Chapter 19 )
On Comparison Results for Neutral Shethie
Stochastic Differential Equations of
Reaction-Diffusion Type in L, (R?)

Oleksandr M. Stanzhytskyi, Viktoria V. Mogilova, and Alisa O. Tsukanova

Abstract In the present paper, we establish a comparison result for solutions to
the Cauchy problems for two stochastic integro-differential equations of reaction-
diffusion type with delay. On this subject number of authors have obtained
their comparison results. We deal with the Cauchy problems for two stochastic
integro-differential equations of reaction-diffusion type with delay. Except drift and
diffusion coefficients, our equations include also one integro-differential term. Basic
difference of our case from the case of all earlier investigated problems is presence
of this term. Presence of this term turns this equation into a nonlocal neutral
stochastic equation of reaction-diffusion type. Nonlocal deterministic equations
of this type are well known in literature and have wide range of applications.
Such equations arise, for instance, in mechanics, electromagnetic theory, heat flow,
nuclear reactor dynamics, and population dynamics. These equations are used in
modeling of phytoplankton growth, distant interactions in epidemic models and
nonlocal consumption of resources. We introduce a concept of mild solutions to
our problems and state and prove a comparison theorem for them. According to our
result, under certain assumptions on coefficients of equations under consideration,
their solutions depend on the transient coefficients in a monotone way.
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19.1 Introduction

In the given paper we study the following Cauchy problems for neutral partial
stochastic integro-differential equations of reaction-diffusion type

d<ui(t,x) +/bi(t,x,ui(t - r,g),g)dg) = (Ayui(t,x) + fi(t, ui(t —r,x),x))dt
]Rd

+o(t,x)dW(t,x),0<t<T,x eR% ie{l,2}, (19.1)

ui(t,x) =¢it,x), —r<t<0,x € R r>0,ie {1,2}, (19.2)

d
where T > 0 is fixed, Ay = ) 3122 is d-measurable Laplacian in the space

i=1""1
variables, W is a Q-Wiener process, fi: [0, T] x R x R > R, i € {1, 2},
0:[0,T] xR? - Rand b;: [0,T] x RY x R x RY — R, i € {1,2}, are some
given functions to be specified later, ¢; : [—r, 0] X RY > R,i e {1, 2}, are initial-
datum functions. For solutions #1 and u, of these problems we prove a comparison
theorem. According to our result, if f; > f>, then u; > up with probability one.

A problem of comparison of solutions to stochastic differential equations in
finite-dimensional case has firstly arised in [10]. A comparison theorem for equation
of the form d&(¢r) = f(¢,&(t))dt + o(¢,£(¢))dB(t), where B is standard one-
dimensional Brownian motion, has been obtained in this work. According to
this theorem, under certain assumptions, a solution of the equation above is
monotonously non-decreasing function from “drift” coefficient f. A more general
presentation of the comparison theorem is given in [11, 12]. Variations of the
result from [10] have been the proposed in [2, 3, 5, 6, 8, 9, 13]. In [4] this
theorem for solutions to stochastic differential equations with a multidimensional
Wiener process and stochastic partial differential equations has been obtained.
In [7] a comparison result for solutions to the Cauchy problem for stochastic
differential equations with a Q-Wiener processes in Hilbert space is presented. The
main goal of the given work is to prove a comparison theorem for solutions of
problem (19.1)—-(19.2), using the idea from this work. This result plays an important
role when studying the existence of solutions to the Cauchy problem for stochastic
differential equations of reaction-diffusion type with non-Lipschitz conditions on
“drift” coefficients.

This paper is organised as follows. Firstly, in Sect. 19.2, we introduce a statement
of the problem and formulate our main result. Then we represent a few necessary
facts, needed for the treatment in the subsequent sections. These auxiliary results of
independent interest are gathered in Sect. 19.3. Section 19.4 is devoted to the proof
of the main theorem.
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19.2 Problem Definition

Throughout the paper let (£2,.%,P) be a complete probability space, L(R%)
1
2
denotes real Hilbert space with the norm ||gll;,re) = < f gz(x)dx> . Let
R4

{en(x),n € {1,2,...}} be an orthonormal basis on L>(R?) such that

sup esssup le,(x)] < 1.
ne{l,2,..}  xeRd

We now define Lz(Rd)-Valued Q-Wiener process W(t,x) = W(, -),t > 0,x €
Rd, as follows

W(t, ) =Y anen()u(t), 1 =0,

n=1

where {B,(t),n € {1,2,...}} C R are independent standard one-dimensional
Brownian motionson ¢ > 0, {X,,n € {1,2,...}} is a sequence of positive numbers

o0
suchthatA = ) A, < oo.Let {%;, t > 0} be a normal filtration on .%. We assume
n=1
that W(z, -),t > 0, is a Q-Wiener process with respect to a filtration {%;,t > 0},
i.e.,

o W(t, -),t > 0,is .%#;-measurable;
 the increments W (¢t + h, -) — W(¢, -) are independent of .%,; for all 4 > 0 and
t > 0.

Let the following conditions be true

1) fi: [0, TIxRxR? — R,i € {1,2},0: [0, T]xR?Y — R, b;: [0, T]xR? xR x
xR > R,i € {1, 2}, are measurable functions with respect to all of their
variables.

(2) The initial-data functions ¢; (¢, x, w): [—r, 0] x R x 2 — Lry(R%),i e {1, 2},
are .%(-measurable random functions, independent of W (¢, x),t > 0, x € Rd,
with almost surely continuous paths and such that

sup El¢i (1, I}, gay < 00,0 € {1,2).

—r<t<0

) b, i € {1,2}, are uniformly continuous in the first argument and satisfy the
Lipschitz condition in the third argument of the form

|bi (t, x, u, §) — bi(t, x,v,6)| < I(t,x,&)|u — vl,
0<t<T, {x & CRY {u,v} CR,ie{l,2},
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where [: [0, T] x R? x R? — [0, 00) is such that

sup / 12(t, x, £)dédx < oo,
0<t<T R

R4

sup //ﬂ(t,x,g)dgdx < i. (19.3)

0<t<T
R4 R4

(4) There exists a function x: R? x RY — [0, 00), satisfying the following

conditions
ffx(x,é)dédx < o0,
R4 R4
2
/(/X(X,g)d5> dx < oo,
RI R4
such that

sup |bi(t, x,0,6)| < x(x,6),0<t<T,{x,6} CRYie{l,2). (19.4)
0<t<T

(5) There exists a function n: [0, T] x RY — [0, o0) with

sup /nz(t,x)dx < 00,

0<t<T
R4

such that the following linear-growth and Lipschitz conditions are valid for f;,
ief{l,2},

I fitt,u,x)| <nt,x)+Llul,0<t<T,ueR,x¢e RY i e (1,2}, (19.5)
|fitt,u,x) = fit,v,.x)| < Llu—v],0<t <T,ueR,x eR%ie(l,2}.
(6) The next condition holds true for o

2
sup [lo(z, )7, gay < 00
O=t=T Ly(®Y)
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(7) For V,b; and bei, i € {I,2}, the following linear-growth condition with
respect to the third argument is true

|Vibi(t, x, u, §)| + 1|1 D2b;i (1, x, u, §)|| < ¥ (1, x, E)(1+ ul),
0<t=<T.{x.&§}cRLueR,iecil?2),
and for be,',i € {1, 2}, — the following Lipschitz condition
”D)%bi(tsxs uvé) - D)%bl(tv X, vvé)” = ’»”(t» xvé)lu - U|,
0<t<T, {x,& CR {u,v} CR,ie{l,2} (19.6)
where ¥ : [0, T] x R? x R4 — [0, 00) is such that

2
sup /(/gﬁ(r,x,é)dé) dx < o0,
0<t<T

RY R4

sup //wz(t,x,é)dédx < 00,
0<t<T
RY R4

and besides for any point xg € R? there is its neighborhood Bs(xo) and a
nonnegative function ¢ such that

sup ¢(t, -, x0,8) € La(RY) N L1(RY), 8 > 0,

0<t<T
|W(t1x1 g) - ’»”(tnys E)' < (p(tvés X0,8)|.x _-x()l’
0<r<T,|x—xo| <8 &ecR

Next, we introduce the notion of a mild solution to the problem (19.1)—(19.2).

Remark 19.1 From now on we use the notation S(7)g(-), g € La(R%), to denote
the convolution

(Sg())(x) = f%(r,x —£)g(-)de, x e R?, g € Lry(RY).
Rd

It is known from semi-group theory that

1O, gy < 182, .
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Here

1 lx |2 d
exp| — ,t>0,x e RY,
At x) = @ =l

0,1 <0, x eR?,
denotes the fundamental solution (source function, diffusion kernel) of the heat
equation.
For convenience denote u = u;, ¢ = ¢;, b =b;, f = fi,i € {1,2}.

