Int. J. Fuzzy Syst.
https://doi.org/10.1007/s40815-022-01296-x

q

Check for
updates

Nonlinear Pseudo State-Feedback Controller Design for Affine
Fuzzy Large-Scale Systems with H ., Performance

Iman Zamani' - Mohsen Shafieirad? - Mohammad Manthouri' - Mohammad Sarbaz’ -

Asier Ibeas®

Received: 26 June 2019/Revised: 11 December 2021/ Accepted: 19 January 2022

© The Author(s) 2022

Abstract This paper treats robust controller design for
Affine Fuzzy Large-Scale Systems (AFLSS) composed of
Takagi—Sugeno-Kang type fuzzy subsystems with offset
terms, disturbances, uncertainties, and interconnections.
Instead of fuzzy parallel distributed compensation, a
decentralized nonlinear pseudo state-feedback is developed
for each subsystem to stabilize the overall AFLSS. Using
Lyapunov stability, sufficient conditions with low codem-
putational effort and free gains are derived in terms of
matrix inequalities. The proposed controller guarantees
asymptotic stability, robust stabilization, and H, control
performance of the AFLSS. A numerical example is given
to illustrate the feasibility and effectiveness of the proposed
approach.
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1 Introduction

Large-scale systems (LSS) have been widely used to
describe real-world problems, including the internet, eco-
nomic systems, mobile networks, chemical processes, and
electronic power grids [1, 2]. Because of the complexity of
dynamical behaviors in these systems, it is necessary to
seek techniques that reduce the complexity of the mathe-
matical models and computational effort. Hence, there
have been considerable efforts in modeling, analysis,
optimization and control of LSS [2, 3], adaptive decen-
tralized stabilization [4, 5], decentralized H, filtering [6],
observer-based output feedback control [7], state estima-
tion [8, 9], and many approaches have also been presented
to investigate their stability, stabilization, and optimization
[10-13].

Using fuzzy systems, qualitative knowledge can be
represented in nonlinear functional forms. Among fuzzy
models, the Takagi—Sugeno-Kang (TSK) model can pro-
vide a fuzzy representation of complex nonlinear systems.
Stability analysis and controller design of fuzzy systems
have also been extensively treated [14—19]. Some approa-
ches based on the parallel distributed compensation (PDC)
design have been reported [19, 20]. In addition, nonlinear
state feedback controllers for fuzzy systems [16-22], and
strategies based on fuzzy Lyapunov functions have been
developed [13-16]. Moreover, stability analysis and sta-
bilization of fuzzy large-scale systems (FLSS) have been
studied for the discrete and continuous time [23-28]. One
can also study the stabilization of the FLSS based on
adaptive and observer design methods [29-32]. One of the
most important strategies for controller design is to stabi-
lize the system robustly while satisfying H-norm boun-
ded constraints for fuzzy large-scale systems [33-35]. For
continuous-time FLSS with parametric uncertainties, only
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a few results are available for stability analysis and robust
stabilization. This could be a result of the complexity of
such systems. However, robust stabilization and H,, con-
troller design for FLSS with affine terms have not yet been
fully investigated, due to the difficulty of extending exist-
ing stability results.

In this paper, we will concentrate our efforts on
asymptotic stability, robust stabilization, and H, controller
design of an affine fuzzy large-scale system (AFLSS)
consisting of J interconnected subsystems. To investigate
the stabilization of the overall system, each subsystem is
decomposed into a set of fuzzy regions, for which a Tak-
agi—Sugeno fuzzy model expresses the dynamical behavior
of the subsystem. The whole large-scale system model is
obtained by smoothly connecting all subsystems. Sufficient
conditions for asymptotic stability of the overall system are
derived using a new decentralized nonlinear pseudo state-
feedback controller. A positive definite matrix (P;) is
shown to satisfy linear matrix inequalities corresponding to
each sub-system.

Motivated from the previous work and their shortages in
fuzzy large scale systems analysis as stated before, a new
approach has been given for affine fuzzy large-scale sys-
tems with H_oo performance in this paper. In comparison
with the previous works which all gains for subsystems
must be computed exactly according to all states of the
system, here it is not required to have all gains and some of
them can be selected optionally. In addition, the proposed
method in this paper is applicable with much less compu-
tation and does not include restrictive conditions such as
bounded norm. In contrast to the PDC method in which the
control law is based on Lyapunov stability, the approach
presented in this paper is simpler. There are some other
merits for the proposed method will stated in the
continuation.

The structure of this paper is as follows. Preliminaries
and the problem formulation are presented in Sect. 2. In
Sect. 3, decentralized nonlinear pseudo state-feedback
controller is introduced, and the main results are obtained.
Robust stabilization and H,, controller design are investi-
gated in Sect. 4. A numerical example is presented in Sect.
5. Finally, concluding remarks are presented in Section 6.

2 Preliminaries

Consider the AFLSS consisting of J interconnected sub-
systems S;(i = 1,2,---,7J), each described as follows:
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IFE; (r)isM! and - - - &, (1) is an’

J
+Dd() + e+ > Chg(h)
i=1j#i

K

i THEN %;(t) = Alxi(f) + Blu;()

(1)

where Sf is I th rule of S;, u;(t) € R™ is control input of S;
at time 1, x;(¢) € R™ is state vector of the i th subsystem;
xi(t) = [xa(2), x2(2), -+ -
matrix between the i th and j th subsystem of the / th rule of
S;, r; is number of rules in subsystem S;, n; is number of
states in subsystem S;, (Al B!) is controllable system

T .. }
X (0] ij is interconnection

matrices of rule / in subsystem S;, M k is grade of mem-
bership of &;(1);k=1,2,--,n;, &x(¢) is known premise
variable. &;(7) is used to denote the vector containing all
individual elements &;(¢) ~ &, (1); k=1,2,---
constant and deterministic offset term, (d;(r),D}) is dis-
turbance and its coefficient matrix of rule / in subsystem S;,

l .
M, o 18

1

where ||d;(1)|| < ;> and f; is scalar. The counters varying
as i=1,2,---,),j=1,2,---,J,1=1,2,--- ;. Using a
standard fuzzy inference method (product fuzzy inference)
and also a central-average deffuzzifier, Eq. (1) can be
obtained as

) (Akxi(t) + Biui(t) + Didi(t) + o))

