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Abstract

In a recent article an infinite set of balance equations has been proposed to modelize polyatomic gases with rotational
and vibrational modes in the non-relativistic context. To obtain particular cases, it has been truncated to obtain a model
with 7 or 15 moments. Here the following objectives are pursued: 1) to obtain the relativistic counterpart of this model
which, at the non-relativistic limit, gives the same balance equations as in the known classical case; 2) to obtain the
previous result for the model with an arbitrary but fixed number of moments, 3) to obtain the closure of the resulting
relativistic model so that all the functions appearing in the balance equations are expressed in terms of the independent
variables. To achieve these goals, the following methods are used: 1) The Entropy Principle is imposed. As a result is
obtained that the closure is determined up to a single 4-vectorial function usually called 4-potential. 2) To determine this
last function, a more restrictive principle is imposed, namely the Maximum Entropy Principle (MEP). 3) Since all the
functions involved must be expressed in the covariant form, so as not to depend on the observer, the Representation
Theorems are used. Findings of this article are exactly the goals outlined earlier. They are clearly novelty because they
had never been achieved before. They can be considered also improvements because, if the aforementioned arbitrary
number of moments is restricted to 16, the present work coincide with that already known in literature.

Keywords: Moments Equations; Extended Thermodynamics; Non-equilibrium Thermodynamics..

1. Introduction

Based on Arima et al. (2018) [1] study (recently improved to describe also dense polyatomic gases in Arima et al.
(2020) [2]), the following balance equations have been introduced:

0, Fir-ir 4 g, Ftuir = pli-ir
0y FIIr 4 g ke — pliir (1)
B, Fa i 4 9 Ff i = phoin

Where r goes from 0 to +oo,
Pt = m [ [0 [T f§ - §r g pa) d 97 d 3 d€,
= m o 7 [0 f g g 2 p@R) p(1) d R d 7Y d E, @
i = m o 7 [0 f g g 2 p@R) p(1) d IR d 7Y d €.
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The definitions of FKi1ir, FVk il'“ir, FRkil'“iT are similar, with an extra factor ¥ inside the integrals. Moreover, they
have P = 0, P! = 0, P, + Pz + P! = 0 in order to ensure the conservation laws of mass, momentum and total energy.
After that, the truncated systems with 7 and 15 moments have been considered and fully investigated. The Equations
(1) 1 have been called the mass block, while (1) , 3 constitute the vibrational and rotational blocks respectively. In the
previous models for monoatomic gases, only the mass block (1) ; was considered (see for example Liu and Miiller
(1983) [3], Miiller, T. Ruggeri (1998) [4]). Its extension to the polyatomic gases began with Arima et al. (2012) [5] and
gave inspiration, as the previous one, to many other articles part of which are cited in Ruggeri and Sugiyama (2015)
[6]. In these articles, the two blocks of Equations (1) ; , were considered. The subsequent generalization [1], considers
all the three blocks of Equations (1) ;_3 by distinguishing the contribute of rotational and vibrational modes. The sum
of (1) 5, (1) 5 and of the trace of (1) ; can substitute (1) 3 and reads:

atH(l;r“ir + akH(I]cilmi-r zjél...ir ) (3)
With:

Hil”'ir — Fi1"'ir + FRil"'iT 4+ Fiairsz§

0 v lrg1lrez

H(’;il'"ir — Fv{(il”'ir + FRkil"'ir + Fki1~--i-,-+26

ivir _ phiie o phiie o pigeing
Gt = pptir p ptir 4 p )

irsairez ?
irs1irez
In the sequel we will use also the quantities;

gl — Hil"'irllll"'lq—llq—l gl _ Hki1"'irl1l1"'lq—1lq—1
p =

0 ’ q — o
i iqiplylylg—qlg—1 iyiplylylg—1lg—1
Hy =g 7 R R T )
I Kig-iplyly-lg_1lg—1 Kiq-iplylylg_1lg—1
Hq 1l FV q q + FR q q .

Obviously, from Equations (3) and (1) , 3 it follows:

—iy iy

OHS T+ O H T =P, 0 T + 9 Hy T = Pl (5)

~ - . —iy o
With obvious meaning of P YT and Pl

Here we propose to find the relativistic counterpart of (1); since this non relativistic approach started from the
classical Boltzman-Chernikov equation, we do the same starting from the generalized relativistic Boltzman-Chernikov
equation;

p*d.af=0Q,

where f is the distribution function. By multipying it by polynomials p in the 4-momentum p%, by a function f; of
the rotational energy IR, by a function f, of the vibrational energy 7%, by the product of their measures ¢ (%) p(3V)
and integrating in d 7R d 7V d P, one obtains a field equations. So the problem is now how to determine these
quantities p, f; and f, such that the resulting relativistic field equations have (1) as non reltivistic limit. We have found
the result expressed by the following set of balance equations as relativistic counterpart of (1) truncated in a convenient
way in terms of an arbitrary but fixed integer non negative number S:

Do ATOX O = [Taar g AT = s (6)
Withr=0,:-,S+2,s =0, ,S and where;

e T N N R S C

g + 00 (+ o 29" p
Py fpep® - p® = pIM) Y(IV)d I d IV d P,

ms—1

rd
m c?

