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Abstract: As at the nanoscale the surface-to-volume ratio may be comparable with any characteristic
length, while the material properties may essentially depend on surface/interface energy properties.
In order to get effective material properties at the nanoscale, one can use various generalized models
of continuum. In particular, within the framework of continuum mechanics, the surface elasticity is
applied to the modelling of surface-related phenomena. In this paper, we derive an expression for the
effective bending stiffness of a laminate plate, considering the Steigmann–Ogden surface elasticity.
To this end, we consider plane bending deformations and utilize the through-the-thickness integration
procedure. As a result, the calculated elastic bending stiffness depends on lamina thickness and on
bulk and surface elastic moduli. The obtained expression could be useful for the description of the
bending of multilayered thin films.

Keywords: bending stiffness; laminate plate; surface elasticity; Steigmann–Ogden model;
effective properties

1. Introduction

Nowadays, it is well established that the usual material properties at the nanoscale, such as
Young’s modulus, may significantly differ from what is observed at the macroscale. For example,
Young’s modulus becomes size-dependent; see, e.g., [1–3]. In other words, Young’s modulus at the
nanoscale depends on a specimen characteristic size. In fact, it describes the tensional stiffness of
the considered specimen, which obviously can be size-dependent. In addition to tensional stiffness,
there exist various other stiffness parameters such as bending and torsional stiffnesses, known from
textbooks on the strength of materials. In particular, these parameters may characterize the behaviour
of thin structures of nanometer size. For example, a bending stiffness can be directly measured using
atomic force microscopy [4–6].

The idea of the bending stiffness of a plate belongs to Kirchhoff, who defined it as follows [7,8]

D =
Eh3

12(1− ν2)
, M = Dκ, (1)

where E and ν are Young’s modulus and Poisson’s ratio, h is the plate thickness, M is a bending
moment, and κ is the curvature of a bent plate. By considering the bending of plates only, we can
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restrict ourselves to two material parameters that are D and ν. So, in the “world of plates”, D plays
the role of an independent material parameter. In the literature, one can find various extensions
of Kirchhoff’s formula for more complex cases such as layered plates and plates with surface and
interfacial stresses, etc.

The aim of this paper is to discuss the bending stiffness of layered nanosized plates. To this
end, we consider the classic linear elasticity as a model for material properties in the bulk and the
Steigmann–Ogden surface elasticity [9,10] for the modelling of plate faces and interfaces between
layers. Let us note that surface elasticity models [9–12] were used for the modelling of surface-related
phenomena and of nanometer-sized solids; see, e.g., [3,13–19] and references therein. When considering
thin-walled structures, it is worth mentioning nonlocal models, which can also describe size effects.
For the derivation of the governing equations of plates and shells using Eringen’s type nonlocality,
we refer to [20,21] and the references therein. Let us note tat the surface elasticity models can be
treated as a singular case of nonlocality related to the appearance of boundary layers near shell
faces. Similarities between the linear Gurtin–Murdoch model and the Toupin–Mindlin strain gradient
elasticity were discussed in [16], whereas, in [22], a comparison with lattice dynamics was provided.

The paper is organized as follows. First, in Section 2, we briefly recall the basic governing
equations of the Steigmann–Ogden surface elasticity. Here, we present the equilibrium equations in
the bulk as well as the static boundary conditions derived through the Lagrange variational principle.
In Section 3, we apply these equations to a laminate plate. By integrating trough-the-thickness,
we obtain a layer-wise two-dimensional (2D) model of the plate. In order to find the bending stiffness
of the whole plate, we consider a mean bending deflection in Section 4.

2. On the Steigmann–Ogden Surface Elasticity

Let us briefly introduce the Steigmann–Ogden surface elasticity in the case of infinitesimal
deformations. We introduce the displacement vector as a differentiable vector function of the position
vector x

u = u(x).

The constitutive relations of a hyperelastic solid can be expressed through the bulkW and surface
U strain energies as follows

W =W(e), U = U (ε, κ). (2)

Here, the strain measures in the bulk are given by

e = e(u) = 1
2 (∇u +∇uT),

whereas their surface counterparts take the form

ε = ε(u) = 1
2 (∇su · P + P · ∇suT), κ = κ(u) = 1

2 (∇sϑ · P + P · ∇sϑT), ϑ = ϑ(u) = ∇sw + B · u.

