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ARTICLE INFO ABSTRACT
Keywords: Non-spherical particles and their interaction with the surrounding fluids are omnipresent in nature and industry.
Drag force While moving through fluids, particles are subjected to drag forces which is key in understating their dynamic

Drag coefficient
Particle shape
Non-spherical particle

behaviour and is highly dependent on their shape. In this research, to investigate the drag force acting on
ellipsoidal particles, numerical simulations and twelve drag models are utilised to predict the particles’ drag
coefficients. The results are compared in a unified framework using Zingg charts. Most models compare well with
the simulation results in both drag coefficient values and trends. The maximum error of these models ranges from
40% to 150%. Some models such as Haider and Levenspiel, Ganser, and Leith are capable in estimating the
ellipsoids’ drag coefficient with high accuracy while others either overestimate or underestimate the values. Each
drag model is suitable for particles in a specific shape category including compact, bladed, elongated, or flat.

around them are vastly encountered in nature. This establishes them as a
significant part of various scientific fields and industries such as civil
engineering, chemical engineering, powder handling, pharmaceutics,
and rail industry [1,2]. Particles moving through any fluid medium

1. Introduction

Non-spherical granular materials and their interaction with the fluid
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Nomenclature

Symbol Name, Unit

A Particle reference area, [m?]

Anax Projected area of maximum moment of inertia, [m?]
Amin Projected area of minimum moment of inertia, [m?]
Amp Particle maximum projection area, [m?]

A, Particle surface area, [m?]

Agph Surface area of the volume equivalent sphere, [m?]
G Empirical parameter in some drag models, —

Co Empirical parameter in some drag models, —

Cs Empirical parameter in some drag models, —

Cy Empirical parameter in some drag models, —

Cp Drag coefficient, —

Cbmax Drag coefficient of particle with projected area of max

principal moment of inertia, —

Cbmin Drag coefficient of particle with projected area of min
principal moment of inertia, —

Cp, pn  Drag coefficient of sphere, —

d Particle reference length, [m]

depn Diameter of the volume equivalent sphere, [m]

dsugspn ~ Diameter of the surface area equivalent sphere, [m]

e Particle elongation, —

Fp Drag force, [N]

Fy Newton’s formfactor, —

Fg Stoke’s formfactor, —

f Particle flatness, —

I Intermediate dimension, [m]

Kn Newton’s drag correction, —

Ks Stoke’s drag correction, —

L Longest dimension, [m]

P Particle roundness, —

P, Perimeter of the circle equivalent to the area Ap, [m]

Prp Maximum projection perimeter, [m]

Rin Inradius (radius of the largest sphere which can be
inscribed inside the particle), [m]

Re Reynolds number, —

r Radius of the sharpest corner, [m]

S Shortest dimension, [m]

U Particle velocity relative to fluid, [m/s]

v Particle volume, [m®]

as Empirical parameter in some drag models, —

Pa Empirical parameter in some drag models, —

Hr Fluid viscosity, [N.s/m?]

T Pi (ratio of a circle’s circumference to its diameter), —

pr Fluid density, [kg/m3]

Pp Particle density, [kg/m’]

D¢ Particle sphericity (Corey), —

Dy Particle sphericity (Krumbein), —

Dy Particle sphericity (Wadell), —

D) Particle normal sphericity, —

D Particle parallel sphericity, —

X Particle circularity, —

Xours Particle surface circularity, —

¥ Particle shape factor, —

(such as air) experience forces and moments acting on them in various
directions [3]. One of the most important forces exerted on a particle is
the aerodynamic drag force. The drag force dictates the majority of the
particle dynamics such as velocity and is defined as follows [3,4]:

1
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where Fp is the drag force, py is the fluid density, Cp is the particle drag
coefficient, A is the particle reference area, U, is the particle velocity,
and Uy is the fluid velocity.

