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Comparing market phase features for
cryptocurrency and benchmark stock index

using HMM and HSMM filtering
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Abstract. A desirable aspect of financial time series analysis is that of
successfully detecting (in real time) market phases. In this paper we im-
plement HMMs and HSMMs with normal state-dependent distributions
to Bitcoin/USD price dynamics, and also compare this with S&P 500
price dynamics, the latter being a benchmark in traditional stock mar-
ket behaviour which most literature resorts to. Furthermore, we test our
models’ adequacy at detecting bullish and bearish regimes by devising
mock investment strategies on our models and assessing how profitable
they are with unseen data in comparison to a buy-and-hold approach.
We ultimately show that while our modelling approach yields positive re-
sults in both Bitcoin/USD and S&P 500, and both are best modelled by
four-state HSMMs, Bitcoin/USD so far shows different regime volatility
and persistence patterns to the one we are used to seeing in traditional
stock markets.

Keywords: Hidden Markov Models · Hidden Semi-Markov Models ·
Cryptocurrencies · Filtering · Nowcasting

1 Introduction

The relatively short history of Bitcoin and other cryptocurrencies is filled with
numerous events that have drastically affected its value. The following three
reasons justify the intense volatility experienced by cryptocurrencies: (i) cryp-
tocurrency wealth distribution is more disproportionate than that of traditional
financial assets, (ii) public understanding is subjective and highly divided, and
lastly (iii) regulation from governments, for and against cryptocrurrencies, has
greatly impacted their value. Some important events are mentioned hereafter.
In 2015, the U.S. Commodity Futures Commission declared that cryptocurren-
cies essentially are not considered as currencies, but more as a commodity, and
hence could not be regulated. 2017 saw Japan pass a law to accept Bitcoin as
a legal form of payment, Bitcoin was split into two derivative digital currencies
(the Bitcoin chain BTC and the Bitcoin cash chain BCH), and China’s govern-
ment ceased domestic exchanges. In 2018, South Korea prohibited anonymous
cryptocurrency trading, social media platforms such as Facebook and Twitter
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banned cryptocurrency advertisements, and the UK’s Financial Conduct Au-
thority (FCA) issued advice on the high risks of investing in the unregulated
market of cryptocurrencies. While 2017 was, generally, a bull year for cryptocur-
rencies, 2018 has seen much decline in their value and some cryptocurrencies
have even been wiped out. Presently, however, the value of one Bitcoin is on the
rise again and worth more than $9000.

The aim of this paper is that of identifying market regimes - mainly bull
and bear market phases - of cryptocurrencies through the use of hidden Markov
models (HMMs) and hidden semi-Markov models (HSMMs). We shall imple-
ment mock investment strategies on test data, and compare to a buy-and-hold
approach, to determine how well these regimes are identified. When prices are
on the rise for a relatively long period of time, the market condition is said to
be a bull market, and when prices fall steeply with respect to recent highs, the
market condition is referred to as a bear market. Two other phases which may
be detected in the process are corrections and rallies, with the former being a
period of steady decrease amid a bull market, and the latter being a period of
slow increase within a bull or bear market. It is possible that HMMs and HSMMs
may struggle to distinguish between these two states due to the fact that neither
is associated with a steep change. Our research allows for the mean, and not
just the volatility, to depend on the states - this is at times ignored in the lit-
erature. Due to high correlation between cryptocurrency dynamics, we consider
the daily closing prices of Bitcoin/USD (BTC/USD), for the dates ranging from
01/01/2016 to 28/01/2019 for a total of 1124 trading days. Bitcoin is around
50% of the crypto market. Since traditionally, positive trends with low volatil-
ity and negative trends with high volatility have respectively been labelled as
bull and bear markets, we shall compare and contrast our findings with a de
facto standard stock market - the ’S&P 500’ where the dates considered are
01/01/2000 - 28/01/2019. This can be invested in collectively via the S&P 500
Index Fund.

