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EXPONENTIAL DICHOTOMY ON THE REAL LINE:
SVD AND QR METHODS

LUCA DIECI, CINZIA ELIA, AND ERIK VAN VLECK

ABSTRACT. In this work we show when and how techniques based on the Singular Value
Decomposition (SVD) and the QR decomposition of a fundamental matrix solution can
be used to infer if a system enjoys —or not— exponential dichotomy on the whole real line.

1. INTRODUCTION

Exponential dichotomy is at the heart of the fundamental perturbation results for linear
systems of Coppel and Palmer ([?, ?] and [?, 7, 7, ?]), of the spectral theory of Sacker
and Sell ([?, ?]), of the geometric theory of Fenichel ([?]), of shadowing results ([?, ?]), of
perturbation results for invariant manifolds ([?]), of the fundamental perturbation results
for connecting orbits of Beyn and Sandsteade ([?, ?, ?] and [?]), and it has proven also
a formidable ally to justify and gain insight into the behavior of various algorithmic ap-
proaches for solving boundary value problems, for approximating invariant surfaces and
for computing traveling waves, among other uses (see [?, 7, 7, ?]). Indeed, the property of
exponential dichotomy is so ubiquituous and relevant that one would expect that there are
several practical techniques to ascertain whether or not a given system enjoys exponential
dichotomy on the real line. However, as far as we know, there are no reliable techniques
allowing us to do that in general. The cases in which one is able to ascertain exponential
dichotomy for a given system are perturbative in nature: slow varying systems (close to
constant or periodic systems), roughness results (that is, systems close to systems having
exponential dichotomy), L perturbation results; e.g., see [?], [?], [?] and [?].

Analysis and implementation of methods for approximating Lyapunov exponents of dif-
ferential equations, and more generally also Exponential Dichotomy spectrum, henceforth
Y1, and Ygp respectively, on the half line t > 0 (or t < 0), are rather well established.
Our goal in this work is to lay down the theoretical ground work for the development
of methods to ascertain if a system has exponential dichotomy (henceforth ED) on the
entire real line. Our techniques will rest on the same methodologies which have proven
valuable to approximate spectra on the half-line. As a matter of fact, we will use the same
assumptions needed in that context, ultimately some measure of integral separation in the
system. As a result, our criteria to ascertain ED will not be of perturbation nature (for a
system close to one which has or not have ED, such a constant coefficient problem), but
will be resting on structural (and generic) properties of the underlying system.

We begin by reviewing the concepts of spectra on RT (or R™) and lay down notation
for later use.
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1.1. Spectra of dynamical systems. Consider the n-dimensional dynamical system

(1) y=f), y0)=yo,
with solution y(t,y0). Consider the linearized problem

(2) &= Df(y(t,yo))x, or simply
(3) = A(t)x.

With X (-), we will indicate a fundamental matrix solution of the system. The principal
matrix solution will be written as ®(-), so that & = A(¢)® , ¢(0) = 1.

Spectra are defined for the linear problem (3), and in general they will depend on
the solution trajectory of (1), that is on the initial condition yg. [There are important

situations when this dependency on y¢ can be removed, in a measure theoretical sense:
[7,72,7,2,7]]

Two spectra associated to (3) are of interest to us: The Lyapunov spectrum, ¥y, and
the Exponential Dichotomy (or Sacker-Sell) spectrum, Xgp.

The Lyapunov spectrum: Y. This is defined in terms of upper and lower Lyapunov

exponents (LEs for short). Given a fundamental matrix X for (3), define pj, j =1,...,n,
as

) 1
(4) 4y = limsup > log | X (£)e; |

t—o0 t

where the e;’s are the standard unit vectors. When the sum of the numbers p; is minimized
as we vary over all possible ICs (initial conditions) X (0), the numbers are called (upper)
Lyapunov exponents of the system, and the ICs are said to form a normal basis. We will
write A7, j = 1,...,n, for the ordered upper LEs of (3). By working with the adjoint
system, 2 = —AT(t)z, one analogously defines its upper LEs which are called lower LEs
of the original system (3), call them )\;, 7 =1,...,n, which again are considered ordered.
The Lyapunov spectral intervals can now be defined:

(5) o= (N A3
j=1

In case in which /\é = A=A, for all j =1,...,n, the system is called regular.

The Exponential Dichotomy, or Sacker-Sell, spectrum: >gp. This is defined in
terms of exponential dichotomy (see [?]). Recall that (3) has Exponential Dichotomy on
the half-line (i.e., t,s > 0 below) if there exist constants K > 1, a > 0, and a projection
P such that

(6) IX(HPX1(s)| < Kem@l=), ¢ >,

I X(6)(I — P)XY(s)|| < Ke®t=9), ¢ <,
where X is a fundamental matrix solution. Ygp is defined to be the set of values A € R
for which the shifted systems y = [A(t) — My do not have exponential dichotomy. For
some k < n, Ygp is given by (see [?]) a collection of disjoint subintervals

(7) YED = [al, bl] U---u [ak, bk] .

We make the simple, but fundamental, observation that (3) has ED on the half-line ¢ > 0,
iff 0 ¢ Ygp.
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Remark 1. By virtue of the roughness theorem for exponential dichotomies (see [?]),
Ygp is stable, that is it is continuous with respect to perturbation in the coefficients A(-)
of (3). Stability theory for Xp, is more complicated (and restrictive), and one needs that
the system enjoys the property of integral separation in some form (see [?, ?]).

Directions: Growth Subspaces. Associated to the spectral intervals, both i, and
YED, there is very important geometric information on the subspaces of solutions (i.e.,
of initial conditions) which achieve a certain asymptotic exponential growth; e.g., whose
asymptotic growth is in the intervals of Ygp. As it turns out, this geometric information
will be key for establishing ED on the real line, but it is typically neglected in algorithmic
studies on approximation of spectra of dynamical systems.

Let us define the forward stable subspace ST to be the set of initial conditions leading
to decreasing solutions in forward time:

(8) StT={zeR" : |®(t)x| -0 as t — +oo} .

Let us also define the backward stable subspace S™ (this is called unstable subspace by
Sacker and Sell, [?]) be the set of initial conditions leading to decreasing solutions in
backward time:

(9) S ={zeR" : |®(t)z]| - 0 as t - —o0}.

ED on the real line. The problem (3) enjoys ED on the entire real line, when (6)
holds with ¢, s € R. The following characterization of ED on the entire real line (see [?, ?])
is the one which we will adopt in order to device techniques to verify ED:

System (3) has ED in R if and only if it has ED in Rt and R™, and R" =S8t ¢ S~
As a consequence, to check if system (3) has ED in R, we will check that:

(ED-1) It has ED in R* and R~;
(ED-2) The stable and the unstable subspaces of (8) and (9) are complementary. [That
is, they form a basis for R™.]