)¢>(7R) WwI"YdIRd 7" d P,
(7)

andJ = JR 4+ 7V,

Despite the appearances, in the system (6) there is a complete symmetry between the rotational and vibrational
modes. In fact, forr = 0,--- ,S we can add to each equation of (6) ; the trace of that with r + 2 instead of r multiplied
by — ¢~?; after that, we sum the corresponding equation in (6) , so obtaining;

’

aay - Qr _ g1 Qp : Ay _ _jaq-ar —2791 " Ar+2 _ J21ar
0 Ag = I , with I =-I + ¢l I,

g“r+1ar+2

And AZ"*7" defined as (7) , with R instead of V except that in ¢(I%) 1(7"). This is a consequence of the property
p*pe = m?c?. It follows that the system (6) can be written also as;

aqyQp _ gpQy aaqyar _ gy , _
D A% = [2TT 9, AL =977 with r=0,-,S,

aaqa — Jaa aaqa — JaQ
aaA 177aS+1 = %1 S+1’ aaA 177aS+2 = JA1AS+2 |

)
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We note that, from the definition (7) , it follows that the trace conditions hold;

aayar — 2 JX01 A2 aqy-ar — 2 fAA1 A2
AR Garqar = AR o AT oy e, = Ay : )

In the next section we will find the non relativistic limit of Equations (6) and the resulting field equations are
reported in the subsequent Equations (10). By comparing them with the above Equations (1), the following facts
become evident:

* The mass block (1) ; has to be considered for 0 < r < § + 2.

* The vibrational and rotational blocks appear for 0 < r < S; also the subsequent orders S + 1, S + 2, ---, 2§ have to be
considered (here "order" of a tensor is the number of its indexes) but only by means of their traces and this is
according to the law: "If r is the number of its free indexes, then S — r traces have to be taken, for0 <r < S —1".

* A number of traces, less than S — r, have also to be considered but only by means of the sum of the tensors in the
rotational and that in the vibrational mode. In fact, from (10) ; we see that ¢ < § — r and consequently, from (13)
we see that the number of traces there occurringis g —1 < S —r — 1.

* Equations involving terms of the mass block (1) ; of order S + 3, S + 4, -+, 2S5 + 4 have to be considered but only
by means of the sum of them and that belonging to the rotational and vibrational blocks. In fact, from (4) ; and

(3) ; we see that H;l"'ir involves the tensor of the mass block of order 2q + r; from (10) , we see that H;1-~i5_q+2
involves a tensor of order S + g + 2 and we see also that S+3 < S+ q + 2 < 25 + 4. However, this tensor

appears only after having taken its trace g times.

We note that the model introduced in Pennisi and Ruggeri (2020) [7] is a particular case of the present one; in fact,
with the theory of subsystems developed in Boillat and Ruggeri (1997) [8], by dropping out (6) ,, what remains gives
the model of Pennisi and Ruggeri (2020) [7] were there was considered no distinction between the rotational and
vibrational modes. Moreover, the present model has been tested in the simpler case S = 0 and the results have been
published in [9]; this correspondence will be verified in Sect. 3. So also the model in Carrisi and Pennisi (2019) [9] is a
subsystem of the present one when S = 0.

In section 5 we will find the closure of the new field Equations (6). It is expressed by the Equations (33) jointly
with (23) reported below in that section. In this way the first parts of the following flowchart have been described. In
particular, in this introduction its first step was obtained, i.e., the field Equations (6) as relativistic counterpart of the
classical model (1) proposed in Pennisi and Ruggeri (2017) [11]. Flowchart of the research methodology is presented
by Figure 1.

The non relativistic limit
of Egs. (6).
- Section 2.

D
N

he 16 relativistic
moments model as a
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model with an arbitrary
number of moments:

Egs. (6).

subsystem of the present
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- Section 5.
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model with 7 moments:
Egs. (16). - Section 4.
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result already known in
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literature. - Section 4.

Figure 1. Flowchart of the research methodology
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2. The Non-relativistic Limit

We prove now that the non relativistic limit of Equations (6) leads to the following hierarchy of balance equations for
the classical case:

0 F i 4 9y FFair = pir - for 0<r<S+2, (10)

O F T 4+ 0 R = i
, for 0<r<sS,
O F T 4 O Fy T = pihr

i1iplyly o ls—rls— kiq-iplyly - lsg—yls— iql
athl rit1tl SrSr+akFV1 rtitl SrServl r'

’01 0<T<S—1,
i iplyly o ls—rls— kiq-iplyly - ls—rls— iq-
atpl ri1t1 o lS—riS—r 0. F 17 rita SrSr_Ql r’

B HI IS g g s e g g < g <542,

6t ~;1"'lr 6k ~";ll"'lr j;l"'lr ) fOT
0<r<S-—gq,

With Hél"'ir and ﬁ;lmir defined below in Equations (12) and (13).

This result have already been described at the end of the previous section. So there remains here to prove it. Thanks
to the trace condition (9) , and to (6) ,, we see that we can applicate the results of Borghero et al. (2005) [10]. We have
only to observe that in this article there are 2 arbitrary numbers M < N. We observe also that the free indexes
appearing in Equation (1) of Borghero et al. (2005) [10] starts from a, instead of @, as in the present article. So by
comparing these equations with the present (6) ,, we see that N = S + 1, M = S. After that, we can use Equation (2) of
Borghero et al. (2005) [10] and see that the non relativistic limit of the present Equation (6) , gives the above reported
Equations (10) , 4. Let us consider now the present Equation (6) 1; there isn’t a trace condition on it, so that we cannot
apply the results of Borghero et al. (2005) [10]. But we can apply those in Equation (11) of Pennisi and Ruggeri (2020)
[7] and have that its non relativistic limit is:

o S 0<qg<S+2,
OHS T+ O HS T = 1T, for (11)
0<r<S-q+2,

Hél...ir =m fle f0+oo f0+00 fC fil "‘fir Ez(q—l) (EZ + ZQ%) ¢(7R) l/J(:]V) d :]R d :]V d g'

o (12)
el +00 400 : : _ 7 2
He ™ =m fog [ 7 £ gkeh gt 200 (82 4 292 ) (M) p(7V) d TR d TV d§ .
We now further elaborate these last Equations (11) and (12).
1<q=<S$S+2, o
First Step: For { we substitute H;' ™" with;
0<r<S—-q+1,
H™ = Hg ™ — Htlll—..l.LT+26ir+1ir+2 = (13)

q q
+00 ~+o00 ) ) 27 R
= Cglr..glr g2@-D - 4(9gR T"VAdIRdTV dE.
m [ [ reenegreen SR oanuan ¢

We can do this because both (r,q) and (r + 2,q — 1) satisfy the condition (11) ,. Of course, we do this starting
from the highest value of q (i.e. S + 2) to go down to g = 1.

