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Introduccio

Aquesta tesi és una contribucié a la teoria de models dels llenguatges sense identi-
tat. Estudiem el fragment de la logica de primer ordre compost per totes aquelles
formules que no tenen el simbol d'identitat. Hem encunyat el mot logica sense iden-
titat (equality-free logic) per a designar-lo. La relacié d’identitat és, per a nosaltres,
una nocié logica, amb un significat fixat. Tal i com és comi avui en dia, tenim un
simbol especial en els llenguatges de primer ordre per a la identitat. Encara que, al
comencgament, aquest no era el costum usual, la utilitat i naturalitat d’aquesta practica
per a l'estudi de les teories matematiques va conduir els logics a aquesta manera de
tractar la identitat. Com a conseqiiéncia, les investigacions van concentrar-se en aque-
sta versié més forta de la logica de primer ordre, deixant de banda ’estudi de la logica
sense identitat. Recentment, la recerca en els camps de la logica algebraica i de les
ciéncies de la computacié ha atret ’atencié envers alguns fragments de la logica sense
identitat. Un estudi general d’aquesta logica se’ns presenta ara com a necessari. El
nostre proposit és fer-lo des del punt de vista de la teoria de models.

Els conceptes fonamentals estudiats en aquest treball sén el de congruéncia de
Leibniz i el de relacid de parentiu (relative relation), ambdues nocions juguen un paper
central en I'estudi modelo-teorétic de la logica sense identitat. En logica de segon ordre
podem definir la relacié d’identitat fent servir la férmula segiient:

VP(Pz « Py).

Aquesta idea té el seu origen en el Principi de la identitat dels indiscernibles de G.
W. Leibniz. A diferéncia dels llenguatges de segon ordre, no hi ha cap férmula sense
identitat ni cap conjunt de férmules sense identitat que defineixi la identitat a totes
les estructures. A més a més, hi ha estructures en les quals la relacié d’identitat no
pot ésser definida per una férmula o un conjunt de férmules sense identitat, fins i tot
fent servir parametres del model. Aix0 és, hi ha elements diferents al model que no
podem distingir fent servir férmules de primer ordre. En aquesta situacio, el concepte
de congruencia de Leibniz, o identitat de Leibniz, com a vegades tamb¢ 'anomenarem,
sorgeix d’'una manera molt natural. Es diu que aquesta congruéncia relaciona dos
elements d’un model quan satisfan exactament les mateixes férmules atbmiques sense
identitat amb parametres en el model. Es senzill mostrar que dos elements relacionats
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per la congruéncia de Leibniz tenen aquesta propietat per a totes les férmules sense
identitat. Aquesta congruencia sempre existeix i resulta que és la major congruencia
del model. Donada una estructura 2, designem amb () la congruéncia de Leibniz
d'2 i diem que el quocient 2/(A) és la reduccié d’A. Quan fem el quocient, modul
la congruencia de Leibniz, el que fem és identificar aquells elements que no podem
distingir utilitzant férmules de primer ordre sense identitat i parametres del model.
Aixi, la congruencia de Leibniz de la reduccié d’un model sempre és la identitat. D'una
estructura amb la propietat que la seva congrueéncia de Leibniz és la identitat en diem
estructura reduida. Es senzill veure que qualsevol estructura reduida és isomorfa a la
seva reduccié. La importancia de les estructrures reduides, en logica sense identitat,
prové del fet que la reduccié d'un model és una imatge homomorfa estricta del model.
Per tant, el model i la seva reduccié satisfan exactament els mateixos enunciats sense
identitat, vegeu el Lema 1.2. L’altre concepte important estudiat en aquest tesi és el
de relacid de parentiu. Es diu que dues estructures sén parentes quan tenen reduccions
isomorfes. Al llarg de tot aquest treball donarem diferents caracteritzacions d’aquesta
relacié. El nostre objectiu és fer pales que aquesta relacio juga, en logica sense identitat,
el mateix paper que la relacié d’isomorfisme juga en logica amb identitat.

L’interés actual de la congruéncia de Leibniz i de la relacié de parentiu prové del
treball de W. Blok i de D. Pigozzi. Ells van introduir el concepte de relacié de parentiu
per al cas especial de les matrius logiques a [BP86] i a [BP89] van fer extensiu 1'ds
de la que ells van anomenar congruéncia de Leibniz. Es un fet conegut, que va ser
observat primer per S. L. Bloom a [Blo75], que a cada sistema deductiu proposicional
es pot associar una teoria universal de Horn estricta sense identitat. Per aquesta rad,
per a poder cstudiar cls aspectes algebraics dels sistemoes deductius, és til conéixer les
propietats modelo-teorétiques d’aquest fragment de la logica sense identitat. El treball
de J. Czelakowski. del qual sén una mostra els articles [Cze80a] i [Cze80b], déna també
un enfocament algebraic a P'estudi de la teoria de models de la logica sense identitat.
També la tesi doctoral de R. Elgueta, [Elgd4], va en aquesta direccié.

L’estudi de les teories universals de Horn sense identitat també van ésser el primer
motiu que ens va conduir a 'estudi de la logica sense identitat i hem dedicat el dar-
rer capttol d’aquesta tesi al seu estudi. Tanmateix, nosaltres estem interessats en un
estudi general de la logica de primer ordre sense identitat i I’enfocament que donem
al seu estudi prové de la teoria de models classica. Fent servir la relacié de parentiu
desenvolupen! cines usuals en teoria de models, tals com el métode dels diagrames
o cls sistemces de back-and-forth systems i obtenim caracteritzacions algebraiques de
Iequivaléncia clemental en aquests llenguatges. Una de les contribucions més im-
portants d’aquest treball és la caracteritzacié dels enunciats de primer ordre que son
logicament equivalents a un enunciat sense identitat. Al Capitol 4 demostrem el teo-
rema de preservacio segiient: Un enunciat de primer ordre és logicament equivalent a
un enunciat sense identitat si i només si es preserva sota imatges homomorfes estrictes
i antiimatges homomorfes estrictes.
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La tesi té sis capitols. Al primer presentem la notacié i els resultats i definicions
preliminars. Al segon introduim la nocié de congruencia de Leibniz, de relacié de
parentiu i d’estructura reduida. Donem exemples d’estructures reduides i demostrem
una condicié necessaria i suficient perqueé una teoria tingui tots els seus models reduits.
A la darrera seccid desenvolupem el metode dels diagrames perque pugui ser aplicat a
llenguatges sense identitat.

En el tercer capitol donem tres caracteritzacions de I’equivaléncia elemental per a la
logica sense identitat. Introduim les relacions de parentiu parcials, per a definir un cert
tipus de sistema de back-and-forth. Fent servir aquests sistemes, oferim una primera
caracteritzacié de la relacié d’equivaléncia elemental. També obtenim alguns altres
resultats per a llenguatges infinitaris. Una segona caracteritzacié és obtinguda fent
servir extensions elementals (en el sentit de la logica de primer ordre amb identitat) i la
relacié de parentiu. Finalment, obtenim una caracteritzacié analoga al Teorema de les
ultrapotencies de Keisler i Shelah per a logica de primer ordre amb identitat. Introduim
unes construccions similars als ultraproductes, que anomenem ultrafiltre-productes i
que eus serviran per a obtenir caracteritzacions equivalents a aquesta tercera. Aquest
tipus d’estructures sembla que sén les contrapartides més naturals als ultraproductes,
quan treballem en llenguatges sense identitat.

El Capitol 4 esta dedicat als resultats de preservacié i de caracteritzacié. A la
primera seccié donem un teorema de caracteritzacié per a classes elementals en logica
sense identitat. A la segona estudiem els fragments segtients d’aquesta logica: univer-
sal, universal-atomic, universal-existencial, positiu i Horn.

Donat un cardinal infinit x, introduim, al Capitol 5, la nocié de model s-saturat
sense identitat, per abreujar 'anomenem L™ -k-saturat. Es a dir, un model que satisfa
tots els 1-tipus sobre conjunts de parametres de cardinalitat menor que x, on totes les
formules del tipus son sense identitat. Comparem aquesta nocié amb les nocions usuals
de model k-saturat, s-universal i k-homogeni. A la darrera seccio, fent servir models
L~ -w-saturats i els meétodes de back-and-forth introduits al Capitol 3, presentem una
caracteritzacié de les teories que sén L~ -completes, aixd és teories tals que tots els
seus models sén elementalment equivalents en logica sense identitat. Mostrem algunes
teories amb la propietat que hi ha un cardinal infinit A tal que, per a tot cardinal infinit
K = A, la teoria no té models reduits de cardinalitat . L'existéncia d’aquestes teories
esta garantida per l'existéncia de models infinits L~-k-saturats, per a tot cardinal
infinit k. Aquest fet és demostrat a la primera seccié d’aquest capitol. Acabem el
capitol amb alguns exemples de teories completes (en el sentit usual del terme) que
estan axiomatitzades per un conjunt d’enunciats sense identitat, i n'estudiem algunes
propietats.

L™altim capitol de la tesi, com ja hem esmentat abans, el dediquem a I'estudi
del fragment universal de Horn sense identitat dels llenguatges infinitaris Ly, amb &
1 A cardinals infinits regulars. Obtenim resultats de caracteritzacié i de preservacid,
parant esment especial a les classes d’estructures reduides. Fent servir aquests resultats
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demostrem teoremes d'interpolacié i definibilitat per a aquest fragment.

Pel que sabem fins ara, tots els resultats son originals. Els Teoremes 4.10 i 4.16,
han estat demostrats independentment per R. Elgueta a [Elg94]. També el Teorema
6.1 ha estat demostrat per ell a [Elg94], perd només per al cas especial de les férmules
de primer ordre universals de Horn estrictes. Els resultats del Capitol 6 apareixeran
en l'article [DJ] en The Journal of Symbolic Logic.

Agraiments

Voldria agrair a en R. Jansana els seus consells durant 1’elaboracié d’aquest treball
i I'haver-me encoratjat a fer recerca en logica. Voldria agrair també a en E. Casanovas
i a en J. Flum les seves contribucions a aquesta tesi i 'atraure la meva atencié cap a
I'estudi de la teoria de models. Agraeixo a en J. Czelakowski, en W. Hodges, en D.
Pigozzi, en J. Truss i a tots els membres del Seminari de Logica de Barcelona els seus
valuosos comentaris. Finalment agraeixo ai Departament de Filosofia de la U.A.B. el
seu suport, a en R. Bosch els seus suggeriments i al Servei de Llengua Catalana de la
U.B. la correccid del catala.



Preliminars

En aquest capitol presentem la notacid, les definicions d’alguns dels conceptes fonamen-
tals d'aquesta tesi i els enunciats d’alguns resultats coneguts sobre aquests conceptes.
A partir d’ara, L sera un tipus de semblanca amb almenys un simbol relacional. Des-
ignarem amb L el conjunt de les férmules de primer ordre de tipus L i per Ly el
conjunt de les férmules sense quantificadors de tipus L. Donats dos cardinals infinits
k 1 A, designem amb L) el llenguatge infinitari de tipus L que té x variables, i per-
met conjuncions de conjunts de férmules de cardinalitat menor que < i quantificacié
de conjunts de variables de cardinalitat menor que A. Lo, €s el llenguatge infinitari
de tipus L que té una classe propia de variables, i permet conjuncions de qualsevol
conjunt de férmules i quantificacié d'un conjunt finit de variables; tenim

LOOH!: U Lm,
RECN

on CN és la classe dels nombres cardinals. A més a més, Leooo €8 €l llenguatge infinitari
de tipus L, que t¢é una classe propia de variables, i permet conjuncions de qualsevol
conjunt de férmules i quantificacié de qualsevol conjunt de variables; tenim

Lcocc = U Lnn-
KeECN

En relacié amb els llenguatges infinitaris es pot consultar [Bar68], [Kei71] i [Dic75).

Donada una classe X de féormules, designarem amb L~ la classe de les férmules
sense identitat de I, aixo és, la classe de formules de £ que no contenen el simbol
d'identitat. Donades dues L-estructures 20 i 8 i una classe ¥ de férmules de tipus L,
escriurem 2 =5, B i A =5, B per a dir que 2 i B satisfan exactament els mateixos
enunciats de ¥ 1 £, respectivament. En cas que ¥ sigui una de les classes segiients
L, Ly, Ly, Loow, Loooso, abreujarem l'expressié =5, fent servir els simbols segiients: =,

=0, =kA) oowsr —o000r — 3 =03 En,\‘l Zeow ! Seooo-

1



2 Preliminars

Per a qualsevol L-estructura 2 i qualsevol conjunt B C A, designem amb L(B)
el tipus de semblanga obtingut a partir de L, afegint un nou sfmbol constant per a
cada element de B, i designem amb 2g I'expansié natural de 2 a L(B), on cada nova
constant designa el seu corresponent element. Perqué sigui més clar, farem servir el
mateix simbol per a la constant i per a l'element que designa, tret dels Lemes 3.26
i 4.19 i del Teorema 4.20, on podria portar a confusié. |A| designa la cardinalitat
del conjunt A. Donada una estructura 2, per a tot conjunt B C A, (B) designa la
subestructura de 2 generada per B. Finalment, abreujarem I'expressié “si, 1 només
si” per “ssi”.

Ara recordarem algunes nocions i n’enunciarem alguns fets basics. Primer, definim
la nocié d’homomorfisme estricte. Aquesta terminologia prové de [Cze81]. A [Mon76],
aquests homomorfismes s’anomenen “two-way homomorphisms” i no han de ser con-
fosos amb els “strong homomorphisms” en el sentit de [CK91].

Definicié 1.1 Si 2 i B sén L-estructures, direm que una funcié h : A — B és un
homomorfisme cstricte de 21 cn B si per a ot simbol constant ¢ € L,

h(c®) = c®,
per a tot simbol funcional n-adic f € L i tota a;3,...,a, € A,
W(f(ar,....an)) = fP(h(ar),..., h(an)),

per a tot simbol relacional n-adic R € L i tota a;,...,a, € A,

Ara donarem una caracteritzacié dels homomorfismes estrictes.

Lema 1.2 Siguin 2 i B L-estructures i h : A — B un homomorfisme de 2 sobre 'B.
Aleshores, els enuncials segiients son equivalents:
i) h és un homomorfisme estricte.

ii) Per a tota formula atomica ¢ € L™, ¢ = ¢(xo,...,Tn-1) @ per a tota seqiiéncia
ag,...,0n—1 d'elements de A,

A= odlag,...,an-1] ssi B = d[h(ag),-.-,h(an-1)].

iii) Per a tota formula¢ € L™, ¢ = ¢(xo,...,Tn-1) i per a tota seqiéncia ag, ... ,0n-1
d’elements de A,

AE=odlag,...,an1] ssi B E dlhlan),...,Man-1)].



iv) Per a tota formula ¢ € L, ¢ = d(zq : @ < £) i per a tola seqiiéncia (a, : @ <
£) d’elements de A,

AEdlan:a<l] ssi BlEolh{a) :a<E].

Aquest lema és una reformulacié d'un fet conegut i és facil de demostrar per in-
duccié. Observem que, en particular, si hi ha un homomorfisme estricte de 2 sobre B,
2 i B satisfan exactament els mateixos enunciats de L.

Donada una L-estructura 2, una congruéncia de 2 és una relacié d’equivaléncia 6
en A amb la propietat que per a tota ay,...,a.,b1,...b, € A tals que (a;, b;) € 0, per
acada i = 1,...,n, tot simbol funcional n-adic f € L i tot simbol relacional n-adic
ReL,

(P (81, 0o ss0n)y T 01,5, 0:)) € B,

si (a1,...,an) € R, lavors (by,...,b,) € R2.

Si h és un homomorfisme estricte de 2 en B, llavors el seu nucli és una congruéncia de
2. A més a més, si € és una congruéncia de A podem considerar I'estructura quocient
2/0; aleshores I'homomorfisme canonic de 2 sobre 2/6 és un homomorfisme estricte.

La nocié de subestructura elemental pot ser generalitzada a logica sense identitat
d’una manera natural.

Definicid 1.3 Si 2018 sén L-estructures, diem que 2 és una L~ -subestructura de B,
en simbols A <7 B, si2A C B iper a tota ¢z, ...,Tn-1) € L™ itotaag,...,an-1 € A,

A dlao,....ano] i B dao,....an ).

Si 2 és una L~ -subestructura de B, direm també que B és una L -extensid de 2.

Donada una classe K de L-estructures definim les classes segiients de L-estructures:
S(A) la classe de totes les subestructures de membres de K.

S=" (K) —la classe de totes les L™-subestructures de membres de K.

P(K)—]la classe de tots els productes directes de sistemes de membres de K.

Pr, (K)—Ila classe de tots els productes reduits, sobre filtres propis

r-complets, de sisternes de membres de K.

Py, (K)—la classe de tots els ultraproductes, sobre ultrafiltres propis
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k-complets, de sistemes de membres de K.

H(K)—]la classe de totes les imatges homomorfes

de membres de K.

H !(K)—la classe de totes les antiimatges homomorfes
de membres de K.

Hg(K)—la classe de totes les imatges homomorfes
estrictes de membres de K.

Hg!(K)—la classe de totes les antiimatges homomorfes

estrictes de membres de K.

Suposem que totes les classes anteriors estan tancades sota imatges isomorfes i que
els productes directes i els reduits sén productes de sistemes que no sén buits.

Ohservem que per a tot tipus de semblanca L i per a tota L-estructura 2, Hg ()
és la classe de totes les L-estructures que son isomorfes a una L-estructura obtinguda
de la manera segiient: assignem a cada a € A un nombre cardinal us, > 0. Per a tot
a € A escollim un conjunt C, de cardinalitat p, tal que per a tot a # a’, CoNCy = 0.

Sigui C = |J C,. Per a tot simbol relacional k-adic It € L definim R® de la manera
acA
segiient: per a tota aj,...,ax € Aitota by € Cy,,...,b; € Cy,,

(al,...,ak) ERQ‘ ssi (b],...,bk> ERC.

Per a tot simbol constant ¢ € L, sigui ¢ un element escollit de Ca. I per a tot
simbol funcional k-adic f € L, tota aj,...,ax € Aitota by € Cq,...,0 € Cg,,
sigui f€(by,...,bx) un element escollit de C (%(ay,...,ay)- Oi considerem només tipus de
semblanca relacionals, donada una seqiiéncia de cardinals (g, : @ € A) hi ha, llevat
d’isomorfia, tinicament una estructura € construida de la manera abans esmentada;
designem aquesta estructura amb A(u, : @ € A). Si per atota € A, po = A, la
designarem amb 2A(\).

Es un fet conegut que donada una L-estructura 2(, podem construir una anti-
imatge homomorfa estricta de 21 que tingui com a reducte algebraic 1'algebra de ter-
mes. Recordem aquesta construccié, Llevat que s’especifiqui el contrari, a partir d’ara
les enumeracions de conjunts podran tenir repeticions.

Definicié 1.4 Sigui 2 una L-estructura. Donada una enumeracié @ = (a; : i € I) de
A, dcfinim la L-cstructura Terg de la mancra segiient:

e El reducte algebraic de Ter%‘ és Tery,, aixd és, l'algebra de termes de tipus L



generada pel conjunt V; = {z; : 1 € I}.

e Per tal de definir la interpretacié dels simbols relacionals, definim primer una
funcié hg : V; — A aixi:
ho(zi) = ai,

per a tot 7 € I. Llavors, estenem hg a un homomorfisme h de Tery, sobre el

reducte algebraic de 2. I per a tot simbol relacional n-adic R € L definim RTes
de la manera segiient: per a tota fg,...,t,_1 € Tery,,

(to,...,tn—1) € RT%  ssi  (R(ty),..., h(ta-1)) € R%.

Lema 1.5 Sigui® una L-estructura i@ = (a; : 7 € I) una enumeracid de A. Aleshores,
A € Hg(Terd).

Demostracid. Per definicié és clar que A és un homomorfisme estricte., O

Per concloure el capitol enunciarem un fet conegut sobre teories axiomatitzades
per conjunts d’enunciats sense identitat. La demostracié d’aquest fet fa servir les
estructures de termes que hem introduit abans. Per a nosaltres una teoria de L és
un conjunt qualsevol d’enunciats de L, no necessariament consistent. Es diu que una
teoria és tancada, si esta tancada sota la relacié de conseqiiencia. A més a més, donada
una classe K de L-estructures, ln teoria de K, en simbols Th(K), és el conjunt de tots
els enunciats de L vertaders en totes les estructures de K i la teoria sense identitat de
K, en simbols Th™(K), és el conjunt de tots els enunciats sense identitat de Th(K).
En cas que K = {2}, anomenarem Th(K) (Th™ (X)) la teoria de 2 (la teoria sense
identilal de 2, respectivament) i la designarem amb Th(2) (Th™ (), respectivament).

Lema 1.6 Sigui T una teoria consistent de L. Si T C L—, llavors T té models infinits.

Demostracié. Com que T és consistent, hi ha una L-estructura 2 tal que 2 = T'.
Sigui @ = (a; : ¢ € I) una enumeracié de A on hi hagi un element de A repetit un
nombre infinit de vegades, llavors TerZ és infinit. Pel Lema 1.5, 2 € Hg(Ter2) i donat
que T C L™, pel Lema 1.2, 1"’6::"“gt = T. Per tant T té models infinits. O



Nocions 1 fets basics

2.1 La congruéncia de Leibniz i les estructures reduides

En aquesta scccié introduim les nocions de congruéncia de Leibniz d'una estructura
i d’estructura reduida. La congruéncia de Leibniz d’una estructura és la més gran
congruencia de l'estructura; és senzill de veure que sempre existeix. La nocié de
congruéncia de Leibniz va ser considerada abans, podem veure per exemple [Mon76],
perd el seu nom i ¢l seu interés actual prové de [BP89]. Una estructura és reduida
quan la seva congruéncia de Leibniz és la identitat. Aquests dos conceptes es fan
servir usunalment en logica algebraica. La nocié d'estructura reduida va ser introduida
anteriorment amb altres noms: estructura irreduible a [Zub57] o estructura primitiva a
[Mon76]. En aquesta seccié establirem algunes propietats basiques modelo-teorétiques
de les estructures reduides i donarem alguns exemples de teories de primer ordre amb
models reduits. Demostrarem que tots els models d’una teoria de primer ordre son
reduits si i només si aquesta teoria defineix explicitament el siinbol d'identitat, és a
dir, si hi ha una formula sense identitat ¢(z,y) € L tal que YaVy [z =~ y « ¢(z,y)] és
conseqilitncia de la teoria.

Recordem la definicié de tipus sobre un conjunt de parametres en un model. Sigui
2l una L-estructura i B un subconjunt de A. Expandim el llenguatge afegint un nou
sfmbol constant per a cada element de B. Fixat un cardinal &, es diu que un conjunt
p de formules de L(B) en les variables {z, : & € k} és un k-tipus sobre B en U si p és
consistent amb Th(2g). A més a més, p és complet si per a tota férmula ¢ € L(B) en
les variables {7, : @ € K}, p Epo ¢ € p.

Fixada una s-tupla @ = (a, : @ € k) d'elements de A, el tipus de @ sobre B en
2, en simbols tpy(a@/B). és el conjunt de totes les féormules de L(B) en les variables
{zq : @ € &} satisfetes per @. El conjunt tpy(a/B) és un x-tipus complet sobre B en
2A. Amb atpy(@/B) designarem el conjunt de les férmules atomiques de tpy(@/B). Ara
introduirem les nocions corresponents per a logica sense identitat.

T
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Definicié 2.1 Sigui 2 una L-estructura i B un subconjunt de A. Fixat un cardinal
k, direm que un conjunt p de férmules de L™(B) en les variables {z, : @ € k} és un
L™ -k-tipus sobre B en 2 si p és consistent amb Th™(25). A més a més, direm que p
és L™ -complet si i només si per a tota férmula ¢ € L™ (B) en les variables {z, : a € K},
dEpPpo—pED

Observem que per a tot conjunt de férmules p de L™(B), p és consistent amb
Th~(2pg) ssi p és consistent amb Th(2p). Per tant, un conjunt de férmules p de
L™(B) és un L™ -k-tipus sobre B en 2 ssi p és un s-tipus sobre B en 2 i totes les
formules de p son férmules sense identitat.

Fixada una x-tupla @ = (a, : @ € k) d’elements de A, el tipus sense identital de @
sobre B en 2, en simbols tpy (a/B), és el conjunt de totes les férmules sense identitat
de tpy(a/B). Es senzill de veure que el conjunt tpy (@/B) és un L™-k-tipus complet
sobre B en A. Amb atpy (@/B) designarem el conjunt de les férmules atomiques de
tpy (@/B) i Panomenarem el lipus atomic sense identitat de @ sobre B en 2.