[Notice that if there is ED in R and R™, then convergence to 0 as ¢ — o0 in (8) and
(9) is exponentially fast].

We are now ready to look at the two techniques which we propose to use to detect
ED on the real line. As it turns out, these are the same techniques which have been
used to approximate X, and Ygp on the half-line. The first technique is based on the
SVD of a fundamental matrix X: X = ULV7T. The second technique, which rests on the
most popular approach to approximate >y, and Xgp on the half-line, is based on the QR
factorization of a (normal) fundamental matrix solution X, that is X = QR.

Notation. For a positive, non-vanishing function f, we will use the shorthand nota-
tion x*(f) and x*(f) to mean limsup, , % log(f) and liminf;_, 4 o % log(f), respectively.
Similar notation will be used for the limit as t — —o0.

2. SVD METHOD

In order to approximate X1, and Xgp on the half-line, SVD techniques use the informa-
tion emerging from the smooth SVD (if this is possible) of a fundamental solution X . That
is, for t > 0, one seeks the decomposition X (¢) = U(t)X(t)VT (¢), with all factors being as
smooth as X, ¥ = diag(o1,...,0,), and U and V orthogonal. To find this SVD, one can
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integrate the differential equations governing the evolution of the U,V , and ¥ factors in
the SVD of X. In [?], see also [?], we have shown that if the system (3) has stable and
distinct Lyapunov exponents (a generic situation), then the decomposition X = UXVT
with smooth factors is valid, differential equations for U and V can be given, and the
evolution of the singular values is given by

(10) gj = Cj(t)oj, j=1,....,n, C(t):=UT()AR)U(1).

Moreover, we have shown how, given any fundamental matrix solution X (i.e., any initial
condition X (0) for it), both X1, and ¥gp can be recovered from knowledge of the diagonal
of C. Finally, we have also shown, and this will be important soon, that —for systems
with stable and distinct exponents— the orthogonal function V in the SVD converges
exponentially fast to a constant matrix V and that the columns of X (0)V span the growth
subspaces associated to (X1, and) Xgp. It must be stressed that, with SVD techniques,
we are able to obtain Y1, and Xgp without the need to require the fundamental matrix
solution X to be normal, any initial condition X (0) will do (as long as the system has
stable and distinct Lyapunov exponents). It comes natural then, to use the principal
matrix solution ® to characterize the desired quantities. Clearly in this case the growth
subspaces (which are those in (8) and (9)) are given by the columns of V. We refer to [?]
for computational details on SVD techniques.

Perhaps surprisingly, we already have all the necessary ingredients in order to ascertain
ED on R by using the SVD method. In fact, it is sufficient to proceed as follows (see
(ED-1)-(ED-2)).

(a) Relatively to (3) in forward and backward time, apply SVD techniques to the
principal matrix solution ®, to verify ED on the two half lines R* and R~. This
requires verifying that 0 ¢ Xgp for both forward and backward problems. If
0 € Xgp for either forward or backward problem, then there is no ED. Otherwise,
there is ED on the two half lines. Also, recall that we expect (for systems with
stable and distinct Lyapunov exponents) that the factors V' of the SVDs to converge
(exponentially fast) to constant orthogonal matrices, in forward and backward
time, call these V™ and V'~ respectively.

(b) Take the columns of V* and V= relative to the stable modes (those leading to
intervals of Ygp to the left, respectively right, of 0): V;©, V.=. The key observation
here (see [?]) is that V" spans ST and V,~ spans S~.

(¢) Verify if [V, V'] is a basis for R™. If it is, then the system has ED on R, otherwise
it does not.

To sum up, SVD techniques based on (a), (b) and (c) above can be used to verify
ED on R. But, our analytical results justifying this approach require the assumption of
distinct and stable Lyapunov exponents. Although the assumption of stable Lyapunov
exponents is natural, the need to have distinct Lyapunov exponents is violated in cases
of practical interest (such as when the coefficient matrix A assumes a constant limiting
value A, and A has complex conjugate eigenvalues). In our practical experience, the SVD
method seems to work reliably also in these cases, but the lack of theoretical justification
in the case of stable and not distinct LEs is bothersome, and we cannot guarantee that this
technique will not encounter difficulties in the case of stable, but not distinct, Lyapunov
exponents (either forward or backward in time). To avoid these difficulties, we then turn
our attention to the next technique.
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3. QR METHOD

QR techniques are based on the (unique) decomposition of a normal fundamental matrix
solution X = QR, where @ is orthogonal and R is upper triangular with positive diagonal.
In practice, one only finds @ and (the logarithm of the) diagonal of R. For example, in a
continuous realization of the QR method, we integrate differential equations for @, so that
R = QTX would satisfy the triangular system R = B(t)R with B(t) := QTAQ — QT Q.
As it is well understood, see [?, ?, ?] for details on R, one can approximate ¥, and Ygp
by using only the diagonal of B; in other words, only @) is needed and R is really never
formed, since diag(B) = diag(QT AQ).

So, to check (ED-1), one can use QR techniques to find ¥gp for both forward and
backward problems and verify that there is ED on the two half-lines. The issue is how
to verify (ED-2), that is how to obtain information on the growth subspaces by the QR
technique. It is our goal in this chapter to show that —under certain assumptions— one can
obtain the needed directional information from the rescaled function Y = R™'diag(R).
We will prove that Y “converges” to a matrix Y for both forward and backward problems,
and that these limiting values can be used to verify (ED-2).

Remark 2. As we previously observed, when using the QR technique we need to require
that the fundamental matrix solution X be normal. But, we actually will need more: We
will need that the initial condition X (0) be chosen in such a way that conditions (12) and
(13) below be verified in forward time, with the similar conditions (14)-(15) to be verified
in backward time. In general, this request will imply that the initial conditions for the
forward and backward integration will not be the same. An easy example of this is the
diagonal system & = Ax, with A = diag(1, —2). Obviously, this system enjoys Exponential
Dichotomy, and the principal matrix solution ® is a normal fundamental matrix solution
for this problem. However, by using ®, condition (12) is verified, but (14) is not. If for
the backward time integration we choose X (0) = [eg, 1], then we will get Q = [ea, 1],
and then for ¢ < 0 B = diag(—2,1) and (14) is verified. In other words, with respect to
the notation of (8) and (9), we have ST = e and S~ = e;.