The following is a review of existent literature related to cryptocurrencies
and the use of HMMs and HSMMs to model financial assets. Starting with the
former, [8] fit various parametric distributions on cryptocurrency returns. Fur-
thermore [2, 4, 9, 14, 19] fit generalised autoregressive conditional heteroscedastic
(GARCH) models and its variants in their single-regime form. [15] look at the
application of Markov switching autoregressive models to Bitcoin. Recent pub-
lications which involve the modelling of Bitcoin volatility dynamics at multiple
regimes are [1, 3, 7] - though different approaches were used for modelling in
these papers with slightly varying results, in all cases, multi-regime dynamics
within a heteroscedastic framework was detected. The following, on the other
hand, are examples of literature using HMMs and HSMMs to model different
phases of financial asset price movements. [18] show that a normal-HMM is
capable of reproducing most of the stylised facts for daily S&P 500 return se-
ries established by [10, 11]. However, they only allow the standard deviations to
vary by the state, while the means are fixed at zero. Recently, [17] applied a
four-state HMM for stock trading by predicting monthly closing prices of the
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S&P 500, showing that the HMM is superior to the buy-and-hold strategy as
it yields larger percentage profits under different training and testing periods.
Modelling literature on financial time series using HSMMs is, on the other hand,
quite limited. [16] implemented a three-state HSMM to describe the dynamics of
the Chinese stock market index (CSI 300) returns. The authors assumed normal
state-dependent distributions with logarithmic dwell-time distributions, and also
implemented a profitable trading strategy. In the next section, we discuss the
modelling approach implemented in this paper.

2 General Methodology

The daily adjusted close prices of BTC/USD and S&P 500 were obtained for
suitably chosen time periods, not equal in length, which encapsulate the swings
the financial instrument goes through. Log returns of the daily adjusted close
prices were taken, and the HMM and HSMM models were then fitted on the
log returns. Mathematically, an m-state HMM consists of two processes: (i)
an unobserved (hidden) discrete-time m-state Markov chain, (Zn)n∈N, taking
values in a finite state-space, S = 1, 2, . . . ,m, and (ii) a state-dependent process,
(Yn)n∈N, whose outcomes (observations) are assumed to be generated by one ofm
distributions corresponding to the current state of the underlying discrete-time
Markov chain (DTMC). The distribution of Yn is assumed to be conditionally
independent of previous observations and states, given the current state Zn.
For a thorough review of HMMs, refer to [21]. One drawback of basic HMMs is
due to the one time lag memory of the underlying first order DTMC which is
inherently geometric. One possible way to circumvent this problem is to consider
general state (possibly not geometric) dwell-time distributions, di(r), leading to
the HSMM framework. Thus, HSMMs generalise HMMs by explicitly modelling
state persistence and state switches separately. This is achieved by considering
a discrete-time semi-Markov chain (DTSMC), (Sn)n∈N with state-space S. For
a thorough account of HSMMs, refer to [11] and references therein.

Since the log returns take values in the real space R, we assume the HMM
specification aij = P(Zn = j|Zn−1 = i) and Yn|Zn = i ∼ N(µi, σi) where aij are
the transition probabilities, and the state-dependent distributions are assumed
to be normal with mean µi and standard deviation σi, for each hidden state
i. Similarly, the HSMM specification assumes qij = P(Sn = j|Sn−1 = i, Sn 6=
i), qii = 0, di(r) ∼ NBinom(vi, pi) and Yn|Sn = i ∼ N(µi, σi) - here model state
switches are denoted by qij , di(r) models state persistence via negative binomial
dwell-time distributions (of which the geometric distribution is a special case)
with parameters vi and pi, while we once again assume normal state-dependent
distributions as for HMMs. Parameter estimation of HMMs can be carried out by
either direct numerical maximisation (DNM) of the likelihood via Newton-type
methods or by the Expectation-Maximisation (EM) algorithm. Both methods are
described in [21]. HSMMs are usually fitted via the EM algorithm as described
in [12]. For state inference, the Viterbi algorithm in [20] can be applied for both
HMMs and HSMMs to obtain a sequence of most likely hidden states.
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The daily log return series are then analysed as follows: (i) suitable HMMs
and HSMMs on the complete time series are fitted by varying the number of as-
sumed states; (ii) the optimal model based on the Akaike information criterion
(AIC), Bayesian information criterion (BIC), and Hannan-Quinn information
criterion (HQC) is chosen; (iii) the chosen time period is split into mutually ex-
clusive training and testing periods; (iv) an expanding window method is imple-
mented by first fitting the optimal model on the training set, and then iteratively
adding one time point from the test set (until testing period is exhausted) to
the training period and applying the Viterbi algorithm as a filtering procedure
to nowcast the current most likely hidden state after parameter re-estimation;
and (v) finally, investment strategies based on the model features arising from
the Viterbi algorithm are applied to determine models’ success at determining
market phases. The data analysis presented next is carried out in RStudio by
using the packages HiddenMarkov of [13] and hsmm of [6]. In the next section,
we look at the modelling of the different market phases of both BTC/USD and
S&P 500, and also draw comparisons.

