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Abstract

We investigate noncritical multi-type Markov branching processes with im-
migration generated by Poisson measures. Limiting distributions are obtained
when the rates of the Poisson measures are asymptotically equivalent to ex-
ponential or regularly varying functions. In particular, results analogous to a
strong LLN are presented, and limiting normal distributions are obtained when
the rates increase. When the rates decrease, then conditional limiting distribu-
tions are established. A stationary limiting distribution is obtained when the
mean Poisson measure grows linearly. The asymptotic behaviour of the first
and second moments of the processes is also investigated.
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1. Introduction. The main objective of this paper is to study noncriti-
cal multitype Markov branching processes with immigration governed by Poisson
random measures with time-varying rates. This paper continues the results an-
nounced first in [!] and after that published with proofs in [?], where this family
of processes were investigated in the critical case.
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Multitype Markov branching processes were introduced by KOLMOGOROV
and DMITRIEV [3]7 where the terminology branching process officially appeared
for the first time. The first branching process with immigration was proposed
by SEVASTYANOV [4]. He investigated a single-type Markov branching process in
which immigration occurs in accordance with a time-homogeneous Poisson pro-
cess, and obtained limiting distributions in the sub-, super-, and critical cases (see
also SEVASTYANOV [*]).

Many variants of branching processes with immigration were subsequently
investigated. Most of these models have been reviewed by SEvAsTYANOV (%] and
VATUTIN and ZUBKOV ["8]. Some of the references considered models with time-
inhomogeneous immigration. In particular, we mention the work by Badalbaev,
Rahimov and some of their collaborators who focused on critical processes. See
RAHIMOV’s monograph [?] for a review.

Branching processes with time-inhomogeneous Poisson immigration have
been successfully used to describe the dynamics of cellular systems (e.g., red blood
cell progenitor cells, leukemia) [1°!3]. In these applications, the immigration pro-
cess describes an influx of cells (e.g., stem cells) arising from a compartment that
is not directly observable but remains a significant contributor to population dy-
namics. A key feature of cell kinetics is that this influx is often time-dependent.

This paper focuses on the asymptotic behaviour of noncritical multitype
Markov branching processes that develop along an immigration process gener-
ated by Poisson measures with a rate r(¢) and a mean measure R(t). To this end,
we have organized the paper as follows. Section 2 presents the model and its basic
equations. These results are used in Sections 3 and 4, where the limiting distribu-
tions are presented when the Perron—Frobenius root p # 0 (i.e. in the noncritical
cases). Different limiting distributions are obtained depending of the rate r(¢) of
the Poisson measures. Section 3 deals with the subcritical case p < 0 : Theorem
1 considers settings that include the case, where r(t) = O(e?), 6 < p, and The-
orem 2 the case, where r(t) ~ roe?, § < 0. Both theorems present conditional
limiting distributions. Theorem 3 proves that a stationary limiting distribution
holds when R(t)/t — 79 > 0 as t — co. Theorem 4 shows, when 7(t) ~ roe?,
6 > 0, that the process exhibits limit behaviours analogous to a strong Law of
Large Numbers (LLN) and a Central Limit Theorem (CLT) as t — oo. Finally,
Theorem 5 investigates the case, where r(t) ~ rot’, t — oo, where rg > 0 and
0 € R. When 0 < 0, a conditional limiting distribution holds; when 8 > 0, a
LLN and CLT are presented. In Section 4 three different types of limiting distri-
butions are obtained in the supercritical case p > 0. Notice that the condition

o
T(p) = / e PPr(x)dx < oo in Theorem 6 in fact includes the cases, where r(t)
0

is a regularly varying function (r.v.f.) or r(t) = O(e?"), # < p. Then we obtain Lo
convergence of the process normalized by its mean. Theorems 7 and 8 investigate
the cases, where r(t) ~ roeet, 0 > pand rg > 0,t — oo. Theorem 7 can be
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considered an analogue to the strong LLN while Theorem 8 presents two variants
of CLT. Notice that in all theorems in Sections 3 and 4 the asymptotic behaviour
of the first and second moments of the corresponding processes is also obtained.

Finally, we would like to point out that multitype Markov branching pro-
cesses with nonhomogeneous Poisson immigration are considered in [']. The
authors investigated subcritical processes in the case r(t) ~ roe?, 0 >0, 1o > 0,
and they obtained a convergence in probability to some constant, when ¢ > 0,
or a convergence in distribution to some random variable, when # = 0. Notice
that in the case 8 > 0 we proved a.s. and Ly convergences and we also obtained
limiting normal distributions. In fact the case § = 0 follows from our Theorem 3
and moreover we obtained also a differential equation for the limiting probability
generating function (p.g.f.). In the supercritical case the authors investigated the
case r(t) ~ roe’, 6 > p, and obtained convergence in probability to some constant,
when we proved a.s. and Ly convergence and obtained limiting normal distribu-
tions. Under the condition 7(p) < oo the authors obtained only convergence of
the characteristic functions.