With the above remark in mind, our results can be summarized as follows: Given
suitable initial conditions, X (0) and X~ (0), for the forward and backward problems
respectively, the corresponding Y+ and Y~ will “converge” (for ¢ — +o0 and t — —o0,
respectively) and the required growth subspaces can be extracted from these limiting Y’s,
for problems with stable Lyapunov exponents, though not necessarily distinct. [To be
precise, for the case of non distinct Lyapunov exponents, we show convergence of Y to
subspaces associated to the equal exponents, though we will not have that each column
of Y converges.] We will also show that convergence is taking place exponentially fast.
Once these theoretical results will be at hand, the basic technique to verify (ED-2) will be
similar to what we did for the SVD:

Use the columns of X (0)Y+ and X~ (0)Y ™ relative to the forward and backward stable
modes, X+ (0)Y," and X~ (0)Y,, and verify if [X~(0)Y,” Xt (0)Y;"] is a basis for R".

Remark 3. In our analysis below, we will focus only on the case t > 0, since, after
rewriting assumptions (12) and (13) in backward time, see (14) and (15), the results for
t <0 are identical.

Assume now that a normal fundamental matrix solution X (¢) has been chosen (that
is, the initial conditions X (0) have been chosen) so that for its unique QR factorization



6 Dieci, Elia, Van Vleck

X(t) = Q(t)R(t), with @ orthogonal and R with positive diagonal entries, we have
R = B(t)R,

and the Lyapunov exponents can be computed from the diagonal of B (that is, of R) and
are stable. Our purpose in this chapter is to show that —under these mild conditions— cer-
tain subspaces associated to R converge and can be used to detect exponential dichotomy
on the real line. The result is important, since we will only need to have stable Lyapunov
exponents, though not necessarily stable and distinct, as it was the case for the SVD.

So, we will consider the system
(11) & = B(t)z,

with B continuous, bounded and upper triangular. In what follows, we will assume that
the diagonal elements of B satisfy one of the following assumptions:

(i) B;i and Bj; are integrally separated, i.e. there exist a,d > 0 such that
t
(12) / (Bii(t) — Bjj(1))dr > a(t—s)—d, t>s>0, i<},

(ii) By and Bj; are not integrally separated, but Ve > 0 there exists M;;(e) > 0 such
that

(13) /t(Bii(T)—Bjj(T))dT SMij(G)—i-e(t—S), tZSZO, i<j .

Remark 4. For the sake of completeness, we remark that for the backward problem ¢t < 0,
one should assume to have taken an initial condition X (0) so that for the QR factorization
X(t) = Q(t)R(t), t <0, one obtains a triangular system R = B(t)R satisfying the following
analogs of (12) and (13):

(i) B;i and Bj; are integrally separated, i.e.
t
(14) / (Bii(t) — Bjj(1))dr > —a(t — s) — d, t<s<0, i<j,

(ii) By and Bjj; are not integrally separated, but Ve > 0 there exists M;;(e) > 0 such
that

(15) / (B”(T) — Bjj(T))dT < Mij(ﬁ) — e(t— S), t<s<0, 1<j.

Considering again only the case of ¢ > 0, assume moreover that the By;’s are arranged in
p, p < n, subsets as follows. Let n,...,n, be such that Y n; =n, m; =Y, _, ng and

denote with B](;) the (m;—1 + j)-th diagonal element of B. The set {BJ(-?,j =1,...,n;}

will be the i-th subset. Elements belonging to the same subset satisfy assumption (13)
while elements belonging to different subsets satisfy (12) as follows

t . .
/(y%ﬂBg”@»mza@@¢ G=Toms, k=1, ne

Jj
In what follows we will use the notation Bj;; where there is no ambiguity, otherwise we

will use the subset-notation Bj(é). Same criteria will apply also to other quantities.

In [?], it was shown that the assumptions (12) and (13) guarantee that the Lyapunov
spectrum can be computed from the diagonal of B and that it is stable. In fact, in both
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cases (12) and (13), for all j =1,...,n, the LEs are given by:

: 1 ¢ s s D 1 ! 4 %
lim sup i log/0 Bjj(r)dr = x*(Rjj) = A}, hmlnftlog/o Bjj(r)dr = x"(Rjj) = A} -

t——4o00 t——+oo

Remark 5. Denote with R the principal matrix solution of (11) and let
1
W; ={w € R" | limsup - log | R(t)w| < A7},
t——+00 t

i.e. Wj; is the subspace of initial conditions leading to upper LEs lesser or equal to )\j.
(The W;’s are called lineals in the classical theory of LEs.) Then conditions (12) and
(13) guarantee that W; is also the space of initial conditions leading to lower LEs lesser
or equal to )\; Indeed, by [?, Theorem 4.2] there exists a Lyapunov transformation 7'
which reduces system (11) into block diagonal form. The lineals for the new block system
are the subspaces {€m; ;+1,---;€m;,.-€n} so that the lineals for system (11) are the
spaces W; = span{T,; ,+1(0),...Ty,(0),...T,(0)}, where with e; and T; we denoted
respectively the j-th canonical vector of R™ and the j-th column of 7. By [?, Theorem
5.1], W; is also the set of initial conditions leading to lower LEs lesser than )\;

Now, let Y = R~!diag(R), so that Y satisfies the following ODE

(16) Y = -YC(t),
where C' is strictly upper triangular with entries
(17) Cij(t) = Bis(t) - ftf _ By(t)e Bu-Butiar

Observe that Y is upper triangular with 1’s on the diagonal.

Notation. We found it useful to adopt two different notations for the columns of Y.
The standard Y; for the j-th column, or the one inherited from the Bj;’s: Yj(z) (t) for the
(mj—1 + j)-th column of Y ().

Lemma 6. The elements of C satisfy the following

(i) x°(Cij) < —a, if By and Bjj are integrally separated;
(ii) For all € > 0, x**(B;j) — € < x*'(Cyj) < € if Bi; and Bj; satisfy (13).

Proof. Let M = sup,> || B(t)||. If B;; and Bj; belong to different subsets, say the k-th and
the I-th respectively, k < I, then |Cy;(t)| < (supysg || B(t)||)e~2U=RtHd = pre—al=Rt+d Tt
follows easily that x*(C;;) < —(I — k)a < —a.

If instead B;; and B;; belong to the same subset then |Ci;(t)| < MeMi()+et and |Cy;(t)] >
| By (t)|e= (9=t for arbitrary e. Tt follows that

x¥(Bij) — e < x*'(Cyj) < e.
O

Corollary 7. Let Y be the matriz in (16). If the system is integrally separated i.e. if the
Bii’s are integrally separated for all i = 1,...,n, then Y — Y, with Y constant, upper
triangular matriz with 1’s on the diagonal.

