
1. Introduction
The fate of organic carbon is a key aspect to understand the geochemistry of an aquifer. The organic matter, by 
means of its organic carbon and nitrogen, acts as electron donor oxidizing the terminal electron acceptors (TEAs) 
present in the hydrochemistry system and defining the reduction-oxidation (redox) potential. Consequently, water 
loses its oxidants in a sequence that follows the redox potential, 𝐴𝐴 𝐴𝐴𝐴 (or pe), from more positive (or high) to more 
negative (or low) values in coherence with the Gibb’s free energy of the half reactions. Most of the redox reac-
tions in subsurface occurs thanks to microbial catalysis, which mediates the electron transfer to obtain a source 
energy to synthesize new cells and to maintain the old ones already formed.

Typically, during organic carbon oxidation the water chemistry may change by reducing the TEAs concentration 
(typically in this order 𝐴𝐴 O2 , 𝐴𝐴 NO

−

3
 , 𝐴𝐴 Mn4+ , 𝐴𝐴 Fe3+ , 𝐴𝐴 SO

2−

4
 ) or through the appearance of the reaction products (e.g., 𝐴𝐴 N2 , 

𝐴𝐴 Mn2+ , 𝐴𝐴 Fe2+ , 𝐴𝐴 H2S , 𝐴𝐴 CH4 ). Thus, redox geochemistry implies a set of complex and heterogeneous reactions involv-
ing gases, ionic species and iron, manganese and sulfate minerals (Christensen et al., 2000). Consequently, it 
plays an important role in the water quality of different environmental systems like marine (Jaffé et al., 2008; 
Middelburg, 1989) or lake sediments (Canavan et al., 2007; Torres et al., 2015), polluted systems such as landfill 
leachate pollution (Brun & Engesgaard, 2002; Brun et al., 2002; Rolle et al., 2008; van Breukelen et al., 2004) or 
in wetlands (Dash et al., 2020; Lee et al., 2019; Ng et al., 2017, 2020) and managed aquifer recharge applications 
(Barba et al., 2019; Rodríguez-Escales et al., 2020; Valhondo et al., 2015).

Numerical modeling of redox systems has been extensively documented in the literature. These models consider 
the complexity of the redox geochemistry by coupling the oxidation of organic carbon with the sequential 
reduction of the TEAs, plus the role of microorganisms as catalyzers and as sink of organic carbon. Because 
of microbial catalysis, it is widely accepted that reduction–oxidation systems are far away from thermodynamic 
equilibrium (Stumm & Morgan, 1996) and oxidation of organic carbon is usually represented kinetically. In liter-
ature, organic carbon oxidation and the subsequent redox zonation are modeled following two main strategies.

The first one is based on fully kinetic reduction of TEAs. Typically, the rate laws used to predict microbial respi-
ration (and consequently TEAs concentration) are Monod and dual-Monod equations (e.g., Arora et al., 2015; 
Jin & Bethke, 2003; Mayer et al., 2001; Schäfer et al., 1998a, 1998b; Van Cappellen and Gaillard, 1996). The 
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redox sequence is modeled by an inhibition switch in the Monod equation [𝐴𝐴 𝐴𝐴𝑖𝑖∕ (𝐴𝐴𝑖𝑖 + 𝑐𝑐𝑖𝑖) , where 𝐴𝐴 𝐴𝐴𝑖𝑖 is the inhibition 
parameter and 𝐴𝐴 𝐴𝐴𝑖𝑖 is the concentration of the TEA]. Then, the presence of TEAs with a higher reduction potential 
inhibits reactions with lower ones. This approach is realistic in some situations. For example, O2 can inactivate 
some enzyme systems of methanogenic bacteria (Curtis, 2003), which is well represented by an inhibition term. 
Nevertheless, the use of inhibition terms is not accurate in anoxic systems since the free energies of H2 with 
TEAs such as Fe 3+ oxides, SO4 2−, and CO2 may be indistinguishable within the experimental error (Postma & 
Jakobsen, 1996). Consequently, some TEAs are used concomitantly. For example, Cozzarelli et al. (2000) observed 
concomitant sulfate reduction and methanogenesis in the anoxic portion of a landfill leachate. Others also observed 
concomitant sulfate and iron reduction (Hansel et al., 2015; Postma & Jakobsen, 1996). Consequently, the use of 
Monod kinetics can produce unrealistic redox zonation and pH simulations (Curtis, 2003; Jin & Bethke, 2003).

The second strategy assumes local equilibrium of the TEAs. This Partial Equilibrium Approach (PEA) was first 
defined by Postma and Jakobsen (1996). It decouples the redox systems in two half reactions. The oxidation of 
organic carbon is assumed to be the rate-determining step and is controlled by a defined kinetic rate law (e.g., 
first order, Monod, or dual Monod). On the other hand, the reduction of TEAs is assumed to be fast and by equi-
librium, that is, according to equilibrium reactions and Gibbs free energy. Contrarily to the fully kinetic strategy, 
which is disconnected from thermodynamics, the use of the PEA guarantees that TEAs will be reduced only when 
there exists a favorable Gibbs free energy in the solution. The PEA has been used in several models (Greskowiak 
et al., 2006; Jakobsen, 2007; Ng et al., 2020; Rodríguez-Escales et al., 2020; van Breukelen et al., 2004). However, 
one should be careful about the equilibrium conditions. Especially in the field, nonequilibrium conditions may 
be caused by many factors such as slow kinetics, slow mass transfer, fast water velocities or the co-occurrence of 
mineral oxides with different thermodynamic stabilities (Curtis, 2003).

In addition to numerical models, analytical and semi-analytical models have been developed as well. In general, 
(semi-)analytical solutions require more simplified assumptions on geometry and physical/chemical processes, 
but their calculation is fast and they do not suffer from numerical errors. Because of the last, they are often used 
to verify numerical model codes. Perhaps more importantly, though often disregarded, they can give a better 
understanding of the modeled phenomena. An example is the work of De Simoni et al. (2005), who developed 
a procedure to solve reactive transport for cases with a general set of equilibrium aqueous complexation and 
precipitation-dissolution reactions. From this the authors concluded that reaction rates are driven by mixing 
processes. This procedure has been applied to derive analytical and semi-analytical solutions for calcite disso-
lution in coastal environments (De Simoni et al., 2007; Guadagnini et al., 2009; Romanov & Dreybrodt, 2006). 
Moreover, it has been extended to include kinetic reactions (Sanchez-Vila et al., 2010) and to incorporate chemical 
reactions into multiphase flow models for CO2 storage (Saaltink et  al., 2013). With respect to organic carbon 
oxidation, traditional analytical solutions (e.g., van Genuchten & Alves, 1982) only contemplate one reduction step 
following a linear kinetic rate law. Others (Chu et al., 2005; Cirpka & Valocchi, 2007) also focus on the effect of 
transverse dispersion and incomplete mixing. Furthermore, these analytical solutions are constructed using kinetic 
expressions without considering the thermodynamic limitations and omit the reduction-oxidation sequence.

Considering all of these, the main objective of this work is to develop a semi-analytical solution for organic 
carbon degradation based on the PEA and the procedure of De Simoni et al. (2005). To do so, we first give some 
theoretical background on the fully kinetic approach and PEA (Section 2). Then, in Section 3, we present our 
semi-analytical solution. Section 4 illustrates the solution by two simple examples. This section also contains 
a verification with a geochemical code (Phreeqc) and, as a secondary objective, an analysis of the differences 
between the fully kinetics and PEA, using our semi-analytical solution. The last two sections are devoted to the 
discussions and conclusions.

