out = Tas,i + (Ta,in − Tas,i)e−Ntu (6)

ωai,out = ωa,in + (1 − e
− Ntu

Le2/3 )max{0,ωa,in −ωas,i} (7)

where Ntu is the number of transfer units for sensible heat transfer,

Ntu =
αa,i(At + ηfinAfin)i

ṁa,icp,a
(8)

ωas,i is the saturated humidity ratio evaluated at the surface temperature Tas,i. The heat and mass transfer analogy
through the Lewis number Le2/3 = 0.9 is adopted to correlate convection coefficients of heat and mass transfer, which
is valid in both cases of condensation and sublimation (Bergman et al., 2011; Leoni et al., 2017). The total heat transfer
consisting of sensible and latent parts can be obtained by

Q̇i = ṁa,icp,a(Tai,out − Ta,in) + ṁa,i(ωai,out −ωa,in)Δhlat (9)

where Δhlat represents the latent heat of condensation or sublimation according to the surface temperature.
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Figure 2: Schematic of one-dimensional frost growth.

The prediction of frost formation on the outdoor coil is essential to characterize the performance of an ASHP system
under frosting conditions due to blockage of the air flow passage and additional thermal resistance. Tomake a numerical
model tractable, it is often assumed that frost growth normal to the cold surface is of primary interest. The frost layer
growth and densification rates can be determined by solving the heat and mass diffusion equations. As shown in Figure
2, at the frost-air interface, the total heat flux from the air stream is composed of sensible and latent heat due to the
temperature and humidity differences,

q
′′

tot = αh(Ta − Tfs) + αm(ωa −ωfs)Δhsg (10)

where αh denotes the heat transfer coefficient, αm denotes the mass transfer coefficient, Tfs denotes the frost surface
temperature, ωfs denotes the saturated humidity ratio at the frost surface, Δhsg denotes the water sublimation heat.
Note that (10) represents the same heat transfer rate as (9) under frosting conditions. It also gives the amount of heat
conducted to the metal structure (Q̇f,i) in (5), assuming that the frost growth process is quasi-steady-state. When the
frost layer is of thickness δf,i and lumped density ρf,i, mass conservation of the frost layer can be formed as

d
dt
(ρf,iδf,i) = αm,i(ωai,in −ωfs,i) = ṁ

′′

a,i (11)

which can rewritten as

ρf,i
dδf,i
dt
+ δf,i

dρf,i
dt
= ṁ

′′

δ,i + ṁ
′′

ρ,i. (12)

(12) indicates that the total water mass flux is divided into two components: ṁ
′′

δ contributes to an increment of the frost
thickness and ṁ

′′

ρ , which is diffused into the frost layer, contributes to its densification. Consider a differential control
volume of thickness dx within the frost layer as shown in Figure 2, the heat and mass diffusion can be formulated and
then solved associated with boundary conditions at the wall surface and the frost-air interface. For the sake of brevity,
the solution procedure is not included in the present paper. Refer to Qiao et al. (2017) for derivations to obtain the mass
flux in (12). Since the model is derived following a quasi-steady-state assumption, the frost thickness and density are
updated at a fixed time step Δt

ρf,i(t + Δt) = ρf,i(t) +
ṁ
′′

ρ,i

δf,i
Δt (13)

δf,i(t + Δt) = δf,i(t) +
ṁ
′′

δ,i

ρf,i
Δt (14)

which enables the overall frost growth process to remain transient over time. Note that (13) and (14) can be viewed
as a discrete dynamical system. Since the refrigerant dynamics are described in a continuous-time domain, the overall
heat exchanger model is characterized by a hybrid system, which cannot be solved efficiently. Therefore, the updated
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values at each time interval are considered as reference values. Then a first-order filter is applied to track the reference
values

dρf,i
dt
= 1
τ
(ρref,i − ρf,i) (15)

dδf,i
dt
= 1
τ
(δref,i − δf,i) (16)

where ρref,i and δref,i are quantities evaluated in (13, 14), ρf,i and δf,i are states representing the frost behavior, τ is a time
constant, which should be selected such that the signal tracking is faster than update of the reference values.