3 Estimation and State Inference for HMM and HSMM
models

This section is divided into two parts, where first we present the model fit on
the complete series and state inference outputs using the Viterbi algorithm for
BTC/USD, and this is followed by the same for S&P 500. A comparison of the
properties of the two series will ensue. Not more than four states were considered
as the algorithms experienced numerical issues for five states or more.

3.1 BTC/USD

In Table 1, we see the relevant goodness-of-fit criteria for 2-, 3- and 4-state
HMMs and HSMMs. It can be seen that the homogeneous 4-state normal-HSMM
provides the best fit throughout for all information criteria.

Table 1. Goodness-of-fit of stationary normal-HMMs and homogeneous normal-
HSMMs for 2,3 and 4 states based on the entire series of daily log returns of BTC/USD.

Likelihood AIC BIC HQC

2-state HMM 2924.454 5860.980 5891.056 5872.302
3-state HMM 2872.646 5769.292 5829.587 5792.078
4-state HMM 2846.546 5737.093 5837.586 5775.070

2-state HSMM 2887.872 5779.743 5789.793 5783.541
3-state HSMM 2857.086 5720.171 5735.245 5725.868
4-state HSMM 2837.926 5683.852 5703.950 5691.447

For brevity, we present the parameter estimates for the best model (4-state
HSMM) only. The parameter estimates (ordered by increasing volatility), ob-
tained via the EM algorithm, are given by,
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Q̂ =


0 0.831 0.000 0.169

0.901 0 0.000 0.099
0.000 0.270 0 0.730
0.006 0.769 0.225 0

 , δ̂(1) = (1, 0, 0, 0)),

v̂ = (0.351, 0.204, 10.573, 0.143), p̂ = (0.180, 0.126, 0.170, 0.031),

µ̂ = (0.099, 0.603, 0.376,−0.702), σ̂ = (0.617, 2.135, 4.162, 7.376),

where Q̂ contains estimates of the state switches qij , v̂ and p̂ contain estimates of
the negative binomial parameters for the dwell-times of the different states, while
µ̂ and σ̂ contain estimates of the normal distribution parameters for the different
states. Finally δ̂(1) is the initial distribution of the DTSMC, which suggests that
the series starts from state 1. The normal state-dependent parameters allow
us to attach the following interpretations. State 3 can be associated with a
bull market due to the moderately high mean, common occurrence and strong
persistence. State 4 can be associated with a bear market due to the large (and
only) negative mean with relatively weak persistence. Both states exhibit very
high volatility, though the bear state exhibits a stronger drift and volatility.
Attaching interpretations to state 1 and 2 can be a bit more tricky, as both have
weak persistence. State 1 appears to be a market correction/rally state due to
its low drift and volatility, while state 2 appears to be an additional bull state
with stronger drift, smaller volatility and weak persistence.

Fig. 1. BTC/USD: state dwell-time distributions for the homogeneous 4-state normal-
HSMM (red) and for the stationary 4-state normal-HMM (black).

The dwell-time distributions for the 4-state HSMM are compared with the equiv-
alent geometric dwell-time distribution of the 4-state HMM in Fig. 1. For states
1 and 2, the geometric and negative binomial distributions closely resemble each
other and show a lack of persistence in these states. The HSMM dwell-time dis-
tribution for state 3, however, is clearly non-geometric as it shows an extremely
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(a) BTC/USD close price.

(b) Hidden state sequence.

