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Previously-proposed methods

n

General Effort to
Variables method? redesign the

system

Arbitrary coefficient method Amplitude of J Time-
(ACM) [2,3] waves consuming
Global transfer matrix method

(GTM) [4.5] State vector Vv Easy
Xue et al.’s method [6] State vector X Easy
Dazel et al.’s method [7] Information Vv Easy

vector
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Overview of the stabilized TMM i 00

Layered structure
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matrix of the system
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Boundary conditions
at each interface

Transfer matrix
of each layer
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Matrix representation — transtfer matrix om 382007
Layer Type Waves Transfer matrix State vector
Fluid 1 dilatational /], vi=p U;]T
Elastic-solid 1 dilatational + 1 rotational TS 4xca VS =[vi vi o5, 151"

Poro-elastic 2 dilatational + 1 rotational TP exo VP = [vS oS U; Oyr Tz aZfZ r
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Matrix representation — transfer matrix S 2022
Layer Type Waves Transfer matrix State vector
L T
Fluid 1 dilatational /], vi=[p /]
Elastic-solid 1 dilatational + 1 rotational T 40 VE=1[v vi o5 1517
Poro-elastic 2 dilatational + 1 rotational ], VP =[vs v vl o5 5, of]”
erfac

xxxxxx

Int el
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Matrix representation — boundary conditions %%

General expressnon

jx/Boundary Matrlx State vector V l In @ matrix form

;;;;;;;;;;;;;

xxxxxxxxxxxxxx Interface i ----—----—-------------> [Bi+] it = [Bi—]Vi—
\Boundar I\/Iatrlx B State vectorV l
ower Ia e\
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Matrix representation — boundary conditions %7

General expressnon

j/Boundary Matrlx State vector V l ~Ina matrix form

- - - - - f f ;"’ ;;;;;

xxxxxxxxxxxxxx Interface i ---------------------»
\Boundar Matrix B \\StatevectorV YT
‘“x
\ flwd \
SRR

More specifically, interface between a poro-elastic layer (i*) and a fluid layer (i7):

|Bi+|Vi+ = [Bi-|V;-

Boundary conditions: Matrix form: [B;+] Vie = [B;-] Vi-
05
e [gS51P = —(1 — f
LZJCZ} ] ; ]¢)[p] ¢: porosity 0 0 0 1 0 0] “jsc —(1—¢) 0]
0 0 0 0 0 1ffvz|_| -9 0 [P
« (1-9¢)[vs p+¢[vf] [Uf]f 0 1-¢ ¢ 0 0 O0]|oz 0 1 v;
. [15,]P =0 o 0o o0 o0 1 ollgg L o o
7). 10
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Model and couple

the system Co.nstruct
—) e Uation system

in matrix form




Model and couple the layered system S 2022
State vector V, + _[ ] Boundary conditions at interfaces:
Al A [B1+]V 1+ = [B1-]V4
“g\ \ 1_ 1t1V1+t = B —,
V- = § \ \\ \\
L \ V 27 -1
—2"_' """"" [B2+][T1]7 V- = [By-]V,-,
\\\ V,+
V3 ?_r -------- [Bg+]‘[T2]_'1V2-,= [B3-]V3-,
Vi+
\\
Z: """"" [Bn+][Tn—1]_1Vn—1_'= [Bn‘]Vn_:
[ T \\\\\\ Vi1t
\ Vi n+ 1" 4 3
""""" * [Bps1+][Tnl V- = [Buy1-1Vair-

ir/rigi [Bri1 ] - '
State vector V,,. n+i- '
backing [”Z]n+1 Vat 12



&\\VII/MM ﬂ dilhin.

Model and couple the layered system S 2022
Boundary conditions at interfaces:
By Ve = 1Ba-lVas, Matrix form equation system: Global Matrix [A]
Bl —[Br] U 0] v
[B,+][T1]"Wq- = [By-]V,-, | [0] (B[] - [0] [0] (V.-
0] 0 [By+][Tr-1]™* —[Bn-] Va-1-
i [ —11i _
[B3+][T2] WV4- = [B3-1V3-, %] _________ . B L) S 1) [Bpyyt /[T " HVn
0
=1 Visr
_ 0
(B 1[Tn-a]™" V-1~ = [Bn-]Va-, (B, ].