In the above formula, the particle drag coefficient is the most chal-
lenging to calculate [5]. For a spherical particle, Cp is a function of only
the particle Reynolds number, Re, which is defined as:

_plUd
Hy

Re 2

where U is the particle velocity relative to the fluid, d is the particle
reference length, and yy is the fluid viscosity. Particle Reynolds number
defines the flow regime that the particle experiences. For Re < 3 x 10°,
Clift and Gauvin [6] proposed a formula to estimate Cp for spherical
particles, Cp, spn, with excellent accuracy:

24 0.42
CD.sph = R—e (1 + 0.15R€0'687) +T42??2 (3)
Re

The drag force and how to predict it to account for the non-spherical
shape of the particles are crucial in evaluating the dynamics and
behaviour of non-spherical particles. There have been numerous studies
on developing models to estimate the particle drag coefficient based on
the shape descriptors of non-spherical particles [5,7-16]. In this
research, particles’ drag coefficients resulting from twelve different drag
models are compared with each other and the drag coefficient resulting

from numerical simulation. The data are then presented in a unified
framework (using the Zingg chart [17]) to facilitate the comparison and
discussions. The results stemmed from this investigation can help in
tuning both Computational Fluid Dynamics (CFD) and Discrete Element
Methods (DEM) by discovering and utilising the most accurate drag
models.

2. Methodology
2.1. Particle shape characterisation

Characterising particles based on their physical appearance is not
straightforward. Various particle shape descriptors have been proposed
in the literature to measure different physical properties of the particles.
However, the results of particle shape characterisation depend greatly
on the chosen shape descriptors which may not necessarily be compa-
rable to other methods [2]. Detailed discussion on the merits and
drawbacks of each shape description method is beyond the scope of the
current research, for more information readers are referred to the review
by Blott and Pye [1] and more recent study of Angelidakis et al [18].
Table 1 presents some of the particle shape descriptors previously used
in modelling the drag coefficient on non-spherical particles.

In the above formulas, S, I, L, and A, can be measured by three-
dimensional (3D) shape-analysis techniques and P, Ampby two-
dimensional (2D) techniques. In other words, circularity and surface
circularity are 2D descriptors and the rest are 3D.

Flatness (f) and elongation (e) are two of the widely used particle
shape descriptors. The former conveys how plate-like a particle is while
the latter is an indication of how rod-like a particle is [2]. In this
research, the classification method proposed by Zingg [17] is used to
present the ellipsoidal particles investigated (Fig. 1).
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Table 1
Particle shape descriptors used in this study.
Shape descriptor Formula Description
N _ s Ratio of particle’s shortest dimension (S) and
Flatness F=2 . L . .
I intermediate dimension (I)
. b I Ratio of particle’s intermediate dimension (I)
Elongation e == X :
L and longest dimension (L)
Ratio of maximum projection perimeter (P,,)
Circularity [19] X =Py /P and perimeter of the circle equivalent (P,) to
¢ the particle maximum projection area (Apy)
Surface Tt = ialont sphets gy and st
Circularity [10] Tsurfiph q P Flsurfiph

Pup projection perimeter (Py,)
A measure of how spherical an object is; Ratio

SP(}“;Z;;}II [201) iw - of surface area of the volume equivalent sphere
“’h/Ap (Agn) and particle surface area (Ap)
Sphericity Dy =
(Krumbein LS A measure of how spherical an object is.
[21D 12
Sphericity e = . Lo
(Corey [221) S A measure of how spherical an object is.
L xI
Normal Sphericit Ratio of projected area of the volume
[o1 P Y oe n equivalent sphere and projected area of the
particle normal to the flow direction
Roundness [23] P r A measure of how spherical an object is.

“z
Ratio of Wadell’s sphericity [20] and
Shape Factor [24] ¥ = @ circularity [19] ’ Y
X y

@ This is the original definition of flatness proposed by Zingg [24] and used in
Drag models reported here. There are several definitions available in the liter-
ature please see [17] for more information.

Y This is the original definition of elongation proposed by Zingg [24] and used
in Drag models reported here. There are several definitions available in the
literature please see [17] for more information.

