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Abstract

Significant progress has recently been made in the field of polyatomic gases, in

particular by Professors T Ruggeri, M Sugiyama and collaborators. But so far it

Article Info has not yet been seen how they interact with an electromagnetic field. This is

realized in the present paper. As a first step, we consider here the case when the

Volume 1, Issue 1, October 2021 gas is described only by the Euler Equations and the electromagnetic field by
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this way the whole set of equations becomes a symmetric hyperbolic system as
usual in Extended Thermodynamics. One of the results is a restriction on the law
connecting the magnetic field in the empty space and the electric field in materials
to the electromotive force and its dual: they are the gradients of a scalar function.
Obviously, two Maxwell’s equations are not evolutive (The Gauss magnetic and
electric laws).
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1. Introduction

In this article, we try to put together the new knowledges available from Extended Thermodynamics (ET)
(Born and Infeld, 1934; Donato and Ruggeri, 1972; Liu and M"uller, 1972; Ruggeri, 1973; Liu and M uller,
1983; Amendt and Weitzner, 1985; Liuetal., 1986; Anile and Pennisi, 1991; Carrisi, 2011; Boillat etal., 1994;
M-uller and Ruggeri, 1998; Gibbons and Herdeiro, 2001; Boillat and Ruggeri, 2004; Carrisi et al., 2004; Carrisi,
2013; Carrisi et al., 2014; Carrisi and Pennisi, 2014; Carrisi et al., 2015) (concerning field field equations that
meet the hyperbolic requirement) and extensive literature on Maxwell’s equations in matter. So far inthe ET
models, such equations contain the influence of the electromagnetic field only through Lorentz ’s force (see,
Amendt and Weitzner, 1985; Anile and Pennisi, 1991; Carrisi, 2011); likewise, in the articles on Maxwell’s
equations in matter, the latter are not coupled with the equations for matter and even less with those for
polyatomic gases. Since there is to be expected that they affect each other, it is natural that they should be
modeled with a single set of equations. It is also expected that, in the absence of an electromagnetic field, this
set of equations must coincide with those already known of ET and that, in the absence of equations for the
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matter of ET, such equation set must coincide or contain as particular cases the known knowledge about
Maxwell’s equations in matter. This result is achieved in this article. Indeed, here we consider only the 5
moments model as ET component equations, but the extension to the case of several moments will be
straightforward because almost all models in ET take as the benchmark of equilibrium just that with5 moments.

The articles (see, Born and Infeld, 1934; Donato and Ruggeri, 1972; Ruggeri, 1973; Boillat et al., 1994;
Gibbond and Heedeiro, 2001; Boillat and Ruggeri, 2004) deserve a particular attention, so in Section 5 we will
analyze the model presented here in the light of the knowledges presented in those articles. Let’s now cite other
articles from which we moved. To this regard we like to cite (Liu and Muller, 1972) where a very complicated
theory was presented for magnetizable and polarizable fluids; for example, two new equations were presented
for the magnetization and for the polarization. We will see here that this is not necessary because those
equations are consequences of the remaining ones. But at that time Extended Thermodynamics was not fully
established as today, so we have now more opportunities to take advantage of the new knowledge.

In (Carrisietal., 2004) we find an attempt to improve (Liu and Muller, 1972), by using an extended set of
independent variables and of corresponding equations as usual in Extended Thermodynamics; but many ad
hoc hypothesis were introduced and the results were not fully satisfactory. In (Strumia, 1992) this problems
were considered but without using the whole set of Maxwell’s equations and without considering them jointly
with the field equations for the material because only a particular result was searched.

Onthe other hand, Maxwell’s equations in the empty space are easier; so they have fully investigated from
the present point of view as in Pennisi (1996) and Arimaetal. (2012). The goal of the present article is to find the
corresponding results for Maxwell’s equations coupled with those of the material. To this end, we take advantage
of the new knowledges appeared recently in literature for polyatomic gases such as, Pavi'cetal. (2013), Arima
etal. (2012 and 2014), Carrisi etal. (2015), Ruggeri and Sugiyama (2015), Carrisi (2015), Carrisi and Pennisi
(2016), Carrisi etal. (2016, 2017, 2019, 2020, 2021); Pennisi and Ruggeri (2017, 2020); Pennisi (2021); Ruggeri
and Sugiyama (2021) but, as first step, we consider only the Euler equations for describing the contribute of the
material. So the whole set of field equations here considered is

0,F +6,F* =0 (Mass Conservation) 0

0,F'+8,F =—q&' (Momentum Conservation)
0,G" +6,G" =—2q €' v; (Energy Conservation)
0,9+ 0, j, =0 (Charge Conservation)

o,B" + ak(— Y E; ): 0 (Faraday’s Conservation)
8,D' +ak(ek‘i Hj):—ji (Ampere-Maxwell’s Law)
0,B¥ =0 (Gauss Magenetic law)

8,D" =q (Gauss Electric Law)

Here the independent variables are the mass density F, the momentum density F', the energy density G', the
magnetic field in the empty space B' (or magnetic induction), the electric field in materials D' (or electric
induction) and the free charge density q.

The other quantities are constitutive functions of the independent variables; they are the flux of mass F*, the
momentum flux F4, the energy flux G, the free electric current j', the electric field in the empty space E'and the
magnetic field in materials H'. Moreover, € is the Levi-Civita symbol. The right hand sides of (1), , are due to
the presence of the Lorentz force, with

e o)

Obviously, Equation (1), is a consequence of (1), but we prefer to retain it for the following reason:
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The derivative with respect to x, of (1), is 9, (9 B‘) =0 so that it will suffice to impose Equation (1), onthe
initial manifold and, as a consequence, it will be satisfied also outside it. Similarly, the derivative with respect

to x, of (1), gives o, (9 D' - q) =0 which is now a consequence of Equation (1), so that it will suffice to impose
Equation (1), on the initial manifold.

