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EXISTENCE AND UNIQUENESS OF THE SOLUTION TO THE CAUCHY PROBLEM FOR
THE STOCHASTIC REACTION-DIFFUSION DIFFERENTIAL EQUATION OF NEUTRAL
TYPE

A. N. Stanzhitskii' and A. O. TsukanovaZ UDC 517.9

We prove a theorem on the existence and uniqueness of a mild solution to the Cauchy problem for a
stochastic differential equation of neutral type in the weighted Hilbert space.

1. Introduction

Numerous works are devoted to the problems of existence and uniqueness of the solutions of stochastic dif-
ferential equations with given initial and boundary conditions in different function spaces [5, 7, 10-14] and, in
particular, in Hilbert spaces [1, 3, 4, 8, 9]. Note that the nonlinear stochastic partial differential equations with de-
lay (nonlinear stochastic differential equations of neutral type) and the properties of their solutions are of especial
interest. The initial-value problem for an abstract functional equation of this type in a Hilbert space was considered
and a theorem on existence and uniqueness of its mild solution was proved in [9]. However, it is difficult to check
the conditions of this theorem in the general form for special applied problems. Thus, the problem of determina-
tion of the coefficient conditions for the existence and uniqueness of the solution, i.e., conditions expressed via the
coefficients of the equation and, hence, convenient for verification, is of high importance. This can be done only in
some special cases. The present paper is devoted to the analysis of one of these cases.

The paper is organized as follows: The statement of the problem is presented in Sec. 2. Section 3 contains the
required preliminary results. The main result of the paper is formulated in Sec. 4, and its proof is given in Sec. 5.
In Sec. 6, we present a corollary.

2. Statement of the Problem

Let (2, F,P) be a complete probability space. Consider the Cauchy problem for a stochastic reaction-
diffusion integrodifferential equation of neutral type

d | u(t,x) +/b(t,x,u(a(t),$),$)d§ = (Axu(t,x) + f(t, u(a(r)),x)) dt
R4

+ ot u(a@),x)dW(t,x), 0<t<T, xeR% (1)

u(t,x) =¢t,x), —-r=<t=<q, xeRd, r>o0,
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where T > 0 is a fixed number,

d
Ay = Zaii

i=1

is a d-dimensional Laplace operator,
2 _
2 = —,

i €{l,....d}, W(t, x) is an Ly(R%)-valued Q-Wiener process, {f,0}:[0,T] x R x R — R and b:[0, T] x
R? x R x R? — R are given functions, ¢: [—r, 0] x R? x @ — R are initial data, and o: [0, T] — [—r, o0) is a
function of delay. For problem (1), we prove the theorem on existence and uniqueness of a mild solution.

3. Preliminary Results

In this section, we present the notation and some known results required in what follows. Assume that the
flow of o-algebras {F;,t > 0} is generated by an L,(R%)-valued Q-Wiener process

W(t.x) =" v Anen(x)Bn(0).
n=1

where {8,(t),n € {1,2,...}} C R are independent Brownian motions, {A,,n € {1,2,...}} is a sequence of
positive numbers such that

Y < o0, @
n=1

and {e,(x),n € {1,2,...}} is an orthonormal basis in L, (R%) such that

sup ess sup len(x)| < 1. 3)
ne{l1,2,..} xeR4

In what follows, we need some information from the theory of partial differential equations.

Lemma 1 [2, p. 47]. If, in a homogeneous Cauchy problem

deu(t,x) = Ayu(t,x), t>0, x¢e€ RY,
4)
u(0.x) = g(x), xeR?,

the initial data g belong to C(R?) N L1(R?), then the solution of this problem can be represented in the form of
a Poisson integral

u(t.x) = f K(t.x — £)g(€) dE. 5)
R4
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where

1 { x? } £ >0
d exp - ’ > El
0, t <0,
is the heat-conduction kernel and, in addition, u € C*°((0, o0) x R¥).

Lemma 2. If g belongs to L (R?), then function (5) satisfies the following limit relations:

lim u(t,x) =0 and lim d;u(t,x) =0. (6)

|x|—>o00 |x|—>o00

Proof. The proof of the lemma follows from the theorems on differentiability of the Lebesgue integral with
respect to parameter and the possibility of limit transition in this integral.
In what follows, the derivatives are understood in the ordinary sense.