2.2. Modelling the particles’ drag coefficient

Twelve models have been chosen to evaluate the particles’ drag
coefficients. These models are mostly empirical and have been devel-
oped using the data extracted from various experiments. Each model
uses different shape descriptors including flatness, elongation, circu-
larity, sphericity, roundness, and shape factor. Using an initial value for
the velocity, each equation for Cp can be iteratively solved to find the
value for the particle drag coefficient [5,7-16]. Table 2 presents the drag
models that have been used in this research.

Each of these empirical models is capable of estimating the drag
coefficient through a specific range of Reynolds number. Fig. 2 presents

Y reeeed
$dee
I

0.0 0.2 0.4 0.6 0.8 1.0
Flatness f

Elongation e

Powder Technology 412 (2022) 117964

the range of appropriate values of Reynolds number for every drag
model. The area highlighted in blue shows the range of Reynolds
number between 137 and 234 which is used in this study and calculated
for each ellipsoidal particle based on the diameter of their volume
equivalent sphere.

2.3. Numerical modelling

The computational domain for numerical modelling is three-
dimensional and consists of an ellipsoidal particle placed inside a fluid
domain with its geometry defined as a rectangular cuboid. The di-
mensions of the domain are chosen based on the work of Tagliavini et al
[25]. The boundary conditions are defined as known velocity of 1 m/s at
the inlet, known ambient pressure at the outlet, symmetry at the four
sides of the rectangular cuboid and no-slip on the surface of the particle
which means that the fluid velocity is zero on the particle surface due to
the viscosity of the fluid. The Reynolds number for these simulations are
between 137 and 234 depending on the diameter of the volume equiv-
alent sphere for each ellipsoidal particle. The domain geometry and
boundary conditions are shown in Fig. 3(a).

For each particle shape, two cases of numerical simulation have been
done using first the projected area of minimum (A;;), and second the
projected area of maximum (Amq,) principal moments of inertia. The
particle drag coefficient can be estimated with reasonable accuracy
using the harmonic mean of the drag coefficients calculated using the
projected areas of minimum (Cpp;,) and maximum (Cppey) principal
moments of inertia as Tagliavini et al [25] had demonstrated through
experiments and numerical modelling.

2 < CDmin > <CDmaX>

Cp = A Dmind CDmar)
P (Comin) + (Comar)

4

where (A) is the time-averaged value of the variable A.

For mesh dependency analysis, five different mesh resolutions with
~115,000, ~120,000, ~140,000, ~180,000, and ~240,000 tetrahedral
elements were used for the computational simulations. Fig. 3(b) shows
that as the mesh resolution increases the accuracy of the computational
solution also increases. Increasing the mesh resolution from ~140,000
to ~180,000 results in a change of <4% in the value of the drag coef-
ficient. So the number of elements was chosen to be ~140,000 to ensure
that the computational grid is fine enough not to influence the results
while also offering reasonable computational time.

In order to accurately resolve flow characteristics close to the surface
of the particle, which is essential in calculating the drag force, compu-
tational mesh refinement is employed on the grid cells adjacent to the
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Fig. 1. (a) Ellipsoidal particle shapes with varying aspect ratios on a Zingg chart, and (b) The particle classification system proposed by Angelidakis et al. [18].
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Table 2
Empirical drag models proposed in the literature.
Drag Shape Descriptors Drag
Model Coefficient
R - >
Haider & Levenspiel [7] Dy Cp = i (1 n ClReCZ) N Cs
Re 148
Re
C1 = exp(2.33 — 6.46By + 2.4502)
Cy = 0.096 + 0.556Py,
C3 = exp(4.09 — 13.890y + 18.42¢y,% — 10.26®y,°)
C; = exp(1.47 + 12.26@y — 20.730y> + 15.890,)
Ganser [8] Dy c 24K (1 o 1118<R6KN> 0.6567> . 0.4305Ky
D = . —_—
Re Ks L. 3305
(ReKN)
K
Ky = 101/8148(-logeu*ss2 §
1 2
Kg = =4 — =
S =3%3/8,
Ganser [8] & Leith [9] Dy 0.6567
o Cp = Z;Ks 14 0.1118<R;(KN> " 0.4305Ky
¢ s 3305
(ReKN
Ks
KN — 101A8148(—Iugfl>w)° 5743
1 2
Ks =
SN TN
Tran-Cong et al [10] Ksurf 042 (dsu.rfsph> 2
c 24 (daysoph 1 0.15  (daufph R 0687 ) oh
P "Re dsph * Xsurf dsph ¢ * dsurf h ~l1e
N o [1 +42500 (—“’Re) ]
dopn
D¢
1.25
Coe { 48.5 N ( Re )”32 1
Swamee & Ojha [11] Crushed Rock Fragments b= (1+ 4.5¢035)08Re0.64 Re +100 + 1000&¢ (®c'® +1.050:08)
¢C 0.28 1.428
o 08 [ 33.78 N ( Re ) - 1
Natural Sediments b= 1+ 4.500%)27Re0s6 | \Re+700+10000¢) (¢ + 200520)° 7