Definicié 2.2 Fixada una L-estructura 2, definim la relacié £2(2() en 2 de la forma
segiient:

(a,b) €QR) sii  atpg(a/A) = atpg (5/A),
per a tot a,b € A. Q) és la major relacié de congruéncia en 2, és a dir, tota relacié

de congruéncia en 2 esta inclosa en ella. Es anomenada congruéncia de Leibniz de A.

Es diu que una estructura és reduida si no hi ha elements diferents en el seu domini
que tinguin el mateix tipus atdmic sense identitat sobre l'estructura, en altres paraules,
si la seva congruencia de Leibniz és la identitat. L’estructura quocient 2A/Q(2) és
reduida i la solem designar amb 2*. Aquesta estructura és anomenada la reduccio de
A. Observem que, de la definicié se’n segueix que 2* = (2*)*. A més a més, es pot
mostrar facilment que 'homomorfisme canonic de A en 2* és estricte.

Lema 2.3 Donada una L-estructura 2, per a tot a, b € A son equivalents els enunciats
segients:

i) (a.b) € Q).
ii) Per a tota ¢(x) € Ly o(A),
Apld s 2k

Demostracid. ii) = i) és clar i i) = ii) es demostra per induccié en ¢. O

Observem que el Lema 2.3 implica que, donats a,b € A,

(a,b) € QUA) sii  tpy(a/A) = tpy (b/A).
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Exemples d’estructures reduides

1. Ordres lineals.

2. El model (“2, Eq)new. on, per a tot n € w, E, és una relacié d’equivaléncia
definida per: per a tot f,g €2,

(fr9) €En sii fln=g/ln.

Observem que, per a tot f,g €“2, f = g ssi per a tot n € w, (f, g) € En.

3. El graf random, (A, R), és a dir el graf comptable amb la propietat segiient: si
X 1Y s6n conjunts finits i disjunts de vértexs de A, llavors hi ha un element =z ¢ X UY
que és adjacent a tots els vertexs de X 1 a cap de Y. (A, R) és reduida perque, per
definicié, donats dos elements diferents a, b € A, hi ha un element ¢ € A diferent d’a i
de b tal que (a,¢c) € Ri (b,c) ¢ R.

Hi ha teories de L que no tenen models reduits. Per exemple, la teoria d’una
relacié d’equivalencia amb infinites classes totes elles infinites. La raé és que, en qual-
sevol model d’aquesta teoria, dos elements qualssevol pertanyents a la mateixa classe
d’equivaléncia tenen el mateix tipus atomic sense identitat sobre el model, Observem
també que qualsevol teoria de L axiomatitzada per un conjunt d’enunciats sense iden-
titat té models que sén reduits i models que no ho sén: per a tot model 2 d’una teoria
d’aquest tipus, donat que 2l =~ 2*, 2* és un model reduit de la teoria. A més a més,
fixada una enumeracié @ = (a; : i € I) de A amb com a minim, un element de A4
repetit, Ter% no és reduida i és també un model de la teoria perque Ter% S Hgl(Ql) i
aleshores, A =~ Ter%.

Ara donarem una condicié suficient perqué una teoria de L tingui models no reduits.
Primer de tot, recordem algunes definicions. Sigui T" una teoria de L, T = z1,...,Tn
una seqiéncia de variables i p(Z) un conjunt de férmules. Es diu que una férmula
¢ = HT) ailla p(T) en T si T | ¢(T) — p(T). I es diu que p(T) és aillat en T si hi
ha una férmula @(T) consistent amb T tal que ¢(Z) ailla p(T) en T. Fixada una L-
estructura 2, 2 realitza p(T) si hi ha una n-tupla@ = ay,...,a, € Atalque 2 = plal.
I finalment, es diu que 2 omet p(F) si A no realitza p(Z). Una teoria T de L omet p(T)
si hi ha 2 =T tal que 2 omet p(T).

Observem que, per a tota teoria I" de L, els models reduits de T s6n aquells que
ometen el segiient conjunt de férmules:

pr = {z % y} U {VZ[o(2, 2) < ¢(y,2)] : ¢ € L™ atomica}.
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Per tant, podem obtenir el resultat segiient:

Proposicié 2.4 Sigui T una teoria consistent de L. Sip, és aillat en T, llavors alguns
models de T no sin reduits.

Demostracié. Sip. és aillat en T, hi ha una férmula ¢(z, y) consistent amb T tal
que ¢(z,y) ailla p, cn 7. Clarament, cap model de T'U {Jz3yd(x, y)} és reduit. O

Demostrarem que ’altra direcci6 de la Proposicié 2.4 val per a tipus de semblanga
finits i relacionals. Més tard presentarem un exemple que mostrara que, fins i tot en
el cas de les teories completes, en general la inversa no val.

Proposicié 2.5 Sigui L un tipus de semblanga finit i relacional i T una teoria con-
sistent de L. Si alguns models de T no son reduils, llavors p, és aillal en T'.

Demostracié. Donat que L és finit i relacional, hi ha, llevat d’equivalencia logica,
un nombre finit de férmules en p.. Podem suposar, scnsc perdua de generalitat, que
pr és finit. Sigui ¢(z,y) la conjuncié de totes les formules de p,. Com que T té models
que no soén reduits, ¢(z,y) és consistent amb T'. Clarament ¢(z,y) ailla p, en T. O

Ara enunciarem el Teorema d’omissié de tipus classic. Una demostracié d’aquest
teorema es pot trobar a la pagina 80 de [CK91]. Utilitzant aquest teorema obtindrem
una condicié suficient perque una teoria de L tingui models reduits, en cas que L sigui
comptable.

Teorema 2.6 (Teorema d’omissié de tipus) Sigui L comptable i T una teoria con-
sistent de L. St p(T) no és aillat en T, llavors T omel p(%).

Proposicié 2.7 Sigui L comptable i T una teoria consistent de L. Si p, no és aillat
en T, llavors alguns models de T' son reduils.

Demostracid. Pel Teorema 2.6. O

Recordem que, per a teories completes, la inversa del Teorema 2.6 és vertadera.
Per tant, per a teories completes, la inversa de la Proposicié 2.7 també és vertadera.
Perd, en general, la inversa de la Proposicié 2.7 no val: sigui L = {P, : n € w}, on, per
a cada n € w, P, és un simbol relacional monadic, i T és el conjunt de conseqgiiéncies
de les férmules segiients:

{FzPpz i n € w} U {Ve=(Prx A Ppz) : nym € w,n # m}.
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T és consistent i com que T estd axiomatitzada per un conjunt d’enunciats sense
identitat, per una observacié prévia, T té models que sén reduits. Sigui ¢(z,y) = = %
y A Pox A Poy, llavors T = ¢(z,y) — pr. Per tant, p, és aillat en T. Aleshores, la
inversa de la Proposicié 2.7 no és vertadera per a T.

Donem ara un contraexemple per a demostrar el fet que hem esmentat abans: que,
en general, fins i tot per a teories completes, la inversa de la Proposicié 2.4 no és
vertadera: Sigui L = {P, : n € w}, on, per a tot n € w, P, és un simbol relacional
monadic i 77 és la teoria de les infinites propictats independents, és el conjunt de
conseqiiéncies de les férmules segiicnts:

(Pt N i A BB N Dt Nvis KB ),

ONl (), . .. s0n, J0s - - -y Jk € w s6n diferents. Es conegut que T' és consistent i completa.
Per una observacié prévia, com que T” esta axiomatitzada per un conjunt d’enunciats
sense identitat, 7' té models que no sén reduits. Pero fent servir un altre cop la mateixa
observacié, tenim que T' té models reduits. Per tant, com que 7" és completa, per la
inversa de la Proposicié 2.7, pr no és aillat en 7", Per tant, la inversa de la Proposicio
2.4 no és vertadera per a T".

Aquests exemples ens deixen veure que, en algunes teories amb models reduits, p.
és aillat i en d’altres no. Com a corol.lari de la proposicié segiient, mostrarem que, per
a tota teoria tancada 7" en un tipus de semblang¢a comptable, si T té models reduits i
pr Do és alllat en T, aleshores la teoria dels models reduits de T és precisament T

Proposicié 2.8 Sigui L comptable i T una teoria consistent i tancada de L. Llavors,
els enunciats segiients son equivalents:

i) p no és aillat en T.

ii) T=Th({2A =T : 2 omet p}).
Demostracié. Vegeu [CF], Proposicié 1.3. O

Corol.lari 2.9 Sigui L comptable i T una teoria consistent i tancada de L. Llavors,
els enunciats segiients son equivalents:

i) pr no és aillat en T.

i) T=Th({2 =T : 2 és reduida}).

Demostracio. Per la Proposicié 2.8. O
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Finalment, per a concloure la seccié donarem una condicié necessaria i suficient
perqué una teoria de L tingui tots els seus models reduits. Fixada una teoria T de
L, diem que T defineiz explicitament el simbol d’identilat ssi hi ha una férmula sense
identitat ¢(z,y) € L tal que

T EVaVylzr ~ y < ¢(z,y)].
En aquest cas, direm que ¢ és una definicid del simbol d’identitat a T.

Teorema 2.10 Sigui T una leoria consistent de L. Llavors, els enuncials segients
son equivalents:

i) T té tois els seus models reduils.

ii) T defineix explicitament el stmbol d’identitat.

Demostracié. i) = ii) Sigui I'(z, y) el conjunt de férmules segiient:
P(z,y) = {VZ[¥(z,2) & ¥(y,2)] : ¥ € L atdmica}.
Com que tots els models de T son reduits,
TUT(5,y) o~ y.
Per tant, per compacitat, hi ha un conjunt finit I'g C I" tal que

TUTlo(z,y) Exz=y.

Sigui ¢(z,y) la conjuncié de totes les férmules de I'g. Aleshores,
T = VaVylz =y o d(x,y)] .

ii) = i) Sigui A = T. Demostrarem que 2 és reduida. Siguin a,a’ € A tals que
(a,a’) € Q(A). mostrarem que a = o’. Sigui ¢(z,y) una definicié del simbol d’identitat
aT. Donat que 2 = o[a,a], pel Lema 2.3, A = ¢ [a, '] i per tant, a = a’. Aleshores,
A és reduida. U

En els teoremes 2.11 i 2.12 donem condicions necessaries i suficients perqué una
teoria de Lyx tingui tots els seus models reduits. Les demostracions sén analogues a
la del Teorema 2.10. Al Teorema 2.11, ens restringim al cas en qué & és fortament
compacte i fem servir, en la demostracié, el Teorema de k-compacitat de L. I,
en el Teorema 2.12, ens restringim a tipus de semblancga tals que |L| < &, on k és un
cardinal regular x > w. Fixada una teoria T de L., direm que T defineiz explicitament
el simbol d'identitat ssi hi ha una férmula scnsc identitat ¢(z,y) € Ly, tal que

T =VaWy [z~ y & ¢(z,y)] .

En aquest cas, direm que ¢ és una definicio del simbol d’identitat a T.
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Teorema 2.11 Sigui k& un cardinal fortament compacte i T una teoria consistenl de
Lgx. Llavors, els enunciats segiients son equivalenls:

i) T t€ tots els seus models reduits.

ii) T defineiz explicitament el simbol d’identitat.

Teorema 2.12 Suposem que k és un cardinal regular k > w 1 |L| < k. Donada una
teoria consistent T' de Ly, els enuncials segiients son equivalents:

i) T té tots els seus models reduits.

i) A VzZ[é(x,Z) « &y, Z)] és una definicié del simbol d’identital a T.

dEL™
atomica

Proposicié 2.13 Supoesem que k és un cardinal infinit regqular & > w i |L| < k. Siguin
A i B L-estructures reduides, llavors per a tol cardinal regular infinit A < k,

A=, B sii A=, B.
Demostracié. <) és clar. =) Suposem que A =, B. Considerem la férmula

Wzy)= N VZ[é(z,2) < ¢(v,2)],

¢pcL—
atomica

que és una férmula de L, perqué |L| < k. Donat que 2 i B sén reduides,

A=Vavy [z =y o Y(z,y))

B =VeVy e~y < ¥(z,y)]-
Per tant, per a tot enunciat o € L., hi ha un enunciat ¢’ € L_, tal que

Ao o

Blo—do.

L’enunciat o’ pot ser obtingut a partir de o reemplagant cada aparicié d’'una férmula
de la forma t; = t, per una aparicié de ¥(¢;,¢2). Aleshores, A =;, B. O
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Observem que, a la Proposicié 2.13, no podem treure la restriccié que 2 i 8 sén
reduides: suposem que « és un cardinal infinit regular no comptable i |L| < k. Llavors,
per a tota L-estructura 2, A =2 A" i per tant, A =_, A*. A més a més, tenim que
A = Jz3y(z % y A p(a,y)), on ¢Y(z,y) és la formula definida a la demostracié de
la Proposicio 2.13. Perd 2* ¥ Jady(e % y A v(x,y)), perque A* és reduida. Aixi,
A #,n AL

Corol.lari 2.14 Siguin 2 i B L-esiruciures reduides. Llavors

i) Per a tot cardinal infinit A,
A=_, B 88 A=e)B.

i) 2A B ssi A= B.

=000
Demostracié. Per la Proposicié 2.13. O

Teorema 2.15 Sigui L un tipus de semblanga finit {1 relacional i A i B L-estruciures
reduides. Llavors,
A="DB ssi A="B.

Demostracié. Fem servir el mateix tipus de demostracié que en la Proposicié 2.13
i utilizem el fet que, per a tot tipus de semblanca finit i relacional L, hi ha un conjunt.
finit de férmules I' de la forma VZ [¢(z,Z) < ¢(y,Z)], on ¢ € L™ és atomica i tal que
si ¥(x,y) és la conjuncié de totes les férmules de T', llavors per a tota L-estructura
reduida 2,
AE=Vevy oz =y — Y(z,y)]. O

Si traiem la restriccid que L sigui finit i relacional, aquest resultat en general
no és cert. Tenim el contraexemple segiient: Sigui L = {P, f}, on P és un simbol
relacional monadic i f és un simbol funcional monadic. Considerem la L-estructura
A= (w,PY, ) on P* = {0}, fA(0) =0iperatotn € w, ff(n+1) =mn,ila
L-estructura B = (w U {b},P?, f®),on b ¢ w, P2 = P2 f® = f2U {(h,b)}. Fent
servir els métodes de back-and-forth introduits a la Seccié 3.1, es demostra a ’'Exemple
3.11 que A =~ B. Perd A # B, perque A = Joy(z # yA flz) = azA fly) = y) i
BEIIyzc#ZyAflz)=zAfy)=y).

2.2 La relaci6 de parentiu

Ara introduirem la nocié de relacié de parentiu, una relacié d’equivaléncia entre es-
tructures que juga el mateix paper, en llenguatges sense identitat, que la relacié
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d’isomorfisme en els llenguatges amb identitat. Aquesta nocié va ser introduida per
G. Zubieta a [Zub57], fent servir la condicié iv) de la Proposicié 2.17 com a definicid,
perd només per a estructures relacionals, 1 independentment per W. Blok i D. Pigozzi
a [BP86|, fent servir la condicié ii) de la Proposicié 2.17 com a definicié, perd per
al cas especial de les matrius logiques. El mot “relative”, que nosaltres traduim per
“parentiu”, va ser introduit pels dos darrers autors.

Definicié 2.16 Siguin 2 i B L-estructures. Direm que una relacié R C A x B és una
relacid de parentiv entre 2 i B si dom(R) = A, rg(R) = B i

(1) per a tota constant ¢ € L, 2 Rc®,

(2) per a tot simbol funcional n-adic f € L, tota a;,...,an € Aitotaby,...,bp € B
tals que q;Rb; peracadai=1,...,n,

fMa, .- an)RFB(b1,. .., by),

(3) per a tot simbol relacional n-adic S € L, tota ay,...,a, € Aitotaby,...,b, € B
tals que a; Rb; peracadai=1,...,n,

(al,...,an}ESﬁ ssi (b],...,bn}ESB.
Diremn que dues L-estructures 20 i B sén parenles, en siinbols 2 ~ B, si hi ha una

relacio de parentiu entre elles.

La relacié entre dues estructures de ser I'una o bé una imatge estricta homomorfa de
I'altra o bé una antiimatge estricta homomorfa de 'altra, no és en general una relacio
transitiva. La seva transitivitzacio és precisament la relacié de parentiu, com mostra
la proposicié segiient. L’equivaléncia entre ii), iii), 1v) i v) ja és present a [BP86] pel
cas especial de les matrius logiques.

Proposicié 2.17 Siguin 2 i B L-estructures. Els enunciats segiients son equivalents:

i) 2~ B.

i) Hihan € w i L-estructures €y, ..., &, tals que A = &y, B = €, i per a lot i < n,
i1 € Hs(T) o €y € Hg' ().

iii) A, B € Hg(€) per a alguna C.
iv) 2, B € Hg'(€) per a alguna €.

V) Ao P,
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vi) Hiha enumeracions de Aide B, 2= (a;:i € I) ib=(b; :i € I) respectivament,
tals que (2A,a) =; (B, b).

vii) Hi ha enumeracions de Aide B, a = (a;: i € ) ib=(b; :i € I) respectivament,
tals que (A, a) =~ (B, b).

viii) Hi ha enumeracions de A ide B,a@= (a; :i € I) i b= (b; : i € I) respectivament,
tals que (2A,a) =L (B, b).

Demostracié. viii) = vii) i vii) = vi) s6n clars i vi) = viii) es demostra per
induccié en les formules de L . iil) = ii), iv) = ii) i v) = iv) també son clars.

vi) = v) Suposem que hi ha enumeracions de Aide B,a=(a;:i€I)ib= (b :
i € I), respectivament tals que (2,a) =; (B,b). Definim h : 2A* — B* de la forma
seglient: per a tot i € I,

h([ailgy) = [Bilam) -
Primer veurem que, per a tot terme ¢(y1,...,%n) de L i per a tota i1,...,2,,7 € I,

2A ; — 4 B (3. ; — B
O [Plansai)] g = llo@ st [P B bil] o = Bilaw)-

Suposem que [tg’ [; P—— a,;n]] o = [aj]ﬂ(%} ique

[t” - T— ,bg,,]] # (b)) -

Q(8)

Llavors, hi ha una férmula sense quantificadors ¢(z, z1,...,2,) € L™ (on 2,21, ...,Zm
s6n variables que no apareixen en el terme t) i una seqiiéncia dy, ..., d,, d’elements de
B tals que

B |= ¢(Z,$1,...,$m) [t‘B [bip-"ebinl':dl)"'adm] 3
pero
B b 6(2, 215 1 Zm) (b3, s - ]

Llavors, per a cada 0 < k < m, escollim j € I tal que dy = b;, a ’enumeracié bde B.
Per tant,

BEoz,21,...,Tm) [tm [Biyas e s bin] s Bip - ..,bjm]
pero
B~ &z, 21,00, Zm) [05y bjiy - o+ b5 ]
Sigui ¢’ la férmula obtinguda a partir de ¢ substituint la variable z pel terme t. Aixi

B |= ¢f(yla"'ayﬂsmla“'?$m) [b‘in'--sbin!bjls-'-sbjm] .

Donat que )
(2,a) =5 (B,b),
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tenim que
'
U = O (Yagoe s Uns Bhyos oy By} [@io o ooy By Ciis oo 585

A ¢z, x1,. .., Tm) [@j, gy .- 0505, ] -

Pero aleshores obtenim
A= d(z,21,...,Tm) [1‘.‘21 [@iyse- s Gin) s Bjps e ,Gjm] ,

que és absurd. Per tant, podem concloure que
B 13, ) — [b.
[t [Biss .. 0s ban]] awm) [bs)eam) -

Analogament, podem demostrar 'altra direccié de (1). Per (1) tenim que h esta ben
definida i és injectiva. A més a més, donat que b és una enumeracié de B, tenim
que h és exhaustiva. Vegem ara que h és un homomorfisme estricte: per a tot simbol
relacional n-adic R € L i tota a;,,...,a;, € A,

(lailagy s+ s [@in)o@y) € B ssi (aiy...,a:,) € R?
ssi A Rry...Znlai,...501]
ssi B = Rxry...Tn by, ..., bi]
ssi (biyy...,bi,) € R®
ssi ([bﬁ]ﬂ(m} ey [b,-,n]mm}) € R®".

Suposem ara que f € L és un simbol funcional n-adic i a4, ...,a;, € A. Tenim que

R ([ )agaty s -+ » [2n o)) = B [fm(“"“ =53 B )]n(m))'

Signi j € T tal que f*(ay,,-..,a;,) = 0; en 'enumeracié @ de A, llavors
A7 @i 2030 ) = Pllad0y) = [ilmy »
i per (1)
by = [fm(bin e bin)]g(m) = 1% (Biay >+ - -+ Binlagsy)-

1 - -~ - -
D’una manera analoga provem que per a tot simbol constant ¢ € L, h(c®") = ¢®". Per
tant, podem concloure que h és un isomorfisme.

ii) = v) En tenim prou amb mostrar que si 2 i B sén L-estructuresi h: A — B
és un homomorfisme estricte de A sobre B, llavors 2A* = B*. Donat que A és sobre B,
tenim que @ = (a:a € A) i b= (h(a) : a € A) sén enumeracions de A i de B. I donat
que h és un homomorfisme estricte, pel Lema 1.2 tenim que

@,3) =; (B, D).
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Per tant, per la implicacié vi) = v) que ja hem demostrat, podem concloure que 2* =
B*.

vi) = iil) Suposem que hi ha enumeracions de Aide B,a = (a;:i € 1)ib =
(bi : i € I) respectivament, tals que (2,a@) =, (B, b). Sigui € = Ter2. Pel Lema 1.5,
2 € Hg(C€). Donat que (2,@) =; (B, b), hi ha un homomorfisme estricte f de € sobre
B que és una extensié de la funcié fy : Var; — B definida per:

fo(x:) = b;

per a tot 7 € I. Per tant, 2, B € Hg(C).

i) = vi) Sigui R = {{a;, b;) : ¢ € T} una relacié de parentiu entre 2 i 8. Per induccié

¢s simple mostrar quc, per a tota ¢(zy,...,Zn) € Ly, i tota iy,...,%, € I,

Ql|=¢)[ﬂ,,'“...,ﬂ.gnl ssi %I:(ﬁ[bil,...,biﬂ].

Llavors, @ = (a; : 4 € I) i b= (b; : i € I) s6n enumeracions de A i de B respectivament,
tals que (2,a) =5 (B,b).

v) = 1) Suposem que 2* = B* i signi h : A* — B* un isomorfisme. Definim la
relacié R C A x B de la manera segiient

aRb  ssi h([alge) = [blom)

per atot @ € A i tot b € B. Es senzill de veure que R és una relacié de parentiu entre
AiB. O

Com a corol.lari immediat de la Proposicié 2.17 obtenim el resultat segiient:

Corol.lari 2.18 Per a tola classe K de L-estructures,

HsHg'(K) = Hg'Hs(K).

Demostracié. Observem que, per la Proposicié 2.17, donades dues L-estructures,
2198, 2 € HgHg'(B) ssi A, B € Hg(C) per a alguna € ssi 2, B € Hg'(€) per a
alguna € ssi 2 € Hg'Hg(B). O

El darrer resultat d’aquesta seccié mostra que, donades dues L-estructures 2 i B,
si considerem dues seqliéncies d’elements @ = (a; :i € I)ib=(b;:1 € I) de Aide B
respectivainent, que han d'ésser necessariament enumneracions, llavors la subestructura
(@) de A generada per @ i la subestructura (b) de B generada per b sén parents.

Corol.lari 2.19 Siguin A i B L-estruciures ia = (a; : i € I) i b= (b; : i € I)
segliéncies d’elements de A i de B respectivament. Llavors, els enunciats segiients son
equivalents:
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i) (2,3) =; (B,b).

ii) (@* = (b)* i hi ha un isomorfisme h : (@)" — (b)" tal que, per a tot i € I,
h([aily@yy) = bilo sy

iii) (@) ~ (b) i hi ha una relacid de parentiu R entre (@) i (b) tal que, per a toti € I,
aing.

Demostracié. i) = ii) Suposem que (2,a) =; (B,b). Com que (@) és una sube-
structura de A i (b) és una subestructura de B, és clar que (2,2) =; ((@),a) i
(B,b) =5 ((b),b). Per tant,

((@),a) =g ({(b),0).
Sigui Ter el conjunt dels termes de L. Definim enumeracions ¢ i d, de (a) i de (b)
respectivament, per:

c= (t{a> [Gigasavss ] s tEns. vo i) E T, 81500080 L€ W)

d= (t{?’) [Biry oo biy] (21, ..., zn) € Ter,iy,...,in € I,n € w).