Definition 19.1 A continuous random process u(t, x, w): [—r, T] X R x 2 —
L>(RY) is called a mild solution (solution) to (19.1)—(19.2) provided

1. It is .%,-measurable for almost all —r <t < T.
2. It satisfies the integral equation

u(t, x) = /%(r,x —s>(¢(o,s> +/b(0,é,¢(—r, o,z)dz)ds
]Rd

R4

- /b(t,x,u(r CrE).6)dE

]Rd
t
— / (Ax/%/(t — 5, X —S)(/b(s,é,u(s —r, {),{)d{)d&)ds
0 R4 R4
t
—i—//%(r—xx—E)f(s,u(s—r,é),é)déds
0 R4
? o0
+f Z\/xn( [ -sx —s>o(s,s)en<s>ds)dﬂn<s),
0 n=1 Rd
0<r<T,xeRY (19.7)
ut,x)=¢(,x), —r<t<0,xeR? r>0. (19.8)

3. It satisfies the condition

T
E / luat, )7 gaydt < 00
0
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Remark 19.2 Tt is assumed in the definition above that all the integrals from (19.7)
are well defined.

The following is the comparison theorem.

Theorem 19.1 (Comparison Theorem) Suppose assumptions (1)—(7) are satis-
fied. Let

1) the initial-datum functions satisfy the condition
$1(1.0) = 2(1,0), 0 <t < T, x e RY;
2) the functions b;, i € {1, 2}, satisfy the conditions
b1(0,x, ¢2(=r.§).6) = b2(0, x. do(~7.£). §), {x.6) CRY,
b1(0, x, ¢1(—r, ), &) = b2(0, x, $1(—r, §), &), {x, €} CRY,

b1(0, x, 1 (=1, £), &) = b1 (0, x, pa(—r, £), &), {x, &} C RY,
bi(t,x,u, &) <by(t,x,u,€),0<t<T, {x, €} CRY uecR;

3) the functions f;, i € {1, 2}, satisfy the conditions
filt,u,x) > fr(t,u,x),0<t <T,ueR, x € R’

Let one of the following conditions be true

M1) by is monotonously non-increasing, f1 is monotonously non-decreasing with
respect to u;

M2) by is monotonously non-increasing, fa is monotonously non-decreasing with
respect to u.

Then for all 0 < t < T the solutions of (19.1)—(19.2) satisfy the inequality
ui (1, %) = ua (1, ), x € RY,

with probability one.

19.3 Preliminaries

This section is the toolbox of the results that will be used in the proof of
Theorem 19.1.
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19.3.1 Comparison Theorem for Finite-Dimensional Case

In order to prove our main result we need a finite-dimensional comparison theorem
for the following Cauchy problems for two neutral stochastic integro-differential
equations

d(”i(tvx) + fbi(t,x, ui(a(t), &), é)d-f) = fi(t, ui(a(t), x), x)dt
R4

+o(t,x)dB),0 <t <T,x eR? i e(l,2}, (19.9)
wi(t,x) =¢i(t,x), —r <1 <0,x eR:,r>0,ie(l2}, (19.10)

where § is one-dimensional real-valued Brownian motion, «: [0, T] — [—r, 00) is
a delay function.
Concerning coefficients of this problem we impose the following conditions

(1) a:[0,T] — [—r, c0) belongs to C1([0, T]) witho’ > 1, a(r) < t;

(2) fi: [0, TIxRxR? — R,i € {1,2},0: [0, T]xR?Y — R, b;: [0, T]xR? xR x
x R4 — R, i € {1, 2}, are measurable with respect to all of their variables
functions;

(3) the initial-datum functions ¢; (¢, x, w): [—r, 0]xR¥x 2 — L, (R%),i € {1, 2},
are .%p-measurable random functions and such that

sup B¢ (1, )II7, gay < 00,0 € {1,2);

—r<t=<0

(4) b;,i € {l1,2}, satisfy the Lipshitz condition in the third argument of the form

|bi (t, x, u, £) — bi(t, x,v,6)| < I(t,x,&)|u — vl,
0<t<T,{x & CR {u,v} CR,ie{l,2},

where [: [0, T] x R? x R? — [0, 00) is such that

1
sup / / (1, x,§)dgdx < 3
0<t<T 4
R4 R4
(5) there exists a function x : RYxR? — [0, 00), satisfying the following condition

2
/(/)dx,é)d&) dx < 00,

R4 R4
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such that

sup [bi(t,x,0,8)] < x(x,£),0<t<T,{x & CRYie{l2}

0<t<T

For notational simplicity denote u = u;, ¢ = ¢;, b =b;, f = fi, i € {1,2}.

Definition 19.2 A continuous random process u(t, x, w): [—r, T] X R x 2 —
— Lz(Rd) is called a solution to (19.9)—(19.10) provided

1. Itis .%;-measurable for almost all —r <t < T.
2. It satisfies the following integral equation

u(t,x)=¢(0,x)—l—/b(O,x,qﬁ(—r,E),é)dé—/b(t,x,u(a(t),é),é)dé
R4 R4

t

t
—i—/f(s, u(a(s), x), x)ds —l—/o(s, x)dp(s),0<t<T,x € Rd,

0 0
(19.11)

u(t,x)=¢(,x), —r<t<0,xeRe r>0. (19.12)

3. It satisfies the condition
T
E / lut, I gaydt < 00
0

Earlier we have stated and proved the following two theorems.

Theorem 19.2 (Existence Theorem) Suppose assumptions (1)—(5) and conditions
(5), (6) from Sect. 19.2 are valid. Then (19.11)—(19.12) has a unique solution.

Theorem 19.3 (Finite-Dimensional Comparison Theorem) Suppose conditions
of existence theorem above are valid and

1) the initial-datum functions satisfy the condition
$1(1.x) = ¢2(1,x), 0 <1 < T, x € R
2) the functions b;, i € {1, 2}, satisfy the conditions
b1(0, x, ¢2(~r.8).§) = b2(0. x, $2(~1,§).§). {x.§} C R,
b1(0,x, §1(~r.8).§) = b2(0.x, $1(~r, §).§). {x.§} C R,

bl(oa-xa ¢1(_r7 E)’E) = bl(07x7 ¢2(_r7 E)’E)’ {x’s} - Rd’
bi(t,x,u, &) < by(t,x,u,6),0<t<T,{x,§) CR) ueR;
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3) the functions f;, i € {1, 2}, satisfy the conditions
fitt,u,x) > fr(t,u,x),0<t <T,ueR, x e R’

Let one of the following conditions be true

M1) by is monotonously non-increasing, f1 is monotonously non-decreasing with
respect to u;

M2) by is monotonously non-increasing, fa is monotonously non-decreasing with
respect to u.

Then for all 0 < t < T the solutions of (19.9)-(19.10) satisfy the inequality
ui(t, %) = uz(1, ), x € RY,

with probability one.

19.3.2 Approximation Properties

During the proof we will need also auxiliary results of independent interest for the
following Cauchy problem

az(t, x)

o = Az(t,x),t > 0, x € R?, (19.13)

2(0,x) = g(x), x € RY, (19.14)

where A: Ly(R?) — L, (R?) is a monotone operator. The next theorem is true.

Theorem 19.4 ([1], p. 25) Forany g € Lz(Rd) there exists a unique solution z
10 (19.13)(19.14), belonging to C'([0, 00) x R?) N ([0, 00) x R?), and besides for
t>0

izt IlL,way = 18CH L, ®ay

az(t, )

9t = l1Az(t, )lL,rey = A8 Ly ra)- (19.15)

Ly(RY)

Lemma 19.1 ([1], p. 22) Let zy € C'([0, 00) x R?) be a solution to the following
Yosida approximating equation

dzn(t, x)

ot = Anzn(t, x), t >0, x € RY,
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where Ay, N € {1,2,...}, is Yosida approximation of operator A. Then

lzn (s )L, way and | GZNS(;’ ) are monotonously non-increasing ont > Q.

|L2(R‘1 )
The following approximative property is valid.