2.2 Component Models
A quasi-static model is developed to describe performance of a variable-speed compressor using efficiency maps. The
refrigerant mass flow rate is determined by

ṁ = ρsucηvVs
N
60

(17)

where Vs is a fixed displacement, N is the number of rotations per minute, ηv is the volumetric efficiency. The power
consumption is estimated using an isentropic efficiency

ηis =
ṁ(hdis,is − hsuc)

Ẇ
. (18)

The refrigerant discharge state can be determined by forming an energy balance for the compressor,

Ẇ = ṁ(hdis − hsuc) + fqẆ. (19)

The efficiency maps of ηv, ηis and fq are regressed by polynomials of pressure ratio, the compressor speed and the
ambient temperature. The expansion process is assumed to be isenthalpic. The mass flow rate is determined by

ṁ = CdAv
√
2ρin(pin − pout) (20)

where Av is the varying valve opening area, and Cd is the discharge coefficient that accounts for corrections to the mass
flow rate at different operating conditions. The opening area is adjusted based on superheat control. An empirical
correlation based on a power law is utilized to estimate the discharge coefficient (Liu et al., 2022):

Cd = d0φd1(
Tsc
Tc
)d2 (21)

where d0 − d2 are constant coefficients, Tsc is the subcooling at the valve inlet, Tc is the critical temperature of the
refrigerant, and φ is the normalized valve opening.

An accumulator is modeled assuming that vapor and liquid inside are saturated and in thermal equilibrium, which lead
to the mass and energy conservation equations as shown in (22)-(23),

d
dt
(Vgρg + Vfρf) = ṁin − ṁout (22)

d
dt
(Vgρgug + Vfρfuf) = ṁinhin − ṁouthout. (23)

Note that these saturated properties are solely dependent on the refrigerant pressure, thus the lumped pressure can be
selected as a state variable. Given the constituent relation that the total volume of the tank is occupied by the saturated
liquid and vapor volumes Vf + Vg = Vacc, either one of the volumes can be selected as another state variable. The exit
flow is assumed to be saturated vapor to account for the fact that the superheated vapor from the evaporator mixes
with the liquid refrigerant stored inside the accumulator. The coil fan is described via a polynomial characteristic
curve:

Δprise = a0 + a1V̇ + a2V̇2 + a3V̇3. (24)
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where V̇ is the total volume flow rate. Since the coil pressure drop is assumed to be solely a result of friction, a hydraulic
equilibrium is established between the fan and the coil, which leads to the system of equations below:

Δprise = Δpa,i i = 1, . . . ,N (25)

where Δpa,i is the air side pressure drop of the ith control volume, as computed by empirical correlations (Wang et al.,
2000). Along with the mass balance

ρaV̇ =
N
∑
i=1

ṁa,i (26)

where ṁa,i represents the air flow distribution of each control volume, a non-linear algebraic equation system is formed
to solve the air flow maldistribution under non-uniform frost formation. As stated previously, a computationally ef-
ficient and robust approach is desired. A new fan model is introduced based on a robust formulation of thermo-fluid
streams proposed by (Zimmer, 2020). Denote an inertial pressure r:

− L
As

dṁ
dt
= −Δr (27)

where L is the flow path length, As is the flow area, and the term I = L
As
can be regarded as the inertance of the flow,

which represents the reluctance of the mass flow to change, and acts as a time constant for the mass flow dynamics.
Consider a general one-dimensional momentum balance

I
dṁ
dt
+ ρv̄Δv = −Δp − Δpext (28)

where v̄ is the average velocity of a control volume, Δpext is the equivalent pressure drop due to external forces (e.g.,
friction). By introducing a new term, the steady mass flow pressure p̂ and a decomposition

p = p̂ + r (29)

the equation in (28) can be rewritten as

Δp̂ = −ρv̄Δv − Δpext. (30)