Aleshores,

((@),2) =g (), 9),
i per la demostraci6 de vi) = v) de la Proposicié 2.17, (@)" 2 (b)* i hi ha un isomorfisme
h: {(@* — (b)* tal que, per a tot i € I, h(lailoqey) = (Bl

ii) = iii) Per la demostracié de v) = i) de la Proposicié 2.17.

iii) = i) Per la demostracié de i) = vi) de la Proposici6 2.17 i el fet que (2,a) =
((@),2) i (B,b) =; ((b),). O

2.3 El meétode dels diagrames

El metode dels diagrames, introduit per L. A. Henkin i A. Robinson ha esdevingut una
eina molt 1til per a la teoria de models. Pero si volem gaudir dels avantatges que ens
ofereix quan treballem en logica sense identitat, no podem fer servir aquesta técnica tal
com ens arriba. En aquesta seccié presentem diferents proposicions que ens permetran
treballar amb diagrames en aquesta logica. Fixada una L-estructura 2, definim d’una
manera natural el diagrama sense identitat de 2, en simbols diag™(2), com el conjunt
de tots els enunciats sense identitat del diagrama de 2. D’una manera analoga definim
el diagrama elemental sense identitat de %, el diagrama positiu sense identitat de A i el
diagrama negatiu sense identitat de 2, que designem respectivament amb eldiag™(2),
posdiag™(2) i negdiag™ (2). Per a referéncies sobre el metode dels diagrames es pot
consultar [CK91] i [Hod93b).
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Les proposicions 2.20, 2.26, 2.27 i 2.28 sén contrapartides dels resultats classics
sobre diagrames i els farem servir més tard per a obtenir teoremes de prescrvacié.
Recordem ara algunes definicions. Fixades dues L-estructures 21 i B i una funcié
f: A — B, diem que una férmula ¢(F) € L és preservada per f si per a cada tuple
2 d'elements de A4, si 2 = ¢{a] llavors B = ¢|f(@)]. I donat un conjunt de férmules
® C L, diem que f és una ®-funcid si f prescrva totes les férmules de ®.

Proposicié 2.20 Siguin A i B L-estructures. Aleshores, els enunciats segiients son
equivalents:

i) Hi ha una expansid de B que satisfa el diag™ ().
i) Hi ha una Ly -funcié h: A — B.
iti) Hi ha una enumeracié @ = (a; : i € I) de A i una seqiiéncia b = (b; : i € I)

d’elements de B tals que ~
(A,a) =5 (B, b).

iv) A ~ €, per a alguna € C B.
v) 2 € Hg'HsS(®).
vi) A € HSHEIS(‘B).

Demostracié. Clarament i) < ii) ¢ iii). Per la Proposicié 2.17 i ¢l Corol.lari
2.18, iv) & v) < vi) també és clar. iii) = iv) Pel Corol.lari 2.19 tenim que (@) ~ (b) i,
donat que @ és una enumeracié de A, 2 = (@). Llavors, 2 ~ (b) i (b) C B.

iv) = iii) Com que A ~ €, per a alguna € C B, per la Proposicié 2.17. hi ha
enumeracions de A ide C,a = (a; :i € I)ib=(b; : i€ I), respectivament. tals que
(2,@) =5 (€,b). Per tant, com que € C B, (€,b) =; (B,d) i, com a conseqiiencia,
(2,3) =5 (B,d). O

Veurem que, per a tipus de semblanga relacionals, podem millorar la Proposicio
2.20 mostrant que les condicions 1) — vi) son equivalents a A* C B*.

Lema 2.21 Sigui L relacional. Fizades dues L-estructures 2 i B, si A C B, llavors
A* C B

Demostracié. Suposem que 2 C B8 i sigui A : A — B una immersié. Escollim

per a cada classe d’equivalencia z € 2* un representant a, € A. Sigui X el conjunt
d’aquests representants. Sigui f : 2* — B* la funcié definida per:

f(lalo@y) = [M(@)]ow) »
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per a tot ¢ € X. Com que L és relacional, és senzill veure que f esta ben definida i és
una immersié. O

Observem que en el Lema 2.21 no es pot treure la restriccié que L és relacional.
Sigui L = {R, f}, on R és un simbol relacional binari i f un simbol funcional monadic.
Considerem Destructura 2 = ({a,b},0, f*), on f*(a) = bi f*(b) = a, i estructura
B = ({a,b,c},R®, f?), on R® = {{a,c)} i f2 = fAU {{c,a)}. Es senzill mostrar que
A C B pero A™ ¢ B

Corol.lari 2.22 Sigui L relacional. Firades dues L-estructures 2 i B, son equiva-
lents:

i) Hi ha una expansic de B que satisfa el diag™ (A).
ii) A* C B*.

Proof. i) = ii) Veurem que la condicié iv) de la Proposicié 2.20 implica que
2A* C B*. Si A~ ¢ per aalgun € C B, llavors com que L és relacional, pel Lema
2.21, € C B*. Per tant, A™ C ‘B*.

ii) = 1) Suposem que 2A* C B*. Sigui f : A* — B* una immersi6. Per a tot a € A,
escollim un element b, € B tal que

fllalogy) = [baloe) -
Fent servir ¢l fot que A* C B* és senzill mostrar que (B, bg)aca satisfa el diag(2). O

Introduim ara ¢l diagrama de Leibniz d’un model. Donades dues estructures 2 i
B. aquest diagrama ens permetra obtenir una caracteritzacio de quan 2* C B*. La

definicio de diagrama de Leibniz va ser introduida per primer cop a [Elg94].
Fixada una L-estructura 2, el diagrama de Leibniz de 2, en simbols Ldiag(2l), és
el conjunt diag™ () 'J A, on A és el conjunt dels enunciats de L™ (A) de la forma

VZ [p(t1(ay, . --,an),Z) < O(ta(br, ..., bE),Z)]

tals que
13 [ar,.. . an) = t2 [by,...,b] mod(ARA)),

on ¢(x.Z) € L™ és una férmula atdmica, t1(z1,...,2n) 1 t2(y1....,Yx) s6n termes de
Liay,...,an, b1, ..., € A.

Proposicié 2.23 Siguin A ¢ B L-estructures. Llavors, els enuncials segiients son
equivalents:
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i) Hi ha una expansio de B que satisfa el Ldiag(2).
ii) 2A* C B*.
Demostracié. 1) = ii) Suposem que hi ha una expansié de B que satisfa el
Ldiag(?). Sigui @ = (a : @ € A). Llavors, hi ha una scqiiencia d’clements de %,

b= (bs:a€ A), tal que
(8,5) k= Ldiag(2).

Com que diag™(2) C Ldiag(2),
(2,@) =5 (B,b).
Pel Corol.lari 2.19 hi ha un inic isomorfisme f : 2A* — (b)* tal que, per a tot a € A,
f(lalq@y) = [ba]n(@)). Definim g : (b)* — B* de la manera segiient: per a tot ¢ € (b)
9oy = [dags) -

Mostrarem que g és una immersié. Tenim que g esta ben definida: suposem que
e,d € (b)i [C]Q((B)) = [C,]Q((E}}' Siguin by, ..., be, € rg(b), t(z) it (z) termes de L (on
r=ury,...,oTpn) tals que

£ (b . boy] =

Y [bay, ..., ba,] = .

Suposem, buscant una contradiceid, que [C]Q{'B} # [d Iﬂ{m) . Llavors hi ha una férmula
atOmica sense identitat ¢ = ¢(y, w) tal que

B V: Vﬁ)((g’)(y, i’) = ‘p(yr, i’)) [C! c!] )

on y, 3y 1 les variables de w son diferents de les variables de Z. Sigui ¢; la férmula
obtinguda a partir de ¢ substituint la variable y pel terme t. I sigui ¢ la formula
obtinguda a partir de ¢ substituint la variable 3/ pel terme t'. Llavors,

B = V(61 (F, @) — ¢2(ZF, D)) [bays - - -5 ban] - (2.1)

Com que I(l“({—s)) = [c’]n((i)} i f A — (E)‘ és un isomorfisme tal que per a tot a € A,
Flalay) = [balggy)» tenim que

t*la1,...,a5] = £ [a1,...,a,] mod(Q(2)).

Llavors,

A = Vo (¢1(Z, ) — ¢2(Z, @) a1, . .-, an]
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i com que (B,b) = Ldiag(2),
B ’= Vtﬁ((ﬁ)](f‘, E’) i ql)‘Z(f"v ?‘EJ.) [bax yisiaihg bun] )

perd aixo contradiu (2.1). Per tant, podem concloure que g esta ben definida. A més
a més, g és clarament injectiva i és un homomorfisme estricte perque (b) C B. Per
tant, A* C B*.

ii) = i) Sigui f : 2A* — B una immersié. Per a tot a € A, escollim un element

ba € B tal que f([a]ge)) = [bu]nm)- Llavors (B, by )uca satisfa el Ldiag(2). O

Introduim ara el diagrama elemental sense identilat d'un model. Donades dues
estructures 2 i B, fent servir aguest diagrama presentarem una caracteritzacié de
quan 2A* 27 B*. Primer mostrarem alguns lemes preliminars.

Lema 2.24 Donades dues L-estructures 2 i B, si A 2~ B, llavors A* 2~ B*.

Demostracié. Suposem que 2 2~ 9B isigui & : 2A — B una immersié que preserva
totes les férmules sense identitat. Sigui f : 2* — B* la funcié definida per:

f({a]ﬂ(ﬁ)) = [h(a)]nfm)!

per a tot a € A. Com que 2 2~ B, és senzill demostrar, amb els arguments usnals,
que donats a,a’ € A,

[ = [@]g@ st [Aa)lgem) = [R(a)] o) -

D’aquest fet podem concloure que f esta ben definida i és injectiva. Fent servir el fet
que 24 37 B, és senzill mostrar que f és una immersié que preserva totes les formules
sense identitat. O

Lema 2.25 Per a tola classe K de L-estructures,

i) S*THZY(K) C H3'S™ (K).
ii) 82 Hg(K) C HgS*™ (K).
Demostracié. Vegeu [Elg94], Lema 4.1.2. O

Proposicié 2.26 Siguin A ¢ B L-estructures. Llavors, els enunciats segiients sin
equivalents:

i) Hi ha una expansio de B que satisfa el eldiag™ (2).
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ii) Hi ha una L™ -funcio h: A — B,

iii) Hi ha una enumeracié de A, @ = (a; : ¢ € I), i una segiiéncia d’clements de B,
b= (b :i €1I), tal que ~
(2,a@) =~ (B, b).

iv) 2 ~ €, per a alguna € X~ B.
v) % € H3'HsS™ (B).

vi) 2 € HgHg's™ (B).
vii) 2% <~ %B*.

Demostracié. Clarament i) & ii) & iii). I iv) & v) < vi) també és clar per la
Proposicié 2.17 i pel Corol.lari 2.18.

iv) = iii) com que A ~ €, per a alguna € =~ B, per la Proposicié 2.17, hi ha
enumeracions dec A ide C,@ = (a; : 4 € I) i b = (b; : i € I), respectivament, tals
que (,@) = (C,b). Per tant, com que € <~ B, (€,b) = (B,b) i en consegiiencia,
(2,a@) == (B,b). iii) = iv) donat que (2,@) =~ (B,b), per la demostraci6 de i) = i)
del Corol.lari 2.19, hi ha enumeracions ¢ i d de A = (@) i de (b) respectivament, tals
que

,2) =5 ((3),d)

i@ CeibCd. Pertant, per la Proposicié 2.17,

(&%,2) =" ((b),d)

@,3) = ((B), b)

i en conseqiiéncia, com que (2A,a) = (B, b), tenim que
(B,b) = ((b), ).

Fent servir aquest darrer fet, és senzill veure que (b) <~ 8. Aixi, 2 ~ (b) i (b) <~ B,
per tant la condicié iv) val.

iv) = vii) pel Lema 2.24. vii) = v) com que 2* <~ B* implicaque 2 € Hgl Si_Hs (B),
pel Lema 2.25, 2 € Hg'HgS™ (B). O

Acabem aquesta seccié amb el diagrama positiu sense identitat i el diagrama negatiu
sense identitat d'un model.

Proposicié 2.27 Siguin 2 i B L-estructures 1 At~ el conjunt de les formules atomiques
de L™. Llavors, els enuncials segiients son equivalents:
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i) Hi ha una czpansio de B que satisfa el posdiag™ (2).
ii) Hi ha una At~ -funcio h: A — B.
iii) 2l € HsH™18(B).

Demostracié. 1) & i1) és clar. ii) = iii) Suposem que h : A — B és una At™-
funcié. Sigui € la subestructura de B generada per h[A]. Sigui £ = |4| i@ = (aq :
@ € k) una enumeracié de A sense repeticions. Considerem la L-estructura Ters dels
Preliminars i la funcié g : Vi, — C, definida per:

Q(Ia) = h(aa)

per a tot @ € k. Estenem g a un homomorfisme ¢’ de Tery, en el reducte algebraic de
€. Com que € esta generada per h[A4], ¢ és sobre C. Fent servir el fet que h preserva
les férmules atomiques sense identitat, és rutinari mostrar que ¢’ és un homomorfisme
de Ter2 sobre €. Per tant, com que pel Lema 1.5, 2 € Hg(Ter2), A € HsH™!S(B).

iii) = ii) Suposem que 2 € HgH'S(B). Llavors, hi ha L-estructures € i ® amb
les propietats segiients: (1) © C B, (2) hi ha un homomorfisine estricte f de € sobre
2 i (3) hi ha un homomorfisme g de € sobre ©. Escollim per a tot @ € A, un element
ca € f~'[a]. Sigui h : A — B la funcié definida per: per a tot a € A, h(a) = g(ca)-
Aixi definida h és clarament una At™-funcié. O

Proposicié 2.28 Siguin 2 i B L-estructures i Negat™ el conjunt de les negacions de
formules atomiques de L™ . Llavors, els enunciats segiients son equivalents:

i) Hi ha una ezpansid de B que satisfa el negdiag™ ().
iil) Hti ha una Negat™ -funcié h: A — B.
iii) 2 € HHg'S(B).

Demostracié. Analoga a la demostracié de la Proposicié 2.27. O
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3.1 Metodes de back-and-forth

En aquesta seccié donarem una caracteritzacié de les relacions =~ i =_,, fent servir
metodes de back-and-forth. En lloc de fer servir funcions parcials, farem servir relacions
de parentiu parcials. Com que el nostre llenguatge no té simbol d'identitat, afegirem
noves condicions a les usuals de back i forth per a poder treballar amb simbols fun-
cionals i simbols constants. La caracteritzacié de 1’equivaléncia elemental en termes
de I'existéncia d'una estratégia guanyadora en un joc associat va ser introduida per A.
Ehrenfeucht i R. Fraissé i la caracteritzacio de la relacié =4, ¢8 deguda a C. R. Karp;
per referéncies sobre aquest tema consulteu [Bar73] i [EFT84].

Primer recordem les definicions d’isomorfisme parcial, d’estructures £-finitament
isomorfes i d’estructures parcialment, isomorfes.

Definicié 3.1 Siguin 2 i B L-estructures. Una funcié p és un isomorfisme parcial de
2 en B ssi dom(p)C A, rg(p)C B i p té les propietats segiients:

® p és injectiva.
e Per a tot simbol relacional n-adic R € L i tota ay,...,a, € dom(p),

(a1,...,an) € R ssi (p(ar),...,plan)) € R®.

e Per a tot simbol funcional n-adic f € L i tota aj,...,an,a € dom(p),

fﬁ(alm-“’a‘n)za ssi fm(p(al),...,p(aﬂ))=p(a).
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e Per a tot simbol constant ¢ € L i tot a € dom(p),

A=a ssi ®=pa).

En la definicié segiient fem servir £, 7, ¢ per a denotar ordinals.

Definicié 3.2 Siguin % i B L-estructures. 20 i B soén &-finttament isomorfes via
(fn)qc_;g, en simbols (L})qﬁ{ : A = B, ssi

i) Tot I és un conjunt no buit d'isomorfismes parcials de 2 en B i per a tot
?]SCSE'I Icgfq'

ii) (Condici6 forth) Per a tot n+1 < &, tot p € I~ i tot a € A hi ha ¢ € I, tal que
g 2 pia € dom(q).

iii) (Condicié back) Per a tot n+1 < &, tot p € I i tot b € B hi ha ¢ € I, tal que
q2piberg(g)

Escriurem 2 ¢ B si hi ha (I))y<¢ tal que (I;)y<¢ : 2 =¢ B. Direm que 2 i B sén
finitament isomorfes, en simbols 2L = B, si per a tot n € w, A =, B.

Definicié 3.3 Siguin 2 i B L -estructures. 2 i B sén parcialment isomorfes via I, en
simbols I : 2 =, B, ssi
i) I és un conjunt no buit d’isomorfismes parcials de 2 en 8.

ii) (Condicié forth) Per a tota p € I itot @ € Ahihaqg € I tal que g D p i
a € dom(q).

iii) (Condicié back) Peratotape Iitotbe Bhihage I talqueg D pib € rg(q).

Escriurem 24 =, 98, si hi ha I tal que I : 2 =, B.

Ara introduirem el concepte de relacié de parentiu parcial.

Definicié 3.4 Siguin 2018 L-estructures. Una relacié p C Ax B és una relacio de par-
entiu parcial ssi per a cada simbol relacional n-adic R € L i tota (a1, by),...,{an,ba) €

D,
(@1y...,a,) € RY ssi (by,...,b,) € R®,
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Observem que el conjunt buit, tot homomorfisme estricte de 2 en B i tota relacié
de parentiu entre 2 i B sén relacions de parentiu parcials.

Lema 3.5 Sigui L relacional, A i 98 L-estructures ip C Ax B. Sigui {{a;,b;) :i € I}
una enumeracid de p. Llavors, els enuncials segiients son equivalents:

i) p és una relacio de parentiu parcial entre 2 i B.
ii) p és una relacio de parentiu entre (dom(p)) ¢ (rg(p)).

i) (2, ai)ier =g (B, bi)ics-

Demostracié. iii) = i) 1) = ii) sén clars. ii) = iii) Per la demostracié de i) = vi)
de la Proposicié 2.17 fent servir el fet que

((dom(p)), ai)icr =q¢ (A, ai)ics

({rg(p)), bi)ier =p (B, bi)ier. O

Mostrarem ara que el Lema 3.5 no val per a tipus de semblanga no relacionals.
Sigui 2 = (Z,+,0, E), on (Z,-+,0) és el grup additiu dels enters i E esta definida de
la manera segtient:

(n,m) € E ssi n—m és divisible per 2,
per a tot n,m € Z. Sigui p C Z x Z la relacié definida per:
p={(z,y) € Z X Z : x és parell i y és senar }.
Clarament, p és una relacié de parentiu parcial. Tanmateix, (2,3) € p perd (2+ 2,3+

3) € p, per tant, p no és una relacié de parentin entre (dom(p)) i (rg(p)).

En la definicié segiient fem servir £, 7, per a denotar ordinals,

Definicié 3.6 Siguin 2 i B L-estructures. 2 i B sén &-finitament parents via (Iy)p<e,
en simbols (I;))p<e : A ~¢ B, ssi

i) Tot I, és un conjunt no buit de relacions de parentiu parcialsiperatot n < { <,

ii) (Condicié forth) Per a tot n+1 < §, tota p € I, i tot a € A hi ha ¢ € I, tal
que g 2 pia € dom(qg).
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iti) (Condicié back) Per a tot 7+1 < £, tota p € I;).1 i tot b € B hi ha ¢ € I, tal que
g2piberg(q).

iv) Per a tot n+1 < &, tota p € I i tot sfmbol constant ¢ € L, plu{(c*,c®)} € I,.

v) Per a tot n+1 < &, tota p € I.1, tot simbol funcional m-adic f € L i tota
(ala b])a seey (am: bm) € s

pU{(fM (a1, am), FB(br, .., bm)) } € Iy,

Escriurem 2 ~¢ B quan hi hagi (I)y<¢ tal que (Ip)y<e : 2 ~¢ B. Direm que 2 i
B son finitament parents, en simbols 2 ~; B, si per a tot n € w, A ~, B.

Donarem ara una mesura de la complexitat d’una férmula de L. Assignem a
cada ¢ € Lz, un ordinal anomenat el nested rank de ¢.

Definicié 3.7 Per a cada terme t de L, sigui S(t) el conjunt dels subtermes de t que
no son variables. Fixada una férmula de L_,, definim per induccié el nested rank de
¢, designat amb NR(¢), de la manera segiient:

NR(Rt;...ty) = |U1ga‘gn S(ti)l

NR(~¢) = NR(¢)

NR(A @) = sup {NR(¢) : ¢ € ®}, per a tot conjunt & C L.
NR(3z¢) = NR(¢) + 1.

Fixades 2 i B L-estructures, per a tot n € w, escrivim
A=, B

quan 2 i B satisfan exactament els mateixos enunciats de L~ de nested rank < n.

Calcularem el nested rank d’una férmula per tal d’il.lustrar la definicié. Sigui
L = {R, f,g}, on R & un simbol rclacional binari i f i g sén simbols funcionals
monadics. Prenem

¢ = 3yvz [Rf(y)f(y) A Rg(z)f(g9(z))],
lavors NR(Rf(y)f(y)) = 1, NR(Rg(z)f(9(z))) = 2 i NR(¢) = 4.

El Teorema 3.10 caracteritza la relacié de L™ -equivaléncia en termes de la relacié
~s. En la demostracié fem servir la nocié de nested rank d'una férmula que hem
introduit abans.
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Lema 3.8 Fizat un tipus de semblanga finit L i un conjunt finit V de variables, per
a tol n € w hi ha, lleval d’equivaléncia logica, només un nombre finit de formules de
L~ amb les variables en V' i de nested rank < n.

Demostracié. Sigui L un tipus de semblanca finit 1 V' un conjunt finit de variables.
Sigui Ter), =V iperatotn € w

Tert ! =Terf U{c:ce€ L} U {f(t,..., tx) : f € L és k-adic i ty,....tx € Ter}}.

Es clar que Ter? és finit, per a tot n € w. Una induccié senzilla sobre la construccié
d’'un terme ¢ amb les variables en V mostra que per a tot n € w, si [S(t)] < n, llavors
t € Ter}.. D’aqui se’n segueix que, per a tota férmula atomica sense identitat Rt; ...t
amb les variables en V i tot n € w, si NR{(Rt;...tn) < n, llavors ty,...,t;, € Terp.
Per tant, hi ha només un nombre finit de férmules atomiques sense identitat amb les
variables en V de nested rank < n. Fent servir aquest fet, és senzill de concloure la
demostracié per induccié sobre el nested rank. O

Proposicié 3.9 Sigui L un tipus de semblanca finit © A i B L-estructures. Llavors
peratoln € w,
A=, B ssi A~pB.

Demostracié. =) Suposem que 2 =, B. Definim per a tot m < n, I, com
el conjunt de totes les relacions de parentiu parcials p tals que hi ha £ € w amb
p={(a1,b1),...,{ak, bx)} i per a tota ¢ = ¢(y1,...,yx) € L~ amb NR(¢) <m

Ak blas,...oan]  ssi BEGby,..., bl
Vegem que les condicions i)-v) de la definicié de ~, es donen.

i) Com que 2A =, B, tenim que } € I, i clarament, si m’ < m < n, llavors
I, € Im'- il) Slg‘lﬂ m+1<n, pE Iy i pP= {(ﬂ],b]), AL (aka bk)} SU])OSEI’D que
u € A. Com que L és finit, pel Lema 3.8, hi ha un conjunt finit X de férmules sense
identitat en les variables z, ¥, . . ., Yk, i de nested rank < m, tal que qualsevol férmula en
les variables z, 41, ..., Yk, 1 de nested rank < m, és logicament equivalent a una férmula
d'aquest conjunt. Considerem ara el conjunt & = {p € X : A =¥ [a,a;,...,ak]}-
Llavors 2 = 32 A®ay,...,ak] i com que NR(IzAP) < m+11ip € In, per la
suposicio B = Iz A®[by,...,bk]. Sigui b € B tal que B = A®[b,by,...,b]. Aixi,
clarament p') {{a, b)} € Ip,.

iii) ¢és analeg a ii).