We have to point out that the methods of proofs in ['] are quite different
from the methods developed in our paper. Moreover Lemma 2 of [*] is in fact a
particular case of Theorem 1 from [*] and the limiting result in the critical case
of Theorem 5 of [**] has been previously obtained in Theorem 8 of [?.

2. Model and equations. We consider a population that consists of d types
of cells (individuals, particles), and evolves in accordance with an immigration
process and a branching mechanism. Let 0 < T} < T3 < --- be random time

o

points arising from a Poisson random measure I1(¢) = Z 1¢1,<4),t > 0, with local
i=1

t
intensity r(¢) > 0 and mean measure R(t) = / r(z)dz. Then, P{II(t) = n} =
0

e*R(t)R”(t)/n! for n = 0,1,.... Assume that Iy = (Ix1,..., ), k = 1,2+,
are independent and identically distributed (i.i.d.) non-negative integer-valued
random vectors with p.g.f. g(s) = E{SI’“} = Z P{I; = a}s* s=(s1,...,5q),

acN4
d

| s |[< 1, where s* = H st for every o = (ov, ..., ). We consider the marked

=1
point process { (T, 1),k = 1,2,...}. The vector I is interpreted as the number
of immigrants that join the population at time T}.

Let Z ={Z,(t) = (Zu(t), Zia(t), ..., Ziq(t)),i = 1,...,d;t > 0} be a multi-
type branching process where Z;;(t) denotes the number of type-j cells at time
t produced by a single type-i cell born at t = 0, where i,7 = 1,...,d, and as-
sume that cells evolve independently of each other. Next, we introduce the p.g.f.
Fi(t;s) = E{s®"} = 3" P{Z;(t) = a}s®, with F(0,s) = s;, and define the

acNd
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vector F(t;8) = (Fi(t;s), Fa(t;s), ..., Fy(t;s)).

Let Z = {Z(t) = (Zi(t),-.., Zra(t));t > 0:k = 1,2,...} be iid. copies
of Z, but with initial conditions Zj(0) = I. Therefore, E{s%*®} = ¢(F(t;s))
because of the independence of the individual evolutions. We assume that the
sets Z and IT ={II(¢),¢ > 0} are independent.

Define the process

1(t)

(1) Y(t) =Y Zi(t — Ti)lmesop, t>0, Y(0)=0.
k=1

Its first increment occurs when the first group of I; immigrants enters the
population at time T4, each of which evolves independently and in accordance with
a process Z. A second group of Iy immigrants arrives at time 75, etc. We refer to
Y ={Y(t) = (Yi(t),...,Ya(t)),t > 0} as a multitype branching process generated
by Poisson measure or multitype branching process with non-homogeneous Poisson
immagration.

If ®(t;s) = E{sY®}, then by (1) the following presentation holds (see The-
orem 1 from [?])

(2) ®(t;s) = exp {—/0 r(t —z)[1 — g(F(x; s))]dfv} ,®(0;8) = 1.

Remark 1. As it is proved in [?], the relation (2) is valid for a broad class of
branching processes in which individuals evolve independently of each other. Such
processes include multitype Markov, Bellman—Harris, Sevastyanov or Crump-—
Mode-Jagers branching models, which are described in well-known monographs
[5,15,16]_

Remark 2. The relation (2) is presented as Lemma 2 in [**] as mentioned
in the Introduction.

Similarly for ®(¢,7;s1,82) = E{sf(t)s;{(“rf)} one can obtain that

O(t,7;81,82) = exp {_/0 r(z)[1 — g(F(t — x,7;s1,82))]dz
(3) t+T1
_/t r(@)[1 — g(F(t, 7 — 1,52))]@} ,

where F;(t,7;81,82) = E{slz"(t)sg"(HT)}.
From now on we consider the case where Z is a multitype Markov branch-
ing process; that is, the lifespan and the offspring vector of any type-i cell, 7;

and v; = (vi1,...,vq), are independent, P{r; < t} = 1 — e ¥* and h(s) =
E{s"} = Z pis® i=1,...,d. Under these assumptions, the p.g.f. Fj(t;s) =
aeNd
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Z P{Z;(t) = a}s* satisfy the system of differential equations
aeNd

