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From Euclid to Corner Sums — a Trail of Telescoping Tricks
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Abstract. Euclid’s algorithm is extended to binomials, geometric sums and corner sums. Two-sided

non-commuting, non-constant linear difference equations will be solved, and the solution is applied to
corner sums, thereby presenting an explicit formula for the generator of the bi-module spanned by the two
starting corner sums.

1. Introduction

Euclid’s Algorithm is, without question, one of the most important “super algorithms” in mathematics.
It is fast and can be executed efficiently via recurrence relations. In this paper we shall extend this algorithm
to binomials, geometric sums and corner sums.

“Telescoping sums” appear in many branches of mathematics, from block matrices to convergence and
from iteration to polynomial division.

The most common telescoping sum is the “corner sum”
Ti(x, ¢, v) = X le+ ¥ 2cy + .+ ey + ey, (1)

in which the parameters need not commute! Indeed, we may consider elements from an arbitrary (non
necessarily abelian) ring R with unity 1. These sums arise naturally when powering a triangular matrix:
the corner element is precisely I'k(x, c, y). We shorten I'x(x, 1, y) to I't(x, y).
These sums are a generalization of the Difference Quotient

A —
—y =xn—1+xn—2y+_”+yn—1’
x-y

for two commuting variables x and y.
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Corner sums can be expressed in terms of Hankel matrices which have the form

0 --- 1 .- 0]
al a2 “ee an
ar a 0 n T :
H=] . . ! :ZaiHi where H; = | 1 )
c i=1
a, O
0 0 |

has its i-th counter diagonal filled with ones.
Since I'k(x, ¢, y) is a bilinear form we may express it as

1
n—1 y T
(e, y) =[1,x,., X" 1cH) | . | =X (cHyy. 3)
yn—l

On the other hand, if we introduce a polynomial form f(x) = a; +ax+ ..+ a,x""1, then we also have the
bilinear form

a a -+ ay 1
an a, 0 Y n
Wite,y) = xTHpy = [1,x,.., x| =) Tixany) (4)
- : k=1

a, 0 yn—l

ai ap e ay

a, a, 0

where Hy = | | ) . As such we see that Hy,1 = Hy.
a, 0

Corner sums appear naturally when we examine matrix equations and matrix powering. For example, if

AX~-XB = C, then AKX~ XB¥ = T\(A, C, B). Likewise when we power a block triangular matrix M = [ g ; ]
it follows that

x ¢ Xk T(x, ¢, y)
eIt )

As such we see that corner sums appear whenever we block diagonalize matrices to obtain canonical forms,
as for example, in the cyclic decomposition theorem [6].

Corner sums do not just generalize difference quotients, they actually act very much like “a derivative”.
Indeed, consider a given polynomial form f(x) = a; + ax + -+ + a,x""! for which we define its right and
left evaluations by

FOx) = ay +agx + -+ a "

and

FO%) = a1 +xap + -+ + X" a,.

These lead to the left and right corner sums. Indeed, for M as above,

fOr) TP®ey)

(M) =
frn 0 )

7 (6)
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where the right and left corner sums are defined by

n

n
I0cy) =Y alixcy) and T c,y) = ) Tix,c, a. 7)

i=1 i=1
These clearly ensure that
Ll c, y) = Ti(x, c, y) 8)

Now ifx = y,c =1, and a;x = xa; then

f([ ) - ]) :[ 0 ]
0 x 0 fx) |
from which we see that I'r(x, 1, x) = f'(x).

Without assuming any commutivity we may state the following generalizations of the “difference
quotient”

We(x, y) = Wilx, )y = fO) = fOy), 9)
which uses
xx(x, ¢, y) = Ti(x,c,y)y = xke - cyk. (10)

Since the vector x commutes with the scalar x we see that xWy = xx"Hyy = x" (xHy)y and so

FOw) = fOy) = xWy = Wyy = x"(xHy - Hyy)y.

Replacing x by A and y by B, we see that X = W¢(A, B) is a solution to AX — XB = C¢(A, B), provided 4;
commutes with A.

We may go one step further and use two polynomials, extending the Bezoutian concept for two com-
muting variables

f (x)g(y) f )g() Z byl = xT
i,j=1
Consider
FO@7W = fP05@) = fODIg" W) = g0+ [F ) = fOW1g )
= (¢Wr = Wy)g¥ () = fO )W, = Woy) (11)
= x[xH; - Hyylyg(x) = fO()Ix" (xHy — Hyy)yl.

An important special case is when ¢ = 1 = y. In this case the corner sum I',(x,1,1) reduces to the
geometric progression (GP) (also called geometric sum)

Go(¥)=T1+x+x%+---+x"L. (12)
Needless to say, if just ¥ = 1 then we obtain

Ti(x,c, 1) = Ge(x)c. (13)
When x, y and ¢ commute then

Ti(x, ¢, y) = ¥ Gulx/y)e. (14)

This shows that each identity involving G(x) generates a corresponding identity for I'x(x, ¢, y) with commut-
ing variables, and conversely.

Applications of GPs are even more numerous, and can be found in:
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(i) the study of nilpotent elements, including matrices;
(ii) the study of convergence, such as in the ratio test in Calculus;
(iii) in Euclid’s Division algorithm applied to special polynomials;
(iv) in powers and generalized inverses of the unit shifts 1 +ab and 1 + ba;
(v) in the “inversion” of the telescoping process;
(vi) in many iterative schemes, such as in the Picard iteration X1 = Axx + B, with Xy = C. In fact, its
solution takes the form [[11]

Xi = Gi(A)B + AFC. (15)

Likewise the Cesaro-Neumann iteration makes repeated use of telescoping identities [8].

2. More Properties of Corner sums

Let us next examine some of the basic properties of corner sums. When there is no risk of confusion, we
shall write I'y for I't(x, ¢, ) .

Proposition 2.1. The corner sum I'y(x, ¢, y) has the following properties:

1. It is “self reciprocal” i.e.

1 1
Ti(x,c,y) = x’“rkg,c, ?y"-l, (16)

Tiva(x,c,y) = o + Te(x,c, ).y = xIi(x, ¢, y) + cyk, (17)
3. The “internal” addition law
Ti(x,c+d,y) =Ti(x,c,y) + Ti(x, 4, v) (18)
and the “external” addition law
Trs(x,c,y) = xTs(x, ¢, v) + Tr(x, ¢, v)y°, (19)
hold, which for y = 1 = c the latter reduces to
Gris(x) = X' Gs(x) + Gr(x) = X°Gp(x) + Gy(x). (20)
4. The homogeneity conditions are
Ti(x, xd, y) = xTi(x,d, y) and Ti(x,dy,y) = Tk(x, d, y)y. (21)

Being self reciprocal implies that a geometric progression Gi(x) is also self reciprocal, i.e. x*"1G(1/x) =
Gk(jé)e'tting y=1=cin gives the fundamental telescoping identity