Lemma 19.2 There exists Yosida approximation of operator A = Ay by a sequence
{An, N € {1,2,...}} of linear bounded operators Ay : L»(R?) — L>(RY) and the
following conditions are true

1) foreach N € {1,2, ...} there exists a constant Cn > 0 such that

2 .
”AN”f(Lz(Rd),Lz(]Rd)) = CN; (1916)
2) for each g € Ly(R?) the following equality is true
. 2 d.
Jim [((Ay = ) 2()) O],y =0, ¥ € R (19.17)

3) operators Ay, N € {1,2,...}, generate semigroup {Sy(t), N € {1,2,...}} of
operators Sy (1) : Ly(RY) — Ly(RY) with the following properties

a) for an arbitrary x € R? there exists No = No(x) € {1,2,...} such that
forall N > No(x) (SN(t — s)g(-))(x) >00<s<rtr<T x€R4
ge LR, g=0;

b)

Nh—1>nm ogfglt)sT H ( Gyt =) =St =sDgl: ))(x) ”iz(Rd) =0,

x €RY g € Ly®RY). (19.18)

19.4 Proof of Theorem 19.1

1. From now on x € R? is supposed to be fixed. Let fix an arbitrary M € {1,2, ...}
and define by Wy, (#, -) QO p-Wiener process

M
Wi, ) =D \/Ajej()B;j(0),0<1 <T.

j=1
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Let us consider the following Cauchy problems

N.M

) M, ) =0, -)+/b,-(o, ~,¢i(—r,s>,s>ds—/b,~<t, ul M —r6), 6)ds
R4 R4

t t
+/(ANM£V’M(S, -)+f,~(s,uf.V’M(s -7 ), -))ds+/a(s, AWy (s, -),

0 0
0<t<T,ie{l,2}, Ne{l,2,...}, (19.19)

uV M@ =i, ), —r<t<0,r>0,i€f{l,2,Nefl,2,..},
(19.20)

where {Ay, N € {1, 2,...}} are operators from Lemma 19.2. Denote u = u;,
¢ =¢i,b=b;, f= fi,i €{l,2}, for simplicity. A continuous .%;-measurable
for almost all —r < ¢t < T random process ulV M [—r Tl x 2 - Lz(Rd) is
called a solution to (19.19)-(19.20) provided

uM M, ) = SN(n(«p(o, 2 +/b<o, (-, é),é)ds)

R4

—/b(r, VM g, £)de
Rd
t
—/ANSN(t—s)</b(s, uNMs —r, g),g)dg)ds
0 R4
t t
+/SN(t — ) (s, uMM(s —r, ), -)ds+/o(s, AW (s, ),
0 0
0<t<T,Ne{l,2,..}, (19.21)

WMy =@, ), —r<t<0,r>0,Ne(l,2,...], (19.22)

T
and E{Hu(t, -)||22(Rd)dt < oo0. Since operators {Ay, N € {1,2,...}} are
bounded, (19.21)-(19.22) possesses a unique up to equivalence solution. Fix
additionally N € {1,2,...} and write u; instead of u)"™, i € {1,2}, for
notational simplicity. Let us prove that ui (¢, -) > ua(t, -), 0 <t < T, almost

surely.
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2. Letusfixn € {1,2,...},puttx = T k €{0,...,n}, withtyyy —tx = T <7,

—r <0<t <r <2y <2r <... and consider the next equations

27, ) = i (0, -)+/b,»(o, i, sxs)ds—fbl-(z, L2 =, ), E)dE
R4 R4
t
+/a(s, AWy (s,-),0<t=<n,ie{l,2}, (19.23)
0

t
() =" (0 ) +/ (ANv" (s, )+ fils 0] (s — 1, -), ))ds,
0
0<t=<n,ief{l?2} (19.24)

and

2@, ) =0 M gy, ) +fb,-(tk, LTy = £), £)dE

R4

—/b,-(t, = 8), £)de
Rd
t
+/a(s, AWy (s, )tk <t <try1, ke {l,...,n—1},i € {1,2},

Tk

(19.25)
t
k.n _ ko k,n k,n
Ul (t,')—Zl (tk+1a')+/(ANvl (s7')+ﬁ(savl (s_ra')a'))ds’
173

<t<ty1,ke{l,...,n—1},i €{l,2}, (19.26)

Era, =0, =i, ), —r <t <0,ke{0,...,n—1}i € {1,2}.

1



364 0. M. Stanzhytskyi et al.

3. Define 27: [0, T]1 x 2 — Lo(R?), v': [0, T]1 x 2 — Loy(R?), i € {1,2}, as

follows

2, ) =" ) <t <nip k€0, n—1},i €{1,2},
B, o<t <tk e{0,..n—1},i € (1,2},
Z?(Tv ) = v;l(Ts )’l S {172}’

2, )y =0, ) =¢i(t, ), —r <t <0,i e{l,2}.

n —
vi(tv ')—U

Taking into account identities for vffﬁl’"(z‘k, ), szl’n(tk, D, kefl,.
i €{1,2},and z?’"(tl, ), i €{1,2}, one easily verifies

17
o M e ) = 2 0 )+ / (Anvof ™G, )+ fils of s = -
~ k-1
=0 P (o1, )+ / bi(tiy. .2k 2 (tmy — 1.8), E)dE
Rd
Ik

_/bi(tks 'vZfil'”(lk—né),é)dé-i‘ / o(s, )dWy(s,-)

R4 Tk—1

174 - N -~

+ / (ANvETM (s ) + fisovf s =1 ), ))ds =28 (Ber. )

k-1

F;kfl h
+ f (ANvffz’"(s, D+ fils, vffz’"(s —r, ), ))ds

k-2

k—2.n

+fbi(lk—lv 2 (e — 1, 8),8)dE

Rd

1

_/bi(lka Lz T M -1, 6), §)dE + / o(s, )dWuy(s,-)

Rd te—1

k
+ / (AN s, )+ fils, v s =, ), ))ds = ..

Ti—1

(19.27)
(19.28)

..,n—1},
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=" (1, )+fb(r1 LGt — 1, §), §)dE — /b(rk-,"‘”(rk—rs>s>ds

RY
t 13 f—1
—i—/cr(s, ~)dWM(s,-)+fo(s, AWy (s, - )+ ...+ / a(s, - )dWpy(s, )
f t k-2
1k [5)

+ f o (s, )dWn(s, -) +/ (Anv]" (s, )+ fils, 0" (s =1, ), -))ds

Ir—1 15|

3
+/(ANvl )—i—f,(sv (s—r-),-))ds+...

5]

Tr—1
+ / (Ava s, ) + fi(s, vk s —r, ), ))ds

k-2

1
+/(Ava1" D+ fils, vkln(s—r,-),-))ds=...
Tk—1

— %0, >+/b(0 Gi(—r £), E)IE — fb(n LGt — . £), E)dE
R
f 3|
+/a(s, -)dWM(s,-)—i-/(ANvl )+ fils, v (s—r, ), "))ds

0 0

/b(n it — 1 E), E)dE — /b(rk LTV gy, E)dE

Rd
t 3 f—1
+/a(s, -)dWM<s,~>+/a<s, DdWar(s. ) + ..+ / o (s, )dWi(s. )
1 153 k=2
t n
+ / o (s, ~>dWM(s,~>+/(ANv}’"(s, D fils 0 s =7 ), )ds
k-1 al

3
+/(ANvi )—i—f,(sv (s—r-),~))ds+...

19}
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Ir—1

+ / (ANvi 2" (s, ) + fils, vf 2 (s =1, ), ))ds
k-2
173
+ / (AN, )+ fils, ol Y s =y ), ))ds,i € (1,2 (19.29)
T—1

After substitution (19.29) into (19.25) and, using (19.27), we obtain for ty <t <
tkr1, ke {l,...,n—1},

Zf’n(ts ) :Z?(tv ) :¢i(07 )+/bl(07 '7¢i(_rvé)vé)d§

Rd
173
—/biak, D — ), E)E +/o<s, DdWys. )
R4 0
Ik
+/ (ANl(s. )+ fils. oli(s — 7. ), -))ds+fb,»<rk, L — ), )
0 Rd

t
_/bi(ts ~,zf(t—r,§),§)d$+/a(s, )dWM(S,)

R4 Tk

=¢:i(0, -) +/bl-(0, - ¢i(=r,8),8)dE _/bi(ta 7t —r,8),8)déE
]Rd ]Rd
179 t
+/ (ANVl'(s, D+fi(s, vl (s —r, -), -))ds—i—/a(s, AWy (s, ), i €{1,2).