[Bri1+1[Tnl V- = [Bui1-1Vai1--
13
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Increase
Decompose the transfer matrix stability

Reformulate
equation system
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Decompose of the transfer matrix e 2022
In the traditional TMM:

When there is a significant disparity

between the magnitudes of the The most attenuated wave’s

waves: i.e., contribution can be masked

e at higher frequencies by numerical errors. Instability occurs when

e for athick layer inverting the global matrix
e for extreme parameter values
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Decompose of the transfer matrix e 2022
In the traditional TMM:

When there is a significant disparity

between the magnitudes of the The most attenuated wave’s

waves: i.e., contribution can be masked

e at higher frequencies by numerical errors. Instability occurs when

e for athick layer inverting the global matrix
e for extreme parameter values

Decomposition — extract wave attenuation terms

[T] = [@][A][®]

E.g., for a solid layer:

e/k13d 0 0 0

: : ST 0 e_jk13d 0 0

With wave attenuation terms [4°] = 0 0 pJkszd 0
0 0 0 e Jkssd]
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Reformulate the equation 2027

Equation system:

Byl —[By] - 0] o we 1 (0

0] [BpllTi ! - 0] o |lvi- | o

oo oo ces ces oo oo el Vn+ -,
0 0] o ByllTo —[Bal  ||Ves| |0 1
| [0] [0] 0] B, +1[T, ] IWVn- 1 LBpis-|.

16



&\\VII/MM [] ikhin,

. inter.noise
Reformulate the equation o 2022
Equation system:
[B+] —[B1-] 0 0 Vs 0
0 [Bz+][T1]_ 0 O Vl_ 0
—1--- | /4
0 0] [Bn"'] Tn—l]_1 _[Bn_] Vn—l_ 0
0 0 0] (B, 1+1[T,] V- [Bn+1-]-
_____________________________ Global MatrixA]
lReformuIate
_ZZZZZZZZ:Z:Z:ZZIZZZ:Z:ZZZZZZZZIZIZZ-ZZZ[_;_iili]IIZZZIZIZIZZZZZZIZIZZZZZZZZIZIZZZZZZZZIZIZZZZZZIZIZIZ """""" N_é_;_i_éHi_f_i_c_c':\_r;i_;{ar;_e_I:i_(;l_l“e_r:;‘_o_I_‘_S_E
[B1+] —[B1-][ P, ] [0] 0 I] [0] [0] [0]
[0] [By+][®][A]7" [0] 0 [0] [®4]7* [0] 0]
I [0] [0] o [ Bt ][ @y [A 1] —|Bn-1l®,] E[O] o] - [®,4]7" [0] ||
[0] [0] [0] Byt ][ @, ][A,] 71 iLlo] o] - [0] [@,]7]
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Invert and solve for the
overall 2-by-2 transfer | «————
matrix of the system
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2-by-2 transfer matrix that relates V,+ and Vi, - 550
. Given equation system:
: Stat torV + = + Vi+ 1 10 7
[A] =1... Vit
Vios-
V- —[Bn+1‘]—

Vi+ = [T]sz Vat1-

Air / rigid

P] [Buea-] n+1
backing

State vector V,,,1- = [v
Z

n+1

18



2-by-2 transter matrix that relates V,+ and V,, 4 1-

Given

Air

p

State vector V+ = [v ] (B+] 17
Z41 1+

Vi+ = [T]sz Vat1-

Air / rigid
backing

State vector V,,, - = [v
Z

P] [Bnig-] P T 1

_V1+

equation system:

0 _

0
= [A]7Y] - Vi1

0

—[Bn+1‘]—
(1] [0] [0] [0]
[0] [P4] [0] [0]
[0] [O] [®p-1] [O]
[0] [O] 0]  [®]

| [45,4]

[414]  [41]
[424]  [42]

[4.2]

[Ain-1] 414
[AZO,?—l] [Azn]

[An-14] [An-12] 0 [An-inod]  [A0-1a)
[A;;,n—l] [A;,n] A
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2-by-2 transfer matrix that relates V,+ and V,,, - 50
Given equation system:
Vi+ 7 0 .
Vl_ 0
— [A]—l Vn+1‘-
Vn—l_ 0 *
V,- | [B, -] Vit = [Al,n] [Bns1-1Vai1-
7] [o] - [O] [0] _[T1i1 Ta2] _ A«
[0] [®,] - [0] [0] [T]ZXZ — T21 T22] - [Al,n] [Bn+1_]-
[A]_l -1 ... [Al]_lr
[0] [O] [®,-1] [O]
[0] [O] [0]  [®y]
_ [A;,1] [Ai,z] [A;,n—l] [Ai,n]| _
[A§,1] [Az,z] [AZ,,H] [Az,n]
a] [l [Anincd] [Ahosa]|
L[4l [An2] o [Anaed]  [ARal
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Stably predict the
acoustic properties