Proof. By Lemma 6 and integral separation of the Bj;’s it follows that x*(C;;) < 0 for
i # j, while Cj;(t) = 0, for all ¢t and for all i = 1,...,n. Then C —; . 0 exponentially
fast so that Y —;_,o Y. O
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Lemma 8. Let Y be the matriz in (16). Then for all € > 0 sufficiently small, and any
j=1...,n5,i=1...,p, we have

X) < (= De < (ni = De.

Proof. Equation (16) can be solved explicitly and the elements of Y are given by the
following expression

ti—1
(18) Yi(t) = / Zm 7)Crj(T j >
0

The Yj(i) column of Y satisfies the following
(19)

. . mz 1 mg— 1+.] 1
Yj(’)(t) :Yj(Z)(O / Crymi_1+5(t1)Yi(t1)dt1 — / Crymi_q+(81)Yi(t1)dty.
k= mi— 1+1
Then
(20)
. mi—1 myg— 1“1"7 1
Iyl < 1y ||+Z/ 1 Chmy— 45 (t1) Vi (t1) [ dt1+ / I1Chmi s (42)+5 Y (t1) |ty
k=m;_1+1

Take first ¢ = 1. We show through inductive reasoning that XS(Yj( )) < (j — 1)e. Clearly
() = x*(¥Y) = 0. Notice that for i = 1, the first sum in (19) and in (20) is
zero. As far as the second sum is concerned, we have x*(Cy;Yi) < x*(Ckj) + x*(Yz) <

+ (k—1)efor k =1,...,5 — 1. Then x*([ Cy;Ys) < ke. It follows that XS(Yj(l)) <

maxg=1,. j—1(x*(/ Ck;jY%)) < (j — 1)e. The proof for i > 1 is analogous and it follows
upon noticing that the first sum goes to zero exponentially fast since for k = 1,...m;_1
we have X*(Cim,; 1+iYk) < X°(Chm; y45) + X° (Vi) < —a +maxj—y,_i—1(m — 1)e < 0,
where in the last inequality we picked € < max;—1 . ;1 ﬁ O

Remark 9. Lemma 8 implies Xs(Yl(i)) = X(Yl(i)) =0forali=1,...,p

In the two limiting cases of Lemma 8 we have:

e p=mnsothat n; =1foralli=1,...,n and x'(Y;) = x*(Y;) =0, = 1,...,n,
(this follows from Corollary 7 as well);

e p=1sothat ny =nand 0 < x'(V;) <x*(Y;)) < (j—De, i =1,...,n.
Next, let S;(t) = span(Y,. (), ..., YD (1), i=1,....p
Theorem 10. The spaces S; converge for t — 400: limy_, o0 Si(t) = S;, 1 =1,...,p.

Proof. Clearly the first n; columns of Y always span the same space so that Si(t) = S1 =

span{ei, ..., ep, } for all t. Consider now, for all ¢, Sy(t) = span{Y(Q)( t),... Kg) (t)}. Let
T >0 and fix 0 < 7 < 1. We will prove the statement for Sy, the proof for the other
subspaces being analogous. Using (19) we have

T+T
(21) YT +7)-Y, Z / Chomy 1 (01)Y D (11)d.
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Lemma 6 and Lemma 8 imply x*(Cj, nl_,_lY(l)) <X (Crpy41)+X° (Y(l)) < —a+(n1—1)e <
0, if we choose € < m It follows that the integrals in (21) tend to zero for T' — 4o0.
Hence

lim (YT +7) - V(1)) =0,

T—o00

(2)

and Yl(z) (t) tends to a constant vector: Y;
for T — oo, span()_/l(Q),YQ(Q) (T),YQ(Q) (T'+ 7)) is a two dimensional subspace of R". We
have

. We do two more steps. First we show that

@ e &)
(22) V(T +7) - Z / Crom 2 (t) YD (t1)dt1

T+t @
/ Cn1+1,n1+2(t1)Y1 (tl)dtl.
T

When T' — 400 the first sum in the right hand side goes to zero. Moreover, Y1(2) — }71(2),
i.e. for all § > 0, there exists Ts > 0 such that for all ¢t > T, and for j =1,...,n1 + 1.

72 s <yP) <7+
It follows that for j =1,...,n1 + 1,
T+ T+ )

hrn Cn1+1,n1+2(t1)y( )(tl)dtl = hm Cn1+17n1+2(t1)dt1 }71(3 s

T—oo T T—oo T

and therefore limp_, o, (Y2(2) (T+7) —Y2(2) (T)) € span(i_/l(2)), since Yl(z) (t) converges to }71(2)
exponentially fast.
Given the triangular structure of Y, this implies that these vectors belong to the same

two dimensional subspace. Denote with 171(2) and }72(2) a basis for this subspace. For the
next step we have

T+t
(23) Y3(2)(T + 7’) Z/ C n1+3 tl)Yk(l)(tl)dtl —
T+t @) T+t @)
/ Crny+1,m+3(t1) Y™ (t1)dty — / Cry+2,m+3(t1) Yy ™ (t1)dt1.
T T

As before, when T" — oo, the first integral goes to 0. Moreover, reasoning as above, we
obtain that
lim (T +7) - Y{7(1)) € span(¥{*, 137),

T—o00

so that again, given the triangular structure of Y, these vectors belong to the same three

dimensional subspace. The proof for the other Yj(i) is analogous. O

Remark 11. ;From the proof of Theorem 10, we notice that the (vector) functions Yl(i)

converge, as t — oo, for all 4 = 1,...,p. Instead, the remaining Yj(i) (j > 2) do not
necessarily converge, though they keep belonging to the same subspaces.

Our next goal is to show that by taking initial conditions in a direction identified by
the subspaces S; we converge to solutions having growth given by the i-th Lyapunov
exponents. The following Lemma will be useful.
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Lemma 12. Let w # 0 be a constant Uector in S;. Write w in the basis Y1(t),..., Yu(t),
n k i 1 i
asw =Y, c;()Y;(t) = Y0 S5, P @)Y t). Let ¢ = (¢ cl)T. Then

() = xi () =0,

Proof. By Theorem 10, cg-k) — 0 for k # i and > 0%, c; ()Yj(i)(t) — w. Assume by

contradiction that y*(c®) = a > 0. Notice x*(c)) < maxj_1__n, Xs(cg-i)). Adopt for w

the same block notation we adopted for c. If x*(c (Z)) = « then c£Z) (t)Ynn, (t) = c,(f) (t) —
(4)

wp, and this is a constant quantity. So it must be x (cgh) ) = 0. Similarly 07(1? (t) +
(i) (i)

e (t)YTS’)m_l(t) — wﬁh) . and this implies x*(cn,_,) < 0. Reasoning in this way, it must
be Xs(cg.i)) =0 for all j = 1,...,n; and this proves x*(c¥) = 0. We still need to show
xH(c®) = 0. Clearly x*(c®) < 0. Assume by contradiction that x*(¢(Y) = —a < 0. Then
there exists an increasing sequence (tj)renN, converging to oo, such that
e s
tp—+00 e(—ate)ty
of (1)
for all € > 0. This means that lim, o W =
Xi(cgi)) < —a. Moreover, we have that hrnsuptkﬂoot Iog(|c (tk)|||Y(Z (te)|]) < 0O for