There is no need to introduce an equation for the polarization P' and the magnetization M' because they are
already expressed in terms of the above independent variables through the definitions

P'=D'-€"E;,M'=(u")"B; - H' ()
with €/ and 4/ invertible matrices.

Similarly, we can define the total charge density q, and the total current density j} from

09 E;)=aT, —a,[e" €, )+ o[ (u B, |- it 3)
After that, from Equations (2) it follows

OP +0[E9M )= -
~0,P* =qT —q

and these are not new balance equations but simply the definitions of the non free charge density qT —gand

of the non free electric current J} - ji . In the case without polarization and magnetization all the charges and
all the currents are free. Moreover, from P' =0, M' =0 and from Equations (2) we deduce

D'=e"E;, H'=(u")"B, (4)

and the Maxwell’s equations (1), , become

0,B' +6k(_ kil Ej): 0, ﬁt(eij Ej)+6k|:€kij (#—1)13 Ba:| __j

08 =0,  0,(¢“E,)=q

These are called the Maxwell’s equations in homogeneous and isotropic media. Now we see the meaning
of the definition (3) compared with Equations (1), ,: g, and j, are the charge and the current density we would
have if the media was homogeneous and isotropic.

If €'= €67, 1= u 6" with € (electric permittivity) and 4, (magnetic permeability) constants, the Maxwell’s
equations become
1 L il
ak(elkj B; )= L

€o Ho =)

0B +0, (- E)=0,  o(E")-

Moreover, Maxwell discovered, by using the values of € and p, known from experiments in the empty
1
space, that the quantity in the empty space is exactly equal to the speed of light ¢. In this case the above
VEo Ko

1

equations become the Maxwell’s equations inempty space. Inthe more general case, [ , o Uy can be considered

as the speed of light in the material (Obviously, it is less than ¢). From these considerations it is evident that the
above Equations (1) are the most general and we can study them.
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In Section 2 we will impose on Equations (1), , the relativity principle and the existence of a supplementary
conservation law. One of the results is a restriction on the law connecting the magnetic field in the empty

space and the electric field in materials to the electromotive force ¢ and its dual x We will find that a scalar
function p’ existssuch that g and  are derivatives of p’ with respect to two lagrange multipliers related
with z and x.

More precisely, since Equations (1), , are evolutive constraints, we will apply to the present system the
methodology already known in literature for this case, such as, Strumia (1988), Boillat (1994), Pennisi (1997).
In Section 3, by using the methodology of Ruggeri and Strumia (1981) and Ruggeri (1989), this will transform
our system in the symmetric hyperbolic form with all its consequent good mathematical and physical properties.

In Section 4 we will study the wave equations for our field equations, and in Section 5 we will compare our
results with others already known in literature.

2. Existence of a Supplementary Conservation Law
First of all, it is useful to perform the following change of variables from (E', H) to (€', X'):

_e=E'+([rB), X'=H'+{~D) (5)

because — €' is proportional to the Lorentz force and can be called the electromotive force; consequently, it

doesn’t depend on the observer. For this reason it is preferable to take €' as variable instead of E'. This fact

justifies the choice (5),. As a matter of parallelism it is preferable to take Xi=—H+ (VAB)i as variable instead
of H'and this justifies the choice (5),. Moreover, we know that, under a transformation from a reference frame
to another one, moving with respect to the previous one of a translational motion with velocity v,B' and D'

transform as pseudo-vectors (that is, as vectors but only under the orthonormal transformations which preserve
the orientation). Regarding F, F', G" and the fluxes F¢, G¥' we use the decomposition in Arimaet al. (2012), that is

F = F , Fi: Fvi , GII — FV2 + mll , Fki — kavi +Mki , lel — FVZVk + 2 VpMkp + mllvk + mkll,
where F, m", MY and m“' don’t depend on the velocity.

Now we are ready to introduce the supplementary conservation law which must old for all the solutions of
the field equations and it is

oh+o,hk=c

Without the presence of the electromagnetic field and the further condition & > 0, this is the entropy
principle; in the presence of the electromagnetic field we don’ t demand a physical meaning of this condition,
except for the fact that it leads to a symmetric hyperbolic system. By using Liu’s theorem (Liu, 1972), it is

equivalent to assume the existence of Lagrange multipliers, 4, 4,, 9, 1, v, such that
dh = pdF + A,dF' + 4,dG" +9dq+ p,dB' + v,dD' (6)
dh* = pdF* + 4,dFN + 2,dG"" + 9 — 1, € dE; +v; € dH; +ydB" + ndD*

where the scalar functions ¥ and 77 are present to take into account the evolutive constraints (1), ,. Now
Equation (6), inthe independent variables F, v, E, B', D' and by assuming that h doesn’t depend on V', gives

o= VP 2 = =200V, = am H=—, (7)

oh oh oh

U= Vo= ——
oq T T oD,
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Since hisa scalar function not depending on v/, so we may deduce thatalso z, A, 9, and v,don’t depend
onv.