Here, we introduce the spatial ∇ and surface ∇s nabla operators, ∇s = P · ∇, P = I− n⊗ n,
where I is the 3D unit tensor, “(...)T” denotes the transpose of a second-order tensor (...), and “·” and
“⊗” stand for the scalar and dyadic products, respectively. In addition, w = u · n, B = −∇sn is the
tensor of curvature and n is the normal outward unit to the body boundary S ≡ ∂V. Hereinafter,
we use the direct (coordinate-free) tensor calculus as in [23,24].

In what follows we consider isotropic solids, soW and the stress tensor σ are defined by

W = 1
2 e : C : e, σ =

∂W
∂e

= C : e,
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where C is a forth-order elastic moduli tensor given by

C = Cijklii ⊗ ij ⊗ ik ⊗ il , Cijkl = λδijδkl + µ
(

δikδjl + δilδjk

)
, (3)

where δij is the Kronecker symbol, ik are unit Cartesian base vectors, λ and µ are the Lamé elastic
moduli, and “:” stands for the inner product in the space of second-order tensors.

The surface strain energy can be written in the form [9,10,25]

U = µSε : ε + 1
2 λStr 2ε + ηκ : κ + 1

2 χtr 2κ, (4)

where λS and µS are the surface Lamé moduli, χ and η are additional stiffness moduli related to the
bending stiffness of the material surface with surface stresses, and tr is the trace operator.

By considering the determination of the surface elastic moduli in (4), we can use such
estimations as

µS ≈ µ̄hS, η ≈ µ̄h3
S, etc.,

where µ̄ is a shear modulus of a material in the vicinity of a free interface or an interface and hS is the
thickness of the surface/interfacial layer. In other words, we have here the so-called static characteristic
length scale parameter, defined as µS/µ. For more detail, we refer readers to [17,19], where recent
discussions on the evaluation of surface elastic moduli are provided and relative references are
presented. In particular, in [17,19] it was mentioned that the linear Gurtin–Murdoch model corresponds
to so-called stiff interfaces discussed earlier in [26,27] or plates with rigid skins [28].

In order to obtain the equilibrium equations and the natural boundary conditions, we use
the Lagrange variational principle, modified for the presence of the surface energy [25,29]. Here,
the functional is defined as follows

L[u] = B[u] + S[u], B[u] =
∫

V
W(e(u)) dV, S[u] =

∫
A
U (ε(u), κ(u)) dS. (5)

In (5), B and S are the energy and surface energy functionals, respectively. Here A ⊂ S ≡ ∂V,
is the part of the boundary or interface where the surface stresses are defined. The work of external
loads has the standard form

δA[δu] =
∫

V
ρf · δu dV +

∫
A

t · δu dS,

where ρ is the mass density, f and t are vectors of mass force and surface traction, respectively.
Using the standard technique of the calculus of variations from the variational equation

δL = δA

we derive the equilibrium equations and the natural boundary conditions at A

∇ · σ + ρf = 0, (6)

n · σ = ∇s · [T− (∇s ·M)n]− 2Hn · (∇s ·M)n + t, (7)

where H = − 1
2∇s · n is the mean curvature of A, and we introduc the surface stress T and surface

hyperstress M tensors by

T =
∂U
∂ε

, M =
∂U
∂κ

.

Equations (6) and (7) include, as a particular case, equilibrium conditions for simple materials
without surface stresses, and with surface stresses, defined as in the Gurtin–Murdoch model.
An extension of these conditions for dynamics and for strain gradient continua is given in [29,30].
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3. Laminate Plate

In what follows, using relations (6) and (7), we consider the equilibrium conditions of an N-layered
plate; see Figure 1. For the plate, we introduce 2N + 1 constitutive relations for N layers, for two faces
and for N − 1 interfaces

W =Wi(e(ui)), U = U0(ε(u0), κ(u0)), U = Ui(ε(ui), κ(ui)), i = 1, . . . , N,

where uk and k = 0, . . . , N, are corresponding vectors of displacements. Let the i-th layer be of
thickness hi, so the total thickness h of the plate is given by

h =
N

∑
i=1

hi.