1<g=<S$S+2,
So, now the equations are (10) 54, (11)forq =0,0<r <S5+ 2,(11) for and:
r=S—-q+2,

o o o 1<qg<S§+2,
O+ O Hy T = T for (14)
0<r<S-q+1,

We note that (11) forq = 0,0 < r < S + 2 are exactly the Equations (10) ; of the mass block.

Second Step: Let us explicitate the subset of Equation (14) with g = 1, i.e.,
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g kg g
OH" T+0H V=], for 0<r<S.

It is easy to recognize that these equations are equivalent to (10) 3 because from Equation (13) we desume that
Fivir = gl gl

After that, the first condition in (14) , must be replaced by 2 < q < S + 2. But when g = S + 2, the second condition
in (14) , becomes 0 < r < —1. It follows that the first condition in (14) , must be replacedby 2 < q < S + 1.

Let us explicitate now the subset of Equation (14) with ¢ = S — r + 1; from the condition (14) , we see that this
2<S—-r+1<S5+1,
can be done only when ,ie,0<r<S-1.
0<r<r,

But, for 0 < r < S — 1 we have also;

Hsl'l—rrl — FVil"'irllll”'lS—rlS—r + Fél'"irllll'"ls—rls—r .
It follows that, from each equation of the subset of Equation (14) with ¢ =S —r + 1 we can subtract Equations
(10) 4 and obtain (10) 5.

2<q<S+1,
So, now the equations are (10) 1_s, (11) forr =S—q+2,1<q <S5+ 2, (14) for . But, for
0<r<S-gq,
q = S + 1 the second of these conditions becomes 0 < r < —1; so the first condition must be replaced by 2 < g < S.
The corresponding equations are the above reported (10) ,, while (11) forr =S —q+ 2,1 < q < S + 2 is the above
reported (10) ¢. This completes the proof.

We conclude this section noting that, by changing index in (10) 4 according to the law g = S + 2 — r and by taking
into account (4) 4, it becomes;

iiplily o lspr—rls41—r kig-irlylylst1—rlsyr-r _ jlair
d.H, + 0, H, =] (15)

for0<r<S+1.

From (3), we see that Hél'"irllll"'ls“‘rls“‘r, H(I;il"'irllll'"ls“‘rls“‘r are respectively equal to
Firirllylseo—rlssa—r - pkiz-irlili-lst2-rls+2-r plys terms of the rotational and vibrational modes. So, in the subcase
without these rotational and vibrational modes, Equation (15) is the counterpart of (10),s for the mass block,

obviously with S + 2 instead of S.

In this way the second step of the above flowchart has been obtained, i.e., that the non relativistic limit of the field
Equations (6) gives exactly those of the classical model (1) proposed in Pennisi and Ruggeri (2017) [11]; moreover, a
further information has been achieved, i.e., how the classical Equations (1) must be interrupted to obtain a model with
a finite set of equations.

3. The Particular Case S=0
In this case the Equations (6) and (7) become:

0,A% =0, 0,A4%1 =0, §,A%% = [@a@  § A% =], (16)

A =mec [ [T [T Frie@®)w(@¥)dIRdI" d P,
asas =c oo [57 057 Fpop (14 25) pOM p(@¥) d IR d 7V d P,
Asatz = [ [0 (5T fpophap® (14 25) @) w(a¥) d 7 d 7V d P,
A =mefu 37 T e 2l p@) W@y daRd v d P,

m
This is the 16 moments model which is present in Carrisi and Pennisi (2019) [9]. If we take off the trace of the
third equation, as it was done in Pennisi and Ruggeri (2017) [11], we obtain a 15 moments model which is the
relativistic counterpart of Equations (12) in Arima et al. (2018) [1]. Its non relativistic limit can be desumed from the
above Equations (10).

(17)

* In particular, (10) ; gives 10 equations of the mass block, i.e., (12) ;_; of Arima et al. (2018) [1].

* Equations (10) , 3 are to be considered only for 7 = 0 and give Equations (12) ,_5 of Arima et al. (2018) [1], i.e.,
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the balance equations of the vibrational and rotational energies respectively.
* Equations (10) 45 aren’t to be considered because they hold only for the empty set 0 < r < —1.

*» Equations (10) ¢ have to be considered only for ¢ = 1 and g = 2. With the first of these values we obtain (12) ¢ of
Arima et al. (2018) [1]; with ¢ = 2 we obtain the hybrid equation which is present in Equations (3) ¢ of Carrisi
and Pennisi (2019) [9].

* Equation (10) ; must not to be considered because it holds only for the empty set 2 < ¢ < 0,0 <r < —q.

So the third step of the above flowchart has been obtained, i.e., the subsystem with 16 moments and it is exactly
the model considered in Carrisi and Pennisi (2019) [9]; moreover, if we take off the trace of the third equation, as it
was done in Pennisi and Ruggeri (2017) [11], we obtain a further subsytem, i.e., the 15 moments model which is the
relativistic counterpart of Equations (12) in Arima et al. (2018) [1], one of the two model with a finite number of
equations proposed there.