(1-xG,(x)=1-x" (22)

As such, we may write G,(x) = 11__35: with the understanding that x # 1. We shall refer to x" — 1 as the

“binomial of the GP”.
We also have

(1=2)Gu(x) =1 +x —x" — 2", (23)

We may use to obtain G,(x) = ¥*G,_2(x) + (1 + x), since n = (n — 2) + 2.
As an application of the homogeneity conditions, we consider the case where ¢ = ax — xb. Then
T'x(a,c,b) = Ti(a,ax — xb, b) = al'x(a, x,b) — Ti(a, x, b)b = akx — xb*.
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Proposition 2.2. For polynomials f and g and M as in (5),
1. the external addition law is extended to

o0 y) = g0 (e y) + TP (x, 0, hO(y).

where t is either € or v (left or right), using the fact that (gh)(M) = g(M)h(M).
2. the composition law

OGO = fO ([ g TP (xcy) ])

0 9" ()
_ [f“)(g(”(x)) (g0, T (x, c, ywwy»]
0 Fg" ()

holds.
A similar result holds for the left evaluations. Consequently

rf(*’) og(*’) (x/ c, ]/) = rﬁ:’) (g(r) ('x)/ rg) (x/ c, ]/)/ g(r) (]/)) .

Note that the composition law contains a corner sum within a corner sum!
Taking f(x) = x" and g(x) = x° in the composition law, we arrive at the product rule:

Proposition 2.3 (Product rule).
T, c,y) =T(x°, Ts(x, ¢, y), ¥°) = T2, Tr(x, ¢, y), y).
The product rule may also be written as
D6, y) = (0 s 6, ), ) = T (o 1006, 6, 1), ),
which follows by directly computation.

For example, T'1o(x,c,y) = I's(x*, Ta(x, ¢, y), y*) = To(x, Ts(x, ¢, y), ).
Related to these is the identity

L8, T, ¢, ), ¥F) = T, T(x8, ¢, ), ),

which is easily verified directly.
Combining the external addition law with the homogeneity condition, we also have

Li(x*, Trs(x, 0, y), y) = To(x®, X' Ts(x, ¢, y) + Th(x, ¢, Y)v°, y*)
which reduces to
(X", Tras(x, ¢, ), ) = x'Ti(x*, Ts(x, ¢, y), ') + Te(x", T (x, ¢, ), ).
For example,
Lo, Trs(x, ¢, y), y") = Tpn (X, Ts(x, ¢, v), ') = Ts(x, ¢, )y + Tp(x', To(x, ¢, y), ¥ )y°.
In particular when p = ¥ = 3 and s = 8 this reduces to
T30, Tu(x, ¢, y), y°) = Ta(, Ts(x, ¢, ), ) = Ts(x, ¢, )y’ + Tolx, ¢, )y,

in which To(x, ¢, y)y® — Ts(x, ¢, y)y* = x8cy®.
Using the homogeneity condition the product rule takes the form

s—1
T, 6 y) = ) (YT, ¢ ().
i=0

4617

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(81)

(32)

Now if n = mg + r with 0 < r < m < n, then we may combine the addition and multiplicative laws,

and (27) to give the non-commutative “division algorithm” for corner sums:
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Proposition 2.4. Given n = mq +r with0 <r <m < n, then
Trimg(x, ¢, y) = X' T, Ty(x™, ¢, y™), y) + To(x, ¢, y)y™. (33)

Setting y = 1 = ¢, gives the GP division algorithm

Gu(x) = X' Gg(x™) G (x) + Gr(x) = X' G (xT)Gy(x) + Gy (x). (34)
For n = mg,
Ging(x) = G (x)Gy(x™). (35)

For example, Gy, = Go(x™)Gp(x).
If x is nilpotent, say ¥ = 0, then
nx, c,y) —In(x, c, )y = —cyN , (36)
which for y = 1 = ¢ reduces to (1 — x)Gy(x) = 1 and (1 — x)~! = Gn(x). For n < N we then arrive at
1-2)T=G(x™) =14+ x"+---+ 2"V where k= [N/n] + 1. (37)
Moreover we have G,(x) = (1 — x)"}(1 — x") and hence
Ce@)T=(1-20)1 -2 =1 -1 +x" +--- +2"ED), (38)

Another application of the geometric sum can be found in the study of generalized inverses [13]. For
example

Lemma 2.5. For elements in an associative ring with unity,

1. Ifba = 0 then (a + b)" =T'y41(a, b).

2. Ifb*> = bthen Ty11(a, b) = a™ + G,(a)b.

3. Ifeb=0=beand e® = ethen (b+e)" =b" +e.
Of particular interest is the case b = a%a~,e = aa~, where a is a (von Neumann) invertible element and a~
denotes an inner inverse of a (i.e. aa”a = a).

A GP can also be obtained from its binomial, using the idea of a Drazin inverse. Indeed ([9]) if A is a
matrix with minimal polynomial 14(A) = (A — 1)°f(A) such that gcd(A -1, f) =1, then

s—1
Gu(A) = ZAI (- A)P(I - A" +Z(Z )(A—I)’Z?, (39)

1=

where the Z? are the principal idempotents of A.

The Cesaro sum is defined as C,(A) = G,(A)/n and is used in iteration, Probability Theory, Markov
Chains and Non-Negative matrices.

It can be shown that PANQ — 0 as N — o iff PGn(A)Q converges as N — oo ([11]) where P and Q are
invertible matrices.

3. Polynomials

Much of polynomial theory deals with the Division Algorithm and in particular with Euclid’s Algo-
rithm. In the special case of a linear divisor, we recall the Bezout Theorem, which heavily depends on
the telescoping trick. Indeed, much of matrix theory uses the divisor AI — A, leading up to the study of
annihilating polynomials, adjoints and elementary divisors. All use telescoping repeatedly.
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To study polynomials in one variable we often have to study polynomials in two variables. The catch
however, is that for polynomials in two (possibly non-commuting) variables, there is no unique division
algorithm (but we can use Groebner bases) and the set of such polynomials is not a PID and there is no gcd!

We shall now show that Euclid’s construction for the gcd of two integers, induces parallel ged algorithms
for binomials and Geometric sums as well as “gcd-like” construction for the gcd of two corner sums in
non-commuting variables x and y.

For a given m and n, say n = mq +r, with 0 < v < m < n, Euclid’s Algorithm gives a sequence of
integer quotients and remainders (g;, 7;). We shall now show that for three special classes of polynomials,
the sequences (g;, ;), will induce the corresponding quotient and remainder sequences (Q;, R;), and we give
explicit expressions for them.

These sequences are of the form

(i) x* -1 (binomial)
(if) G(x) (geometric progression)
(iii) T'k(x,c, y) (corner sums).