In addition to the Cartesian coordinates x, y, (x, y) ∈ Ω, z ∈ [0, h], with the unit base vectors i1, i2,
i3, for the i-th layer, we introduce a local coordinate ζi such that

ζi = z− zi,

where zi is the coordinate of the middle plane of the i-th layer,

z1 = 1
2 h1, zj =

1
2 hj +

j−1

∑
k=1

hk, j > 1.

Thus, we get ζi ∈ [−hi/2, hi/2].
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Figure 1. Nth layered plate of thickness h. Here N = 4, and the ith layer has a thickness of hi,
i = 1, . . . ..., N.

As a result, functionals B and S take the form

B[u] =
∫

V
W(e(u)) dV =

∫ h

0

∫
Ω
W dS dz =

N

∑
i=1

zi+hi/2∫
zi−hi/2

(∫
Ω
Wi dS

)
dz

=
N

∑
i=1

hi/2∫
−hi/2

(∫
Ω
Wi dS

)
dζi, (8)

S[u] =
∫

A
U (ε(u), κ(u)) dS =

N

∑
i=0

∫
Ω
Ui dS. (9)
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Let us note that, for a plate geometry, we make significant simplifications to the formulae.
In particular, here we get H = 0, dS = dx dy and

∇ = i1
∂

∂x
+ i2

∂

∂y
+ i3

∂

∂z
, ∇s = i1

∂

∂x
+ i2

∂

∂y
.

In other words, for each surface with surface stresses, we can apply the same 2D nabla-operator.
As a result, for a laminate plate, we get the equilibrium equations

∇ · σi + ρif = 0, (10)

boundary conditions on faces z = 0 and z = h in the simplified form of (7)

n · σ0 =∇s · [T0 − (∇s ·M0)n] + t0, n · σN = ∇s · [TN − (∇s ·MN)n] + tN ,

and the compatibility conditions on the interfaces z = hi, i = 1, . . . N − 1

n · [[σ]] =∇s · [Ti − (∇s ·Mi)n] .

Here, [[(. . .)]] means the discontinuity jump across an interface.
These equations constitute an exact 3D boundary value problem for the laminate plate. For 3D-to-2D

reduction, we can use various techniques resulting in a system of 2D governing equations; see,
e.g., the recent review [31]. On the other hand, let us recall that the main aim of this paper is to determine
the effective total bending stiffness of a laminate plate while considering surface elasticity. To this end, it is
enough to consider a particular class of deformations related to pure bending. By considering L = B+ S
on these deformations, we can estimate the bending stiffness as a stiffness coefficient related to changes in
the mean curvature of the plate.

4. Effective Bending Stiffness

Let us consider possible approximations of displacement fields ui, i = 1, 2, . . . N. In order to
illustrate an idea, we begin from a one-layer plate with surface stresses.

4.1. One-Layered Plate with Surface Stresses

First, we recall the linear theory of plate bending without surface stresses [8]. The bending
deformation of an homogeneous plate (N = 1) is given by

u(x, y, z) = v1(x, y, z)i1 + v2(x, y, z)i2 + w(x, y)i3, (11)

where
v1 = −z

∂w
∂x

, v2 = −z
∂w
∂y

are in-plane displacements and w is a deflection. Under plane stress conditions, the 2D strain energy
density takes the form

EB ≡
h/2∫
−h/2

W dζ =
1
2

D

[(
∂2w
∂x2

)2

+

(
∂2w
∂y2

)2

+ 2ν
∂2w
∂x2

∂2w
∂y2

]
, (12)

where D is defined in (1).
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By assuming cylindrical bending with w = w(x) = 1
2 κx2, we have the formulae

u =− z
∂w
∂x

i1 + wi3 = −zκxi1 +
1
2

κx2i3, (13)

∇u =− ∂w
∂x

i3 ⊗ i1 − z
∂2w
∂x2 i1 ⊗ i1 +

∂w
∂x

i1 ⊗ i3 = −κxi3 ⊗ i1 − zκi1 ⊗ i1 + κxi1 ⊗ i3, (14)

e =ε = −z
∂2w
∂x2 i1 ⊗ i1 = −κzi1 ⊗ i1, (15)

ϑ =
∂w
∂x

i1 = κxi1, κ =
∂2w
∂x2 i1 ⊗ i1 = κi1 ⊗ i1. (16)

With these formulae, we get the simplified formula for EB

EB =
1
2

Dκ2.