0 0

Similarly, taking into account (19.28), we get from (19.26) for #y <t < txy1,
kell,...,n—1},

Uln(tr ) = vl{C’n(tr ) :¢)l(07 ')+/bl(07 '1¢i(_r1 s)is)d%‘
R4
Ik
_/bi(lk-&-h 7 (k1 — 1, %‘):%‘)ds-i-/(ANU?(S, D+ fils, v (s =1, ), ))ds

R4 0
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Tkt1 t
+ / o (s. -)dWM(s,~>+/(ANv?<s, D Sl (s — o). )ds
0 73
=40+ [ 00 i n 0. 005 — [ttt -85
R4 R4
t Tk+1
[ w0 st [t dWints. . iell.2)
0 0
Thus, one easily verifies for z}' (¢, -), v (z, -), i € {1,2},
2 =600+ [ 00 girerode - [ b -, od
R4 R4
173 1
+/ (AnVI(s, )+ fi(s, Vi (s —r, -), -))ds+/a(s, AWy (s, ),
0 0
<t <tir1,ke€{0,....,n—1},i €{1,2}, (19.30)

v (t, ) = ¢ (0, ~)+/bi(0, -,¢i(—r,$),5)d$—/bi(tk+1,  2f (kp1—1,§), §)dE
R4

R4
t He 1
+/ (AnVI(s, )+ fi(s, Vi (s —r, -), -))ds + / o(s, - )dWy(s, ),
0 0
<t <ti+1,ke€{0,....,n—1},i €{1,2}, (19.31)
Zi(t, ) =vi(t, ) =¢i(t, ), —r <t <0,i €{l,2}.
4. Now let us show that
2, ) =25, ), (19.32)
vi(t, ) = vyt ), (19.33)

almost surely forany 0 < < T.
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Let us prove (19.32) for 0 < ¢ < #1. Invoking Theorem 19.3, one obtains

Zi(t, ) =10, )~I—/b1(0 L p1(=r.8), §)dE— /bl(t 2t —r.§),8)dé

R4

+Z\/A e,()/o(s DB (5) = $2(0, )-I-/bz(() (-~ 6), £)dE

Jj=1 R4

/bz(t Lzt —r8), E)d$+z\/)» ej(: )/G(S dBj(s) = z5(1, ),

R4 Jj=1

0<t<t. (19.34)

Similarly we obtain for z ", ), i e{l1,2},

D00 =010+ [ 510 or oo — [ b D0 - o). e
R4 R4

+Z/x e,()/a@ B (5) = 620, - >+/b2<o,-,¢z< &), £)dE
Jj=1 R4

/bz(tb L2~ E), s>ds+2\/x ej( )/a(v DA (s) = 291y, ).
R4 Jj=1

Now let us prove (19.33) for 0 < ¢ < #1. Since this inequality is obvious for
t =0, we will showitforO <t <t.Sincewehave —r <t —r <t;] —r <0
for 0 < ¢t < 11, then zf’(t —r, ) =¢it—r-),0<t <1t,i€{l,2},and
fals,p1(s—r, ), ) > fa(s,pa(s—r, -), -), according to M2. Then we get for
vi(t, -) —vy(t, -),0 <t <1, from (19.31), taking into account conditions of
the theorem, the following identity

t
VI, =i, ) = (", ) — 2", ~))+/AN(v'f(s, ) — (s, -))ds
0
t

+/(f1(s7¢1(s_r1 ')7 ')_f2(ss¢1(s_rv ')s ))dS
0

t

+/(f2(s7¢1(s_r1 ')7 ')_f2(ss¢2(s_rv ')s ))dS

0
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Since Sy supposed to be positivity preserving, the equality above can be
rewritten in the following manner

VI, ) = o, ) = Sn (", ) = 2", )
t

+/SN<t—s>(f1(s,¢1(s—r, D)= fals bils —r ), ))ds
0

t

+ / S(t — $)(fals. d1(s — 12 ). ) — fals, bals — . ), ))ds = O.

0

Thus we have
v, -) = va(t, -),0 <t <1y (19.35)

This estimate implies (19.33) for 0 < ¢ < 1.
It remains to show that z{ (t1, -) > z5(t1, -). Since

U;’l(l‘l, ) = Z:',l(tlv )’l € {172}’
then we obviously obtain from (19.35)
2, ) =25, ).

This estimate and relation (19.34), in turn, give (19.32) forany 0 <t < #;.

Let us prove (19.32) fort; <t < t,. Firstlet estimate 2 (¢, -) —z5 (¢, -), 11 <
t < th.Sincewehave —r <t —r <t—r <thp—r =21 —r <tj,ie.—r <t—
r<tifort; <t <n,thenzj(t—r, -) > z25(t—r, ), V| (t—r, -) > vy(t—r, -),
t1 <t <y, and, accordingto M2, fo(t, v (t—r, -), -) = fa(t,v5(t =1, -), -),
by(t, -, 25(t —1,8),8) = ba(t, -, 2} (t —1,8),8), 1 <t <h, &€ R?. Then we
obtain for (¢, -) — z5(¢, -), 1 <t < t2, from (19.30)

2, ) =25, ) = (4100, -) — 200, -))
+/(b1(07 '7¢1(_rs§)1§) _b2(07 ',(]52(—}’,%-),%-))615

R4

+/ (balt, - B — 1 £).8) — b, - 200 — 1, £), £))dE

R4
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+/ (balt, - 20— 1 E),E) — by, - 20t — 1. £). £))dE
Rd
1
~|—/AN(U'1'(S, ) — vy (s, -))ds
0

1

+/(f1(s, ViGs =7, ), ) = fals, Vi (s — 7, -), +))ds

0
1
~I—/(f2(s, V(s — 1)y ) — fals Vis — . o). ).
0

Since Sy supposed to be positivity preserving, the equality above can be
rewritten in the following manner

21, ) =25, ) = Sn()(¢1(0, -) — ¢2(0, -))

+SN(I)/(b2(ts 'szg(t_rvé)vé) _b2(ts '1Z’11(t_r7‘5;:)7‘5;:))d§
R4

+SN(I)/(b2(ts 'szrll(t_rvé)vé) _bl(ts '1Z’11(t_r7‘5;:)7‘5;:))d§
Rd
1
+/SN<t—s)(f1(s, Vs =1 ) ) — falsa s — 1. ), ))ds
0
13
+ / S (t = $)(fals V(s — 12 ). ) — fols, i(s — 7. <), -))ds = 0.
0

The last inequality holds because of the conditions of the theorem.
Hence it follows that

i, ) =5, )0 <t <. (19.36)
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Now let us prove (19.33) for 11 < t < t,. Since estimate for ¢+ = #; follows
from (19.35), we will show it for 1; < t < t,. We derive from (19.31)

Vi, ) =03, ) = (910, 1) — 200, 1))
+/(b1(07 ',¢1(—V, é)vé) _b2(01 ',(]52(—}’, é)vé))dg

Rd

+/(b2<r2, B = E).E) — balty, - 2 (12— 1 E). E))dE
Rd

+/(b2<r2, = ). ) — byt - 2 (12— 1 E). E))dE

R4

t

+/(f1(s, ViGs =1, ), ) — fals, Vi (s — 7, -), +))ds
0

t

+/(fz(s, ViGs =7, ), ) — fols, V(s — 7, ), -))ds.

0
Since Sy supposed to be positivity preserving, the equality above can be
rewritten as

v, ) =05, -) = SN (D) (6100, -) — ¢2(0, -))
+SN(t)/ (b2(t21 ‘sZg(tZ_V» é)vé) _b2(t27 '7Z’11(t2 - E)s g))dg

R4

+SN(I)/ (ba(t2, -, 2} (12 — 1, 8), ) — bi(12, -, 2} (12 — 1, §),6))dE
]Rd

t

+/SN(r—s)(f1<s, V(s =1 )0 ) — fals vis — <), ))ds
0

t

+ / St =) (05, VI (s =7, ), ) = fals, tiGs — 7, ), ))ds > 0.

0
Hence,
Vi, ) =, ), <t <.

Thus, (19.33) is proved for t; <t < 1.
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It remains to show that z (2, -) > 25 (#2, -). Since
V(2. ) =2 (12, -),i € (1,2,
then
22, ) > (2, ).

The inequality above and estimate (19.36) give (19.32) for#; <t < 1.
5. We will prove here that there exists C, > 0 such that

sup Elz} (¢, )7, ey < Cusi €{1,2), (19.37)
0<t<T
sup Ellv) (¢, )17, gay < Curi € {1,2), (19.38)
0<t<T

where v?', i € {1,2}, are defined from (19.31), z}, i € {1, 2}, — from (19.30). In
order to prove (19.37) it is sufficient to show that

sup Bl (t, )2 oy S j €40, on—1}i € (1,2}, (19.39)

tjftftjur]

for some ¢, > 0. It is sufficient to prove (19.39) for j € {0, 1}, because for j €
€ {2,...,n — 1} the proof'is similar.
5.1. Let us estimate sup E||z?’”(t, -)||22(Rd), i € {1, 2}. From (19.23) we derive
0<t<n

sup Elz]" (¢, I, gay < 4EIi (0, )17 g,

0<t<t
2
+4EH /Ibi(O, S @i (=1, &), 8)|dE
Rd Ly(RY)
2
+4 Sup EH /'bl(tv M) ¢l(t — T, ‘i:)v é)ldg
0<t=<n Lo(R4)
]Rd
! 2
+4 sup EH/O‘(S, AWy (s, )
0<t=<t Lo (R4)
0
3 0
= 4El|$i (0, )II? oy + DS i € (1,2}, (19.40)

j=1
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Let us now estimate each of S(Z ), Jj € {1,2,3}, separately. We have,
taking into account conditions of the theorem,