Lemma 3 [6, p. 319]. The derivatives of the kernel K admit the estimate

colx|?

s 1
|07 05 K(t, x)| < cr,st_%_r_f exp {— } , Crs>0, 0<co< T

Lemmas 1-3 yield the following result:

Lemma 4 (2, p. 360]. If g belongs to L1(R?%) and
IVegl € La(RY), | Dgl € La(RY), (7)

then the second derivatives of function (5) admit the estimate

0<t<T 0<t<T

sup /(Axu(z‘,x))2 dx = sup /||D)2Cu(t,x)||2a’x§C/HDJZCg(x)H2 dx, ®)
R4 R4 R4

where C > 0 is a constant depending only on T, Vy = (8xl e 8xd)T,

2
3xl e axl Xd
2 _
D x = :
2
aXdXI DY axd
is the Hessian operator, and || - || is the corresponding norm of the matrix.

Definition 1. A positive bounded function p € L1(R?) is called an admissible weight if. for every T > 0,
there exists a constant C,(T) > 0 such that the estimate

fﬁmwfmwwf%UM& £cRY,
R4
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holds forany 0 <t <T.

Remark 1. The functions

p(x) = exp{—r|x[}, r>0, plx)= >d,

L x|
are typical examples of admissible weights.

Remark 2. Without loss of generality, we assume that 0 < p < 1.

Here and in what follows, by Lg(Rd) we denote a weighted Hilbert space with admissible weight and the
norm

1 £ 22y = \/ [R fP ) dx.

Lemma 5 [16; 17, p. 188]. The operators S(t): Lg(Rd) — Lg(Rd) generating the solution of problem (4)
by the rule

u(t, x) = (S)g()(x) = / K(t.x —§)g()dé§ (€))
R4

form a (Co)-semigroup of operators with infinitesimal operator Ay. In this case, the inequality

IO ogay = CoDIEN gy 01 =T, g e LARY, (10)

is true.

Let p > 2. By B,,1,, we denote the Banach space of all L‘Z)(Rd )-valued random processes ® F;-measurable
foralmostall0 <t <T:[0,T]x Q — L‘ZJ (Rd) and continuous in ¢ for almost all w € 2 with the norm

— D
1@, = ;\J/OégTE||<I><r)||L§(Rd)-

In the next section, we formulate a theorem on the existence and uniqueness of a mild solution of problem (1) for
0 <t < T in the space B, T,p.

4. Main Result

In what follows, we assume that the following assumptions are true:
4.1) «:[0,T] = [—r,a(T)] is a function from C ([0, T]) with 0 < o’ < I;

4.2) {f,0}:[0,T]xRxR? — Rand b: [0, T]xR? xR xR? — R are functions measurable in the collections
of their arguments;
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(4.3) the initial function ¢: [—r, 0] x R4 x Q@ — R is Fo-measurable, independent of W(t, x), t > 0, and such

that

sup  E[¢ ()]l

—r<t<0

P

LORY) < 0.

(1) if
(i) it is Fs-measurable for almost all —r <t < T;

(ii) it is a solution of the integrodifferential equation

Definition 2. A continuous random process u: [—r, T] X R? x Q@ — R is called a mild solution of problem

u(t, x) = //C(r,x—é) ¢(0)+/b(o,s,¢(—r,z),c>dz dé—/b(z,x,u(a(t),@,adé
R4 R4 R4

—/ Ax[lC(t—s,x—é) /b(s,é,u(a(S),é),C)dZ dg§ |ds
0 R4 R4

+//IC(t—s,x—E)f(s,u(a(s)),é)déds

0 R4

? o0
[ X V| [ K= sx = 90551 £ea(®) d5 |aBao)
0 R4

n=1

0<t<T, xeR?,
ut,x) =¢t,x), —-r<t=<Oo, xeRd, r>0;

(iii) it satisfies the condition

T
E/ ||u(t)||€p(Rd)dt < 00.
2
0

The following theorem is true for the solution thus defined:

Theorem 1. Suppose that Assumptions 4.1-4.3 are true and, in addition,
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(i) the functions { f, 0} satisfy the condition of linear growth and the Lipschitz condition with respect to the
second argument, i.e., there exists L > 0 such that

|f(t.u, )| + o u.x)| <LA+u)), 0<t<T, ueR, xeR? (12)

| f(t,u,x)— f(t,v,x)| +|o(t,u,x)—o(t,v,x)| < Llu—v|,

(13)
0<t<T, {u,v}CR, xeRd;
(ii) the function b satisfies the conditions
2
sup / / |b(t,x,0,8)|dE | p(x)dx < oo, (14)
0<t<T
R4 \R4
sup / / |b(t, x,0,8)|déEdx < oo, (15)
0<t<T

R4 R4

and the Lipschitz conditions with respect to the third argument
|b(t, x,u, &) —b(t,x,v,8)| <It,x,&)u—v|, 0<t<T, {x,&}C RY, {u,v} C R, (16)

where the function 1:[0, T] x R4 x R4 — [0, 00) is such that

12(t, x, )

OE?ET/ / o) 5 [p)dy <o ("
P(x.f) |

OE?ETR[ R{ ) S (18)