+ Z Zuﬁ(@(r»cf,xj(r) (2)

j=1 =1
J#i

where w;'(&(1)) =

40 e

the / th rule of the i th subsystem. In this paper, we assume
that 1 wil(&(t)) > 0,Vt.  Therefore, we have
(&) >0 and >, w'(&(1)) = 1,Ve. For stability
purposes, decentralized nonlinear pseudo state-feedback
controller [17, 26] is represented for each subsystem as
follows:

P ML(E(H) >0 and  pl(E(r) =

represents the firing strength of

()KFx;(1) (3)

Zm

where S, mk(r) =
LO<mi(t)<1(i=1,2,---, ] k=1,2,---,¢) and K¥s
are state feedback gains with appropriate dimensions. The
mk(t)’s are also nonlinear functions defined as follows;

IF 557, 57—y (&) HE) >0, Then
JF
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mh(1(2<k<c;)

L IZJ =1 (Hf(fi(’))Hff)
ci T J
JFi IF Z e th)?éo
PIEDIEDY /_1‘,% 0)H}! =1 2
- J#i J#i
I Sngs 1
EIFZZ}IJZ: ’ 0)HY| =0
J#i
(4)

and mj (1) = 1 — Y1, m(t).
IF 57 5y () HE) <0, mb(r)(k £ 1) =
j#i
and m! (1) = 1.
Note that H = Lix(t)" Q" xi(r) — Fi(1). Also,
o cont 18 defined in the next sections according to Theorems
T T
1 and 2, and Fij(t) = x! (t)C};" Pixi() + xi(1)" PiCjjx;(1). In
here, the c¢;’s are parameters for designing the controller of
each subsystem.
For readability, arguments “s” and &;(¢f) are omitted

mk (1), FZ( 1), lh(&i(r)), and u;(1). Consequently,
these terms are abbreviated as ux, m FU,,ul, and u;,
(2)-(4), the closed-loop fuzzy

from x(t),

respectively. Using Egs.
subsystem now becomes

Z,ul Ax, Blkaka,Jde +oc+ Z C
j=1
J#i
(5)

where, by considering Yfk = Aﬁ - BﬁKf, we obtain

Z iiu ((Yilkxi +jDEdi1(t)+ocf) +ijx.i)

j=11=
J#i

(6)

Our task is to design the K*’s such that the overall
AFLSS is asymptotically stable. The stability conditions
for the AFLSS described by Eq. (6) can be summarized by
theorems stated in the following sections.

3 Stability Problem

In this section, we consider decentralized controllers for the
AFLSS described in Eq. (6). For stabilization, the follow-
ing description is required.

The rule set of the i th subsystem is divided into 7,y and
I;1. Iy represents rules that contain the origin and /;; are the
remaining rules that do not contain the origin. As a result, if
1 € 1o, then D!d;(t) = 0,0/ = 0 which guarantees the triv-
ial solution x; = 0 is the origin (i.e. x; = 0). In this paper,
we assume that there is no perturbation for the rule [ € Ij.
We remark due to the problem formulation, Dﬁ might be
scalar or considered to be a matrix. Now, assume that Zf is
a bounded region in R", where the [ th rule of the i th
subsystem fires. For I;;, one can obtain a hyper-ellipsoid

- : . T -
containing Z! with definition 1—x @& +x"O.x +
T . _

X Ox — x'®.x >0 such that its parameters (¥, ®!) sat-
e Tl o : .
isfy "1 —% @3/ <0”, X represents its center and @' is a
positive definite matrix that characterizes the hyper-ellip-
soid [15].

Definition 1 A Euclidean hyper-ellipsoid with center x.
and radius r can be defined as E(z.P;') = {x|(x—x)"P"

(x —%) <1} = {x|]l =3 OX +x"O.% +x." O.x —
x"@.x >0} where P! (= ©,) is a positive definite matrix.
So, we can define [, and [I; as I;=

{1 1-7'eF<0,1 <l<ri} and Ip = {1,2, .., ri)\Li1.

The term “1 — X!’ ©/x” has been used to analyze the sta-
bility of an affine fuzzy model as stated later in the proof of
the theorems in this paper.

Example a: In Fig. 1, it is assumed that Z? (the region
that rule As; x Bs fires) does not contain the origin
((X,Y) = (0,0)). As a result, for a typical hyper-ellipsoid

that contains Z?, "1 — ' ®% <0". For example, a typical
hyper-ellipsoid can be described as

(&) 4)

In summary, the stability conditions for AFLSS (6) can
be presented as follows.

A typical hyper-ellipsoid contains Z?

1.5
By
0
B, -0
!
1
B, .
1

Ay A, A3

Fig. 1 Fuzzy rules and hyper-ellipsoids
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Theorem 1 AFLSS (2) can be made asymptotically
stable by nonlinear pseudo state-feedback controllers in (3)
if there exist symmetric positive definite matrices’s, Pi’s
positive scalars and {111, pht l} state feedback gains, such
that the following conditions are met:

—-M <0, i=1,2,---,J J>1 (7a)
nr <ol 1=1,2,---,ri=12---,J (7b)
For [l € I;;
—P; *
ool direne o) <0
i=1,2,---,J

where [; is the identity matrix in R" x R". Also

O =Y¥P, 4 PYF 4 (7 1)P - i@, lely
-0 =Y"p + PY], L€l

1 L

m;n;, 1=y

=] - {

where for 1€ I, @5 is a positive definite matrix of the
hyper-ellipsoid that encircles the | th rule region. More-

—milri)»max(Pi)éij’ i 7&]

over, Oﬁ =1- x ®lx which is negative for 1€ I,
n = mlm(nl) 6y = max(||C£j||) (n,- + nj) and
Ql cont Qlk We remark that Ql cont 18 used to define the

X3 IR

parameters of the controllers in Eq. (4). In here, *
denotes the matrix entries implied by symmetry, and

Jmax(P) denote the maximum eigen values of matrix P.
Proof: See Appendix.

Remark 1: Conditions (7b) and (7c) represent bilinear
matrix inequalities (BMIs) that are. By pre-defining scalar
variables, (7b) and (7c) can be rewritten in terms of LMIs

@ Springer

as YﬁlTPi + P,'Yf1 + wf(rfl + I)P,- —w; pl®l Qfl < -
1751 i, consequently.