(2% _ , ’
Sl —4E |b(01x1 ¢l(_rv é)vé)ldg d'x

R4 R4
< 8( /] zz(o,x,s>dsdx)E||¢,-<—r, ST,
R4 R4
2
~|—8/</X(x,éj)d§) dx,i € {1,2},
Rd Rd
(z% _ 2
57 = g 6 [ ( [iex o0 o
<t<1

R

< sup //l (t, x, é)d&dx)
0<t<T

2
x s BI o 8 [ ([0 ) avie 1,2

—r<t<0
R4 R4

M t 2
SE — 4 sup E/ (Z\/)hj</0'(s, x)dﬁj(s)>ej(x)) dx
Jj=1 0

0<t<tn R
M n
S4M/(Z)Lj/02(s,x)ds>dx
R4 j=1 0

0<t<T

M
T
< 4M<ZA,-> o sup ot I, gay-
j=1

With the help of these estimates we get from (19.40)

sup B I g <O 0. (Rd)+8< [ [rox S)dédx>
<t<n
R4 R4

2
x Ell¢i (=, )II?, o, + 16 / ( / x(x,s>dé) dx

RY R4
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+8< sup //lz(t,x,é)dédx) sup E||¢i(t,')||iz(Rd)

0<t<T —r<t<0
RY R4
M T 0
+4M(ZAJ~> sup llo(t, )7 @y = C¥° s € {1,2).
=l n o<t<T
(19.41)
5.2. Let us estimate E||v?’"(t1, ~)||22(Rd), i € {l,2}. We derive from (19.24),
taking into account (19.41),
n 2
Ellv;" (11, N7, gy < 312" (01, I o, +3E” f Anv)" (s, )ds ds
0 Ly(R)
1 2
+3EH /Ifi(s,rbi(s—r, ), )lds
0 Ly(R)
<3(C@ 4+ 5 4 s i e (1,2), (19.42)

0
In order to estimate va ) let us take (19.16) into account. We obtain

5l

2 n
0 T
S{V ) :E/ (/ANU?’"(s,x)ds> dx < nE/||ANv?’”(s, ')||22(Rd)ds
0

R4 0
1
CnT 0.n 2 :
= N LB 01 e € 11,22

0
0
In order to estimate Sév ) let us take (19.5) into account. We obtain
n 5
sV =E
= | fi(s, @i(s —r,x),x)|ds | dx
0

R4

n
< 2ZE/ f (nz(s,x) + L2¢l-2(s — r,x))dxds

0 Rd
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n—r

27
. (T sup /n2(t,x)dx+L2 / El¢i(s — . ~)||i2(Rd)d(s—r))

0<t<T
R4

IA

—r

2T ,
=" (T sup /nz(t,X)derrLz sup E|¢i (. ~)||22(Rd)),z € {1,2}.

0<t<T —r<t<0
R4

With the help of the obtained estimates it follows from (19.42) and from
Bellman-Gronwalls inequality

0o, 6T
Ellv;" (11, I}, gy < [3c(z>+ i (TOSUP / n*(t, x)dx
<t<T
==

+VL2 Sup E||¢i(tv )||%'2(Rd)>i|

—r<t<0
3CNT T
xexp{ N },ie{l,z}. (19.43)
n n

5.3. Let estimate sup Ellzil’ (,
h=t=nh

and (19.43), we conclude

)”L Jmdy |€ {1,2}. Applying (19.25)

1,n
sup Ellz/"(t

S
1=<t<t) L2(RD)

< GBI (1, 1 + 6 / it - s — 9, 21|

Loy (RY)
1 2
+2 sup /|b,-(t,-,zi’”(t—r,é),é)ldé
n<t<n La(R9)
2
+6 sup EH/a(s AW (s, -)
t<t<tp Ly(RY)

0, 6T
_6[3C,(,Z )+ (T sup fn (t.0dx +rL? sup Elgi (e, I (Rd)>]
n Ogth]R —r<t<0

3

T T

xexp{?,crllv - } Y s e, (19.44)
=1
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Let us estimate each of S(Z )

zh _ , . ’
Sl —6E |bl(t17-xv¢l(t1_rvé)vé)ldg d'x

Rd ]Rd
512( sup //zz(t,x,g)dgdx)
0<t<T
R4 R4

2
x sup Elg;(t, WLm@+u/</x@£MgtﬁJ€UJL

—r<t<0
R R4

2
S;Zl) =2 sup E/ </|b,~(t,x,zi1’"(t—r,g),§)|d§) dx

n=<t=<t
R R

( sup /[l (t, x, é)d&dx)
0<t<T

X(WEWrmM+wMzbmwﬂ

—r<t<0 0<t<t

+4/</x(x,§)d$>2dx

R4

0
( sup /[12@ X, g)d&dx)( sup E|l¢;(t, ')”iz(Rd)"‘Cy(zZ ))
0<’<T —r<t<0

2
+4/</X(x,$)d§> dx,i€{1,2},

, J €{1, 2,3}, separately. We conclude

R4 R4
1 M ! 2
S?(’Z):6 sup E/ Z\/Aj /o(s,x)d,Bj(s) ej(x)) dx
Hn=<t<tp .
ra =1 f
MoONT
. . 2
5 6M<Z)\-/) n O;?ET”UO: )”Lz(R‘l)'

Jj=1
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These three estimates and (19.44) finally give

6T
sup E||Z,- )||L ®Y = 6[3C(ZO) + <T sup /r)z(t,x)dx
n

n=t<t 0<t<T
R4

+rL* sup E”¢i(tv')”iz(Rd)):|

—r=<t=<0

3CNT T
xexp{ : . }+16( sup //l%t,x,é)dédx) sup E||¢,(t )”Lz(]Rd

0<t<T —r<t<
R4 R4

+16/ (/x(x g)dg) dx—|—4( sup //lz(t,x,é)dédx)c,(lzo)
0<t<T
R4 - R4 Rd

R4
M

1 .
+6M(Z ) sup [lo(t, )7, ey = Cx7 i€ (1,2},
0<t<T

=1

Equation (19.39) and, obviously, (19.37) is proved. Equation (19.38) is
proved in a similar way.

6. Next we will prove that there exists some C UX(T) > 0 such that

sup Ellu; (¢, )7 @) S cYUr),ie{1,2). (19.45)
0<t<T
In order to do it we need to estimate sup Elu;(z, )||L Ry i e {1,2},
0<t<T 2(RY)
from (19.19). We have
sup E|lu;(z, < 10E 0,
OSIET ” l( )”L (]Rd) ”¢l( )”Lz(Rd)
2
+ 10EH 100 i, 01ae
Rd La(RY)
! 2
+ 10 sup E /ANu,-(s, -)ds
0<t<T 0 L>(R4)
2
+10 sup E /Ifi(& ui(s —r, ), -)lds
0<t<T Ly(R4)
! 2
4+ 10 sup E /a(s, )dWpy (s, -)
0<t<T Ly (R4)

0
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2
+2 sup EH/Ib @, - —r.8),8)|d§
O=r=T Ly(R)
5
= 10EI$; (0, )11}, gy + 2 8351 € {1,2). (19.46)
j=1

Taking into account previous calculations, we obtain

2
s{U) = IOE/ (/lb,'(O,x,@(—r,E),S)ldS) dx

R R4

<0 [ [ Ro.x erazan JBionr IR e
R4 R4

2
+20/ </X(x,é)df;‘) dx,ie{l,2},

RS R4

1

2
s =10 sup E/ (/ANM,»(s,x)ds> dx
OS[ST Rd

0

T
10T [ sup Blusts, 12, gadrei € (1.2)

0<s<t

IA

)
S3

0<r<T 0<t<T

t
2
10 sup E/( | fi(s,uj(s —r, x),x)|ds> dx 520T<T sup /nz(t,x)dx
0 R4

T
+rL2 sup E||¢l(t )”L (Rd) / sup E”ul(s )”L (Rd) ) i € {1,2}s

—r<t<0 O<s<t

M ! 2

10 sup E/ (Z\/Aj</a(s,x)dﬁj(s))ej(x)> dx
0<t<T P
R4 J 0

M

10M(Z )T sup [l (t, )17 gays

0<t<T

U)
Sy

IA

2
S(U) =2 sup E/(/Ib (t,x,ui(t —r, &), §)|d§>

0<r<T
R4

< sup //l (t, x, E)dédx)
0<t<T
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x( sup Elgi(t, I} ma) + sugTE||u,-<t,~>||§2(Rd))

—r<t<0

2
+4/ (/x(x,s)ds> dx,ie{l,2}.