The story of Euclid’s algorithm is really one of finding the generator for the principal ideal generated
by the starting elements.
Indeed,

(i) for integers if rn41 = ged(ro, 1) then ry4R = r9R + 1R, where R is the ring of integers Z.
(ii) for binomials, if ¥ —1 = ged(x™ —1,x"" — 1) then (x™+ —1)R = (x"* — 1)R + (x¥* — 1)R where R = Z[x].
(iif) For geometric sums, if G, ,, (x) = gcd(G,,(x), G, (x)) then G,,, ()R = G,,(x)R+ G, (x))R, where R = Z[x].
We shall also solve the recurrence relation used in Euclid’s algorithm and use it to give explicit
formula, in the first two cases, for the coefficients of the generator equation of the principle ideal.
(iv) For corner sums, when x and y do not commute, the ideal has to be replaced by the bi-module
generated by I';; and I';,, which we address shortly.

3.1. Finding the gcd

We now show that there is a precise parallel between Euclid’s Algorithm for two integers m and n, and
the algorithm for the corresponding binomials x™ — 1 and x" — 1.

We recall and start by multiplying by x — 1, to obtain the following pivotal binomial identity,
valid over any ring R with 1.

K =1 =x"(x"—1)+ (" —1) = (" = D/ [x"@D + 02 4+ 1]+ (& - 1) (40)

or more compactly

n=mg+re @ -1)=" -1 +E -1)) (41)

where Q(x) = x"[x"0~ + x™@2) + 4+ 1] = x"G,(x™).
This show that the geometric sum does indeed enter naturally into the division algorithm!
An immediate consequence is that

mn iff (" = 1) | (" = 1) iff Gu(®)IGn(x). (42)

This first part of this chain is used with x = 2 in the construction of Mersenne primes and the construction
of Fermat and Miller pseudo primes as used in cryptography [14].

Alternatively we could use the fact that a|b iff a|(b — a).

For the corner sum, the fact that m|n will result in a compact functional equation.

A second by-product is the following result:
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Theorem 3.1. Over a Euclidean domain,
ged(x™ — 1,x" — 1) = x84 1 = (x — 1) - ged[Gu(¥), Gy ()] (43)

Proof. We may use this “parallel division” to obtain three parallel Euclid-chains starting with ry = n and
r1 = mor with ¥ — 1 and x* — 1 or with G,, and G,,.

ro=riq+1 X0 —1=(@"-1)Q; + (2 -1) Gr, (%) = G (0)Q1 + G, (x)
T =Togp + 13

Tic1 = Tii + Tisl X =1 =" - 1DQ; + (x" — 1) Gr,(¥) = G,,(0)Q; + Gy, (%)

rN-1 = NN + AN =1 =" -1)Qn+ Gy (¥) = Gy (0)Qi + Gpy,,, ()

N = rN+1qN+1 + 0 AN =1 = ("™ = 1)Qn+1 + 0(x) Gy (%) = Gry,, (0)Qn+1 + 0(x)

Note that ry4o = 0.
Since Q; = x""1G,,(x"") we see how the geometric sums are related via

Gy, (¥) = X Gy (x) - Gy, (x") + Gy, (%) = X7 Gy () + Gy (%) (44)
At the last stage, when 1y = rn114n+1, this gives
GYN (x) =x". G”N+l (x) : qul (erH)r

which checks (35).

The result corresponding to is false for lems , i.e. lem(x™ — 1,x" — 1) # x'*™"") _ 1 as seen from
the case n = 3 and m = 2. Since gcd(m,n) = 1, we know that gcd((x? — 1), (x®* — 1)) = x — 1 and hence
lem[(x* - 1), (x* = 1)] = (x> = 1)(x®* = 1)/(x — 1) = (x + 1)(x® — 1). This clearly divides (x® — 1) but will not equal
it. The quotient equals x*> — x + 1.

If we set r; = ujrg + viry, i = 0,...,k + 1, then the u; and v; satisfy the same recurrence as the r;, i.e.
Tis1 = tio1 — qiti, except with different initial conditions. Indeed

Uip1 = Ui —qiui, up=1,u1=0

and
Viy1 = -1 — qiv;, vop=0,01 =1

We may do exactly the same for the polynomials " — 1 and G, , (x) with recurrences
¥ —1= (" -1) - Qix)(x" —1) and G,,, (x) = G,_, — Qi - G/ (x)
to give
X =1 =U(x)[x" — 1] + Vi(x)[x" — 1] and G,, = U;(x)G,, + Vi(x)G,, (45)
The U;(x) and V;(x) satisfy
Ui () = Ui1 (x) — Qi(x)Ui(x), Uo(x) =1, Un(x) =0

and
Vin(x) = Vii(x) = Qi(x)Vi(x), Vo(x) =0, Vi(x) = 1.
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At the final stage, where i = N + 1, we arrive at the “ideal equation”

TN+1 = gad(r,, 1) = UN+1T0 + UNt1T1,
=1 = gedl - 1,21 —1] = Una @)@ — 1) + Vs ()" — 1)
Gryn (%) ged[Gy, (x), Gy, (x)] Un+1(0)Gry (%) + VN1 (X)Gr, ().

The corresponding result for corner sums is more complicated, and the expression for the coefficients
will be given in the section on Sandwich Recurrence Relations.

Consequently, recalling that rog = n and r; = m, we see that
mn)y=1l=(@or)emmn=1x-1)=gdx"-1,x"-1] & 1= gcd[G,,(x), G/, (x)] (46)
In which case 1 = un41n + vny1m as well as
x=1=Unn@)E" = 1)+ V@)™ —1) and 1= Un+(x)Gu(x) + VN1 (x)Gm(x). (47)

For convenience we shall write U(x) for Uy+1 and V(x) for V1.
Note that in the above we had assumed that nn > m. If the opposite holds, then we have to interchange
Uand V.
We shall next see that there is a parallel algorithm for corner sums.
4. The Corner Recurrence
Recall by the addition law and the product rule, that
Crpmg(x, ¢, y) = x" To(x, Ty(x™, ¢, y™), y) + Th(x, ¢, y)y™. (48)

Parallel to the sequences (r¢), (x* — 1) and (G,,) we may construct the corresponding sequence of corner
sums as

Lr(x,c,y) = x2L (x, Ty (X7, ¢, ™), y) + Ty (x, ¢, )y (49)
Ly (x, 0, y) = xPT0, (x, T, (X2, ¢, ), y) + Ty (x, ¢, )y (50)
Loy (x,¢,y) = 27T (6, Ty, (X%, ¢, "), y) + Ty (x, ¢, )y P (51)

: (52)

rrk—l (x/ ¢ ]/) = xrkﬂrrk (X, qu (xrkr ¢ ]/rk )r y) + F"kﬂ (x/ ¢ y)yrqu' (53)

At the final stage, when k = N + 1 and rn42 = 0, we have

rrN (x/ C/ y) = FI’NH (x/ qu+1 (erJrl 7 C/ erH )I ]/) (54)

The process of “back-substituting” the I';, to obtain I';,,, as an “expression” in terms of the initial values
I';, and I';,, can be done by hand for small cases. For larger cases it is best done by setting up a “difference
equation” that is satisfied by a “weighted version” of the I';s. This we now pursue.