La demostracié de iv) és similar a la demostracié de v). Demostrem només aquest
darrer cas. Siguim+1 < n, p € I;ys1, f € L un simbol funcional l-adic i (a1, b1), ..., {(a, b) €

p. Sigui p = {{a1,b1),...,(a,, b),...,{ar,bx)}. Mostrarem que, per a tota férmula
(Y15 ... Yk-1) € L™ amb NR(¢) < m,

A= qf){al,...,ak,fﬂ(al,...,a;)] ssi B i=¢[b1,...,bk,f‘3(b1,...,b;)}.
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Suposem que ¢(y1,...,Yk+1) € L™ és una formula amb NR(¢) < m, llavors

QI'=d)[aj,...,Qk,fm(al,...,ﬂ,j):l ssi Ql’=(§,[a1,...,(1k],

on ¢ és obtinguda substituint en ¢ la variable yz., pel terme f(y1,...,3). Com que
NR(¢') <m+1ip€ Ipea,

QI.PZ(ﬁ’[G],...,Gk_] ssi ‘.B|=¢'[b;,....bk].
Aixi,
%F(ﬁ'[bl!“',bkl ssi %I:¢[b]!"-sbk!fm(bls"'abl)}|

i per tant, plU {(fﬁ(al, ey @), fB(byy ... ,b;))} € Irp. Podem concloure que (Im)m<n :
QI- ~n ‘-B-

<) Suposem ara que (J’m)msﬂs : A~y B. Primer mostrarem per induccié en m
que

(¥) Sim < ni¢ = Ritj...t; és una férmula atomica, les variables lliures de la
qual es troben entre aquestes zj,...,z} i el seu nested rank és < m llavors, per a tot
p € I, i tota (a1, b1),...,{ax,bx) Ephihag€ ptalquepCgiperatoti, 1 <i<l,
(t?[als crey aklit?lbls vy bk]) €q.

El cas m = 0 és clar. Suposem inductivament que la condicié (x) val per a m.
Sigui ¢ = Rty ...t; amb nested rank <m+1<n, p € I,+1 i (a1, b1),...,(ak, be) € p.
Si NR(Rt;...t4) = 0 ja hem acabat. Per tant sigui NR(Rt;...%) > 1. Hi ha un
subterme 7 = r(zy,...,zx) d’algun terme ¢; de ¢ amb 1 < i < [, que és, o bé una
constant o bé un terme de la forma g(z;,,...,z;,), on g és un simbol funcional j-adic
de Lifdy,...,i; € {1,...,k}. Sigui ¥ una nova variable que no apareix a ¢ i per a tot
i,1 <17 <[, sigui t; el terme obtingut a partir de #;, substituint el terme r (z1,...,Zk)
per la variable y. Observem que, t/ =t} (21,...,2x,y) i que ¢/ = Rt{ ...t/ té nested
rank < m. Per les condicions iv) i v) de la definicié de ~y,,

plJ {(rg‘ia;,. ey ), 2 fby, .. .,bk])} € Ip,.
Per tant, per hipotesi inductiva, hi ha g € Ij tal que
pU{(r¥las, ..., akl, [, b)) S g
iperatoti, 1 <i<l,
{t a1, .- o T [ag, .-y ak]) 1) Blby, .o bk, T (b, b)) € g

Llavors, clarament p C ¢ i per a tot i, 1 <i <, (a1, ...,ax],t2[b1, ..., bk]) € ¢. Per
tant, la condicié (x) val.
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Sigui m < n. Demostrem per induccié en ¢ que per a tota férmula ¢(yi,...,u) €
L~ de nested rank < m, tota p € I, i tota (aj,b1),..., {ax, bg) € p,

AE=e@lay,...,ax] ssi BEOb,....b. (3.1)

Si ¢ és atomica, és clar per la condicié (#). Els casos — i A sén immediats. Sigui ¢ =
Sy i suposcm inductivament que val la condici6 (3.1) pera 9. Si2 = 3y [ay, ..., ax),
llavors hi ha a € A tal que 2 = ¥ [a,ay,...,a;]. Observem que m > NR(3yy) > 1.
Aixi NR(¥) < m — 1. Per tant, per ii) de la definici6 de ~y,, hi ha ¢ € Ip_; tal
que ¢ 2 pia € dom(qg). Sigui b € B tal que (a,b) € g. Per hipotesi inductiva,
B = v[bb,... b1 per tant, B = Iy [by,..., b . L'altra direccié es pot demostrar
d’una manera analoga fent s de la condicié iii) de la definicié de ~,. Per la condicié
(3.1) podem concloure que 2 = B. O

Observem que, en la demostraci$ anterior, quan mostrem que 2 ~, B implica
A = B, no fem 1is del fet que L és un *tipus de semblanga finit. També és 1itil parar
esment en el fet que, quan demostrem que 2 =, B implica 2 ~, B, obtenim (I, )m<n
tal que (Im)m<n : A~y B i per a tot m < n totes les relacions de parentiu parcials de
In 86n finites.

Teorema 3.10 Sigus L un lipus de semblanga finit 1 A i B L-estructures, llavors

A="B ssi A~y B,
Demostracié. Per la Proposicié 3.9. O

Observem que per a tipus de semblanga finits no és veritat en general que % =~ B
impliqui 2 ~; B:

Exemple 3.11 Sigui L = {P, : n € w} on, per a tot n € w, P, és un simbol relacional
monadic, A = (w, P!)onperatotn €Ew, Pl ={mec€w:m>n}i®B = (wU{b},PD)
on b ¢ wiperatotn €w, PP = PXU{b}. Vegem ara que, per a tot conjunt finit
Lo C L, A Ly € Hg(B | Lo) i en conseqiiéncia, 2 =~ B. Suposem que Ly C L és
finit i sigui £ € w el més gran nombre tal que P € Ly. Sigui h: B [ Lo — A [ Ly
la funcié definida per: per a tot n € w, h{n) =n i h(b) = k+ 1. Clarament h és un

homomorfisme estricte. Tanmateix, no hi ha cap relacié de parentiu parcial p tal que
b € rg(p) i per tant, 2A £, B.

Ara donarem una caracteritzacié de la relacié de L, -equivaléncia en termes de la
relacié ~p,.
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Definicié 3.12 Siguin 21 i B L -estructures. 2 i B son parcialment parents via I, en
simbols 7 : 2 ~, B, ssi

i) I és un conjunt no buit de relacions de parentin parcials.
) p p

ii) (Condici6 forth) Per a tota p € Titota € Ahihage I talqueg D pi
a € dom(g).

iii) (Condicié back) Peratotap€ Iitotbe€ Bhihage I'talqueq 2 pib € rg(q).
iv) Per a tota p € I i tot simbol constant ¢ € L, pU {(c®,c®)} € I.

v) Per a tota p € I, tot simbol funcional k-adic f € L i tota (a1, b1),..., (ax, bx) € p,
pU {(fﬁ(ala '-'?ak)$fm(bl$ “-abk»} el
Escriurem 2 ~, B quan hi hagi I tal que I : 2 ~,, 'B.

Teorema 3.13 Siguin U i B L-estructures, llavors

A~y B ss1 A=_ "B

00!

Demostracié. =) Suposem que I : 2A ~, B. Primer observem que, fixat un
conjunt finit de variables V' = {z,,...,x¢}, fent servir les condicions iv) i v) de la
definici6 de ~, i el fet que, per a tot n € w, Ter}, és finit (quan Ter{: esta definit de
la mateixa manera que a la demostracié del Lema 3.8), és senzill mostrar per induccié
en n que

(xx)Sipe Ii{ay,bi},..., (ak, bk} € p, Navors hi ha g € I tal que p C q i per a tot
terme t € Ter®, (t*{ay,...,ax},t2[b1,..., b)) € q.

Ara demostrem per induccié en ¢ que per a tota férmula ¢(z1, ..., zx) € Ly, tota
p € Iitota (ay,br),...,(ax,b) €p

Qli:rp[al,...,ak] ssi ‘.B|=Q‘5[bl,...,bk]. (3.2)

Si ¢ és atomica, la condicié (3.2) se segueix de la condicié (**). Els casos -~ i A sén
clars. Si ¢ = Jyy, suposem inductivament que la condicié (3.2) val per a ¢ i

A #ayw[als'“:ak]'

Llavors, hi ha ¢ € A tal que
2A I: Tv")[csa'la“ ',ak] 1
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i per ii) de la definici6 de ~p, hi ha g € I tal que ¢ 2 p i ¢ € dom(g). Sigui d € B tal
que {¢,d) € q. Per tant, per hipotesi inductiva,

BEpdb,. .. b
1 llavors,

B =y by, ... b
L’altra direccié es demostra analogament, fent servir la condicié iii) de la definicié de
~p.

<) Suposem ara que A =_, B. Definim I com el conjunt de totes les relacions

de parentiu parcials p tals que hi ha k € w amb p = {{a1,b),..., {ax,bx)} i per a tota
¢(I1: ouey Z) '€ Ligiss

Ak play,...,a5) ssi BE@b,... b,
Mostrem que les condicions i)-v) de la definicié de ~, es donen.

i) Com que 2 =3, B, 0 € I. i) Sigui p € I, p = {{a1,b1),...,{ax, br)} i
a € A. Suposcm. buscant una contradiceié, que no hi ha b € B tal que per a tot
Qs(xl?""r:rk— ]) € Lc_ow

A= odlar,...,aka] ssi B Ed[by,... bb].
Per a tot b € B escollim una férmula ¢p(xy, ..., xx+1) € Ly, tal que

A = ¢ la1,...,a,a]

B B ¢y (b, ..., bx, b

Considerem ara el conjunt de totes aquestes formules
d = {(ﬁb(xl, e ,mk_'._l) b e B} .

Sigui ¥ la conjuncio de totes les férmules de @. Tenim que ¥ = ¥(xy,...,2k:1) € L,
i

A b= 3rpa1? [ag, ... 0]
Com que p € 1.

B '= 3"I:k-i-]i)!) [blr s 1bk] H

perd aixd ¢s absurd. Per tant, podem concloure que val la condicié ii). La condicié
iii) es demostra d’una manera analoga a ii). I per definicié de I les condicions iv) i v) °
també se satisfan. O

Observem que, en la demostracié anterior, si suposem que 20 =__ , B obtenim un
conjunt I tal que I : 2 ~, B i tota relacié de parentiu parcial en I és finita. Vegem
ara les diferents relacions entre ~, ~p i~
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Proposicié 3.14 Siguin 2 i B L-estructures. Si A ~ B, llavors A ~, B.
Demostracié. Si R és una relacié de parentiu entre 21 98, {R} : A ~, B. O
Vegem que la inversa d’aquesta proposicio no és certa:

Exemple 3.15 Sigui L = {E} on E és un simbol relacional binari, A = (w;, E%) i
B = (w, E‘B), on E* i E® s6n, respectivament, la identitat a w; 1 a w. Clarament 2 i
B soén reduides i 2 # B, per tant 2 £ B. Pero [ : A ~, B, on

I ={p Cw xw: pés una funcié parcial finita injectiva} .

Proposicié 3.16 Siguin A i B L-estructures tals que A* i B* son comptables, llavors

A~y B 85t A~ B,

Demostracié. <) és clar per la Proposici6 3.14. =) Si 2 ~, B, pel Teorema
3.13. 2 =, B. Llavors A* =, B* i com que 2A* i B* sén reduides, pel Corol.lari
2,14, A” =4 B Es un resultat ben conegut que dues estructures comptables i Lo~
equivalents sén isomorfes, per tant, com que 20* i B* sén comptables, 2* = B i en
conseqiiencia, A ~ B, O

Corol.lari 3.17 5i 2 i B son L-estructures comptables i reduides, llavors

A~y B 51 A=B.
Demostracid. Per la Proposicié 3.16. O

Per a veure la relacié entre ~p i ~¢, per a un ordinal donat &, demostrarem un
teorema analeg al Teorema 3.13 per a féormules de L, de nested rank < £. Siguin 2
1 ‘B L-estructures, per a tot ordinal &, escriurem

A =" .-f‘B

O

quan 2 i B satisfacin exactament els mateixos enunciats de L, de nested rank < ¢&.

Teorema 3.18 Siguin A i B L-estructures, llavors

A ~e B sst A=____.B

oo, £ J
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Demostracié. =) Suposem que (I))y<¢ : 2 ~¢ B. Sigui < £. Demostrem per
induccio en ¢ que, per a tota formula ¢(y1,...,yx) € L, de nested rank < 3, tota
p € Ig 1 tota (a1, b1),...,{ak, bx) € p,

AE=dlay,....ax) ssi B EG|by,..., 0.

Suposem que ¢ és atdmica. Si 8 € w, per la condicié (x) de la demostracié de la
Proposici6 3.9, és clar que val la condicié (3.1). I en cas que 8 > w, podem fer s de
la condicié (*) juntament amb el fet que, per a tot n € w, Iy C I.

Els casos — i A son immediats. Sigui ¢ = 3y i suposcm inductivament que
val la condicié (3.1) per a . Si 2 | Jyy|ai,...,ax] llavors hi ha a € A tal que
A = ¢la,ay,...,a;]. Observem que 8 > NR(3y¥) = NR(y) + 1. Aixi, per ii) de
la definicié de ~¢, hi ha ¢ € Ig_; tal que ¢ O p i a € dom(q). Sigui b € B tal que
{a,b) € q. Per hipotesi inductiva, B =1 [b,by,...,b] i per tant B = Iy [by, ..., bg].
L’altra direccié es demostra de forma analoga fent servir la condicié iii) de la definicié
de ~¢. Per (3.1) podem concloure que 2 =_ . B

= oo, e D+

<) Suposem que 2 = owe B. Per a tot B < &, definim Iz com el conjunt de totes
les relacions de parentiu parcials p tals que hi ha k£ € w amb p = {(a1,b1),..., (ak, bx)}
i per a tota ¢(z1,...,7x) € L, amb NR(¢) < S,

Qil:qb[a;,....ak] ssi %Ir:fb[b],...,bk].

Es rutinari verificar que les condicions i)-v) de la definicié de ~¢ es donen, fent servir un
argument similar al que vam donar a la direccid de dreta a esquerra en la demostracio
del Teorema 3.13. O

Proposicié 3.19 Siguin A 1 B L-estructures. Llavors,

A~y B ssi (A ~g B, per a tot ordinal §).

Demostracié. =) Suposem que I : 2 ~,, B isigui per a tot n € £, I,, = I. Llavors
(Iy)n<e : A ~¢ B. <) Suposem que per a tot ordinal &, 2 ~¢ B. Llavors, pel Teorema
3.18, per a tot ordinal §, A=_, . B. En conseqiiencia, A =_, B i pel Teorema 3.13,
QL Np %. O

Corol.lari 3.20 Siguin 2 i B L-estructures. Si 2 ~, B, lavors A ~; B,
Demostracié. Per la Proposicié 3.19. O

El contraexemple segiient mostra que la inversa d’aguest corol.lari no és certa:
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Exemple 3.21 Sigui L = {P, f} on P és un simbol relacional monadic i f és un
simbol funcional monadic. Considerem la L-estructura 2 = (w, P%, f%) on P% = {0},
F2(0)=0iperatotn €w, f(n+1)=n,ila L-estructura B = (w U {b}, P2, f?)
onb¢w, PP = P%i f® = 21 {(b,b)}. Veurem que B ~; 2. Sigui, per a tot n € w,

In={p:pCId,U{(bj+1):j=n}}.

Clarament per a tot n € w, (Im)m<n : B ~n % . Per tant, B ~; A. Pero A |
Iz (Aneo ~Pf™(z)) i B = J(A\,seo ~PSf"(2)). Llavors, B £, A i aixi, pel Teorema
3.13, A £, B.

Proposicié 3.22 Siguin 2 i B L-estructures finites, llavors

A~y B ssi A~ B,

Demostracié. <) és clar per la Proposicié 3.14 i ¢l Corol.lari 3.20. =) Suposem
que A ~, B i sigui per a tot m € w, (I} )nzm : A ~m B. Per a cada n € w definim el
conjunt I, de la manera segiient:

L=t ) 2.

m>n

Observem que per a tot n,n’ € w, si n < n', Nlavors I,y C I,. Com que 2 i B sén
finites, per a tot n € w, hi ha p € I, amb dom(p) = A i rg(p) = B. A més a més,
com que 2 i B sén finites, hi ha un nombre finit de relacions de parentiu parcials. En
conseqiiéncia, hi ha p amb dom(p) = A i rg(p) = B tal que per a tot n € w, p € I,.
Sigui p = {(ai,b;) : i € I} una enumeracié de p. Llavors, per la demostracié de la
Proposicié 3.9, per a tot n € w,

(A, 0:)icr =, (B, bi)ier

i per tant,
(@, ai)ier = (B, bi)ier.
Per la Proposicio 2.17 podem concloure que 2 ~ 8. O

Per a finalitzar la seccié veurem com els sistemes de back-and-forth ens permeten
obtenir caracteritzacions 1tils de la relacié =~ per a tipus de semblanga relacionals.
En la demostracié d'aquest resultat farem servir les estructures 2(\) introduides als
Preliminars.

Lema 3.23 Sigui L relacional i A @ B L-estructures. Suposem que k € w i p =
{(ao, bo), . .., {ax_1,be_1)} €és una relacié de parentiu parcial p C A x B. Siguin A =
(Ag,...,Ax—1) i B = (Bo,...,By_1) seqiiéncies de subconjunts infinits de A(w) i B(w),
respectivament, amb les propietats segiients:
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i) Peratoti<k—1, A; CCy, i B; C G,
ii) Peratoti,j<k—1,i#j AinA;=0iB;nB; =0.
iii) Per a lot a € dom(p), Co — (Ao \J--- U Ax_1) €s infinil 7 per a tot b € rg(p),
Cy — (Bo!J---1J Bg_1) és infinil.

Llavors, per a tota seqiéncia f = (fo,..., fr—1) tal que fi : Ai — B; és una bijeccid,
per a tot i < k — 1, el conjunt

Pagj=1(z filr)) 1z € Aii <k -1}

és un isomorfisme parcial de A(w) en B(w).

Demostracié. Es clar per definicié de 2{(w) i de B(w). O

Teorema 3.24 Sigui L relacional i 2 1B L-estructures. Llavors, els enunciats segiients
son equivalents:

i) A ="18B.
i) Aw) = B(w).
ili) Per a algun cardinal infinit A, A(X) = B(A).
iv) Per a tot cardinal infinit A, A(X) = B(N).
Demostracié. ii) = iii) i iv) = iii) sén clars. iii) = i) és clar perqué per a tot

cardinal infinit A, 2(A) € Hg'(2) i B(\) € Hg*(B). i) = ii) Suposem que A =~ B.
Mostrarem que per a tot subconjunt finit Ly C L,

(Ww) I Lo) =7 (B(w) [ Lo).

Sigui Ly C L finit, mostrarem que per a tot n € w,
(A(w) I Lo) =n (B(w) [ Lo).

Fixem n € w, com que A =" B, A =7 B i llavors, (A | L) =, (B | Lo). Donat que
Ly ¢s finit, per la Proposicié 3.9 i 'obscrvacié que sc scgucix de la seva prova, hi ha
(Im)m<n tal que

(Im)mgn : (Ql [ LO) ~n (% [ LD)-,-

i per a tot m < n, I, és un conjunt de relacions parcials de parentiu finites. Observem
que (A(w) [ L) = (A | Lo) (w) i (B(w) [ Lo) = (B | Lg) (w); aquest fet ens permet
aplicar el Lema 3.23. Per a tot m < n, sigui Y;, el conjunt de tots els isomorfismes
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parcials p 5 ,_'—3‘ 7de w) [ L en B(w) [ Lo amb les propietats enunciades al Lema 3.23
ip€ I,. Mostrarem ara que

(Ym)mzn : (A(w) [ Lo) =n (Blw) [ Lo).

No és dificil provar que per a tot m < n, Y, no és buit. Demostrarem ara que val la
condicio forth de la definicié de ,,; la condicié back té una prova analoga. Suposem
quem+1<n,pzp7€Ymiz€ Alw). Siguia € Aambz € C,. Siz € dom(py g f),
llavors no hi ha res a demostrar, perque pj g € Yiney € Yin. Siz ¢ dom(py py)
podem distingir dos casos:

Cas I: a € dom(p). Sigui p = {{ao,bo),...,{@k—1,bk—1)} 17 < k—1 amb a = a;.
Llavors escollim y € Cy, — (Bg U -+ - 1J Br—1) i definim A} = A; U {z}, B, = B; U {y} i
fl = fiu {(z,y)}. Sigui

-af = (-40: . -aAi—-la ‘4-;! -4i—ls' L 3‘4k—1)!
B = (Bf)&---'rBé—ljB;a Bﬁ'—-l;----:-Bk—l)'s

f’ = <.fﬁv-"?ff—'l:f;afEAIs---1fk—]>-
1 €

Llavors p s g g+ € Yo Yin, € dom(pg g ) i papj € Parp j- Aleshores, la

condicié forth se satisfa.
Cas II: a ¢ dom(p). Sigui p = {(ag, bo), ..., (ax—1,bx—1)}. Com que
(Im)men : (A [ Lo) ~n (B [ Lo),

per la condici forth de la definicié de ~p, hi ha g € I, tal que ¢ 2 p i a € dom(qg).
Sigui g = {{ap. by). ... {@g—1,b5-1),...,{a;, b))} 1 j <1 amba=a;. Comque A4, B i
f satisfan les propictats enunciades al Lema 3.23, poden ser esteses a seqiiéncies

A’:<A0|°H1Ak—11""'Al)!
fo(Bﬂr“'in—]?-'-:Bi)!

f’= (fos--‘?fk—l'}"'afi):

que també satisfan aquestes propietats i ¢ € A;. Clarament llavors p4 57 C qar 5 s
qapjr € Ym i 7 € dom(qa g ). Aleshores, la condicié forth també se satisfa

Podem concloure que
(Ym)msn + (Uw) [ Lo) = (B(w) T Lo).

Per tant,
(A(w) [ Lo) =5 (B(w) T Lo),
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per a tot Lo finit. En conseqiiéncia, 2A(w) = B(w).

i) = iv) Suposem que A =~ B. Com que per a tot cardinal infinit A, A(A) €
HZ'(2) i B(\) € Hg'(B), tenim que 2A(A) = B(A). Aleshores per la implicacié
i) = ii) que ja hem demostrat,

(2A(A)) (w) = (BA)) (w)-

Per tant, com que (2(A)) (w) 2 A(A) i (B(A)) (w) = B(A). tenim que A(A) = B(A). D

Corol.lari 3.25 Sigui L relacional i 2 1B L-estructures. Llavors, els enunciats segiienls
son equivalents:

i) A="18B.
11) A = %’, per a afgunes A’ (= HE]'(Q[) i %J’ € Hgl(‘B)

iii) 2' = B, per a algunes A ~ A i B ~ B.

Demostracié. Per la Proposicié 3.24. O

3.2 Extensions i ultrafiltre-poténcies

Hi ha una coneguda caracteritzacié de ’equivaléncia elemental en termes d’ultrapoténcies
deguda a H. J. Keisler i S. Shelah, segons la qual dues estructures 2 i B sén elemen-
talment equivalents ssi tenen ultrapotencies isomorfes. Una caracteritzacié similar
val per a l'equivaléncia elemental per logica sense identitat si enlloc d'isomorfisme
d’ultrapoténcies postulem només que les ultrapoténcies siguin parentes. En aque-
sta seccié presentem aquest resultat, en el Teorema 3.32, juntament amb una altra
caracteritzacié de la relacié d’equivalencia clemental per a aquesta logica en termes
d’extensions elementals, en el Teorema 3.27.

Algunes construccions que sén similars als productes reduits, anomenades filtre-
productes, es fan servir per a donar noves versions del Teorema 3.32. L’is d’aquest
tipus d’estructures és especialment interessant perque, en tipus de semblanca rela-
cionals, ens proporcionen una versié més forta del teorema. En aquest cas, es pot
reemplacar la relacié de parentiu per la d'isomorfisme quan formulem el teorema.

Els teoremes d’aquesta seccié els aplicarem en la demostracié dels teoremes de
caracteritzacid del Capitol 4. Com a referéncia sobre el Teorema de Keisler-Shelah es
pot consultar [She71] i [CK91]. Comengarem amb un resultat preliminar:
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Lema 3.26 Siguin 2 ¢ B L-estructures i suposem que hi ha seqiiéncies d’elements de
AideB,a=(a;:i€I)ib=(b;:i€ I), respectivament, tals que

(2,a@) = (B,b).

Llavors hi ha ' > 2 i seqiiéncies = (a; : j € J) id = (bj : j € J) d'elements de A’
i de B, respectivament, tals que

(U,¢) =~ (B, d),

aCe bCdidés una enumeracid de B.