oln* — hvk

Py =0 \we obtain

Similarly, by imposing that

OZﬁFé‘ik_'_/l”(ZMKi +mII5ik) h5|k+381 i, |<rs£+vr ekrs%
oV, ov ov,

i i i
By substituting here E_ and H_ from (5), this relation becomes

0=Fs* + 2, 2M¥ + m's™)- h6"‘+92{/ 14,8 —V'D* + (1, B" +v,D" J5*

i

where we have used the identity €, = 251 51 = 25['i‘ 8, This result shows that 8VL does not depend
i
onv, and it seems obviuos to take j* = qv¥. So the last relation, by using (7), becomes
0= F@erll@_h”Jrq@h v, N oh  or oh sk +26_h”Mik_yin_vka @)
oF om aq 0B, oD, om

which can be used to deduce M*. After that, (6), , imply that

8(hk —hvk) om"! wi O € ki OX; "
=X vu el —L oy MLy 5",
aBi (Il aBi Hy aBi r aB (l// v )
6(hk—th) om“! wj 9€i w X ik
= + 1 -v, el —+lp-v,v')s'
oD, "o, S b, 'S @D r-vev')

i
where we have used (7),, (5) and the above mentioned identity. Since these expressions must not depend on the

velocity, it follows that y = g, v", n =v,v' except for additional terms not depending on v, which we assume,
for the sake of simplicity, to be zero. As a consequence of these results, we see that (6), becomes ¢ =0.
Aiming to obtain a symmetric system according to the ideas of [49], we introduce now the 4-potentials

h' =—h+uF + 4F +2,G" + 99+ 14B' +v;D',

W =—h"+ 1 + 4F + G + 9 — 1 €Y E; +v; € H; +yB* +nD" (9)

In this way Equations (6), , become

dh’'=Fdu + F'dA, + G"dA4, + qd 9+ B'dy; + D'dv,,

dh™* = F¥du+ Fd4, +GMdA, + j*d9— €Y Ejdu;+ " H;dy, + B“dy + D*dn (10)

. M‘

By using (7), , we see that h depends on p.and 4, only by means of # = A4~ ~—. By using (9),, we see thatalso
h has this property and (10), becomes

dh' = Fda+m"da, +qd 9+ B'dy; + D'dy, (11)

From Equations (10),and (11) we obtain also

k - - - - .
d(h'k + h'/l_J = (h'ék' +22, MM —BK ' DXy )d(%}+ mda,
1 1
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+ ekijej du;— e X jdv; = milda, + ekijej du;— € X idv; (12)
where we have used also y = y,v", n=v,v" and Equations (5), (7), (8). In particular, this last one becomes
h's¥ +224,M¥ - B4 —D*V! =0 (13)

which defines M¥,

“ 2K
rk rk ' N
So, up to now, we have found p’ and h"™ =h"+h E which depends on the scalars u, 4,9 and onthe
|

vectors y;,v; . For the Representation Theorems (Pennisi and Trovato, 1989; and Pennisi, 1998), we have then

hk = hlyk + h2Vk +hy ek JTRYA (14)

and h, h. are functions of /i, 2, 9, Yy, = g 1', Yoo = iV, Yoo = v;v'. After that, Equation (12) becomes

mK! =%‘uk +%Vk +%ekrs Vs,
61" ai|| ai||

Ekij€j=h15ki+‘uk 2 ahl lui+ 6h1 Vi +Vk ) 6h2 lui+ 6h2 Vi
oYy N1z AT N1z

(15)
ohy i, ohy
N

+ ek yrvs(Z VIJ+ hy €k v,

ki X, —h,5¥ +yk( ohy 442 ohy Vi}rvk(&yi +2&ViJ
Nip Yz Nip N

ohy ohy :
krs 3 i 3 i kri
+ e V| —— +2 v |+hy e
Hy s(ale H Yy J 3 Hy

In the reference frame with 4' =(u', 0, 0), v; =(v*,v2, 0), the components 33 of (15), , give h, =0, h,=0.

oh, oh, oh,

The components 23 and 13 of their symmetric parts give By =0, Now 0, By =0. Then h, depends only
12 22 11

on A, (From Equation (12) it cannot depend on the other scalars). So Equation (15) now simplifies in

oh

kil 3 _k

m =M€rs HeVs s €j=hgvj X =hu; (16)
This result gives physical meaning to the Lagrange multipliers v and K they are parallel to € and X; they

can be also equal to them ifh, = 1.

We see also that, from (11) it follows:

_ah mu_ﬂ —ah Bi—ah Dizﬂ (17)

F__Aa - 1q__1 -~
ou oA 09 ou; ov;

The last two of these show the only restriction given by the existence of a supplementary conservation law:
The functions relating B'and D'to 4 and v, are not arbitrary but gradients of a scalar function n’ with respect
to 1 and v. Moreover, the material objectivity principle is satisfied.

The final result for pkis

' !_ﬂ“k r
hkzhﬁms(lu)eksﬂrvs (18)
[
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Coming back to Equations (10) we may rewrite them using the compact notation 1, to denote all the
Lagrange multipliers; so we obtain

