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Abstract

This paper is concerned with the numerical approximation of Fredholm integral equa-
tions of the second kind. A Nystrom method based on the anti-Gauss quadrature
formula is developed and investigated in terms of stability and convergence in appro-
priate weighted spaces. The Nystrom interpolants corresponding to the Gauss and
the anti-Gauss quadrature rules are proved to furnish upper and lower bounds for the
solution of the equation, under suitable assumptions which are easily verified for a
particular weight function. Hence, an error estimate is available, and the accuracy of
the solution can be improved by approximating it by an averaged Nystrom interpolant.
The effectiveness of the proposed approach is illustrated through different numerical
tests.

Mathematics Subject Classification 65R20 - 65D30 - 42C05

1 Introduction

Let us consider the following Fredholm integral equation of the second kind

1
F» —/lk(x,y)f(x)w(X)dx =gy, yel-L1] ey
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where f is the unknown function, k£ and g are two given functions, and
wx) = (1 —x)“(1 +x)° )

is the Jacobi weight with parameters o, § > —1.

Several numerical methods have been described for the numerical approximation
of the solution of Eq. (1) (collocation methods, projection methods, Galerkin methods,
etc.) and have been extensively investigated in terms of stability and convergence in
suitable function spaces, also according to the smoothness properties of the kernel &
and the right-hand side g; see [2,6,7,9,17,25,29-32].

Most of these methods are based on the approximation of the integral appearing in
(1) by means of the well-known Gauss quadrature formula, introduced by C. F. Gauss
at the beginning of the nineteenth century [10] and considered one of the most signif-
icant discoveries in the field of numerical integration and in all of numerical analysis.
As itis well known, it is an interpolatory formula having maximal algebraic degree of
exactness, it is stable and convergent, and it provides one of the most important appli-
cations of orthogonal polynomials. Gauss’s discovery inspired other contemporaries,
such as Jacobi and Christoffel, who developed Gauss’s method into new directions,
and Heun, who generalized Gauss’s idea to ordinary differential equations opening the
way to the discovery of Runge-Kutta methods. Since then, several other generaliza-
tions and extensions have been introduced, such as the Lobatto and Radau quadrature
formulae, Gauss-Kronrod quadrature rules, optimal rules with multiple nodes, the
anti-Gauss quadrature formula, etc. [11,18].

Gauss-Kronrod quadrature formulae were introduced in 1964 in order to econom-
ically estimate the error term for the n-point Gauss quadrature rule for the Legendre
weight. Their main advantage is that the degree of exactness is (at least) 3n + 1, by
means of 2n + 1 evaluations of the integrand function. However, they fail to exist for
some particular weight functions (Hermite and Laguerre measures, Gegenbauer and
Jacobi measures for certain values of the parameters) because some of the quadrature
nodes may be complex.

To overcome this problem, Laurie [18] constructed in 1996 an alternative interpo-
latory formula, the anti-Gauss quadrature rule. It always has positive coefficients and
distinct real nodes and is designed to have an error of the same magnitude as the error
of the Gauss formula and opposite in sign, when applied to polynomials of certain
degrees. Consequently, coupled to a Gauss rule, it provides a bound for the quadrature
error, while an average of the Gauss and anti-Gauss formulae sometimes produces
significantly more accurate results. In particular, it has been proved that for some
weight functions the averaged formula has a higher degree of exactness [21,23,34].
Several researchers investigated and generalized the anti-Gauss formula in relation to
the approximation of integrals; see [1,3,15,19,22,28,33].

This paper aims to take advantage of anti-Gauss formulae in the numerical solution
of a Fredholm integral equation of the second kind, including the case in which the
unknown solution may have algebraic singularities at the endpoints of the integration
interval.

Following [20], we develop a global approximation method of Nystrém type for
Eq. (1) based on the anti-Gauss quadrature formula and we prove stability and con-
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vergence results by exploiting two novel properties of the nodes and weights of the
anti-Gauss rule. Under suitable assumptions, we show that the Nystrom interpolants
based on the Gauss and the anti-Gauss formulae bracket the solution of the equation.
Such assumptions are not easily verified in general, but we prove that this happens
for a particular weight function, and we conjecture that this result can be extended to
a broad class of weight functions. The availability of upper and lower bounds for the
solution makes it possible to estimate the approximation error for a given number of
quadrature nodes, allowing one to improve the accuracy by refining the discretization,
if required, or accept the current approximation. In particular situations, the Nystrom
interpolant obtained by averaging the two bounds produces much better results than
both the Gauss and the anti-Gauss approximations.

The paper is structured as follows. Section 2 provides preliminary definitions,
notations, and well-known results concerning orthogonal polynomials, and Gauss
and anti-Gauss quadrature formulae. Section 3 contains new theoretical results on the
nodes and coefficients of the anti-Gauss quadrature rule, and provides an error estimate
in suitable weighted spaces. Section 4 introduces a numerical method to approximate
the solution of the integral equation, whose accuracy is investigated in Sect. 5 through
some numerical tests. Finally, the “Appendix” reports the proof of a rather technical
Lemma.

2 Mathematical preliminaries
2.1 Function spaces
Let us denote by C4([—1, 1]), ¢ = 0,1, ..., the set of all continuous functions

on [—1, 1] having ¢g continuous derivatives, and by L? the space of all measurable
functions f such that

1 p
||f||p=</1|f(x)|de> <00, l<p<oo.

Let us introduce a Jacobi weight
u(@) = (1-=x)"(1+x)°, 3)

with ,8 > —1/p. Then, f € LI if and only if fu € L, and we endow the space
LY with the norm

1
1 »
IIfIIL;;:||fuI|p=<[1If(X)u(X)|”dX> <oo, 1=<p<oo.

If p = oo, the space of weighted continuous functions is defined as
LY = {f e CO(=1.1) : lim (fu)(x) = 0} :
x—=*1
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in the case when y, § > 0.If y = 0 (respectively § = 0) L° consists of all functions
which are continuous on (—1, 1] (respectively [—1, 1)) and such that lim l(fu)(x) =
x——

0 (respectively lim1 (fu)(x) = 0). Moreover,if y =8 = Oweset L;° = co(—1, 1)).
X—>

We equip the space L3° with the weighted uniform norm
[ fllLe = I fulloo = max |(fu)(x)l,
xe[—1,1]

and we remark that L° endowed with such a weighted norm is a Banach space.
The definition of L° ensures the validity of the Weierstrass theorem. Indeed, for
any polynomial P of degree n we have

I(f = Pulloo = |(fu)(ED].