(@) TE(s) = ((F(s), OF Zf@ F(t;s), F(0;s)=s

where f;(s) = [hi(s) — s;]/u; are the infinitesimal generating functions and f(s) =

(f1(s), ..., fa(s)). Under these assumptions, Y () is a multitype Markov branch-

ing process with non-homogeneous Poisson immigration. For 1 < 7,57 < d, let

0F;(t;s

Ay(t) = B{Zy 1)) = 2
j

, and introduce the matrix of first infinitesimal

s=1

of
characteristics a = ||ai;||1<i j<d Where a;; = (J;Z(S) . It is well known that
o S ls=1
Tl/tn ®
A(t) = [|4ij(D)|l1<ij<a = exp(at) = o

n=0
We assume that a is a positive regular matrix with Perron—Frobenius root p.

Further on we will consider the noncritical case when p # 0. The associated right

and left eigenvectors u = (uy,...,uq) and v = (v1,...,vq) can be chosen positive,
d

with w1 > 0 and v; > 0, and normalized such that Zuz =1 and Z:uﬂ)Z =1.
=1 =1

for 1 <i,j,k <

Define the second infinitesimal characteristics b}k =

9g(s) _
-y y» Bij =
as’i s=1 . 85i85j s=1
quantities are assumed finite when the second moments B} (t) = E{Z;;(t)(Zix(t)—
O?F(t;s)
0505y,

All these

d, and immigration moments m; =

djk)} =

otherwise.

It is known (see for example [>1>19]) that A;;(t) ~uvje’, t — oo. Also if
p < 0 (subcritical case), then one gets B;k(t) ~ E;-ke"’t for some constants E;k > 0.
Now using the above asymptotic results and applying Theorem VI.7.7 of Sev-
astyanov [5] one can obtain for p < 0 and 7 > 0 that B;-k(t, T) ~ E}k(T)ept, where

are investigated, where as usual d;, = 1 if j = k, and 0
s=1

Z lAlk ) + w;vjAji (7). In the supercritical case (p > 0) it holds

d
that B;-k(t) ~ EivjkaZPt, t — oo, where B = Z DibL tmtin /120005 — ap)
A I,m,n=1
and Dj is the algebraic complement to the element 2p0;; — ay; of the determinant
|Ep§ag — aop|. Similarly for p > 0 one has that B}, (¢, 7) = E{Z;;(t) Zy(t + 1)} ~
Blojupe?®H) - o0,
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Let M;(t) = E{Y;(t)} and the covariances Cj;(t) = Cov{Y;(t),Y;(t) — 6;;}
and Cj;(t,7) = Cov{Y;(t),Y;(t + 7)}. Notice that C;;(t) = Cov{Y;(t),Y;(t)} for
i # j and Cj;(t) = Var{Y;(t )} Then from (2) and (4) one obtains

1 d(t: t o
Myt = 2B2ES) | / r(t — 2)Ai(x)de,
6Si s=1 0
d
where A;( Z myAgi(z) ~ v;AeP* A = Z mpug, T — 0O.

k=1
Similarly one can verify that from (2) and (4)

0?1log ®(t;s)

t
Cij (t) = 8sz~83j = /(; ’f'(t — 1‘)0”(93>d.%',

s=1

d d
where C’U kaB )+ ZZB 1Aki(x) Ay (z) and from (3) and (4)
k=1 k=1 1=1
9?log ®(t, 7;81,82)

Cz](ta T) = 8512-882]-

- /Ot r(t —z)Cij(z, 7)dx,

s=1

where C;j(x, ) kaBl] T, T —i—ZZBklA;W x)Ayj(x + 7).

k=1 I=1
Then for p < O one can obtain that

670(217) ~ Cijepx, Cij(.%', 7') ~ éij(’i')epx, T — 00,
~ d ~
where Cj; = kaB and C'” kaB“ ) and
k=1
d d d
Z Z kazlAlk —|— UV Z mkAjk(T).
k=1 1=1 k=1

Similarly in the supercritical case p > 0 we obtain that

ij(x) ~ Cyje e2re 61](:5 T) ~ éije”@”ﬂ,x — 00,

@l

d d d
where éz‘j = Uﬂ)jé, 6 = Z mkék + Z Z ﬁklukul.
k=1 k=11=1
Further on it is assumed also that b;k < oo everywhere they appear and
similarly for the immigration moments m; < oo and 8;; < oo, 1 <4, j,k < d.
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3. Asymptotic behaviour of the subcritical processes. In this section
we will consider the case p < 0.