! !k
FA ah ah FkA"er al// "er 677 ’ (19)
6/1A 6/1A OAp OAp
' ) i ' r ' ' ) ' '
ie. F =i, El = ah A LG = ah A +ﬂ, q:ﬂ, B! =ﬂ D' = ah (20)
e Qu aH 22«" a,u 4(2,") 62«" 619 dul aVi
’ k . ' K qi ' . i i
k ah i Fklzii—iz_h_é‘k'_;_Bk‘u__FDkv_,
Qu 22«" a,u 4(2," ) 22," 22«" 22«"
GHl _gh -2 h 2 GRS v, — B A _ DK v A
- r’s !
22 2(A4y)? 6&,, 4)? 2(A4y)?
i =q—_/lk _evig gt —2 L s(A) €™ vy, €9 H; =2D" 2,y () € p
22 ‘ 22 ! ‘ 24y o >
where we have used
~ LA A -2 v -
u=p- 4/1u W=y 2 1 r_2/1,,
We note that (20),, ,,, thanks to (5), confirm the above defined (16), .
3. The Hyperbolicity Requirement
Let us use Equations (19) to obtain F* and F*; after that, we see that the field Equations (1), . become
211 211k 2 2
o g + 0" gk OV _pk 9 |55 - a"’aBk a”aDk_p
O0ApOg O0ApOAg O0ApOAg O0ApOAg OAn OAn
. . o ov. . n
If we add to this Equation (1), multiplied by EY) and (1), multiplied by TR it becomes
A A
211 2k 2 2
o dAg + Oh gk OV _pk_ 0 =pA +q— 1)
O0ApOg O0ApOAg O0ApOAg aan/IB OAn

Because the matrixes coefficients of 0,15 and 0, Az are symmetrix with respect to the multi-index A, B, for
o,h’
the hyperbolicity of the system (21) it suffices that the matrix 02 pOhg is negative defined (Boillat and Ruggeri,

1997; Muller and Ruggeri, 1998), i.e., that h’ isa concave function of the variables 1, . In other words, we add
to Equations (1), ;a linear combination of (1), ; and, after that, we leave out (1), ;; this can be done because they

are now consequences of (21). In fact, by writing this new set explicitly, it reads

oF+o,F =0 (22)
i -
0F+0, Fk——a Bk—v—ak ke qgY+qef,
r r r
2,G" +0,G" + A -0 B  + AV -0, D¥ = et ~q-2q €' i
2(4) 2(2r) 2(4) 2
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0,0+0)5 =0,

. . Al
o,B +0, (- E)-L-6,B=0,
t k( ]) Zl" k

i
o,D' +0,(e H.)--=—-6,D* =0,
t k( ]) 21" k

where we have used ji Y 554 Now, the derivatives with respect to x, of (22), are
1

k ﬂ' Kk A
0,(0,B")+0, {21" (B )} 0, 0,(0,D—q)+0, {21..

(6,0¥ —q)} (23)
The first one of these equations is obtained with the following passages:

. A pl
0.(0,B")=0, € 8,E; +Z—0,B" |=0,| =—6,B
t( k ) |(e k=j 21“ k J |:21" :|

where in the first passage we have substituted o, B' from (22), and in the second passage we have used the

identity o, E; =0. Similarly, we have

) A
0,(0,D* —q) = o, —k"6H+—6Dk —Zq- kK=o, 0, DX —
(O q) ( € 2 2A"q JJ Ok} 2/1,,( q)

where in the first passage we have substituted o, D' from (22),and 6,q from (22), while in the second passage

N g A
we have used the identity ekl OiH j =0. Moreover, we have used again i'= 2_/l"q' The result (23) shows that

it suffices to impose (1), , only in the initial manifold and, after that, they will be satisfied also outside of it as

aconequence of (22), ; for this reason they can be left out of our field equations.
3-6

It remains now to investigate the concavity of the function p’ and this will be the argument of the next
subsection.

3.1. Onthe Concavity of p’

azh! -
Let us see under what conditions the quadratic from Q= W&A&B is negative defined. Now we have
AY7VA

Q=4 an S+ Vv?)+5 mv 5(-24,v')+6 ﬂ+ﬂv2 My
on ou o

i O
+5(ah j&9+5 on’ O U +6| — o’ ov;
09 ou; ov;

After some calculations, it becomes Q = -2, Fév;sv' +Q, with

Q=55 a+s( M |62, + 5(6h Jag w8l M s vs] ] s
Qu 62«" 089 Qul 6Vi
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So Q is negative defined if and only if Q, is negative defined. By expliciting its expression, we have

i h' o oh' _
Su'su +2 Sv'év. +2 Su'dv;+Q, with

oYy HoM 22 von oY1, #Oovi*Qs (24)

2t 241 21 21 ) 21

Q- L 2 +2- 0 562y +2-2 5 159+ 4-C1 6 ('S ) + 2=

on’® d102y 01109 on oY, oYy,

S a(v's ;)

211 . i 211 62 aZh!
5,”(,”‘5Vi)+4 ) ( I5V )+ (52«") 52«"619
0h Y, 000V, o2 2o 09

21 ) 24 . 2 .
w400 g s )+ 2T 52, (8 )+ 225 2y (ulvy)
O Yy, O O O Ol

24 24 24 ) 24
+4L5/1" (v ov; )+2ﬂ(59)2 4——— oh 59(y'5ui)+2£69(vi6yi)
Oy Y5, 09 090Y; 0390Y;,

20 ) 24 ) 24
59(u'sv;)+4 S9(V'ov,)+4

2 - -5 i 2
090Yy, 090, vz Lo k)

2 O Y ) A ) 6 100) B (a8 iy 5
0Y1; 0Yq, Hio H 0Y1;0Yq, Fio BIVIO B Y11 0¥y, SN

o "2 o%h _ - o%h' i i
+ (:6v') +2 (;6v (Vi )+ 4———(u:i5v")(ViV!)
aYyp)? oY) : Y1, 0¥y :

62 r aZh! . . 2 r
——— (vis ')+ b———(viov')(vio ')+ 4
6(Y12) Y15 0¥, o(Yz,)

= (viov')?