20
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Solve tfor acoustic properties [6,8,9] 52022

Tl 1 Tl 2

With V1+ — T21 T22] Vn+1_:

Layered system fixed on a rigid wall:

e R= T11 cos 6/(T21 poc)—1
Ti1 €0 0/(T21 PoC)+1°

Example 1: 6 = 50°
Air half-space

z=10 T . "\\
4 \Poro—elastlc laye \\\

Rigid wall

Layered systems with fluid on both sides:

Zejkzd

- T11+T;, CcOS 9/p0C+T21 p0C/ COS 9+T22 ’

_ T11+T;, COS 9/,00C—T21 p()C/ COS 6_T22

T11+T12 COoS 9/,00C+T21 p()C/ COoS 9+T22 ’

a=1-IRP

. TL= 2010g10|—;.

Example2: 9 =50°

N Air half—space
T SR

\Poro clastic layer \\\\

Sohd layer \‘QQ&.

Air half-space 21



RN\ [/ sl :- [] ‘%.
inter.noise

Example results

22



Example 1

6 = 50°

oro-elasic layer

Air half-space

Rigid wall

Parameters for poro-elastic layer

o — Rayls/m
¢

(4%

A—m

A —m

py —kg/m’
E -Pa

n

v

4%10°
0.4
1.75
9.3x10°°
2.0x107°
120
4x10%
0.2
0.3

Absorption coefficient

- Stabilized TMM
09~ —— Dazel et al.'s method ||
— — Xue et al.'s method
GTM
0.8+ % -
0.7 | il
(|| 1 ||
0.6 H;\ H: 1
] R |
'ﬂ'l T
05¢ M | il
' I LT
il
04} Mjn { i 1
LI Y b I
| 11 W.lﬂ\ ‘L‘ ‘#J
0.3 ti MLM@}‘ | | :ﬁ |
| -‘{U 1‘.|'Wlimv1 \M” | : Al ! |'n ‘
02| i L
ALY |
(i ”:‘LW [ d “Igju
T e “M ",m ] w ) H |“3| ‘
R 2
10 107 10° 10
Frequency - Hz

4
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Example 2
0 = 50;
: Air half—s ace

Poro elastic laye
‘ﬁ§§§§mmuwﬁ\§§§gh

Air half-space

Poro-elastic layer Solid layer
o —Rayls/m  4x10° pp —kg/m®> 1000
o) 0.4 E -Pa 1x10°
Ao 1.75 n 0.5
A—m 9.3x107% v 0.4
A'—m 2.0x107°
p, — kg/m? 120
E - Pa 4x10*
n 0.2
v 0.3

Absorption coefficient

Transmission loss - dB

- Stabilized TMM
0.8 GTM |
0.6+ | .
0.4 B ‘ 1\/\/\,\,.—”— o -I—‘f
0.2+
0 L , , , il }
10! 102 10° 10*
Frequency - Hz
100
80 .
60 .
40 |
20 .
O | ; |
10! 10 10° 10*

Frequency - Hz

24



Example 3
6 = 50

" Air half-space

oro—ela;ti;\le;\;/er 130 nclz N
Poro-elastic layer\ 10 cm

R R R

Air half-space

Poro-elastic layer Stiff panel
o —Rayls/m  4x10® p, —kg/m® 2700
o) 0.4 Ey-Pa  7.0x10%°
Ao 1.75 Np 0.003
A-m 9.3x107° v, 0.33
A'—m 2.0x107°
p, — kg/m? 120
E - Pa 4x10*
n 0.2
v 0.3

Absorption coefficient

Transmission loss - dB

- Stabilized TMM

GTM

e
S NN B~ O OO =

\

—lar— e — e T VS ————

[
-

100

80
60
40
20

|

10

10

. 10
Frequency - Hz

10
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Conclusions e 00

» A stable, general, robust, and straightforward approach (stabilized TMM) is proposed to
model and couple of multi-layered systems consisting of various layer types.

* This approach models the layered system as a two-by-two transfer matrix. Therefore, it
can be conveniently connected to other systems with the same dimension and makes the
redesign of complicated systems much easier.

* As a modelling tool, this approach makes up for the deficiency of the traditional methods
and makes it possible to model and couple thick layers of materials (e.g., granular
materials) in a layered system over a wide frequency range.
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