Let us first recall , and introduce the following abbreviation:
X — xp, Y — yi, T (x,c,y) — Tk and define the product Py = ka e y‘lh = y*ttnn - We also set
P() =1= P_l.

We may rewrite the above steps as

i

To=2 ) ()" Thyh + oyl (55)
i=0
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g2-1
Ty =23 ) ()P Tyl + sy (56)
i=0
and generally
g1
Tit = Xt Y 00" Ty + Ty (57)

i=0

If we now define Fy = I'tPy—; and multiply through on the right by P;_;, then we arrive at

g1
Te1Pro1 = X Z(xk)qk_l_l(rkpk—ﬂy;{ + D1 (W) " Pe-r.- (58)
pary

This gives the recurrence

qx—1

Frs1 = =Xk Z(xk)qk_l_il:k}/;( +Fea(yl) (59)
i=0

We thus have a “sandwich” recurrence relation of the form

g1

Wiyl = Z aﬁ")wkaﬁk) + Wy_1Bk-
i=0
where o = @10 o ® = yidand g, = yI1. It is clear that the latter two commute. We shall for
convenience drop the brackets in the exponents.
The initial conditions are wy = Fy = I'o(x,c,y) =T';, and wy =T =T}, (%, ¢, y).
This recurrence is a special case of the more general two-sided sandwich recurrence

gx—1 pe—1
_ k k bk k =1 _ 60
Wi+l = a;wia; + iwk—lﬁi/ Wo = A, W1 = W, ( )
i=0 i=0

where the coefficients are not constant and do not (necessarily) commute. On account of the linearity, this
may be split as wy = Xi + Yi, where (Xi) and (Yj) satisfy the same recurrence but with initial conditions
Xo=A, X1 =0and Yy =0,Y; = u respectively.

We next address the solution process.

5. The Matrix Recurrence

We start by writing the sandwich recurrence relation in matrix from as

Wis1 = Axwra + Brw_1fr, with wo = A, wy =, (61)
k k
o) 0
where Ay = [a’(‘), ..,a’;k_l], Br = [b’é, v b’;k_l] and ay = k} B = k;
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Likewise we consider the associated recurrences
X1 = A Xy + Bka—lﬁk/ with Xp=A, X7 =0,

and

Yir1 = AeYrax + BeYioafr, with Yo =0, Y7 = .

Following Euclid, we back substitute at each step and write
wy = Urwoly, + Viwn V7,

where the matrix coefficients satisfy the following row/columns recurrence relations
Uis1 = [AxUy, BxlUy-1] (asrows) Up =1,U; =0

and

Ul’(ak

Uy, = [ u’ g ] (as columns) Uj =1,U; =0

with similar recurrences for V; and vy and associated initial conditions Vo =V =0,V; = V] = 1.
Comparing the two settings we see that

Xy = Uk)\U]’{, Yy = kaVIQ, withXg =4, X1 =0, Yo =0, Y1 = p.

Let us now generate the first few terms of these recurrences.

Al‘Lqu + B1/\ﬁ1

(%)

[0512%)

B2

w3 (A2Ar)u(araz) + Ax(BiAB1)as + Boups = [A2A1, BoJu [ } + (A2B1)A(Braz)

From this, or from the recurrence, we see that

Va=1[41,01V; =[ o ],Uz= [O,Bl],u;=[ [?1 ]

as well as i i
, o
Vs =[A2A1, B, V=] "5 2
| B
and
0
Us = [0,A2B1,0], U5 = | iz
0
Likewise
a1203
V4 = [A3A2A1,A3B,,B3A1,0]and V) = Pacts
a153
0
in addition to
0
Brazaz
U4 = [0,A3A231,0, 0, B3Bl] and LL’I = 0
0
B1pB3

We now make two important observations:

4623

(62)

(63)

(64)

(65)

(66)

(67)
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(1) It suffices to only compute the left-hand coefficients Vi and Uy, because the right-hand coefficients
follow immediately by symmetry (with entries in reversed order).

(ii) The Vi rows have a much simpler pattern than the Uy, with a last entry that vanishes.

(iii) If we set all a; = 1 = B;, then V; = and since we multiply V,uV, we obtain the terms in the

e
0
left-handed recurrence vy = Axvx + Bxvk-1, by adding the terms in the row V! (the zero term drops
out!) Indeed, v; = a1,v3 = aza; + by, and vy = azaa; + asb, + bsa; etc.

Needless to say we may reverse this argument, and use the one-sided (say left) recurrence to generate
the vectors Vi, and V] for the sandwich recurrence.
Before we shall do this let us first digress and complete the gcd story.

5.1. The gcd for corner sums

The “gcd story” for corner sums is more complicated because of the non-commutativity of the variables.
The “ideal” structure that is associated with the gcd concept in the first three cases, (those of the integer,
binomial and geometric sum cases) has to be replaced by the corresponding bi-module structure.

Trying to express the terminal “gcd” I';, ,, (x, ¢, ¥) in terms of the initial corner sums I';, and I';, amounts
to “solving” the sandwich recurrence (59). We need both the product rule as well as the actual solution
form (64).

We begin by defining the proper setting.

Given two rings R and S, with common elements 4 and b. The bi-module generated by a and b, relative
to R, S is defined and denoted by

Definition 5.1. M(a,b) = (a,b)rs = Zf-il 7,48; + Z,lj\il pjboj, for all KN = 1,2,..., and all r;,p; € R and all
Si,0j €S.

It is clear that
(i) M(a, b) + M(a, b) € M(a, b) (ii) RM(a, b) € M(a, b) and (iii) M(a, b)S C S.

These show that M(a, b) is a “two-sided” bi-module, which generalizes the ideal concept. We shall call
M(a, b) the bi-module generated by a and b — relative to the rings R and S.

We shall refer to M(a, b) a principal bi-module, if there exists a generator d € RN S, such that M(a, b) = M(d).
In other words,

L
x € M(a,b) iff x = Z midA;, (68)

i=1
for some 7; € Rand A; € S. In particular this means that
K N
d= Z 7,48; + Z r;bs}, (69)
i=1 j=1

1

for some K and N, and 7;, r;. € Rands;, s;. € S, as well as

L
midA;and b = Z mdA, (70)

i=1

1=

1

1l
—_

for some T and L and 7i;, @ € R and A;, AL ES.
In order to complete the ged parallel, we define “division” in the bi-module as

Definition 5.2. x|aifa = Zf-il rixs;, for some K and r; € Rand s; € S.
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It follows immediately from and that d generates M(a, ) iff d|a, d|b and x|a, x|b implies x|d.

The division defined above will be a partial order provided a = Zﬁl rias; forces all r; = 1 = s;. This will
be the case for corner sums with integer polynomial rings R = Z[x] and S = Z[y].