We evaluate now the coefficients of the differentials in the reference frame where g and y have the

components i =(u, 0, 0), V =(v,v,, 0); the terms containing u; or &v, are

8h’ h' 2 oh'
o) o +2
( 3) (0vs) oY

Y (0 uz) (6v3)
11 22 12

So we may deduce that Q, can be negative definite only if the following matrix is definite negative

oh' o
on o (25)

Regarding the concavity requirement for all the function ', we can resume what follows:
1. Anecessary and sufficient condition for the concavity of all the function p' is that the matrix (25) is negative
defined and also the quadratic form Q, is definite negative.

2. The matrix (25) must be negative definite; this is a necessary condition in order to have that Q. is negative
definite.

3. Asufficient condition ensuring that Q is negative definite is that the matrix (25) is negative definite and p’

isa non convex function of 11, 4, 9, Yi1, Y15, Yo,.
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In fact, the expression Q, is sum of

oh' ; oh' ; oh'
5,ui5,u'+2 5Vi5\/|+2
11 aY22 12

2 51 5V (26)

(whichis negative defined in our hypothesis) and of Q,. If we evaluate the coefficients of its differentials in
the above reference frame where /i and y have the components i = (u;, 0, 0), V =(v,v,, 0), we see that its
expression is equivalent to the following one

Q, =5(Z—h}s;} +5(§: J&u +0 (%}39 +5 (;\:‘ Jévn +5(aih Jéle +5(aih Jévzz

H u 11 12 22

In our hypothesis their sum is not positive; if it is zero, then both the quadratic forms are zero. The first one
of these will imply &y, =0, Sv' =0.By subtituting this result in the second one, we obtain
Su=0,84 =0,89=0.

It is important to remark this aspect because, in the case of an homogeneous and isotropic
media with constant electric permittivity and magnetic permeability, we have that

oh' onh' oh’
Ol o | M +6| —— | M2 +6| ——— |2 isnot negative definite but it is identically zero; but our condition
oYy, Yy, Yy,

is satisfied also in this case because ' is concave function of z, 4;, 3 and because (26) is negative defined. To
explicitate better this particular case, we treat it in the folowing subsection.

3.2. The Particular Case of an Homogeneous and Isotropic Media

In this case we have

E-1D H =18 27)
€o )
By substituting these E'and H'in (5) and by using (17), ;, we find
g = iﬂ+giat’va ﬂ X = _iﬂ+gi3bva oh"
€0 OV O Ho O vy

By using (16), , these expressions become

1oh . N LA, o

ut =
&y 0V Oty Ho O " ovy (28)

The dependence of these equations on the velocity v, shows that Equations (27) hold only in the reference
frame comoving with the fluid. So Equations (28) must be replaced with their values inv, =0, i.e.,

_hvi_ia_w #i__ia_w
’ g9 OV; ; Ho O

from which it follows:

, 1 i i - 1 N
h'= —Ehs('?ovivI + o ')+ * (i, 2y, 8) = Y h3(eoYas + o Y11)+h* (1, A4y, 9) (29)

After that, Equations (17),, give B' = —u h.u', D' =—g,h,v'; for Equations (16), . these expressions become
45 Hoz 0'13 23

B' = —upX ', D' =—g,¢', i.e., for Equations (5), B' =#0[Hi —(\7’\5)} Di:ﬁo[Ei +(‘7A'§)I]
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So we have found

LB5-v7B, H=—8+vnD 30)
€o Ho

E:

which generalize Equations (27) to any reference frame and coincide with them in the reference frame
comoving with the fluid.

By using (29), we see that the matrix (25) becomes

(—hsﬂo 0 j
0 —h3 1o

which is definite negative if h, > 0. In the particular case with h, =1, the quadratic form Q, considered
above, becomes

Q=-24F8V,6V' +6 on’ Si+6 oh 5/1,,+5(ah Jé&—hsyoéyiéyi—hsgoéviévi
Qu ai" 619

which is clearly negative defined.
4. Wave Equations for Maxwell’s Equations
let us consider the wave equations for the system (21) in the case
h'=h*(a, 2, 8)+hy(Yer) + hy (V2) (31)
Taking into account of (17) and of (7),, they are
oh *J oh*
+———n.

(-A+Vv.A)d (—A ndv=0
ou ou

(-2 +V.A)d (%Lv‘ J+%Lv‘ﬁ.dv— n‘d(mJ
i i

i * i
+ o (g.ﬁ)d(“—}—ahz (V.ﬁ)d(v—}o
oYy ) 0¥ Z

(-2 +\7.ﬁ)d(ahf Vi ah*}(ahf Vi ah*J A, dv -, d(—h +hy +hy \7}

ou o ou oz A
r r
+2 M (g.ﬁ)d(—” "fJ+2( on, J(Vi fi) d(v "fJ:o
oYy A Yy Z
* *
(—/1+\7.ﬁ)d(ah )+8h n.dv=0
09 ) 09
(-A+V.A)d| 2 ony i s p'h.d V-2 ony (@.f)dv' +n, € dv, =0
oYy, oYy, oYy,
(-A+Vv.A)d| 2 Ny il M ig g y_p e (v.f)dv' +n, € du, =0 (32)
aY22 22 aY22

Now we add to (32), the equation (32), multiplied by -V'; so it becomes



S. Pennisi / Int.J.Pure&App.Math.Res. 1(1) (2021) 1-20 Page 12 of 20

* ) ) * i i
(—A+v.ﬁ)id(v')—n'd(h +hy +hy J+ N gaydl 2 |+ M2 gmyal 2o (33)
op 22 oYy, A Y, A

Similarly, we add to (32), the Equation (32), multiplied by -v?and the Equation (33) multiplied by -2v'; so
it becomes

(—/l+\7.ﬁ)(ah J+ (ah _h7ehy +hy Jﬁ.d\?