:07

= 0, for ally = 1,...,n; so that

all j =1,...,n;, if we choose ¢ = £ in Lemma 8. But then along this sequence, we would
have
x(w) = x*(w) —htmsup log( IIZ Yl <
k00

and this is a contradiction since w is a nonzero constant vector, and thus y(w) =0. O

Let Z(t) = Y (t)~!. Then Z(t) satisfies the following ODE
(24) Z =270,

where C' is the matrix whose elements are defined in (17). The elements of Z are given by

Zii(t) = Z/Czk 5)Zkj(s)ds i<y,

k=i+1
Zu()=1, VYt>0.
z1 (t)T
Denote with z;(¢)T the i-th row of Z so that Z = : . Lemma 8 applies to the
zn ()T
elements of Z as well so that
(25) () < (- De < (ns — De.

Remark 13. If the system is integrally separated then x*(z;) = x(z;) = 0, for all i =
1,...,n.

Remark 14. Equation (25) implies Xs(zg)) = X(zg)) =0,fori=1,...,p
Denote with z](i) (t) the (m; + j)-th row vector of Z(t). Then, being Z the inverse of Y,

we have that le Y; =150 z; is aligned with Y; and perpendicular to all other Y;’s. Then
span(zgz) (t),... 27(1? t) = span(Yl(l) (t),... Yn(f) (t)) — S;.
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Theorem 15. For allw #0, w € Sj, and all j =1,...,p

1 .
hmbupflog [R(O)w]| = AJ , ltigj&fglog [R()w] = Aj ,

t——+o0

with R(t) fundamental matriz solution of (11).

Proof. We will first prove that x*(R(t)w) > A] (similarly, X{(R(t)w) > )\;) Then the
statement will follow from some geometrical considerations.

Rewrite w in the basis {Y1(¢),...,Y,(t)} as
n ny
w=> )Y, ch(k Y@ = w -ty , we=3 PP ).
=1 k=1 i=1 i—1

Notice that, by Lemma 12, we have X(cl(j)) =0, and also cz(k) (t) 21200 0, k # j.
We now look at the characteristic exponent of R(t)w. We have

Rn(t)zl (t)Tw Rn(t)cl (t)

(26)  ||R(t)w] = [ diag(R(t))Z(t)w]| = : = :
Run ()20 () Tw Ryn(t)en(t)
R (1 1) (1)
> : >R, (0|
R (00 i) (1)

This implies x*(R(t)w) > Aj, and YH(R(t)w) > )\3

For w € S1 we clearly have

1 1 ;
limsup — log || R(t)w]|| = A} and liminf — log [|R(t)w]|| = A} .
t t—+oo

t——+o00

Next, denote with W5 the space of initial conditions leading to exponential growth less
than or equal to A3, i.e. Wy = {v € R"s.t. limsup,_, . +log||R(t)v|| < A3}. Then
dim(W3) = n — ny while dim(S; @ S3) = nq + ng so that dim ((5’1 ® S2) N Wg) =ngy. Let
w € S1 @ Sy. If wy # 0 then by simply following the same reasoning as before we obtain
x(c) =0 and limsup,_, , o 1log | R(t)w|| = A{. But then this leaves the only possibility
that Sy C Wa and limsup,_ . 1 log ||[R(t)w|| = A§ for w € So. The proof for the lower
exponent is analogous. Notice that the results for the lower LEs follows from Remark 5
as well. O

3.1. QR convergence speed. Our next goal is to show that there is exponential con-
vergence to the subspaces S;, i = 1...,p. We will do this following the approach used in
[?] for the SVD, with appropriate modifications to account for non-orthogonal factors and
of dimension greater than 1.

Consider the unique smooth QL decomposition of Y: Y (t) = U(t)L(t) for all ¢, with
U € R™" orthogonal and L € R™*" lower triangular with L; > 0.

Notice that span{y;,...,yn} = span{u;,...,u,} foralli=1,...,n

Let M(t) = L(¢)~! and notice that Z(¢t) = Y(¢)™' = M(t)UT(¢), so that M(t) =
Z(t)U(t) and UMT is the unique QR decompostion of Z7 with positive diagonal elements.
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Lemma 16. Use for the diagonal elements of M same block notation as for B. Then

0 < XM <X (M) < (= De < (m= e, x*(Myg) < max (g = 1)e.

Proof. Obviously MJ(;) (t) # 0. Moreover \MJ(;) ()] = ]z](i) ) Tu;(t)] < \|z§i) (t)|], where with

uj we denote the j-th column of U. By (25) it follows XS(MJ(;)) < (—1e< (n— e
Similarly for M;;(t) = 2z (t)Tu;(t). O

Remark 17. If system (11) is integrally separated, then Lemma 16 can be restated as
follows: x*(M;j) = x(M;;) =0, for alli,j =1,...,n.

Remark 18. Lemma 16 implies in particular that x*(My,,+1,5) = X(Mp,+1,;) = 0, for all
t=1,....,p,and j=1,...,n; + 1.

Remark 19. Assumption (13) implies that there exists T' > 0 so that R;E-) (t) > R,(;,:' 1)(75),
fort>T,i=1,...,p—1,j=1,...,n;,and k=1,...,n;_1.

Define U;(t) = span(ugz) (t),... ,uS) (t)) for i = 1,...,p. Theorem 10 insures S;(t) =
span(y%l) (t),..., y,(f} (t)) — S;. Then clearly Uy(t) = Sp(t) — Sp = U,. Moreover U,_1(t)®
Up(t) = Sp—1(t)®S,(t) — S,—1®S, and from the uniqueness of the orthogonal complement
it follows Up_l(t) — 7},_1. Reasoning in the same way, we can prove that U; — U, for i =
p—2,...,1. To determine speed of convergence of U; to U;, define W;(t) = U;(t)&. . .0U,(t),
W;=U;®...5 U, Let e = (ni,...,n,) and F.(n) be the space of flags in R" of type e,
Le., the set of all filtrations V = (V;)!_; such that R" =V; D ... D V,. Given a filtration

vo) = (Vi(j))p define the sets Ki(j) such that K,(Jj) = Vp(j), V;(j) = KZ@ <) Vl(i)l, and

=17
Ki(J)J_ Vz(ﬁ, fori=p—1,...,1. The following quantity defines a metric in F.(n) (see [?])
(27) A, v = max [y 2
L7 ]
2]l = llyll =1

T € Ki(l),y € KJ(?)

with A = min;z; [A; — A|/(n —1). Let Pi(j) be the orthogonal projection into KZ»(j). Then
as in [?]