2. Theoretical Background
2.1. Organic Carbon Oxidation Through Fully Kinetic Models

The organic carbon (expressed as CH2O) can be oxidized sequentially by various TEAs, for instance:

CH2O + O2 → HCO3
−
+ H

+ 

CH2O + 0.8NO3
−
→ HCO3

−
+ 0.4N2 + 0.4H2O + 0.2H

+ 
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CH2O + 4Fe(OH)3 + 7H
+
→ HCO3

−
+ 4Fe

2+
+ 10H2O 

CH2O + 0.5H2O → 0.5HCO3
−
+ 0.5CH4 + 0.5H

+ 

Kinetic rate laws for the oxidation of organic carbon by the above reactions have to be formulated. A widespread 
tactic is to use Monod rate laws that inhibit the oxidation by a given TEA if previous TEAs in the oxidation 
sequence are present. For the above reactions this gives (Van Cappellen & Gaillard, 1996):

�� = ��(CH2O)
(O2)

�O2 + (O2)
 (1)

�� = �N(CH2O)

(

NO−
3

)

�NO−
3
+
(

NO−
3

)

��,O2

��,O2 + (O2)
 (2)

�Fe = �Fe(CH2O)
(FeIII)

�FeIII + (FeIII)
��,NO−

3

�NO−
3
+
(

NO−
3

)

��,O2

��,O2 + (O2) (3)

�� = �� (CH2O)
(DIC)

�DIC + (DIC)
��, FeIII

��, FeIII + (FeIII)
��,NO−

3

��,NO−
3
+
(

NO−
3

)

��,O2

��,O2 + (O2) (4)

where 𝐴𝐴 𝐴𝐴𝑥𝑥 are kinetic rate law parameters [time −1] for the different TEAs (𝐴𝐴 𝐴𝐴 ); 𝐴𝐴 𝐴𝐴𝑥𝑥 and 𝐴𝐴 𝐴𝐴𝑖𝑖𝑖𝑖𝑖 are half-saturation and 
inhibition constants, respectively; ( ) refers to concentrations, and DIC is dissolved inorganic carbon. As a first 
approximation, the half-saturation and inhibition constants can be assumed equal (𝐴𝐴 𝐴𝐴𝑥𝑥 = 𝐴𝐴𝑖𝑖𝑖𝑥𝑥 ) (Van Cappellen and 
Gaillard, 1996). If, in addition, the 𝐴𝐴 𝐴𝐴𝑥𝑥 parameters of all reactions are the same (𝐴𝐴 𝐴𝐴𝑂𝑂 = 𝐴𝐴𝑁𝑁 = 𝐴𝐴𝐹𝐹𝐹𝐹 = 𝐴𝐴𝐶𝐶 = 𝐴𝐴 ), the 
total oxidation rate of organic carbon (𝐴𝐴 𝐴𝐴𝑘𝑘 = 𝐴𝐴𝑂𝑂 + 𝐴𝐴N + 𝐴𝐴Fe + 𝐴𝐴C ) is:

�� = � (CH2O)

(

(O2)
�O2 + (O2)

+ �O2

�O2 + (O2)

(
(

NO−
3

)

�NO3 +
(

NO−
3

) + �NO3

�NO3 +
(

NO−
3

)

(

(FeIII)
�FeIII + (FeIII)

+ �FeIII

�FeIII + (FeIII)
(DIC)

�DIC + (DIC)

)))

 
(5)

The second assumption (𝐴𝐴 𝐴𝐴O = 𝐴𝐴N = 𝐴𝐴Fe = 𝐴𝐴C = 𝐴𝐴 ) makes sense if the different reduction rates are similar. 
Various authors have followed similar 𝐴𝐴 𝐴𝐴𝑥𝑥 (e.g., Hunter et al., 1998; Ng et al., 2017) and other authors have fitted 
similar values (in the same order of magnitude) in models considering different TEAs (Rolle et al., 2008). If one 
or more of the TEAs has a concentration much higher than its half-saturation (i.e., 𝐴𝐴 (𝑥𝑥) ≫ 𝑘𝑘𝑥𝑥⇒(𝑥𝑥)∕ (𝑘𝑘𝑥𝑥 + (𝑥𝑥)) = 1 
and 𝐴𝐴 𝐴𝐴𝑥𝑥∕ (𝐴𝐴𝑥𝑥 + (𝑥𝑥)) = 0 ), then Equation 5 simplifies as:

𝑟𝑟𝑘𝑘 = 𝜆𝜆 (CH2O) (6)

which is a simple linear relation with the organic carbon concentration. This expression shows that if there are 
sufficient TEAs (and in general there is at least DIC), the total oxidation rate depends only on the dissolved 
organic carbon concentration. Of course, the relative contribution of each TEA to this oxidation still does depend 
on TEA concentrations, which is given by Equations 1–4.

2.2. The Partial Equilibrium Approach

The PEA assumes the oxidation of organic carbon to be kinetically controlled:

CH2O + 2H2O → HCO
−

3
+ 5H

+
+ 4e

− 

whereas the reduction semi-reactions of the various TEAs are assumed to be in equilibrium (thus controlled by 
Gibbs free energy):

e
−
+ 0.25O2 + H

+
⇋ 0.5H2O 
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e
−
+ 0.2NO

−

3
+ 1.2H

+
⇋ 0.1N2 + 0.6H2O 

e
−
+ Fe(OH)3 + 3H

+
⇋ Fe

2+
+ 3H2O 

e
−
+ 0.125HCO

−

3
+ 1.125H

+
⇋ 0.125CH4 + 0.375H2O 

Other non-redox equilibrium reactions can be added. Note that the approach assumes the electron activity (or pe) to be 
always in equilibrium with the redox couples of 𝐴𝐴 O2∕H2O , 𝐴𝐴 NO

−

3
∕N2 , 𝐴𝐴 Fe

3+
∕Fe

2+ , and 𝐴𝐴 HCO
−

3
∕CH4 but not with organic 

carbon. The rate law for the oxidation of organic carbon (𝐴𝐴 𝐴𝐴𝑘𝑘 ) is often taken as the sum of Equations 1–4 (Greskowiak 
et al., 2006; Prommer et al., 2006; Rodríguez-Escales et al., 2017). This means that we can apply the same logic as for the 
fully kinetical approach. The rate law for 𝐴𝐴 𝐴𝐴𝑘𝑘 reduces to Equation 6 if we assume equal λ's (𝐴𝐴 𝐴𝐴O = 𝐴𝐴N = 𝐴𝐴Fe = 𝐴𝐴C = 𝐴𝐴 ) 
and a sufficient amount of TEAs. However, unlike the fully kinetical approach, the oxidation rates by each TEA are not 
given by Equations 1–4. Instead, they must be deduced from mass balances of the various chemical species involved. 
This will be explained and illustrated in Sections 3 and 4 (particularly, Equation 12).

3. A Semi-Analytical Solution for the Partial-Equilibrium Approach
Here we will derive a semi-analytical solution of reactive transport assuming the partial-equilibrium approach 
described above and Equation 6 for the kinetic oxidation rate of organic carbon. The simplifications and the 
assumptions made in Equation  6 permit us to deduce an analytical solution including any number of aque-
ous reactions and precipitation-dissolution reactions of minerals in equilibrium if they are assumed to be ubiq-
uitous in space. The deduction of our solution is based on the method described by De Simoni et al.  (2005) 
and Sanchez-Vila et al. (2010). We will illustrate it by adding some more equilibrium reactions to the system 
described in Section 2.2. The first reaction is the oxidation of organic carbon:

Rk∶ CH2O + 2H2O → HCO3
− + 5H+ + 4e− 

Following Equation 6, we assume a linear kinetic rate law for this reaction. The system has 11 equilibrium reac-
tions including precipitation-dissolution of two minerals [CaCO3(s) and amorphous Fe(OH)3(s)]:

Re1∶ Ca2+ ⇋ CaCO3(s) + H+ − HCO3
− 

Re2∶ Fe(OH)3(aq) ⇋ Fe(OH)3(s) 

Re3∶ O2 ⇋ 2H2O − 4H+ − 4e− 

Re4∶ NO3
− ⇋ 3H2O − 6H+ − 5e− + 0.5N2(aq) 

Re5∶ Fe2+ ⇋ Fe(OH)3(s) − 3H2O + 3H+ + e− 

Re6∶ FeCO3(aq) ⇋ Fe(OH)3(s) − 3H2O + 2H+ + e− + HCO3
− 

Re7∶ CH4 ⇋ −3H2O + 9H+ + 8e− + HCO3
− 

Re8∶ OH− ⇋ H2O − H+ 

Re9∶ CO2(aq) ⇋ −H2O + H+ + HCO3
− 

Re10∶ Fe(OH)4− ⇋ Fe(OH)3(s) + H2O − H+ 

Re11∶ Fe(OH)2+ ⇋ Fe(OH)3(s) − H2O + H+ 

The equilibrium reactions are formulated in such a way that secondary species (on the left-hand side of ⇋) can 
be considered to be composed of primary species (on the right-hand side). The primary species comprise the 
two minerals and H2O, H +, e −, HCO3 − and N2. Although it is not common to use minerals as primary species, it 
greatly simplifies the decoupling procedure, because concentrations of aqueous species do not depend on those of 
minerals. For mathematical convenience, we write the stoichiometric coefficients in matrix form using subscripts 
“k” for kinetic reactions, “e” for equilibrium reactions, “m” for minerals, “a” for aqueous species (including 