4. The 7 Moments Model

This case is presented in subsection 3.5 of Arima et al. (2018) [1] and is described by the balance equations;
0.F + 0, F¥ =0, 0,F1+ 0, Fr =0, 0,F"+ 0, F*" =~P}-P{,
atFV‘l'akF&( = P]}l, (18)
0. F + 0 F§ = Pg .
Its relativistic counterpart cannot be written as (6) but as;

0,4 = 0, 0 A =0, 0,A™1%2g,,,, = %G, 4, AT =1y . (19

In fact, Ciz A¥%2g, o, = A% + AR + Ay so that the third equation can be substituted by;
a f 1 aa
0, Ag = Ip = 2 I Gara, — Iy, (20)
which is the counterpart of Equation (19) , with the rotational mode instead of the vibrational one.

The non relativistic limit of Equations (19) 1, has been calculated in Equation (17) of Pennisi and Ruggeri (2017)
[11] and is;

0.F + 0, F* =0, 9, F1+09,Fv =0, 9,G%+9,G"" =0, (21)

with GY = F&% 4+ Fl' + FY, G*' = F¥ + FF' + FX. Now, the non relativistic limits of (19)5; and (20) are
respectively (18) 4 5. By subtracting them from (21) 3, we see that (21) become (18) ;_3. This completes our proof. So
the last step of the above flowchart has been obtained, i.e., the subsystem with 7 moments (19) which is the relativistic

counterpart of Equations (18) which describe the second and last example with a finite number of equations proposed
in Arima et al. (2018) [1].

5. The Closure of the New Relativistic Field Equations

By using the Maximum Entropy Pinciple, as in Pennisi and Ruggeri (2017) [11] and recently in Mentrelli and
Ruggeri (2021) [12], we find that the distribution funcion f has the form;

1
-1-— .
f=e ke X with

1 "IN s 1 (29" )
X=mr—1 (1+mcz)p '”prlal'““r-i_ms—l m c2 p ”.ps'u“l“'as

Where summation over the indexes 7 and s is implied and kj is the Boltzmann constant. So, if we define the 4-
potential;

+ o ~+
h'“z—chf f f Fpep(I®) Y(I")dIRd 3V d P,
%3 Jo 0

We have;
ahn'« an'«

Aderar — aay-ds _

0 lal---ar ' v d Hay-ag .

Since h'* &, is a convex function of the Lagrange multipliers for whatever time-like 4-vector &, it follows that
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the field Equations (6) are symmetric hyperbolic. This result is guaranteed also if f is substituted by its Taylor
expansion up to whatever fixed order greater than 2 but with the Lagrange multipliers as independent variables.
Moreover, as usual in Rational Extended Thermodynamics, the closure is determined except for the 4-potentials h'®.

Now people doesn’t like these variables and requires that the cloure is expressed in terms of variables with a clear
physical meaning. In reality this is not reasonable: It is like saying, in the geometric framework that the parametric
equation of a curve or a surface are not significant. Another objection is made that, not knowing these variables, we
cannot know their boundary values necessary to solve the field equations. This objection is also unfounded because,
knowing the law that binds the physical variables to the Lagrange multipliers, from the boundary conditions for the
phyisical variables we can deduce those for the Lagrange multipliers and then solve the field equations. However, in
order to meet the commonly accepted taste, we will make the change of variables in the next subsections, from the
Lagrange multipliers to the phyisical variables.

Obviouly, hyperbolicity is not compromised by an invertible change of independent variables. Unfortunately, up to
now nobody was able to do this exactly and we too will be content to do it in an approximate way, at first order with
respect to equilibrium. Due to this approximation, the hyperbolicity requirement will be satisfied only in a
neighborhood of equilibrium called "the hyperbolicity zone" (See [13-16]). But this cannot be adduced as proof of the
weakness of the model; it is only a proof of our mathematical inability to perform this transformation without
introducing approximations. We certainly cannot expect Nature to bow to our mathematical weakness.

5.1. The Variables at Equilibrium

Equilibrium is defined as the state governed only by (6) ; with r = 0,1, i.e., the conservation laws of mass and of
momentum-energy (Euler Equations), i.e., the subsystem of (6) with S = —1 in the sense of Boillat and Ruggeri
(1997) [8]. It follows that Ale...ar =0, ,ule...as =0 for r=2,--S+2, s=0,---S. Moreover, from the

Representation Theorems we have
e 1
A* =mnU%,A% = = U%UP +p h*F ,U°U, = c? ,h*F = —g*F +=3 U*UF,
whose phyisical meaning is obvious: n is the number density, p is the pressure and e the energy.

From (6) ; with r = 0 it follows that AZ is parallel to U,; so, by calling 2 the coefficient, we have that;
T

U
2E =2
“«T

The physical meaning of T is evident; it is the absolute temperature.

Of (6) ; with r = 0,1 there remain;
- ——AE + p”Uu J ) N
mnU*=mce f J J e et (e p*dp(I*) Y(IV)dIRdIVd P

R3

_m B +0 ~+ o0 p”U g 9
izU"‘U/3+ph"‘/3=ce i Af f f e et (1 mcz)p"‘pﬁ(1+ z)'
c %3 mc

IR Y(I"YdIRd IV dP.

The first one of these equations must be imposed only through its contraction with U, and the second one through
its contractions with U,Ug and h,g. So we obtain;

~1- 2 aE
n=4mme 1, p=

nmc?