For smoother functions, we introduce the weighted Sobolev—type space
WE@) = £ € LI 1 g = I fully + 1F V¢ ul, < o0},

where 1 < p < oo, r = 1,2,...,and p(x) = /1 —x2. If y = § = 0, we set
L% := L$° and WY := WY (1).

2.2 Monic orthogonal polynomials

Let{p; }}";0 be the sequence of monic orthogonal polynomials on (—1, 1) with respect
to the Jacobi weight defined in (2), i.e.,

l 07 . .,
(Dis P =f1p,~<x>p,~<x)w<x)dx={ Ak @)

Cj, j=i,

where

L e _F(j+a+1)r(j+ﬂ+1)<2j+a+ﬁ>‘2 )
T 2jta+p+1 JIr(+a+B+1) j ’

and I" is the Gamma function. It is well known (see, for instance, [12]) that such a
sequence satisfies the following three-term recurrence relation

p-1(x) =0, po(x) =1,
pj+1(x) = (x —aj)pj(x) = Bjpj-1(x), j=0,1,2,...,
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where the coefficients o; and §; are given by

p* —o?
o = —— ; ’ /=0 ©
Qj+a+pQ2j+a+p+2)
AR NCER VNGRS
Po = Fa+p+2) "
N 4jG+)(+ B +a+B) j>1 (8)

T Qita+ B2 tatpE-1) =

Equivalently, by virtue of the Stieltjes process, the recursion coefficients can be written
as

_{xpj.pjlw

P = , i >0, 9
i (Pjs Pjlw / &
Bo = (po, PO)w> (10)
Bj = M7 j>1. (11)

(Pj—1, Pj—1)w

2.3 Quadrature formulae

In this subsection, we recall two quadrature rules which will be useful for our aims.
The first one is the classical Gauss-Jacobi quadrature rule [10], whereas the second
one is the anti-Gauss quadrature rule, developed by Laurie in [18]; see also [19].

2.3.1 The Gauss-Jacobi quadrature formula

Let f be defined in (—1, 1), w be the Jacobi weight given in (2), and let us express
the integral

1
1(f) =/lf(X)w(X)dx 12)

as

I(f) =D hjf &) +en(f) =: Gu(f) + en(f). 13)

j=1

where the sum G, (f) is the well-known n-point Gauss-Jacobi quadrature rule and
e, (f) stands for the quadrature error. The quadrature nodes {x; };?:1 are the zeros of
the Jacobi orthogonal polynomial p, (x), and the weights or coefficients {1 j};?: | are
the so-called Christoffel numbers, defined as (see [20, p. 235])

1 a+pB+1
y :/ 5w, DY) de = Fn+a+DI'n+p+1) 2 5
; MTtatp+D (-2 [p0)]
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704 P.Diaz de Alba et al.

with

Pn(X)

Cw,x) = —
1) = G —x))

The Gauss-Jacobi quadrature rule is an interpolatory formula having optimal alge-
braic degree of exactness 2n — 1, namely

I(P) = G,(P), orequivalently e,(P) =0, VP € Py, 1, 14)
where P,,_ is the set of the algebraic polynomials of degree at most 2n — 1, the

coefficients A ; are all positive, and the formula is stable in the sense of [20, Definition
5.1.1.], as

n 1
1Grlloo = sup_ 1Ga(/)] = pey, =/1w<x)dx < o0,

f |:x7=1 j:1

Moreover, the above condition, together with (14), guarantees the convergence of the
quadrature rule (see, for instance, [27,35]), that is

lim en(f) = 0.
n—0o0o

IffecC 2"‘([—1, 1]), the error e, (f) of the Gauss quadrature formula has the
following analytical expression [5]

FemeE) e
ath) =150 flj]:II(x—x,»)zw<x)dx,

where £ € (—1, 1) depends on n and f.

If we consider functions belonging to the Sobolev-type spaces W} (w), itis possible
to estimate e, (f) (see, e.g., [20]) in terms of the weighted error of best polynomial
approximation, i.e.,

E = inf - P .
n (w1 At ICf w1
Indeed,

len ()] <

m— 1E2n—2(f/)gaw,l7 (15)
where C # C(n, f) and ¢(x) = +/1 — x2. Here and in the sequel, C denotes a positive
constant which has a different value in different formulas. We write C # C(a, b, . ..)
in order to say that C is independent of the parameters a, b, ..., and C = C(a, b, . ..)
to say that C depends on them.
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About the computation of the nodes x ; and weights A ; of the Gauss-Jacobi quadra-
ture rule, in 1962 Wilf observed (see also [14]) that they can be obtained by solving
the eigenvalue problem for the Jacobi matrix of order n

a0 VB
VB a1 VB2
Jp = VB2 )
e Vlgnfl
\/ﬂn—l On—1

associated to the coefficients & ; and 8 defined in (6) and (8), respectively. Specifically,
the nodes x ; are the eigenvalues of the symmetric tridiagonal matrix J,,, and the weights
are determined as

2
rj=Povi,

where f is defined as in (7) and v; ; is the first component of the normalized eigen-
vector corresponding to the eigenvalue x;.

2.3.2 The anti-Gauss quadrature formula
Let us approximate the integral /(f) defined in (12) by

n+1

1) =Y 3 F G + en1 () = Gt () + Eur1 (), (16)

J=1

where 5n+1 (f) is the n + 1 point anti-Gauss quadrature formula and e, (f) is the
corresponding remainder term.