Note that the terms on the right hand side are dependent on the fluid pressure and mass flow rate. An approximation
of evaluating those terms using the steady mass flow pressure p̂ instead of p gives

Δp̂ = −ρv̄Δv(ṁ, p̂) − Δpext(ṁ, p̂). (31)

This form indicates that when considering a momentum balance, if the state variable mass flow rate is evaluated
through the difference of inertial pressures as given in (27) that controls acceleration or deceleration of the flow, then
the downstream pressure can be explicitly computed if the upstream pressure is known. The same applies to other
thermodynamic properties. Concerning a quasi-steady-state component model, this approach adds dynamics to the
mass flow rate that is previously determined by algebraic functions of thermodynamic properties, that converts an
algebraic equation system to an ordinary differential equation (ODE) system and avoids solving non-linear equation
systems by numerical iterations. Implementation of this approach to a one-dimensional air flow distribution problem
is depicted in Figure 3. Since mass flow rates of the fan and each control volume are now state variables, they can be
considered known at each time step. Then thermodynamic properties are computed straightforwardly from source to
sink. For instance, the pressure rise of the fan is computed using the fan curve given in (24), which further determines
p̂A. Similarly, the pressure drop of each control volume can be calculated using the known mass flow rates, which
gives p̂1, p̂2,⋯, p̂N. In this case, pressures of the source and sink are set to the atmospheric pressure patm. It is shown
in (Zimmer, 2020) that the mixing pressure p̂B can be approximated as

p̂B =
∑N

i=1 ṁip̂i
∑N

i=1 ṁi
(32)
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Figure 3: Computational scheme of the fan model.

based on the mass conservation at the mixing point B. With all the pressures in Figure 3 determined, the next step is to
compute the inertial pressures and evaluate dynamics of the mass flow rates for integration over the next time step. The
inertial pressures and mass flow dynamics can be obtained simultaneously by forming a system of ODEs and equations
of pressure equalization:

−If
dṁf

dt
= rA

−I1
dṁ1

dt
= r1 − rA,⋯,−IN

dṁN

dt
= rN − rA

p̂1 + r1 = p̂B + rB,⋯, p̂N + rN = p̂B + rB
p̂B + rB = patm. (33)

The above system consists of 2N + 2 equations but 2N + 3 unknowns. To close the system, a derivative form of the
mass balance is added

dṁf

dt
=

N
∑
i=1

dṁi

dt
. (34)

The equations can be rewritten in a matrix form:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−If −1
−I1 1 −1

⋱ ⋱
−IN 1 −1

1 −1
⋱ −1

1 −1
1

1 −1 ⋯ −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

dṁf
dt
dṁ1
dt
⋮

dṁN
dt
rA
r1
⋮
rN
rB

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
⋮
0

p̂B − p̂1
⋮

p̂B − p̂N
patm − p̂B

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(35)

which can be recognized without difficulty as a linear system. Note that this form is favorable because for most heat
pump applications the equipment geometry is fixed, which indicates that the coefficient matrix on the left is a constant
matrix. As a result, a linear time-invariant (LTI) system is formulated for the mass flow dynamics.

3. SIMULATION RESULTS AND VALIDATIONS

This section presents simulation results and experimental validations of the developed cycle model for capturing tran-
sient characteristics of a residential heat pump system under frosting. The heat pump unit is a commercial variable-
speed system having a nominal capacity of 2 tons that utilizes R410A as the working fluid. The split system was
installed in a pair of independently controlled psychrometric chambers, where the indoor unit was ducted to a nozzle
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Figure 4: Validations of the refrigerant discharge and suction pressures.