 19447973, 2022, 7, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2021W

R
031194 by Spanish C

ochrane N
ational Provision (M

inisterio de Sanidad), W
iley O

nline L
ibrary on [18/10/2022]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Water Resources Research

SAALTINK AND RODRÍGUEZ-ESCALES

10.1029/2021WR031194

5 of 18

organic carbon), “oc” for organic carbon, a1 for primary aqueous species, and a2 for secondary aqueous species. 
For our chemical system this gives the following stoichiometric matrix (𝐴𝐴 𝐒𝐒 ):

 (7)

Note that Se,oc = 0 and Se,a2 = −I. This comes from the fact that organic carbon is not involved in equilibrium reac-
tions and that secondary species are considered to be composed of only primary species. Also note that Sk,oc = −1 
and Sk,a2 = 0. This is just a peculiarity of our chemical system. The mass balance equations for all species can be 
written, using vector-matrix notation, as:

���
��

=
⎛

⎜

⎜

⎝

0

(−� ⋅ ∇�� + ∇ ⋅ (��∇��))�

⎞

⎟

⎟

⎠

+ ���
� �� + ���

� �� (8)

where q is the Darcy flux, ϕ is the porosity, D is a tensor for diffusion and/or dispersion, re is a vector of the 
rates of equilibrium reactions (in moles per volume of water per unit of time) and c a vector of concentrations 
of species (in moles per volume of water), that uses the same subscripts as the stoichiometric matrix [c T = (cm 
ca) T = (cm ca1 coc ca2) T]. Note that only aqueous species include terms for advection and diffusion-dispersion. 
Contrary to kinetic reactions, rates of equilibrium reactions cannot be expressed directly through a rate law. 
Instead, a mass action laws for each equilibrium reaction has to be imposed (Equation 9).

��,�
(

log �� + log ��
)

= log� (9)

As Se,oc = 0 and Se,a2 = −I (Equation 7), these mass action laws can be rewritten as:

log ��2 = ��,�1
(

log ��1 + log ��1
)

− log ��2 − log � (10)

where γ is a vector of activity coefficients, that depend on the ionic strength of the solution, and log k is the 
equilibrium constant of the reaction. Note that concentrations of minerals do not affect (9) or (10), because their 
activities equal unity.

An important remark has to be made here on the electron, e −. Its concentration reflects the redox potential and is not 
an actual concentration of free e − dissolved in water. Nevertheless, we assume a virtual concentration of 𝐴𝐴 𝐴𝐴

− although 
its concentration is in reality 0. The transport and storage terms of Equation 8 are negligible with respect to reaction 
rates. Therefore, rather than Equation 8, the mass balance of e − for our chemical system has to be expressed as:

0 = 4�� − 4��3 − 5��4 + ��5 + ��6 + 8��7 ⇒ �� = ��3 + 1.25��4 − 0.25 (��5 + ��6) − 2��7 (11)

We can use Equation 11 to distinguish between rates of aerobic oxidation (𝐴𝐴 𝐴𝐴O ), denitrification (𝐴𝐴 𝐴𝐴N ), iron reduction 
(𝐴𝐴 𝐴𝐴Fe ) and methanogenesis (𝐴𝐴 𝐴𝐴C ). It would be natural to define these rates by:

�O = ��3

�N = 1.25��4

�Fe = −0.25 (��5 + ��6)

�C = −2��7

 (12)

S =
Sk

=
Sk,m Sk,a = Sk,m Sk,a1 Sk,oc Sk,a2

Se Se,m Se,a Se,m Se,a1 Se,oc = 0 Se,a2 = −I

−2 5 4 1 −1 Rk

1 1 −1 −1 Re1

1 −1 Re2

2 −4 −4 −1 Re3

3 −6 −5 0.5 −1 Re4

1 −3 3 1 −1 Re5

= 1 −3 2 1 1 −1 Re6

−3 9 8 1 −1 Re7

1 −1 −1 Re8

−1 1 1 −1 Re9

1 1 −1 −1 Re10

1 −1 1 −1 Re11

C
a
C

O
3 (s

)

F
e
(O

H
)
3 (s

)

H
2 O
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which, of course, means that rk = rO + rN + rFe + rC

We usually simplify mass balance Equation 8 by multiplying them with a (Ns − Ne) × Ns component matrix U (Ns 
being the number of species, Ne the number of equilibrium reactions). Matrix U (also called kernel or null space) 
eliminates the rates of equilibrium reactions (re). By definition USe T = 0. For our semi-analytical solution, we 
subdivide U into three other component matrices:

1.  A component matrix for minerals (Umc) that eliminates both equilibrium and kinetic reactions. Its number of 
rows equals the number of minerals. It is constructed by using the minerals as base columns.

2.  An aqueous conservative component matrix (Uac). It contains only aqueous species and also eliminates both 
equilibrium and kinetic reactions. Its number of rows equals the number of aqueous species minus the rank of 
matrix Sa, which equals the number of equilibrium plus kinetic reactions. Therefore, the number of aqueous 
conservative components (Nac) or rows of Uac equals Nac = Na − Ne − Nk = Na − Ne − 1 (Na being the number 
of aqueous species and Nk the number of kinetic reactions, which equals one). It is constructed by using as 
base columns the primary species excluding CH2O and minerals.

3.  A component matrix for organic carbon Uoc. It has one row, and its elements are all zero except the one refer-
ring to CH2O, which has a value of one. As the equilibrium reactions do not involve CH2O, it eliminates re 
(i.e., UocSe T = 0) but not rk (UocSk T ≠ 0).

For our chemical system this gives the following:

 (13)

where the column referring to e − has to be made 0 (indicated in red) because in reality, the concentration of e − is 
0. Some rows in U have a clear meaning. For instance, the first row represents the component Ca, the second row 
Fe, the fifth the reduction capacity, and the seventh the component N. The meaning of other rows is less obvious. 
Multiplying this component matrix by Equation 8 gives:

𝜙𝜙
𝜕𝜕𝐜𝐜𝑚𝑚

𝜕𝜕𝜕𝜕
+ 𝜙𝜙

𝜕𝜕𝐮𝐮𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝜕𝜕𝜕𝜕
= (−𝐪𝐪 ⋅ ∇𝐮𝐮𝑚𝑚𝑚𝑚𝑚𝑚𝑚 + ∇ ⋅ (𝜙𝜙𝐃𝐃∇𝐮𝐮𝑚𝑚𝑚𝑚𝑚𝑚𝑚))

𝑇𝑇 (14)

𝜙𝜙
𝜕𝜕𝐮𝐮𝑎𝑎𝑎𝑎

𝜕𝜕𝜕𝜕
= (−𝐪𝐪 ⋅ ∇𝐮𝐮𝑎𝑎𝑎𝑎 + ∇ ⋅ (𝜙𝜙𝐃𝐃∇𝐮𝐮𝑎𝑎𝑎𝑎))

𝑇𝑇 (15)

𝜙𝜙
𝜕𝜕𝜕𝜕𝑜𝑜𝜕𝜕

𝜕𝜕𝜕𝜕
= −𝐪𝐪 ⋅ ∇𝜕𝜕𝑜𝑜𝜕𝜕 + ∇ ⋅ (𝜙𝜙𝐃𝐃∇𝜕𝜕𝑜𝑜𝜕𝜕) + 𝜙𝜙𝐒𝐒

𝑇𝑇

𝑘𝑘𝑘𝑜𝑜𝜕𝜕
𝑟𝑟𝑘𝑘 (16)

where umc,a = Umc,aca and uac = Uacca are vectors of concentrations of dissolved minerals and aqueous conserva-
tive components. For our chemical system we use a linear kinetic rate (Equation 6) and Sk,om = −1 (Equation 7). 
Then, Equation 16 becomes:

𝜙𝜙
𝜕𝜕𝜕𝜕𝑜𝑜𝜕𝜕

𝜕𝜕𝜕𝜕
= −𝐪𝐪 ⋅ ∇𝜕𝜕𝑜𝑜𝜕𝜕 + ∇ ⋅ (𝜙𝜙𝐃𝐃∇𝜕𝜕𝑜𝑜𝜕𝜕) − 𝜙𝜙𝜙𝜙𝜕𝜕𝑜𝑜𝜕𝜕 (17)

which is a simple advection-dispersion equation with linear decay. All concentrations and reaction rates can be 
calculated by the following procedure:
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1.  Calculate uac by solving Equation 15. For this, one can use existing analytical solutions (e.g., van Genuchten 
and Alves, 1982). Alternatively, one can also use numerical solutions.

