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ABSTRACT
Flat metalenses have attracted attention due to an increasing demand for compact electromagnetic devices. For such applications, broad-
band metalenses are highly desirable; however, conventional metalenses show relatively narrow band operation. Here, we propose a design
method of free-form metalenses using topology optimization to operate with enhanced bandwidths. In contrast with preceding reports
of topology optimization methods for metalenses, we developed a topology optimization method based on the time domain formula-
tion to deal with broadband frequencies simultaneously. For this purpose, a group delay of optical pulses in the time domain, which
is equivalent to the broadband phase matching condition in the frequency domain, is employed in the objective function. A level set
based topology optimization method is applied to obtain a clear optimal configuration. To demonstrate the effectiveness of the proposed
method, we provide design examples of metalens unit cells at millimeter frequency. We confirm that optimized unit cells of metalenses
show superior performance compared to the conventional unit cells for both transmittance efficiency and phase error in broadband
wavelength.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0048438

I. INTRODUCTION

Electromagnetic metamaterials are engineered materials that
have extraordinary optical properties that cannot be found in
nature.1 Such properties can be potentially applied for the develop-
ment of novel optical devices, such as super-resolution microscopy
and optical cloaking. Recently, two-dimensional flat metasurfaces
have attracted much attention.2–5 Among them, metalenses have
attracted intense interest due to their wide range of industrial
applications, such as cameras, virtual/augmented reality devices,
microscopy, and lithography.6–9 However, reported metalenses have
shown relatively narrow band operation because of the chromatic
dispersion produced by a diffraction of periodic cells and resonant
light confinement in a unit cell structure. Although employing mul-
tiple coupled resonances10,11 or stacking multiple layers of meta-
surfaces12 has been proposed for broadening the operation band-
width, the proposed metalenses have shown relatively narrow band
operation.

Conventionally, the design approach of a metalens unit cell
starts with the choice of a simple resonant structure, such as cylin-
ders and rectangles. Then, the transmittance phase retardation of

the unit cell is calculated for various geometrical parameters, such as
radius, width, and depth. However, the number of degrees of param-
eters in these simple structures is limited, which makes it difficult to
optimize metalenses for working in broadband wavelength.

The topology optimization method and inverse design method
have been recently proposed as design methods of metalenses.13–15

Free-formed metalenses designed by these methods attain improved
performance and enhanced functionalities. In the millimeter wave
frequency, where metalens structures are relatively huge, inverse
designed metalenses have been already fabricated by using additive
manufacturing. Although the development of innovative fabrication
technology would be required, topology optimization design meth-
ods will be eventually applied in the optical domain, where strong
demand for use in industrial applications exists.

So far, the proposed topology optimization methods of metal-
enses have been formulated as frequency domain methods. To con-
sider the problem of designing a metalens for broadband operation
in the frequency domain, a multi-objective formulation by selecting
a set of frequencies is necessary. In order to solve such design prob-
lems, the electromagnetic field should be evaluated for all selected
frequencies and hence will increase the computation time.
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Recently, we proposed a level set based time-domain topology
optimization method for the design of nanophotonic structures to
control the spatiotemporal profile of optical pulses.16 One advan-
tage of time-domain analysis is that a band of frequencies can be
effectively treated simultaneously, which is suitable for broadband
optimization problems.

In this paper, we extend our previous research for the design
of broadband metalenses. To achieve this, we defined the objective
function using a group delay of optical pulses in the time domain,
which is equivalent to the broadband phase matching condition for
metalenses in the frequency domain. A level set based topology opti-
mization method is applied to obtain an optimal configuration. To
confirm the effectiveness of the proposed method, we provide design
examples of metalens unit cells at millimeter frequency. We also
present simple shape optimization design with constraint.

II. DESIGN METHOD OF METALENS
First, we briefly explain the concept of broadband topology

optimization of metalenses using time domain formulation. Con-
sider a metalens shown in Fig. 1. The metalens is composed of
microstructures fabricated on the flat substrate, which provide the
position dependent transmittance phase retardation for focusing.
For broadband operation, the relative phase retardation φ(r, ω),
which depends on the radial coordinate r and the angular frequency
ω, provided by the metalens unit cells with respect to the center
follows

φ(r, ω) = −ω
c
(
√

r2 + F2 − F), (1)

where c and F are the speed of light and focal length of the metalens,
respectively.