(iii) foranyx € RY, the derivatives Ox; b, 0x;x, 0,41, j} C{1,...,d} exist and, in addition, the gradient Vb
and the matrix D)zcb satisfy the condition of linear growth with respect to the third argument

Vbt x,u, )| + [ DIb(t, xu, )| < Yr(t, x. €)(1 + |ul),

(19)
0<t<T, {x.£lcR? wueR,
and the matrix D2b satisfies the Lipschitz condition
H Dib(z,x, u,§)— D)zcb(t,x, v, E)H <y, x,&)u—nv|,
(20)

0<t<T, {x.&lcR? {uv}CR,
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where the function [0, T] x R? x R? — [0, 00) satisfies the conditions

2
sup / /w(t,x,é)dé dx < o0, @2n
0<t<T

R \R4

2
sup //Mdgdx<oo; 22)

0<t<T p(€)

R4 R4

moreover, for any point xo € R4, there exists a neighborhood Bg(xo) and a nonnegative function

o(t, &, xo0, ) such that

o(t,-, x0,0)
sup ——=

o<t<T  +/p()

Wt %, §) =¥ (6, x0,6) < 9(1,& x0,8)[x —xo|, 0<i<T, |x—xol <8, EeRI (24

€ L,(RY),8 e RY, (23)

Under these conditions, if

2
sup / /Mdé p(x)dx <4;+—1’ 25)

0<t<T p(§)
Rd

NS

then problem (1) possesses a unique mild solution u € B, 1,0n0 <t <T.

5. Proof of Theorem 1

The proof of the theorem is based on the classical Banach fixed-point theorem. Thus, we consider an operator
VB 10 = BpTp:

(W) (1) = [ Kt.x—£) | $0) + / b0, 6. $(—r.0).0)d | dt - / b(t. x.u(e(t).£). £)dE
Rd Rd ]Rd

t

—/ Ax//C(t—s,x—é‘) /b(s,é,u(a(S),C),é)dZ d§ | ds
R4 R4

0

t

+[/K(t_va—é)f(s,u(ot(S)),%‘)déds

0 R4
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00 4
+ / Y Vi f K(t —s,x =)o (s,u(@(s), Een(€)d§ | dBals) = Y 1;(0),
0 R4

j=0

0<t<T, x e RY,
u(t,x) =¢i,x), —-r=<t<T, xeRd,

and prove that this operator is contracting. First, we show that Wu belongs to B, 1, for any u € B, 1,,. To this
end, we estimate

1)1, = s EILO)|2yga: J €104

o<s<t

Further, we estimate || 7o (s) ||%p ., 3 follows:

p
110G, = s B| [ Kox-) |90+ [ b0.6.0(r0.0d |as
ke 0<s<t
R4 R4 LA (R4)
p
<2P7'| sup E /K@x—@ﬂ@&
o<s<t
R4 LS (R4)

0<s<t

© sup E f K(s,x — £) / (b0.£.¢(—1.0).0)
R4 R4

~b(0,£,0.8) + b(0.£,0.0)d8) dE N2y )

p

o<s<t

<2771 qup E /lC(s,x—E)qb(O)dE
R4

LE(RY)

+4P71 qup E /lC(s,x—é)
R4

0<s<t

p

x /(b(O,S,tb(—r,s“),C)—b(O,S,O,C))dC d§
R4

LYRY)
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/IC(s,x—E) (/b(o,s,o,odé) dg§
R4 R4

p

+4P71 qup E

0<s<t

L5(RY)

=1y +12+1;.
By using (10) and (11), we can estimate the quantity 101 as follows:

p

b
Ig =277 sup E <2P71C2 (THE[$(0)||

0<s<t

p
Lo®dy < OO

/ K(s.x — £)p(0)dE
]Rd

Lg R4)
By virtue of (10), (11), (16), and (17) and the Cauchy-Bunyakovsky inequality, for the quantity 13, we find

p

I} =4771 sup E

0<s<t

f K(s. x —£) ( / (b0, £ $(—r.£).0) — b(0.£,0, E))dé) dt
R4 R4

LS(RY)
p

S4p—1cp§(T)E /|b(o,x,¢(—r,§),§)—b(O,x,O,E)Idi
R4

LY (R4)

SIS

. 2
— 4771C (T)E / / 160, x, ¢(~r,£),8) —b(0,x,0,0)|d¢ | p(x)dx
]Rd

\R

(SIS

2

- 10, x,0)

<47 1c,,2<T)E( ( —|¢(—r,z>|¢p(c>dé) p(x)dx)
g‘J'W@

[SI]