62‘" 62‘" 2‘"
2O G B o e GV g o (34)
11 A‘ll aY22 1 '

We note that in the new system (32), , . . - (33) , (34), the velocity is present only through its differential dv'.
We note also that 1 is there present only through — 3 +v . ii so that we obtain wave velocities relative to the
normal component of the fluid velocity. Moreover, (32), ,, (33), (34) multiplied by -24,, (32),,can be written in

147 "

the compact form
2. * 21 % 2. *
(<A +7.)2 Ahz (a+00) 2 Cavvm-2h b 0 0
op ouo 9 oudly di 0
21 21 * 21 *
(-1 + v.ﬁ)a—hA (A+7) 2 (=2 +V.) b,y 0 0 | d9 0
0900 092 o
2. * 21 % 62 * dﬂ‘" 0
~A+V.A — (-A+VaA ~A+V.A byy 0 0 i
( Vo on ¢ Vomas P v jv J. g (35)
by byi b algl; ai{z alglg dsj 0
0 0 0 a{z a;z ags
0 0 0 aly ay al
with
oh* oh*
blj=—,\nj,b2j=—nj
on 09
* * . V .
by = (i— h*+h +hy Jnj 2 M G e G Vi
Oy Zar Ny TR P v
all, 274+ Vm) 251, all, = iy o M s
ofi Yy, Yy,
.. . . .. . 2 - -
als =2&n'vj -~ 2ﬁ(a.ﬁ)5“ ,ad, =(-2 +\7.ﬁ)(2ﬂ5" +4%;;'le
aY22 aY22 aYll 11
.. . .. . 2 - -
aj; =n, €, al, = (—/1+\7.ﬁ)(2 ahé 5" +46 h22 v'v'J
aY22 22

Itis here evident the symmetric form of the system, even if we are not using all the Lagrange multipliers as
variables.

We find immediately a first eigenvalue of the problem, i.e.,

* *

oh

In fact, for every solution of the equation E d fl+£d 3=0 different from zero, we have that

di,d 8,d2, =0, dv! =0, du’ =0, dv! =0 isaneigenvector of the problem corresponding to this eigenvalue
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ohy o%h , 0N i h1
(We note that, from (20), ; it follows dB'=2—L-du'+4—1 > H #Jd# and dD' = 2 dv'+4 'V dv’
oYy, Y1 6Y22 0 22

which are zero in the present case; so even if we have not imposed the constraints nkdBk =0, ndek =

corresponding to Equations (1), ., they came out from the other equations). This property holds also in absence

78’

of the electromagnetic field; it is true that in this case the variable d 9 isn’t present, but in this case we have also

oh™ h
3j =(62ﬂ _Tanj so that, for every solution of the system

oh dA{ah h

7 o Ay

JM"_O njdvl =
op

we have a solution of the system; since there are 3 free unknowns, we have that 1 =v.n isan eigenvalue
with multiplicity at least 3.

If 4 #v.n,the last two equations of the system (35), contracted with n, give
oh, dh, A

oh, 2h, (= = ; i
2 n; |+4=3(in)y; |du’ =0 2—=2n. +4 vy, |[dv!=0. :
( Ny, | i (# )#,J U and( N,y Y222 ) jJ ; so also in the general case,

even if we have not imposed the constraints nkdB" =0, ndek = 0 corresponding to Equations (1), ;, they came
out from the other equations.

To find the eigenvalues with 1 = V.n we can obtain dz,d 3,d4;, from the first 3 equations of the system

(35) and substitute them in the last 3 equations for the determination of A, dv’,du’,dv/.
To avoid too complicated expressions, we prefer to consider the particular case with 4.n=0, v.i =0 and
H H 1 1 i i i i
(29) withh,=1and &, i, constant. In this way we have h, = —Equn, h, = —EgoYzza B'=—puou,D =—¢gv .

We evaluate our equations in the reference frame with i =(1,0,0). Here zi.fi=0, V.ii =0 become x' =0, v} =0.

Coming back to the previous eigenvalue } = v ij, we see that in the present case the first 3 equations of the
system (35) are equivalent to d v* = 0, Equation (35), with i =2, 3 are identities, (35), is equivalent to dv* =0,
dv?=0and (35), is equivalent to du* =0, dz* = 0, while Equation (35), with i = 1 becomes

oh* N di Lon* g | ohr_hTehy +h, dA, =0
Qu 619 62«" 2«"

So we have only a scalar equation on the 7 unknowns dz,d 9,d4,, dv?,dv®,du’,dv. We conclude that
the eigenvalue , = v.;ii has multiplicity 6 in the present case.

Two other eigenvalues are

1 ~ 1

vVEoHo 7 . vVEoHo (36)

Infact, if du?, dyu® are linked only by

fi—eg(~A+VA)iV]d =0
0
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we see that d ji=0, d9=0,d4, =0, dv! =0, du’ =0, dv* =0, dv? = —ug(-A +V.i)du?,

. . = |80 eAs_8 .
dv?® = py(~A +V.A)du? isan eigenvector of the problem. Moreover, 4+ y—”’\"=0’ for the eigenvalue (36),
0

there is no constraint on du? and dg? so that it has at least multiplicity 2.