In the frequency domain, the objective function of the metal-
ens design problem for broadband operation can be simply defined
using the target electromagnetic field ET(r, ω) as follows:

F(r) = ∫
∞

−∞
∣E(r, ω) − ET(r, ω)∣2dω, (2)

ET(r, ω) =
√

n2

n1
e−i ω

c (
√

r2+F2−F)Einput(r, ω), (3)

where E(r, ω) is the transmitted electromagnetic field, Einput(r, ω) is
the input electric field, n1 is the refractive index of the air, and n2 is
the refractive index of the substrate. The factor of n2/n1 denotes the
wave-impedance ratio between the air and the substrate.

There are several problems to naively employ Eq. (2) for the
design problem of broadband metalenses. First, several appropriate
frequencies must be selected before the design, and a multi-objective
formulation dealing with selected frequencies is required. However,
determining the appropriate number of frequencies and selecting
appropriate frequencies are difficult, and such choices are critical if
high-performance metalenses are to be obtained. Second, a calcula-
tion is required for every selected wavelength, which typically results
in a huge increase in the computation time.

Alternatively, we propose to conduct the optimization pro-
cess using the time domain electromagnetic field. Using Parseval’s
theorem of the Fourier transform, Eq. (2) can be rewritten as follows:

F̃(r) = 2π∫
∞

−∞
∣Ẽ(r, t) − ẼT(r, t)∣2dt, (4)

where Ẽ(r, t) is the Fourier transforms of E(r, ω). ẼT(r, t) is the
Fourier transforms of ET(r, ω) and can be expressed as follows:

ẼT(r, t) =
√

n2

n1
Ẽinput(r, t − δt(r)), (5)

δt(r) =
√

r2 + F2 − F
c

, (6)

where Ẽinput(r, t) is the Fourier transforms of Einput(r, ω).
The physical meaning of Eq. (5) is that the phase matching

condition in the frequency domain can be transformed into the
group delay δt(r) of the input pulse in the time domain.10 This is
schematically shown in Fig. 1(b), where the metalens provides spa-
tially dependent group delays such that optical pulses from different
locations arrive simultaneously at the focus.

FIG. 1. A schematic illustration of the operation of the metalens: (a) in the frequency domain and (b) in the time domain.
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One advantage to the use of the time domain calculation is that
it is not necessary to select appropriate frequencies for defining the
multi-objective function. Another advantage is the shorter computa-
tion time because Ẽ(r, t) can be calculated in the single time domain
calculation.

Next, we describe the topology optimization method. In this
research, we employ the level set based topology optimization
method proposed by Yamada et al.17 In this method, structural
boundaries are represented by the iso-surface of a scalar func-
tion, and clear and smooth optimal configurations can be obtained.
Level set based topology optimization methods have been applied
to a range of nanophotonic design problems, such as metamateri-
als with negative permittivity, light-trapping, and optical cloaking
structures.18–20

In the proposed method, the relative electric permittivity ε is
described using the characteristic function X(ϕ) as follows:

ε(χ) = ε0 + (ε1 − ε0)χ(ϕ). (7)

Here, it is assumed that the dielectric metalens with permittivity ε1
is embedded in a homogeneous medium with permittivity ε0.

The characteristic function X(ϕ) is then introduced,

⎧⎪⎪⎨⎪⎪⎩

χ(ϕ) = 1 if ϕ ≥ 0,

χ(ϕ) = 0 if ϕ < 0,
(8)

where ϕ is the level set function defined as

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 < ϕ(x) ≤ 1 if ∀x ∈ Ω/∂Ω,

ϕ(x) = 0 if ∀x ∈ ∂Ω,

−1 ≤ ϕ(x) ≤ 0 if ∀x ∈ D/Ω,

(9)

where D is a fixed design domain and Ω is a domain with permit-
tivity ε1. The level set function ϕ is used to represent the boundaries
of the dielectric material, where positive values represent the mate-
rial domains, negative values represent the surrounding medium
domains, and zero represents the structural boundaries.

In the proposed topology optimization approaches, the level
set function is evolved using the following equation during the
optimization process by introducing friction time t′:

∂ϕ
∂t′
= −K(δF̃

δχ
− τ∇2ϕ), (10)

where K is the proportionality coefficient and τ is a regulariza-
tion parameter that adjusts the degree of regularization. Functional
derivative δF̃/δχ can be derived as follows using the adjoint variable
method:21,22

δF̃
δχ
= −(ε1 − ε0)∫

∞

0
[λ ⋅ (∂Ẽ

∂t
)]dt, (11)

where λ is the adjoint vector.
In the above topology optimization method, any topological

changes are allowed. In this study, we also included the shape opti-
mization design in order to obtain a simple and manufacturable
shape by imposing a constraint, in which only the vertical movement

of the upper exterior cells is allowed. Under this constraint, the gen-
eration of interior cavities during the optimization process is prohib-
ited. A similar constraint was employed for the design of a microlens
array.23 In the following, we call the optimization method with
constraint as “shape optimization,” and the optimization method
without constraint as “topology optimization.”