2.  Calculate coc by solving Equation 16 or 17. Analytical or numerical solutions exist for this also, at least for 
Equation 17.

3.  Calculate concentrations of all other aqueous species from uac and coc by solving the mass action laws (9) 
together with the definition of uac (uac = Uacca). In general, no analytical solutions exist and they can be solved 
numerically by standard chemical speciation codes such as Phreeqc (Parkhurst & Appelo, 1999). The kinetic 
reaction rate can be calculated straightforwardly from Equation 5 or 6.

4.  If all concentrations and the kinetic reaction rate are known, we can calculate the rates of equilibrium reactions 
(re) from the mass balance Equation 8 of the secondary species:

𝜙𝜙
𝜕𝜕𝐜𝐜𝑎𝑎2

𝜕𝜕𝜕𝜕
= (−𝐪𝐪 ⋅ ∇𝐜𝐜𝑎𝑎2 + ∇ ⋅ (𝜙𝜙𝐃𝐃∇𝐜𝐜𝑎𝑎2))

𝑇𝑇
+ 𝜙𝜙𝐒𝐒

𝑇𝑇

𝑘𝑘𝑘𝑎𝑎2
𝑟𝑟𝑘𝑘 + 𝜙𝜙𝐒𝐒

𝑇𝑇

𝑒𝑒𝑘𝑎𝑎2
𝐫𝐫𝑒𝑒 (18)

 As the equilibrium reactions write the secondary species explicitly as a function of primary species, Se2 = −I 
(Equation 7), Equation 18 can be rewritten as:

𝐫𝐫𝑒𝑒 = −
𝜕𝜕𝐜𝐜𝑎𝑎2

𝜕𝜕𝜕𝜕
+ (−𝐯𝐯 ⋅ ∇𝐜𝐜𝑎𝑎2 + ∇ ⋅ (𝐃𝐃∇𝐜𝐜𝑎𝑎2))

𝑇𝑇
+ 𝐒𝐒

𝑇𝑇

𝑘𝑘𝑘𝑎𝑎2
𝑟𝑟𝑘𝑘 (19)

 where v is the porewater velocity (v = ϕ −1q). As ca2 is a function of only uc and coc, we can write:

�� =
���2
����

[

−����

��
+ (−� ⋅ ∇��� + ∇ ⋅ (�∇���))�

]

+
∑

�

�2��2
�����,�

∇� ���,��∇���,�

+���2
����

[

−����
��

− � ⋅ ∇��� + ∇ ⋅ (�∇���)
]

+ �2��2
��2��

∇� ����∇��� + ��
�,�2�� 

(20)

 Substitution of Equations 15 and 16 into 20 yields:

𝐫𝐫𝑒𝑒 =

∑

𝑖𝑖

𝜕𝜕
2𝐜𝐜𝑎𝑎2

𝜕𝜕𝜕𝜕
𝟐𝟐

𝑎𝑎𝑎𝑎𝑎𝑖𝑖

∇
𝑇𝑇
𝜕𝜕𝑎𝑎𝑎𝑎𝑎𝑖𝑖𝐃𝐃∇𝜕𝜕𝑎𝑎𝑎𝑎𝑎𝑖𝑖 +

𝜕𝜕
2𝐜𝐜𝑎𝑎2

𝜕𝜕𝑎𝑎
2
𝑜𝑜𝑎𝑎

∇
𝑇𝑇
𝑎𝑎𝑜𝑜𝑎𝑎𝐃𝐃∇𝑎𝑎𝑜𝑜𝑎𝑎 +

(

𝐒𝐒
𝑇𝑇

𝑘𝑘𝑎𝑎𝑎2
−

𝜕𝜕𝐜𝐜𝑎𝑎2

𝜕𝜕𝑎𝑎𝑜𝑜𝑎𝑎
𝐒𝐒
𝑇𝑇

𝑘𝑘𝑎𝑜𝑜𝑎𝑎

)

𝑟𝑟𝑘𝑘 (21)

Chemical composition of inlet water

pH 8.16

O2 2.55 × 10 −4 M

Total N 1.00 × 10 −3 M

Total Fe 2.56 × 10 −8 M

DIC 7.64 × 10 −4 M

Total Ca 8.83 × 10 −4 M

CH2O 2.50 × 10 −3 M

Kinetic rate 
parameters This work Literature range a

𝐴𝐴 𝐴𝐴
(

𝑑𝑑
−1
)

  b 0.1 1 × 10 −4–1 × 10 −1

𝐴𝐴 𝐴𝐴O2
(𝑀𝑀)  c 1.0 × 10 −5 1 × 10 −6–1 × 10 −4

𝐴𝐴 𝐴𝐴NO
−

3
(𝑀𝑀)  c 1.0 × 10 −5 1 × 10 −6–1 × 10 −4

𝐴𝐴 𝐴𝐴FeIII(𝑀𝑀)  c 1.0 × 10 −8 0–1 × 10 −4

𝐴𝐴 𝐴𝐴DIC(𝑀𝑀)  c 1.0 × 10 −5 1 × 10 −6–1 × 10 −4

 aBrun & Engesgaard, 2002; Greskowiak et al., 2006; Rolle et al., 2008.  bused in all models (Section 4.3, 4.4, and 4.5).  cused 
in the fully kinetic models (Section 4.5).

Table 1 
Chemical Composition of the Inlet Water and Parameters for Both Examples
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 From re, we can also obtain rO, rN, rFe, and rC through Equation 12. The derivatives (𝐴𝐴 𝐴𝐴
2𝐜𝐜𝑎𝑎2∕𝐴𝐴𝜕𝜕

2

𝑎𝑎𝑎𝑎𝑎𝑎𝑎
 , 𝐴𝐴 𝐴𝐴𝐜𝐜𝑎𝑎2∕𝐴𝐴𝜕𝜕𝑜𝑜𝜕𝜕 and 

𝐴𝐴 𝐴𝐴
2𝐜𝐜𝑎𝑎2∕𝐴𝐴𝜕𝜕

2
𝑜𝑜𝜕𝜕 ) can be obtained numerically from the results of step 3. Gradients ∇uac,i and ∇coc must be deduced 

from the analytical or numerical solutions of step 1 and 2. Note that the first two terms on the right-hand side 
of 21 are identical to those obtained by De Simoni et al. (2007). In addition, we have another term for kinetic 
reaction rates.

5.  Similarly to Equation 21, we can calculate the concentration of minerals or their precipitation-dissolution 
rates:

𝜕𝜕𝐜𝐜𝑚𝑚

𝜕𝜕𝜕𝜕
=

∑

𝑖𝑖

𝜕𝜕
2𝐮𝐮𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝜕𝜕𝜕𝜕
2

𝑚𝑚𝑚𝑚𝑚𝑖𝑖

∇
𝑇𝑇
𝜕𝜕𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝐃𝐃∇𝜕𝜕𝑚𝑚𝑚𝑚𝑚𝑖𝑖 +

𝜕𝜕
2𝐮𝐮𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝜕𝜕𝑚𝑚
2
𝑜𝑜𝑚𝑚

∇
𝑇𝑇
𝑚𝑚𝑜𝑜𝑚𝑚𝐃𝐃∇𝑚𝑚𝑜𝑜𝑚𝑚 −

𝜕𝜕𝐮𝐮𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝜕𝜕𝑚𝑚𝑜𝑜𝑚𝑚
𝐒𝐒
𝑇𝑇

𝑘𝑘𝑚𝑜𝑜𝑚𝑚
𝑟𝑟𝑘𝑘 (22)

4. Applications of the Semi-Analytical Solution
In this section, we apply the semi-analytical solution to two very simple examples. The first one has only advec-
tion (Section 4.3) and the second one only diffusion (Section 4.4). For both examples, the concentrations of the 
aqueous conservative components (uac) are constant, but the concentration of the organic carbon (coc) changes as a 
result of oxidation. Besides this, we also verify our solution by comparing it with a Phreeqc numerical model  also 
including organic carbon oxidation assuming PEA. First (Section 4.2), we calculate the chemical composition as 
a function of the concentration of organic carbon (coc), following the procedure described in Section 3 (step 3). 
All the parameters needed for the calculations are presented in Section 4.1.