=n kB T
(22)

2 ];.2(“#)

=
J21

e=nmc

’

Where the integration in d P has been performed and overlined terms denote that they are multiplied by ¢ (7% ) TI6AS)
m C

and then integrated in d 7% d 7¥. Moreover, in (22) 2,3 the term AE has been eliminated by use of (22) ,, ¥ = P
kB

+ oo
Jmn V) = J- e~ Ycoshsginh™ s cosh™ s d s
0

V*=V(

The Equation (22) 3 is the generalization of the Synge energy to the case of polyatomic gases with rotational and
vibrational modes; in the case with only one mode it is the same of Equation (42) of Pennisi and Ruggeri (2017) [11].
The other functions in Equation (7) don’t play a role at equilibrium but nothing prevent us from calculating them and

) i = Jmar).
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they will be useful in the sequel. They are:

T+1
Agl"'“ﬁ‘l = Z[_TO] a, F(Y)h(@1%2 .. pO2q-132q[]F2q+1 ... [JFr+1) |
Agg"aﬂl =y 20 ags(y)h(%az .o h%2q-1%2q [J@2q+1 ... [J¥s+1)
q= . ’
Where;
r+1y nm c*® ]
Aqr = (2 ) 7= J2gr2r+1-2¢ <1 +—2) )
q 2q + 1];1 mc

v s+1\ nm ¢ 29V
b= (g ) mrie Hersaoalme)

These expressions have been found by using the techniques exposed in Carrisi and Pennisi (2013) [17]. We note

that (23) ; for 7 = 0,1 gives the above reported Az' = V%, Az2*? = T, 1? because::

. )
e nmc? Jao (1+W)
5 Q11 = —
¢ 3 J2a
Where for the last one we have used the property ¥/, 0(y) = 3 J1(y) from which it follows y (1 + mch) Jio =3J21.
Moreover, (23) ; for r = 2 and (23) , for s = 0 give:

AT = a,, UM U 2U% + a,,h(*1%20% - U%) , ApL = ap (YU .

Qoo =nm, GQop = =p,

These expressions are the same found in Equation (13) of Carrisi and Pennisi (2019) [9] and the first one of these,
in the particular case with only one mode, is the same of Equation (48) in Pennisi and Ruggeri (2017) [11] because;

N 279V
m(”m)_iH Y
Jo1 mn ' mnc 1

— 40 _ 0 Vo o_
o, =47, a1, =347, ago=nm

5.2. The Linear Deviation from Equilibrium

At a first step we will consider as first order deviations from equilibrium the variables 7 (dynamic pressure), g%
(heat flux), t<*F>s (viscous deviatoric stress), Agjoa, for m=2,--,5+2, and pig, ..o for s =0, ,S. These
variables are constrained by U,q® = 0, U, t<%>2 = 0, g,5t<%>3 = 0. Also the remaining Lagrange multipliers can

be found in terms of a corresponding set of components of A**1™% and Ag“l'"as (for example, those components

whose non relativistic limit gives the variables that, in the classical model, are derivated with respect to time; or, more
precisely, their deviations from equilibrium); but this further change can be done in a second step, if it will be
considered necessary. Since this amounts only in some complicated systems, we will refrain to report them here.

The change of variables is performed in the following way:

We will use;
ve—vE=0 , T -Tf =g p*f + 2 q@up) 4 t<ab>s (24)

to determine A — A%, A — A3, Acpy> in terms of n, y, U%, m, %, t<%F>3 = i 9 Aaps Ay, forr =3, ,S+2
and fig,..q, for s =0,--,S. After that, we will substitute these values in A**1 % — AZ®1"“" and Aj™"% —

aa Q. . . . .
ALt so determining the closure, as a consequence, the mass and energy-momentum conservation laws (6) ; with

r = 0,1 will be the usual equations with;
VE=mnU® , A% = :;2 U*UP + (p +m) h*F + CEZ q@UP + t=ab>s,
Now Equations (24) become;
A A= 25) + AT (b = 25) + A7 Ay + (A5 gys) i+
+ I8 AT Qg g+ B0 AV g, = 0,

ap £y 4 AT £y 4 AR e
A" (A—2 )+T(/1V—AV)+ " )'<y§>+ m_ 9vs U+ (25)
4z TSP s BibPPs
+ ZrI:3 T Aﬁl"‘ﬁr! + ZS'ZO T #ﬁlmﬁs’ -

— _ kB ap o 2 (apB) <aB>
= m(nh + 2 U+t 3).
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Similarly, Equations (7) give;

AR (A= 2F) +— AW1 (4, — AE) +— A‘ml ary? Acys> +— (Aaal e gyﬁ) pt

+% ?;I—Z?) A;‘l;?l’1 arﬁl Brr A By o + = Zs/ 0 32?1 ‘arPi-Psr :uﬁl'“ﬁsl — E(A(;ml‘..ar _Agal...ar) ,
(26)
Aaa1 ‘g (/1 /1E) + Baa1 A5V (/1 /1E) + Baa1 ‘agyd /1<y5> +% (B;zzal...asyg gyg)u n
+; Z?;I—ZS B;‘;‘:‘l 0!531 Bri A P + = ZS, 0 C:;,ll ‘asPiPsr #Bl-uﬁs, - _ %(Agar“as _Aggr“as) .
In Equations (25) and (26) the new tensors appear:
Oy = Byr + oo + oo ,
A o 1TSS fe pp® e prpF e pPr
(1+25) (1+ 22) @™ W) d IR d 7V d P,
R P c + 0 r+ rJ 29V
B bl = e [ TS fa ppta e prpPr s (14 15) 2 27)
L PpIRYEIVYAIRdIV d P,
a1 Bsr + 0 ,+ 00 29V 2
¢l ashrobs msfs 5 s 1T fp pp®a e plsph P (ﬁ)
L PpIRYEIVYAIRd IV d P,

Their expressions can be found with the procedure used above or, simply by comparing the definitons of

AT arbiBri ang A and noting that the former can somehow be obtained from the latter by replacing r with

r + r" and multiplying by m ( ) So we obtain the first one of the following relations, with coefficients given

by Equation (29) 4:
r+rl+1]
Af_rlr'"aﬂr“rl Zq Kk aq'r‘r,(y)h(“1az oo h%2q-1%2q [JQ2q+1 ... [J Fr+ri+1) ,
[r+sl+1]
Br‘xsll"'a'“fs’+1 = Zq:()z qus,(y)h(lhaz .o h®2q-192q [J¥2q+1 ... [J %r+sr+1) (28)
[s+sl+1]
aa
Csslr stsi+1 — Zq=02 Cassr (-y)h(%az oo h%2q-1%2q [JO2q+1 ... [JFs+si+1)
T+ + 1\ mEnc2e rTY(1 40
Aqrrr = 2q 244175, J2q+2 r4rie1-29 P mez)
r+5s + 1\ m?n 24 r3\ 27v
bquI = ]; 42, r+s1+1-2 (1 ) , (29)
oy 2q 2q+1 5, q+z, q mc2/ mc?
c _ s+ +1\ m2n 2 Iz (ZJV)Z
q,s,s! Zq 2q+1m 2q+2 ,s+sr+1-2q 2

Slmllarly, by comparing the definitons of By *~ arbiBs ang AW1 ““rwe note that the former can somehow be

by Equation (29) ,.