» 2
<4p—1c,3<T)E( / ( [ =5 ”d;) ( [ s z)p(z)dz) p(x)dx)
R4

R4 \R4

D 2 i 2
_4p1c,,2<7>( / ( / l (gi;)’Z)dC) P(x)dx) E( / ¢2<—r,z>p@>d§)
R4

R4 R4
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2

2 12(0, x,
—wcia | [ f %d; p()dx | B2 gy < o0
R4 \R4

In view (10) and (14), for the quantity 7, 3 we can write

p

I3 =471 sup E|| | K(s,x —&) b(0,£,0,0)d¢ | dx
Jroal)

0<s<t
L5 (RY)
P
vy
<wrief @) [ 1bo.x.0.0las
Rd
2 5
ya
=4271C2(T) / / |6(0,x,0,0)[d¢ | p(x)dx < 0.
R4 \R4
It follows from the established three estimates that
b4
”IO(S)”%p.z.p < 0. (26)

By using (11), (14), (16), (17), and the Cauchy—Bunyakovsky inequality, we estimate || /1 (s)|| %p ., 88 follows:

p

IO, = s B| [ b.x.u(@().0). 68
R4

0<s<t
LY(R4)

( , 3
— sp E / / b(s. . ue(s). £).5)dE | px)dx

0<s<t
R4 R4
2
<25 swp E f f 1b(s. . u(a(s). £), §) — b5 %, 0, E)dE | p(x)dx
0<s<t Re Ra

(NS

2

+/ /|b(s,x,0,$)|d$ p(x)dx

R4 \R4
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(NS

)
<27 sup E / / M2 8 ws). 6 Vp®de | pr)dx

0<s<t o v p(&)
2 5
+2rsup | [ | [ b 0.6 | peoax
o<s<t
R4 \R4
ya D
2 2
l
<2t s | ( —osPag | oax | B[ [vae.op6ae
0<s<t
R4 R4
2 z
+ 2771 sup |b(s x,0,6)|de | p(x)dx
0<s<t
ya
2
12(5 x,§&)
<2P71 gy / d x)dx sup Ellu(x(s))|?
< o ( @ & p(x) P (@D ay
R4
2 5
+ 2771 sup / /lb(s x,0,8)|de | p(x)dx
o<s<t
Let 0 < t* < «(T) be such that a(¢*) = 0. Thus, we find
E p < E p E p
Rl ||u(a(s))||L§(Rd)_0§S;lgt* ||u(a(s))||L§(Rd)+t*sSuSp§t @)z gay
= sup E|¢®)|? + su E|u(s)|?
s EROI g+ 5w ENOI g,
< sup E[gp)|} - S Elu()[7 < o0.
—r<s<0 Lp Rd) <s<t Lp(Rd)
This yields
1)1, , , < oo 27

In view of Remark 2, the Cauchy-Bunyakovsky inequality, and the Fubini theorem, we can estimate
112()ll53,,, , s follows:
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N

||12(s)||% = sup E Ay | K(s—1,x =&)X
pio gy
T 0 R4

x (/ b(z, g,u(a(r),g)dg) dg) dt
R4 LY(RY)
(/ (/ (/ Kls = e =8)

0

2
X ( [b(fyé,u(a(f),é),i)dé) dé) df) p(X)dX)
R4

p

(NS

2 5
x ( /b(r,g,u(a(r),;),g)dg) dg) dxdt)
R4

t SN
< C%t%E (// Dﬁ/b(z,x,u(a(r),g),g)dg dxdr) (28)
]Rd

0 R4

provided that the conditions of Lemma 4 with

g(t,x) = /b(f,x,u(a(f),ﬁ),i)di
R4

and

u(t,x) = / K(s — 1.x — £) ( / b(r,s,um(r),z),z)dz) d
R4 R4

are satisfied. We now check the validity of Lemma 4 for this function. To this end, we prove that

@) / b(zt,-,u(a(r),?),0)d € Ll(Rd) for any 0 < t < ¢ with probability 1;
R4
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(i) condition (7) is satisfied.

1. Indeed, by virtue of (11), (15), (16), (18), and the Cauchy—Bunyakovsky inequality, we obtain

E/ /b(r,x,u(a(r),é‘),{)dé dx

R4 |R4

//l(” e, 01Vp@dcdx + [ [ 1bex.0.00dzax

) R4 R4
< sup/ /Mdfdx sup Elju((2))|?
| o<t= p(%) \/051:51 LIRA)
R4 R4
+ sup //lb(r,x,0,§)|d§dx
0<t<t
R4 R4
<

o<t<t —r<t<0
R4

12(t,x,0)
sup J | =Sz [ Bl g+ s BN

+ sup //|b(r,x,0,§)|d§dx<oo.

o<t<t
R4 R4

With probability 1, this yields

/ /b(t,x,u(a(r),{),g‘)d( dx < oo.