(A! - BIK, )P+P(A’ K+ o7+ 1)P;

—wpf®l< _’751 (8)
1 forl el L
! i -
where @; = {Ofor Iely [hen, by pre-multiplying and

post-multiplying both sides of Eq. (8) by P; I letting T; =
P! and v!=K!T;, we have @' +T;(-wlpl®+
n'I)T; <0 in which @' = 7,417 — 1" BI" 1+ AlT, — Byl +
! (rf_l + 1)T,~. Now, using the Schur complement we

l

obtain the following

[—v@¢@+¢ml .

r o <0 )

then K] = v!T;'. Equation (7c) can also be simplified. By
pre-multiplying and post-multiplying both sides of (7¢c) by

diag(P;',1;), and using the Schur complement, we obtain
—T; * *
AT + plTE@®!  plo! * <0 (10)
0 T;ﬁin _TfTi

where T; = Pi’l. Because the above inequality is now in
terms of 7; and v}, we can rewrite Theorem 1 as follows,

Corollary 1 AFLSS (2) can be stabilized asymptotically
by nonlinear pseudo state-feedback controllers (3), if there
are symmetric positive definite matrices 7T’s, a positive
scalar set {77;7 pl, l} and vectors v1 ’s such that (7a), (9),
and for [ € 1[;; (10) are satisfied. We remark that the
notations used here are similar to Theorem 1.

Due to Corollary 1, the control synthesis procedure can
be summarized as the following algorithm.
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ALGORITHM A
Step 1: Divided the rules into I;y and I;; for each subsystems. For I;;, find a hyper-ellipsoid containing the firing
region by its parameters (%!, 0}).

Step 2: Choose an optional number c; for each subsystems and find symmetric positive definite matrices P,’s,
positive scalars {n}, p, Tt} such (7a), (9) and (10) are held.

Step 3: Extract Q! from Step 2 as follows
— YT p = Y (a]
T
Qi =~ ¥ P~ Py,
Step 4: Extract H}} as follows

1 -
HYj = —=x (O (K P+ PY + (o]

ij ]

1
Hif = =@ (P Py

Y J-

-1

lely
LE
'+ 1P,

-ploh) x;() —FL @), L€y

F (), . Lely

where F};(t) = x| (£)C}; "Pxi(t) + x,(6)TP,; Cx; (0).
Step 5: Extract KF from Step 2 for k =1, and the remaining gains optional (k=1). Now, construct the
mF()(2 < k < ¢;) as (4) and the decentralized controller as follows

G

() = =% mf(OKf x(t)

k=1

3.1 H,, Controller Design for the AFLSS

The H,, problem is concerned with the design of a con-
troller that stabilizes a system for which an H.,-norm
bounded constraint on the disturbance attenuation is satis-
fied. Consider the subsystems S; described by the following
rule-based equations.

IFE; (1) Lmuis M), and- - &, (1) is M),

= Alx; + Blu; + Dldi(r) + é! + Z Chx,
j=1 (11)

J#i

! THEN
yi(t) = Cfx,- + E,I-u,-

where d;(t) is the square integrable disturbance, d” () =

[l (1),d5 (2, ..odf (0)]

;(1) is the controlled output and

y(1) = [() .. ,y,<>]T, and A = f+ M), A
Aty = H. F! ()L FLT(0)F. (1) <R., B =B+ AB(1),
ABL(1) = Hb,Fg,‘_()ngi,Fg,,T (1)F} (1) <R} 3 = ol + A
o), Act(t) = HLFL (L., L. (t)F. (1) <R, in which

{Rii,Réi,Rii} are  symmetric  positive  matices,
{AAL(t), AB!(1), Adl(1) } represents the system uncertainties
satisfying the norm bounded condition. H} = [H. . H}, . H' ]
and Lj=I[L,,Lj L] are known constant matrices,
andF, (1), F, (), and F! () belong to Q; set as Q; =
{Fi(t)|FT (1)F(t) <I;, where elements of F;(t)are  Lebe
sgue measurable}. (C},E!) are output matrices. Using

nonlinear pseudo state-feedback controllers (3), the closed-
loop system can be described as follows:

i G Jlk .. [ ol
- 3 53 ((BP) vas)

J#l

(12)

Sk N A . . .

where ¥; = A, — B,K¥. In this section, we consider H
controller design for the AFLSS (11), with nonlinear con-
trollers presented in (3). The objective is to design suit-
able controllers for the AFLSS (11) that guarantee the
performance in the H,, sense. By specifying a prescribed
level of disturbance attenuation, we determine the decen-
tralized fuzzy control law u;(¢) such that the induced L,-
norm of the operator from d(¢) to the controlled output y(¢)
is less than 7, under zero initial conditions, i.e.,
iG] 2dt<f 2|d(1)|*dr. We remark that the closed-
loop system must be asymptotically stable when d(z) = 0.
If such a control law exists, then the system is said to be
stabilizable with H,,-norm bound y. Now, by removing the
argument “¢” from y,(¢), and employing the proposed
controllers, we obtain

=3 H(C - ERY) (13)
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X1
{xz

Fig. 2 Block diagram of the controller

The block diagram in Fig. 2 shows the details of the
control procedure:

1 ki) = Z #i(&(0)) (Axi(0) + Biui(r) + Didi(1) + o)

J ri
+OY 0D HEn)Chx(n)
j=1 =1
j#i

cu(t) = Zm Kx,

(14a)

Theorem 2 The AFLSS defined in (12) and (13), is sta-
bilizable with H.,— norm bound 7, using nonlinear pseudo
state-feedback controllers (3), if there exist symmetric
positive  definite matrices P;, positive scalars

{nf, eii,eéi,elbi,pﬁ}, non-negative scalars ti(t,>0), inte-

gers c; and state gains K,1 such that (7a) and the following
conditions are satisfied:

Forl € I,
nili — O * .
Cﬂ’,‘(Cll- — EllKll) —C,‘V,'I[ (]4b)
Ao —Diago(-)
<0i=1,2,-- J k=1
For l € I;;
nit; — ol
" p 2 «
c,»r,'(CDfi—P’EfK‘-l) (/) ! —ciril, S0, i=12 k=1
L Ay —Diagl()
(14c¢)
[Y! *
i <0 =1,2,---,J 14d
I v _Diag%( ) - ) l ) ) ) ( )
where

@ Springer

Qx cont — _ka + A0(47 l)T(Diago(-))7]A0(4, 1)
+ o (CH— EKY) (€L - EIKY);  for 1€ I
— 0¥, = —0% + A(5,1) (Diag(-)) "' Ai(5,1) + 72 P,DIDP;

Fan(c— EXY (€~ EK) — < 1ps fortey

and A¢(4,2),A(5,3) are matrices that are defined as
follows:
A is a 4 X 2 block matrix where the first column
is {H;TP,-; H,[j’TP,-; 62’ L’a’; 62’ LLVK,({] and the other is zero
Ay is a 5 x 3 block matrix where the first column
is {H;,TP,»; HZP;; H{,,TP;; efl' Lfl'; eﬁ,, LLK:‘] and the others are zero

V is a 4 x 1 block matrix where the first column

m[rlﬁ Dl ol plRT @ €L Lg,.]