Fig. 2. Expanding window: 4-state normal-HSMM filtering via the Viterbi algorithm
on BTC/USD. The colours vary by the mean, while the sizes vary by the volatility.

high persistence with a modal run length of 47 time steps until a state-switch.
For state 4, the HMM geometric distribution shows a higher persistence than
the negative binomial dwell-time distribution of the HSMM.

We next employ the expanding window procedure for BTC/USD, where we
take the training period to be 01/01/2016 - 31/12/2016 and the testing period
to be 01/01/2017 - 28/01/2019. Fig. 2 shows that the 4-state HSMM, based on
a filtering method, can capture the hidden economic regimes pertaining to bull
and bear market phases quite well, since upward (positive) trends are generally
a shade of blue while sharp downward (negative) trends are generally orange to
red in colour. Observe that the Viterbi algorithm assigns most of the test period
in the third state - the bull state. Then, at the start of 2018 the value of one
Bitcoin starts plummeting, which is identified early by the Viterbi algorithm as
state 4 - the bear state. Moreover, the last days of the testing period switch
between states 1 and 2. Ultimately, the 4-state normal-HSMM seems to perform
fairly well in detecting the changing market conditions.
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3.2 S&P 500

We shall now fit the same models to S&P 500. It is typically more common
to see HMM-type models implemented on S&P 500, due to the fact that the
features most commonly associated with financial time series can be found here.
We can thus also use this stock market index as a benchmark for comparison.
Also for this case, a homogeneous 4-state normal-HSMM with negative binomial
dwell-time distributions was found to be the best, and the following parameter
estimates were obtained,

Q̂ =


0 0.998 0.002 0.000

0.973 0 0.023 0.004
0.000 0.767 0 0.233
0.000 0.000 1.000 0

 , δ̂(1) = (0, 0, 1, 0)),

v̂ = (0.079, 0.112, 7.755, 0.455), p̂ = (0.028, 0.044, 0.119, 0.015),

µ̂ = (0.107, 0.000,−0.068,−0.270), σ̂ = (0.449, 0.970, 1.540, 3.385),

where the initial distribution suggests that the series starts from state 3. Note
that the parameter estimates for the negative binomial parameters show clear de-
viations from geometric distributions. Hence, the following interpretations were
considered: (i) state 1 can be associated with a bull market due to a large pos-
itive mean with low volatility and an eventual highly likely switch to state 2,
(ii) state 4 can be associated with a bear market due to the large negative mean
and high volatility with an eventual and almost certain switch to state 3, and
(iii) states 2 and 3 can both be interpreted as market correction/rally phases,
where the former is characterised by an almost zero mean with low volatility,
while the latter has a negative mean with larger volatility. Note that the less
volatile correction state, i.e. state 2, is likely to transition to the bull state or to
the more volatile correction state, i.e. state 3, while the latter can transition to
the bear state or to the other correction state.

Fig. 3. S&P 500: state dwell-time distributions for the homogeneous 4-state normal-
HSMM (red) and for the stationary 4-state normal-HMM (black).
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(a) S&P 500 close price.

(b) Hidden state sequence.

Fig. 4. Expanding window: 4-state normal-HSMM filtering via the Viterbi algorithm
on S&P 500. The colours vary by the mean, while the sizes vary by the volatility.

Fig. 3 shows that the geometric distributions corresponding to the 4-state HMM
are all persistent. However, the negative binomial distributions assume different
shapes, showing high persistence in states 3 and 4, while a lack of persistence in
states 1 and 2.

The expanding window results using the Viterbi algorithm for the S&P 500
series for the 4-state HSMM can be seen in Fig. 4. In this case, our method
can more accurately identify bull and bear markets since upward trends are
generally blue while downward trends are generally red. Note how during the
period 2010 - 2015, the S&P 500 Index is on the rise with few short periods
of drops in price highlighting market corrections. These instances are captured
by the 4-state HSMM as very pale (sometimes white) colours, implying a mean
which is very close to zero with moderate volatility (state 2). In conclusion, it
seems that the 4-state HSMM is better at determining market phases for the
S&P 500 than it is for the more volatile BTC/USD.
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3.3 Comparison of Results for BTC/USD and S&P 500