R Rd

Put

¢UNT) = 10E]¢;0, )17, (Rd)+20( / / lz(o,x,s)dsdx>E||¢,~<—r,->||i2(R,1)

R4 R4
2
+24/ (/X(x,g)dg> dx+20T<T sup /nz(t,x)dx
0<t<T
Rd R4 R4
2 .
-I—}’L _rsg?<()E”¢l (t )”L (Rd))
M
+10M< A )T su ||a(t I3 +4< su //12(t,x,s)dgdx)
J= R4 Rd

X sup Elgi(t, I2 gy € (1,2)

—r<t<0

Invoking Bellman-Gronwalls lemma and condition (19.3), we obtain
from (19.46) estimate (19.45) of the form

1
sup Ellu; (1, )7 ga) 5< —4 sup / / (. x, é)dst) ()
0<t<T 0<t<T

-1
xexp{<1—4 sup //lz(t,x,f)dédx> (10CNT+20L2T)~T}=C(U)(T),

0<t<T
R4 R4
i €{l,2}.
7. Due to (19.37), (19.38) and (19.45), there exists a constant C;, > 0 such that

sup E”U;’([, ) - ui(t )”Lz(Rd) + sup E”Z (t )_ Ui (t )”Lz(R‘l)

0<t<T 0=<t<T
<2 sup Ev'(t, % e +4 sup Elui(t, D2 o
OStET ' Ly®) <t<pT LaRY
+2 sup Elz}(t, )II7 gy < Cni € {1,2). (19.47)

0<t<T
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Now let us prove

lim sup  Ellgf(t, ) — ui(t, )} gay =00 € {1,2}. (19.48)

=00 <t <try

7.1. Let estimate E||v;l(t, -) —u;(t, ')”iz(Rd)’tk <t <ti+1,ke{0,...,n—1},
i €{1,2}. We have

Ellvi(t, -) —u;(t, ')H%Z(Rd) = ZEH /lbi(ka, i (k1 — 1, 6),6)
Rd

2
= biltesr, 7 (et =1, 6). 8)dE + 10EH f|bi(r, it =7.6).6)
Ly(RY)
R4
2
byl G- 8 OlE| 10E” [, i =60
Ly(RY)
R4
2 2
—bi(tkr1, - ui(ter1 — 1, 8),8)|dE + IOEI An (vl (s, ) —ui(s, ))ds
Ly([RY) Ly(RY)
h 2
+10EHf|f;-(x, O (s = r) ) = filsouils =), -)lds
0 Ly(RY)
T 1 2 6
+ IOEH / (s, )dWu (s, ) =Y s e (19.49)
Ly®RY) =i

Let us estimate each of S;V*U)

‘We conclude

,Jj €{l,...,6}, from (19.49) separately.

2
st ZZE/(/‘bi(tk+lvxvui(tk+1_r7$)v";")_bi(tk+lvxvZ?(tk+1_r7$)v€)‘d€> dx

R4 R4

0<t<T

§2< sup //120,x,s>dsdx)E||z;‘<tk+1—r,v)—u,-(rk+1—r,~>||§2w),
R4 R4

ief{l1,2).
In order to estimate SéV_U) we will use the unform continuity of b;, i €
{1, 2}, and Lebesgue’s dominated convergence theorem. Finally we get

2
sV =10E/</|bi(t,x, ui(f—’ﬁé),f)—bi(karl’x’”i(t_r’é)’s)lds) dx
Rd Rd

=€), i e{l,2}, lim € (n)=0.
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Taking into account continuity of u;, i € {1, 2}, we get for S§V_U)

2
sV 10K f ( f |bi<zk+1,x,m(r—r,s>,s>—bi<zk+1,x,uimﬂ—r,s),s)us) dx

]Rd ]Rd
< 10( sup /fzz(z,x,g)dgdx)lauui(t—r, )
0<t<T
]Rd ]Rd
—ui(tp1 =1, 7 gay = €2(0),

ie{l,2), lim e(n) = 0.
n—00

Considering S;V_U), Jj € {4,5, 6}, let us take into account proceeding
analysis. We conclude

!
2
SA(‘VfU) — 10E/ (/AN(ui(s,x) — vf(s,x))ds) dx
BRI 0
'
1ocNT/E||u,-(s, D= UG, I gaydss i € 1,2),
0

IA

! 2
SéV_U) — 10E/ (/|f,~(s, vl'-l(s —r,x),x)— fi(s,ui(s — r,x),x)|ds> dx
RS0

t—r
10L*T f Ellui(s — 7, ) — v'(s —

—r

IA

ro N, ayd(s =)

t

< 10L2T/E||u,-<s, D = (s, T ayds i € (1,2},
0
Tk+1 2
sV = 10E/<Z\/Aj</a(s,x)dﬂj(s)>e/~(x)> dx
R4 Jj=1 t
MoONT
<10M A sup |lo(z, - 2 .
< (; f)nOSé’T” () 7, oy

Taking into account obtained estimates, we apply Bellman-Gronwalls
inequality to (19.49) (it is applicated due to (19.47)) and, summing up, obtain
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the following estimate

su E|v" t, ) —u;(t, - 2 "< (V=U) "
tk<t§ll‘)k+l ” 1 ( ) l( )”LZ(RI) = ﬁn (k+1)

x exp{10(Cy + L*)T%), i € {1,2}, (19.50)

with

ﬂ,&vw(tkﬂ):eg(nwz( sup / / z2<r,x,s>dsdx>E||z?(tk+1—r, )

0<t<T
R4 R4

2
- ui(tk-i-l - .)”Lz(Rd)

M

T

+10M( Y A ) sup o, I, ey i € {1,2),

(; ,)noggTu( ey i € 11,2}
€3(n) = minfe (n), e2(n)}.

7.2. Now let us estimate  sup E||z;l(t, ) —u;(t, -)||i Rd ,ke{0,...,n—1},
1 <t <ty 2R

i € {1, 2}. Since we have for difference

Wt ) — i, ) = —/biak, 2 — 1 £), £)dE

R4
+ [ bt o =), 61ae
R4
t Tk
—|—/(ANU?(S, D+ fils, vl (s —r, +), -))ds — (ANui(s, )
0 0

+ fils,ui(s —r, -), -))ds,
iefl,2},

we observe

sup E”Z?(tv ) —l/li(t, )”%‘Q(Rd) = sup E v;l(tks ) —bl[(tk, )

=t <tr+41 T =<t <ti41

+/(b,~(r, it =€), E) — bt - uiltx — 1. £), E))dE

R4
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+f(bi<rk, = E) ) — byt - N — £, E))dE
]Rd

! 2

—f(ANuxs, Dt fiuis —r, ), ))ds

3

< 2B} (1, ) — i, N7, go)
Ly(R%)

2

h<t<tpy La(R9)

+8 sup E /Ibi(l,uui(l—r,é),é)—bi(lk, Sui(te —r, §),§)|d
R

2

+8 sup E /Ib;(tk,~,z,*‘(tk—r,$),§)—bi(t,~,z§’(t—r,§),$)|dé

St<trg Ly(RY)

' 5 2
+8 sup E /ANui(s, -)ds sup EH/Iﬁ(v ui(s—r, ), -)|ds
test<tirr s Lz(]Rd) lk<l<lk+1 Ly(RY)
k
4
= 2E|v! (15, -) — u; (1. .)||22(Rd) + SZS;Z_U), ie{l,2). (19.51)

j=1

Let us estimate each of S;ZfU), j e {l,...,4}, from (19.51) separately.
Estimating as before, we obtain

I =<t <tp41
R4

2
77 = swp E/(fﬂn(n~,ui(r—r,s>,s>—b,-(rk,~,u,-<rk—r,s>,s>|ds) dx
R

2
=2 sup E/(/Ibi(t, ui(t—r8),8) —bi(r, '7ui(tk_r7$)7€)|d§) dx

T <t <tg+1
R4
2
+2 sup E/(/Ib (¢, - ui(tx—r,§),8)=b; (&, - ,ui(tk—r,é),é)ldé) dx
Ik =t <lg+1
=e(n),i €{l1,2}, nlingo €4(n) =0, (19.52)

2
s = sup E/<f|b,-<zk,x,z7<rk—r,s>,s>—bm,x,z?(r—r,s>,s>|ds) dx

e <t<lp41
Rd

2
<2 sup E/(/Ibi(tk,x,z?(tk—r,é),é)—bi(tk,x,z?(t —r,é),€)|d§> dx
=t <tg41 d

2
+2 sup E/ (/Ib;(z‘k,x,z?(t —-r§),8) —b;(t,x,z?(t—r,é),é)ldé) dx

T <t <tr+1
Rd

=es(n), i €{1,2}, nlingo es(n) =0, (19.53)
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t