Diagl(-), Diagi(-) and Diagy(-) are diagonal matrices
that are defined as
Diagl () = diag(eii Ré;l, 62,_ Rf;l, Ei,,_ Rﬁ;l, 62’_ I, Ei,,. Ii)

Elyl I,‘)

Diago() = diag (<!, R, €}, Ry €, 1 €}, 1)

it

Diag%(-):diag(zp Pl P!

and diag(My,---,M,) is a diagonal matrix such that its
(i,i) th entry is M;(i =1,2,---,n). Also, semicolons (;)
are used to separate the rows of a matrix. All notations are
similar to Theorem 1.

Proof: See Appendix.

Remark 2: Equations (14b) and (14c) represent bilinear
matrix inequalities (BMIs). For simplicity analogous to
Remark 1 and Corollary 1, we can rewrite (14b) and (14c)
in terms of LMIs with pre-defined scalar variables. We

l .
ilS

is also independent of ri. Thus, for

further remark that, forl € I;;, because ( Qlk

lk

; !
independent of t;, 0" .,

(14d), we can set rf = 0 and delete the column and row that
includes t!, resulting in a less restrictive condition.

Remark 3: For | € I;y, if D!d;(t) # 0 and d;(0) = 0, then
— Q% = —0F + Ag(4, 1) (Diagy()) ' Ag(4, 1) + 77 2PiDID" P + ciri(CL — EIKY)' (CL - EIKY),
and (14b) can be rewritten as the following inequality.

il — Off
DI'P; — x <0
Cl'}"i(Clg — EllKll) 0 —cir,-I,- -
Ao(4,3) —Diagy(+)
If (14a) — (14d) hold for 7, then the latter inequality

holds is feasible for all attenuation levels 7 > y. The
following theorem denotes the suboptimal solution for the
H ., optimal control problem.
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Fig. 3 Membership functions of subsystem S;

Theorem 3 The suboptimal solution for the H ., optimal
control problem can be obtained by solving the following
minimization problem.

minimize 7y

. - 15
subject to [ly(1)|*dt < [ 7*|d(¢)|*dt (15)
0 0

which can also be stated as follows

{ minimize 7y (16)

subject to (14a), (14b), (14c),and (14d).

Remark 4: For comparison, in [35], stability analysis and
H, controller design of continuous-time non-affine fuzzy
large-scale systems by using piecewise Lyapunov functions
is considered. Extending the piecewise Lyapunov function
approach to the fuzzy large-scale system is the main
advantage of this paper. Reference [25] which was one of
the pioneer works in this field, has considered a particular
class of interactions and feedback gains, as the main con-
tribution of the manuscript and also state feedback con-
troller has been used instead of PDC, in this paper. In
another work, stability, and stabilization of standard fuzzy
large-scale systems, as the main contribution, based on an
existing method (PDC), has been the main motivation for
considering that article to be published [24]. Stability
analysis and H, controller design of discrete-time standard
fuzzy large-scale systems, based on a commonly used
method, namely piecewise Lyapunov functions, has been
the reason for the publication of [36]. Even, a new stabi-
lization criterion for large-scale T-S fuzzy systems, based
on a commonly used method (PDC), as its main contri-
bution, has received attention in [37]. In [37], extending
some widely used methods to uncertain fuzzy large-scale
systems have been considered as the main contribution of
the manuscript. In [33], by using some changes in

Lyapunov—Krasovskii functional method, stability condi-
tions, which are less conservative and more applicable than
the existing results, have been derived in terms of linear
matrix inequalities (LMIs). In the mentioned papers, affine
systems have not been considered in fuzzy large-scale
systems. Recently, some works have been considered in the
field of AFLSS but robust stability, but H,, controller
design, nonlinear controller with more flexibility and low
computation as will explain in the continuation, have not
been considered.
In summary, we observe the following:

(i). The conditions of Theorems 1, 2 and 3 and
Corollary 1 are satisfied only for Q''  and Kl1

i,cont

and there is no need for Q%  (2<k<c) to be
positive. Therefore, the Kf‘ s are optional
(fork # 1) and do not affect stability. As a result,
the number of state feedback gains is greatly
decreased. We remark that K*(k # 1) modify the
type of response, i.e., the amount of oscillation,
damping, settling time, etc. Consequently, there is
greater flexibility in the control design. So, giving
a new controller with more optional gains,
relaxed conditions are one of the majority of the
merits of the paper. In the previous papers, the
H ., performance for AFLSS, all gains for subsys-
tems must be computed exactly according to all
states of the system. But here it is not required to
have all gains and some of them can be selected
optionally.

(i1). The theorems presented in this paper, and the
proposed method is applicable with much less
computation. This method does not
restrictive conditions such as bounded norm. In
addition, the proposed method is not a pre-
designed scheme. That is, it is not necessary to
check the stability of the predesigned system by
trial and error.

(iii). In contrast to the PDC method presented [24] in
which the control law is based on Lyapunov
stability for which ensuring V(x,t) <0, is difficult,
the approach presented in this paper is simpler.

(iv). The number of controllers (c;) is also optional for
Theorem 1 and Corollary 1. However, for Theo-
rems and 3, it is obtained via matrix inequalities.
By choosing a proper c;, the amount of compu-
tation including the number of inequalities and the
number of controller gains which have to be
designed is reduced.