Camenen [12] Pc
P
Wu & Wang [13] D¢
Wang et al [14] ¥
e
Bagheri & Bonadonna [5] 7
Dioguardi & Mele [15] ¥
Dioguardi et al [16] l'd

G = {(%) e 1., e ]Ca

€1 =24+ 100[1 - sin(5c) [

n 1.75+0.35P
C; = 0.39+ 0.22(6 — P) + 20[1 sin(oxc ) |
Cs = (1.2+0.12P) [sin(3oc) ]0'47
1 1 c
&= [() @ +a /o]

C) = 53.5¢70-65%¢
Cy = 5.65e 25%¢
C3=0.7 + 0.90¢

CD-Sph —0.01
Cp = 0A94SWRE

23
24K Ky 0.46Kyn
Cp = Re |:1 + 0.125<R8K—s> :| + —5330
Kn
Re—
eKS
2 dgy® \
Fy =f e(L ix S> Ky = 10%(-logh)?
1 —
Fs =fx @3 don’ _Fs PR
s xIxS) " 2

@ = 0.45+ 10/ (exp (2.510gpp /pf) + 30)

By =1-37/ (exp (BIogpp/pf> + 100)

Co.sph Re '\ 10.4826
Re2wRe> \1.1883

0.2
o 24 (1 -y n 1) 24 (0.1806R80’6459)Y’i(REOOS) 4 0.4251

“Re\ Re * Re 1, 688095 05

Re
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Dioguardi et al [16]
Dioguardi & Mele [15]
Bagheri & Bonadonna [5]
Wang et al [14]

Wu & Wang [13]
Camenen [12]

Swamee & Ojha [11]
Tran-Cong et al [10]
Ganser [8] & Leith [9]
Ganser [8]

Haider & Levenspiel [7]

0 0.01 0.1

1 10 100
Reynolds Number

1000 10000 100000

Fig. 2. Appropriate range of Reynolds number for each of the empirical drag coefficient models (shown in green) and the range of Reynolds number between 137 and
234 used in this study and calculated for each ellipsoidal particle based on the diameter of their volume equivalent sphere (shown in blue). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

Uniform
Velocity
1 m/s

(b)

4
g 3 ,’ == |
g 7
=) K
g 2 7
@)
g ®
(a) 1 _I.
O
100000 150000 200000 250000

Number of Mesh Elements

Fig. 3. (a) Computational domain, dimensions are a function of longest particle dimension (d = L = 0.01 m), (b) Mesh dependency analysis, drag coefficient versus

the number of mesh elements.

particle surface. For this purpose, the thickness of the first layer is
defined ~5 x 1072 times the diameter of the volume equivalent sphere
for each ellipsoidal particle. The thickness of the subsequent 29 mesh
layers close to the surface of the particle grows with a ~1.2 growth rate.
The size of the rest of the mesh elements gradually increases along the
direction away from the particle surface with a transition ratio of ~0.3.