4.1. Chemical Model

We used the Phreeqc code (Parkhurst & Appelo, 1999) to calculate the chemical compositions. Thermodynamic 
data were taken from the Phreeqc database (phreeqc.dat), from which we removed ammonium to avoid the 

Figure 1. Results of the batch calculations by Phreeqc: pH and pe (a), aqueous concentrations (b), minerals (c) and pe-pH 
diagram (d). Figures a, b and c have two horizontal axes: oxidized CH2O and CH2O concentrations. In figure (c), positive 
values refer to precipitation and negative to dissolution. In figure (d), each square represents an additional amount of oxidized 
organic carbon of 5 × 10 −5 mol/L.
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unrealistic reduction of NO3 − and N2 to NH4 +. Table 1 shows the chemical composition of the inlet water together 
with the kinetic rate parameters, to be used later in the applications. The water at the inlet is in equilibrium with 
CaCO3(s), Fe(OH)3(s), and gas with a partial pressure for O2 of 0.2 bar and for CO2 of 10 −3.5 bar. All redox 
couples, except that of CH2O/HCO3 −, are assumed at equilibrium. As the water is aerobic, concentrations of N2, 

𝐴𝐴 Fe
2+ , and CH4 are practically 0. The constant concentrations of the conservative components (uac) can be calcu-

lated from this chemical composition. We use the same chemical elements and minerals as the chemical system 
of Section 3. However, as Phreeqc incorporates all possible aqueous complexes from its database, there may be 
more equilibrium reactions than the system of Section 3.

4.2. Batch Calculations

The batch model consists of adding to the inlet water of Table 1 incremental amounts of CH2O that are subse-
quently oxidized. Figure 1 shows the results of these Phreeqc batch calculations. Note that when the organic carbon 
concentration is high, the amount of oxidized organic carbon is low, and, therefore, the concentrations of TEAs 
are high. Clearly, different redox zones can be distinguished. O2 concentrations drop with increasing oxidized 
organic carbon in an O2 redox zone (Figure 1b). Then, NO3 − concentrations drop and those of N2 increase in a 
NO3 − redox zone, followed by an increase in Fe(II) in a Fe redox zone. Finally, there is a zone of both Fe reduc-
tion and CH4 genesis with increasing Fe(II) and CH4 concentrations. These zones are also reflected by pe and pH 
(Figure 1a). As expected, pe drops for each subsequent redox zone. Aerobic oxidation produces protons, which 
lowers the pH in the O2 redox zone (see chemical reactions in Section 2.1). The same occurs for denitrification 
though to a lesser extent. Iron reduction consumes protons, which increases the pH. There is no proton production 
or consumption at the zone of Fe reduction and CH4 genesis and pH is kept constant. CaCO3(s) reacts to changes 
in pH with dissolution when protons are produced and precipitation when protons are consumed (Figure 1d). 
Aerobic oxidation, denitrification, and iron reduction are clearly separated. However, there is no clear separation 
between iron reduction and methanogenesis. This can be explained by the pe-pH diagram (Figure 1c). Starting 
with high O2 and organic carbon concentrations pe-pH values are near the H2O/O2 line. When more CH2O is 
oxidized, pe-pH values reach the NO3 −/N2 line (blue) in the NO3 − redox zone. This is followed by a drop to the 
FeII/Fe(OH)3(s) line (red) in the Fe redox zone. As the FeII/Fe(OH)3(s) line crosses the CH4/HCO3 line (green), 
the water reaches the intersection point and remains there producing both Fe(II) and CH4. It can be questioned 

Figure 2. First (figure a and c) and second (figures b and d) derivatives of the concentrations of secondary species with 
respect to concentration of organic carbon. All have two horizontal axes: oxidized CH2O and CH2O concentrations. In 
figure (b) δ is the Dirac delta function of Equation 23 and Table 2. Figure (c) is an enlargement of figure a near the O2/NO3 − 
front with a smaller scale for the horizontal and vertical axes. Likewise, figure (b) has a smaller scale than figure d for the 
horizontal axis, but a larger scale for the vertical axis. It can be verified that the areas of figure (d) agree with αf in Table 2.
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whether this occurs in reality. There may be other minerals, such as siderite 
(FeCO3), not considered in our chemical system, that can change the pe-pH 
diagram. We did not consider this mineral, because our analytical solution 
only permits minerals that are present ubiquitously and siderite is only stable 
at zones with low redox potential (Stumm & Morgan, 1996, Chapter 8.4). 
Nevertheless, co-occurrence of Fe reduction and methanogenesis have been 
found in laboratory studies though not for amorphous Fe(OH)3(s) but for 
other Fe(III) oxides, such as hematite and magnetite (Zhou et al., 2014).

Our analytical solution also requires first and second derivatives with respect 
to coc, shown in Figure 2. First derivatives follow the stoichiometry of the 
different oxidation reactions in the different redox zones, which we can char-
acterize by:

Rk + Re3∶ CH2O + O2 → HCO3
−+H+ 

Rk + 0.8Re4∶ CH2O + 0.8NO3
– → HCO3

− + 0.4N2 + 0.4H2O + 0.2H+ 

Rk + 4Re5∶ CH2O + 4Fe(OH)3+7H+ → HCO3
−+4Fe2+ + 10H2O 

Rk + 0.5Re7∶ CH2O + 0.5H2O → 0.5HCO3
− + 0.5CH4+0.5H+ 

Note that there are very abrupt changes in first derivatives at an O2/NO3 − and NO3 −/Fe 3+ redox front. The O2/
NO3 − front is located at the CH2O concentration equal to the inlet CH2O concentration minus the O2 concentra-
tion of Table 1 (2.50 × 10 −3 − 2.55 × 10 −4 = 2.24 × 10 −3 mol/L) and the NO3 −/Fe redox front at that equal to 
the inlet CH2O concentration minus the O2 concentration minus 0.8 times NO3 − concentration (2.50 × 10 −3 − 2.
55 × 10 −4 − 0.8 × 1.0 × 10 −3 = 9.95 × 10 −4 mol/L). There is no clear Fe/CH4 front due to the already discussed 
co-occurrence of Fe reduction and methanogenesis. The sharp fronts mean very high second derivatives at the O2/
NO3 − and NO3 −/Fe redox front (Figure 2b). As can be seen in Figures 2c and 2d, the width of the O2/NO3 − front 
is around 10 −8 mol/L, compared to an initial organic carbon concentration of 2.5 × 10 −3 mol/L. The size of the 
NO3 −/Fe redox front is similarly small. These thin fronts justify the use of the Dirac delta function to approximate 
the second derivatives:

�2�2�
��2��

= � (��� − ���,� )�� � = O2∕NO−
3 ,NO−

3 ∕Fe3+ (23)

where subscript f refers to the redox front, δ is the Dirac delta function, coc,f the front location in terms of 
organic carbon concentration and α is a vector containing jumps in first derivatives. Table 2 shows the values 
for coc,f and α.

4.3. Application 1: 1D Steady State With Only Advection

The first model assumes a one-dimensional domain with homogeneous water flow, porosity and decay constant 
(𝐴𝐴 𝐴𝐴 ) and with advection as the only transport process. Then, the mass balance equation of organic carbon becomes:

0 = −𝑣𝑣
𝜕𝜕𝜕𝜕𝑜𝑜𝜕𝜕

𝜕𝜕𝜕𝜕
− 𝜆𝜆𝜕𝜕𝑜𝑜𝜕𝜕 (24)

where 𝐴𝐴 𝐴𝐴 is the porewater velocity. Note that by using porewater velocity in stead of Darcy flux, the porosity is not 
required. The solution of Equation 24 is:

𝑐𝑐𝑜𝑜𝑐𝑐 = 𝑐𝑐𝑜𝑜𝑐𝑐𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒

(

−𝜆𝜆𝑒𝑒

𝑣𝑣

)

 (25)

where coc,in is the concentration of organic carbon at the inlet. The model uses a porewater velocity (v) of 1.0 m/
day. Its length is 30 m.