Given the previous outputs, we now compare and contrast the features for both
BTC/USD and S&P 500. The 4-state HSMMs in both cases reveal two states
indicative of bull and bear behaviour, with two ”in-between” states. However,
while Bitcoin has had strong and persistent bull phases with savage and weakly
persistent bear phases, for most part S&P 500 tended to switch between bull
and stable/bull correction phases with rare but persistent bear phases. Also,
BTC/USD can exhibit higher volatility in comparison to S&P 500, as it is more
novel and prone to external events. Indeed, both bull and bear markets for
BTC/USD are volatile, while for S&P 500 only bear markets are volatile. For
this reason, cryptocurrencies have often been remarked to be excessively volatile
and subject to speculation and hence not, as yet, currency-like in their behaviour.

Secondly, BTC/USD states are less interpretable in terms of market phases
than S&P 500. While our models seem to perform well in detecting the bear
states, for BTC/USD it is harder to distinguish between bull phases and more
stable ones. For S&P 500, on the other hand, steep upward trends are associated
with the lowest volatility while steep downward trends tend to be the most
volatile. Ultimately, the 4-state HSMM appears to be an effective modelling
framework for both BTC/USD and S&P 500. Therefore, we shall implement two
mock model-based investment strategies using filtered states on both the 4-state
HSMM and 4-state HMM equivalent, with the aim of assessing the suitability
of HSMMs, and whether they are an improvement of HMMs for determining
market phases.

4 Using Investment Strategies to Assess Model Adequacy

In order to analyse the success of HMMs and HSMMs in determining bull and
bear features, we devise two mock investment strategies and apply them with the
expanding window procedure on both BTC/USD and S&P 500, using the buy-
and-hold as a benchmark. For simplicity the following assumptions were made
for each strategy: (i) the actions (buy or sell) are not subject to transaction
costs; (ii) the testing period is entered with an initial capital of $20,000; (iii) the
first action is to buy on the first day of the testing period; (iv) if a buy signal
is given, financial assets are bought only if enough capital is at hand, in which
case, the maximum possible amount of capital is invested (v) if a sell signal is
given, financial assets are sold in their entirety if and only if they are owned.
The investment strategies are defined hereafter.

Strategy 1 - Buy-and-Hold: This is a naive investment strategy which is used
for comparative purposes only. It is defined by the following two actions: (i) buy
on the first day of the testing phase and, (ii) sell on the last day of the testing
phase.
Strategy 2 - Regime: This strategy is based on the way we arbitrarily asso-
ciate the states obtained via the Viterbi algorithm, under the expanding window
procedure (see earlier explanations for more detail). At each state change, ap-
ply the following actions: (i) if state i∗n−1 is associated with a bear market and
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state i∗n is associated with a bull market then buy as many financial positions as
possible at time n; (ii) if state i∗n−1 is associated with a bull market state and
state i∗n is associated with a bear market then sell all financial positions at the
close price of time n; otherwise (iii) do nothing. For Bitcoin we shall consider
state 3 as a bull state and state 4 as a bear state, while other states will not
be labelled since they are ambiguous and infrequent. For S&P 500, on the other
hand, we shall consider states 1 and 2 as bull states and states 3 and 4 as bear
states, based on the probabilities in Q̂ connecting them.
Strategy 3 - Drift: This strategy is based on the drift of the states obtained
via the Viterbi algorithm, under the expanding window. Given arbitrary ε ≥ 0,
at each state change, apply the following actions: (i) if µ̂n−1 < 0 and µ̂n > ε
then buy as many financial positions as possible at time n; (ii) if µ̂n−1 > 0 and
µ̂n < −ε then sell all financial positions at the close price of time n; otherwise
(iii) do nothing.

For each strategy we shall record: (i) the number of actions (NOA), (ii) the
last sell date (LSD), (iii) the final cumulative amount (FCA), and (iv) the return
on investment (ROI) which is the profit/loss made as a percentage of initial
capital. With regards to strategy 3, only that ε which returned the highest
ROI out of the possible grid values is shown. The following grid values for ε,
based on empirical evidence, were taken: ε = 0, 0.2, 0.4, 0.6, 0.8, 1.0 and ε =
0, 0.005, 0.01, 0.02, 0.03, 0.1, for BTC/USD and S&P 500, respectively.