Thus, D can be calculated as follows

D =
∂2EB

∂κ2 . (17)

Now let us consider surface energy functional S given by (9) for N = 1. We get

ES =U0

∣∣∣∣
z=−h/2

+ U1

∣∣∣∣
z=h/2

=
1
2

[
(2µS

0 + λS
0 )

h2

4
+ 2η0 + χ0

]
κ2 +

1
2

[
(2µS

1 + λS
1 )

h2

4
+ 2η1 + χ1

]
κ2. (18)

As a result, the total 2D surface strain density takes the following form

E ≡ EB +ES =
1
2

Deffκ
2, (19)

where the effective bending stiffness is given by

Deff = D + (2µS
0 + λS

0 )
h2

4
+ 2η0 + χ0 + (2µS

1 + λS
1 )

h2

4
+ 2η1 + χ1. (20)

Obviously, the surface bending stiffness parameters ηi and χi make a contribution to the effective
bending stiffness, as it should be. Equation (20) contains also the expression of the effective bending
stiffness obtained within the Gurtin–Murdoch surface elasticity [32]. Dimensionless bending stiffness
as function of the plate thickness h is given in Figure 2. Here, D = Deff/D and we define the
characteristic length l as in the case of the Gurtin–Murdoch model l = (λS + 2µ)h2/D. Obviously,
the surface bending stiffness, taken into account within the Steigmann–Ogden model, leads to an
increase in the effective bending stiffness in comparison with the Gurtin–Murdoch model or the classic
Kirchhoff bending stiffness. This influence is essential when h . 5l.
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l

1

0

h

5l 10l

Gurtin-Murdoch model

Steigmann-Ogden model

D

Figure 2. Dimensionless bending stiffness D = Deff/D vs. thickness h (solid red curve). The dashed
blue curve corresponds to the Gurtin–Murdoch model; the horizonal dashed black line describes the
classic bending stiffness. Finally, the vertical dashed green line marks the characteristic length l defined
as l = (λS + 2µ)h2/D.

4.2. Three-Layered Plate with Surface Stresses

Let us consider the three-layered plate, which is symmetric in the thickness direction, N = 3.
In this case, the core thickness is hc = h2, whereas the faces have the same thickness h1 = h3 = h f /2,
so we have h = hc + h f . The effective bending stiffness of the three-layered plate without surface
stresses, calculated within the first-order shear deformable plate model, is given by [33]

D0
e f f =

1
2

〈
Ez2

1− ν

〉
+

1
2

〈
Ez2

1 + ν

〉
, 〈(. . .)〉 =

h/2∫
−h/2

(. . .)dz, (21)

which results in

D0
e f f =

1
12

[
E f (h3 − h3

c )

1− ν2
f

+
Ech3

c
1− ν2

c

]
, (22)

where E f and ν f , Ec and νc are Young’s modulus and Poisson’s ratio of faces and core, respectively.
Thus, we have

EB =
1
2

D0
e f f κ2.

By considering surface stresses, we get

ES =U0

∣∣∣∣
z=−h/2

+ U1

∣∣∣∣
z=−hc/2

+ U2

∣∣∣∣
z=hc/2

+ U3

∣∣∣∣
z=h/2

=
1
2

[
(2µS

0 + λS
0 )

h2

4
+ 2η0 + χ0

]
κ2

+
1
2

[
(2µS

1 + λS
1 )

h2
c

4
+ 2η1 + χ1

]
κ2

+
1
2

[
(2µS

2 + λS
2 )

h2
c

4
+ 2η2 + χ2

]
κ2

+
1
2

[
(2µS

3 + λS
3 )

h2

4
+ 2η3 + χ3

]
κ2. (23)
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As a result, the effective bending stiffness becomes