As stated above, our semi-analytical solution is also verified by comparing it with a numerical solution, calcu-
lated with Phreeqc. The organic carbon oxidation scheme is also based on the PEA calculated with the same 

Redox front (f)

O2/NO3 NO3/Fe

com,f (mol/L) 2.24 × 10 −3 9.95 × 10 −4

O2 1.0 0.0

αf NO3 − −0.8 0.8

FeII 0.0 4.0

CH4 0.0 0.0

Table 2 
Parameters for Equation 23
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initial conditions and parameters as our analytical solution (Table 1). The total length is divided into 100 cells 
of 0.3 m. As Phreeqc does not allow steady state calculations, we used a transient state model with a total time 
of 60 days divided into 200 time steps. At this total time, the system will have reached a steady state, because it 
is two times the transient time defined as length of the domain divided by velocity (30 m/1.0 m/day = 30 days). 
Therefore, we used the results of the last time step for comparison with the steady state analytical model.

Figure 3 shows the results of the advection model. Those for the analytical and the numerical model are close 
to identical, which verifies the correct calculation of the analytical solution. The aqueous chemistry (Figures 3a 
and 3b) is very similar to Figures 1a and 1b except for the horizontal axis that is not oxidized organic carbon but 
distance. The reason is that concentrations of solutes only depend on aqueous component concentrations (𝐴𝐴 𝐮𝐮𝑎𝑎𝑎𝑎 ) and 
concentrations of organic carbon (𝐴𝐴 𝐴𝐴𝑜𝑜𝐴𝐴 ) as explained in step 3 of our procedure. As in our case 𝐴𝐴 𝐮𝐮𝑎𝑎𝑎𝑎 is constant, solute 
concentrations only depend on 𝐴𝐴 𝐴𝐴𝑜𝑜𝐴𝐴 , which in turn depends on distance through Equation 25. In effect Equation 25 
expresses the transformation of the horizontal axis of Figures 1a and 1b (organic carbon concentration) into that of 
Figures 3a and 3b (distance). We can also calculate the reactions rates by applying Equations 21 and 22. In our case 
D = 0 and, for our particular chemical system of Equation 7, uac is constant, Sk,om = −1 and Sk,a2 = 0. This leads to:

𝐫𝐫𝑒𝑒 =
𝜕𝜕𝐜𝐜𝑎𝑎2

𝜕𝜕𝜕𝜕𝑜𝑜𝜕𝜕
𝑟𝑟𝑘𝑘 (26)

𝜕𝜕𝐜𝐜𝑚𝑚

𝜕𝜕𝜕𝜕
=

𝜕𝜕𝐮𝐮𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝜕𝜕𝑚𝑚𝑜𝑜𝑚𝑚
𝑟𝑟𝑘𝑘 (27)

Figures 3c and 3d show the rates of organic carbon oxidation by the various TEAs, obtained from re and Equa-
tion 12, and the precipitation-dissolution rates of the two minerals. Upstream, organic carbon is oxidized aerobically, 
followed by denitrification, iron reduction and methanogenesis. Aerobic oxidation, denitrification, and iron reduc-
tion are separated by clear fronts, but there is no clear front between iron reduction and methanogenesis. Fe(OH)3(s) 
dissolution is directly related to iron reduction. In the aerobic oxidation zone CaCO3(s) dissolves because of the 
proton formation of reaction Rk + Re3. There is less proton formation during denitrification (Rk + 0.8Re4) and, 
hence, less dissolution. Iron reduction (Rk + 4Re4) consumes protons and causes CaCO3(s) to precipitate.

4.4. 1D Steady State With Only Diffusion

The mass balance equation of organic carbon in a one-dimensional domain and with only diffusion at steady 
state is:

Figure 3. Results of the advection model calculated by the semi-analytical model (lines) and the numerical model of Phreeqc 
(squares). Figure (c) is a stacked graph for rO, rN, rFe, and rC. The total organic carbon oxidation rate (rO + rN, + rFe + rC) 
equals rk, calculated by Phreeqc. In Figure (d) positive rates refer to precipitation and negative to dissolution.
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0 = 𝐷𝐷
𝜕𝜕
2
𝑐𝑐𝑜𝑜𝑐𝑐

𝜕𝜕𝜕𝜕2
− 𝜆𝜆𝑐𝑐𝑜𝑜𝑐𝑐 (28)

with boundary conditions

𝑐𝑐𝑜𝑜𝑐𝑐 = 𝑐𝑐𝑜𝑜𝑐𝑐𝑜𝑜𝑜𝑜𝑜 𝑥𝑥 = 0

𝜕𝜕𝑐𝑐𝑜𝑜𝑐𝑐

𝜕𝜕𝑥𝑥
= 0 𝑥𝑥 = 𝐿𝐿

 (29)

where coc,in is the concentration of organic carbon at the inlet and L is the length of the domain. Like the advection 
model, porosity is not required. The solution is:

𝑐𝑐𝑜𝑜𝑐𝑐 = 𝑐𝑐𝑜𝑜𝑐𝑐𝑜𝑜𝑜𝑜𝑜

𝑒𝑒𝑒𝑒𝑒𝑒

(

𝑒𝑒−𝐿𝐿

𝑒𝑒𝐶𝐶

)

+ 𝑒𝑒𝑒𝑒𝑒𝑒

(

−
𝑒𝑒−𝐿𝐿

𝑒𝑒𝐶𝐶

)

𝑒𝑒𝑒𝑒𝑒𝑒

(

𝐿𝐿

𝑒𝑒𝐶𝐶

)

+ 𝑒𝑒𝑒𝑒𝑒𝑒

(

−
𝐿𝐿

𝑒𝑒𝐶𝐶

) (30)

𝜕𝜕𝜕𝜕𝑜𝑜𝜕𝜕

𝜕𝜕𝜕𝜕
=

𝜕𝜕𝑜𝑜𝜕𝜕𝑜𝑜𝑜𝑜𝑜

𝜕𝜕𝐶𝐶

𝑒𝑒𝜕𝜕𝑒𝑒

(

𝜕𝜕−𝐿𝐿

𝜕𝜕𝐶𝐶

)

− 𝑒𝑒𝜕𝜕𝑒𝑒

(

−
𝜕𝜕−𝐿𝐿

𝜕𝜕𝐶𝐶

)

𝑒𝑒𝜕𝜕𝑒𝑒

(

𝐿𝐿

𝜕𝜕𝐶𝐶

)

+ 𝑒𝑒𝜕𝜕𝑒𝑒

(

−
𝐿𝐿

𝜕𝜕𝐶𝐶

) (31)

where 𝐴𝐴 𝐴𝐴𝐶𝐶 =
√

𝐷𝐷∕𝜆𝜆 is a characteristic length. The model uses a diffusion coefficient (D) of 1.0 × 10 −4 m 2/day (= 
1.2 × 10 −9 m 2/s) and a length (L) of 0.08 m.

Like the advection model, we compared our analytical solution with a numerical solution, calculated with 
Phreeqc. The total length is divided into 100 cells. Total time is 100 days divided into 200 time steps. This is 
sufficient for the system to reach a steady state, defined as about three times the characteristic time for diffusion 
in the domain [=�2∕(2�) = 32 days].