R4 |R4

2. We now prove the differentiability of the function g for x = x¢, which is an arbitrary point from R?. Let
Bs(xo) be the neighborhood from assertion (iii). Thus, by virtue of (19) and (24), we get

[Vxb(t, x,u(2(7).8). Ol < ¥ (r.x. 5) (A + |u(a(r). O
< (1Y@, x.8) = ¥ (z. x0. O + ¥ (7. X0, (1 + |u(a(2), )
=< (¢(z. ¢, x0, 8)[x — xo| + V(7. X0, {))(1 + |u(a (7). D))
< (7. £, x0.8) + ¥ (7. x0. (1 + [u(e(r). D).

We now show that

(8 (z, - x0,8) + ¥ (z, %0, (1 + [u(@(x),)]) € L1 (R?).
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By virtue of the Cauchy—Bunyakovsky inequality and relations (11) and (21)—(23), we obtain

E /(W(f, ¢, x0.8) + ¥ (7. x0. D) (1 + u(a(r). HNd?

- QD('E, g’ XO,S) de + , , d
R[ N Rk R{ ¥ (z. x0.)d

¥ X0,
wom [ PEEX ) gy a@rag + B [ POD o), o1
R4

NG J U0
< (pz(f’ é" X0, 8)
_SJR[ hn sl d@JR[ p(C)d§+R{ ¥ (z. x0.£)d

@2(z. ¢, x0,0) Y2(z.x0.8)
y (‘SJR[ o0 T J/ o© ‘“) Jolie Bl
(pZ(l—, é" X0, 8)
SJR[ szl /p(&)dHR[ ¥ (z. x0. )d

R4

P x0.0) V2500
+(5JR[ o©) d“l/ o© dé)

x \/ swp_ Bl g gy + 500 BN 5 gy < 0

—r<t<0 =<t=!

IA

With probability 1, this leads to the required condition

/(&p(f, £, x0,8) + ¥ (7. x0, )1 + u(a(r). H[)d ¢ < oo.

Hence, by the local theorem on differentiability of an integral with respect to the parameter, there exists
Vg (z, x) and the following equality is true:

/b(f x,u(a(r),¢),Hdl = [ Vb (t, x, u(e (7). ), §)d¢. (29)

R4

‘We now show that
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A f b(t.ue(1).£).0)d¢ € La(RY),
Rd

By virtue of (11), (19), (21), (22), (29), and the Cauchy—Bunyakovsky inequality, we get

J)

R4

2

Vx/b(r,x,u(a(f),f),g“)dé' dx

R4

2
<E / ( / vxb(r,x,uw(r),é),z)dé) dx
R4

R4

2
_E/ (/W(f,x,é“)(l+|u(a(f),§)|)d§) dx

R4 \R4

2
2
z/(@ w(f,x,g)d;) dx+2(/ v (pf(’g,é) dgdx) E[lu(@(0)lI7 5 ra)

R4 R4 R4

R4

2
i (freoso

Y2 (z, x, D4 2
e (/ o) ) El@zg@a)

2
52021;[ (/w,x,z)dz) dx

R4 \R4

V(e 0)
+2( sup R[ %d:dx) sup. EJu((0)12 g

0<t<t o<t<t

2
V)
=2, | (R/ "’(”’g)d;) d’““(oi‘?izR[ R{ o©) déd’“)

R4
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x( s EI6(0)1 g + S0 Euu(r)an(Rd)) .

—r<t<0

whence, with probability 1, we arrive at the required condition

2

/ Vx/b(r,x,u((x(r),é‘),é)dé‘ dx < 0.

R4 R4
For D2 / b(z,x,u(a(r), ), )d ¢, condition (7) is proved in a similar way. This implies that, in inequality
R4
(28),

2 5

E O/R[ Dﬁ[b(t,x,u(a(r),é’),@)d{ dxdrt

RS

y
2

115, < CE

[

¢ 2
55 2p (7. x, o).
<C2t2E O/R[ R{ ”Dxb(‘[ x,u(a(r), ) {,‘)H d¢| dxdt
27C%12E // /w(rx;)dg dxdt
0 R4
/ [/ %dmdr (o)1 2 g 7
0 R4 R4
<2P7IC%% // /w(zxg)dg dxdt 7
0 Rd

D
2

t
Y2 (1, x,0) 12
//[Wdé‘dxdr E||u(oz(t))||i,2,(Rd) <2P-lC3tp

]
(NS}

(o (S (voome) o) o (] [ 25 o)
R4 R4 o
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x| sup Elp@)]? - Sup Ellu(f)” < . (30)
<—r§r50 Ly®) LE[RY)

By using (10)—(12), we estimate || /3(s) ||%p ., 3 follows:

p

/ f K(s — t.x — §) f(r.u(@ (1)) H)dEd e

0 R4

1150)l,,, = sop

<s<t

LY(R4)