box for air flow rate measurements. The temperature set points of the indoor and outdoor conditions were 291.5 K and
271 K, respectively. The relative humidity was set to 40% for the indoor and 85% for the outdoor. Each heat exchanger
was discretized into 30 control volumes. The heat pump cycle model was simulated to predict system behaviors under
multiple cycles of frosting and defrosting operations. Since this paper focuses on the frosting transients, especially
the non-uniform frost formation on the evaporator coil, only the simulation results of a 2-hour heating operation in
between defrost cycles are shown. The defrost dynamics are reported in a companion paper (Ma et al., 2022). Figure
4 reports validations of the refrigerant discharge and suction pressures. As the unit switches to the heating mode from
the defrosting mode, the compressor speed increases to a desired setting regulated by the control board, which results
in a rapid rise of the discharge pressure. After that, rise of the discharge pressure slows down since the compressor is
running at a pre-defined speed. As the EXV is closing to achieve the superheat set point temperature, the resulting mass
flow imbalance between the compressor and EXV leads to the continuing pressure increase, though frost starts to form
shortly after the system switches back to heating mode. Performance degradation due to frost formation becomes more
evident at about 60 min before initiation of the next defrost cycle. The reduced air flow due to frost blockage results in
a slight decline of the evaporating pressure, yet a significant decline of the discharge pressure which is more sensitive
to changes on the suction side. The predictions of discharge and suction pressures agree well with the measurements,
which demonstrate that the developed cycle model is able to capture the complicated refrigerant dynamics under the
frosting condition.

Figure 5: Validations of the indoor air-side capacity and compressor power.

Simulation results of the indoor unit air-side capacity and the the compressor power are shown in Figure 5. The indoor
unit fan is continuously running throughout the test, and the air flow rate maintains a constant value based on the mea-
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Figure 6: Simulated evolution of non-uniform frost growth: (a) Frost thickness; (b) Frost density; (c) Air mass flow
rate; (d) Free air flow passage.

surements. The air-side capacity evolves corresponding to the refrigerant dynamics. As the condensing temperature
climbs until 60 min, the heating capacity increases to the nominal capacity around 7 kW. Since the compressor operates
at a nearly fixed speed, a decline of the heating capacity can be observed during 60 min to 120 min, when the refrig-
erant condensing pressure drops due to the frosting operation. Since the predictions of the refrigerant dynamics agree
well with measurements, the model captures dynamics of the indoor capacities fairly well. The change of compressor
power consumption follows regulation of the compressor speed, while also varying due to the refrigerant dynamics.
During heating operations, the power consumption changes mainly due to transients of the discharge pressure, which
in turn dominates the pressure ratio, as can be seen by the decline after 60 min which can be attributed to a smaller
pressure ratio.

Simulation results associated with non-uniform frost growth are presented in Figure 6. Time evolution of the air mass
flow rate along the evaporator coil illustrates the air flow maldistribution that as the heating operation progresses, a
portion of the coil close to the refrigerant inlet receives less air flow than the portion close to the exit due to frost
deposition. Moreover, the decline of the total air flow rate is caused by increased pressure drop across fins due to
narrowed flow area, according to the fan curve. The air flow maldistribution, as a consequence, further stimulates the
non-uniform frost growth on the coil, as shown by the simulated evolution of frost thickness and density. It can be noted
from the total free air flow area that 23% of the flow passage is blocked after two hours of frosting operation.

4. CONCLUSIONS

This paper presents a dynamic modeling framework for air-source heat pumps with non-uniform frost formation on the
evaporator coil. In particular, a fan model that avoids solutions of a nonlinear algebraic equation system to predict the
air flow maldistribution, is proposed to improve the model robustness. The developed model was simulated to predict
transients of a residential heat pump unit under frosting conditions. Agreement between the model predictions and
measurements demonstrates that the model can capture the system performance degradation due to frosting operations.
Furthermore, predictions of the time evolution of frost properties and air flow redistribution can help gain insights into
the non-uniform frost formation phenomena and its impact on coil heat transfer, which are typically difficult to measure
and characterize experimentally at a system level.
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NOMENCLATURE

α Heat transfer coefficient [W/(kgK)]
ṁ Mass flow rate [kg/s]
ρ Density [kg/m3]
A Area [m2]
cp Specific heat capacity [J/(kgK)]
h Specific enthalpy [J/kg]
M Mass [kg]
p Pressure [Pa]
T Temperature [K]

Subscript
r Refrigerant
a Air
dis Discharge
suc Suction
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