Demostracié. Expandim el llenguatge introduint constants classificades en els
tres conjunts disjunts segiients:

Ca={co:a€ A—rg(@)}, Cr={c:i€l}, Cp={cs:be€ B—rg(d)},

1 considerem el diagrama elemental de 2 en aquest llenguatge expandit, és a dir, el
conjunt de tots els enunciats de tipus L (J C; U Cj4 vertaders a (2,@,a),¢ A—rg(a)
i el diagrama elemental sense identitat de B en aquest llenguatge expandit, és a dir,
el conjunt de tots els enunciats sense identitat de tipus L U C; U Cpg vertaders a
(B, b, b)beB—rg(E)' Sigui I' la unié d’aquests dos diagrames. Com que (2,2) =~ (B, b),
I" és consistent. Sigui

C= [ﬂ',cc)ce CaUCBUC;

un model de I'. Podem suposar que ¢f = a;, per a tot i € I i que ¢ = a per a tot

a € A—rg(a). Com que € és un model del diagrama elemental de 2, tenim que 2 < 2.
Siguicz=a U (f:beB—1g(b))id=>buU(b:be B —r1g(b)). Donat que € és un
model del diagrama elemental sense identitat de B,

(2,e) =" (8B,d). O

Observem que, en la demostracié anterior, si kK = max(|A|, |B|,|L|,No), pel Teo-
rema de Lowenheim-Skolem, podem prendre 2! de cardinalitat < k. Ara donarem
una caracteritzacié de 1’equivaléncia elemental en logica sense identitat, fent servir
extensions elementals.

Teorema 3.27 Siguin 2 i B L-estructures. Llavors els enunciats segiients son equiv-
alents:

i) A="B.

i) Hi ha©>=2AiD =B tals que €~ D.
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Demostracié. ii) = i) és clar. i) = ii) Suposem que 2A =~ B. Fent servir el
Lema 3.26 definim per induccié dues cadenes elementals de models (2, )new 1 (Bn)new
i dues cadenes de seqiiencies (@n)new 1 (bn)new tals que, per a tot n € w,

a)dn=(a;i ;i €l)i bp=(bi:1€ I,) sém seqiiéncies d’elements de A, i de By,
respectivament, tals que
(2n;@n) =" (Bn, bn).
b) An C 18(@n.1) i Bn C rg(bn-1)-

Siguin g = 2, By = B i @ = by = 0. Donat que A =~ B, les condicions a) i
b) son satisfetes. Suposem ara, inductivament, que hem definit 2, B, @, i b, que
satistan les condicions a) i b). Donat que

(Ql‘n-an) = (%n-an)-

pel Lema 3.26 hi ha 2 > 2L, i seqiiencies©=(a;:j€J)id=(b;:j € J)de A ide
B, respectivament, tals que
(2',2) =~ (B, d),

Gn C T, by C did és una enumeracié de B,. Altre cop, pel Lema 3.26, hi ha B’ = B,
i seqiiéncies @ = (a;: j € J') id = (bj : j € J') de A’ i de B’ respectivament, tals que

@, ) =" (%¥,d)

¢C¥ dCdi? és una enumeracié de A’. Siguin g = A, By 1 = B, Gy =7 i
bn-1 = d . Aixi definits, les condicions a) i b) se satisfan.

Siguin € = (., Fny D = Unew Bns © = Unew 8n 1 € = Upnew Bn- Tenim que € = A
iD > B, Amésamés, ¢idsén enumeracions de C i de D, respectivament, i

(€,¢) = (D,d).

Per la Proposicié 2.17, podem concloure que € ~ D. O

Observem que, en 'anterior demostracio, si & = niax(|A], |B|,|L|, Ro), fent servir
I'observacié que segueix el Lema 3.26, podem prendre € i © de cardinalitat < x.

Corol.lari 3.28 Siguin 2 ¢ B L-estructures. Llavors, els enunciats segiienls son
equivalents:

i) A=" 8.

i) Hiha € =2 1D =B de cardinalitat < |L| + R, lals que € ~ D.
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Demostracid. ii) = i) és clar. i) = ii) Suposem que 24 =~ B. Pel Teorema de
Lowenheim-Skolem, hi ha € = 2 i D' = B de cardinalitat < |L| + Rg. Clarament,
¢ =~ @, llavors pel Teorema 3.27 i 'observacié que va a continuacié de la seva
demostracié, hi ha € = @ i D = D' de cardinalitat < [L| + R, tals que € ~ D.
Clarament, C=2AiD=%. O

Presentem ara una caracteritzacio de l'equivaléncia elemental en logica sense iden-
titat, fent servir ultrapoténcics. Comeneem amb notacié i alguns lemes preliminars.
Si (2 )icr €s una familia de L-estructures, [[,c; 2 és el producte directe de la familia
i per a tot filtre F' sobre I, [[;c; 2;/F és el producte reduit modul F. Designem amb
2’ la potencia directa de 2 i, fixat un ultrafiltre U sobre I, designem amb 2V la
ultrapoténcia de 2 modul U.

Lema 3.29 Sigui I un conjunt no buit, (A;);c; una familia de L-estructures i F' un
filtre sobre I. Llavors, hi ha un homomorfisme estricte ezhaustiv h : [[;c, %i/F —

I]ie!su;/jn

Demostracié. Per a tot a € [[;c; A; sigui a = {[a(i‘.)]ﬂ(%) :1 € I). Definim h :
[Mict 2i/F — Tlic; 27 /F de la manera segiient: per a tot @ € [[;c; Ai, h([a)p) = [@] 5.
Es senzill veure que h és un homomorfisme estricte exhaustiu. O

Corol.lari 3.30 Sigui I un conjunt no buit, (2;),c; una familia de L-estructures i F'
un filtre sobre I. Llavors,

([T2u/F)" = ([[2:/F)".

f=y| e

Demostracio. Pel Lema 3.29. O

Lema 3.31 Siguin J i K conjunts no buits 1 D i G ultrafilires sobre J 1 K respecti-
vament. Llavors, hi ha un conjunt no buit I 1 un ultrafiltre propi U sobre I tal gue,
per a tota L-estructura A,

(mD)G eV

Demostracié. La demostracio és analoga a la demostracié del Lemma 2.22 de la
pagina 216 de [BS81]. O

Teorema 3.32 Siguin A i B L-estructures. Llavors, A =" B ssi A 1 B tenen ultra-
poténcies parentes.
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Demostracié. <) és clar. =) Suposem que 2 =~ B. Llavors, pel Teorema 3.27,
hi ha extensions elementals 2’ > 2 i B’ = B tals que
() =~ (B'). (3.3)

Pel Teorema de les ultrapoténcies de Keisler i Shelah per a logica de primer ordre amb
identitat, donat que 20 = 2’ hi ha un conjunt no buit J i un ultrafiltre propi D sobre
J tals que

APl ~ o'P (3.4)

Considerem ara 'estructura B’?. Pel Corol.lari 3.30,
(‘B!D)* % ((%“‘)D)*,
per tant, per (3.3),
(%rD)a o ((2[.'*)1))*’

i altre cop pel Corol.lari 3.30,
(%rﬂ}n oy (Ql D)*

i per (3.4),
(B'P)* = (AP)”, (3.5)

Pel Teorema de les ultrapoténcies de Keisler i Shelah per a logica de primer ordre amb
identitat, donat que B2 = B'?| hi ha un conjunt no buit X i nn ultrafilire propi G
sobre K tals que

(82)% = (m7)°. (3.6)
Considerem ara ’estructura (QiD)G, tenim que, pel Corol.lari 3.30,
(@) = ((@))°)

per tant, per (3.5),

1 per (3.6),
G * G *
(@)7) =(=)°) -
Per tant, pel Lema 3.31, hi ha un conjunt no buit I i un ultrafiltre propi U sobre I
tals que

(ﬁD)G ~ (V)
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(27)° = (BY).

Aixi, obtenim
(QIU)* o (%U)a‘

Per tant,
AV ~ Y. 0

El Teorema 3.33 és una millora del Teorema 3.32. Aquest resultat pot ser obtingut
fent, servir una demostracié analoga a la donada en el Teorema de Keisler i Shelah,
nosaltres en donarem només algunes indicacions.

Teorema 3.33 Si 2 i B son L-estructures, els enuncials segiients sén equivalents:

i) A=—B.
i) AY ~ BY, per a algun wulirafiltre propi U sobre un conjunt de cardinalitat <
9|Al+|Bl+w

Indicacions de la demostracié. Sigui k = 2/441Bl+w  Llavors, |A|*, |B|* < 2~.
Podem suposar que |L| + ®g < k. En la demostracié de [SheT1] del resultat analeg
per a llenguatges de primer ordre amb identitat, sota la hipotesi que U = B es mostra
que hi ha enumeracions (a; : 7 < 2%) i (b; : 7 < 2%) de ®A i de "B respectivament, i un
ultrafiltre U sobre k tal que per a tota férmula de primer ordre ¢(zy,...,2y) i tota
i< < iy <28,

{7<w:E=¢lai(5),.. .0, (D} €U ssi {7 <r:BE b (5),--, b (I} €U

La mateixa demostracié funciona per a una férmula sense identitat ¢ sota la hipotesi
linica que 2A =~ B. En el cas del llenguatge amb identitat, la conclusi6 és

(Qlys ([ai]U)i<2") = (;‘BU! ({bilu)i~:2“)
i, per tant, AY = BV, En el cas d'un llenguatge sense identitat podem concloure que
(&Y, (lailu)icze) = (BY, ([bi)u)icox)
i, per la Proposicié 2.17, que 2V ~ BY, O
Observem que, per la Proposicié 2.17, el Teorema 3.32 pot ser reescrit. de la manera

segiient:

A="98 ssi (AY)* = (BY),



3.2, Hrtensions i ullrafilire-poténcies 47

per a algun ultrafiltre U sobre un conjunt de cardinalitat < 2/4-181=¢_ La composicié
de l'operacié d’ultrapotencia amb la de reduccié és un quocient del producte directe i
el podem considerar com a una unica operacio. Aquesta operacio quocient és la que, de
fet, juga el paper, en logica sense identitat, de I'operacié d’ultrapoténcia en el Teorema
de Keisler i Shelah.

En logica sense identitat les operacions del producte reduit, de I'ultraproducte i de
la ultrapoténcia no sén les més naturals, perqué no ¢és necessari considerar cls quocicnts
modul la relacié associada al filtre. Ara introduirem uns operadors que tindran el
mateix paper en logica sense identitat que els ultraproductes i les ultrapoténcies tenen
en logica amb identitat. Han estat considerats, per exemple, per J. Monk, [Mon76],
1 W. Blok i D. Pigozzi, [BP92], perd segons el nostre punt de vista, el seu paper en
logica sense identitat no ha estat prou estudiat.

Definicié 3.34 Sigui I un conjunt no buit, (2;);c; una famfilia de L-estructures i ' un
filtre sobre I. Definim el filtre-producte de la familia (2;);e; modul F, que designarem
amb ]—[f;—: 1 2;, de la forma segiient:

e El domini de [T/Z; 2% és [T;c; 4.

b
e Per a tot simbol constant ¢ € L, ellier™ = (*i:iel).

e Per a tot simbol funcional n-adic f € L i tota ai,...,an € [l;cs A,
F
fllia®(ay, ..., a0) = ((B(a1(i), ..., an(i)) :i € ).

e Per a tot simbol relacional n-adic R € L i tota ay,...,a, € [l Ais

-

(a1y... apn) € RIer® s {L €I:(ay(i)...,an(i)) € R} € F,

Fixat un ultrafiltre U7 sobre I, diem que ]'[fE 1 2; és Uultrafilire-producte de la familia
(2 )ies mddul U. T en cas que, per a tot i € I, A = A, diem que [1V A és la ullrafillre-
poténcia de A.

Observem que la relacié ~p definida a [];c; Ai per:
a~pb ssi {iel:a(i)=0b()}eF

per a tot a,b € [[;c; A;, és una relacié de congruéncia en H,F 2U; i el producte reduit
[Tic; Ui/ F és precisament el quocient Hfél A; . Per tant, [1{z; % € Hg' ([T;e; %/ F)
i aixi ]’I;":5 1 2% i [lie; 2/ F s6n parents. Aixd mostra, en particular, que els ultrapro-
ductes no sén necessaris en logica sense identitat i ens permet reescriure el Teorema
3.32 de la manera segiient:
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Teorema 3.35 Si A i B son L-estructures, els enuncials scgiienls son equivalents:

i) 2 =" 1B.

ii) [1Y % ~ [1Y B, per a algun ultrafilire propi U sobre un conjunt de cardinalital
< 2|A1+1B|+w’

Demostracid. Pel Teorema 3.32. O

Ara enunciarem alguns fets simples sobre les noves construccions. La proposicié
que ve a continuacié és una versié del Teorema de Los$ per a logica sense identitat i
per a ultrafiltre-productes. La seva demostracié és senzilla.

Proposicié 3.36 Sigui I un conjunt no buit, (2;)ic; una familia de L-estructures i
U un ullrafilire propi sobre 1. Llavors, per a tota ay,...,a, € [[;c; Ai i tota formula
d)(:{?], ....Iﬂ) e L™,

HE;Q&- E=dlay,...,an) ssi {i€l:2 E ¢lai(i),...,an(i)]} € U.

Observem que de la proposicié anterior se segueix que si U és un ultrafiltre propi
sobre I, la funcié h(a) = (a: i € I) és un isomorfisme de 2 sobre una L™ -subestructura
de [TV 2.

L’exemple segiient mostra que en el Teorema 3.35 no podem recmplagar la relacié
de parentiu per la d’isomorfia, és a dir, I'exemple mostra que, en general, no és veritat
que 2A == B impliqui que hi ha un ultrafiltre propi U tal que HU A= 1_[‘" B.

Exemple 3.37 Sigui L un tipus de semblanca amb un simbol relacional monadic P,
un simbol funcional monadic f (i possiblement més simbols funcionals perd no més
simbols relacionals). Siguin % = ({0,1},P%, f2,...) i B = ({0,1},P%, f2,...) dues
L-estructures amb P%* = P® = (0,1}, f® = {{0,0),(1,1)} i f® = {{0,1),(1,0)}.
Clarament, 20" = 9" i per tant, 2 =~ B. Perd no hi ha cap ultrafiltre U tal que
MY A =Y B, perqué [[V 2 = Vef(z) ~z i [[YB B Vo f(x) ~ z.

Ara veurem que, per a tipus de semblanga relacionals i estructures amb dos elements
com a minim, podem reemplagar en el Teorema 3.35 la relaci6 de parentiu per la
d’isomorfia.

Lema 3.38 Sigui A una L-estructura amb si més no dos elements, I un conjunl no
buit i U un ulirafilire sobre I. Llavors, per a tot a € A, |U| < |[a],|.
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Demostracié. Sigui e € A’. Fixem dos elements diferents ¢, d € A i definim per
a tot X € U un element ay € A’ de la manera segiient:

a(i), siie X
ax(i) =4 ¢ sit¢ Xia(i)#c
d, sit¢ Xia(i) =c,

per a tot i € I. Clarament {i € I :ax(i) = a(i)} = X € U. A més a més, per a tot
X,Y €U, si X #Y tenim que ax # ay. Per tant, podem concloure que |U| < |[a],|.
g

Observem que, en el Lema 3.38, si |4} < |I] llavors |U| = |[a],] -

Lema 3.39 Sigui A una L-estructura amb si més no dos elements, I un conjunt no

buit i U un ultrafilire propi sobre I. Llavors, per a tota € A!, [U| < ‘[a]n(nu %)

Demostracié. Donat que la relacié ~y in A/, tal com ’hem definida abans, és
una relacié de congruencia cn JJY 2 i la congruéncia de Leibniz Q([TV 2t) és la major

.0

congruéncia, pel Lema 3.38 tenim que [U| < |[a]y| < i[a]Q(HU )

Obscrvem que, com abans, si [A| < |I] Llavors |U| =

(Ao q}[.

Teorema 3.40 Sigui L relacional i1 A i B dues L-estruciures amb si més no dos
elements. IJls enuncials segiients son equivalents:

i) A=" 8.

ii) ﬂ"" A = [1' B per a algun ulirafilire propi U sobre un conjuni de cardinalital
< QA

Demostracio. i) = i) és clar. i) = ii) Suposem que A =~ B. Per la prova

del Teorema 3.33. [TV 2% ~ [TV B per a algun ultrafiltre propi U sobre un conjunt I
de cardinalitat < 2/41=18+« T javors, pel Lema 3.39 i 'observacié que segueix la seva
demostracio. tenim que per a tot a € A! i per a tot b € BY,

(%)

(Ao ay| = 101 = |[b]n{nu B)\ .

Ara, donat que ([JY 2)* = (T]Y ®B)*, sigui k un isomorfisme entre aquestes estruc-
tures. Amb el scu ajut i fent servir la condicié (*) podem obtenir enumeracions sense
repeticions de A’ ide BY, a=(a;:j € J)ib=(b;:j € J), respectivament, tals que

MM’ 22 = (] .5
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Donat que L és relacional, la funcié que envia a; a b; és una isomorfia de 1Y 2 sobre

V8. o

Lema 3.41 Siguin 2 i B L-estructures. SiA és una estructura amb només un element

1A =" B, llavors A = B",

Demostracié. Clarament 2 és reduida i donat que 21 =~ B, és senzill veure que
la funcié h : B — A definida per: h(b) = a, per a tot b € B, é un homomorfisme
estricte de B sobre 2. O

Corol.lari 3.42 Sigui L relacional 1 siguin 2 1 B L-estructures. Llavors, A =~ B ssi
cs dona un dels tres casos scgtients:

i) [V = [IY B per a algun ulirafiltre U sobre un conjunt de cardinalital <

9lAl=|Bl-w
i) A =B".
iii) A* = B.
Demostracié. Cadascuna de les condicions i), ii) i iii) implica 2 =~ B. Ara bé, si
A =~ B j ambdues estructures tenen si més no dos elements, la condicié i) se segueix

del Teorema 3.40, i, en cas que una de les dues estructures tingui només un element,
pel Lema 3.41, o bé la condicié ii) o bé la condicid iii) valdra. O

Per a posar fi a aquesta secci6, donat que [[V2 € H.gl(ﬂlu ) podem obtenir el
resultat segiient per a tipus de semblanga relacionals:

Proposicio 3.43 Sigui L un tipus de semblanga relacional, 2 una L-estructura amb
si més no dos elements, I un conjunt no buit tal que |A| < |I| i U un ultrafilire sobre

I. Llavors,
1'[ o = U211,

Demostracio. Pel Lema 3.38 i 'observacio que segueix la seva prova, donat que
Al < I, |U: = |[a],;|. Llavors, podem definir per a tota classe d’equivaléncia z € AY,
una funcia bijectiva fy :  — Cy (recordem la definicié de 2()) dels Preliminars). Ara
definim b : [[Y A — AY(21)) per h(a) = fz(a), per a tot a € A, on a € x. Es senzill
comprovar que h és un isomorfisme. O

Corol.lari 3.44 Sigui L un tipus de semblanga relacional ¢ A i B dues L-estructures
amb si més no dos elements. Llavors, els enunciats segiients son equivalents:
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i) A="1B.

i) AV (2ll) = BU(QM) per a algun ultrafilire U sobre un conjunt I de cardinalitat
< lAl~[Bl-w

Demostracio. Pel Teorema 3.40 i per la Proposicié 3.43. O



Teoremes de preservacio i de
caracteritzacio

4.1 Classes elementals en logica sense identitat

Del Teorema de les ultrapoténcies de Keisler i Shelah se segueix que una classe K
d’estructures és elemental ssi K esta tancada sota ultraproductes, copies isomorfes i el
complement de K esta tancat sota ultrapotencies. En aquesta seccié aplicarem aquest
resultat conjuntament amb el Teorema 3.27 per a demostrar que les classes elementals
en logica sense identitat son les classes elementals (en el sentit habitual) que estan
tancades sota Hg i Hg 1 Teorema 4.1. Aquest resultat ens ofereix una caracteritzacio
algebraica de les classes L™ -elementals.

Les classes elementals poder ésser caracteritzades d’altres formes, com les classes
tancades sota subestructures elementals, ultraproductes i copies isomorfes, Teorema
2.16 del Capitol V de [BS81], o com les classes tancades sota ultraproductes i equivaléncia
clemental, Teorema 4.1.12 de [CK91]. Arguments similars es poden dur a terme per a
obtenir els resultats corresponents per a logica sense identitat, Teorema 4.2.1 de [Elg94].
Pero cap d’aquestes altres caracteritzacions sén purament algebraiques. Creiem que és
especialment important una caracteritzacié algebraica, perqué té com a conseqiiéncia
un teorema de preservacié per als enunciats sense identitat, en el qual no apareixen
operadors poc naturals, des del punt de vista de la practica matematica, com ara
'operador S= . Es un resultat conegut que, un enunciat sense identitat es preserva
sota Hg i sota Hgl. En el Corol.lari 4.2 es demostra la inversa: tot enunciat de primer
ordre que es preserva sota Hg i sota Hgl és equivalent a un enunciat sense identitat.
Considerem aquest resultat una de les contribucions més importants d’aquesta tesi
doctoral.

Teorema 4.1 Sigui K una classe de L-estructures. Els enunciats segients son equiv-

53
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alents:

i) K és aziomatitzable per un conjunt d’enuncials sense identilal.

ii) K esta tancada sola ultraproductes, Hg i Hgl i per a lota L-estructura A: si
alguna ultrapoténcia de A pertany a K, llavors A € K.

Demostracid. i) = ii) és clar. i) = i) Mostrarem que, si 2 = Th™(K), llavors
2 € K. Suposem que 2 = Th™(K). Com que 2 = Th™(K), per a tota o € Th™ (%)
hi ha B, € K tal que B, = . Sigui I = Th™ (2) i considerem per a tota o € Th™ ()
el conjunt J, = {#€l:B80}. Com que J = {J, :0 € I} té la propietat de la
interseccié finita, ¢l podem cstendre a un ultrafiltre propi U sobre I. Sigui 8 =
[Toer Bo/U. Observem que A =~ B. Com que K esta tancada sota ultraproductes,
B € K. Pel Teorema 3.27, hi ha € = 2 i D = B tals que € ~ D. Per tant, per la
Proposici6é 2.17, € 2 D*. Per suposicié K esta tancada sota ultraproductes i copies
isomorfes i el complement de K esta tancat sota ultrapotencies. Per tant, K és una
classe elemental. Aixi, com que B € K 1D > B, tenim que © € K. Donat que K
esta tancada sota Hg, D* € K. En conseqiiéncia, € € K, ja que K esta tancada sota
ngl, ¢ € K. Com que € > 2, podem concloure que 2 € K. O

Corol.lari 4.2 Sigui T \U{c} un conjunt d’enunciats de tipus L. Llavors:

i) T és ariomalitzable per un conjunl d’enuncials sense identital ssi T es preserva

sota Hg 7 Hgl.

ii) o és logicament cquivalent a un enuncial sense identital ssi o es preserva sola

Hg i Hg'.

Demostracié. i) La implicacié d’esquerra a dreta és clara. Per a demostrar
I’altra implicacio observem que, com que T és un conjunt d’enunciats de primer ordre,
Mod(T) esta tancada sota Py i si alguna ultrapoténcia de 2 pertany a Mod(T'), llavors
2 € Mod(T'). A més amés, com que T es preserva sota Hg i Hg 1 Mod(T') esta tancada
sota Hg i I-Igl. Pel Teorema 4.1, T pot ser axiomatitzada per un conjunt d’enunciats
sense identitat.

ii) La implicacié d’esquerra a dreta és clara. Demostrem l’altra implicacié. Per
i) hi ha un conjunt d’enunciats sense identitat I' tal que Mod(I') = Mod(c). Per
compacitat, hi ha un conjunt finit I'o C I" tal que I'y |= 0. Llavors, ¢ és logicament
equivalent a ATg. O

Fent servir ultrafiltre-productes i ultrafiltre-poténcies podem reescriure el Teo-
rema 4.1 de la manera segiient:
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Teorema 4.3 Sigui K una classe de L-estructures. Els enuncials segiients son equiv-
alents:

i) K és artomalitzable per un conjunt d’enunciats sense identitat.

i) K esta tancada sota ultrafiltre-productes, Hg i Hg'! i per a tota L-estructura 2:
81 alguna ullrafiltre-poténcia de A pertany a K, llavors A € K.

Demostracio. Pel Teorema 4.1. O

El Teorema 3.40 ens permet obtenir una nova caracteritzacié de les classes elemen-
tals en logica sense identitat, encara que restringida a tipus de semblanca relacionals.

Teorema 4.4 Sigui L un tipus de semblanga relacional i K una classe de L-estructures.
Llavors, els enunciats segiients son equivalents:

i) K és aziomalitzable per un conjunt d’enunciats sense identitat.

it) a) K esta tancada sota ultrafilire-productes i imatges isomorfes.

b) per a tota L-estructura 2, si alguna ultrafilire-poténcia de 2 pertany a K,
Havors 2 € K.

c) per a tota L-estructura 2 amb només un element, A € K ssi hi ha B €
Hg'(2) tal que Be K i |B| > 2.