De f f =D0
e f f + DGM

e f f + DSO
e f f , (24)

DGM
e f f =(2µS

0 + λS
0 )

h2

4
+ (2µS

1 + λS
1 )

h2
c

4
+ (2µS

2 + λS
2 )

h2
c

4
+ (2µS

3 + λS
3 )

h2

4
,

DSO
e f f =

3

∑
i=0

(2ηi + χi) .

where DGM
e f f is the contribution to the effective bending stiffness in the framework of the

Gurtin–Murdoch model and DSO
e f f is the additional term related to the surface bending stiffness

in the framework of the Steigmann–Ogden model.

4.3. N-Layered Plate with Surface Stresses

A similar approach can be applied to multi-layered plate. In order to get the effective bending
stiffness, we calculate the 2D strain energy density E. Here, D0

e f f is given by (21), whereas SS can be
calculated as follows

ES =U0

∣∣∣∣
z=−h/2

+
N

∑
i=1
Ui

∣∣∣∣
z=−h/2+

i
∑

k=1
hk

, (25)

which results in the following formulae

DGM
e f f =(2µS

0 + λS
0 )

h2

4
+

N

∑
i=1

(2µS
i + λS

i )
z2

4

∣∣∣∣
z=−h/2+

i
∑

k=1
hk

, DSO
e f f =

N

∑
i=0

(2ηi + χi) . (26)

As an example, let us consider a multilayered plate with layers of equal thickness and equal
properties, i.e., hi = t ≡ h/N, µS

i = µS, λS
i = λS, ηi = η, χi = χ, i = 0, 1, . . . , N. In this case,

D0
e f f = D, whereas

DGM
e f f = (2µS + λS)

t2

4

N

∑
i=0

(i− N/2)2, DSO
e f f = (N + 1) (2η + χ) ,

and

De f f =
Eh3

12(1− ν2)
+

1
N

(
1
6

N2 +
1
2

N +
1
3

)
(2µS + λS)

h2

8
+ (N + 1) (2η + χ) . (27)

where we use the formula
N

∑
i=0

(i− N/2)2 =
1

12
N3 +

1
4

N2 +
1
6

N.

For N = 1 and N = 3, i.e., for homogeneous and three-layered plates, Equation (27) reduces to
(20) and to (24), respectively. The characteristic dependencies of the dimensionless stiffness D on N
are given in Figure 3 for N = 1, 5, 10, 20. The horizontal dashed lines have the same meaning as in
Figure 2.
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Figure 3. Dimensionless bending stiffness D vs. number of layers N.

5. Discussion and Conclusions

Here, we have derived the effective bending stiffness of multilayered plate by considering
surface stresses as in the Steigmann–Ogden model of surface elasticity. Unlike the Gurtin–Murdoch
model, this model explicitly takes into account the surface bending stiffness. As a result, the derived
formula contains various contributions related to the elastic response in the bulk, the influence of
the surface Lamé moduli and of the surface bending stiffness moduli. For the Nth-layered plate,
the effective bending stiffness depends on N (see (26) or (27)), so the influence of the surface moduli
is more pronounced, especially for plates of nano-sized thickness. Here, we restricted ourselves to
the determination of the effective bending stiffness and the analysis of the surface bending stiffness
influence. The complete theory of multilayered plates can be developed using layer-wise theory as
in [34,35], where Deff can be considered as a global stiffness characteristic of the whole laminate plate.

The bending of a multilayered plate presents a natural example of the influence of the surface
bending stiffness, which is a peculiarity of the Steigmann–Ogden model. Among other examples of
this kind, let us mention the bending of dominant beam–lattice structures such as those considered
in [18] for the Gurtin–Murdoch model, or porous materials such as those analyzed in [2,3,36,37]. Due to
their very good prospective properties, such beam–lattice structures have found various applications
in engineering; see, e.g., [38–41] for pantographic beam–lattice materials including pantographic
beams [42–45] and plates [46–48]. Indeed, by considering surface elasticity, we can see that this may
change the response at the micro- and nanoscale; thus, for beam–lattices at small scales, as presented
in [49], the surface bending stiffness may play a dominant role.
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