For the terminal corner sum, the solution

rfwﬂ = uT’N+1rT0 u/ + VVN+1F71 V/ (71)

IN+1 IN+1

shows that I, ,, € ([, I}, >Z[ AZ) while the product rule and the fact that rn11|rg and rn41|r1 ensure that
FT() € <rrN+1 >/ ]-—‘7’1 € <1—‘7’N+1>‘

As such we see that I';, ,, indeed generates the bi-module M(T;,, I',,).

6. The NC? Case

We next focus on the NON-commutative, NON-constant (i.e. NC?) (left-handed) linear Recurrence
Relation

W1 = AWk + w1, wo = A, wy = . (72)

where a; and by need NOT commute.

It is clear that the special case where all b; = 1, reduces to Euclid’s integer recurrence relation.

The solution may of course be expressed in terms of companion matrices. In factif weletw; = [ Z:'l ] , Wo =

i
[ ﬁ ]andsetLi=[ ii IZ)’ ] Then

w; = Liwj1 = (LiLi-1..L1)wo, (73)

however this tells us nothing about the representation of the w.

Wy | a3 173 ar bz a1 bl u
Forexample,[w3]—[1 0][1 0][1 OH/\ .
The use of companion matrices was also presented in [12].

We begin with the special case where vy = 0,v; = 1. The general solution to the case where vy = 0,v; =
is obtained by post multiplication of p.

When vy = 0,v; = 1 then the first few links are

Uy =4a1,03 = a1 + by,

U4 = azdady + 113b2 + b3111,

U5 = a4d3dady + ﬂ4ﬂ3b2 + ﬂ4b3ﬂ1 + b4ﬂ2ﬂ1 + b4b2

Ve = A504030>07 + Asasazby + asasbzay + asbaaraq + asbaby + bsazaray + bsazb, + bsbzay,
U7 = AeAs04a030201 + (a6a5a4a3b2 + a6a5a4b3a1 + a6a5b4a2a1 + a6b5a3a2a1 + b6ﬂ4ﬂ3ﬂ2ﬂ1) +
({Il6€l5b4b2 + a6b5a3b2 + a6b5b3a1 + b6ﬂ4ﬂ3b2 + b6a4b3a1 + b6b4a2a1) + b6b4b2.

To keep track of the pattern, the solutions can best be expressed in terms of blocks!
Consider vy, and observe the following facts about its words (i.e. terms or products):

1. the starting subscript is k;
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the subscripts decrease from left to right;

each word contains at most two types of letters, a; and bj;

after an a; the subscript goes down by ONE; after a b; it goes down by TWO;
the word length L ranges from 1 to k;

if t is the number of b;, thent + L = kand t < L; hence t < I_IECJ;

the words come in blocks E;({) of length L = k — t, and cardinality (f) ;

® N oG »DN

we have to allocate t slots for the b; out of L slots in (];) ways.

For notational convenience we replace a, by r and b, by s and have

L5
o1 = ) Eik =) 74)
t=0

A block of words is written in matrix form, and by the “addition” of these arrays we mean the addition
of each of its rows to the total.

The solution for the IC vy = 0 and v; = p is obtained by post multiplying by u the solution when vy = 0
and v = 1.

Examples.

(1) k=1 Uy = Eo(l) = [1] =4ai.
(ii) k=2.v3 = Eo2) + E1(1) = [2,1] + 2 = apa; + by.

(iii) k=3. v4 = Eo(3) + E1(2) = [3,2,1] + [ g i ] = azaxm + (asby + bsaq).

(1V) k = 4. U5 = E0(4) + E1(3) + E2(2) = a4as3axa1 + (a4a3b2 + {14b3111 + b4a2a1) + b4b2, ie. vs = [4:, 3,2, 1] +
4 3 2
4 3 1 |+[42]
4 21

(V) k = 5. Ve = E0(5) + E1(4) + E2(3) = asagaszaxai + (ﬂ5ﬂ4d3b2 + 615614173011 + a5b4a2a1 + b5613612611) + (ll5b4b2 +

bsazby + bsbsay)
(vi) k=6. k] = 3and vy = Eo(6) + E1(5) + Ex(4) + Es(3) in which

6 5 4 3 2 6242
2 6 5 3 2
6 5 4 3 1 6 53 1
Eo(6)=16,54321LEiG)=| 6 5 4 2 1|, E@=|z | o 5|
6 5 3 2 1 = 2
6 4 3 21 6251
| 6 4 2 1

and E3(3) = [6,4,2]. The cardinality of vy is #(vy) = (8) + (f) + (‘2*) + (g) =1+5+6+1=13elements.
(vii) k=7. 5] =3. vs = Eo(7) + E1(6) + E2(5) + E3(4) in which

(7 6 5 4 3 2
7 6 5 4 3 1
76 5 4 2 1
Eo(7) =[7,6,5,4,3,2,1], E1(6) = Z ,
o7) =1 ]1()765321
7 6 4 3 21
|7 5 4 3 2 1]
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(7 6 5 4 2]

7 6 5 3 2

7 6 5 3 1 o

76 4 3 2 7 6 4 2

7 6 4 3 1 7 5 4 2
BO=|, ¢ 1, [MBO=17 = 53

7 5 4 3 2 7 5 31

7 5 4 3 1

7 5 4 21

7 53 21

Thus #(vs) = () + () + Q) + () = 1+6 + 10 +4 = 21.
The proof follows by induction and the fact that

aEi(k =t —1) + BEi(k—t — 1)) = Ex(k— 1), t=0,1,...,[k/2]. (75)

The latter follows from the fact that each term (i.e. row) from aiE;(k — t — 1) as well as each row from
bxEi—1(k—t —1) is contained in the set of rows from E;(k — t). Moreover both sides have the same cardinality,
because of the identity

[ el2)=(7) &

As such we must have equality. Right multiplication by i gives the solutions for the case where vy = 0,01 =
8
Recalling we may write

=Y or ¥ wor Y s 7
weEy(k) weE;(k-1) weE; (k-2)

where w is a “word” appearing in the sum, and can at the same time obtain the sandwich solution

Vil = Z wuw’” + 2 wpw” + 2 wpw”® +-- -, (78)

weE(k) weE (k—-1) weE;(k-2)

where w” is the reversed word associated with w. Needless to say, this has the same number of terms as
the one-sided solution vy.

Let us next examine the first few terms of the sequence (u). The links are :
up = by, uz = axby, uy = (azaz + b3)by,
us = (a4a3az + agbs + byaz)by,
Ug = [a5a4a3a2 + (a5a4b3 + 615b4612 + b5a3a2) + b5b3]b1, etc.

The u; may be obtained from the v; as follows.

1. In each term in vy i.e. in each row of E;(k —t) fort =0,1,..., L%J, replace a; by a;1 and b; by bj,1.
That is, we replace E(k — t) by Ci(k —t) for t = 0,1,..., lfloor%].