0 Rd

2 5
_oi‘iEtE( f ( / / /C(sr,xs)f(r,u(a(r),s),s)dwr) p(x)dx)
R4

2 5
,E (/[ (/’C(Sf’xé)f(fvu(a(f),é),é)dé) p(x)dxdr)
0 R4

R4

2 z
/ ( f /C(sr,xs>(1+u(a<r),s>)ds) p(x)dxdr)

R4 \R4

SLPtgoiup E(/s
<s<t 0
<2573 sup (//(/K(srx )dg) p(x)dxdt

0 R \Rd

(SN

2
4 / ( / K(s—r,x—s)|u(a(r),5)ds) p(x)dxdr)

0 R4 R4

N
=25LPt5 sup E //p(x)dxdr
0o<s<t

0 R4

[SIS]

2

S
—I—/ dt

0

f K(s — 7.x — )ula(0)dE

R4

LY(R4)
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[SS]

s
<P 1Pt sup //p(x)dxdr
0o<s<t
0 R4
ya
2 2
N
+ sup E / /K(s—r,x—§)|u(a(f))|d§ dt
0<s<t
0 R4 Lg(Rd)
5 t 5
ya
< 2P 1pPis |45 /,o(x)dx + C7 (T)E /||u(oz(r))||ip(Rd)dt
2
0

R4

(SIS

(SIS

<2P 11 P35 |

[ pwax| i / e () 12 gy

R4

SIS

[N
[N

—op—lyp 5 22
=27 LP¢ p(x)dx +C;(T)t 2

R4

x E [||u(a(t))||i§(Rd)dt+/||u(a(r))||Lp(Rd)
0

pa
2

ya
2

ya —
=Pl rys |45 / p(x)dx | +C; (T)szz

R4
()

xE / 16NN gy s 90) + / @ (O g0, 705 )

It follows from Proposition 4.1 that there exists ¢ > 0 such that

1
<c¢, 0=ttt

a () ~

Hence,
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V4
2

2rotpedk |8 | [ x|+ cfantse / 16N oy 40
R4
103
+ [ @@ oy e
0
2
<oripr5 |45 /p(x)dx +eCr (T2
R4
a(t)
<E / 6Oyt + [ 1 e
0

SIS}

<P 15 | 4% /p(x)dx
R4

ya p—2
2 - p p
+eCp (T2 (V sup Ellp(0)l7ogay + () sup Ellu(f)lng(Rd)))

—r<t<0 0<t<a(r)

2
D
<op-lppyp / p(x)dx | +cCy(T)
R4

x( up BI$(0) ] gy + sup Enu(r)an(Rd))) < o0, (31)

—r<t<0 O<t=t

Further, we estimate ||I4(s)||%p - for p > 2. By virtue of Lemma 7.2 in [18, p. 182], we obtain

s p

E /S(s —1o(t,u(x(r)),E)dW(t, x)

0

[N/

= GE /IIS(S—T)U(T,M(Of(f))f)lligdf : (32)
0
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Here, || - ||} 0 is the corresponding Hilbert—Schmidt norm appearing in the structure of the stochastic integral over
the O-Wiener process [18, p. 91]. In this case, inequality (32) takes the form

s p
B| [ 56 - Do) oW )
0
2 z
o0
= GE Z ( /’C(S—f x —§)o(t,u(w(r).§),§en(§)dE | p(x)dx | dt
y
2
o0
<Cp (T)Ll’c,, / > n / (14 Ju(a(r), x))? e2(x)p(x)dx | dt
o n=l1 d
r
E 2
B [e’e)
2 (Z ) C; (T)LPG, [ [ pxaz + / (@) gy
=1 0 Rd
The expression
R
22 (Z ,\n) C;/(T)LPCp
n=1
is denoted by A. Hence, the last expression does not exceed the following expression:
2 2
=2 p
2T at| [owdx| 427 ||u<a(r>>||Lp(Rd)
R4
D
2 s
<257 A% / p(xydx | +27 A’z / Ju@()12 gy dT < 0. 33)
R4 ’
For p = 2, estimate (33) is established in the same way.
By using estimates (26), (27) (30), (31), and (33), for u € B, 1,,, we get
4
Wuly, , = Z I (t) =P IGO0, ., < o

23pr J=0

i.e., the operator W maps the space B, 1, into itself.
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We now establish the property of contraction. Note that, for any {u, v} C B, ,, we have

4 p

D Uj()w) = 1 (5)(v))

j=1

4
<47V - OO

j=1

| Yu — \va||%pj‘p =

23117»T.p

Thus, by virtue of inequalities (27), (30), (31), and (33), we can estimate the quantities
1)) = @G, , . Jetl....4

as follows:

1)) = L)@

p
= OiulltE /(b(s’x» u(a(s).§).8§) —b(s.x,v(a(s).§).§))dé§
== R4 LKZJ(Rd)
12(s, x,§) i B »
= OZL;I; / / GE d§ | p(x)dx oilil;t [l (s) v(s)lng(Rd)
R4 \R4 )
= Ssu / // MG’S (x)dx ’ ”u _ v”P
a OSSI;t p&) p Bp.1.0°
R4 \R4 )
11600~ LEOWIS,
= sup E Ax | K(s—1,x—=§)
0<s<t 0/ R{
p

X /(b(f,é,u(ot(f),i),é“)—b(f,f,v(a(f),é“),@)dé“ dé§ |dt
R4 LSRA)

2

Y2 (r.x.0)
<Ct? su //—d dx | sup lu(@) —v@)II7,
Oer;t p(&) J 05};: e ”Lz(Rd)

R RY



328 A. N. STANZHITSKII AND A. O. TSUKANOVA

_ V2.5 0) L
_Ctpoi‘i‘it([ / o0 dzdx) e =vlg,, .

NS}

R4 R4
||I3(S)(u) - I3(s)(v)||%p,t,p

2
s

— swp E [ / K(s — .x — E)(f(r. u(@(0)).£) — f(r.v(@(v)). £)dEd
R4

o<s<t

LYRY)

p
<cCg (T)LPt? sup |lu(r) —v(7)|

o<t<t

P
p — 2 pp p
1g@ay = €Co (DL = v, , .

174(5)@) = La&OIG

sup E

o<s<t

/sim(/ms—m—@
o n=1 Rd

p

x (o(r.u(2(7)),§) —o(z, v(a (7)), é))en(é)dé) dpn(r)

LS(RY)

IA

n=1

X
x

For any {u, v} C B p, this yields

_ I2(s,x.,)
o=, <o | o (/ (/ ) dg) p(”dx)

o \% ! :
(Z xn) C7 (DLPG ( / |u<a(r))—v(a(r))nigmd)dr)
0

2 2
A | € (DILPCpt 2 sup [u(®) = v() 5 pa)
1 0<t<t 2

ok

WK

£ yd
)L,,) Cs (T)LPCpt2 ||u — v||%p't'p.

Il
_

V4
2

[N/

V2. x.0)
p dicd
e oi‘i‘it(/ () ”)

R4 R4
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» © b P
+c sz (T)Lpl‘p +c Z An sz (T)chl’t7 ”u a v”%p.t-ﬂ

n=1

— _ |2
=yl -]}, .
By virtue of (25), the first term in y is smaller than 1. Thus, choosing sufficiently small 0 < #; < T, we
conclude that 0 < y(#1) < 1. This means that the operator ¥ given in the Banach space B, ;, , is contracting and,

hence, possesses a unique fixed point, which is a solution u € B, ;, , of the equation Wu = u. This procedure can
be repeated finitely many times on the other sufficiently small segments

[tl? t2]9 [t27 t3]v ceey [tn—z, [n—l]a [tl’l—l’ T]

that form [0, T']. As a result, we obtain the required solution as the union of solutions on these segments. This
proves the theorem.

Example. We now consider the Cauchy problem

d|u x)+ / vep(€)exp {—t — &l — 2x2} sinu(t —h, £)dé&
R

= (Axu(t,x)+ f(t,x)cosu(t —h,x))dt + g(t,x)sinu(t —h,x)dW(t, x),
(34)

0<t<T, xe€eR,
ult,x) =¢t,x), h<t<0, xeR, h>0,

where

Y16
87

and { f, g} are measurable bounded functions and check the conditions of Theorem 1 for this problem.

0<e<

Conditions (12)—(15) are obvious.
We now verify condition (16). Thus, we find

b(t.x.1.€) — b(t.x.v.€)| = Vep(®) exp {1 — [€| — 2x7} | sinu — sinv|
< Vep) exp {—1 — |§| — 2x7} [u — v| = I(t, x.§)|u — v],
i.e., we arrive at condition (16) with

1(t,x,8) = vep(§) expi—t — [§] — 2x%).
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We now check conditions (17) and (18) for /:

UER )
OE?ETR/(IR/ o(£) df) p(x)dx

- /( [ECEEAS R dg) s
R

0<t<T p(§)
R
= c( sup exp{—2t}) (m/exp{—2§}d5) /exp{—4x2}p(x)dx
0<t<T R
< c/exp{—4x2}dx = %E < 00,
R

12(t,x,§)
OE?ETR/ JR/ oE

- /J /w(é)exp{—2t—2lél—4x2} d d
R

0<t<T p(§)
R
= ﬁ( sup exp{—t}) (R/exp {—2x?} dx) J/exp{Zé}dé
0<t<T »
_exm
=\ 7 <o

i.e., conditions (17) and (18) are satisfied.