Such aruleis an interpolatory formula designed to have the same degree of exactness
of the Gauss-Jacobi formula G, (f) in (13) and an error of the same magnitude and
opposite in sign to the error of G, (f), when applied to polynomials of degree at most
2n + 1, namely

~

I(f) = Gny1 (f) = =U(f) = Gu(f)), forall f € Priq,

from which

Gnr1(f) =21(f) = Gu(f), forall f € Pyypy. (17)

This quadrature formula was developed with the aim to estimate the error term
en(f) of the Gauss rule G,(f), especially when the Gauss-Kronrod formula fails
in this intent. This happens, for instance, when we deal with a Jacobi weight with
parameters « and 8 such that min{e«, §} > 0 and max{«, B} > 5/2; see [26].
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If f is a polynomial of degree at most 2n + 1, the Gauss and the anti-Gauss
quadrature rules provide an interval containing the exact integral I(f), an interval
which gets smaller as the degree of the polynomial n increases. Indeed, it either holds

Ga(f) <I(f) < Gni1(f)  of  Gup1(f) <I(f) <Ga(f). (18

If, on the contrary, f is a general function, it is still possible to prove, under suitable
assumptions (see [4, Equations (26)—(28)], [8, p. 1664], and [28, Theorem 3.1]) that
the Gauss and the anti-Gauss quadrature rules bracket the integral ( f), and that the
error of the averaged Gaussian quadrature formula [18]

Gu(f) + Guy1(f)

5 (19)

Gan (f) =
is bounded by

1 ~
1(f) = G329 (H)| < S1Gn(f) = Gusa (NI

The above bound allows one to choose the integer n so that the averaged Gaussian
formula reaches a prescribed accuracy. It is also worth noting that, while the averaged
rule (19) has, in general, degree of exactness 2n + 1, under particular conditions it has
been proved to have degree of exactness 4n — 2¢ + 2 for a fixed integer (and usually
small) value of ¢ [21,23,34].

An anti-Gauss quadrature formula can easily be constructed [18]. The key of such
a construction is relation (17), which characterizes the anti-Gauss quadrature formula
as an n + 1 points Gauss rule for the functional Z(f) = 21(f) — G, (f).If g € Py, 1,
by virtue of (14), then,

Lq) = I(9), (20)
while for the Jacobi polynomial p, and any integrable function f, it holds
I(fp) = 21(fpp)- 1)

By using (20) and (21) we can compute the recursion coefficients {& ; }’}:0 and {8 ki ’Jl.: |
for the recurrence relation

p-1() =0, pox)y=1,
Pi+1(x) = (x —a;)pj(x) = Bjpj—1(x), j=0,1,...,n,

defining the sequence {p j}ﬁi(l) of monic polynomials orthogonal with respect to the
functional 7.
The following theorem holds.
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Theorem 1 The recursion coefficients for the polynomials orthogonal with respect to
the functional I are related to the recursion coefficients for the Jacobi polynomials as
follows

&]:(X], j:0,...,n,
5]213]7 j=0,...,n_1,
anzﬂn-

Proof The theorem was proved by Laurie in [18]. For its relevance, we report here the
scheme of the proof.

The fact that @y = o and 50 = po is trivial. Then, the recurrence relations for
the two families of orthogonal polynomials implies that p; = p;. Let us proceed by
induction. Let p; = p; forany 1 < j < n — 1. Taking into account (9), (11), and
(20), we have

_Tap)  Tepd)  1p))

YTIGH T I0h T 1ph
- IGH I 1phH
TTIp ) Iiy 1y T

sothat pj1 = pj41.In particular, p, = p,. To conclude the proof, by applying (21)
and again (9), (11), and (20), we obtain

_Ixpp)  I(xpd)  20(xpd)
"TIGh  T(ph  2A(p)
- I(H  I(pd) 2
TUI(pEl)  I(prp)  I(pPy)

n»

2B,

O

The previous theorem implies that the sequence of polynomials {p ; }?i(l) is defined
by
pj(x)=p;x), j=0,1,...,n, 22)
Pny1(x) = (x = ) pu(X) = 2B pu—1(x) = puy1(x) = B pn—1(x).

Since the polynomials {p j};f:(l) satisfy a recurrence relation, the nodes x; and the

weights A ; of the associated anti-Gauss quadrature formula can be computed by solv-
ing the eigenvalue problem for the modified Jacobi matrix of order n 4 1

j’ _ |: Ju Vzﬂneni|
n+l1 — P

2Bl
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708 P.Diaz de Alba et al.

with e, = (0,0, ..., l)T € R™. In fact, the n + 1 nodes are the eigenvalues of the
above matrix and the weights are determined as

by ~2
Aj = Bo vy qs

where B is defined by (7) and v; | is the first component of the eigenvector associated

to the eigenvalue % ;.

The anti-Gauss quadrature rule has nice properties: the weights {A }"Jrl

n+1

are strictly

positive and the nodes {x ]} interlace with the Gauss nodes {x;}" =1 i.e.,

X] <X <Xp <+ <Xp <Xp <Xptl- (23)
Thus, we can deduce that the anti-Gauss nodes X; with j = 2, ..., n, belong to the

interval (—1, 1), whereas the first and the last node may be outside of it. Specifically,
it was proved in [18] that

1
% el=1,1] ifandonlyif ””LES > B,
1
forc[—1, 1] ifandontyif P g
pai(l) =

More in detail [18, Theorem 4], if the following conditions are satisfied

a>—§,
B=—3,
(2a+1)(a+ﬂ+2)+%(a+1)(a+ﬂ)(a+ﬁ+1)20,

QB+ D@+ B+2)+ 5B+ D@+ pla+p+1) =0,

(24)

then all the anti-Gauss nodes belong to [—1, 1]. From now on, we will assume that
the parameters of the weight function w satisfy (24).

Let us remark that some classical Jacobi weights, such as the Legendre weight
(o = B = 0) and the Chebychev weights of the first («# = B = —1/2), second
(¢ = B =1/2), third (¢« = —1/2, B = 1/2), and fourth (« = 1/2, 8 = —1/2) kind,
satisfy conditions (24).

Let us also emphasize that the nodes might include the endpoints £ 1. This happens,
for instance, with the Chebychev weights of the first (x; = —1 and X,,+1 = 1), third
(X441 = 1), and fourth (x; = —1) kind.

The next theorem defines the anti-Gauss rule for Chebychev polynomials of the
first kind. It will be useful in Sect. 4. Let us denote by

To(x) =1, T, (x) = cos(n arccos(x)) = 2"_1pn(x), n>1,

the trigonometric form of first kind Chebychev polynomial of degree n, where p,, (x)
is the monic polynomial of the same degree; see Sect. 2.2.
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Theorem2 If a = B = —1/2, then the nodes and the weights for the anti-Gauss
quadrature formula (16) are given by
- . T .
szcos((n—]—i—l)—), j=1,...,n+1,
n
T
S j=Ln+l
T.= 2n
J b4 )
—, j=2,..,n.
n

Proof From recurrence (22), being 8, = }1, we have

Pt () = 27" [T (0) = Ty ()] = =2 7" Upm (6) - (1 = x2),

where
sin(n arccos(x)) n=1.2. ...