(28) dv vy = I?i?‘ H‘F)7j(1)-Pj(2) ”A/\,\;_,\ﬂ_

Notice that, for all ¢, W(¢) = (W;(t))?_; € F.(n), and that for this filtration, U;(t) = Kj,
i = 1,...,p, where the K;’s are the subspaces defined above. In the same way W =
(Wi)t_, € F.(n) and U; = K;. Let P;(t) be the orthogonal projection into U;(t). Then
P;(t) — P;, with P; orthogonal projection into U;. Our aim is to prove that the convergence

of P;(t) to P; is exponential. To do so, we will first prove Theorem 20, and the sought
result will follow from (30) together with (28).

Theorem 20. Assume the diagonal elements of B satisfy either (12) or (13). Let 0 <
T < 1 fized and define B;;(t) = ||Pi(t +7)P;(t)|, i,5 =1,...,p, where

(29) P(t) = [ (1), ..., ul ()]l (1), ..., ud (@)]7,

Y g
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is the orthogonal projection onto U;(t). Then, for arbitrary € > €y > 0 sufficiently small
we have

X*(Bij) < min(X; = A}, —a(j —4)) + e, j>1i
(30)
X*(Bij) < min(A; — A, —a(i — j)) + €0, > j.

Proof. To prove (30) it suffices to show that for all € Uj(¢),
X (1Pt 4 7)P(t)z]]) < min(A; — X, —a(j — 7)) + eo.
Let us consider the case of j > 1.
Take z € Uj(t), = Y17, e () ul (1). Let cW)(t) = [0,...,0,¢7 (1), ..., ®),0,...,07

and D(t) = diag(R(t )) Notice that the vector D(t)M (t)c\9)(t) has first m;_; components
equal to zero. Then by Remark 19, for ¢ > T we have

(31)
[R(E)z] = [1D(#) Zc @)l = IDOM ()P ()] < RizOIM O]]|]]

with Rjj (t) = MaXg=1,..n, R](gjk)

Rewrite x in the basis ul(t+ ) cooup(t+T),as e => 0 ?klb(k)( ty, (k )(t—i—T) In
particular let y = > )" b(z (t ) (t + 7) be the orthogonal projection of z onto U;(t + T)
so that ||y|| = ||Pi(t + 7)P;(t)z || Let N~1 = sup;>q ||R(t + 7,t)||, with R(t + 7,t) being

the solution at time ¢ + 7 of R = B(t)R, R(t,t) = I. Then R(t) = R(t +7,t) ' R(t + 7)
and

bl(t+7')
(32) [R()z|| = N||R(t + 7)z| = N ||D(t +7)M(t +7) :
bn(t+7)

Take first ¢ = 1, [ = 1. We want to estimate the exponential behavior of bl(i) = bgl).

Then (31) and (32) together with M being lower triangular imply

M (OB (1)) < 8 0],

and this together with (13) and Remark 18 1mply
X (b17) = X*(Mibi”) < min(A3 = X, —a(j - 1).

Consider now ¢ = 1, [ = 2. Then as above

Rj; (1)
Fon(t )IIM( )]l

X5(|M21b§1) + Mgzbgl)\) < maX(XS(M21b§1)), XS(MQng ))) and it is equal to the maximum
if it is unique. So we have the following possibilities

| Moy (£)b57(8) + Moo ()05 (1)) <

(i) X (Maabs”) > x*(Marb{M),
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(i) x*(Mazby) < x*(Ma1bV),
(iii) X*(Maby") = x*(Ma1b").
Case (i) and (ii) both imply
XF(057) < min(X5 — A}, —a(j — 1)).
For case (iii) we get
XE08) < X (Ma2)+x3 (08) < X* (Maabs) < x*(Man)+x° (b)) < e+min(AS—AL, —a(j—1)),

where the last inequality follows from Lemma 16. The proof for ¢ = 1 and | = 3 is
analogous. In this case we have again three different possibilities.

(1) XS(M33b§,1)) > XS(M31b§1)), XS(M32551)),
(ii) XS(M33b§,1)) < x* (M), or XS(M33b;(),1)) < X (MsgbM),

(i) x°(MasbS") = x> (M3;b{)) > x* (Mabf”), with j = 1,2, k = 2,1.

Again cases (i) and (ii) are easy. For case (iii) (when XS(Mggbél))

is not the only maximum),
we examine the equality with j = 2, k = 1, which gives rise to the bound XS(Mggb:(gl)) =
XS(Mggbgl)) < x*(Ms2) + xs(bél)) < 2€ + min(A] — A —a(j — 1)), where the 2¢ term
comes from the estimate in Lemma 16 together with the bound for Xs(bél)). The proof

fori=1and [ =4,...,n; is analogous, and we will get the following estimate: Xs(bl(l)) <
(I = 1)e+min(A5 — Xj, —a(j — 1)).

Finally, we have x*(||y|]) = 2)( 5( (b(l)) ) < maxg—=i.. n, Xs(bg)) < min(/\§ —
t—a(j—1))+(n1—1 )e and (30) is proved fori =1and j > 1. Here ¢g = (ny—1)e. Notice
that if we choose € < ﬁ then min(A; — t—a(j—1))+(n1—1)e < min(A; — L —a(j—

2)). This follows upon noticing that min(A; — t—a(j—1))+a< min(A; — L — (] 2)).
Take now ¢ = 2, I = 1. Then (32) and (31) imply

i1k OB ®) + My, 1 1 (06 (1)

Ry |IM@)|[|=]| > | R@E)x| > BT (¢)

so that

ny
XS <Z Mn1+1,kb§cl) + Mm-l-l,m-l—lbgz)) < man‘ 27 a(J - 2))
k=1

And again we have three possibilities

() X" (Mg 1.m0107) > X" (SiLy Moy 48
1 s 2 s n 1
(11) X (Mn1+17n1+1b5 )) <X ( klzl Mn1+1,kbl(g ))a

n1

N g 2 s 1
(1) X5 (Mg 1m0 41657) = x5 (0L, My, 11.4080).
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Case (i) and (i) imply x*(0{") < min(A3 — X5, —a(j — 2)). Case (iii) implies x*(b{*)) <
maxg_1,. oy X* (M +1404") < min(—a(j—1), A =A})+(n1 —1)e < min(A3 — Ny, —a(j—2)).