Z-U) z CnT?
53 = sup E/ (/ANM,'(S,X)dS) dx < " sup E|lu; (¢, ')”iz(]Rd)’

e <t<tp41 0<t<T
I3

ie{l,2), (19.54)

t
(Z-U) : 2r 2
Sy = sup E |fi(s,ui(s —r,x),x)|ds ) dx < T sup n“(t, x)dx
t<t<tpy1 n 0<t<T
R4 173 R4

+rL? sup Elgi(t, I, gay + LT sup Elui(t, >||22(Rd)),

—r=t<0 0<t<T
ieql2). (19.55)
It follows from (19.50)
E”v;l(tka ) - I/l,'(tk, )”iz(Rd) . Su?<t E”v (t ) — Ui (t )”L 2(Rd)
k—1< k

< BV (1) - expl10(Cn + L*)T?}, i € (1,2}, (19.56)

with

ﬂ,EV—U>(tk)=E3(n>+2( sup / / zz(r,x,f;‘)dédx)Enz?(rk—r, )
OgtsTRd R

—ui(te =1, 7 gy

X ONT
+ 10M(Z)‘ > n sup ||G(t )”L (Rd) 63(’1)

0<t<T

( sup f/ﬂ(z x, E)dédx)
0<t<T

R4 Rd
x sup Ellz (¢, ) —uit, DI g,

T <t <tk+1

M
T
+10M(Z)\j) sup [lo(t, )||22(Rd),

j=1 0<t<

ie{l,2}.
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Thus, we finally obtain from (19.51), using estimates (19.52)—(19.56),

sup  Ell} (1, ) —uit, I, ey < CF V(D)

1 <t <ty
1
( —4exp{10(Cy + L*)T ( sup //lz(t X, g)dgdx)) ,
0<t<T

i€ (1,2}, (1937
with
CZO1y = ey + BN Elu; (1, )17
n - OgtET o L2R%
MoNT
20m( 2 7
w20 (L) ) sttt M

j=1

16T
x exp{10(Cy + L?)T?} + (T sup /n2(t,x)dx
n 0<t<T g
R

+rL? sup Eli(t. N7 gy

—r<t<0

+L*T sup Elu;(r, )2 >,ie{1,2},
OSIET i Ly(RY)

— i 2\ 72 ; _
€(n) = min{2exp{10(Cn+L")T"}e3(n), 4(n), €5(n)}, nl_l)mooe(n) =0.
Since lim C{%~Y)(T) = 0, then (19.57) clearly implies (19.48).
n—>oo
8. Forany 0 <t < T a sequence {z?(t, ),n € {1,2,...}},i € {1, 2}, contains

a subsequence {z?”’ (t, -),m € {1,2,...}}, i € {l,2}, converging to u;(¢, -),
i €{1,2},in Ly(R%)) almost surely. This implies

bll(t, ) > bl2(t, )

almost surely for0 <¢ <T.
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9. Denote u = u;, ¢ = ¢i, b = b;, f = fi,i € {1,2}, for brevity. Let
uM: =, T] x 2 — Lz(Rd) be a continuous .%;-measurable for almost all

—r < t < T process, defined as a unique solution to the following integral
equation

uM(t, ) = S(t)<¢(0, -)+/b(0, S @(=r, é),é)d$>
R4

t

—/AS(t—s)(/b(s, -,uM(s—r, éj),éj)d&)ds

0 Rd
13 t
+/S(t—s)f(s,uM(s—r, ), ~)ds—|—/o(s, NdWuy(s, -),
0 0
0<t<T, (19.58)
uM(@t, y=¢@, ), —r<t<0,r>0, (51%)

satisfying the condition

T
E/HuM(t, 7, gaydt < 0.
0

It remains to show that

. N,M M 2 _ .
IJEHMO;?ETEIIM,' ) —ui @t )7, ey = 0,1 €{1,2}, (19.59)
lim sup Elu) (1, ) = Ui(t, )}, gay = 0,7 € (1,2}, (19.60)

=0 0<r<T

where U;: [—r, T] x 2 — Lo(R%), i € {1, 2}, is a unique solution to (19.1).

9.1. Let us prove (19.59), where ul].V’M, i € {l1,2}, are defined from (19.19)-
(19.20). In order to do it we will estimate sup E||ulN’M(t, ) =

0<t<T

MI{W(t’ )”iz(Rd)’l S {1, 2}We get

N.M M 2
sup Ellu; " (¢, ) —u;" (¢, )7, pa
0=t<T i i Ly(RY)

2

<4 sup EH(SN(I)—S(t))(dn(O,-)-i—/bi(O, -,¢i(—r,§),$)d$)

0<t<T

i LyRY)
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2

+4 sup Ewa,-(r, Mt =1, 8),8) = bi(t, - u) Mt —r,8),6)\dE

0<t<T L (R9)

'
+4 sup EH/AS(I—x)(/b,-(x, -,u%(s—r,é),é)dé)ds
0

0<t<T
]R"
! 2
_/ANSN(t—s)</bi(s, -,ufv‘M(s—r,é),é)dS)ds
Ly(RY)

0 R4

t
+4 sup EH/(SN(t—s)ﬁ(s,uN’M(s—r, 9,0)
0<t<T

2

4
=ZS;UN‘U>,1' e {1,2).

L®) o

— St =) fi(s,uM(s =1, ), ))ds
(19.61)

Let estimate SJ(.UNfU),j e {l,...,4}, from (19.61) separately. Taking into

account belonging ¢; (0, )+ [ b (0, -, ¢ (—r, &), £)dE, i € {1,2},t0 Ly (RY)
R4
and property (19.18), we conclude

2
SV =4 sup EH(SN(t>—S(t>)<¢i(o,->+ / bi (0, -,¢i(—r,§>,s>ds)
0<t<T Lr(R4)
Rd
=ea(N),i €{1,2}, lim e(N)=0. (19.62)

N_ . .
For SéU Y we get, estimating as before,

2
SUU — 4 sup E/</|b (xuf ¢ =18, 6)=bi,x, ) M a—r8), s>|ds)
0<t<T
Rd

( sup //l (t,x, S)dédx) sup EllulM(t—r - u M —r, )||22(Rd)

0<Z<T 0<r<T

( sup //ﬂu ., s>d5dx) sup Ellul ¢, ) —u M. D12, g

0<Z<T 0<r<T

i ef{l,2}. (19.63)
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N_
SéU Y) we conclude

t
‘/AS(t—@([b,»(s, .,u,?”(s—r,g),g)dg)ds
0

For

SéUN_U) =4 sup E

0<t<T T
! 2
—/ANSN(t—s)</bi(s, -,ulM(s—r,E),é)dé)ds
0 o Ly(Rd)
t
+/ANSN(I—S)</(bi(Ss ull(s —r£),8)
0 Rd
2
— bi(s, - u)M(s —r, é),é))dé)ds
Ly(RY)
t
<8 sup E'/AS(t—s)(/bi(s, -,uf”(s—r,g),g)dg>ds
0<t<T 0 ]Rd
! 2
—/ANSN(t—s)</b,-(s, ~,ulM(s—r,§),§)déj)ds
o d Ly(RY)

0<t<T

t
+8 sup EH/ANSN(t—s)(/(bi(s, uM(s —r8),8)
0 R4

2
iell,2).
Ly(RY)

—bis, - ulM(s =1, 8), g)dg))ds

(19.64)

For estimating the first term in (19.64) we will use Lemma 19.1. It follows
from this lemma uniform in ¢ convergence zy (¢, -) to z(¢, -) as N — oo,

where zy(f, -) = Sy (t — s)< [ biGs, - uM (s — r,E),&)dé),t > 5,0 €
R4
{1, 2}, is a solution to the problem (19.13)—(19.14) of the form

d t, -
ZNB(I = Anzn(t, -),t > s,

s ) =/bl-(s, (s = 8), E)dk. i € {1,2),

R4
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and Z(tv ) = S(t _S)< f b[(s, '7”{”(*? - re&)s&)dé)’t > S,i € {172}’
R4
solves the problem (19.13)—(19.14) of the form

az(t, )

= Az(t, -),t > s,
ot 2, ).t >

2(s, ) =fb,»(s, uM(s —r,£),6)dE, i € (1,2).

R4

Therefore we have from (19.64)

t
8 sup E‘ /AS(Z—S)(/[?,’(S, -,u?’[(s—r,é),é)dg%)ds
0<r<T 0 o
! 2
—/ANSN(I —s)(/b,'(s, ~,ulM(s —r, E),E)dé)ds =€(N),
; 2 Ly(RY)

i€ (1.2}, lim e(N)=0.