Ul’l*l(x) = \/1—2 ’
— X

denote the Chebychev polynomials of the second kind. This proves the expression for

the nodes.
Now, let us apply (16) to a first kind Chebychev polynomial of degree k
0,1,...,n. We have

n+1

Gur1(Ti) = Y &jcos(kd;) = mé.o,
j=1

where & o is the Kronecker symbol and 6 j = (n — j 4+ DI Multiplying both terms
by cos(kf,), and summing over k, we obtain

n+1 n n

Z Aj Z " cos(kb;) cos(kb,) = 7 Z "8k.0 cos(kB,),

j=1 k=0 k=0

where the double prime means that the first and the last terms of the summation are
halved. The expression for the weights follows from the trigonometric identity

n n, j=r=1,n+1,
Z” cos(kéj)cos(kér) = %n, j=r=2,...,n,
0 ER

k=0
O
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3 Convergence results for the anti-Gauss rule in weighted spaces

This section aims to provide an error estimate for the anti-Gauss rule in weighted
Sobolev spaces. Such an estimate, which will be useful for our aims, is similar to
inequality (15); see (28) in Proposition 1. To prove it, we need two additional properties
of the nodes and weights appearing in (16), which are stated in the following lemma.

Let A, B > 0 be quantities depending on some parameters; then, we write A ~ B
if there exists a constant 1 < C # C(A, B) such that % < A < CB, for any value of
the parameters.

Lemma1 Let {ij}';-i} and {)Nnj};i} be the quadratzre nodes and the coefficients,
respectively, of the anti-Gauss quadrature formula G,4+1(f) defined in (16). Then,

setting AXj = Xj41 — Xj, for j =1,...,n, we have
%
Az, < 28, 25)
n

where ¢(x) = ~/1 — x2 and C # C(n, j). Moreover, if

AR} ~ () (26)
n
holds, then
5‘]' ~ w()?j)(p()?j) Afj, (27)

where the constants in ~ are independent of n and j.
Proof See “Appendix”. O

We were not able to prove that (26) is always true, but we conjecture it is. Indeed,
the nodes x; interlace with the zeros of the Jacobi polynomial of degree n; see (23).
Since (26) holds for such zeros, the anti-Gauss nodes should have the same asymptotic

distribution. The validity of (26) would imply that the nodes {x; };’i} have an arc sine

distribution [20], that is, setting X; = cos ] i, it holds

GGy~
J Jj+1 e

Relations (26) and (27) are essential in the proof of next proposition.
Proposition 1 Let f € W!(w), withr > 1. If (26) holds, then

lent1()] = Ezn(f w1, (28)

2n + 1

where ¢(x) = /1 —x2and C # C(n, f).

Proof The proof can be obtained, mutatis mutandis, from the proof of [20, Theo-
rem 5.1.8] by using Lemma 1. O
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4 The numerical method

We propose a solution method for a second kind Fredholm integral equation, based
on the quadrature rules introduced in Sect. 2. To this end, we rewrite Eq. (1) in the
operatorial form

(I—-K)f=g, (29)

where [ is the identity operator and

1

(KF)(y) = / G ) dx

Letus approximate the integral operator K by means of the Gauss-Jacobi quadrature
formula (13)

(Knf)(0) =D 2jk(xj, y) f (x)), (30)

j=1
and by the anti-Gauss quadrature rule (16)

n+1

(K1 Y0) = Y hj k(. 3) f (&) 31)

Jj=1
Then, we consider the following equations

(I—K)fp=g (32)
(I = Kny) fur1 = &, (33)

where f;, and fn+1 are two unknown functions.
By evaluating (32) at the nodes {x;}!"_,, and multiplying the equations by the weight
function u evaluated at x; (see (3)), we obtain the system

- u(xi) .

Z Sij —Aj k(xj,x;) |a; = ux;)g(x;), i=1,...,n, (34)

st u(x;)

where a; = u(x;) f, (x;) are the entries of the solution vector a.
Analogously, a simple collocation of Eq. (33) at the knots {x; }?‘H ,

cation of both sides by u(X;), leads to the square system

and a multipli-

n+l1 ~
Z[si,j—ijﬂk(ij,xi)}aj=u(£,-)g(x,-), i=1,....,n+1, (35)
j=1 u(x;)
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where a; = u(x;) fn+1 (%;) are the entries of the solution vector @. A compact repre-
sentation of systems (34) and (35) is given by

— ~ = o=-1 . =
(I, = DuKwDyYa =h, (L1 — Dut1Kus1D, 4 1)a@ = h, (36)

where (KCp)ij = A k(x/, x;), D, = dlag(u(xl) uGx), h = (hy, ..., )T with
hi = u(x;)g(x;); Kn+1, Dn+1, and h are s1m11arly deﬁned

As remarked at the end of Sect. 2.3.2, in some situations the anti-Gauss nodes might
include 1. To avoid that (35) looses significance, in the weight u(x) we set y = 0
whenever X, 41 = 1,and § = 0 when x| = —1.

Once systems (34) and (35) have been solved, we can compute the corresponding
weighted Nystrom interpolants

n

Aj

fay) = Z e )k(x,,y)a, +2(), (37)
Xj

. n+1 5»

far1(3) = Z we) KD+ 8. (38)

Thus, if systems (34) and (35) have a unique solution for n large enough, then
(37) and (38) provide a natural interpolation formula for obtaining f,,(y) and f,,(y)
for each y € [—1, 1]. Conversely, if (37)—-(38) are solutions of (32)—(33), then the
coefficients a; and a; are solutions of systems (34) and (35), respectively.

This is the well known Nystrom method developed for the first time in 1930 [24]
and widely analyzed in terms of convergence and stability in different function spaces,
according to the smoothness properties of the known functions; see [2,6,9,13,17].

In the next theorem, by exploiting the results introduced in Sect. 3, we extend the
well-known stability and convergence results, valid for the Nystrom method based on
the Gauss rule [6,9,20], to the Nystrom method based on the anti-Gauss quadrature
formula.

Theorem 3 Assume that Ker{l — K} = {0} in L° withu(x) = (1 —x)” (1 + x)8,
O<y<a-+l, 0<§<pB+1, 39)

and let f* be the unique solution of Eq. (29) for a given right-hand side g € L°.
Moreover let us assume that, for an integer r,

gEW ),  sup [lk(x, )llwew <00,  sup u(y[k(, y)lwe < oo.

[x]=1 lyl=1

Then, for n sufficiently large systems (34) and (35) are umquely solvable.