III. DESIGN EXAMPLE OF METALENS
Here, we provide design examples of metalens unit cells at

millimeter frequency (78 GHz) to confirm the effectiveness of the
proposed shape and topology optimization methods. We consider
the design problem of unit cells of metalens, which provide specific
group delays in the time domain. For simplicity, we limit the discus-
sion to a 2D electromagnetic wave problem, but the presented algo-
rithm can be easily extended to 3D metalens design. To obtain the
time domain electric field Ẽ(r, t), we employed the Finite-Difference
Time-Domain (FDTD) method, which is one of the most popular
methods for analyzing the properties of metalenses.

The 2D analysis model is shown in Fig. 2. The computational
domain is divided into 80 × 300 square cells, and the size of each cell
is 35 μm. Note that the period of the metalens unit cells is smaller
than the wavelength of the center frequency and diffractions do not
occur. The fixed design domain with 80 × 120 cells is located on
the substrate whose permittivity is ε2 = 2.25. An observation plane of
transmitted pulse is located 175 μm below the fixed design domain.
In this study, we chose the average value of Eq. (4) across the obser-
vation surface as the objective functional for the design of the unit
cells. The solid material has a high effective permittivity ε1 = 4.0, and
the void material is air with an effective permittivity of ε0 = 1.0. The
incident waves Ẽinput(r, t) propagate from top to bottom and are

FIG. 2. A schematic of the analysis model.
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FIG. 3. Designed unit cells.

assumed to be TM plane waves with a center frequency of 78 GHz
in the form of a Gaussian pulse modulated by sinusoidal waves.

To provide plane wave illumination, a total-field/scattered-
field (TF/SF) virtual surface is adopted for a boundary Γ1. A per-
fectly matched layer boundary condition and periodic boundary
conditions are adopted for boundaries ΓPML and ΓP, respectively.

As an example, a metalens unit cell, which provides 9.6 ps group
delay in the time domain, was considered. This group delay is equiv-
alent to the transmittance phase retardation of φ = 1.5π rad for a
78 GHz wave in the frequency domain.

Figure 3 shows the shape optimized and topology optimized
structures, accompanied with a rectangular unit cell and a coni-
cal unit cell, which are employed in conventional metalens design.
Note that the rectangular unit cell has 5.78 mm height and 1.4 mm
width, whose volume approximately provides φ = 1.5π rad transmit-
tance phase retardation for a 78 GHz wave. The shape optimized

FIG. 4. Objective function values of rectangular, conical, shape optimized, and
topology optimized unit cells.

structure is similar to the conical structure, but it attains surface
modification. The topology optimized structure is more complicated
with void structures in the interior. These surface modification and
inner voids correct the phase mismatch and improve the perfor-
mance of the metalens, as we show later. In both cases, the material
interfaces are clear and no grayscale regions appear in the optimal
structure.

The obtained values of the objective function in the frequency
domain [Eq. (2)] and time domain [Eq. (4)] are shown in Fig. 4.
The values of objective function are drastically reduced for the shape
and topology optimized cells compared with that of the rectangu-
lar unit cell. In addition, the value of objective function in the fre-
quency domain is exactly the same as that in the time domain. This
shows the justification of our proposal to use time domain formu-
lation instead of frequency domain formulation for the broadband
metalens optimization.

FIG. 5. Transmittance efficiencies and phase errors of rectangular, conical, shape optimized, and topology optimized unit cells: (a) transmittance efficiencies and (b) phase
errors.
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FIG. 6. Shape and topology optimized structures for different group delays
(δt = 3.2, 6.4, 9.6, and 12.8 ps).

We examined the performance of the designed unit cells com-
pared to the conventional rectangular and conical unit cells. To
achieve high focusing efficiency, metalens unit cells should have
both high transmittance efficiency and small transmittance phase
error. Therefore, as the index of the performance, we defined fre-
quency dependent transmittance efficiency T(ω) and phase error
δθ(ω) of the designed metalens as follows:

T(ω) = ∣E(ω)/ẼT(ω)∣, (12)

δθ(ω) = arg(E(ω)) − arg(ẼT(ω)). (13)

FIG. 8. Metalenses with 70 mm diameter composed of (a) rectangular unit cells,
(b) conical unit cells, (c) shape optimized unit cells, and (d) topology optimized unit
cells.

The transmittance efficiency [Eq. (12)] is the fraction of trans-
mitted wave through the metalens structure. The phase error
[Eq. (13)] is the difference between the phase retardation of the
transmitted wave and that of the target wave. When the transmit-
tance efficiency is close to unity and the phase error is close to
zero for a broadband frequency range, the metalens unit cell shows
superior performance for the broadband frequency range.