For estimating the second term in (19.64) we will use Lemma 19.1, (19.15)
from Theorem 19.4 and property (19.6). We conclude

1
8 sup E ‘ /ANSN(I — s)(/‘ (b,'(s, ~,ulM(s —ré&),&)
0<t<T o o
2
—bi(s, - ur M (s —r,8), g))dg)ds
Ly(RY)

1
<8 sup E“/AN(/(bi(S, -,u?/I(S—V,é’),S)
0 R4

0<t<T
2
—bils, - u)M(s —r,8), g))ds)ds
Ly(RY)
<8 sup f(f <fb(sxu(v—r$)$)
0<t<T

R4 R4

2
—bi(s, x,u) M(s — 1, 8), és'))d~‘§) )
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T
< 8TEf/ (/||D§b,»(s,x,u§”(s —r,£),&)
0 R R4

d

T
2
< STE// (/W(s,x,é)lulM(s —ré&) —ufv’M(s —r,§)|d§> dxds
0 R4

]Rd
T—r
§8T< sup //wz(r,x,g)dgdx) / EluM (s —r, )
OSTSTRd ]Rd —r
—ulM(s =1, I, gayd(s = 1)

T
§8T( sup f/t/f%t,x,é)dédx)f sup E||ulM(s, )
0<t<T J 0<s<t

R4 R4

N.M
P

_Ml

2
s, - )”Lg(]Rd)dl’

iefl,2).

Thus we obtain from (19.64)

SéUN_U) 562(n)+8T< sup //wz(t’x’S)d%‘dx>

0<t<T
R4 R4

T
x/ sup Ellu (s, ) —u]"M (s, I, gaydts i € {1,2}.

0<s<t

(19.65)

For estimating SAEUN_U) let apply (19.18) and belonging n(t, -) +
i M@=,
0<r<T,ie({l, 2}, toL(RY). We have

t

SiUN_U) =4 sup E/ (/ (Swt—s5) =St —s)

0<t<T
R 0

8@ =) fils,u)M(s —r, ), ds



19  On Comparison Results for Neutral SDE of RD Type in L, (R%) 391

t

2
—/S(z—s)f;(s,u,M(s—r, 9, ~)ds) dx
0

t

2
<8 sup E/(/(SN(t—s)—S(t—s))|f,-(s,ufv‘M(s—r, 9, ~)|ds) dx
0<t<T R 0
t

+8 sup E/(/S(z—s)m(s,ufv’M(s—r,x),x)

0<t<T
RSO

2
— fi(s, M,M(s —r,X), x)Ids) dx

< 8 sup E/(/(SN(I—S)—S(I—s))(n(s,x)
0

0<t<T
Rd

2
+ LlulN’M(s —r, x)l)ds) dx
t

2
+8L? sup E/(/S(t—s)lufv’M(s—r,x)—ulM(s—r,x)Ids) dx
0

0<t<T
Rd

t
< 8T sup E/H(SN(I—S)—S(I—S))(n(s, 2)
0

0<t<T
2
+ LM —r, ) ds
Ly(Rd)
! 2
+8L>T sup E/ HS(z—s)(ujV*M(s_r, S—uMl(s—r, 1)) ds
0<t<T Ly(RY)
0
! 2
< 8T sup E/H (Sn(t—5)=S(t — ) (nGs, )+ LluMM(s —r, 1) ds
0<t<T g Ly (RY)
T—r
+8L*T sup / E||ulN’M(s, .)—ulM(s, ~)||i2(R,,)ds < e€3(n)
0<t<T /
T
+8L2T/ sup EuM (s, ) —uM(s, HI? nadf, lim e3(N) =0.
0<s<t ! ! Ly®RY) N—o0

(19.66)
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Taking into account (19.62), (19.63), (19.65) and (19.66), we conclude
1
sup E||ulN’M(t, .)—ulM(t, ')”iz(Rd) < < —4 sup //12(t X, $)d§dx>

0<t<T 0<t<T

x [e(N)—i—ST( sup //wz(t,x,é)dédx—i—Lz)

0<t<T
Rd Rd
N,M .
x/ sup Elluy M (s, ~)—u,M<s,-)||iz(Rd)dt}ze{1,2},
0<s<t

€(N) = min{e|(N), e2(N), €3(N)}, Nli_r)nooe(N) =0.

An application of Bellman-Gronwalls inequality yields

-1

sup Eflu M, ) —ul @, IIT o, <6(N)< —4 sup //12(z,x,g)dgdx)

0<t<T 0<t<T
-1
xexp!(1—4 sup //lz(t,x,é)dédx)
0<t<T
Rd RY
><8T< sup //¢2(t,x,§)d§dx+L2) vT},ie {1,2}. (19.67)
0<t<T

Since Nlirn €(N) = 0, then (19.67) obviously implies (19.59).
— 00

9.2. Finally let us prove (19.60). In order to do it we will estimate
sup ElluM(t, -) = Ui(t, )N} gayi € {1,2). We have
0<t<T

sup EluM(t, -) — Uiz, I
OSé’T i i Ly(®R)

2

<4 sup EH/wi(r, U =) E) — bt - M — 1 E), E)|dE
d

0<t<T Ly(RY)

t
+4 sup EH]AN<f(b,-(x, uM(s—r£),8)
R4

0<t<T

2

—bi(s, -, Ui(s —1,§), S))dé)d‘v

Ly (RY)

2

'
+4 sup EH/S([—S)lﬁ(S,MIM(S—r, )y )= fils, Ui(s —r, -), -)|ds

0<i<T L (R4)
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' ‘ 2

+4 sup EH/S([—S)O'(S, AWy (s, -)—/S(t—s)a(s, )dW (s, )
0<i<T 5 L (R4)
4

= Zs;“‘m,i e {1,2). (19.68)
j=1

Using preceding calculations, we obtain

2
s;"-U>:4osupTE/(/|b (t.x, Uyt =1, §), ) — byt x,ull (t = 1, £), §>|d§)
<t<
R4

( sup /fﬂ(r x, s>dsdx) sup EUi(t, ) —u (0, )17, gy

0<t<T 0<t<T

iefl,2), (19.69)

t
S0 — 4 sup Ef(fosa—s)(f(bi(s,x,u%—r,s),s)
0<t<T
LAY

R4

2
—bi(s,x,Ui(s —r, &), S))d&)d‘v) dx

t
< 4T sup E// </||D§b,-(s,x,u,M(s—r,g),g)
0<t<T

0 R PRI

2
— D2bi(s, x, Ui(s — 1, €), g)||dg) dxds

T
54T< sup f f wz(t,x,@dsdx) f sup Ellul (s, ) = Uy(s, 2, g dt
d

0<t<T O<s<t

ie{l,2). (19.70)

t
S8 — 4 sup E/ (/S(t—v)\f,(v,u (s=r,x), x)— fi(s, Ui (s — 1, X), x)\dv)z
0<t<T R o
T
< 4L2T/ sup EluM (s, -) = Ui(s, v)||iz(w)dz, i e{1,2). (19.71)

0<s<t
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0=t=T R4 Jj=1 0
00 ! 2
_Z\/A (/S(t—s)a(s x)dﬂ/(s)>e/(x)>
j=1 0
00 ! 2
=4 sup E/( > /)\](/S(t—s)a(s x)dﬁ](s)>e](x)>
O=r=T ]Rd j:M+1 0
00 t
54( Z Aj) sup E /(S(t—s)o(s x)) dsdx
j=m+1 2 OSIST
00 t
_4< Z M-) sup /||S(t—s)o(s )||22(Rd)ds
j=M+1  /0sIsT
§4T< > A,) sup Ello(t, NI} - (19.72)
j=m+1 7 0=t=T

Estimates (19.69)-(19.72) with property (19.3) help us conclude
from (19.68) that

-1

sup EllulM(t, -) = Ui, .>”22(Rd) < ( —4 sup //12(1 X, s)dédx)

0<t<T )<;<T

T
(o o)t -t

T
+4L%T / sup ElluM (s, -) — Uis, dt

O<s<t

2
: )”LQ(R”’)

0<t<T

+4T< Z ,\j) sup E||a(z,.)||22(Rd)),ie{1,2}.
j=M+1
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Finally Bellman-Gronwalls inequality leads to

0<t<T 0<t<T

-1
sup Eu(r, ) = Ui, -)IIiz(Rd) < (l —4 sup //12(z,x,§)d§dx)
R¢ RY

M —1
><4T(ZM) sup El|o(t, ’)||2L2(Rd)exp{(1—4 sup //l%t,x,f;‘)dédx)
RY R¢

j=1 0=t=T 0<t<T

><4T< sup //wz(t,x,g)dgdx-i-Lz)-T},ie{1,2}.

0<t<T
R4 R4

o
Recall that > A, < oo. This fact along with estimate above implies
n=1

(19.60), thereby completing the proof of the theorem. O
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