IfA, =1, —-D,K,D; Uand An+] =l — n+1ICn+1Dn+1 are the matrices of
systems (36), then

condeo(A,) <C, condeo(Ani1) <C,
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where condeo(A) denotes the condition number of A in the matrix co-norm and C is
independent of n.
Finally, if (26) holds, the following estimates hold true

1 ~ 1
I = fulu| , =0 (n—> o = Al =0 (n—> , (40)

where the constants in O are independent of n and f*.

Proof The proof follows the line of the corresponding theorem for Gauss quadrature
[9, Theorem 3.1] . |

According to the previous theorem, both Nystrom interpolants (37) and (38) furnish
a good approximation for the unique solution f* of Eq. (29).

At this point, our goal is to prove that the unique solution f* of the equation is
bracketed by the two Nystrom interpolants for any y € [—1, 1], namely

L) < FFO) < fur1(0), of  fur1(0) < £RO) < fu). (41)

This allows us to obtain a better approximation of the solution by the averaged Nystrom
interpolant

1 .
o) = U+ foi] -y e =111, (42)

Let us note that to prove (41), taking into aqs:ount~(29), (32), and (33), it is sufficient
to prove that the discrete operators K, f,, and K, 41 f,+1 provide an interval containing
the exact value of the integral operator K, namely either

(K f) () < (KfY) < (Kptt fas 1)), 43)

or

(K1 frs D) < (KFHG) < (K f) (). (44)

As already mentioned in Sect. 2.3.2, inequalities similar to (43) and (44) have
already been proved for the integral / (/). Here the situation is different, as the quadra-
ture formulae do not act on a fixed function f, as in (18), but on its approximations.
Therefore, before proving (43) and (44), where such approximations f, and f,4
appear, we need the following further result.

Theorem 4 Let us express the integrand function k(x, y) f*(x), and their approx-

imations k(x,y) f,(x) and k(x, y)f,H_l(x) in terms of Jacobi polynomials {m;}
orthonormal with respect to weight (2), as follows
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ke, ) f* () = Y i ()i (x), i (y) = (K(f*mi) (), (45)
i=0

ke, ) fu(x) = Y o (9 (), af (v) = (K(fumi) (). (46)
i=0

ke, 3) a1 () = Z”’“(y)m(x), GO = (K(fum) ). @)

Then, under the assumption of Theorem 3,

lim H[a —ozl]u” =0 and lim || ”+]—ai]u|| =0. (48)

n—00 0 n—00 0

Proof We have

1
|l (v) — &' Wu(y)] < u(y)/llk(x,y)l L) = fu()]u(x)| |ni(x>|fff;d

and then

|leti — o Tu] <supu(y>||k( Moo [|LF* = fulu] o / |7; (x)] (())
< CH[f — fulu|| o,

which implies the first relation in (48). We remark that condition (39) ensures the
boundedness of the integral in the right-hand side. A similar procedure is applied to
show the second relation in (48). O

In the following theorem, we give a sufficient condition for the bracketing (41) of
the solution to hold. The condition is similar to those given in [4, Equations (26)—
(28)1, [8, p. 1664], and [28, Theorem 3.1] in different contexts. Such a condition is not
easily verified in practice, without an assumption on the asymptotic behavior of the
Gauss and anti-Gauss quadrature formulae, when applied to polynomials of increasing
degree. We will later prove a stronger result, valid for a particular weight function.

Theorem 5 Let the assumptions of Theorem 3 be satisfied, so that (48) is verified.
Moreover, let us assume that, for any y € [—1, 1], the terms {«;(y)} introduced in
(45) converge to zero sufficiently rapidly, and the following relation holds true

00 00 2n+1
max{ D (G|, | Y oi(3)Gyi (i) } < | @iMGu(m)|, (49)
i=2n+2 i=2n+2 i=2n

for n large enough. Then, either
L) = 5O < fanr (), or far1(0) = 0D = fa(y).

@ Springer



Solution of second kind Fredholm integral... 715

Proof Taking into account (29), (32), and (33), it is sufficient to prove either (43)
or (44). Let {mr;} denote the Jacobi orthonormal polynomials. Then, by (45), we can
assert

(K1) = / K P dr =3 ary) f 7 (Ow(x) dx

i=0

— ao(y) f @ dx = y/Foool).
(50)

Moreover, by (30) and (46), we have

(Knf) () = D Ak, ) fulxj) = Yol (0) D hjmi(x))

j=1 i=0 j=1
2n—1 2n+1 00

=D MG+ Y MG+ Y o] (NGa(m).
i=0 i=2n i=2n+2

In the first summation 7; € P>,_1, so by the exactness of the Gauss rule and by (4),
we have

2n+1 00
(Knf) ) = VBoag(0) + Y« NGalm) + Y o] ()Gu(m).
i=2n i=2n+2

Hence, by (50) we have

(K i) () — (KF) () =v/Bo [ () — ap())]

2n+1 oo
+ ) WG+ Y ()Ga(m).
i=2n i=2n+2

(D

Similarly, by (31) and (47), we have

n+1
Kot far D) = Y A k(Ej, ) fui1 (5f)
j=1
00 n+1 N
=Y a “(y)ZA i (%)) = Z &G (m),
i=0
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from which, by applying (17),

2n+1 oo
(Kop1 frs D) = Y &' QI =G+ Y & ()G up1 (mi). (52)
i=0 i=2n+2

Let us now focus on the first term in the right-hand side. By the exactness of the Gauss
quadrature rule and the orthogonality of polynomials 7; (x), we can write

2n+1 2n—1 2n+1
Y@t mer -Gy =Y @t oI - Y & ()Gam)
=0 i=0 i=2n
2n+1
=VBoag™ () = D @t ()Ga(m).
i=2n

By replacing this equality in (52), and taking (50) into account, we have

(K1 fus D) — (KfO) = VBo L™ (v) — ao(0)]

2n+1 00
=Y TG+ Y @ G ().
i=2n i=2n+2

(53)

For n sufficiently large, by using (48) from Theorem 4, equalities (51) and (53) become

2n+1 00
Knf)0) = (KfHG) = D aiMGalm) + Y ai(NGalmi) + €,
i=2n i=2n+2
N ~ 2n+1 00 N
(K1 s D) = (KFHG) == Y aiMGu(mi) + Y ai(NGrp1 (1) + &,
i=2n i=2n+2

where ¢, — Oand €, — 0 asn — oo.
Now, by the assumption (49), both

2n+1
sign((Kn f) () = (KF*)(2)) = sign (Z a (y)Gn(m))

i=2n
and
2n+1
sign((Ro1 f14) () = (K1) = sign (— > (y)Gn(zm)
i=2n
hold, which shows that either (43) or (44) are satisfied. ]
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We now consider the special case of Chebychev polynomials of the first kind, and
show that in this case assumption (49) becomes a much simpler one.