Demostracié. Que i) implica les condicions a) i b) de ii) és clar. També implica
la condicié ¢), perquée K esta tancada sota Hgl i Hg. Ara suposem que es déna
ii). Raonant com en la demostracié del Teorema 4.1, perd ara fent servir ultrafiltre-
productes en lloc d’ultraproductes, és suficient mostrar que 20 € K sota la hipotesi que
A =~ 'B, per a alguna B € K. Si 2 i B tenen si més no dos elements, aixd se segueix
del Teorema 3.40. Si 2l és una estructura amb només un element i B no ho és, pel
Lema 3.41, B € Hg'(2) i llavors, per la condicié c) de la hipdtesi, obtenim 2 € K.
Ara, si B és una estructura amb només un element i 20 no ho és, com que B € K,
hi ha, per ¢), € € K amb si més no dos elements tal que € € Hg'(B). Perd Lavors
A =~ € i podem raonar com en el primer cas. Finalment, observem que, si ambdues
estructures tenen només un element, com que sén equivalents en logica sense identitat,
han de ser isomorfes. O

Els exemples segiients mostren que la condici6 ¢) del Teorema 4.4 no es pot eliminar.

Exemple 4.5 Sigui L = {P}, on P és un simbol relacional monadic. Sigui K; la
classe de totes les L-estructures amb només un element i sigui Ky la classe de totes
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les L-estructures amb si més no dos elements. K; i K2 no son axiomatitzables per
un conjunt d’enunciats sense identitat. Ambdues satisfan a) i b) del Teorema 4.4.
Pero K no satisfa la implicacié d’esquerra a dreta en la condicié ¢) 1 Ka no satisfa la
implicacié de dreta a esquerra en aquesta condicio.

Finalment, fent servir les estructures 2(A) introduides en els Preliminars donarem
altres caracteritzacions de les classes elementals en L™, per a tipus de semblanca rela-
cionals.

Teorema 4.6 Sigui L un lipus de semblanca relacional 1 K una classe de L-estructures.
Els enunciats segiients son equivalents:

i) K €és aziomatilzable per un conjunt d’enuncials sense identital.

ii) a) K esta tancada sota ultraproductes, copies isomorfes i, per a tola L-estruclura
A: si alguna ultrapoténcia de A pertany a K, llavors A € K.

b) per a tota L-estructura 2, 2 € K ssi A(w) € K.

Demostracié. Que i) implica les condicions a) 1 b) de ii) és clar perque A =~ A(w).
Suposem que ii) val. Raonant com en la demostracié del Teorema 4.1, en tenim pron
amb mostrar que 2 € K, sota la hipotesi que 2 =~ B per a alguna B € K. Com
que 2 =~ B, pel Teorema 3.24, WA(w) = B(w) i pel Teorema de les ultrapotencies de
Keisler i Shelah per a logica amb identitat, (2(w))Y = (B(w))Y per a algun ultrafiltre
propi U. Per b), com que B € K, B(w) € K i per a), (B(w))” € K. Per tant, per a),
(A(w))Y € K i altre cop per a), A(w) € K. Finalment, per b), 2 € K. O

El Teorema 4.6 el podem reescriure aixi:

Teorema 4.7 Sigui L un tipus de semblanc¢a relacional i K una classe de L-estructures.
Els enunciats segiienls son equivalents:

i) K és ariomatitzable per un conjunt d’enunciats sense identitat.
it) K és una classe elemental tal que, per a tota L-estructura 2,

AeK st Ww)EK.

Demostracid. Pel Teorema 4.6. O

Fem servir ara les estructures 2(w) i els ultrafiltre-productes junts, per a donar
una darrera caracteritzacié de les classes elementals, en logica sense identitat, per a
tipus de semblanga relacionals.
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Teorema 4.8 Sigui L un tipus de semblanca relacional i K una classe de L-estruciures.
Els enuncials segiients son equivalents:

i) K és aziomalitzable per un conjunt d’enunciatls sense identitat.

ii) a) K esta tancada sota ullrafilire-productes i imatges isomorfes i, per a lota L-
estructura A, si alguna ultrafiltre-poténcia de 2 pertany a K, llavors A € K.

b) per a tota L-estructura A, A € K ssi A(w) € K.

Demostracié. Que i) implica les condicions a) i b) de ii) és clar perquée 2 =~ A(w).
Suposem que ii) val. Raonant com en la demostracié del Teorema 4.1, perd ara fent
servir ultrafiltre-productes en Hoc d"ultraproductes, n'hi ha prou a mostrar que 2 € K
sota la hipotesi que 2 =~ B, per a alguna B € K. Com que A =" B, A(w) =~ B(w)
i pel Teorema 3.40, [TV 2(w) = 1Y B(w) per a algun ultrafiltre propi U. Per tant, per
b), com que B € K, B(w) € K i per a), [[V B(w) € K. Per tant, per a), [[Y A(w) € K
i altre cop per a), A(w) € K. Finalment, per b}, 20 € K. O

Podem treure la conseqgiiéncia segiient del nostre darrer teorema de caracteritzacio
per a classes elementals a L™, en tipus de semblanca relacionals:

Corol.lari 4.9 Sigui L un tipus de semblanga relacional i sigui T U{o} un conjunt
d’enunciats de tipus L. Llavors:

i) T és azxiomatitzable per un conjunt d’enunciats sense identilal ssi per a lota
L-estructura A, A =T ssi Alw) = T.

ii) o éslogicament equivalent a un enunciat sense identitat ssi per a tota L-estructura
A AE=o ssiAw) Eo.

Demostracié. La demostracié és analoga a la del Corol.lari 4.2, pero fent servir
el Teorema 4.7 enlloc del Teorema 4.1. O

4.2 Alguns fragments de L~

En aquesta seccié demostrarem teoremes de preservacié i de caracteritzacié per als
fragments segiients de la logica sense identitat: universal, universal-atomic, universal-
existencial, positiu i Horn. Com a referéncia es pot consultar [BS81}, [CK91] i [Hod93b)].

A [Bir35] G. Birkhoff va demostrar que les classes d'algebres definides per identitats
eren precisament aquelles que estaven tancades sota H, S i P. Aqui obtindrem un
resultat analeg a aquest teorema per a logica sense identitat. Es diu que ¢ € L és una
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formula universal-atomica si ¢ = VT, per a alguna férmula atomica . Fixada una
classe K de L-estructures designem amb ThA'" (K) el conjunt

Th™™ (K) = {0 € Th™(K) : o és universal-atdmica} .

Diem que una estructura és trivial si té només un element i en ella totes les in-
terpretacions dels simbols relacionals son diferents del buit. Observem que en tota
estructura trivial tots els enunciats universal-atomics sén vertaders.

Lema 4.10 Si 2 és una L-estructura trivial, llavors per a tota L-estructura B, 2 €

H(B).

Demostracié. Es senzill mostrar que la funcié h : B — A definida per:
h(b) = a,

per a tot b € B, és un homomorfisme. O

We will show that, for every L-structure 2, if A = ThAt_(M ), then % € K.
Suppose that 2 = ThA*” (M) and let T = negdiag™(2!). We can distinguish two cases.
Case I: T = {). In this case 2* is a trivial structure. Since all the trivial structures are
isomorphic, A € Hgl(ﬁl‘) and M contains a trivial structure, we have that 2 € K.

Case II: T # (. For every ¢ € T, if t

Teorema 4.11 Sigui K una classe de L-estructures. Els enunciats segiients son equiv-
alents:

i) K esla axiomatitzada per un conjunt d’enuncials universals-atomics sense iden-
lilal.

ii) K esta tancada sota Hg', H, S i P i conté una estructura trivial.

iii) K = HH'SP(M), per a alguna classe M de L-estructures que conté una es-
tructura trivial.

Demostracié. i) = ii) 1ii) = iii) és clar. iii) = i) Suposem que K = HH!SP(M),
per a alguna classe M de L-estructures que conté una estructura trivial. Mostrarem
que, per a tota L-estructura 2, si 2 = ThA" (M), llavors 2 € K. Suposem que
2A = Th™ (M) i sigui T = negdiag™ (). Podern distingir dos casos. Casa I T = 0.
En aquest cas A* és una estructura trivial. Atés que totes les estructures trivials sén
isomorfes, 2 € Hg'(2*) i com que M conté una estructura trivial tenim que 2 € K.

Cas IT: T # (. Per a tota —¢ € ’.f, si les constants que apareixen a —¢ es troben
entre ay,...,a,, com que A = ThAt (M), hi ha B € M tal que B | Iz;...2,0¢,
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on ¢ és obtinguda a partir de ¢ substituint per cada 1 < 1 < n, la constant a; per la
z;. Escollim, per a tota ~¢ € T, B_, € M i b7°,...,b;? € B_, tals que

By = ¢ [b}""*‘, : ..,b;:“’] ,

Sigui B = [[_ger B-p- Definim, per a tot a € A, un element a € B per:

a(““(}f’)= b;ql); sia € {al,...,an} ia=a
arbitrari, altrament,

per a tota —¢ € T. Tenim que (*B,d)sca és una expansié de B que satisfa el
negdiag™ (). Per tant, per la Proposicié 2.28, % ¢ HI-IEIS(%). Com que B € P(M)
i K =HH;'SP(M),2€ K. O

Corol.lari 4.12 Sigui T un congunt consistent d’enunciats de L i o un enunciat con-
sistent de L lal que = o. Llavors:

i) T esta aziomalitzat per un conjunt d’enunciats universals-atomics sense identital
ssi T es preserva sota Hg', H, S i P.

ii) o és logicament equivalent a una conjuncid finita d'enunciats universal-atomics
sense identital ssi o es preserva sota I-Igl, H,5:P.

Demostracié. Pel Teorema 4.11 fent servir una demostracié analoga a la de-
mostracié del Corol.lari 4.2. D

Trivialment podem trobar un enunciat consistent o tal que & o, o es preserva
sota Hg 1 H, Si P, perd o no és logicament equivalent a cap enunciat universal-
atomic sense identitat. Sigui L = {P,Q}, on P i Q s6n simbols relacionals monadics,
io =VYrPz AVzQz.

El teorema de caracteritzacié per al fragment positiu de la logica de primer ordre
amb identitat és degut a R. C. Lyndon, podem trobar-lo a [Lyn59]. Ara n'obtindrem
una versié per a llenguatges sense identitat. Considerem ara només férmules con-
struides a partir de les atdmiques i negacions d’atdmiques, fent servir inicament les
connectives A, V i els quantificadors v, 3.

Donat un simbol s (s pot pertanyer a L o pot ser el simbol d’identitat) i una
formula ¢ de L, diem que s apareix positivament a ¢ ssi s té una aparicié a ¢, que no
es troba en 'abast d’un simmbol de negacio. 1 diem que s apareix negelivament a ¢ ssi
s t¢ una aparicié a ¢, que es troba en l'abast d’un simbol de negacio.

Donada una férmula ¢ € L, sigui Rel(¢) (Fun(¢)) el conjunt dels simbols rela-

cionals (funcionals) de L que apareixen a ¢, i sigui Rel™ (¢) (Rel™(¢)) el conjunt dels
simbols de Rel(¢) que apareixen positivament (negativament) a ¢.
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A [Mot84] podem trobar la segiient versié estesa del Teorema d'interpolacié de
Lyndon, deguda a A. Oberschelp i T. Fujiwara.

Teorema 4.13 Suposem que ¢ i 1) sén enunciats de L tals que ¢ =, B —p 1 1.
Llavors, hi ha un enunciat 8 de L tal que:

) oE0if vy
i) Rel~(0) C Rel*(¢) N Rel™ (%) i Rel~(6) C Rel~(¢) N Rel~ ().
iii) Fun(f) C Fun(¢) N Fun(y).

iv) Si@ té com a minim una aparicio positiva (negativa) del simbol d’identitat, llavors
¢ (P, respectivament) té com a minim una aparicio positiva (negativa) del simbol
d’identital.

Diem que ¢ € L és una férmula posiliva si ¢ esta construida a partir de les férmules
atomiques, fent servir només les connectives A, V i els quantificadors ¥, 3. Recordem
cl teorema de caracteritzacio per al fragment positiu de la logica amb identitat.

Teorema 4.14 Si K és una classe de L-estructures, els enunciats segiients son equiv-
alents:

i) K esta axiomatilzada per un conjunt d’enunciats posilius.

il) K esla tancada sota Py, H i per a tota L-estructura 2, si alguna ullrapoténcia
de A pertany a K, llavors A € K.

Ara demostrarem la versio seglient per a logica sense identitat.

Teorema 4.15 Si K és una classe no buida de L-esiruciures, els enunciats segients
son equivalents:

i) K esta aziomatilzada per un conjuni d’enunciats positius sense identitat.

ii) K esta tancada sota Py, H i H.gl 1 per a tota L-estruclura 2, si alguna ulira-
poiéncia de U periany a K, llavors A € K.

Demostracié. i) = ii) és clar. ii) = i) Com que K esta tancada sota H, K esta
també tancada sota Hg. Per tant, per ii) i pel Teorema 4.1, K estd axiomatitzada per
un conjunt d’enunciats sense identitat I'. A més a més, per ii) i pel Teorema 4.14, K
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esta axiomatitzada per un conjunt d’enunciats positius £ (possiblement amb identitat).
Com que I' = Z, per a tota o € ¥ tal que - o podem escollir ¢, ...,a, € I tals que

A1y ...,Qn =0

Sigui ay = a1 A...Aay; tenim que @, = 0 1 @y €s un enunciat sense identitat. A més a
més, = —a,, perqué K no és buida. Per tant, hi ha un enunciat 6, € L que satisfa les
condicions i) — iv) del Teorema 4.13. Observem que, per la condicié iv), com que a oy
no apareix el simbol d’identitat, a §, no apareix el simbol d’identitat positivament. A
més a més, com que o és positiva, a 6, el simbol d’identitat no apareix negativament.
Liavors, podem concloure que 8, és un enunciat sense identitat i per la condicié ii),
com que o és positiva,

Rel™(6,) C Rel™ (cy) N Rel™ (o) = Rel (ag) N = 0.

Llavors 6, és un enunciat positiu. Aixi, {6, : @ € L} és un conjunt d’enunciats positius
sense identitat que axiomatitza K. O

Corol.lari 4.16 Sigui T' un conjunt consistent d’enunciats de L i o un enunciat con-
sistent de L. Llavors:

i) T esta ariomatitzada per un conjunt d’enunciats positius sense identitat ssi T es
preserva sota Hgl 1 H.

ii) o és logicament equivalent a un enunciat positiu sense identilat ssi o es preserva
sota Hg'i H.

Demostracié. Pel Teorema 4.15, fent servir una demostracié analoga a la de-
mostracio del Corollari 4.2 i el fet que una conjuncié finita d’enunciats positius és un
enunciat positiu. O

A [Tar54], A. Tarski va donar un teorema de caracteritzacié pel fragment univer-
sal de la logica de primer ordre amb identitat. A [Lo$55], J. Lo$ ¢l va gencralitzar.
Obtindrem ara un analeg per a logica sense identitat. Es diu que ¢ € L és una formula
uniwersal si ¢ = VT, per a alguna férmula sense quantificadors 1. Fixada una classe
K de L-estructures designem amb Th"™ (K) el conjunt

Th" (K) = {o € Th™(K) : o és universal} .

Teorema 4.17 Sigui K una classe de L-estructures. Els enunciats segients son equiv-
alents:

i) K esta ariomatitzada per un conjunt d’enunciats universals sense identitat.
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ii) K esta tancada sota Hgl, Hg, S i Py.

ili) K = Hg ‘ISPU M), per a alguna classe M de L-estruclures.
P g

Demostracié. i) = ii) iii) = iii) és clar. iii) = i) Suposem que K = HgHg 'SPy (M),

per a alguna classe M de L-estructures. Mostrarem que, per a tota L-estructura 2, si

A

= ThY™ (M), llavors 2 € K. Suposem que 2 = Th"" (M) i sigui T = diag™(2). Per

a tot subconjunt finit I' C 7', si les constants que apareixen als enunciats de I' es troben

en
I*

va

tre ay,...,a,, com que A = Th" (K), hi ha B € M tal que B = 3zy...2, AT, on
es pot obtenir a partir de I' substituint per a cada 1 < ¢ < n, la constant a; per la
riable z;. Escollim, per a tot subconjunt finit ' C T, Br € M i 1‘, ..., € Br tals

que

'.Br;=/\r“[b§",...,b£].

Signi/={[ CT:[finit}iperatotT €I, Jr={A€l:I'C A}. Com que J =

{-Jr : T € I} té la propietat de la interseccié finita, el podem estendre a un ultrafiltre

pe

propi U sobre I. Sigui B = [[p¢; Br/U, clarament B € Py(M). Definim, per a tot
a € A, un element a € [Jp-; Br per:

a(r) = bt sia€{ay,...,ay} ia=ay;
arbitrari, altrament,

r a tot I' € I. Llavors (B, [a@];;)aca és una expansié de B que satisfa el diag™(2).

Per tant, per la Proposicié 2.20, 2 € Hg'HgS(B). Com que B € Py(M) i K =
Hg "HgSPy(M), llavors A € K. O

Corol.lari 4.18 Sigui T U{o} un conjunt d’enunciats de L. Llavors:

i) T esta aziomatilzada per un conjunt d’enunciats universals sense idenlital ssi T
€s preserva sota Hgl, Hg i S.

ii) o és logicament equivalent a un enunciat universal sense identitat ssi o es preserva

sota Hgl, Hg i S.

Demostracié. Pel Teorema 4.17 fent servir una demostracié analoga a la de-

mostracié del Corol.lari 4.2 i el fet que una conjuncié finita d’enunciats universals és
equivalent a un enunciat universal. [0

Les teories que es preserven sota unions de cadenes van ser caracteritzades per J.

Lo$ i R. Suszko a [LS55), C. C. Chang va millorar aquest resultat a [Cha59}. Vegem

ara un teorema analeg per a logica sense identitat. Es diu que ¢ € L és una formula
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universal-existencial si ¢ = Vy=x1, per a alguna formula sense quantificadors ¥. Fix-
ada una classe K de L-estructures, designem amb Th" (K el conjunt

Th™ " (K) = {¢ € Th™(K) : o és universal-cxistencial } .

Fixada una L-estructura 2(, expandim el llenguatge afegint un nou simbol constant
per a cada element de A. Designem amb univdiag™(2) el conjunt d’enunciats del
llenguatge expandit segiient,

univdiag () = {o € L™ (A) : 0 és un enunciat universal i 24 =o}.

Lema 4.19 Suposem que 2 i B soén L-eslructures lals que tol enunciat universal-
eristencial sense identilat vertader a B també és vertader a U. Llavors, hi ha L-
estructures € 1 D tals que

Demostracié. Expandim el llenguatge introduint un conjunt de noves constants
Cy = {c, 1 a € A} i considerem el conjunt I' = Th™(B) U univdiag ™ (2) d’enunciats en
el llenguatge expandit. Primer mostrem que I' és consistent. Altrament, com que una
conjuncio de formules universals és equivalent a una férmula universal, hi hauria una
formula Vo (ey,. . ... ¢q,) € univdiag™(2) tal que

Th_(%) |= "Vflf’(cap oo )cax)

ON €y, . ... Cq SON totes Jes noves constants que apareixen a —VZy(cq,, ..., ¢, ). Com
que les constants ¢q ... ., ¢q, MO apareixen en els enunciats de Th™(B), si y1,...,u

s6n variables que no apareixen a VE(Cay, - .., Cq,) 1 substituim peratoti=1,...,l]a
constant ¢, per la variable y;,

Th™(B) = Vo . .. y3z~

i Havors,
B = Yy ...y 3T,

Per suposicid, qualsevol enunciat universal-existencial sense identitat vertader a B
també és vertader a 20, En conseqiiéncia,

A=Yy ... 3T,

pero aixo és absurd, perqué VZy(cqay, . .., Cq,) € univdiag™ (21).
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Sigui (B, C’B')cscﬁ un model de I'. Tenim que B =~ B’. Ara expandirem més el

llenguatge afegint un conjunt
CB;:{cb:bEB’—{c‘B' :cEC’A}}

de nous simbols constants, un conjunt que sigui disjunt amb C4 U L. Considerem
eldiag™ (2), el diagrama elemental sense identitat de 2 en el llenguatge expandit L1UC 4
i diag™ (B'), el diagrama sense identitat de B’ en el llenguatge expandit L1JC4 U Cpr.
Sigui ¥ la unié d'aquests dos diagrames. Mostraremn que X és consistent. Altrament,
hi hauria férmules

¢)1(Cb], .. '!Cbk)s o ‘1(’5"1((’-?3:1‘ L !Cbk) € diagﬁ(mr)!

amb by, ..., € B ~ {C‘B' icE CA} i tals que

eldiag™ () = -1 V...V ¢@n(chyy. ., ),

on ¢p,,...,Cp, SO totes les noves constants que apareixen a la formula —¢; V...V
- [ .,r:bk). Com que les constants cp,, ..., Cp, DO apareixen als enunciats de
eldiag™(2), si y1, ...,y sén variables que no apareixen a =@ V...V =dn(Chyy ..., C )
i substituim per a tot 2 = 1,...,k la constant ¢, per la variable y;,

eldiag™ () =Yy ... yx(—1 V ... V —dy)

i llavors,
(&, a)eca F VY1 - Yk(—1 V..V =)
Com que (ZBJ,C(B’)ceCA és un model de univdiag™ (2),
(B, ¢®)eecn =41 k(=01 V ...V —¢n),
pero aixo és absurd, perque

B1(Chys o1 Ch)s - oy DnlCyy .- -1, ) € diag™ (B').

Sigui (st"p)ce({qucs, un model de £. D’una banda, com que (@,cp)cec_,‘ugﬂ, és
un maodel de eldiag™(24), per la Proposicié 2.26, 2* <~ D* i, fent servir els arguments
usuals, ¢s senzill mostrar que la funcié h : 2* — D* definida per:

e .
h([ﬂ]sz(m) = [ca]ﬂ{i‘) )
per a tot a € A, és una immersié que preserva les férmules sense identitat. Podem
suposar, sense perdua de generalitat, que per a tot a € A,

)o@ = [cf] Q@) "
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Sigui € la subestructura de ©* generada pel conjunt

{[CB]Q{‘-‘O) reeCyll CB:} .

Llavors, tenim que A* C € C D* i A* X~ D=,
D’altra banda, com que tots els enunciats de diag™ (B’) s6n sense identitat,

"

- a
(2% [C Jn{@)

)e€CAUC

també és un model de diag™ (2’). Aixi, per la demostracié de iii) = iv) en la Proposicié
2.20, B’ ~ € i, en conseqiiencia, B =~ €. Aixi definits, els models € i D satisfan les
condicions cxigides. O

Fixada una classe K d’estructures, es diu que un subconjunt X C K és un
subconjunt dirigit superiorment si per a cada dues estructures 2,8 € X, hi ha una
estructura € € X tal que 218 C €. 1 es diu que K esta tancada sota unions de
subconjunts dirigits superiorment, si per a tot subconjunt dirigit superiorment X C K,

UX € K.

Teorema 4.20 Si K €s una classe de L-estructures, els enunciats segients son equiv-
alents:

i) K esta aziomalilzada per un conjunt d’enunciats universal-eristencials sense
identitat.

ii) K esta tancada sota Py, Hg, Hg! i unions de subconjunts dirigits superiorment
1 per a tota L-estructura A, si alguna ultrapoténcia de 2 pertany a K, llavors
Ae K.

ili) K esta tancada sota Py, Hsg, Hgl 1 unions de cadenes comptables © per a tola
L-estructura 2, si alguna ultrapoténcia de 2 pertany a K, llavors 2 € K.

iv) K esia tancada sota Py, Hg, I-Ig1 1 unions de cadenes i per a tota L-estructura
A, s1 alguna ultrapoténcia de 2 pertany a K, llavors A € K.

Demostracié. i) = ii), i) = iii), ii) = iii), iv) = iii) i i) = iv) és dar. iii) = i)
Com que K esta tancada sota Py, Hg i H§1 i el complement de K estad tancat sota
ultrapotencies, pel Teorema 4.1, K estad axiomatitzada per un conjunt d’enunciats
scnse identitat 7. Demostrarem que, per a tota L-cstructura 2, si 2 = THE (K),
llavors 2 |= T i, en conseqiiéncia, 2 € K. Suposem que 2 = Th"@ (K).