Figure 4. Results of the diffusion model calculated by the analytical model (lines) and the numerical model of Phreeqc 
(squares). The vertical lines in figure c and d indicate values that go to infinity. Figure (c) is a stacked graph for rO, rN, rFe, and 
rC. The total organic carbon oxidation rate (rO + rN, + rFe + rC) equals rk, calculated by Phreeqc. In figure (d) positive rates 
refer to precipitation and negative to dissolution.
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Reaction rates can be calculated by applying Equation 21, similarly to the advection model but with an additional 
term for diffusion:

�� =
�2��2
��2��

�
(����
��

)2
+ ���2

����
r� (32)

���
��

=
�2���,�

��2��
�
(����
��

)2
+

����,�

����
r� (33)

Figure 4 shows the results of the calculation. The aqueous chemistry (Figures 4a and 4b) shows a very similar pattern 
to Figures 1a and 1b and Figures 3a and 3b and does not require further discussion. Like the advection model, the 
aqueous chemistry of the analytical and numerical model of Phreeqc is near identical. However, the reaction rates 
(Figures 4c and 4d) have some interesting features. Although the total oxidation of organic carbon by all TEAs (rk) 
drops gradually, the aerobic oxidation (rO) and denitrification (rN) show huge upward and downward spikes at the 
O2/NO3 front. These spikes are a result of the diffusion term with second derivatives of Equation 32. If Dirac delta 
functions of Equation 23 are assumed for these second derivatives, these spikes go to positive and negative infinities. 
This means an infinite organic carbon oxidation by O2 together with an infinite organic carbon formation by oxidiz-
ing N2 to NO3 −. The same happens with denitrification and iron reduction at the NO3 −/Fe front. As there is no abrupt 
Fe/CH4 front, there are no infinite rates here, but still there are considerable spikes in the rates of iron reduction and 
(negative) methanogenesis. Rather than simultaneous organic carbon decay and formation by different TEAs, it is 
better to represent the chemistry at the fronts by the following reactions:

O2/NO3
− front∶ O2 + 0.4N2 + 0.4H2O→ 0.8NO3

– +0.8H+ 

NO3
−

/Fe front: 0.8NO3
−
+ 4Fe

2+
+ 9.6H2O → 0.4N2 + 4Fe(OH)3(s) + 7.2H

+ 

Fe/CH4 front: 4Fe(OH)3(s) + 0.5CH4 + 7.5H
+
→ 4Fe

2+
+ 0.5HCO3

−
+ 10.5H2O 

Looking at the gradients of concentrations O2, N2 and NO3 − (Figure 4b), we can infer that O2 and N2 diffuse 
toward the O2/NO3 − front without diffusing away from it. On the other hand, NO3 − only diffuses away from 
this front. This means that there must be a sink for O2 and N2 and a source for NO3 −. This is provided for 
by the above oxidation of N2 by O2 to NO3 −, which the PEA assumes to be in equilibrium. Similar analyses 
can be made for the NO3 −/Fe and Fe/CH4 fronts, where FeII is oxidized by NO3 − and CH4 is oxidized by 
Fe(OH)3(s), respectively. Of course, the oxidation of N2 by O2 does not occur in reality. In fact, it motivated 
Brun and Engesgaard (2002) to treat this reaction as kinetic. This is clearly one of the main limitations of the 
PEA. As it assumes thermodynamic equilibrium for all TEAs, all thermodynamically favorable reactions will 
occur. Note that this shortcoming is only relevant for transport cases dominated by diffusion and not for cases 
where advection is the main transport process and that do not show spikes in reaction rates. Nonetheless, 
FeII can be oxidized by NO3 −, which is a process mediated by lithoautotrophic microorganisms (Torrentó 
et al., 2010).

At this point, we can use our analytical solution to further analyze the impact of this shortcoming. The reaction 
rates at the O2/NO3 − and NO3 −/Fe fronts go to infinity or, at least, to very high values in a very narrow space, 
which is difficult to quantify. However, the reaction rates integrated over distance at these fronts do not go to 
infinity. We can see this by integrating the diffusion term of Equation 32 over an infinitely small distance (Δx→0) 
around the front position (xf). This yields the following equation:

��+Δ�

∫
��−Δ�

�2��2
��2��

�
(����
��

)2
�� =

��+Δ�
����
��

∫
��−Δ�

����
��

�
(

��� − ��
)

�����
��

���� �� = �
|

|

|

|

����
��

|

|

|

|

�� (34)

Table 3 shows the results of Equation 34 and compares them with other terms in the mass balances of the main 
redox species. As can be seen, the masses of solutes reacting at the fronts are by no means small in comparison to 
those reacting elsewhere or diffusing into the domain at the inlet. Moreover, NO3 −, FeII, and CH4 cannot diffuse 
into or out of the domain due to the zero gradient at the inlet, which means that formation and consumption of 
these species always compensate each other.
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4.5. Comparison of the PEA With the Fully Kinetic Approach

As discussed in the previous section, a shortcoming of the PEA is that it permits spurious reactions that, although 
being thermodynamically possible, are not always realistic. This occurs both in our solution and in the numerical 
model, indicating that it is related to the concept of the PEA and, especially, to the assumption of thermodynamic 
equilibrium of TEAs. Therefore, in this section we compare the analytical PEA of both the advection and diffusion 
model with a fully kinetic approach assuming Monod kinetics. We used Phreeqc for the calculation of the latter 
by incorporating all the TEAs and DOC as new external species without interaction of thermodynamics of the 
database. We assumed the same spatial and temporal discretization as the models of Sections 4.3 and 4.4. The 

Figure 5. Comparison of the Partial Equilibrium Approach (PEA, continuous lines) with the fully kinetic approach (dashed 
lines) for the advection model. The gray lines in Figure (c) refer to the PEA results of Figure 3c.

Process Location x (mm)

Mass balance (mmol m −2 day −1)

CH2O O2 NO3 − FeII CH4

Influx diffusion Inlet 0.0 7.81 7.81 0 0 0

Rk + Re3 O2 zone 0.0–3.5 −0.82 −0.82 0 0 0

Re3 − 0.8Re4 O2/NO3 − front 3.5 0 −6.99 5.59 0 0

Rk + 0.8Re4 NO3 − zone 3.5–30.3 −4.10 0 −3.28 0 0

0.8Re4 − 4Re5 NO3 −/Fe front 30.3 0 0 −2.31 −11.54 0

Rk + 4Re5 Fe zone 30.3–49.3 −1.47 0 0 10.15 −0.54

Rk + 0.5Re7 CH4 zone 49.3–80.0 −1.41 0 0 1.39 0.54

Note. For each redox species it gives the mass influx/outflux and the production/consumption by the different redox 
reactions integrated over distance. Positive values refer to influx or production, negative values to outflux or consumption. 
The decays at the fronts are calculated by applying Equation 34, those at the redox zones by integrating reaction rates 
between the indicated values of distance (x). The location of the Fe/CH4 front (49.3 mm) is taken as the location where 
rFe = rCH4.
Rk + Re3∶ CH2O + O2 → HCO3

– +H+

Re3 − 0.8Re4∶ O2 + 0.4N2 + 0.4H2O → 0.8NO3
− + 0.8H+ 

Rk + 0.8Re4∶ CH2O + 0.8NO3
−→HCO3

– + 0.4N2 + 0.4H2O+0.2H+ 
0.8Re4 − 4Re5: 0.8NO3

−
+ 4Fe

2+
+ 9.6H2O → 0.4N2 + 4Fe(OH)3(s) + 7.2H

+ 
Rk + 4Re5∶ CH2O + 4Fe(OH)3 + 7H+→HCO3

− + 4Fe2+ + 10H2O 
Rk + 0.5Re7∶ CH2O + 0.5H2O→ 0.5HCO3

− + 0.5CH4 + 0.5H+ 

Table 3 
Mass Balances of the Main Redox Species for the Diffusion Model
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model also assumes the four redox reactions of Section 2 to be kinetic. Their rate laws are given by Equations 1–4 
with equal λ's. All rate law parameters are shown in Table 1. Although we use a high 𝐴𝐴 𝐴𝐴 , it is still in the rage of 
normal values. Values for 𝐴𝐴 𝐴𝐴O2 , 𝐴𝐴 𝐴𝐴NO

−

3
 , 𝐴𝐴 𝐴𝐴DIC are similar to those found in the literature. The value for 𝐴𝐴 𝐴𝐴FeIII is more 

disputable. Concentrations of aqueous Fe(III) are usually very low due to the low solubility of iron oxides. In fact, 
iron reduction is often assumed not to depend on aqueous Fe(III), which is equivalent to 𝐴𝐴 𝐴𝐴FeIII = 0 . We used a value 
of 1.0 × 10 −8 M, which roughly coincides with aqueous Fe(III) concentrations in equilibrium with amorphous 
Fe(OH)3(s).