Corollary 1 Under the assumptions of Theorem 5, if « = B = —% in (2) and the
inequality
oo o
max { D (=D ], Y @2k () ] < le2a (M1, (54)
k=2 k=2

holds for n large enough, then either

L) < F5O0) < fus1 (), 0or far1(0) < FFO) < fu(D).

Proof For the Chebychev polynomials of the first kind, we have By = 7 and ¢; =
2127 > 1;see[12].

To begin with, G, (mg) = 5n+1(n0) = /7. Let us initially consider the first
summation in (49). From the expression of the nodes and weights for the Gauss-
Chebychev quadrature formula, we can write

1 o iQj—Dr V27 — i2j — Dr
Gp(m;) = m Z ; coSs o = " ZCOS n .
b=l j=1

If i is not a multiple of 2n, [16, Formula 1.342.4] implies

Gn(m) =

T i
sin(im) - csc — = 0.
2n
On the contrary, by applying standard trigonometric identities, we obtain
Gn(mon) = (—D"V2m, k=1,2,....

Now, let us consider the second summation in (49). For i > 1, from Theorem 2 it
follows that

l_’. Zcosw+(_l)l£
n 2n

5 i) — ————
n+1(7Tz) 2[71\/5 M —~ n

n

|1 _1i n—1 ..
id +(2 ) —{-ZCOSﬂ .
j=1 "

It is immediate to verify that (~}n+1 (r;) = 0 when i is odd. For i even and not multiple
of 2n, from the identity
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n—1 ..
ijm
cos — = —1,
‘ n
j=1

it follows that 5n+1(ni) = 0. Finally, 5n+1(n2nk) =2, k=1,2,....
Thanks to the above relations, (49) becomes (54), and the Corollary is proved. O

To illustrate the effectiveness of condition (54), let us assume that the Fourier
coefficients (45) exhibit a moderate decay rate, e.g., o;(y) ~ iz Then, from the
l
classical identities

00 k 2 00 2
1) o 1 b4
E — and E - =——1
2 9
= 12 k:2k 6

(54) immediately follows. On the contrary, assuming for a general weight function
that |G, (7T;)], |5n+1 ()| < My, fori =2n,2n+1, ..., and that the coefficient «; (y)
decay as above, it is easy to verify that (49) does not hold.

We notice that results of this kind are important, in general, for many applications of
anti-Gauss quadrature rules. We numerically observed for other classes of Gegenbauer
weight functions (¢ = ) a behaviour for G, (7r;) and 5n+1 (7r;) similar to the one
proved for first kind Chebychev polynomials. We conjecture that it is possible to prove
conditions analogous to (54) also in these cases. This aspect will be studied in further
research.

5 Numerical tests

The goal of this section is to illustrate, by numerical experiments, the performance of
the method described in the paper. We consider three second kind Fredholm integral
equations, having a different degree of regularity in suitable weighted spaces. For each
test equation, we solve systems (34) and (35), we compute the Nystrom interpolants
fn and f,11, defined in (37) and (38), respectively, as well as the averaged Nystrom
interpolant §, given by (42). Then, we compare the absolute errors with respect to
the exact solution f* at different points y € [—1, 1]. When the exact solution is not
available, we consider the approximation obtained by Gauss quadrature withn = 512
points to be exact.

All the numerical experiments were performed in double precision on an Intel
Core 17-2600 system (8 cores), running the Debian GNU/Linux operating system and
Matlab R2019a.

Example 1 Let us consider the equation
1
FO)+ [ e sinGs )10 dx = 50,

where g(y) = %(8 cos2 —4cos4 — 4sin2 + sin4)e” cos y + cos(3y), in the space
LY withu(x) = /1 — x2. The exact solution is f*(y) = cos 3y.

@ Springer



Solution of second kind Fredholm integral... 719

Table 1 Approximation errors

for Example 1 y=0.04 n (fn = fF)u (a1 = fu (Fn = [Ou

4 —7.82¢e—03 7.82¢e—03 —3.95¢e—06
—1.04e—08 1.04¢-08 —1.23e—13
16 —1.11e—16 0.00e+00 —1.11e—16
y=—05 n  (faf"u Fntr = fu Guf u
—3.97¢—03 3.97e—03 —2.11e—06
8 —5.27e—09 5.27¢—09 —6.27e—14
16 —1.25e—16 —6.94e—17 —9.71e—17
Table 2 Condition number of ~
matrices A, and A, | for condoo (4n) condoo (An+1)
Example 1 4 3.7912 5.4749
8 4.8704 5.5818
16 5.2624 5.7739
32 5.5085 5.7748

We report in Table 1 the approximation errors at two points of the solution domain,
produced by the Gauss and anti-Gauss quadrature formulae, as well as by the averaged
formula f,, for n = 4,8, 16. Since the kernel and the right-hand side are analytic
functions, the Gauss and the anti-Gauss rules lead to errors of opposite sign and
roughly the same absolute value. For this reason, the accuracy of the approximation
furnished by the averaged formula greatly improves: three digits for n = 4 and five
digits for n = 8. The machine precision is attained for n > 16; when this happens,
rounding errors may prevent the error to change sign.

Table 2 reports the condition number in infinity norm of the matrices A, and Zn+ 1
of linear systems (34) and (35), showing that they are extremely well-conditioned.

The graph on the left hand side of Fig. 1 displays the exact weighted solution and the
Gauss, anti-Gauss, and averaged interpolants, when n = 2. With a larger number of
nodes, the approximations are too close to the solution for the graph to be significant. It
can be observed that, in this example, the Gauss error is positive on the whole interval,
while the anti-Gauss one is negative. This fact is confirmed by the graph on the right
hand side in the same figure, which reports a plot of the errors for n = 8. The averaged
rule produces a solution which is very close to the exact solution even with such a
small number of nodes.