Primer mostrarem que hi ha una L-estructura B € K, tal que tot enunciat
universal-existencial sense identitat vertader a 8 també és vertader a 20. Expandim
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el llenguatge introduint un nou conjunt C4 = {¢, : @ € A} de simbols constants i con-
siderem el conjunt I' = T'1J univdiag™ (2) d’enunciats en el llenguatge expandit. De-
mostrarem primer que I és consistent. Si no ho fos, com que tota conjuncié d’enunciats
universals és Iogicament equivalent a un enunciat universal, hi hauria una férmula
VEY(Cayy .-+ 5 Cap) € univdiag™ (2A) tal que

TE ﬁv.'f?,b(cau veey {:01)

ON Cq,y ..., Cq S0N totes les noves constants que apareixen a —VZy(cy,,...,¢q). Com
que Jes constants ¢,,,...,¢Cq, NO apareixen en els enunciats de T, si y,...,y sOn
variables que no apareixen a —VF(cq,, ..., ¢ ) 1 substituim per a tot i = 1,...,1 la

constant ¢,; per la variable y;,
T =Yy ... y32.

Pero llavors,

YY1 ...ydT— € Th™ (K)

i com que 2 = Th" ™ (K),
2 }= V‘yl e y;afﬁ‘lﬁ,

perd aixo és absurd, perqué YZy(cy,,. .., Cq ) € univdiag™ (). Aixi, podem concloure
que I' és consistent.

Sigui (B, ¢®)cec . in model de ['. Vegem que tot enunciat universal-existencial
sense identitat vertader a B també és vertader a 2. Suposem que YZ37 és un enunciat
universal-existencial sense identitat vertader a B. Si 2 [~ YF47¢, hi hauria ay,...,q; €
A tals que 2 =Yg [ay,...,q] i lavors, Yg—(cq,, . . ., Cq,) € univdiag™ (2). Aixo és
absurd perque (B, ¢®).cc,, és un model de univdiag ™ (21).

Ara definirem per inducci6 dues seqiigncies de models, (20, :n € w)i(€y.) i n € W)
amb les propietats segiients: per a tot n € w,

a) Tot enunciat universal-existencial sense identitat vertader a B també és vertader
a2,.
b) Ay C €y C AL,

e} AT 2T AX 4.
d) B =" €.

Sigui g = 2 i apliquem el Lema 4.19 per a obtenir 2; i €;. Siguin > 01
suposem inductivament que hem definit 2, i €, que satisfan les condicions a) — d).
Podem tornar a aplicar el Lema 4.19 per a obtenir 2, i €,;1. Sigui € = U, €n
= Unew 2. Com que B =T iperatotn € w, B =" €., tenim que, per a tot
n € w, €,.1 = T'. Per tant, com que, per suposicié, K esta tancada sota unions de
cadenes comptables, € = 7. I com que A% <~ Ar . |, peratot n € w, A* =AY <~ €.

n+11
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Llavors com que T és un conjunt d’enunciats sense identitat, 2* = T"i en conseqiiéncia,
2 E=T. 0O

Corol.lari 4.21 Sigui T 1J{o} un conjunt d’enunciats de L. Llavors,

i) T esta aziomatitzal per un conjunt d’enunciats universal-cristencials sense iden-
titat ssi T es preserva sola Hg' i Hg i unions de cadenes.

ii) o és logicament equivalent a un enunciat universal-ezistencial sense identitat ssi
o es preserva sota Hgli Hg 7 unions de cadenes.

Demostracié. Pel Teorema 4.20 fent servir una demostracié aniloga a la de-
mostracié del Corol.lari 4.2 1 el fet que tota conjuncié finita d’enunciats universals-
existencials és equivalent a un enunciat universal-existencial. O

Finalment, demostrarem ara un teorema de preservacié per al fragment de Horn de
L~. Keisler va demostrar un teorema de preservacié per als enunciats de Horn (en el
cas amb identitat) fent servir la hipotesi del continu, [Kei65], i llavors Galvin va elim-
inar aquesta hipotesi, [Gal70]. Hi ha dues demostracions més d’aquest teorema, una
obtinguda per Mansfield, fent servir models valorats booleanament, [Man72). L’altra
és deguda a Shelah, [SheT1]; ell suggereix que el teorema pot ser demostrat amb la
mateixa técnica que ell va introduir per a demostrar que dos models elementalment
equivalents tenen ultrapoténcies isomorfes. La nostra demostracié segueix les linies
principals de la demostracié de Keisler i Galvin. Fent servir el mateix tipus de de-
mostracié que Mansfield és possible obtenir un teorema de preservacié per a teories
en general, no només pels enunciats, [Dell]. Recordem ara la definicié de férmula de
Horn:

Es diu que una férmula ¢ € L és una férmula basica de Horn si ¢ és una disjuncié
de férmules

X1V Vxn

on, com a maxim, una de les férmules y; és atdmica, i la resta sén negacions de férmules
atomiques. Una férmula de Horn ¢ és una férmula construida a partir de les férmules
de Horn basiques utilitzant només la connectiva A i els quantificadors V, 3.

Lema 4.22 Sigut B una L-estructura, I un conjunt no buit 1 (2;)ic; una familia de
L-estructures. Els enunciats segiients son equivalents:

i) B~ [Lie; %/F, per a algun filtre propi F sobre I.

ii) B ~ [1; 2, per a algun filtre propi F sobre I.
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iit) /7i ha enumeracions de [J;c; Ai ide B,d = (aj : j € J)ib=(bj:j€J)
respectivament, tals que, per a tota formula basica de Horn ¢(xy,...,zp) € L™ i
lota ajy,...,aj, € [lier Ai, siperatotiel

Qli |= Qt'[aj](i)""’ajn(i)]ﬁ

{lavors,

B F= @b binl -

Demostracié. i)  ii) és clar. ii) = iii) Suposem que B ~ [Jic; 2. Per la
Proposicié 2.17, hi ha enumeracions de [[;c; Aiide Bya = (a; 1 j € J)ib=(b; : j € J)
respectivament, tals que

(1., %3 =~ (B,5).

Suposem que ¢(zy,...,Tx) és una formula basica de Horn de L™ i a;,...,a;, elements
de [];c; Ai tals que peratot 1 € T

% = dlas (@), - a5, ()]
Llavors, com que ¢ és una férmula de Horn,
HQ‘LLXF = [[ajil}? 3 v [ajn]F] ’
el

i com que ¢ ¢s una formula sense identitat,

F
I[I., 2% E¢la,-- a5l
Per tant,
BE &by, b5,].
Aixi, val la condicio iii).

iii) = i) Suposem que hi ha enumeracions de [[;c; 4iide B,a = (a; : j € J) i
b= (b; : j € J) respectivament, tals que val la condicié iii). Fixada una seqiiencia
d = ajy,....q;, € [lig; Ai, designem amb d(i) la seqiiéncia aj, (7),...,a;,(¢) 1 amb
bz la corresponent seqiieneia de B, bj,,...,b;,. Ara definirem, per a tot n € w,
tota seqiiencia d = aj;,...,a;, € [lic;Ai 1 tota formula atomica sense identitat
¢ = ¢(x1,....20). ¢l conjunt

S¢E={i€I:QL,- }=¢[3(@)]}

iel conjunt R = {5"1.)(—f BEP {5‘—1]} Podem distingir dos casos. Cas I: R = (. En

aquest cas, sigui F = {I}. Es senzill mostrar que

(1., %3 =5 (B.5).
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Cas II: R # 0. Observem que R té la propietat de la interseccié finita: suposem
que SmE:‘ ey Sd,k;k € R1ique, per atoti#j, 1<1i,j <k, el conjunt de variables
que apareixen a ¢; 1 el conjunt de variables que apareixen a ¢; son disjunts. Llavors,

Bl A... Ak :3&,,---,3&,“ .

Suposem també, buscant una contradiccié, que S -2 0 PN Sm‘—ik = . Llavors, per a
tot i € I,

A E-¢1V...V gy :31(”-‘:)3—--1Ek(1')] .

I com que —¢; V...V ¢ és una férmula basica de Horn sense identitat, per iii),
B }:"’QSIV-‘-V_'d’k [bﬁa---vba]!

perd aixo és absurd. Per tant podem concloure que R té la propietat de la interseccié
finita.

Sigui ara F el filtre sobre I generat per R. Com que R té la propietat de la
intersecci6 finita, F és propi. Mostrem que
F . =
(IL,., %) =5 (B,0).

Sigui ¥ = ¥(21,...,2,) una férmula atomica sense identitat i ¢ = a;,...,@;, €
[lic; Ai. Suposem que

[T, 2% =vil.

Llavors,

X={iel:%EpE@]}cF
i en consegiitncia, com que F és el filtre sobre I generat per R, hiha S, 5 ,..., S sy €
R tals que

X 28,3 N...N8,3.

Suposem que, per a tot 7 # j, 1 < 1,5 < k, el conjunt de variables que apareixen a ¢;
i el conjunt de variables que apareixen a ¢; sén disjunts. Llavors, per a tot ¢ € 1,

W= A A g =P (d1(6), ., de(i),2(0)] -

D’una banda, com que ¢ A ... A ¢ — ¢ és equivalent a una férmula basica de Horn
sense identitat i val la condicié iii),

B |:¢]/\.../\¢k—’¢[i’£!""55§‘55]'

I, d’altra banda, com que S‘mal yeeey S € R,

ordx

BEOGA...N\D [B&T,,Ba:]
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Aixi, B = ¢ [EE] Inversament, si B = ¢ [35], llavors Syz € R C F. I com que ¢ és
una formula atomica sense identitat,

I, % = vid.
Per tant, podem conclourc que
(15, 2.3) =5 (8.5).
Per la Proposici6 2.17, B ~ ]'[fef ;. O

Ara introduirem alguna notacié. Fixat un cardinal infinit £ i un conjunt 7 de
cardinalitat x, I'expressié “per a gairebé tot ¢ € I significa “per a tots, llevat de
menys de k elements de I”. Si suposem que 2 = k™, la propera proposicié ens déna
una condicié suficient perqué una estructura saturada de cardinalitat ™ sigui parenta
d'un producte reduit d'un conjunt d’estructures. Farem servir després aquest fet per
a obtenir el teorema de preservacié desitjat.

Proposicié 4.23 (2% = k™) Suposem que |L| < k. Sigui B una L-estructura saturada
de cardinalitat k™, I un conjunt de cardinalitat < 1 (2;);c; una familia de L-estructures
de cardinalitat < k™. Suposem que, per a lot enunciat de Horno € L™, si per a gairebé
totic I

A =o,
llavors

B Eo.
Aizi, B € Hg'"HgPr({%; : i € I}).

Demostracié. Sigui 2 = [];¢; %;. Com que 2% = k™, tenim que |4| < 7. Siguin
(aé € ERT)I (b:E : € € k7) enumeracions de A i de B respectivament. Per induccié
transfinita definim dues enumeracions, (a¢ : £ € 1) i (b : £ € k7), de Aide B
respectivament, tals que per a tot v € k™, (ag : £ € v) i (be : £ € v) satisfan la condicio
segiient: per a tota férmula de Horn ¢(z4,...,2,) € L™, tota &;,...,& € v i tota
agyy- .- 0g, € A,

si per a gairebé tot i € I,%; = ¢lag, (7), ..., ae,(i)], (4.1)
llavors B = ¢ [be,, ..., be,] . '

Suposem inductivament que hem definit (a¢ : £ € v) i (b : € € v) tals que satisfan la
condicié (4.1). Podem diferenciar dos casos: cas v = p+2kicasv = pu+2k+1, on p
ésun limitoés0ik € w.
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Cas v = p+ 2k. Sigui a, = a;‘*k. Sigui p el conjunt de totes les férmules
B(z, be, - --,bg,) € L(B) tals que ¢(z,y1,.-.,¥n) € L és una formula de Horn sense
identitat, &;,...,&n € v i per a gairebé tot i € I,

U = dlau(i), ag, (i), ..., a¢,(7)] .

Si ¢(x, be,,...,be,) € p, llavors per a gairebé tot i € 1,

2; |= dzd [aﬁl (@... safn(i)] d

Per tant, com que el conjunt de les formules de Horn de L™~ esta tancat sota 3, per
hipotesi inductiva,
B l= Elxd)[b&,...,b{n].

I com que el conjunt de les férmules de Horn de L™ esta tancat sota A, p és un 1-tipus
sobre el conjunt {bs : £ € v} en B. En conseqiiéncia, com que B és saturat, B satisfa
p. Sigui b, una realitzacié de p.

Cas v = p+ 2k + 1. Sigui b, = b:H_k. Sigui g el conjunt de totes les férmules
&z, ag,,...,a¢,) € L(A) tals que ¢(z,¥y1,...,yn) € L és una férmula de Horn sense
identitat, &;,...,&, € v i

B b= b [byy bey, - -+ 5 b ] -

Per a tota férmula de Horn sense identitat ¢(z,¥1,...,Yn) € L, si B = —¢ [by, be,yy .- ., be, ]
llavors B = —Vz¢ [be,, . . ., be,]. Definim per a tota ¢ = ¢(z, ag,, ..., ag,) € g el conjunt

I={i € I:% £ Voplog (). .., a5, ()]}

Com que el conjunt de les férmules de Horn de L~ esta tancat sota ¥V, per hipotesi
inductiva, |I,| = . Per tant, pel Lema 6.1.6. de [CK91], com que |g] < &, hi ha
(Jo : @ € q) tal que:

a)peratotap € q, J, C I, 1 |Jy| = k.
b) per a tota ¢, ¢ € g, si ¢ # ¢/, lavors J, N Jy = 0.

Definim ara a, € A de la manera segiient:

i a,(i) € A; tal que % |= ¢ [ay (i), ag, (), ..., a¢,(i)], sii€ Jy,
YA arbitrari, altrament,

per a tot i € 1.

Un cop s’ha acabat la construccié, (ag : £ € &) i (be : £ € £7) tenen la propietat
desitjada: per a tot v € k7, (ag : € € v) i (be : £ € v) satisfan la condici6 (4.1). Per
tant, aquestes enumeracions satisfan també iii) del Lema 4.22. Podem concloure que

B € Hg'HsPr({; :i € 1}). O
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Ara, suposant la hipotesi del continu, demostrarem un teorema de preservacio per a
enunciats de Horn sense identitat. Més tard mostrarem com eliminar aquesta hipotesi.

Teorema 4.24 (2¢ = N;) Per a tol enuncial o € L, els enunciats segiienis son equiv-
alents:

i) o es preserva sota Hg, Hs_l‘if Pgr.

ii) o és logicament equivalent a un enunciat de Horn sense identilal.

Demostracié. ii) = i) és clar. 1) = ii) Suposem que ¢ s preserva sota Hg, Hgli
Pgr. Podem assumir que L és finit (considerem només cls simbols que apareixen a o).
Si o és inconsistent és clar. Altrament, sigui ¥ el conjunt d’enunciats segiient:

Y = {4 € L™ : ¢ és un enunciat de Horni o — v}.

Clarament T # 0. Demostrarem que hi ha ¢ € T tal que = 1 — 0. Per compacitat,
com que X estd tancat sota A, en tenim prou amb mostrar que £ |= ¢. Com que &
es preserva sota Hg, Hg 1. pel Corol.lari 4.2, o és logicament equivalent a un enunciat
sense identitat. Per tant, si volem mostrar que £ = o, com que tot model finit és
equivalent, en logica sense identitat, a un model infinit, n’hi ha prou a veure que per
a tota L-estructura infinita A, si A | X, llavors 2 = o. A més a més, com que L és
finit, pel Teorema de Lowenheim-Skolem podem restringir-nos a models comptables.
Suposem que 2 és una L-estructura infinita, comptable i tal que 2 |= X. Mostrarem
que 2 = o. Sigui B una extensié elemental de 2 de cardinalitat R; i saturada. Com
que L és finit i |A| < 2¥ = Ry, 'existéncia d’una extensié d’aquest tipus esta garantida
pel Lema 5.1.4 de [CK91].

Sigui ¥ el conjunt
¥ = {1 € L™ :4) és un enunciat de Horn i =9 A o és consistent} .

Clarament ¥ # (. Escollim, per a tot » € ¥ un model comptable 2, de —) A 7.
Sigui I =w x ¥ i per a tot i = (n,9) € I, 2; = Ay. Ara demostrarem que per a tot
enunciat de Horn ¢ € L™, si per a gairebé tot i € I, 2; = 9, llavors, B = 1. Suposemn
que ¥ € L™ és un enunciat de Horn tal que, per a gairebé tot 7z € I,%; |= 9. Llavors
¥ ¢ W, altrament per a tot n € w itot i = (n,¢) € I, A; &= —p, contradient el fet
que, per a gairebé tot i € I, 2; k= 1. Per tant, 1 € X i com que A < B, B = X i,
en conseqiiéncia, B = 9. Aixi, per la Proposicié 4.23, B € HngsPR({QL; :1e1}).
Com que o es preserva sota Hg, Hgli Priperatoti € I, % o, B =0 iaixi,
2 = o. Podem concloure que X = . Llavors, o és logicament equivalent a un enunciat
de Horn sense identitat. O
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Ara eliminarem la hipotesi del continu del Teorema 4.24. Suposem que L és finit
i assignem nombres de Godel adequats als simbols i a les expressions de L. Per tenir

una definicié de predicat aritmetic i enunciat aritmeétic, consulteu el Capitol 6.2. de
[CK91].

Teorema 4.25 (Godel) Sigui I' un enunciat aritmétic,

Si ZF + CH T, llavors ZF - T.

Observem que els predicats “c és un enunciat sense identitat de L” 1 “c és un
enunciat de Horn sense identitat de L” son recursius i el predicat “c és logicament
equivalent a un enunciat de Horn sense identitat de L” és aritmetic

Lema 4.26 Fl predicat “o es preserva sota Hg ngl ? és aritmétic.

Demostracié. Pel Corollari 4.2, perqué el predicat “o és un enunciat sense
identitat de L” és recursiu. O

Teorema 4.27 (Galvin) El predicat “c es preserva sota Pr” €s aritmétic.
Corol.lari 4.28 Fl predicat ‘o es preserva sota Hg, I'Igl i Pr” és aritmélic.
Demostracié. Pel Lema 4.26 i pel Teorema 4.27. O

Corol.lari 4.29 I’enuncial ‘o és logicament equivaleni a un enuncial de Horn sense
identitat de L ssi o es preserva sota Hg, Hgl i PR” €és aritmétic.

Teorema 4.30 Per a tot enunciat o € L, els enuncials segients sén equivalents:

1) o es preserva sota Hg, Hgli Pr.

i1) @ és logicament equivalent a un enunciat de Horn sense identitat.

Demostracié. Pel Corol.lari 4.29 i pels Teoremes 4.24 i 4.25. O
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5.1 Caracteritzacions

Aquest capitol esta dedicat a 'estudi dels models saturats sense identitat. En aquesta
secci6 introduirem el concepte de model saturat sense identitat (que abreujarem amb
el nom de L~ -saturat) i demostrarem, entre d’altres coses, que la L~ -saturacié és
preservada per la relacié de parentiu, Corol.lari 5.7 i 'existéncia de models infinits 2,
que sén L~-]A|-saturats (Exemple 5.12). D’aquest darrer resultat se scgueix que cls
models L™ -saturats tenen un comportament diferent que els models saturats usuals.

A la propera seccié veurem la relacié del concepte de model L™-saturat amb les
nocions usuals de model homogeni i model universal. Fent servir els models L™-w-
saturats d’una teoria i els meétodes de back-and-forth que hem introduit abans, a la
darrera seccié d’aquest capitol donarem criteris perqué una teoria sigui L™ -completa,
perque tingui eliminacié de quantificadors per a L™ i perque sigui L™ -Rp-categorica.
La nocié de model saturat va ser per primer cop introduida per M. Morley i R. Vaught
a [MV62], com un cas especial de les estructures que apareixen en els articles de R.
Jénsson, [Jon56] i [Jon60]. Per tenir més referéncies sobre models saturats es pot
consultar [CK91], [Hod93b] i [Poi85].

Primer recordarem la nocié de tipus sense identitat sobre un conjunt de parametres
en un model, introduida a la Seccié 2.2. Sigui 2 una L-estructura i D un subconjunt de
A. Donat un cardinal &, diem que un conjunt p de férmules de L=(D) en les variables
{Zq : @ € K} és un L™ -k-tipus sobre D en 2 si p és consistent amb Th™(2Ap). A més
a més, diem que p és L™ -complet ssi per a tota férmula ¢ € L (D) en les variables
{zq:a € K}, ¢ € po —¢ € p. Diem que un s-tuple @ = (a, : a € k) d’elements de A
realitza p si

Ap = ¢laq : @ € K],
per a tota ¢ € p, i diem que 2 omet p si no hi ha cap k-tuple en A que realitzi p.

75
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Finalment, diem que un L™-k-tipus sobre D en 2 és realitzat en %A ssi si hi ha un
#-tuple d’elements de A realitza p.

Observem que, per a tot conjunt p de férmules de L™ (D), p és consistent amb
Th™ (2p) ssi p és consistent amb Th(2p). Per tant, un conjunt p de férmules de
L~(D) és un L™ -k-tipus sobre D en 2 ssi p és un s-tipus sobre D en 2 i totes les
formules de p sén sense identitat.

Definicié 5.1 Siguin 2 i B L-estructures i 7 C A x B una rclacié. Per a tota férmula
¢ € L(dom(r)), ¢ = ¢(Z,a1,...,az), sigui 7 el conjunt de férmules seglient de
L(rg(r)):

{&(T, b1,y ..., bn) € L(rg(r)) : per a tot i € {1,...,n}, (ai,b;) €},

on ¢(F, by, ..., bp) és obtinguda a partir de ¢ substituint a; per b;, peratoti=1,...,n.
Per a tot conjunt p de férmules de L{dom(r)) sigui p" =Uye, Z.

En particular, si 2 és una L-estructura, D un subconjunt de A i p un conjunt de
férmules de L™ (D), designem amb p* el conjunt p”, on r C A x A* és la relacié definida
per:

r={¢Lmﬂm9:deD}.

I designem amb D* el conjunt
{{dlo@y : d € D}

Lema 5.2 Siguin 2 i B L-estruclures, @ = (a; 14 € I) i b= (b; : i € I) segiiéncies
d’clements de A i de B respectivament i v = {{a;, b;) : 1 € I}. Suposem que (A,a) =~
(B,b). Llavors, per a tot cardinal k i tot conjunt p de férmules de L~ (dom(r)) en les
variables {z, : @ € Kk},

i) p és un L™ -k-tipus sobre dom(r) en A ssi p" é€s un L™ -k-lipus sobre rg(r) en B.

ii) Sip és L™ -complet, llavors p" és L™ -complet.

Demostracié. Només provarem la direccié =) de i), P'altra direccid i ii) es po-
den demostrar fent servir arguments analegs. Suposem que p és un L™-x-tipus sobre
dom(r) en 2. Suposem també, buscant una contradiccid, que p" no és consistent
amb Th™(B,,(,)). Llavors hi ha ¢1,...,¢x € L™, ¢ = ¢&1(Z,91,..-,%n), Per a tot
!l € {1,...,k}, i clements [,...,I, € I tals que ¢(Z,a,...,a;,) € p, per a tot
3 I

Thm(%rg(‘r]) i: V 'ﬂ‘p!(ff! bh! 3 1b1:.)1

1<i<k
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llavors

B !=: V P [bhe'--abf"]-

1<i<k

Ates que (21,@) = (8,b),
A=V —ala,...,a],

1<I<k

pero aixo és absurdm, perqué per suposicié, p és consistent amb Th™ (2gem(r)). O

El Lema segilient ens dona una caracteritzacié dels tipus L™ -complets:

Lema 5.3 Sigui A una L-estructura, D un subconjunt de A 1 k un cardinal. Per a tot
conjunt p de formules de L=(D) en les variables {z, : & € K}, els enuncials segiients
son equivalents:

i) p €és un L™ -k-tipus L™ -complet sobre D en .

ii) Hi ha?' tal que D C A" i A}, = Th(Up) i hi ha una segiiéncia M = (Mq : @ € K)
d’clernents de A' tal que p = tpg, (/D).

iii) /fi ha ' tal que D C A' i A = Th™(Ap) i hi ha una segiiéncia M = (mqy : @ €
k) d'elements de A’ tal que p = tpy,(m/D).

iv) Hi ha " tal qgue A X A' i hi ha una seqiéncia M = (my : o € k) d’elements de
A’ tal que p = tpg,(m/D).

v) Hiha 2 tal que A <~ A i hi ha una seqiiéncia M = (m, : « € k) d’elements de
A tal que p = tpg,(m/D).

Demostracié. ii) = iii), iii) = i), iv) = v) i v) = i) s6n clars. i) = ii) és senzill
de veure, perque. com hem observat abans, tot L™ -k-tipus és consistent amb Th(2p).
i) = iv) Farem servir el fet que p és consistent amb Th(24). La demostracidé d’aquest
fet ¢s senzilla. O

Observem que, a i) i iii) del Lema 5.3, podem prendre 2’ tal que |A’| < max(|D|, |L|, Ro).
I aiv)iv) podem prendre 2 tal que |A'| < max(|A|, |L|, Ro).