In Fig. 5, the transmittance efficiency and the phase error are
computed for a rectangular unit cell, conical unit cell, shape opti-
mized unit cell, and topology optimized unit cell. The transmittance

FIG. 7. Averaged transmittance efficiencies and averaged phase errors of rectangular, conical, shape optimized, and topology optimized unit cells for different group delays:
(a) transmittance efficiencies and (b) phase errors.
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FIG. 9. Electric field intensity distribution of the topology optimized metalens under the illumination of (a) 60 GHz, (b) 78 GHz, and (c) 100 GHz plane waves. The dotted
lines show the focal planes.

efficiencies of the conical, shape optimized, and topology optimized
unit cells are close to unity. In contrast, the transmittance effi-
ciency of the rectangular unit cell decreases for higher frequency.
The transmittance efficiency of the conical unit cell is slightly
lower than those of shape optimized and topology optimized unit
cells. The phase error is close to zero around the target frequency
(78 GHz) for all unit cells, and apart from zero for the surround-
ing frequency. Apparently, rectangular unit cells have the largest
phase error, which will result in relatively narrow band operation.
The relative phase errors of conical, shape optimized, and topol-
ogy optimized unit cells are decreased for broadband frequency.
This result demonstrates that unit cells of metalenses with superior

performance were designed by using the proposed topology opti-
mization method.

Next, we provide the shape and topology optimization designs
of unit cells that provide different group delays (3.2, 6.4, 9.6, and
12.8 ps) to incident pulses in the time domain. The optimized struc-
tures are shown in Fig. 6. The frequency averaged (60–100 GHz)
transmittance efficiencies and the absolute value of phase errors
are summarized in Fig. 7. It can be seen that for most cases the
transmittance efficiencies of the shape and topology optimized unit
cells are higher, and the relative phase errors of the optimized
unit cells are lower than those of the rectangular and conical unit
cells.

FIG. 10. Electric field intensity along the focal plane for different metalenses under the illumination of (a) 60 GHz, (b) 78 GHz, and (c) 100 GHz plane waves.
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Finally, we provide the characteristics of metalenses com-
posed of the optimized unit cells designed by the proposed
method. The designed metalenses are shown in Fig. 8. Four met-
alenses, which are composed of rectangular, conical, shape opti-
mized, and topology optimized unit cells, were designed. We
designed metalenses whose focal length is 130 mm with 70 mm
diameter. In each design, we arranged 25 unit cells with dif-
ferent retardations calculated by using Eq. (4). The shape and
topology optimized unit cells were designed with the same 2D
analysis model shown in Fig. 2 other than the absence of the
substrate.

Figure 9 shows the electric field intensity distribution of the
topology optimized metalens illuminated by 60, 78, and 100 GHz
plane waves. It can be observed that the plane waves coming from the
top surface were focused into single focal points. Figure 9 demon-
strates a small focal length variation of about 100 μm for broadband
frequency.

In Fig. 10, the electric field intensity ∣E∣2 along the focal
plane is plotted for each metalens. Apparently, a metalens com-
posed of rectangular unit cells shows poor focusing efficiency. Con-
ical, shape optimized, and topology optimized metalenses show
similar electric field distributions for the illumination of the 78
GHz wave. However, under the illumination of 60 and 100 GHz
waves, the electric field intensity focused by the metalens com-
posed of conical unit cells decreases. We also note that the topol-
ogy optimized metalens shows the highest electric field intensity
for every selected frequency. The result clearly shows that the
shape and topology optimized cells attain higher focusing efficiency
over broadband frequencies than those of metalenses composed
of conventional unit cells, such as rectangular and cone shaped
cells.

These results in aggregate demonstrate that the proposed
method enables us to design metalens unit cells with superior
performance by tuning the structural details.

IV. CONCLUSIONS
In conclusion, we developed a design method of free-form

metalens unit cells using time-domain topology optimization and
provided the design example of metalens unit cells to operate with
enhanced bandwidths at millimeter wavelength. The use of level
set functions provided clear optimal structures whose fabrication is
practical. We confirm that optimized unit cells of the metalens show
superior performance compared to the conventional unit cells for
both transmittance efficiency and phase error in broadband wave-
length. The proposed method does not depend on the frequency
and can be directly applied for different wavelength ranges, such
as optical, infrared, and millimeter frequency ranges. Moreover, the

proposed time domain optimization method can be applied to not
only the design of metalenses, but also the design of other broad-
band phase modulating flat optical devices, such as metagrating,
metacorrector, and diffractive optical elements (DOEs).
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