For i = 2, 1 = 2,...,n2 the proof is analogous to the one for ¢ = 1. Reasoning in the
same way we will obtain Xs(bl(z)) < (n2 — 1)e + min(Aj — L —a(j —2)).

The statement of the theorem follows by choosing g = (n;—1)e < a,fori=1,...,5—1.
The proof for ¢ > j is analogous.
O

Corollary 21. Assume system (11) to be integrally separated and let (3;;(t) = || P;(t +
T)P;(t)||, where P;(t) is the orthogonal projection onto U;(t) defined in (29). Then

X*(8i) < min(X — A, —a(j — i), j >4,
X*(Bi5) < min(A; — A5, —a(i — 7)), i>j.

Finally, we are ready to estimate the rate of convergence of the orthogonal projections
Pi(t) to Py, i=1,...,p. Let a;j(t) = | P;()P;l|, i, =1,...,p.

Theorem 22. Let the diagonal elements of B satisfy assumption (13) or (12). Then for
alli,j=1,....p, i #j,
(33) X (aig) < AN = A5 (1 —aui) < r?ggcxs(aij)-

where A = maxp (X*(Br) /N, — Al)-

Proof. The proof for i # j is much the same as that of [?, Theorem 5.4]. We omit the
details here, and we just point out that the result follows from (30) together with (28).

In what follows, we prove the result for i = j. Since Pi(t) + P2(t) + ... Fp(t) = I,
with I the identity matrix in R"*" we can rewrite P; = Z?:l Pj(t)P;. Then 1 = ||F;|| <
?:1 | P;(t)B;| so that (1— || BP(t)]]) < >t | P;(t) P;|| and this rewrites as (1—a;;(t)) <

>z Qij(t). It follows that (1 — ai;) < X (D04 uy) < maxjz; X (auy).
O

Remark 23. The importance of exponential convergence to the relevant subspaces cannot
be stressed enough. For example, in a numerical implementation of methods to ascertain
ED, it implies that one can truncate the real line to a finite (large) interval, ascertain ED
on this finite interval, and then invoke perturbation results to conclude that the original
problem had ED on the infinite interval. It is also important to stress that the assumptions
we have needed in order to infer exponential convergence of the subspaces are structural
assumptions on the system, namely some form of integral separation on the two half
lines (a generic assumption, see [?]), or more precisely we assumed that the system has
stable Lyapunov exponents in forward and backward time. This is in contrast to existing
results to infer ED, which require strong assumptions on the type of system at hand, e.g.
slow varying systems, or systems for which roughness and L; perturbation results can be
applied; again, see [?7, 7,7, 7,7 7 7]

4. EXPONENTIAL DICHOTOMY FROM QR ON R

In sections 2 and 3, we have used the equivalence to having ED given by the conditions
(ED-1) and (ED-2), to see how the forward and backward stable subspaces can be obtained
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from the SVD or QR of appropriate fundamental matrix solutions. In this section we
consider an alternative strategy, namely we give sufficient conditions that guarantee that
the Sacker-Sell spectrum (on the whole line) is bounded away from the origin.

Consider the linear inhomogeneous problem

(34) y=A(t)y +g(t)

where A and g are uniformly bounded and A is piecewise continuous. Recall (see [?, p.67])
that the homogeneous system (that is (3)) has exponential dichotomy on R, that (6) holds
with ¢, s € R, if and only if (34) has a unique bounded solution for any bounded and
continuous function g.

First of all, we envision performing a global time dependent orthogonal change of vari-
ables (z(t) = QT (t)y(t) and f(t) = QT (t)g(t)) which brings the system in upper triangular
form B. We write this system in block form

) b= e+ 10, 50 = (40 Pel).

Below, let, [|z]| = sup, [|(t)l|2, [[f]| = sup; [ f ()2, and [|A]] = sup; [[A(t)]| -

Next, we make the following assumptions on a fundamental matrix solution R associated
to B: R = B(t)R (these are effectively assumptions on the existence of a transformation
Q leading to a triangular problem for which these assumptions are satisfied). There exist
constants a; >0, as >0, a >0, and K1 > 1, Ky > 1, K > 1, such that

(36) [Ri1 ()R (s)]| < Kie™® 578 s > ¢,

(37) | Raa(t)Roz (5)|| < Koe™ @279 ¢ > 5,

and

(38) | Raz(t)Roz (s)|| - | Ra1(s) Ry (1) < Ke U9, ¢ > s,

where Ry1(tp) = I and Raa(tp) = I for some ty. [Notice that the exponential separation
condition (38) implies having integral separation between arbitrary diagonal elements of
R11 and RQQ.}

Theorem 24. If

(i) (36) and (37) hold, or
(ii) (36) and (38) hold with o > «y, or
(iii) (37) and (38) hold with a > as,

then (3) has ED on R; that is, (6) holds with t,s € R, X(t) = R(t) = <R11(t) ng(t)>)

0 Roo(t)
with
(39) Rus®) = ~Run(t) [ Bl (7) Bua(r) R
t
and P = <8 ?) Indeed, with this R, there exists a bounded solution x of (35) such that
(40) llz] < Il K2 1—|-,‘<;2L12—i-E 1—1—/£2L22
- (e (Oél + a2)2 [e%1 (041 + a2)2

where k = || Bya]|.
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Proof. First note that all three possible assumptions (i), (ii), or (iii), imply that (36) and
(37) hold which is what we will assume. We write by the variation of parameters formula

(41) z(t) = /_ R(t)PR™(s)f(s)ds — /too R(t)(I — P)R™'(s)f(s)ds .

We employ the upper triangular fundamental matrix solution R(t) (see [?], Lemma 7.4)
where Ri2(t) is given by (39). Then

—1 —1 _
RoPR ) = () FH0EACY) R s = (MO ) R OET )

where

(R*l(g))lg = |:/oO Rl_ll (T)Blg(T)RQQ(T)dT] R2—21 (s) .