The governing equations of motion for the fluid are the Navier-
Stokes equations in their transient form:

v.(Uy) =0 ©
ou
Pr (a—tf-l- Uy -V)Uf) = = VP+p, (V') ©

where t is the time and P is the fluid pressure [3]. All the governing
equations were discretised using the finite volume method (FVM) and
were solved with the semi-implicit method for pressure-linked equations
(SIMPLE) with a convergence criteria and a time step of 10°°. Turbulence
modelling has been performed using the Wall Adapting Local Eddy-
viscosity (WALE) model [26] which based on the work of Tagliavini et
al [25] produces the second least averaged absolute error. A total
number of 54 simulations including two for each of the 25 ellipsoids and
four for mesh dependency analysis have been performed using the
software ANSYS FLUENT 18.1.

3. Results and discussions
3.1. Particle drag coefficient

The drag coefficients obtained from numerical simulation as well as
calculated using each of the twelve drag models are plotted in Zingg
charts and are shown in Fig. 4(a) to (m).

Comparing drag coefficients obtained from numerical simulation
(Fig. 4(a)) to drag coefficients obtained from the twelve drag models
(Fig. 4(b) to (m)), it can be seen that most models compare well with the
simulation data in terms of both value and trend resulting in a maximum
estimation error of between 40% to 150%. The drag coefficients calcu-
lated using the models by Haider & Levenspiel [7] (Fig. 4(b)), Ganser [8]
(Fig. 4(c)), Ganser & Leith [8,9] (Fig. 4(d)), and Wang et al [14] (Fig. 4
(j)) show the most similarity with the simulation data.

The value for the particle drag coefficient resulted from the three
models proposed by Tran-Cong et al [10] (Fig. 4(e)), Swamee & Ojha
[11] for natural sediments (Fig. 4(g)), and Dioguardi et al [16] (Fig. 4
(m)) are overestimated especially for the particles with lower values of
flatness and elongation. While the models by Swamee & Ojha [11] for
crushed rock fragments (Fig. 4(f)) and Camenen [12] (Fig. 4(h)) over-
estimate the drag coefficient even more compared to the simulation
data.

The three models presented by Wu & Wang [13] (Fig. 4(i)), Bagheri
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Fig. 4. Particles’ drag coefficint plotted in Zingg charts obtained from (a) numerical simulation, (b) Haider & Levenspiel [7], (¢) Ganser [8], (d) Ganser & Leith
[8,91, (e) Tran-Cong et al. [10], (f) Swamee & Ojha (crushed rock fragments) [11], (g) Swamee & Ojha (natural sediments) [11], (h) Camenen [12], (i) Wu & Wang
[13], (j) Wang et al. [14], (k) Bagheri & Bonadonna [5], (1) Dioguardi & Mele [15], and (m) Dioguardi et al. [16].
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Fig. 4. (continued).

& Bonadonna [5] (Fig. 4(k)), and Dioguardi & Mele [15] (Fig. 4(1))
underestimate the drag coefficient especially the values which corre-
spond to the particles with smaller flatness and elongation
characteristics.

For each of the twelve drag models, the value of error compared to
the data obtained from numerical simulation are plotted in Zingg charts
and are shown in Fig. 5(a) to ().

The drag coefficients obtained using the models by Haider & Lev-
enspiel [7] (Fig. 5(a)), Ganser [8] (Fig. 5(b)), and Ganser & Leith [8,9]
(Fig. 5(c)) show maximum error values of 40% or less which mostly
happens for the particles with higher values of flatness. Based on the
particle classification system proposed by Angelidakis et al [18], it is
more appropriate to use these three models for flat and bladed particles.

Maximum values for the drag coefficient errors calculated from the
models proposed by Wang et al [14] (Fig. 5(i)), Dioguardi & Mele [15]
(Fig. 5(k)), and Dioguardi et al [16] (Fig. 5(1)) are all 60% or less and
correspond to the middle area of the Zingg chart populated by the
particles with intermediate flatness and elongation characteristics.
These three models can be used to estimate the drag coefficient of the
bladed, compact, and sometimes elongated particles.