(v). Considering (7a), we can use show matrix M as
follows:

include

@ Springer



International Journal of Fuzzy Systems

20

0 10 20 30 40 50 60 70 80 90 100
time
Fig. 4 Trajectories of subsystem 1
] 0 n —rma(P1)012 -0 =1 max(P1)01s
M m 0 — 2 Amax (P2)021 i3 —r2/max (P2) 32
0 0 - m ~1max(P1)on —712max(P1)dyy -+ ny

Controlerparameters Interconnectioneffectmatrix

By using Sylvester’s criterion to check for positive
definite matrices [21], It is easy to show that these condi-
tions are independent of m!(i =1,2,---,J), and we can
obtain #n;(i = 1,2,---,J). All leading minors have to be
positive to guarantee positive-ness of M. For kth leading
minor (My), we have

m 0 - 0 1 — I 2max(P1)012 =11 Zamax(P1) 01k

0 mb o 0| —r2dma(P2)02 1 =72 2max(P2) 0o
[My| = S . . . .
0 0 < om || = edmar(P)Ox1 = Tidmax(P)Oga - up

m ~T'1 2max(P1)012 —71 Zomax(P1) 01k

. | 12 Amax(P2) 021 0 —122max(P2) 0ok
=mmy---my x . . .
—imax(P)Ok1 = Tihmar(Pi)Or2 - - Mk

since m{m} - --mj >0, the only thins has to be checked
is
=71 2max(P1)01k
—122max(P2)02k

m —71 2omax(P1)012

—122max(P2)021 B Ok —1.2.3 ;

—Tklmax(Pi)Okt  —Tidmax(Pi)a - Mk

(vi). In the above method, the hyper-ellipsoid technique
has been extended to overcome the complexity of
AFLSS for designing a new nonlinear controller to
guarantee the robust stability and H , performance
of the AFLSS.

(vii). Qf{‘mm is a key parameter in controller design and
also in the stability analysis. But according to the
controller structure and also the firing regions of
rules, they are different for the main system with
and without uncertainties. Consider the (A.6) and
(A.7),we have to consider Qﬁ{‘wm = Q% and when
the systems has uncertainties, we have to consider
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lk
i,cont’

amount for the derivative of the Lyapunov function
as follows:

=0l =~ 0 + Ao(4,1) (Diago(-)) ' Ao(4. 1)
+airy(CL— EIKY)' (CL = EIKY); for 1€ I

— 0k = 0%+ A (5,1) (Diagl (1)) ' A(5,1)
+7 2PDIDP; + ¢iri(CL — EIKY) (C! — EIKY)
— ‘cf’lPi; for 1 €1

the uncertainties term in Q to a reach negative

Remark 5: To comparison with some works, by referring
to some previous studies like [24, 36], and [38] in fuzzy
large-scale systems, we will reach some strong points in
this paper. In [24], a Decentralized PDC controller is
designed for a T-S fuzzy large-scale system. It is evident
that some essential assumptions are not considered in this
paper. Disturbances are not applied and evaluated for these
systems. It is obvious disturbance rejection is one of the
most critical part of designing as an effective controller.
Besides, the computational burden of the paper is not
suitable for today’s approaches. By noticing [36], we can
see that disturbances and uncertainties are not considered
again in this paper. On the other hand, the computed gains
for stabilizing are so big and it will be a negative point
causes more costs. In [38], the author designed an output-
feedback control problem for a class of switched Takagi—
Sugeno. Not only did the author not consider disturbances
and uncertainties for the system, but also the proposed
algorithm is just applicable for switched systems. It is not
possible to apply this method to affine systems. Here, we
proposed a nonlinear Pseudo state-feedback controller for
affine fuzzy large-scale systems with H,, performance.
Using Lyapunov stability, sufficient conditions with low
computational effort and free gains are derived in terms of
matrix inequalities are a strength part of this work. As it is
mentioned, a prominent part of this paper is that the
algorithm does not need to compute gains for each sub-
system, and due to the proposed example, by computing
three gains for six subsystems, the overall system will be
stabilized.

Remark 6: To compare with state feedback method, in
this paper a nonlinear pseudo state-feedback controller for
affine fuzzy large-scale systems is studied, in which, by
this algorithm the computational burden is declined dra-
matically. Besides, in state feedback controller, to stabilize
outputs of the system, the exact states and parameters of
the system must be existed, but in this paper, it is not
required to compute all gains in each subsystem and we can
avoid some of them so that they are considered optional. It
is one of the main novelties of the proposed method that by
having just some of gains the overall system will be
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30 L s B S 1 4 Numerical Example

In this section, an example is presented to demonstrate the
results of the proposed stabilization procedure for affine
fuzzy large-scale systems. Consider the following AFLSS,
composed of three subsystems described as.

20l i o  Subsystem S :
Rulel :
30 ‘ | | | | . | | ,
0 10 20 30 40 50 60 70 80 90 100 . 0] -
e %1 = Alxy + Bluy + Dy (1) + o) + Z Clyy
IF x;, is M) and x; is M} THEN j=1
J#1

Fig. 5 Trajectories of subsystem 1
V= C]]x1 +E]1u]

stabilized according to the example. In addition, By con- Rule2: R
sidering u;(f) = — >_¢_, m*()K*x;(t) in the proposed o 1 = A+ B *D%”"(’)”%*j; Cir
method, we are using a nonlinear averaging method by s A and o A THEN i#1
computing mX(¢) at instant and we do averaging among Rule3: » = Gt By
some state feedback controllers. So m¥ () can be consid- uees: 5
ered as varying average coefficients according to the con- f1 = A+ Bl + DY (1) +2) + ,; €irs
ditions of all subsystems. i A and s M THEN it
Due to Theorem 3, the control synthesis procedure can i =Clu+ Eju

be summarized as the following algorithm.

ALGORITHM B

Step 1: Divided the rules into I;y and I;; for each subsystems. For I;4, find a hyper-ellipsoid containing the firing
region by its parameters (x},0}).
Step 2: Extract matrices {4y, 4, ,V, Diagi (), Diag?(-), Diag, ()} according to uncertainties of each subsystems..
Step 3: Solve the following minimization problem.
minimizey
{subject to(14a), (14b), (14c), and (14d).
and extract symmetric positive definite matrices P;’s, positive scalars n} p} t}}, ¢; and gains K¥.
Step 4: Extract Q*from Step 3 as follows
T -1
==Y P -pPY*—(zf +1DP+p6f, L€l

z‘lkZ_YilkTPi_PiYilk' Lely
Step 5: Extract Q% from Step 3 as follows
il,}r(:ont = le - AOT(Diago('))_le - Ciri(cil - EilKik)T(Cil - EilKL'k) ; for L€ Iy
f,’éont = Q- A1T(Diag11(-))_1A1 - yizPiDilDilTPi —cry(C = EIKT(C! - EIKF) + TirlPiIfOT Lely
Step 6: Extract H}}' as H{} = ﬁxi(t)TQ”‘ x;(t) — (x]-T(t)CilePL-xi(t) +x; ()" P,Cx; (0).