Finaly, by comparing the definitons of C:;‘,zi ashrbst gng AZ"7% we note that the former can somehow be

obtai
given by (29) ;. We note that (27) ; with r = 1, ¥’ = 1 gives the expression (15); of Carrisi and Pennisi (2019) [9]
multiplied by m?; (27) ; with r = 1, ' = 2 gives the expression (15) , of Carrisi and Pennisi (2019) [9] multiplied by
m?; (27), with r =2, ' = 2 gives the expression (15); of Carrisi and Pennisi (2019) [9] multiplied by m?2.
Similarly, (27) , withr = 1, s = 0 gives By, * = m ¢ T,/"*, where T,/ ** is the expression (15) , of Carrisi and Pennisi
(2019) [9]; (27) , with r = 2, s = 0 gives By, 2 = m ¢ A,"*?, where A;;“**? is the expression (15) 5 of Carrisi and
Pennisi (2019) [9]. Finally, (27) ;3 with s = O s" =0 gives C§, = m c Vi, with V%, defined in (15) ¢ of Carrisi and
Pennisi (2019) [9].

By comparing the correspondent decompositions (28) with (16) of Carrisi and Pennisi (2019) [9], we see that we
must have:
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— 2R . — 2P . — 2R .
Qo110 =M Bs; a0 =m"B,; agq, =m"Bs;

2 . — 2 . — m?2 .
Q112 =2mM"By; aAy1, =cmM"By;  Qgp, = M"Bg;

5
10 ) m
alzzz?m B7' Az, = M"Bg; b0,1,0=?39i

biio=mcBig; boso=mcAly; biao=3mcAly;coo0=mcBiy,
with B;-By, A, A}y given by (17) of Carrisi and Pennisi (2019) [9]. This is confirmed by the present Equation
(29). We are now ready to determine 1 — A%, A5 — A%, Acp,~ from (26) in terms of n. y, U%, m, g%, t<eb>s y =

% g“ﬁ/laﬁ, Aajoa, forr =3, S+ 2 and pig,..q fors =0,---,S. After that, we will substitute them in (27) and

obtain the requested closure. To this end, let us contract Equation (25) ; with U, and Equation (25) , a first time with
UqUg and a second time with h,g; so we obtain

nc?(@—2g) + < UF (2, = £) + = (A3C? + A%) UHUY Agyye =

2 a0.2 0 S+2 agh i aBl bl
= (A1c” =3A1) U — XpZ3 Ug T Z5i=0 Ua HBy-Bsr s (30)
U
2 (= 2g) + ¢*Bs U (2, — ) + (EBZCZ + Byct ) UFU Agyys =

e oo AGBBLBr s paBBL by
j— T N
= (B, = Bsc?)c*u — B33 UgUp 20— 2, g, — im0 UaUp =—— g, .,

r/=3

D 1o U, 1 1By oy
— (A - AE) +—B4_U (l# —7> + (532 + §C_2> U*Uu A<uv> =
S+2
kB 1 Aaﬁ’ﬁl'"ﬁr! a[fﬁl “Bsr
=2 Tt3 (31 ~ By p - 3 Z R Z hap———— = g5 -
ri=3

If we calculate this system in u = 0, Ag,...5,, = 0, g, ..5, = 0 we obtain exactly the system (A.10) ;_; of Pennisi and

Ruggeri (2017) [11]. Obviously, the matrix of coefficients is the same of that reported in (A.11); of Pennisi and
Ruggeri (2017) [11], i.e.,

2 £ L a0.-2 0
(nc —~ — (Aic +A11)\
D = | % c? c* Bs %Bzc2 + Byc* . (€)Y
D 1 1 1B,
m 3B Ptia

So, we can define 5{} the algebraic complement of its element in the line i, coulumn j and, by using the Kramer’ s
theorem, we find;

DT, k 1
A=dp=Fi(- 2wt s (BB — (32)
s+2 AXBBLBrr BBBLBst
1rr 1sl
3 Z hap = gy = 3 Z hap———— #ﬂl---ﬁs,> +
r1=3 sr=0
bz, & ABB1+Brr BBB1Bst
1r/ 1s/
ﬁ (BZ — B3C )C u — Z U UB— }381 Brr T Z U Uﬁ— 'uﬁl“'ﬁs! +
rr=3 sr=0
pr 2 S+2 ALPrFre ABr-Bst
0 VE
+W<_ — (A3 =340 1 — Z Ua = Apypys ~ Z Ua Hﬁl---ﬁs,>'
r1=3 sr=0
U”(Au _AEH) = ﬁ(_ mz T +3 3 (By = Byc®)p —
1 &2 ABB1Brr BBB1Bsr
D e __Zhaﬁ S lipyp >+
3 m rl/ 1 s/
r1=3 sr=0
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& af 1By BBB1Bst