2. Multiply each row in C(k — 1) on the right by b; giving Dy (k + 1 —1).

3. This gives .
We note that the blocks C;(k — t) are sub-matrices of Bi(k + 1 — t).
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The validity of this construction can be seen from the companion matrix product expression as given in
(73). Indeed, recall that

[ Uie+2 ] = (Lk+1Lk—1~'L1)[ (1) ] and [ U;()-;(—l ] = (LkLk—1-~Ll)[

O =

U1

and observe that Lz[ (1) ]bl = L2[ lg ] =Lyl [ (1)
Alternatively, we can construct the u; from vy as follows:
(i) drop all words (i.e. rows) not ending in 1.
(ii) replace 1 by 1.
This gives u.
This may also be seen from the companion product representation.

Examples.
L oo3=[2,1]1+2— [3,2]+3 — [3,2,1] + [3,1] = azashy + bsby = uy.
2. 0 =321+] 2> 2|53+ 2l oms2T+] 2 3 L= D)+ Do) = (uasas +
- U4 = Iz § 1 79y Z 9 79y &y Z 2 I = 1 2 = 4U302
Ll4b3 + b4€lz)b1 = Us.
3. '07=E0(6)+E1(5)+E2(4)+E3(3)—) o
7 6 5 4 3 ; g i g
7 6 5 4 2 2 1 L
[7,6,5,4,3,2]1+| 7 6 5 3 2 |+ 5 s 43 +1[7,5,3] = Co(6) + C1(5) + C2(4) + C5(3).
7 6 4 3 2 - -
7 5 4 3 2 7542
| 7 5 3 2|
We next add in the terms b; to give
7 6 5 4 3 1 76531
7 6 5 4 21 76431
D»(6) + D3(5) + Ds(4) = [7,6,5,4,3,2,11+| 7 6 5 3 2 1 |+ 76421 +1[7,5,3,1] =
b = 7 5 4 3 1
7 6 43 21 - = -
75 43 21 75421
7 5 3 2 1

a7a6a5a4a3a2b1 + (a7a6a5a4b3b1 + a7a6a5b4a2b1 + a7a6b5a3a2b1 + a7b6a4a3aéb1 + b7a5a4a3a2b1)_+ (117116b5b3b1 +
a7b6a4b3b1 + (17b6b4112b1 + b7ﬂ5ll4b3b1 + b7a5b4a2b1 + b7b5113112b1) + b7l’]5b3b1 = ug.
4. Using the alternative method we may construct u¢ as follows.

v =1[5,4,3,2,1] + - +|5 3 2
5 4 2 53
5 3 2

1
1 | +[5,3,1] and replace 1 by 1 to give
1

5 4
Wekeep[5,4,3,2,1]+lS 4
53
3
[5,4,3,2,1] + 2
2

gl g1 O
WO

In general we have

uge1 = D1(k) + Da(k = 1) + D3(k = 2) + - - (79)
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Remarks
(i) An alternative approach using matrix products and continued fractions was given in [1].
(ii) It is not clear how the “master solution”, as used in [2], and [5]], comes into play in the non-constant
case.

Right multiplication by A gives the solution when 1y = A and u; = 0.

Example n =5and m = 3.

Clearly5=3-1+2and3=2-1+1,sothatrg=5,r =3, =2,r3=1andg; =1, =1. Thus N =2 and
r3 = U37’0 + V37‘1.

Now recall that V3 = E1(3) = [2,1] + 2 = ayaq + by in which g; = —g;and by = 1. So we get V3 = Q,Q1 + 1.
Also V, = [1] so that U3 = [2, T] = apb; = —Q. But we know that Q; = X G, (x"") and G1(.) = 1, so that we
obtain

Us = —Q; = —x"*Gy, (x"2) = —xGy(x?) = —x and

V3=1+Q1Q; =1+ [x2G,, (x"][x*Gg, (x"2] = 1 + ¥°G1()xG1 (1) = 1 + x°.

This gives the ideal equation

-2 -1D+1+23)P-1)=x-1| (80)

We may use the same sequence of remainders (r;), to obtain the corner sum iterates:

Ts(x,c,y) = ¥°Ta(x, T1(¥, ¢, 1), y) + Ta(x, ¢, )
r3 (x/ c, ]/) = xrz (x/ (Fl (xz/ c, ]/2) + I—‘1 (x/ ¢, y)y3
Ta(x, ¢, y) = X°'T1(x, T(x, ¢, y), y).
Since I'y = ¢, and writing I'; for I'i(x, c, y) we arrive at

T1y° = x°T; + [3y° — aT5. (81)
Example n = 58 and m = 22.
This time 58 =2-22+14,22=1-14+8,14=1-8+6,8=1-6+2and 6 =3-2+0. Thusry = 58,7, =
22,1y = 14,13 = 8,14 = 6,15 =2 and q1 = 2,4, = 1,43 = 1,94 = 1. The terminal parameter is N = 4 and
R5 = U51’0 + V51’1.

Next we recall that vs = Eg(4) + E1(3) + E2(2) = [4,3,2,1] + ([4,3,2] + [4,3,1] + [4,2,1]) + [4,2] = asa3a.a1 +
(asa3by + asbsay + baazar) + baby = QuQ3Q2Q1 + QuQs3 + QuQ1 + Q2 Q1 + 1. B L
On the other hand, because vy, = [3,2,1] + [3,2] + [3,1] we see that us = [4,3,2,1] + [4,3,1] + [4,2,1] =
—Q14Q3Q2 — Qs — Qo
Lastly, we compute Q; = x*Gy(x?) = x'4(1 + x?2) and Q, = x8G1(?) = x® as well as Q3 = x® and Q, = x*. We
then get

Us = —(x?x0x8 + 22 + x8) = —(x1 + x® + x?) and

Vs = 301+ x2) + 222 + 2241+ x2) + 721+ x2) + 1 =22 + 0% + 438 + 230 + 12 4 x10 4 48 4+ 1.

The ideal equation becomes

—(x+ B+ ) -1+ (O + a0+ a2+ +B+ )(x*P2-1) =x2 -1 (82)

It goes without saying that we may divide by x — 1 and obtain the corresponding ideal equation for
geometric sums

—(x10 + 28 + x?)Gsg(x) + (7% + x* + 23 + 130 + x22 + x1 + 28 + 1)Ga(x) = Ga(x)

Remark
As an example of the solution to the sandwich recurrence we return to the corner sums.
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7. Sandwiched Corner Sums

As a special application let us examine the sandwich recurrence for the corner sums:

Fi+1 = AxFrax + BeFro1Br, (83)
where Ay = —xk+1[xzk_1, o Xi 1] = =x" [() L X%, 1]
1 1
¥
g = y~k = v and Bk = yzk__ll = yfk(%—l)_
yzifl yrk(ék—n

To illustrate the solution process we examine the case where rp = 11 and r; = 8.