J i,cont

Step 7: Extract K¥ from Step 3. Now, construct the m¥(£)(2 < k < c;) as (4) and the decentralized controller
as follows
ci
w(t) = =% m{(OK %)
k=1
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a-|7]a=|,] m-m-r-

The normalized membership functions of subsystem 1
are shown in Fig. 3.
e Subsystem S, :

Rulel:
~1
X = A%+ Bjus + Djda(t) + o3 + 35 _ g Oy
IF X,y is M} and x; is M3 THEN j£2
¥2=Cyx2 + Ejm
Rule2:
~2
X2 = AjXs + Biup + D3ds(t) + o + Z} -1 Céjxj
IF x,; is M3 and x,; is M} THEN j£2

Y= C%xz + Eiu;

where.

S el P
s-[]a- (5]
o= [} ] - [
Ey=—1,E}=15,C), = [g g},cgg_ LS) (5)]
e[ -l Sha- ]

1 T
C2 = )
? LJ

Subsystem S3 :
Rulel:

~1
x3 = Ayxz + Bjug + Dids(t) +of + 23 —1 C;jxj
IF x3; is M} and x3, is M2 THEN j#3
ys = Cixs + Elus
where

@ Springer

’\1_ _0 —1 1 _ 15 1 _ O 1
A=11 6, B 7 2025 ’D3_[1 %
K -1 0 0 —1
= 0:|>C;1:{1 0]’C;2:{4 O]vcé
:l T
= 0} 7E§:

The normalized membership functions of subsystems 2
and 3 are as follows:

MA(x) = MA(x) = 4 (—x + 4), M3(x) = M3(x) =} (x 4 3).

Here we considered d| = 0.5,d, = 0.4,d3 = 0.3

The uncertainties are considered as follows. It is also

N,
assumed that A, = A! + H! F! I!

ai’ aiai’

where

31 = [(1—0.25%)(1 +0.25%)]0>
_ [(2/3 _ 10%) (2/3 _ 10%)} 5
= [(0 - 0.5%)(0 + 0.5%)]
34 = [(2 — 40%) (2 + 40%)] 0
= [(—1 = 15%)(—1 + 15%)]
and
1 2 2 2 1 3
Al = [_1 _/ﬂ’A% - [o ? Al = {1 2}’/‘%

|
[ (7 -l 5
<

. 0
Fclzl = dlag(élafz)vFil = ' vF?u
&0
0
0

= diag(&,, &), Fly = [ 24:|aF§2_ {9 %‘},Fcla
1
B {0 O]
0 &
1 1025 0 > 101 04 3
Hal* 0 0.1 ’Half 0 0 ’Hal
1025 0 H. — —0.15 0
- 0 04|72 0 0.25

, [015 01 . [0 07 . [11
Ha2: ’Ha3: 7La1 = )
0 05 0 0.1 1 0

1 0
=0 =L,=1%=L!=
al al a2 a2 a3 0 1
where ¢&;,i=1,---,5 are random numbers on interval
[—1,1]. Now, by using the MATLAB LMI Toolbox, The-
orem 3, and assuming y = 2.432, the following solution is
obtained.

012 =2,0y = 1,031 = 2,013 = 2,003 = 2,03 = 4,c
=cy=c3 =2,K| =[68.4747 36.2931]
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K3 = [1.00610.5009 |K; = [27.6127 — 6.8022], K}
=[69.5951 — 44.8869], ¢!, = 0.60

& = 0.40,¢, = 0.80,¢), = 1.0,6%, = 0.90, ¢\ = 1.2,5] = n} =} = 118.0179

ny =3 = 139.4786, n) = 188.2272, p] = 128.9055,

p} = 141.5489, P, = [5.5420 0.39370.39372.8138], P, =

1.1811 8.4414 1.1811

16.626
8.4414

1.1811] {16.626 1.1811}
aP3: .

Remark 7 According to Algorithms A and B and also as
stated in Page 9 (part iv), for the system without uncer-
tainties, ¢; is optional for controller design and Kl.l are
extracted from Theorem 1 although the other K¥ are
optional. It is one of the most important merits of this
paper. When we consider uncertainties, c; is extracted from
Theorems 2 and 3. In here, it is not optional and in the best
case, the minimization problem (16) can be solved with a
predefined c;.

Remark 8: By proposing this example, it has been shown
that the algorithm is entirely practical. Here in this exam-
ple, as is evident in Fig. 4, Fig. 5, and Fig. 6, the trajec-
tories of the three subsystems are leading to zero and they
are fixed during the time horizon. So, this means that the
overall closed-loop system is stable during the time. And
the proposed method is applicable.

Remark 9: In this paper, we remark that the other
feedback gains K3 and K3 are optional and this means by
having three gains out of six gains this algorithm is able to
stabilize the system. By referring to the cost side of the
engineering it means decreasing in costs. This shows the
effectiveness of the proposed approach.

5 Conclusion
This paper was dealt with asymptotic stability, robust sta-

bilization, and H,, control of AFLSS, where each sub-
system includes offset terms, disturbances and

30

20

-20

30 I L I I I I I
0 10 20 30 40 50 60 70 80 20 100

time

Fig. 6 Trajectories of subsystem 1

uncertainties. First, a set of asymptotic stability conditions
was derived for an AFLSS. It was shown that stabilization
can be determined by solving a set of matrix inequalities.
Second, this approach was used to stabilize an AFLSS in
the presence of parametric uncertainties. For this purpose, a
set of stabilization conditions and H,, controllers were
presented. Through these conditions, it was shown that
there is no need to determine controller gains by solving
matrix inequalities. It was also shown that these conditions
could be considered as an alternative to BMI or LMI (by
predefining decision variables). An example was illustrated
by the proposed control method.
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Appendix (Proof of Theorems 1 and 2)

Proof of Theorem 1 Consider the function V(x,t), for an
AFLSS in 6), expressed as
V(x,t) = Zz{:l Vi(xi,t) = Z{:l szPixi’
Vi(xi,t) = xI Pix; + xI Pix;. For | € Iy, it can be shown that
the derivative of V;(x;, ) along the trajectory of (6) can be
written as.
Vilxi(0),1) = XJ: iiﬂ{m,k

j= 1 el k=1

j#i

1
( T3 (IY*TPix; + DT di(1)Pix; + ol Pix;) + x,chfP,-x,-)

where

J I Ci

S 1 :