o0
Theorem 1. Let r(p) = / e PPr(x)dx < oco. Then ast — oo :
0

(i) Mz(t) ~ ,UiZ:";(p)ept’ Clj(t) ~ aij?(p)ept; fO?” Za] =1,... 7d7
(ii) P{Y(t) > 0} ~ KA7(p)e’', K > 0, and P{Y(t) = o|Y(t) > 0} — P,
where F*(s) = Z P} s® is the unique solution of the equation
a€eNd

d "
6 > i@~ - ). o) =0
k

Theorem 2. Let r(t) ~ e’ 6 < 0, and t — . _

(i) [f(9 = p, then Mz(t) ~ roviZtept,Cij(t) ~ roCijtept, P{Y(t) > O} ~
roKAte”, and U(t;s) = E{sYW|Y(t) > 0} — F*(s), where F*(s) is the unique
solution of equation (5).

(ii) If 0 > p, then M;(t) ~ roA;(0)e%, Cyij(t) ~ roCi;(0)e, where A;(0) =
/ e % A;(z)dx < oo and aj(O) = / e Cii(x)dr < oo; P{Y(t) > 0} ~

0 0
roD(0)e% and U(t;s) = B{sYO[Y(t) > 0} — U*(s) = 1 — D(6;s)/D(0), where
D(0;s) = / e %1 — g(F(x;s))]dz < oo and D(#) = D(6;0).
0
Remark 3. The case 7(t) ~ r0e’,0 < p, is treated in fact by Theorem 1
because in this case 7(p) = / e Por(z)dr < .
0
Theorem 3. If R(t)/t — 19 > 0 ast — oo, then
(l) Ml(t) — 7”0/ Zz(a;)d:z: < 00, Cij(t) — TQ/ ézj(x)da: < 00y
0 0
(ii) P{Y(t) = a} = P, where ®(t;s) = E{sY®} - &*(s) = ¢ 7/ and

J(s) = [1 — g(F(z;s))]dr < oo satisfies the equation
0

0

Ti(8) 5T (s) = =L = g(s)],

M=

(6)

k=1

which admits an unique solution.

1
1_
Corollary 1. If d =1, then it follows from (6) that J(s) = (ggu)du.
u
Remark 4. A similar result as in Corollary 1 was obtained from Sevastyanov
| when he investigated single type subcritical Markov branching process with

homogeneous Poisson immigration.

[4
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Remark 5. In Theorem 4, (i) of ['4] the authors obtained also a convergence
in distribution to a random variable but under the stronger condition r(t) — ro >
0 as t — oo and without equation (6). Notice that if 7(t) — r9 > 0 as t — oo,
then one has R(t) ~ rot, t — oc.

Theorem 4. Let r(t) ~ roe’*, 1o >0, 8 > 0. Then ast — oo

(i) M;(t) ~ Togi(e)eet,@j(t) ~ TOCZJ(H) o Ot 1) ~ TOCZ](Q 7)e, where

ot

A;(0) = /0 e %A (z)dx < oo, 6@-(«9) = /0 e Cii(x)dr < 0o

and

Cz‘j(e,T) = / e*(’x@ij(:c,r)da: <oo, t,5=1,...,d;
0

Yi(t)
M;(t)

(i) X;(t) = Li=1,2,...,d;
(iii) U(t) = (U1(2),U: ( )y, Uq(t)) — N(0,3(6)) in distribution, where
Ui(t) = Y; (t) M;(t )}/W/C]J( ) and X(0) = ||ox(0)|| is the covariance matriz

with 5x(0) = Cjx(8)/1/ Cj;(0)Crr(8), j # k, and 5;;(8) = 1+ A;(0)/C;;(6).

Remark 6 Theorem 4, (i) can be interpreted as an analogue of a Strong
LLN and Theorem 4, (ii) as a CLT.

Remark 7. In Theorem 4 (iii) as a CLT from the preprint ['4] a convergence
in distribution to some constant is proved (which is equivalent in this case to the
convergence in probability).