. i |0 EAS G . . . .
Similarly, if 4~ ]{u—”’\" =0, for the eigenvalue (36), there is no constraint on dyu® and dg® so that it has
0

at least multiplicity 2. The result (36) is very important because, as we have said in the introduction, experiments

1
lead to consider m as the speed of light in the material; here we have found that it is true except that it is

the relative velocity with respect to relative reference frame comoving with the fluid or, more precisely, with
respect to the material wave front. This fact shows the reasonableness in choosing h, = 1, otherwise this result
would not have been achieved.

To find other eigenvalues besides ) = v.i and (36), we note that (35), withi =2, 3 give dv>=0, dv®*=0and
(35),, Withi=1givedu' =0, dv' =0 (as expected). After that, (35), , withi=2, 3 become

— tou?dvt — g (~A+V.R)d p? +dv? =0,

— popPdvt — g (~A +V.A)d wd —dv? =0,

—govidvt — g (A +V.A)dvZ —du® =0,

—gqvidvt —go(-A+VA)dv: +du® =0 (37)

We use the first two of these equations to obtain dv?, dv? and substitute them in the other two equations from
which we obtain

A = [1—eouto (A + VR ] [ AV + g (<4 + V) ] eod V2,

4V =L sosto (~A+0.0)2 [ [AA i+ (-4 +V.) V]l V2, (38)

(The second one of these equations expresses (37), , modified by using (38),; we observe also that (38)
multiplied scalarly with i shows thatd du' =0, dv! =0 are contained in (38)). By substituting these results in
(35), ,and (35), with i =1, we obtain the system

oh*
o%h* o°h* Zh* 0 .
~2 ~ aA a—‘uu d,u 0
ol o009 ondNy —A+V.i
, , oh*
* * 2% e
0900 092 090 —A+ViA ~
oh* h*+h +h, -
82h* 82h* 82h* 81" )L" dﬂ‘ll 0 (39)
oAy oi  0dy 09 or (—A +V.0)
=24 (—A+V.M— g0 d 1 0
o2h* oh*  ah* hrah+h,  — 20NN +(A+V0) g () + 2] | LV
op 09 oy Y 1— &g pto (—A +V.07)?
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where we have divided the first 3 equations by (-1 + v.n) . To express the determinant of the matrix on the
left hand side, let us call A, the algebraic complements of the elements in its fourth coulumn; after that, this

determinant becomes (_/1+\7_ﬁ)—1 [1_gou0 (-2 +\7_ﬁ)‘2 Tl multiplied by the left hand side of the following

equation

- oo (—2 +V.7)? ]

* * * *
iAM +iA24 + Sh”_hiehyehy Az
ou 09 oy M

22 (- A+ VA L st (-2 + V)2 gy + 260119 A 1 (<24 V) Agg

_'gollo(—}v"'\a/-ﬁ)2 [No(ﬁ)z +50(\7)2]A44 =0 (40)

which is an equation to determine the last eigenvalues.

— €0 =no
We note that, if 4= a]fy— NV \ith a= + 1, the last two terms of (40) become
0

A=Vn+ which is a root also of the

2(e0 o (V) (- A +VA) Ay | — A +Vidi+
€olo

“T—— | whichis zero for
Eolo

. . - a .
other temrs of (40). Vice versa, if we calculate Equation (40) in l:v.n+\/_, it becomes
EoHo

Ay [_ 28,0 1o (V2#3 —V3#2)+#0(ﬂ2)2 “‘O(F‘s)z +'90(V2)2 +g°(vs)2}

. . . . L. . o2 _ |6 .3 3__ | 2 - E) = n
Since A,, is negative defined, this is possible only if # =2 y—" M= u—" e, if H=2a ”—n v,
0 0 0

So this is the only case in which (36) and (40) have a common root.

Finally, we observe now that the other eigenvalue 3 = v i isn’t a root of (40). To prove this fact, let us call
|| bij Il the matrix extracted from that on (39) by dropping out its last line and its last coulumn and let us call
IB; Il its adjoint matrix matrix, i.e., with B, the algebraic complement of b, ; moreover, let be X'defined by

_oh* oo _dh* L _oh* h*+h+hy

1
X on 29 _6_/1,, T.Then Equation (39) calculated in 3 = v /i becomes

7 o A

1,..
oh* oh* oh* h*+h, +h — T
O=EA14+ 3 A24+( —#J A, = 2 B; X'X!

h*
and this is impossibile because X' o F#0, the matrix|| b |l is negative definite and, as a

consequence, its adjoint || B, Il is positive definite.

So we have found that

. 1 . s
e If u= }g—oﬁ’\ﬁ , then the wave velocities are ), = v.f with multiplicity 6, A =v.n— with multiplicity
Ho VéoHo

2, A=Vv.n+

with multiplicity 1 and the other 3 eigenvalues of (40),

1
VéoHo
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e If u= fg—oﬁ"\? , then the wave velocitiesare 2 = v.ij with multiplicity 6, A = V.n+ with multiplicity
Ho

oo

- 1
2, A=vVin- \/— with multiplicity 1 and the other 3 eigenvalues of (40),
Eolo

- £y o n - . . o - 1 . o
e If izt |[~2iiNV , thenthe wave velocitiesare 1 = v.i with multiplicity 6, A = V.n+ with multiplicity
o VéokHo

1, and the other 4 eigenvalues of (40).

5. Comparison with Previous Notable Results in Literature

First of all we emphasize that in all the articles cited below the Maxwell Equations are not coupled with the
field equations for materials, so that the results obtained in the present article are more general and contain
them only as particular cases.