We shall obtain the desired expansion for the “terminal” gcd corner sum I, by solving the sandwich
recurrence and contrast it with the solution that is obtained by “back substitution”. To follow Euclid, we
shall do the latter first.

Let ro = 11 and r; = 8. Following Euclid we haverp =11 =1-8+2,1 =8=2-3+2,1n=3=1-2+1,
73:2=2'1+0,1’4:1,1’5:0.AISO,ql=1,l/]2:2,l/]3:1,q4=2.

Since N + 1 = 4, we shall need three steps of the iteration which are as follows:

@) I3-y® =T —x°T
(ii) T - y® = Tg — x*T3(x, 9Ca(x3, ¢, ¥3), y)
(111) F1 . y2 = F3 - sz.

To perform the back substitution we multiply the latter equation by 1° giving 'y - 1® = (I's - y°) — (T2 - °).
Substituting from (ii) we get I'; - y® = (I3 - ¥°) — x[T's — x*T3(x, T2(x3, ¢, °), y)] and hence

T -y = (T3.4°) — xTs + °T3(x, T2, ¢, ), y)l.
We next multiply this by y® and use (i), to give
T1-y' = (T v®)y° — xTs - v + T5(x, Ta (2, ¢, ), Y)y°.
Substituting from (i) we arrive at:
Ty = (T = X°Te)y® — als - y® + X [T11(x, T2, ¢, 1), y) — X°Ts(x, Ta(x", ¢, ), y)].

And hence we get

cy'® =T - y° + 2T, Ta(, ¢, 1), )] = [FTs - y° + 2Tg - y° + x°Ts(x, Ta(, ¢, 1), )], (84)
which may be checked by direct computation. We next have to express this just in terms of I';; and Is.
Recall that Ty1(x, T2(x%, ¢, ¥?), y) = Ta(x®,T11,%) and that Ts(x, T2(x%, ¢, %), y)] = [2(x3,Ts, )] = T13. This
shows that

cy16 =Ty -y°+ X*[x°T11 + F11y3] - xTg - y6 —xIg - y8 — x[x°Tg + Tg - y3] (85)
or in compact form

cy'® =T3(, T11, v°) = Ta(®, Ts, v°) + [T - y° = aTs - ] (86)

in which the last difference exactly equals cy'® — x3cy®. This gives

r3(x3/ rll/ y3) = I-“l(x?’/ rS/ y3) + xrB : yS- (87)
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which we met earlier in (B1).

Let us next use the sandwich recurrence to check this result.

In our example, P; = 8,P, = y'* and P; = y'®. We must compute F4 = T,,P; = T'1.y'® = cy!®. From the
sandwich recurrence we have F4 = I + II, where,

I = {(A3ArA1)Fi(azas) + (A3B2)F1(Baas) + (BsA1)Fr(a13)}

and
IT = (A3A;B1)Fo(Brazas) + (B3B1)Fo(B13).

We next compute the coefficients as:
(1) Al = _x3/ AZ = _xz[x3/ 1]/ A3 =X

(11) a1 = 1, Ay = [ y13 ], a3 = 1. (111) ,Bl = 1,ﬁ2 = y8,ﬂ3 = y6 and all Bi = 1. Hence (A3A2A1)F1(a10(2a3) =

(—x){—xz[x3,1](x3F1.1)[ }/13 ]}1 = ¥8F; + x°F; 17, in addition to (A3By)Fi(Baa3) = (—x{1F; - y®} - 1) = —xFy
and (B3A1)F1(0(1ﬁ3)} = X3F1y6.

For the second part we compute

(i) (A3A2B1)Fo(Brazas) = —x{—x*[x*,1](1 - Fo - 1)[ yls ]}1 = x%Fo + x’Foy® + Fo - 1°.

(ii) B3B1)Fo(B1Ps) = 1(1 - Fo - 1)y° = Fy - y°.
This shows that

Fy = —X’F1 + x°F1® — xF1y"' = ¥*F1® + x°Fy + x*Foy® + Foy®. (88)
Lastly setting F4 = cy'®,F; = I's and Fy = I'13, again yields
cy16 = [x°Tq1 + x3F11y3 +Tq1 - y6] —[x°Ts — x6F8y3 + xl"gy8 +x°Tg - y6. (89)

7.1. The third order case

The above block book-keeping method can be extended to higher order NC? recurrences. We shall
restrict ourselves to the third order case.
When we have a third order NC? difference equation,

Wi = AWk + bwi—1 + CWi—, Wo = A, w1 = WL, w2 =V, (90)

we have three variable words in our solution and we must use multinomial coefficients to count the
number of words. For the special case where wy = 0, w; = 0, w, = 1 we obtain the following links:

w3 = day,
w4 = 4azap + b3,
ws = a4a3ay + (asbs + byay) + ¢y,

We = AsAgazdy + (115114b3 + ﬂ5b4112 + b511315l2) + (ZZ5C4 + b5b3) + Csa5.

We denote by E’Z(a, b, c) the set of all words w of length L on a;, b; and c;, where a,b and c denote de
number of a;, b; and ¢;, resp., in which the (positive) subscripts start in k and decrease from left to right and
such that the subscript drops by 1 after an 4;, by two after a b; and by three after a c;.

We aim to show that
k-1

W1 = Z E’E (a,b,c).

a+2b+3c=k-1
a+b+c=L
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The proof will follow by (complete) induction.
Each word in

k
Z EF(a,b,c) (91)

a+2b+3c=k
a+£+c=L

either starts with ay.,1, with by or with ci41.
(i) Words that start in with gy, are of the form

k k=1

2 k 2 k
A1 EL(a/ bl C) = Ak+1 EL(u/ b/ C)
a+2b+3c=k-1 a+2b+3c=k-1
a+b+c=L a+b+c=L

since there are no singleton words for k > 6.
By induction,

k k-1
k _ k —
A1 E EL(IZ, b,c) = a1 E EL (a,b,¢) = Ag1Wiye1-
a+2b+3c=k-1 a+2b+3c=k-1
a+b+c=L a+b+c=L
L=0 L=1

(ii) Words that start in with by, are of the form (recall the subscript drops by 2 after by.1)

k=1

ben ), Ef'@bo.
a+2b+3c=k-2
a+b+c=L
L=

As in the previous case, the bounds for L can be rewritten since L = 0 cannot occur. Also, L = k-1
would meana +b+c =k—-1anda+2b+ 3c = k-2, which in turn implies b + 2c¢ = —1. Therefore, L
varies between 1 and k — 2.

Therefore, such words are of the form

k=2

bt ), E2@bo) =biaw,
a+2b+3c=k-2
a+b+c=L
L=1
by the inductive step.
(iii) Words that start in with cg4; are of the form (recall the subscript drops by 3 after ci1)

k=1

Ck+1 Z EI£_2(a/ br C)'
a+2b+3c=k-3
a+b+c=L
L=0

Again, the bounds for L can be rewritten since L = 0 can not occur. Also, L > k — 3 would mean
a+b+c>k—-2anda+2b+3c=k—-_3, which in turn implies b + 2c < 0. Therefore, L varies between 1
and k — 3.