Further, we establish the validity of conditions (19)—(25) by using the following transformations:
|0xb(t, x,u, )| = 4x exp {—x2} Vep(€) exp {—1 — |&] — x?} | sinu|
< 2\/2 Veo(®) exp {—t — & = x?} (1 + ful)
=Y (r, x,§)(1 + [ul),

02b(t, x, u, )| < 4(1 + 4x?) exp {—x?} Vep(E) exp {—t — |&] — x*} | sinu|
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< 2 Vep® exp {1~ [¢1~ x*} (1 + fu)
= Yol %, 6)(1+ Ju]),
102b(t, x,u, &) — 92b(t, x,v,&)| = 4|1 — 4x2| \Jep(€) exp {—t — |£] — 2x?} | sinu — sinv
< 2 Vep® expi—t — lg] — x}fu —v]

= V2(t, %, §)|u —v|,

i.e., we arrive at conditions (19) and (20), where

Yt x,§) = max{y (1. x. ). Y2(t. x.§)} = 2?0 Vep(§) exp{—t — [§] - x?}.

We now check the validity of conditions (21), (22), and (24) for y:

2
OE?ETR/ (R/ W(t,x,é‘)dé) dx

2
_@ sup /(/\/cp( )exp f—xz}dg) dx

e? o<t<T

0 ( sup exp{—ZI}) ( / V(&) expl- snds) / exp {—2x?} dx

e o<t<T s

< \/g(ﬂf p(s)ds) [ ewt-2iglias
R
= 0 [ [ peras <.
R
Y20, x,8)
——2dé&d
0P, R/ R/ o6

_ 400 cp(§) exp {—2t — 2|€| — 2x?}
T2 OE?ET/ f G df dx

331
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= 42# (o sltlpT exp{—ZZ}) (ﬂ!exp{—2§|}d§ /exp {—2x2} dx

R

400c |m
= — /= < o0,
e2 2

i.e., we arrive at conditions (21) and (22). We fix a point x¢ € R and prove that there exists a function ¢(z, £, x9, §),
§ € R, from condition (24) satisfying condition (23):

Y08 = Yt x0.B)] = = Vepl®) expl—t — IE16 + 2ol — vo
= (1, &, x0.8)[x — xol,
i.e., the function v satisfies condition (24) with the function
o(1,£.%0,8) = ? Vep(€) exp{—t — [£1}(8 + 2|xo)).

We now verify condition (23) for this function:

2
sup /fp (t.§.x0.6) dt

0<t<T p(§)
R
_ 400 2 cp(§) exp{—21 —2|§|}
=T 6420’ s / = a
_ 0 (5+2|x0|)2( sup exp{—2t}) / exp{—2|E[\dE
€ 0<t<T A
400c¢

= ——(8 + 2|xo)* < o0.
e

Condition (25) takes the form

12(1,x.8)
— 274 d
OE?ET(‘R/ R/ ) 5| Pdx
(e % V16 /7
_( 2 ) “\svz 2

NS}

=

9
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ya
(16?1
\ 16 T 4p1

which means that the conditions of Theorem 1 are satisfied for problem (34).

6. Corollary of the Theorem

In a special case of problem (1), i.e., for the initial-value problem

d u(t,x)—i—/b(l,x,é)u(l—h,é)dé

R4
= (Axu(t,x) + f(t,ut —h),x))dt +o(t,u(t —h),x)dW(t,x), 0<t<T, xE¢€ R,
(35)
u(t,x) =¢(t,x), —h<t<0, xeR? h>0,

the following theorem is true:

Theorem 2. Suppose that the following conditions are satisfied:

(i) {f,0}:[0,T] xR x R¢ — R are the functions from assertion (i) in Theorem I;

(ii) b:[0,T] x R? x R — R is a measurable function such that

b2, x.6)
OZIIJET/ R{ o(€) d& | p(x)dx < o0

and

sup / /Ma’édx<oo;

o<t<T p(§)
R4 R4

(iii) for any x € Rd, there exist the derivatives dx; b and Bxiij, {i,j} C{1,...,d}; moreover, the gradient
Vb, and the matrix D2b satisfy the conditions

Vab(t,x,6) + | DI, x. )| < v(t.x,8), 0<t<T {x§& CR?

where the function  satisfies the conditions of assertion (iii) in Theorem 1.

Under these conditions, if

2
sup / /Mds p(x)dx <41+—1’

0<t<T p(&)
Rd

N
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then problem (35) possesses a unique mild solutionu € B, 1.,0n0 <t < T.
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