55[2 1rs 1s/
+ﬁ (BZ —B3C )C u — Z U Uﬁiﬂ'ﬁl Brr Z U Uﬁi KB, Bsr +
rr=3 sr=0
i 2 S+2 a/n Brr AB1+Bsr
VE
|5n|<_ o (ATC® =340 p — Z Vo= dpuprn — Z Ua #Blwﬁs,):
rr=3 sr=0
DL k 1
U0 Ay = 2 (= (5 w4 5 (B = Bach) t —
1 3 Aaﬁm Bri BB Bst
1rs lsl
3 Z hap = gy — 3 Z hap == Mpypss | +
r1=3
s+2 aBBiBri aB BB
—23 B, — B U,U Ai”’ 2 U,U 73“’
|~ | (B; — Bsc*)c*u — i BrBrr ] Hpy-pg |+
rr=3 sr=0
5{[3 CZ S+2 B B
a Brr ‘Psr
+ﬁ — E (AQCZ 1)/1 — z U A E A ByBrr z U A s 'uﬁl'”ﬁsl f

If we calculate these expressions in p =0, Ag .., =0, ug,..g, =0, we obtain exactly those reported in the

equations subsequent to (61) of Pennisi and Ruggeri (2017) [11]. We consider now Equation (25) ; contracted by hS
and Equation (25) , contracted hS Ug. So we obtain the system:

b A11 s
-~ /h”/l——\

1 2
=B,c? §Bz c? hoH le<uv>

3
5 w542 AEI)’1 Bri 0631 ‘Bsr
—ha Xr5 Aﬁl'"ﬁ‘r’ h ZS’ 0 HB1-Bsr
aBBiBrr aBBiBsr
kg & S+2 1S Arr S 8 Bisi
2 @0~ s ha Up 5 —— Ag,p,, — Xm0 ha Up =5 —— Hg, g, -

By calling DY the determinant of the coefficients we can use the Kramer’ s theorem and find;

(1)

2 A9, &2 ABBLBrr BBBLBst

— 8 1?“' 5 1sl

T mz q° Z he Ay Z ha Up ———— Hp,py | +
rr=3 sr=0

S+2 aByp S aBiB
L2 g _hazul _hazﬂﬂ
3Dq 2 C a m L1 Brr a m B1Bsr |
=3 sr=0
p S+2 ABB1Brr BBBLBst
S — ) 1rl s 15:
h*EUY Apy> = m( Z haUp ———— Apgpp — Z halUp ———— #ﬁ1-~-ﬁ5,>'
S5+2
1 A“ﬁl“'ﬁrr Aaﬁl“'ﬁsr
2 ) E S VE
+35q Bec (‘ he Z — M ha Z o HBiB
=3 sr=0

If we calculate these expressions in u = 0, 4g,...5,, = 0, ug,...5., = 0, we obtain exactly Equation (A.14) ; , of Pennisi

and Ruggeri (2017) [11]. Finally, Equation (25) , contracted h3% h2>3 gives

h:& h§>3 ASHV> —
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s+2 QBB BB1B
_ 15 _ kg £<66>3 _ h<§ 9>3 1T' tr 1 h<6 9>3 BlaS’ Y
) B, mz m B1Brr m HpyBg |-

rr=3 sr=0

If we calculate these expressions in u = 0, Ag,..p, = 0, g ..z, = 0, we obtain exactly Equation (A.15) ; of Pennisi
and Ruggeri (2017) [11]. Now we have to substitute all these results in (26) and, to thi end, we will use the identies:

U
Ay =25 = = (A = ARG + (4, - A)U*]

2 AcapsUUFP 1
A<yv> = l<aﬁ> hgu h€>3 - C_2 )'<a,8> U hfﬂ Uv) + aT(Uqu + § h,uv) .

So we obtain:

A%arar _ Agal---arzﬂgalmarn + Uq;{al-..ar‘u + cﬂgal...ar(‘; qs + dqttzalmaryc‘? t<y5>3 + (33)
S+2

+ Z Cﬂaal “ayrf1-Brr /1 rpy T Z Cﬂaal ‘arfi-Bsr gy por

rr=3 sr=0
A A 2 A b AT g A g b AT

S+2
+ Z Cﬂaal ‘asP1+Brr ﬂ 5p + Z dq“‘h ‘asPiPsr Hpyper

rr=3 sr=0

Where;
DT D% D%

acy Ay _ a0 Ay 31 aay -y ZV 32 aay-aryd - 33
AL = A I A e A (s +3) S

aaq-a
‘AH 1

m  aa;-ar Egl 5 2\ -4 Efl 0.2 0 \,.2
— ——(B; — B,c?) + B, — B3c*)c —— (Ajc” — 347 )c”| —
kB E [3|DTE|( 1 2 ) | |( 2 3 ) m|D"|( 1 11)

1 U, [ D% Dz D%

— pAray 232 (g B, c?) 4 22 (B, — Byc?)ct 2L (A%2% —349,)c?| -
kB ri C2 3|D7.[|( 1 2 ) |Dn_|( 2 3 ) |D |( 11)

1 aayarys 1 "'n 2 5% 2\ -2
E ATZ (UVU5 +§hy5> 327|D7T|(Bl BZC ) +ﬁ(32 - B3C )C -

5{[3 0.2 aaq-aryd aayayd aaqard 2All 2 p aaqayys
m|5n|(A1C ~ 34 __A S gys s Ag T = AT m3Dq_m3c2D'qAT21 Uy,
qeaarys _ gaaieays _ 15 g arbypr _ _ L gaayearfyfr

t - 2 Zszl' A __E T +

i i

h Aﬂvﬁi BT’ - U U Aﬂvﬁi BT’+ — U Aﬂﬁl"‘ﬁrl +
m 3 |D"| uv “irs |D | 1rs |Dn| uE

1
+— —
mkg c?