+ Z Z Z wmk <] = (xiTP,-Yl.l‘xi +xTPid;(t)D! + xiTPiaﬁ) + xiTP,-Céjxj>
j: 1 lely k=1

Jj#i
(A.1)
Note that here J > 1. By using the following inequality
for two vectors x and y, 2x"y<ex"P~'x+ ¢ 'y'Py in
which P>0 is a real matrix, we obtain
D;Td,'(l‘)P,'X,‘ + XlTP,d,(l‘)Df < ‘Efilx,‘TP,'x,' + ‘EfﬁiszTPiDg,
Then, it follows that
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(17, i (] (VM Pi+ PiY[ 4 <7 P)x; + off Poxi + x] Piotf + tif7 DT ;D)) + x[ Clf Px; +x,’P,C{/xJ)

(A2)

Because t/,2D!" P,D! >0 and equation (A.2) should be
given in terms of matrix inequalities, the following positive
scalars are added to (A.2). This implies that each rule of I;
. . . . !
is encircled by a hyper-ellipsoid. Y., w75 (1—x"
@fx,- + x?@f%ﬁ + )_ch®§xi
scalar and (1 —xTO; + xTOX + ¥ Oy, — XfT(Bfo) is
the definition for a hyper-ellipsoid that includes the / th rule
(I € I;)) of the i th subsystem. Therefore, we obtain

T ~I=] / - s
— X; @ixi) where p; 1s a positive

rl cl

Vs 3 303 nf

J_IIEI,] k=1
J#i

1 r . )
(J—l (-xlT (Yfk Pi + PiYﬁk + Tﬁ Pi)-xi + O(f Pixi

+xT Pl + 72D P,DY) +xTc’ Pix; + x] PiClx;

ol
+— (Ol — 'Ol + 1T O + )_CZTG)fJ_cﬁ))

J—l
(A3)
ri Ci T lk
-3 S (5 )
]fllel,l =1

J#I
+> Zu (=Pt (o Pt ol 0]
=1 k=

— T
+x! (ol +p,®’ D +pD! P,-Df+p§o§)
Z ZZH ( Qx’+F’)
j=11Ie k=1
S S TERRT I PR | ()
s o' P+ pia’ @ 12D P+ plof\ 1

J#i
lel; k=1
(A4)

Here Fj; = xTC’ Pix; + x] PiCpx; and O are as defined

: —P;
in Theorem 1. Now, let { T, ! TfﬁygDﬁ-P,Df +p501} <o which
gives V(1) < X% _ | X0 S o (— 7 0 + F} ). Then,

J#i
we conclude that (7c) implies (A.4). We remark that since
Dld;(t) = 0,0l =0 for [ € Lo, there is no need to check
(A.4) for [ € I;y. Thereby, for both [ € I;y and [ € I;;, we
have
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7 ci J
. ~ 1
Vi(xi, 1) < — > D Z ulmt <J—_ " O —F§j>
STkl o
J#i
Ci Fi J l
k ! T Nk I
:_k—lml =1 Z m(‘]_IXZQXZ F)
- =1 j =
J#i
ri J 1
= —mll Z ,Ui (J — 1xz Q”xl Ffj)
=
j#i

S| % (et - )

Lji=1
J#i
(A.5)

Because Hj! = A x7 0" xi — Fi;, (A.5) can be rewrit-
ten as
<> 3 (o)

Lji=1
J#I
2
J Ik
) ZJ — 1 wHj
- ' dad - (A6)
k=2 | 2_p=1 E] _q |HHG
J#i
Therefore, we obtain Vi(xi,t) < —
m! > ZJ _ | 4H} and as a result
JF
J J
V= v < - 05T 3w
p ==
J#i
J ri i J
S| S Y Y
p =1 [
JF#i
(A7)



1. Zamani et al.: Nonlinear Pseudo State-Feedback Controller Design...

Using (7b), we obtain —,ufx,-TQilxi < — |l
Because > ., ul =1 and n; = min (n}), we conclude that

— > uxT Ol < — nillx)? S =

s , ,
ZﬂfFf:f:Zu,( | Ci Povi+xi PiCyx
=1 =1

] y
T
()" Clti Aman (PP il (1 4+ ) <

il i 111 ||2max(|\c ||) (mi +m)

—n;||xi|[*. Also

) < rillPaill|Clo | + )

(A.8)

where n; and n; are the number of states in the i th and j th
subsystems, respectively. Now, based on (A.7) and the
above inequalities, it is clear that

V(o) < SSLyml | =millall® + 3%y rillslllgllPlL6
J#i

whered;; = max<||CU||) (ni + nj),HPz'Hz Imax(Pi) = /Amm(T)

and T;~' = P;. ThereforeV(x,1)< Y7, m! ( i+ Z] -1

rill xi|[|1%i]| Amax (P:)9y). The right-hand side this inequality

is quadratic in terms of{ ||x;| ||x2|| lx/]| }, and
can be rewritten as
=Ll b2l el ] Mo [l el 1. Now,
if (A7) is negative and (7b)-(7c) hold, then we
obtainV(x,7)<0. This procedure was considered
whenS Ty, Sy Sy [l
J#i
V; th —
hl Z]—ll(th)—O and Z Z]_l
J#i J#i
<,ulH”‘) > 0 in (4), we obtainmt = —,, but sincep! (715 x;”
Qﬁkx,- - ij) = 0, the above procedure is much simpler and

inV(x,1) <0. In the case of

n Z] 1 (lufoj’.‘)<0, in (4), the result is easy to
J#i

obtain, although the derivation is omitted here. By using

LaSalle’s principle, since the limit set includes only the

trivial trajectoryx = 0O, the origin is asymptotically stable.
Thus the proof is complete.

results

Proof of Theorem 2 Consider the following cost function
for AFLSS expressed in (12) and (13).