= The paper, Born and Infeld (1934) is very important but seems to belong to the context of general relativity
and of quantistic mechanics; moreover, it is connected to the string theory. One of its result is the Born-
Infeld Lagrangian and the upper bound E? <k, with k = const. > 0.

We avoid this framework because the field equations for materials must belong to the same context and
literature for them is present in a simpler framework. So the present work is partially less sophisticated
than this one for what regards the electromagnetic component of the field equations, even if it leaves out no
aspect of Bornand Infeld (1934); but our work is anyway more general because it contains also the component
of field equations for materials. For this reason it was necessary to reach acompromise between the two and
use the same notation for both sets of field equations. We also preferred leaving the notation at a level that
would allow practical applications more easily. It is not excluded that this work can be implemented in the
future to achieve the same level of refinement.

= InDonato and Ruggeri (1972) discontinuity equations are discussed but with Maxwell Equations without
current, free charge and without the field equations for materials. For this ground their results can be

compared only with the present ones calculated inddg =0, d4,;, =0, d9=0,dV =0, V=0.

After that we see that their closure is just a special case of the present with B=(H?)H and D= E where
is considered constant.

We note the condition (3’) which is assumed on page 289 of this article. We see now that it is a consequence
of the present concavity requirement. In fact, the present model gives that of Donato and Ruggeri (1972)

1 oF
when h' has the form h'= _EYZZ +F(Yy) and it follows #(H %)= Z—aY . Consequently, the requirement
11

for the matrix (25) to be positive definite becomes >0, u<0. But also (24) must be negative definite; in the
present case this condition becomes

2 L

2

(4 o°F H_H_+2i5ijJé‘Hié‘Hj — e 5E;6F;

oY
11 11

o%F oF , oF , ,
=4 H?2+2— |(sH 2 SH SH OE.O6E.
( 6Y121 + aYllJ( 1) + 5Y11 ( 2) +( 3) ]‘e iO=i

where in the second passages we have used the reference frame where H = (H,0,0) ; we see that it is
negative definite if and only if
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2
46|2:H2+2 oF <0 and F <o
v oYy oYy

and this is condition (3’) of Donato and Ruggeri (1972).

Also the speeds of propagation wave (14) and (15) of Donato and Ruggeri (1972) correspond to those found
here at the end of the previous section but in the particular case g;,=0.

= InRuggeri (1973) the sufficient conditions which make all discontinuity-wave propagation-speed real and
non vanishing are analyzed. The closure B = u(H?)H and D = ¢(E?)E is more general than that of the

previous article but less general than the present one. The Pignedoli’s conditions 4a) and 4d) on page 285
are compatible with the present concavity of p’; 4b) and 4c) are necessary and sufficient conditions for the
oh' _; oh

existence of p’ such that D' = E = . which has been found later in Boillat et al. (1994), we have
1 1

proved here that this property holds also in the presence of the field equations for the material. The only
difference now isthat p’ may depend also on mass density and energy density of the material, besides its
dependence on the electromagnetic tensor; moreover, the derivatives of ' with respect to E. and H. must be

replaced by derivatives of h’ with respect to ¢; and X..

In Ruggeri (1973), Equations (23) and (31), the wave velocities have been found under the particular
assumptionthat A~E isorthogonal to fi~ H. If we write the above wave equations in this hypothesis, we
see that it yields the same result.

= InBoillatetal. (1994) it is shown how to obtain hyperbolic systems compatible with an entropy, especially

when it consists of one scalar and one vectorial function. The Maxwell Equations are considered but

without charge-current densities. The generating vector is h' =cg'™ E;Hy and is said that one can take

¢ = 1, without restriction. By comparing them with (18) we see the same result but calculated in v=0. (The
constant c of this article corresponds to the constant h, of the present one). In section E) they use the

constitutive relations B = y(H?)H and D =e (E?)E which are an improvement of that in Donato and
Ruggeri (1972) but still a particular case of the present one.

The article Gibbons and Herdeiro (2001) has the same characteristics of Born and Infeld (1934). from which
it starts; for this reason our comments are the same. But in any case we appreciate that the Boillat metric and
the spacetime metric are used. In particular, the propagation of fluctuations in a non trivial background
field is described by means of two cones, one for the Einstein Geometry and the other one for the effective
geometry governed by the Boillat metric.

Exact stationary solutions are analyzed. Blons are considered, which are static finite energy solutions and
differ from solitons for the fact that have distributional sources and also singularities.

In Gibbons and Herdeiro (2001) Maxwell equations are used only as an application example of several
inequalities that have been obtained for the components of

o _ o 0L . : :
T%3=gq 5o 0“3 L, with £ a general Lagrangian function.

Moreover, wave velocities and characteristic shocks are studied with particular attention to the generalized
Born-Infeld Lagrangian. From the last two lines of page 3471 we note that g and g are taken as Lagrange

multipliers, while we have taken z and ¥ in this role because this choice preserves the material frame

objectivity; obviously, the two choices are possible if calculated in y = .
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Conclusion

Maxwvell’s equations in materials coupled with Euler equations for polyatomic gases have been here considered.
By imposing the existence of a supplementary conservation law, a scalar function p’ has been found such that
_on o

B' = 6_)(, oe; where —& =E+ VB is the electromotive forceand X = | +yAD its dual. In this way
all the set of field equations can be written in the symmetric hyperbolic form, by using the already known
literature on hyperbolic systems with evolutive constraints. Aim of a future research is to find the relativistic

counterpart of the present study.
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