The models presented by Swamee & Ojha [11] for natural sediments
(Fig. 5(f)) and Wu & Wang [13] (Fig. 5(h)) result in a maximum error
value of 60% while the models by Swamee & Ojha [11] for crushed rock
fragments (Fig. 5(e)) and Camenen [12] (Fig. 5(g)) result in maximum
error values of >100%. For these four models the maximum error value
happens for the particles with lower values of flatness. These four
models can be a reasonable choice to estimate the drag coefficient of
compact, elongated and bladed particles.

Bagheri & Bonadonna’s model [5] (Fig. 5(j)) shows a maximum error
of 80% for particles with low elongation values. This model is more
suitable for compact and flat particles. The maximum value of error
resulting from using the model proposed by Tran-Cong et al [10] (Fig. 5
(d)) is >150% for particles with high values for both flatness and
elongation making it unsuitable for spherical and compact particles.

The drag coefficient models utilised in this research can be classified
in four classes based on the shape descriptor they use to estimate the
particles’ drag coefficient. The first group use Wadell’s Sphericity (dy)
[20] and includes the methods by Haider & Levenspiel [7], Ganser [8],
and Leith [9]. These three models are effective in a wide range of Rey-
nolds number from 0.1 to 10° (for more detail see Fig. 2). With the
lowest maximum error values (40% or less), these three models are
shown to be suitable for all ellipsoidal particles especially the ones
belonging to the flat and bladed categories.

The second group use the Shape Factor (¥) by Dellino et al. [24] to
estimate the drag coefficient. The models by Wang et al [14], Dioguardi
& Mele [15], and Dioguardi et al [16] belong to this group. These three

models are operational in a wide range of Reynolds number with
different lower and upper bounds (for more detail see Fig. 2). The
maximum error value for this group is the second lowest (60% or less).
All three models in this group are confirmed to be capable in estimating
the drag coefficient of compact particles with minimum error. They may
be suitable for other categories depending on the particle shape and the
model chosen.

The third group use Corey’s Sphericity (&¢) [22] and is comprised of
the models by Swamee & Ojha [11], Camenen [12], and Wu & Wang
[13]. These three models are functional in a smaller range of Reynolds
number compared to the first two groups (for more detail see Fig. 2). The
maximum error values resulting from these models range between 60%
to 250% and mostly correspond to flat particles with low values of
flatness. They work best for elongated particles and can be effective for
some compact and bladed particles as well.

The fourth and final group utilise other shape descriptors and in-
cludes the models by Bagheri & Bonadonna [5] and Tran-Cong et al [10].
The former uses particles’ Flatness (f) and Elongation (&) and is effective
for the widest range of Reynolds number (for more detail see Fig. 2) and
the latter uses Surface Circularity (Xg,p) [10] and is effective for the
Reynolds number between 0.15 and 1500. The model by Bagheri &
Bonadonna [5] works best for compact particles (<80% error) while the
one by Tran-Cong et al [10] can be used for all particle categories except
compact which results in the maximum value of error (>150%).

4. Conclusions

In this research, the drag coefficient of ellipsoidal particles with
various flatness and elongation characteristics was investigated. Nu-
merical modelling was performed to obtain an accurate estimate of the
drag coefficient and twelve different drag models were utilised to pre-
dict the particles’ drag coefficients. The results from both approaches
were presented on Zingg charts as a unified framework to facilitate the
comparison. The data resulting from numerical simulation and drag
models exhibited similar values and trends. The models presented by
Haider & Levenspiel, Ganser, and Ganser & Leith were suitable for
estimating the drag coefficient of ellipsoids, especially flat and bladed
particles with high accuracy. Five drag models were shown to over-
estimate and three models were shown to underestimate the maximum
value of the drag coefficient for ellipsoidal particles. For compact par-
ticles, all the models proved suitable except the one by Tran-Cong et al.
For bladed and elongated particles, the models proposed by Wang et al,
Dioguardi & Mele, Dioguardi et al, Swamee & Ojha, Wu & Wang, Tran-
Cong et al, and Camenen showed promise while for flat particles, the
models by Bagheri & Bonadonna and Tran-Cong et al proved to be
efficient.
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Fig. 5. Particles’ drag coefficint error percentage plotted in Zingg charts obtained from comparing the numerical simulation with the model proposed by (a) Haider
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