Example 2 The second test integral equation is the following

1 PICR ) dx 9
f(y)—/_1 o W = (55)

which has a unique solution f* € L.
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-8
15 . 15 10
——solution — — —error Gauss
——-Gauss PN error Anti-Gauss | -~ T T~_
---------- Anti-Gauss error average \\\
average -7 N
0.5 -7 \
_- \
- \
- \
0.
051 0
-1
-1.5
-1 -0.5 0 0.5 1

Fig. 1 On the left, comparison of the exact weighted solution of Example 1 with the approximations
produced by the Gauss, anti-Gauss, and averaged rules, for n = 2. On the right, errors corresponding to the
three quadrature formulae whenn = 8

Table 3 Approximation errors

for Example 2 y=0.05 n fn— f512 fat1 = fs12 fn— f512
4 2.15¢—03 —1.97¢—-03 8.82e—05

8 6.10e—06 —5.39¢—06 3.55¢e—07

16 —3.21e—-07 3.35e—07 7.09¢e—09

32 —6.78¢—09 7.09¢e—09 1.55e—10

64 —1.48e—10 1.55e—10 3.41le—12

128 —3.26e—12 3.41e—12 7.69e—14

256 —7.03e—14 7.69¢e—14 3.30e—15

y=—07 n fn = f512 Fat1 = fs12 fn — f512
4 2.72e—05 —1.13e—05 7.96e—06

8 —2.50e—07 3.44e—07 4.66e—08

16 —4.27¢e—08 4.47¢—08 9.84e—10

32 —9.41e—10 9.84e—10 2.17e—11

64 —2.07e—11 2.17e—11 4.80e—13

128 —4.58¢—13 4.80e—13 1.08e—14

256 —9.88¢—15 1.08e—14 4.72e—16

As theoretically expected, the convergence is slower than in the previous case,
because of the non-smoothness of the right-hand side. Nevertheless, Tables 3 and 4
numerically confirm the final statement in Theorem 3, as well as the fact that the
condition number does not grow significantly with n. Moreover, the last column of
Table 3 shows that the averaged formula provides up to 2 additional correct digits,
with respect to the approximations obtained by the Gauss and anti-Gauss rules.

Figure 2 compares the three approximations obtained for n = 2 to the exact solution
in the left hand side graph, and reports the plot of the errors for n = 8 on the right.
The last graph shows that, in this particular example, the errors corresponding to the
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Table 4 Condition number of

matrices Ay, and A, for cond(4n) cond(nt)
Example 2 4 5.1075 4.8956
8 6.2113 6.2612
16 7.0302 6.9803
32 7.3841 7.3917
64 7.5732 7.5724
128 7.6646 7.6653
256 7.7107 7.7105
) g x10°
—solution
08 | — - -Gauss
---------- Anti-Gauss | |
06 average /!

— — —error Gauss //
R — error Anti-Gauss -
error average
-8 . X ‘
1 -0.5 0 05 1

Fig. 2 On the left, comparison of the exact weighted solution of Example 2 with the approximations
produced by the Gauss, anti-Gauss, and averaged rules, for n = 2. On the right, errors corresponding to the
three quadrature formulae when n = 8

10° ‘ ‘ 10° ‘ ‘
—o—Gauss —o—Gauss
——anti-Gauss ——anti-Gauss
average average
1n* 1n®
10 -5 4
107
10 -10
1010
10 -15 1
4 8 16 32 64 128 256 4 8 16 32 64 128 256

Fig.3 Weighted oo-norm errors (40) for Example 2 (on the left) and Example 3 (on the right)

Gauss and the anti-Gauss rules are always opposite in sign, but they do not keep a
constant sign.

The fact that the order of convergence is at least O(1/n*), as predicted by Theorem 3
since the right-hand side belongs to W;°, is illustrated in Fig. 3. The graph on the left
shows the decay of the weighted infinity norm error (40) for the three quadrature
methods, compared to the curve 1/n*. The graph shows that the infinity norm errors
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10° 10° 5
o
10_5 10-10 L
-10 -20 |
10 10 TR -
R k\?{‘—*\\x
-
s, ey
10718 10°%
0 10 20 30 0 5 10 15

Fig.4 Coefficients «; (y) from (45) for Example 2 (left), and corresponding summations from assumption
(49) in Theorem 5 (right)

of the Gauss and the anti-Gauss rules are almost coincident, and they decay faster than
1/n*. The averaged rule is more accurate, but the order of convergence is the same.

To give numerical evidence to Theorem 5 and Corollary 1, we illustrate in Fig. 4 the
assumptions (49) and (54), which in this case coincide. In the integral equation (55),
we set the sample solution f*(x) = cos(x), and compute the coefficients «;(y) in
(45) by a high precision Gauss quadrature rule G, (f) with n = 128. The coefficients,
depicted in the graph on the left of Fig. 4, decay exponentially. For this reason, only
those above machine precision were displayed, that is, ; (y) withi =0, 1, ..., 33.

Then, fixed y = 0.3, the three summations in (49) were computed for n =
1,...,15. We denoted them by R,, Ry, and S, respectively. The graph on the right
hand side of Fig. 4 clearly shows that R,, and R¢ are both smaller than S,,, and the differ-
ence between these quantities increases as n progresses, showing that the assumption
of Theorem 5 is valid in this example. The situation is similar considering other values
of yin[—1, 1].

Example 3 In the final example, we apply our approach to the integral equation
1
5
VACO R / (v + 3 cos(1 +x)|7 f()V1 —x?dx = In(1 + y?), (56)
-1

to approximate the unique solution f* € L, with u(x) = (1 — x2)!/4,

From the non-smoothness of the kernel, it follows that the approximate solutions f;,
and fn+1 converge to the exact solution f* with order at least O(1/n3). The theoretical
expectation is confirmed by the numerical results, reported in Tables 5 and 6. The
order of convergence is illustrated by the graph on the right hand side of Fig. 3.

In Fig. 5 we report for the integral equation (56) the coefficients «;(y) defined
in (45) (graph on the left), as well as the summations from the assumption (49) of
Theorem 5 (graph on the right), similarly to what we did in Fig. 4 for Example 2.
Like in the previous example, we set the sample solution f*(x) = cos(x) in (56), and
y=0.3.