Figures 5 and 6 show the results of the comparison for the advection and diffusion model, respectively. As the 
fully kinetic approach does not consider the electron (e −), pe is not shown. For both models, the fully kinetic 
approach predicts the same concentration of organic carbon and the same total organic carbon oxidation rate 
(𝐴𝐴 𝐴𝐴𝑘𝑘 = 𝐴𝐴O + 𝐴𝐴N + 𝐴𝐴Fe + 𝐴𝐴C ) as the PEA. This is due to the fact that both approaches use the same Equation 6 for 
organic carbon oxidation. For the advection model, both approaches show similar results for aerobic oxidation 
(𝐴𝐴 𝐴𝐴𝑂𝑂 ), denitrification (𝐴𝐴 𝐴𝐴𝑁𝑁 ) and concentrations of O2, NO3 −, and N2. Although the O2/NO3 −, and NO3 −/Fe fronts 
are smoother for the full kinetic approach, their positions agree with those of the PEA. The main difference 
between the PEA and the fully kinetic approach is related to the iron reduction and methanogenesis. In general, 
the fully kinetic approach predicts much less methanogenesis than the PEA. The reason is that only the limit of 
the Fe(II) stability zone is reached as shown in Figure 1d. Therefore, there will still be enough Fe(III) to inhibit 
methanogenesis according to Equation 4. As a result, the iron reduction zone is extended and Fe(II) concentra-
tions are larger for the fully kinetic approach.

On the other hand, differences are more important for the diffusion model (Figure 6). The O2 and NO3 − penetrate 
much further when full kinetics are used. Large part of the O2 diffusing into the domain is used for oxidizing N2 
at the O2/NO3 − front when PEA is used (see Table 3). The fully kinetic approach does not admit this and, instead, 
O2 is used for oxidizing organic carbon. Neither do the fully kinetics admit formation of NO3 −. Instead, it diffuses 
from the inlet, which is evidenced by the gradient of its concentration (Figure 6b). In addition, fully kinetics do 
not consider NO3 − formation at the NO3 −/Fe front. Likewise, as fully kinetics do not allow Fe(II) consumption 
at the NO3 −/Fe front, Fe(II) formed by iron reduction can only leave the domain through diffusion, creating clear 
gradients of Fe(II) concentrations in Figure 6b.

Figure 6. Comparison of the Partial Equilibrium Approach (PEA, continuous lines) with the fully kinetic approach (dashed 
lines) for the diffusion model. The gray lines in Figure (c) refer to the PEA results of Figure 4c.
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5. Discussion
Our analytical solution was applied and verified with a numerical model code using two very simple 
one-dimensional steady state cases: one completely advective and the other completely diffusive. Our solution 
fitted exactly the numerical solution (Figures 3 and 4), showing its adequacy to be implemented. Besides these 
two tested cases, our solution could be easily extended to 2D and 3D models, transient systems and mixing of 
various end-members. Extension to 2D and 3D is not trivial, but analytical models has existed for several decades 
(e.g., Wexler, 1992). Besides analytical models one can also use numerical models for the calculations of the 
conservative transport (step 1 of the procedure) and of the transport with linear decay (step 2). This is exempli-
fied by Romanov and Dreybrodt (2006) and Guadagnini et al. (2009), who applied numerical models to calculate 
calcite dissolution albeit without organic carbon oxidation. This implies that there are barely any limits to model 
flow and conservative transport processes. An interesting application could be organic carbon oxidation in soils 
requiring the calculation of unsaturated flow, for which hardly any analytical solutions exists. It must be said that 
in such systems, diffusion of gaseous species (O2, N2, and CO2) can become important processes, which unfortu-
nately cannot be modeled adequately by our semi-analytical solution. Another noteworthy application is organic 
carbon oxidation in domains with heterogeneous hydraulic conductivity and, consequently, heterogeneous flow 
and transport. As discussed in a recent review by Carrera et al. (2022) the advection dispersion equation is a poor 
representation of transport in such domains. This has been acknowledged for conservative transport but is even 
more relevant for reactive transport and, particularly, for organic carbon oxidation. Zones of low conductivity 
and low water flow tend to contain water of low redox potential because of the slow influx of TEAs. We conjec-
ture that this can create intricate patterns of redox zones. Analyzing and modeling such patterns by means of 
traditional numerical reactive transport model codes would be very expensive in CPU time. Our semi-analytical 
solution, on the other hand, would only require the calculation of conservative transport and transport with linear 
decay, which is much cheaper. Calculation of gradients and reaction rates can be done straightforwardly in a post-
processing fashion. Of course, in low conductivity zones, diffusion can be the main transport mechanism. In such 
conditions the PEA may produce spurious results as discussed before. On the other hand, an explicit treatment 
of heterogeneities (i.e., not by dispersion coefficients) would reduce such problems. An analysis of the combined 
effect of both is beyond the scope of this paper. Anyway, we expect no problems for advective cases with hetero-
geneous flow but without diffusion and dispersion.

6. Conclusions
In this work, we have developed a semi-analytical solution for organic carbon oxidation coupled to the 
reduction-oxidation and TEAs sequence assuming the PEA. Like the procedure of De Simoni et al. (2005), it 
decouples the chemistry from the transport. The chemistry can be calculated using standard speciation codes, 
such as Phreeqc. In some cases, the chemistry may be simplified by using Heaviside step and Dirac delta func-
tions. Our analytical solution assumes that the sum of the organic carbon oxidation by all TEAs can be simplified 
by a linear kinetic rate law, which we consider a reasonable assumption, given that we are dealing with an analyt-
ical solution. Maybe it can be combined with the analytical solution of Sanchez-Vila et al. (2010) for more kinetic 
reactions, but this is beyond the scope of the paper.

Our semi-analytical solution was applied and verified with a numerical model code using two very simple 
one-dimensional steady state cases: one completely advective and the other completely diffusive. Our solu-
tion fitted exactly the numerical solution, showing its adequacy to be implemented. In our opinion, another 
advantage—in comparison with previous analytical solutions—is that any set of equilibrium aqueous complexa-
tion and mineral precipitation-dissolution reactions can be incorporated if the minerals are present ubiquitously. 
For the particular chemical system of our application, this means that we could not incorporate siderite (FeCO3), 
because it only forms in zones of low redox potential. Another more obvious limitation is that clogging, which is 
a common phenomenon in organic carbon decay, cannot be handled by our solution, because it affects flow and 
transport properties. So, in that case, flow and (conservative) transport can no longer be solved independently of 
the chemistry.

Analytical or semi-analytical solutions do not only benefit from lower CPU times. They can also improve our 
understanding of the modeled phenomena. Analysis by means of our solution reveals that in diffusive cases 
assuming the PEA permits substantial N2 oxidation by O2, Fe(II) oxidation by NO3 − and CH4 oxidation by 
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Fe(OH)3(s), taking place near the transition zones between the various TEAs. Reaction rates show spikes (almost 
Dirac delta functions) at these transition zones, which is difficult to calculate with conventional numerical meth-
ods such as finite elements or finite differences, because such methods average rates over cells or elements 
of finite size. On the other hand, they can be assessed easily with our semi-analytical solution. Most of these 
reactions are unrealistic in environmental reduction oxidation systems, especially the oxidation of N2 by O2. 
The comparison with the fully kinetic approach showed that, while the use of PEA in purely advective systems 
does not imply a quantitatively important production of such processes and concentrations are quite similar, in 
diffusive systems there is an important impact on concentrations and reaction rates. This may be a peculiarity 
of  diffusive systems, but in theory, it may also be relevant for systems with advection and dispersion. Modelers 
that use the PEA should bear this in mind. At least, this shortcoming of the PEA can now be quantified. For cases 
with diffusion or dispersion cases, we can calculate rates of spurious reactions and reject the model if these rates 
are too big in comparison to other terms in the mass balances.

Data Availability Statement
The analytical solution for the advection and diffusion models of Section 4.3 and 4.4 has been coded in an excel 
file, which is available at [https://doi.org/10.5281/zenodo.6023213]. The code Phreeqc was applied for the chem-
ical batch calculations of Section 4.2 and the numerical models using the PEA (Section 4.3 and 4.4) and fully 
kinetic approach (Section 4.5). Input files and thermodynamic databases for these models can be downloaded 
from the same repository.
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