ASeY gy [ DR, o DZ DY
L h Aﬂ B1Brr g U.U Aﬂﬁﬁl Brr ~2 U Aﬂﬁl ﬁrl:|
e A e A

+£ Aaa1 AV Agl h U AVﬁﬁl'“ﬂrl _
kB 2 Pg |V 9

1rs

B, c
3mbDa ¥

Agﬁl‘“ﬁrl] +
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1 aayays  0pBypr [ 15 2p
g A A [ Raeyhons = s Us o Uy
DEA

(UU+1h)h + - DZs <UU+1h>UU +
3mcz|5n| yue T 3 Ty | Rop 5T 3 Mys)Ystp

1 I 2 B, Df 1
+ _Atla1 aAyY AEﬁl B [_ — Ué‘ hy19 + C—~<UVU§+ g hyﬁ) U19 )

kg 3mDa 2|D7|
Cﬂzal"‘“rﬁl"'ﬁsl - _ i Bgs‘:fl arPi-Bsr +
kg
4 L paa ar[ Dhy ,  gossens , D UgUp BB B _ Dh Aﬁﬁr"ﬁsr] N
kg 3 |D | B Pis |D"| 1s/ |D”| E
~ 9 - Bey ~ 9 B ~
Ao [ DR BERR DR BEPTP ODE g
ke 2[3[p7" m o TD7 P m D] 77TV
ady - apv 0
i L All h U ﬂﬁﬁl"'ﬁsl _ B h A19[?1 Bsr
kB m vy Y 151 3D vy
1 15
+ — A05¢11 ‘arys Bﬂﬁ["l Bsr h._oh +
kB 2 m31 1sr y<9'*B>36
1 1 D% BBy DF s
g AT (U, Us + 5 ) [t g ISP 4 2 B
kgc? 12 y¥e T 3 ys 3m|D”| 9p Pisr |D”| 1s7
U, AP 4 qeaays [ A posspy _ B2l A0B1Ps
K e A Uy | Un e BT = o e AL
The expressions of Ayt c/‘l'm1 s cﬂ(ml asd o‘lﬁfl"'“syts, ﬂgflm%ﬁlmﬁ” dq“Zl"'“sBl"'ﬁsl can be obtained
from the above ones by substituting A(m1 T with ATETTS SOV i AAITASY | AXarYS iy pAtasyd
A;‘:’g1 ‘arfaBrr with B“‘h asPiPri 3;151 “arPyBsr with CWH asﬁ1 ﬁsr

In fact, this is what comes out from the comparison between (26) ; and (26) ,; obviously, the contribute of the
Lagrange multipliers is the same so that nothing else must be changed. So we avoid to report such expressions for the
sake of brevity.

The Equations (33) jointly with (23) give the requested closure. Obviously, in Equations (33) the Lagrange
multipliers u, Ag,...p.,, 1g,...p,, Still appear between the independent variables. If we want to express them too in terms
of physical variables, we have firstly to clarify what these physical variables are besides those already introduced. In
my opinion they are those whose non relativistic limit gives the variables which are derivated respect to time, or still
better, the deviations from their equilibrium value. In other words, we have to consider the equations:

A= Ci4 UpUp, Uy, (A%0%2 — AZ5102) (34)
A% = [, (A% — AT = U AR b Uy AT+ Uy AS0 s + (35)
S+2 S
+Ua dq‘txal ary t<y6>3 + Z Ua cﬂj{‘“l arBiBrr Aﬁr--ﬂw + Z Ua cﬂzal arfa-Psr :uﬁl---ﬁsy )
=3 sr=0

Agl-nas — Ua(Agarnas_ aa1 as) U, dqaal s o4 U, dqaal asu + U, dqaal ‘a6 s +

S+2
+Ua dq]‘jle“'aﬂ“s t<}/5>3 + Z U dqaal ‘asP1Bri Aﬁl B + Z U cﬂaal ‘asP1+Bsr nu'ﬁr“ﬁsl'

sr=0
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The left hand sides of these equations are the additional physical variables; Equations (34) forr = 3,--- S + 2 and
s =0,--- S have to be used to determine p, Ag, ..5.,, 1p,...5,, in terms of the physical variables. The result has to be
substituted in (33) so obtaining the closure all in terms of physical variables. Can we do this? Yes, we can. But the
equations present in this article are complicated enough to want to burden them further. Therefore we refrain from
doing it. In any case, when we want to make a practical application of the model, we must first choose in harmony
with the experimental results the number S to stop at. In this case, since S is a given number, these further steps can be
carried out easily. So the last step in the first part of the flowchart present in the Introduction has been obtained, i.e.,
the closure of the present general relativistic model (6).

6. Conclusions

In this article it was found the relativistic counterpart of the classical model for polyatomic gases that take into
account both the vibrational and the rotational modes. As common in Extended Thermodynamics, in the balance
equations not only independent variables appear but also other additional tensors; the closure is obtained when the
expressions of these tensors are found as functions of the independent variables. This end is here reached by imposing
universal principles such as the Entropy Principle, the Maximum Entropy Principle and, obviously, the covariance of
all the equations and the variables involved. As a bonus, the field equations assume the symmetric form and are
hyperbolic; this is important because assures the respect of the cause and effect principle and the fact that the wave
velocities don’t exceed the speed of light. Another nice mathematical property in this way achieved is the continuos
dependence on the initial data.

The validity of the present model has already been tested because in the simplest case of 16 moments it coincides
with that already known in literature. Certainly the field equations have become somewhat complicated, due to the fact
that independent variables more appealing to the common reader have been chosen. If we use the Lagrange’s
multipliers as independent variables, everything becomes simpler.

The results here obtained give also indications on how to structure the non relativistic model. In fact, the classical
model with an arbitrary number of moments known in literature proposes only 3 hierarchies with infinite equations. It
is not shown how to interrupt these 3 blocks in order to obtain a finite system, except for 2 simplest cases. This aspect
is clarified here and, in particular, in section 2. The optimal choice of moments here presented, in the subsystem with
only one mode becomes the same of that already known in literature.
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