Because of (36) and (37), to verify (6) we need to get (exponentially decreasing) bounds
for || Rya(t) Ry (s)|| when ¢ > s and for ||Ry1(t)(R™*(s))12|| when ¢ < s. We have

t t
K
| IR @)ds < [ goementtas < 22
—00 —00 2
and
> -1 > —ai(s—t) Ky
|R11(t) Ry (s)|lds < Kie ™ ds < —.
t t a1
Next
t t o0
/ R12 (t)R;;(S)dS = — / Rn(t) / Ril (T)Blg(T)RQQ(T)dTR521(S)ds
—0 —00 t
and for ¢t > s,
_ Oo o (r— o (r— KiKy -
42 Ri2(t)R 1 < K o (7 t)K az (T S)d < jo1a az(t—s) )
@) IRe®R O <x [ Kie e 2 < e
Moreover,
t K K t
/ | Ria() Ryl (s)llds < n—12 / e02(t=3) g
(43) —00 (al + OQ) —o0
K1 K>
as(ag + ag)
Similarly,

/t " Rt (1)(R(5))1ads = /t ” [ / - Ry (T)BH(T)RZQ(T)dT} Ry, (s)ds

and for s > t,

o0 KK
(44)  |Ru(ORR ()] <k / Kie T em02(m=s)gr < o 1502 o—on(s—t)

(a1 +a2)
Moreover,
> -1 K1 K> > —ai(s—t
/t HRll(t)(R (3))12“613 < H(Oflw/t € ( )dS
1Ko
aj(ay +ag)
Thus,

t K K2
/HMWWVM%SQ¢HM(I,
a3

oo a1 + az)?
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and
0o Kl KQ
45 / R(t)(I = P)R7'(s)||ds < — |1+ k2 ——2— .
(45) IR0 - PR @) al\/ e
Now, from (42) and (44), we obtain (6) on R. Moreover, using (43) and (45) in (41), we
obtain (40). O

Remark 25. Note that (38) implies
i K
(46) [|Ri2(t)] < F»’/ Ke=*Tdr || Rya (1) < fﬁg'llez(t)Rg_zl(to)H — 0, as t — +oo
t

using (37). This means that we are employing a fundamental matrix solution R(t) such
that Rn(to) == I, Rgg(to) == I, and hmtﬂoo Rlz(t) = 0.

Remark 26. For the triangular problem of which in Theorem 24, we can explicitly give
the forward and backward stable subspaces. In fact, from the proof of Theorem 24, we

have that
St = span R12(0) , S = span h ,
Is 0

where I7 and s are identity matrices of the same size as the blocks R1; and Ros, respec-
tively, and R12(0) is defined from (39).

5. EXAMPLES

In this section we elucidate the previous theoretical results with examples of two di-
mensional upper triangular systems.

1.) First, consider the following problem

arctan(t) + # ef(t) ) R

0 — 1 (arctan(t) + HLt?) ’
with € > 0 and f bounded and continuous in R. Notice that the diagonal elements By
and Bgg of the coefficient matrix in (47) satisfy conditions (12) and (14) so that the scalar
problems R;; = Bii(t) Ry, for i = 1,2, do not admit ED on R. This implies that, for € = 0,
the system (47) does not admit ED on R either. Then, we consider the case of € > 0 and
try to establish if (47) has or not ED on R. Observe that (36)-(37) do not hold (regardless
of €) and Theorem 24 cannot be used to establish ED on R.

(47) R:B@R:(

The principal matrix solution ® of (47) is given by
@11(75) _ etarctan(t);
(1312(75) — cetarctan(t) fg (6—3/25arctan(s)f(8)) ds;
(1)21 _ 07 @22 (t) _ e_tarct;n(t)
Hence, (ED-1) is satisfied, and in order to verify whether or not there is ED on the whole
line we need to check whether or not (ED-2) is satisfied. The forward and backward stable

subspaces are one-dimensional and can be computed explicitly. We are looking for two
vectors v = (vy,v2)” and w = (w1, wz)” such that

(48) lim || ®(t)]| =0, lim || ®()w| =0.
t—+o00 t——o00

The first of (48) rewrites as
P11 (t)v1 + Pra(t)v2 — 0, $oo(t)vg — 0,
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and clearly the second requirement is verified for any vs. For v1, we need to take it so that

t )
(49) CI)H(t)vl + (I)lg(t)’l)g _ etarctan(t) (Ul + 6/ (e—%sarctan(s)f(3)> ds 1)2) — 0.
0

So, we must choose (except for normalization of vs):

t .
v = — lim e/ (efgsarcmn(s)f(sﬁ ds, v =1.
0

t——4o00
With this choice of vy, the expression in (49) goes to zero and ST = Span(v).

If we repeat the same reasoning for the second limit in (48), we obtain

t
wp = — lim (—:/ (e_gsamtan(s)f(s)> ds, wy=1.
0

t——o00
_3 . . e
Observe that e~ 2°22(5) i an even function. We distinguish two cases.

(a) If f is odd, w1 = v; and ST = 8~ so that (47) does not admit ED on R.
(b) If f is even, wy = —v1, ST NS~ = {0} and (47) admits ED on R.

Remark 27. Example (47) can be easily extended to the case of By = —cBag, ¢ > 0,
and Biq such that

t
/BH(T)dTZa(t—s),tZSZO,

t
/BH(T)dTZ—a(t—s),tSSSO,

where a > 0. In this class of problems, By is always leading to the unstable Lyapunov
exponent (positive in forward time, negative in backward time), so that the principal
matrix solution is a suitable initial condition both in forward and backward time (see
Remark 2). Again, if f is even and € # 0, there is ED on R, while if f is odd there is no
ED for any e.

2.) This is generalization of the Example in Remark 2. Consider Byi(t) = —cBaa(t),
c > 0, and assume that there is integral separation on the whole line so that

/t (B11(1) — Boa(7))dT = (1 + ¢) /t Bii(r)dr > a(t—s)—d

for a >0, d >0, and ¢ > s. Then, the scalar problems R;; = Bii(t)Ri;, i = 1,2, have ED
on the whole line, (36) and (37) hold and the problem has ED on R for any € and f(¢). If
we want to compute the stable subspaces (forward and backward), then to obtain ST we
may use the principal matrix solution. To obtain S, we cannot use the principal matrix
solution and a different fundamental matrix must be employed, though in this example
we actually have S~ = Span(e;), see Remark 26.

6. CONCLUSION

In this paper we have shown how techniques based on the SVD or QR decomposition
of a fundamental matrix solution can be used to determine whether or not a system has
exponential dichotomy on the real line. An important consequence of our results is that
for a large class of problems, namely those with integral separation on both lines or more
generally with stable Lyapunov exponents on both half lines, the existence of exponential
dichotomy may be determined from information on finite intervals up to exponentially
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small perturbations. This enlarges the class of problems for which finite interval computa-
tions are sufficient to determine exponential dichotomy from those that are asymptotically
constant, asymptotically periodic, or almost periodic [?]. Another important benefit of
our theoretical results is that they lend themselves to practical algorithmic procedures to
verify whether or not a system has exponential dichotomy, as it will be reported elsewhere.
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