5= [ (w0P = PP
= [~ (s on ) - " a +

It is clear that

Ji < /:O (yT(t)y(t) — Vzd(l)Td([) +@)Ch

o J |
B / 2 <yiTyi —Pdi(1)"di(r) + M) P
0= dt

(A.10)

For I € I;;, using y; expressed in (13), ( A.10) becomes

— ()7 di(r) }(u
X/ PiCj; r,) ]m

N R Ty " TP Ty, 4 TPl
o0 ok (YT Pixi + D di(0Pixi + 8 Pixi iy Xt PiYi'xi + x{ Pidi(1)D; + x; Pid;
+15 E‘ > E: AZ/W'( o + 2/ CT P + T +
=l =
#

&Y { [‘z‘ S (et~ Bkt [‘z‘ St (e Bk

| 1eh &=1

Similar to (A.2), by inequality
2Ty <exTP~'x 4+ e 'yT Py, for the two vectors x and y,
we obtain xTPdi(1)DL + DV di(1)Pix; < y=2xT P.D'D!" Pixi+
2d;(1)"d;(¢). Similar to (A.2)-(A.3), we conclude that

Jo < [0 SOL AU + Vi Wikde, in which

ZZ“Z “(C! - EKN)x {ZZ'“I “(C! - KN
=1 lel;

1 lely

using  the

i o (FKTPy+ PYR 2 PDIDITP, + Py — plO]+ €l PHLRTHL P, )i
Z ;z’m‘ T - +x] Clf Pixi + x! PiCl;

Wi = ZZufmf(—x,’ Poi+ (o4 Pi+ p'X'T@)X +x7 (Pl + plOF) + plO}, +€;L;‘TL;)
Il k=1

(A.12)
Now, from (A.1)-(A.4), we recall that
J_ri o G
B )W
=1 el k=1
i
(J L (AP 4 P 4 (2 1)P— 0l
+x]TCf/TP X +x7 P C”x,) + Z Z i (—x! Pix;
Il k=1
+(@" P+ plafT )i + ] (Pis + pl©L]) + 117 DI PiD} + piO)
(A.13)

PN/ PN BN .

where Y; = A, — B,K}. Therefore V;(x;,1)< Y.,
o pmk (afTPl-xiJr xI'Pod + (H;l_F;i(oLgi) Pix; +
xiTP,HiiF ;i (t)LIai) + Q; where Q; are the remaining terms
of (A.13). We know the for the given matrices Q, H, R, E of
appropriate dimensions, with Q = QR =R” and R > 0,
then Q + HFE + ETFTH" <0 for all F satisfying F'F <R,
if and only if there exists some e >0 such that
Q+ eHH" + ¢ 'ETRE <0.
Vi(x;,1) <0 if and only if the following inequality holds:

It can be concluded that
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o Vot oy

S T
Z Z y,’mf (acf Pix; + xiTP,a,( + e

' PHL R P+ € L, L’)+Q,§0
lely k=1

(A.14)
that results in

v
1) < ZZZ”’""

] 111 =
(e + 1)P; — @I+ €l PiHl RLHIPY)

ylkTp +Pr LTI Tp. ol
— + AT CI P, + AP, Ch,

;’ ‘( T P+ (TP + plil ©f)x; + x] (P} + pl@1]) + 7D PiDL + plOf+ €], L’ZL‘L)
el k=1

mm\

(A.15)
The second term of (A.15), can also be written as
—xTPix; + (o&TP- + p?‘%T(a )x, +x] (Piott + plOx 3
+ 162Dl PiD} + plO! + ¢, LL,"R., L!,
el aporent ol ) (1)
(A.16)

T —P;
i 1) Lc P; + p;

Using the Schur complement, if the following inequality
holds, then W; becomes negative

] <0(A.17)

—P; *
[a Pi+p'® plol e Ll "L

Now by considering (A.13)-(A.17), we conclude that

Yﬁ * <0, lel where Y!=
V(4,1) —Diagi(-)| =’ !
plO! + pla f @lxl+ (pl o ®l l) implies (A.17). By set-

ting ‘c[ =0 inhere, we can obtain a less restrictive
condition. Consequently, if the following inequality holds
then we obtainVV; <0.

el (A18)

{V(Zfl) —Di:g%(.):| <0,

Now, By defining y* = > ler, g (C! — EIKY)x;, we

obtain

ZZ“I £(Cl - EKY)x

k=1 lel;

Zx

Chebyshev inequality indicates Yv; €

=, Vi)T(Z vi) <mY " vi"v;. Using Chebyshev
inequality, we have

<gzik>r<glf ) = Z({i# it (Cl— EK)x

lely

(A.19)

R™" we have

[§u - ik

<me§j ) (€~ EURE) (€] — B

—1 Iel;

(A.20)
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Because O<,ul-<10<m’?§1, it is

Jt<fo i= 1{Ctrle 1 161,1

(i)’ xT (CL = EIK¥)" (C! — EIKY)x; + V;}dt. We know
that for given matrices Q,H,R, E of appropriate dimen-
sions, with Q = Q",R = R” and R > 0, then Q + HFE +
ETFTHT <0 for all F satisfying FTF <R, if and only if
there exists some e>0 such that

Q + eHH" + ¢ 'ETRE <0. Using this and analogous to
(A.5)-(A.8), if the following inequality holds

clear that

T T 4T !
AV P+ PAL — KY B P — PiBIKY + P; — pl@,
—1 T T
+¢, PH,R, H, Pi+ec,L L,

el PHLRHLP o+ o KE 1L KE
+ ¢, PiHY Ry H) P+ DD Py

+ e (CL— B (€L = EIKY) < — 1, (A21)

we obtain U; +V; <0. Now considering (A.21) as
feow = ~QF + M5, 1) (Diagl(e)) ' AI(5,1) +
y*ZPinDf P; + ciri(CL— EIKY) " (C! — EIKY) — 7' P;
< — nlI;, and by continuing the same procedure, and using
the following inequality, we obtain J; <O0.

il — OF
DI'P; -1 *
i i <0. l I; ,k =1
Cl-r,»(C,( - E:Klk) 0 7C,'r,‘l,' - €l
Ai(5,3) —Diag; (")

(A.22)

For [ € I, the procedure is simpler and similar to
(A.19)-(A.22). Consequently, it yields
W'+ A' P+ PAl— KB P, — PBIKE + € LT
+d 'PH R H. TP+ e KL L K
+e "' PH, R, HLTP,
Far(Cl— EKY)' ()~ EiKE) <0
(C.37)

~Qf o = —O + Bo(4, 1) (Diagy(e)) ™ Ao(4, 1)+
ciri(Cf —EKY)"(Cl— EIK¥). To satisfy this
inequality, the following matrix inequality should hold.
|: il — o *

latter

*
—ciril; <0

—Diago(-)

eir(CE— FEKY)
Ao(4,2)

le]i[),k= 1

(C.38)

With regards to remarks of Theorem 2, we obtain J, <0,
and the proof is complete.
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