Theorem 5. Let r(t) ~ rot? t — oo where rog > 0 and § € R. Then

(i) M;(t) ~ roA*t?, Cy(t) — TOC* , Cij(t,m) — TOij(T)te, where

/ Ai(z)dr < oo, Cfj= / Cij(x)dr < 0o
0

and .
C’%(T):/O Cij(z,7)dz < o0, i,j=1,2,...,d.

i) If 0 < 0, then P{Y (t) > 0} ~ roQ*t’, where
(i) If {Y(?) > 0}

Q" = /000[1 —g(1 —Q(t))]dt <

and
U(t;s) =E{sYOIY () >0} > 1—Q*(s)/Q",
where

Q*(s) = /0 [1—g(1— Q(a:s))]dz < .
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Yi(t)

(iii) If0 > 0, then X;(t) = ) — 1, in probability and Lo, where for 0 > 1
the convergence is also a.s., 1 = 1,12, e, d;
U(t) = (Ui(t),Us(t),...,Uq(t)) — N(0,X%)) in distribution, where

Uj(t) = [Y;(t) — M;(t)]/+/Cy;(t) and E* = |[|o};]| is the covariance matriz with

elements o;; = C3;/\/CHCT, i # j, and oy = 1+ A7 /CF, 4,5 = 1,2,....d.
4. Limiting distributions for the supercritical processes. In this sec-

tion we will consider the supercritical case p > 0.

oo
Theorem 6. Let 7(p) = / e Pr(z)dr < oco. Then ast — oo

_ 0 _

(i) M;(t) ~ v AF(p)elt, Cy(t) ~ viv;OT(2p)e*",
Cij(t, 7’) ~ ’UZ"UjéF(2p)€p(2t+T), i,j = 1, e ,d;

Yi(t _ .

(i) X;(t) = M((t)) converges in Lo to a random variable X; where EX; = 1,
7(2p)C
P(p)A”
(iii) The limiting Laplace transform E{e” i ’\ij} = 1)(N), where P(2) =

d

Vaer- =

1=1,2,...,d, and X1 = X9 =---= Xy a.s.;

E{e*X1} and X = Z Aj, has the presentation
j=1

) () = exp {— / “n- g(s@(Ae‘m/(?(p)A)))]r(m)dx} ,

where (A) = (p1(N), ..., 0a(N)) is the unique solution of the system of differential
‘ d -~ N
cquations: (%) = F(p(0)/ (), #(0) =1,

Corollary 2. Consider the classical case of homogeneous Poisson immigra-
tion (where r(t) = ro) and assume the classical norming vie?" instead of M;(t).
Then from (7) applying the substitution y = Ae” "™ one obtains that

B 5}
(8) P*(A) = exp {—rop‘l/o [1— g(@(y))]y‘ldy} :

Hence for the single type process Y (t), putting X\ = X in (8) one gets just the
classical result obtained by Sevastyanov [*].

Remark 8. The condition 7(p) < oo implies that r(t) could be a regularly
varying function or in general 7(t) = O(e’), 8 < p. Notice that it also covers the
homogeneous Poisson case 7(t) = ro because in this case 7(p) = r9/p. Hence it
will be interesting to consider the case, where r(t) ~ roe‘%, 0> p,ro > 0.

Remark 9. In Theorem 3, ['], the authors obtained only the convergence
of the characteristic function.
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Theorem 7. If r(t) ~ roe’,0 > p and ro > 0, then

Yi(t)
M;(t)

Xi(t) = —1,t =00, in Ly and a.s., i=1,2,...,d.
Remark 10. Notice that in Theorem 4, (ii) and (iii) of [**] the authors proved
a convergence in distribution to some constant which is in fact equivalent in this

case to the convergence in probability.
Theorem 8. Let r(t) ~ roe’,0 > p,rg > 0, and for j =1,2,...,d

Uj(t) = [Y;(t) = M;(0)]/4/ Cj5(1),  Ut) = (Ui (1), U2(t), - .., Ua(t))-

(1) If p < 0 < 2p, then tli)rn U(t) = U = (Uy,Us,...,Uy) in distribution,
where Uy = Us = --- = Uy a.s. and Uy has N(0,1) distribution.

(ii) If 0 > 2p, then U(t) as t — oo has a limiting multidimensional normal
distribution N(0,3(0)), where 3X(0)= ||or(0)|| is the covariance matriz with ele-

ments &kl(e) = Ckl(g)/ Ckk(H)C”(G), fO?” k 7& l, and 5kkz(0) =1 —i—Ak(G)/Ckk(G),
k,l=1,2,...,d.

Remark 11. Theorem 7 can be interpreted as an analogue of a Strong LLN
and Theorem 8 as a CLT.

5. Concluding remarks. The results presented in this paper complete the
study of the asymptotic behaviour of multitype Markov branching processes in
the subcritical, critical and supercritical cases. The investigation of the multitype
age-dependent processes is an open problem. It could be done as in the single
type case for Sevastyanov age-dependent model (see [172°)).

Acknowledgements. The authors would like to thank to the referee for the
useful remarks.
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