Therefore, such words are of the form

k-3
Ek—Z b _
Ck41 . (a,b,c) = craWy-1,
a+2b+3c=k-3

a+b+c=L
L=1

by the inductive step.
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Using (i)—(iii) in (91, we obtain

k

k+1
Z E;"(a,b,¢) = agp1Wie1 + D1 Wk + CryqWh-1 = Wir2-

a+2b+3c=k
a+b+c=L
L=1

7.2. Examples
As a first example, take k = 6 so that we compute w;. We will need Ei(a, b,c),forL =1,...5. The possible
sets of words are E(5,0,0), ES(3,1,0), ES(2,0,1), E§(1,2,0) and E$(0,1,1) to give

wy = E&(5,0,0) + E§(3,1,0) + ES(2,0,1) + ES(1,2,0) + ES(0, 1, 1).

Again, we will simplify the notation by writing j for a;, j for b and jforc j- We obtain

6543 6 5 4
Eg(5,o,0)=[6 5 4 3 2],153(3,1,0): 2 g ‘; ; JES201)=]6 5 2
6 4 3 2 6 3 2
and o
6 5 3 -
E1,2,00=| 6 4 3 ,123(0,1,1):[8 3]
6 4 2

The numbers of terms are

al|lb|c
S51—|- (5,(5),0)
311 (310
)2~ (2,8,1) .
2| -1 (1,3,0)
1 (0,%,1)

Parallel to (wy), we have the recurrence relations
Ukl = gl + btk + Gt tlg = 1,u1 = Uy =0

and
Uks1 = @0k + bUp_1 + Cx0k—2, 00 = 0,01 = 1,00 = 0.

Let us compute, for future purpose, the first terms.

Uz = 02

Uy = 4a3c;

Us = 0403C2 + b4C2

U = as50403C7 + ﬂ5b4C2 + b5a3C2 + C5C2
and

v3 = b

Uy = ﬂgbz + C3

U5 = a4a3b2 + ascs3 + b4b2

Uy = a5u4u3b2 + asascs + tl5b4b2 + b5a3b2 + b5C3 + C5b2
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In order to give an algorithm that would allow us to present the terms of (ux) and (vx), we note that

W41 1
Wi = LkLk—l s Lz 0
0

7

Wr-1
where
ay bk Ck
L=l 1 0 o0 |. (92)
0 1 o0
(I) The sequence (uy).
Uk 0 0 1
Since| u; |=LiLg—1---Lo| O [, where the matrices L; areasin (92) and L,| O [ =|[ 0 [c, then we get
U1 1 1 0

Had

Note that Hi'(:a L;‘[ ] gives essentially (wy), with a index shift by one. This allows us to obtain uy; as

O O -

follows:

1. Obtain wy;
2. Replace x; by x;41, where x € {a,b,c};
3. Multiply every summand on the right by c,.
As an example, let us apply the above algorithm to compute 1.

1. We are given ws = a4a3a, + asbz + baas + cy;
2. We change the indices to get asasaz + asby + bsaz + cs;
3. Multiplying on the right by c,, we obtain

U = A5a403C> + a5bsCyr + bsazcy + cs50s.

(IT) The sequence (vy).
From
Uk+1 0
Ok = LkLk—l cee Lz 1
Ok-1 0

ol

1 0
Li---Ls 0 b2+Lk"'L3 0,
0 1

which shows that we may compute vy, by simultaneously using wy and uy as follows:

1. (a) obtain wy
(b) replace x; by x;41, where x € {a,b,c},
(c) multiply every summand on the right by b,.
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2. (a) obtain u
(b) replace x; by x,1, where x € {a, b, c}

3. add all the expressions obtained.

Let us give an example by computing v:

1. We use ws to give ﬂ5ﬂ4ﬂ3b2 + a5b4b2 + b5613b2 + C5b2

2. We use us to give asascs + bscs

3. vg = ﬂ5ﬂ4tl3b2 + ﬂ5b4b2 + b5a3b2 + C5b2 + asascs3 + b5C3
Our second example uses the computer program SageMath [15] to check the solutions to the NC? three term
Recurrence relation. We shall only use the initial conditions wy = 0, w; = 0, w; = 1, from which the other two

can be derived. The code is available at http://w3.math.uminho.pt/ pedro/Telescoping/telescoping.html.
For the case where k = 15, all words of length 7 must be of the form

#(a;) #(bj) #(ck) | number of words

0 7 0 (070 =1

1 5 1 (L)=42
2 3 2 (o4,) =210
3 1 3 (315) = 140

The set of the 42 possible words with 1 a, 5b’s and 1 c is as follows

a15b14b12b10bgbecy, a15D14b12b10bsCeb3, a15b14b12b10csbsbs3,
a15D14b12¢10b7b5b3, a15b14C12b9b7b5b3, a15c14b11bob7bsbs,
bisa13b12b1obsbecs, bisaisbiabiobscsbs, bisaizbiabiocsbsbs,
bisa13b12c10b7bsb3, bisaizc1abobybsbs, bisbizaiibiobsbscy,
bisb13a11b10bscebs, bisbisaiibiocsbsbs, bisbizaiiciobrbsbs,
bisb13b11a9bsbscy, bisb1sbi1agbscebs, bisbisbiiascsbsbs,
b15b13b11b9azbscy, bisbisbi1boazcebs, bisbizbi1bobrascy,
b15b13b11bgb7csay, bisbisbi1bocyasbs, bisbisbiibocybaas,
bi5b13b11¢9aebsbs, bisbi3biicobeasbs, bisbisbiicobebaas,
bisbiscr1asb7bsbs, bisbisci1bsasbsbs, bisbisci1bsbeasbs,
bisb13c11bgbebaay, bisci3aiobebrbsbs, biscizbioasbrbsbs,
bisc13b10bsasbsbs, bisc13biobsbeasbs, biscizbiobsbebaas,
c15a12b11b9b7bs5b3, c15b12a10bob7bsbs3, c15b12b10a8b7bsbs3,
c15b12b10bsasbsbs, c15b12b10bsbeasbs, c1sb12b10bsbsbaas.

8. Concluding remarks and questions

1. We may extend the two-sided recurrence to three or more terms.

2. We note that recurrence relation for corner sums correspond to annihilating polynomials for 2 x 2
matrices M, which leads to Division Algorithms.

3. How can we relate annihilating polynomials to the corner sums?

4. Can we find other uses or applications of GPs?

5. Are there any other classes of objects such as matroids for which we can apply the telescoping tricks,
and mimic Euclid’s construction?

6. How do Hankel matrices telescope?

7. Are there any other relations such as the switching identity G,,(x")/G,(x) = G,(x™)/Gn(x), using three
powers x"" —1?


http://w3.math.uminho.pt/~pedro/Telescoping/telescoping.html
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