In this case, the coefficients «; (y) are slowly decaying. The first 500 coefficients,
computed by a Gauss quadrature rule with 1024 nodes, are displayed in the graph on
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Table 5 Approximation errors for Example 3
y=0.5 n (fn = f512)u (fas1 — fs12)u (n f512)u
4 2.31e—03 —2.35e—03 —2.31e—05
2.05e—05 —1.71e—-05 1.72e—06
16 —1.54e—06 1.77e—06 1.12e—07
32 —1.72e-07 1.67e—07 —2.57e—09
64 —1.38e—08 1.23e—08 —7.36e—10
128 1.28e—09 —1.48e—09 —1.02e—10
256 —3.06e—11 3.95e—11 4.42e—12
y=-03 n (fn = f512)u (fas1 — fs12)u (fn f512)u
4 1.87e—03 —1.90e—03 —1.87e—05
8 1.66e—05 —1.38e—05 1.39e—06
16 —1.25e—06 1.43e—06 9.09e—08
32 —1.39e—-07 1.35e—07 —2.08e—09
64 —1.12e—08 9.97e—09 —5.96e—10
128 1.03e—09 —1.20e—09 —8.23e—11
256 —2.48e—11 3.20e—11 3.58e—12
mattices Ay a1 B for cond(4») cond(An 1)
Example 3 4 52241 5.5508
8 5.5169 5.4774
16 5.5349 5.5323
32 5.5393 5.5445
64 5.5444 5.5455
128 5.5460 5.5459
256 5.5464 5.5464
10°
\\
X
102F Y
i\i\
%\L %
ik
1074 — A < py
R V<N v
10 ®n ) \\/, i
5 10 15 20

Fig.5 Coefficients «; (y) from (45) for Example 3 (left), and corresponding summations from assumption

(49) in Theorem 5 (right)
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the left hand side of Fig. 5. From the graph on the right of the same figure, representing
the summations from (49), it is clear that the assumption of Theorem 5 is not verified
for each index n. For the sake of clarity, we reported only the first 20 values of R, RS,
and S, but the situation is similar for the remaining 228 we computed. Even if the
assumption of the sufficient condition proved in the theorem is not valid here, Table 5
shows that the error of the Gauss and the anti-Gauss rules changes sign as well, for all
the test performed.

Acknowledgements The authors are very grateful to Sotiris Notaris and Lothar Reichel for their helpful
suggestions and constructive discussions. We also thank the referees for their thorough review which
significantly contributed to improving the quality of the paper.

The research is partially supported by the Fondazione di Sardegna 2017 research project “Algorithms for
Approximation with Applications [Acube]”, the INAAMGNCS research project “Tecniche numeriche per
I’analisi delle reti complesse e lo studio dei problemi inversi”, the INdAAM-GNCS research project “Dis-
cretizzazione di misure, approssimazione di operatori integrali ed applicazioni”, and the Regione Autonoma
della Sardegna research project “Algorithms and Models for Imaging Science [AMIS]” (RASSR57257,
intervento finanziato con risorse FSC 2014-2020 - Patto per lo Sviluppo della Regione Sardegna).

The research has been also accomplished within the RITA “Research Italian network on Approximation”.

Funding Open access funding provided by Universitd degli Studi di Cagliari within the CRUI-CARE
Agreement.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix

In this section, we report the proof of Lemma 1. Before starting, we remind that the
zeros {x; };?:1 of the Jacobi polynomial p,, satisfy the following relations [20]

1
Axj~ ——, Axj~ Axj_y, and 9]‘—9j+1 ~ —, 57
n

setting x; = cos ;.
Moreover [36, pp. 198, 236], there exists ¢ > 0 such that, for any 6 € [5 T — 9],

n

Pa(cos0) = n~ 2k (0)[cos (NO + w) + (nsin6) "' O(D)], (58)

%pn(cosé) = n%K(G)[— sin (NG 4+ ) + (n sin@)_IO(l)], 59)
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where p = — 5 (a + %), N=n+ %(a + B+ 1), the constants in O (1) are independent
of n, and

o\t oy
k(@)=m"2 (sin 5) (cos 5) , o, B >—1.

Proofof Lemma 1 To begin with, let us prove (25). Setting X; = cos éj, from the
interlacing property (23) we deduce

§1>01>9~2>"'>én>9n>én+l~

Thus, we can assert

0; 0j-1 _ _
A)Ej :/: sint dt < / sint dt = (9]‘71 — Gjﬂ)siné?, 0 e [9j+1, 9j71].
0 %

Jj+1 J+l1

Then, setting ¥ = cos € [x =1, Xj+1], by applying (57) and the following relation
from [20]

ITEx;~1Txx~1xxj41, x € [xj,xj41],
we obtain

_ >
1—x2< 1 =x;

n - n

We recall that C denotes a positive constant which may have a different value in
different formulas.

In order to prove (27), we start from the following expression for the weights [22,
Theorem 2.1]

X' _ 2{pns Pn)w

P . ek 60
I G B ey G (60)

Let us investigate the asymptotic behavior of the denominator. By (22), taking into
account (59), we have

d . d
g Pr+1(cosd) = — [Pny1(cos6) — Bupu—1(cos )]

— @)+ 1)? [— sin (N + DB + ) + ((n + 1) sine)—loa)]

— @) (1= 1)? [=sin (N = DO+p2)+((n — Dsind) ™ 0(D)]
3

~ ZK(e)n% [— sin (N0 + 1) + (nsin @)~ 0(1)] ,
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where the symbol ~~ denotes asymptotic equivalence, and g8, =~ 1/4 (see Eq. (8)).
Then, by applying (58) we can write

pa(cos 9)%;5”“@05 0) ~ sz(e) [—% sin(2(NO + ) + (nsing) ™! 0(1)} ,

from which, as %ﬁnH (cosh) = ﬁ;lﬂ (cos 0)(— sin ), evaluating the above expres-
sion at X; = cos #; we obtain

pn(ij)ﬁ;l+1(ij) x~

3K2(é;)[1 . - s }
———== | =sin(2(N; +u)) + (mnsin6;)~ O(1) [, (61)
4 sing; [2

which is a positive quantity; see [22, Theorem 2.1].
By Stirling formulae

n+a
n!' >~ 2xnn"e™", IF'n+a+1)=2n(n+a) <n+a> ,
e

we deduce from (5) that

peth

(pn7 Pn)w =
n

Consequently, by replacing the above estimate and (61) in (60), and taking (26) into
account, we obtain

~ =2

~ 4 22tB+lging;, 4 1 1 1_Xj

PR s NSO R SRS YOS RV A S
J 3 I’le(e]) 3 J J

4 e
~ gnw(xj)w(xj)ij,
with ¢ (x) = +/1 — x2, from which (27) follows.
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