Table 2 compares the investment strategies considered for the BTC/USD
exchange rate for testing period 01/01/2017 - 28/01/2019. As can be observed,
the buy-and-hold strategy is the most inferior of all strategies considered over
the given period. Strategy 2 works marginally better for the 4-state HMM model,
but for 4-state HSMM model and taking ε = 0, Strategy 3 by far outperforms
Strategy 2. Furthermore, the 4-state HSMM is superior to the 4-state HMM
under all model-based investment strategies, and also yields less actions which,
as mentioned, would incur more transaction costs.

Table 2. Investment strategies during the testing period 01/01/2017 - 28/01/2019 for
BTC/USD.

Strategy ε NOA LSD FCA ($) ROI (%)

1 (Buy-and-Hold) n/a 2 28/01/2019 69,384.79 245.92

2 (Regime/HMM) n/a 60 10/10/2018 71,967.73 259.84
3 (Drift/HMM) 0 82 19/11/2018 71,299.09 256.50

2 (Regime/HSMM) n/a 22 20/12/2018 113,540.75 467.70
3 (Drift/HSMM) 0 36 20/12/2018 147,203.48 636.02

On the other hand, the results for S&P 500 are summarised in Table 3 for testing
period 01/01/2006 - 28/01/2019. As can be observed, the buy-and-hold strategy
works fairly well for the long testing period, outperforming Strategy 3 for the
4-state HMM. Strategy 2 for the 4-state HMM, however, works better. For the
4-state HSMM, both Strategy 2 and Strategy 3 work better, with Strategy 3
taking ε = 0.02 being the most profitable under the assumed circumstances for
the S&P 500 Index.
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Table 3. Investment strategies during the testing period 01/01/2006 - 28/01/2019 for
S&P 500.

Strategy ε NOA LSD FCA ($) ROI (%)

1 (Buy-and-Hold) n/a 2 28/01/2019 40,625.75 103.13

2 (Regime/HMM) n/a 38 11/10/2018 45,275.13 126.38
3 (Drift/HMM) 0.005 46 11/10/2018 32,789.96 63.95

2 (Regime/HSMM) n/a 46 10/10/2018 41,505.15 107.53
3 (Drift/HSMM) 0.02 16 22/03/2018 47,898.68 139.49

Upon comparing, Tables 2 and 3 yield some noteworthy revelations. Firstly, the
naive buy-and-hold strategy for the considered testing periods works fairly well
for S&P 500 while it is the least profitable for BTC/USD. Secondly, the HSMM
framework provides a clear improvement over the standard HMM methodology
in both cases. Thirdly, it must be noted that Strategy 3 surpassed Strategy 2
for the better performing 4-state HSMM model, indicating that allowing the
interpretations of the states to adjust at each step according to the mean of the
state can have its advantages. Also, despite high return in the best of strategies,
we note that there were periods of huge gains and periods of considerable losses
for BTC/USD. However, for S&P500, market phases were more appropriately
identified. Finally, had we considered transaction costs, it is very likely that the
HSMM framework using Strategy 3 could still result in being the most profitable
due to its superior performance with relatively smaller number of transaction
costs.

5 Conclusion

In this paper we propose that a more desirable approach for modelling both
BTC/ USD and S&P 500, and capturing effectively the dynamics of bull and
bear market regimes, is a 4-state normal-HSMM with negative binomial dwell-
time distributions. When implementing investment strategies, it has proven to
be considerably superior to a buy-and-hold approach for our data, while this was
not always the case for HMMs, which constrained dwell-times to be geometric.
Indeed, by allowing dwell-time distributions on the states with larger modes, the
number of buy/sell actions is greatly reduced in comparison. Although in the
case of BTC/USD, the states of the 4-state HSMM model are not as interpretable
as in the case of S&P 500, it still provides a good basis for further improvement
and future research. On a concluding note, one must pinpoint that S&P 500 is
a much older financial instrument with consistent long-term behaviour. On the
other hand, inference on BTC/USD behaviour is based on a much shorter history
and, as the asset matures, consistent long-term features may also develop.
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