Si considerem estructures reduides, podem obtenir la versié segiient del Lema 5.3:

Corol.lari 5.4 Sigui 2 una L-estructura reduida, D un subconjunt de A i k un car-
dinal. Per a lot conjunt p de férmules de L™ (D) en les variables {z, : o € K}, els
enunciats segients son equivalents:
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i) p €s un L™ -r-tipus L™ -complel sobre D en 2.

i1) Hi ha una L-estructura reduida 2’ tal que A <~ A’ i hi ha una segiéncia M =
(Mmq : a € k) delements de A’ lal que p = tpy, (/D).

Demostracié. ii) = i) és clar. i) = ii) Com que p és un L™-k-tipus L~ -complet
sobre D en 2, pel Lema 5.3, hi ha B tal que 20 <~ B i una seqiiéncia l = (I, : @ € K)
d’elements de B tal que p = tpg(l/D). Llavors, fent servir una demostracié analoga
a la demostracié del Lema 2.24, és senzill verificar que 2* 2~ B i que la funcié
j:A* — B* definida per:

i(lalay) = lalas) »

per a tot @ € A, és una immersié que preserva totes les férmules sense identitat. Si
k= (llalap) : @ € K), clarament p* = tpg. (k/D*). Com que 2 és reduida, hi ha un
isomorfisme f : (A, @)aca — (A7, [alg())aca. AL foj: (A a)eca — (B, lalggp))uca
és una immersié. Per tant, podem trobar una L-estructura 21’ tal que 2 <~ 2 i
un isomorfisme £ : (A',a)ucs — (B*,[a]op))aca tal que h [ A = fo j. Siguim =
(h~"([lalqsy) : @ € k). Clarament p = tpg, (/D) i com que B* és reduida, 2’ també
és reduida. O

Ara introduirem el concepte més important d’aquesta seccid, els models saturats
sense identitat.

Definicié 5.5 Donada una L-estructura 20 i un cardinal &, diem que 2 és L™ -x-saturat
ssiper atot D C A amb |D| < k, U realitza tots els L™-1-tipus sobre D en 2. I diem
que A ¢s L™-satural ssi A és L -|Al-saturat.

Com que tot L™ -k-tipus pot ser estées a un L™ -k-tipus L~ -complet, un model 2
¢s L™ -w-saturat si per a tot D C A amb |D| < &, 2 realitza tots els L™-1-tipus
L™ -complets sobre D en 2. Ara mostrarem que la relacié de parentiu preserva la
L~ -saturacié dels models.

Proposicié 5.6 Sigui A una L-estructura i k un cardinal. Llavors, 2 és L™ -k-satural
ssi A” (s L™ -~-salural.

Demostracié. <) Suposem que 2* és L~ -x-saturat. Sigui F un subconjunt de
A de cardinalitat menor que & i p un L™-1-tipus sobre E en 2. Llavors, pel Lema 5.2,
p* és un L™ -1-tipus sobre E* en 2A*. Com que 2* és L™ -x-saturat i |[E*| < k, hi ha un
element x € A™ que realitza p*. Sigui ¢ € A un membre de la classe d’equivaléncia z.
Clarament a és una realitzacié de p en 2.
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=) Suposem que 2 és L™-k-saturat. Sigui £ un subconjunt de A* de cardinalitat
menor que & i p un L™-1-tipus sobre E en 2*. Escollimm per a tota classe d'equivalencia
e € E un representant a. € e. Sigui D = {a.: ¢ € E}. Per a tota férmula ¢ € p,
¢ = &(Z,€1,...,6n), sigui ¢ la formula de L(D) obtinguda a partir de ¢ substituint
€; per ae,, per a cada i =1,...,n. Sigui ¢ = {¢' : ¢ € p}, clarament ¢* = p. Pel Lema
5.2, g és un L™ -1-tipus sobre D en 2. Com que 2 és L™-k-saturat i |D| < &, hi ha un
element a € A que realitza gq. Llavors [a]ﬂ{g} és una realitzacié de p en 2*. O

Corol.lari 5.7 Sigui k un cardinal i A i B L-estructures lals que 2 ~ B. Llavors, 2
és L™ -k-satural $s1°B €s L™ -k-salural.

Demostracié. Suposem que 2 és L™ -x-saturat. Per la Proposicié 5.6, %™ és
L™ -k-saturat. Com que 2 ~ B, per la Proposicié 2.17, A* = B*. Per tant, B* és
L~ -k-saturat, i altre cop per la Proposici6 5.6, B és L™ -k-saturat. L'altra direccio es
demostra de manera analoga. O

Ara enunciarem alguns fets sense demostracié. La seva demostracié és analoga a
la demostraci6 en el cas de la logica amb identitat.

Fets:

(1) Donat un cardinal k, si 2 és L™-x-saturat, llavors per a tot D C A amb |D| < &,
2 realitza tots els L™-s-tipus sobre D en 2.

(2) Donat un cardinal k, tot model té una L™ -extensi6é que és L™ -x-saturada.
(3) Tot model finit és L™ -s-saturat, per a tot cardinal x.
(4) Dos models L™ -equivalents i L™ -saturats de la mateixa cardinalitat sén parents.

Observem que, del Fet (4) se segueix que dos models reduits de la mateixa cardi-
nalitat que siguin L™ -equivalents i L™ -saturats son isomorfs. Aixo en general no és
cert, considerem el contraexemple segiient:

Exemple 5.8 Sigui E un simbol relacional binari i 2% = (w;, E®), on E? és la identitat
a wy. Es senzill veure 2 és saturat. Com que tot L™ -s-tipus és un x-tipus, tot model
k-saturat és L -k-saturat. Aixi 2 és L~ -saturat i com que 2A(w) ~ 2, pel Corol.lari
5.7, A(w) és L™ -saturat. A i A(w) tenen la mateixa cardinalitat, sén L™ -equivalents i
L~ -saturats, perd clarament no sén isomorfs.

Hem fet \is, al contraexemple anterior, del fet que tot model saturat és L™ -saturat.
Perd la inversa en general no és certa, més tard en veurem algun contraexemple. Primer
veiem que, per a les estructures reduides en tipus de semblanca finits i relacionals, els
dos conceptes coincideixen:
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Proposicié 5.9 Sigui L tipus de semblanga finil 1 relacional © A una L-estructura
reduitda. Llavors, 21 és L~ -saturat ssi 2l és satural.

Demostracioé. <) és clar. =>) Suposem que 2 és L™ -saturat. Sigui D un subcon-
junt de A amb |D| < |A] i p un 1-tipus sobre D en 2. Com que L és finit i relacional
i 2 és reduida, hi ha un conjunt finit I' de férmules de la forma Vz [¢(z, Z) < ¢(y, Z)]
on ¢ € L~ és atdmica i tal que, si ¥(z,y) és la conjuncié de totes les férmules de I,
llavors

A VaVyz =y« ¥(z,y)].

Per a tota férmula ¢ € L(D), sigui ¢' € L™ (D) la férmula obtinguda a partir de
¢ reemplacant cada aparicié d’una férmula de la forma t; = t9 per una aparicié de
P(ty,ty). Sigui pf = {¢': ¢ € p}. Es senzill veure que 7' és un L~-1-tipus sobre D en
2. Com que 2 és L -saturada, hi ha una realitzaci6 de p/, a € A. Clarament, a és
també una realitzacié de p. O

Els exemples segiients mostren que no podem treure les restriccions de la Proposicid
5.9.

Exemple 5.10 No podem treure la restriccié que L sigui relacional a la Proposicié
5.9. Sigui L = {P, f}, on P és un simbol relacional monadic i f és un simbol funcional
monadic. Sigui B = (w U {b}, P®, f®), on b ¢ w, P = {0}, f3(0) =0, fB(b) = b
i per a tot n € w, f2(n+1) = n. Clarament B és reduida. Mostrarem que B és
L~ -saturada perd no és saturada. Sigui D un subconjunt de B amb |D| < |B| i p un
L~-1-tipus L™ -complet sobre D en B. Com que B és reduida, pel Corol.lari 5.4, hi
ha una L-estructura reduida 2 i un element a € A tal que B <~ A i p = tpy(a/D).
Considerem ara el conjunt pop = atpg (a/A). Totes les formules de pg sén de la forma
Pf"z, per a algun n € w. Sigui Y el conjunt

Y={new: Pffrep}.
SiYy =40,
atpy (b/A) = atpy (a/A)

i llavors, com que 2 és reduida, b = a. Aixi, p és realitzat en B. Si Y # 0, com que
Va(Px — Pfz) € Th™(B), donat n € Y, per atot m > n, m € Y. Sigui k € w el
minim de Y, llavors

atpy (k/A) = atpy (a/A),

i com que 2 és reduida, £ = a. Aixi, p és realitzat en B. A més a més, tenim que ‘B
no és saturada perque el 1-tipus segiient no és realitzat en B:

p={z#b}U{-Pflz:n€w}.
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Exemple 5.11 No podem treure la restriccié que el model sigui reduit a la Proposicié
5.9. Sigui 2A(w) com en I'Exemple 5.8. Allf vam mostrar que 'estructura 2(w) és
L~ -saturada. Si recordem la construccié de A(w) per mitja dels conjunts C, dels
Preliminars, és senzill mostrar que 2A(w) no és saturada perqué no satisfa el 1-tipus
segiient:

{x#a:aeCh}U{Fzxa:ac Cy}.

Exemple 5.12 No podem treure la restriccié que L sigui finit a la Proposicié 5.9.
Sigui L = {Py :n € w}, on per a tot n € w, P, é un simbol relacional monadic i
A = (P(w), P)new, on, per a tot X € P(w),

XeP? sii nelX.

Clarament 2 és reduida. Primer mostrarem que 2 és L™ -saturada. De fet, mostrarem
més que aixd, mostrarem que A és L™-|A| -saturada. Sigui D un subconjunt de Aip
un L~ -1-tipus L™ -complet sobre D en 2. Com que 2 és reduida, pel Corol.lari 5.4, hi
ha una L-estructura reduida 2 i un element a € A’ tal que A <~ ' i p = tpy,(a/D).
Considerem ara el conjunt py = atpy,(a/A’). Totes les férmules de py sén de la forma
P,z, per a algun n € w. Sigui Y el conjunt

Y={new: Pz ep}.

Observem que Y € A i
atpy, (Y/A') = atpg,(a/4').
Per tant, com que 2" és reduida, ¥ = a. Aixi, p és realitzat en 2. Podem concloure
que 2 és L™-| A|"-saturada. Tanmateix, 2 no és saturada perqueé el 2-tipus segiient no
¢s realitzat en 2
p={z#y}tU{Pax — Py:n€w}.

L'existéncia de models L™-|A|™ -saturats, com el model 2 de I'Exemple 5.12, ens
permet veure una propietat de la L™ -saturacié que la saturacié usual no comparteix.
Una estructura infinita 2 no pot ser mai |A|"-saturada, perqué el tipus segiient no pot
ser realitzat en 2A:

p={r#a:ac A}.

Ara donarem una caracteritzacié de les L-estructures 2 que sén L™ -| A|7-saturades.
Obtindrem el resultat segiient: 2 és L—-|A| -saturada ssi tota L™ -extensié de 2 és
parenta amb 21. Més tard veurem que, si 2 és L™-|{A|"-saturada, parlant intuitivament,
2* és ¢l més gran model reduit de Th™ (2). Primer, demostrem els lemes segiients.

Lema 5.13 Siguin A ¢ B L-estructures. Suposem que A <~ B ,ac Aibc B. 5i
tpg (b/A) = tpg(a/A), lavors atpg(b/B) = atpg(a/B).
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Demostracié. Suposem que tpg(b/A) = tpy(a/A). Llavors, com que per a tota
férmula atomica sense identitat ¢(x, Z) € L,

VzZ(¢(a, 2) — #(y,2)) € tpg(a/A),

tenim que, per a tota férmula atomica sense identitat ¢(z, z) € L,

Vz(#(a, 2) = &y, 2)) € tpy(b/A),
i aixi,
B = Vz(¢(x, 2) < 6(y,2)) [a. b].
Per tant,
atpy(b/B) = atpg(a/B). O

Observem que, cn el Lema 5.13, si a més a més B és reduida i tpg (b/A) = tpg(a/A),
llavors a = b.

Lema 5.14 Sigu: A una L-estructura. Si 2 és L™ -|A|" -saturada, llavors per a tota
B tal que A <~ B 1 tot b,V € B, els enunciats segients son equivalents:

i) atpg(b/A4) = atpg(¥'/A).
i) tpi(b/A) = tpg(V/A).
iii) atpg(b/B) = atpg(V'/B).
iv) tpg(b/B) = tpg(¥/B).

Demostracid. iii) = iv) i iv) = i) sén clars. i) = ii) Suposem que atpg(b/A) =
atpg(¥'/A). Sigui p = tpg(b/A) i P/ = tpx (V' /A). Com que 2A és L~-|A| -saturada i
A <~ B, hi ha a0’ € A tals que a és una realitzaci6 de p i @’ és una realitzacié de p/.
Per tant,

atpg(a/A) = atpg(b/A) = atpg (V' /A) = atpg(a/A),
i com que A <X~ B,
atpy (a/A) = atpy (d'/A).
Aixi,
tpy (a/A) = tpy (d'/A)
i com que 2A <~ B,
tpg (a/A) = tpg(d'/A).

En conseqiiéncia,

tpg (b/A) = tpg(a/A) = tpg(a'/A) = tpg (V' /A).
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ii) = iii) Suposem que p = tpy(b/A) = tpx (b’ /A). Com que A és L™-| A| -saturada
i2 <~ B, hi ha a € A tal que a és una realitzacié de p. Per tant,

tpg(b/A) = tpg(a/A) = tpg (b /A).
Llavors, pel Lema 5.13,

atpy(b/B) = atpg(a/B) = atpg (V' /B). O
Proposici6 5.15 Sigui % una L-estructura. Els enuncials segiients son equivalents:

i) A és L™-|A|" -saturada.

ii) Per a tota B tal que A <~ B i lot b€ B hi ha a € A tal que
atpy (b/B) = atpg(a/B).
iii) Per a tola B tal que A <~ B, la funcié h : A* — B* definida per:

h([ﬂ]n(m)) = [a]s}(qs):
per a tol a € A, és un isomorfisme.
iv) Per a tota B tal que A <~ B, B ~ A,
v) Per a tota B tal que A <X B, B ~ A
Demostracié. iil) = iv) 1 iv) = v) sbn clars, 1) = ii) Sigui B tal que 2 <~ B i

b € B, considerem p = tpg(b/A). Per i), com que 2 <~ B, hi ha un element a € A
tal que a és una realitzacié de p. Per tant, pel Lema 5.13,

atpp(8/B) = atpp(a/B).

ii) = iii) Sigui B tal que 2 <~ MB. Per ii), per a tot b € B — A, podem escollir
ap € A tal que

atpz (b/B) = atpp(as/B).

Per a tot b € A, sigui a;, = b. Llavors (ap : b € B) i (b: b € B) sén enumeracions de A
i de B respectivament, tals que

(2, ap)eer =g (B, b)bes-

Per la demostracié de vi) = v) de la Proposicié 2.17, la funcié h : A* — B* definida
per:
h([asloqay) = bloge) »
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per a tot b € B, és un isomorfisme. Perd com que ap € [blgy), per a tot b € B tenim
que k' : A* — B* definida per:

K ([alggy) = lalo) >
per a tot a € A, és un isomorfisme.

v) = i) Sigui B una L-estructura tal que 2 < B i B és |A| -saturada. Llavors B
és L™-|A| -saturada. Per iv), B ~ 2 i per la Proposici6 5.6, 2 és L™-|A| " -saturada.
O

Ara donarem una altra caracteritzacié dels models L™-|A|”-saturats:
Proposicié 5.16 Sigui 2l una L-estructura. Els enuncials segiients son equivalents:

i) A és L™ -|A|” -saturada.

ii) A és L™ w-salurada 1, per a tota B tal que A <~ B i lot b € B hi ha un conjuni
finit E C A tal que, per a tot ¢ € B,

tpy (b/E) = tpy(c/E) ssi  atpy(b/B) = atpg(c/B).

iii) Hi ha un cardinal infinit & < |A| tal que 2 és L™ -x-saturada i, per a tota B tal
que A <" B itolbe B hi ha EC A amb |E| < k tal que, per a tot ¢ € B,

tpg(b/E) = tpg(c/E) ssi  atpgy(b/B) = atpy(c/B).

Demostracié. ii) = iii) és clar. i) = ii) Si 2 és L -|A|" -saturada, llavors A és
L~ -w-saturada. Sigui B tal que 2 <~ B i b € B. Com que 2 és L™-|A| -saturada,
per la Proposicié 5.15, hi ha a € A tal que

st (5/B) = atpz(a/B)
1 per tant,
tp3(6/B) = tpi(a/B).
Sigui E = {a} i suposem que ¢ € B. Si
tpg (b/E) = tpg(c/E),
llavors, per a tota férmula atomica sense identitat ¢(x, Z) € L, com que
VZ(4(a, 2) < ¢(y,2)) € tpy(b/E)

tenim que

VE(¢(“= z) « #(y, 2) € tp‘]_B(C/E)’
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i llavors,
B | VE($(x, 2) « 6y, 2)) [a, ]
En conseqiiéncia,
atpg(c/B) = atpg(a/B) = atpy(b/B).
Inversament, si
atpz (b/B) = atpg(c/B),
llavors,
tpg (b/B) = tpg(c/B),
i aixi,

tpg(b/E) = tpg(c/E).

iil) = 1) Sigui p un L™-1-tipus sobre D C A en 2. Suposem que p és L™ -complet.
Pel Lema 5.3 hi ha B tal que 21 <~ B i b € B tal que p = tpg(b/D). Per iii), hi ha
E C A amb |E| < & < |A| tal que, per a tot ¢ € B,

tpg(b/E) = tpg(c/E) ssi  atpg(b/B) = atpgy(c/B).

Sigui ¢ = tpg(b/E). Com que 2A és L™ -x-saturada i 2 <~ B, hi ha un element a € 4
tal que a és una realitzacié de g. Per tant,

tpg (b/E) = tpy(a/E),

i llavors, per suposicio,
atpg(b/B) = atpg(a/B),
en conseqiiéncia,
tpg(b/D) = tpy(a/D)

i @ és una realitzaci6é de p. Llavors, podem concloure que % és L™-|A| -saturada. O

Finalitzem aquesta seccié amb un cxemple d’aplicacié de la Proposicié 5.16.

Lema 5.17 Sigui L un tipus de semblanc¢a tal que l’arietat de tols els seus simbols és
< 1. Llavors, tota estructura L™ «w-saturada A és L™ -|A|” -saturada.

Demostracié. Observem que, en cas que l'aritetat de tots els simbols de L sigui
< 1, per a tota L-estructura B,

atpy (b/0) = atpg(c/@) sii  atpg(b/B) = atpg(c/B).

per a tot b, ¢ € B. En conseqiiéncia, per la Proposicié 5.16, per a tota L-estructura 21,
si 2 és L™ -w-saturada, llavors 2 és L™-|A| -saturada. O
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5.2 Models L -universals i L™ -homogenis

A [MV62] M. Morley i R. Vaught van introduir els conceptes de model universal i
de model homogeni, adaptant algunes nocions dels articles de R. Jénsson, [Jon56] i
[Jon60]. El concepte de model fortament homogeni és degut a S. Shelah, [She78]. En
aquesta seccié introduirem els models L™ -universals, L™ -homogenis i fortament L™ -
homogenis, conceptes analegs als anteriors per a logica sense identitat. Veurem que la
relaci6 de parentiu preserva la L™ -universalitat, 1a L™ -homogeneitat i la L™-homogeneitat
forta dels models. Al Corol.lari 5.33 caracteritzarem els models L~ -saturats fent servir
models L™ -universals i L™-homogenis. Finalment, examinarem la relacié d’aquests
conceptes amb els usuals per a logica amb identitat. En particular, mostrarem, a la
Proposicié 5.39, que tota estructura reduida i fortament L™ -homogénia és fortament
homogenia i veurem que la inversa no és certa.

Recordem la definicié de model universal. Donada una L-estructura 2 i un cardinal
k, diem que 2 és x-universal ssi per a tota L-estructura B = Th(2) amb |B| < &, hi ha
una immersié elemental f : 8B — 2. Una estructura 2 és universal si és |A| " -universal.
Definim ara la nocié corresponent per a logica sense identitat.

Definicié 5.18 Donada una L-estructura 2 1 un cardinal k, diem que 2 és L™ -k-
universal ssi per a tota L-estructura B8 = Th™(2) amb |B| < &, hi ha una L™ -funcio
f:B - U [ diem que 2 és L™ -universal si és L™ -|A|" -universal.

Proposicié 5.19 Sigui 2 una L-estructura 1 K un cardinal. Els enuncials segiients
son equivalents:

i) A és L™ -k-universal.

ii) Per a tota B |= Th™ () amb |B| < &, hi ha una ezpansid de A que satisfa el
eldiag™ (B).

iii) Per a tota B = Th™(2) amb |B| < k, hi ha una enumeracié de B, b= (b; :i €
I), i una segiiéncia d’elements de A, @ = (a; : 7 € I), tal que

(2,3) = (B,b).
iv) Per a tola B = Th™ () amb |B| < k, B ~ €, per a alguna € <~ 2.
v) Per a tota B |= Th™ () amb |B| < x, B € H3 HgS™ (20).

vi) Per a tota B = Th™(2) amb |B| < k, B € HsH518™~ (2).

vii) Per a tota 8 = Th™(2) amb |B| < &, B* 3~ A*.
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Demostracié. Per la Proposicié 2.26. O

Observem que, en cas que L sigui relacional, tota L™-funcié és un homomorfisme
estricte. Per tant, en aquest cas, una L-estructura 2 és L™ -x-universal ssi per a tota
L-estructura B = Th™ (2) amb |B| < & hi ha un homomorfisme cstricte f : B8 — 2.

Ara veurem que la relacié de parentiu preserva la L™ -universalitat dels models.

Proposicié 5.20 Sigui 2 una L-estructura i & un cardinal. Llavors, 2A és L™ -k-
universal sst A* és L -k-universal.

Demostracié. =) Suposem que 2 és L™-k-universal. Sigui B = Th™ (2*) amb
|B| < k. Llavors B = Th™(2) i com que 2 és L™ -k-universal, per la Proposicié 5.19,
B* <~ A*. I com que (A*)* = 2A*, tenim que B* 3~ (A*)*. Podem concloure, per
la Proposicioé 5.19, que 2™ és L™ -x-universal. La demostracié de 1'altra direccid és
analoga. O

Corol.lari 5.21 Sigu: k un cardinal 1 A i B L-esiructures tals que A ~ B. Llavors,
A és L™ -k-universal ssi B és L™ -k-universal.

Demostracié. Per la Proposicié 5.20. O

Veiem ara la relacié entre les nocions de model L™ -saturat i de model L™ -universal.

Proposicio 5.22 Sigui 2 una L-estructura i & un cardinal. Si 2 és L™ -k-salurada,
Harvors A és L™ -k" -universal.

Demastracioé. Suposem que 2 és L™ -x-saturada i sigui B una L-estructura tal
que B = Th™(2) i |B] = A < &. Sigui b = (bs : @ € A) una enumeracié de B sense
repeticions i p = tpg(b/0). Com que B = Th™ (), p és un L™-A-tipus sobre § en 2.
Per tant, com que A < k12 és L™-k-saturada, p es realitza en 2. Siguia@ = (ay : @ € A)
una realitzacié de p en 2. Llavors,

(%,3) = (B,B).

Per tant, per la Proposicié 5.19, 2 és L™ -k -universal. O

Corol.lari 5.23 Sigui 2 una L-estructura. Si 2 és L™ -saturada, llavors 2 és L™ -
universal.

Demostracié. Per la Proposicié 5.22. O
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Observem que, per a alguns tipus de semblanga, és possible que hi hagi estructures
que sén L™ -k-universals, per a cada cardinal &. Sigui 2 com en 'Exemple 5.12. Com
que A és L™-|A|" -saturada, 2 és L™ -x-saturada, per a cada cardinal . Llavors, per
la Proposicié 5.22, % és L~ -k-universal, per a cada cardinal k. En aquests casos, per
la Proposicié 5.19 vii), podem dir, parlant intuitivament, que 2* és el més gran model
reduit de Th™(21).

Ara veurem la relacié entre la nocidé de model L -universal i la nocié de model
universal.

Proposicié 5.24 Sigui A una L-estructura tal que max({L|,Rp) < |A]|. Si A és uni-
versal, llavors A €s L™ -universal.

Demostracié. Suposem que B = Th™(2) i |B| < |A|. Per I'observacié que
segueix la Proposicié 3.27, com que max(|L|,Rp) < |A|, hi ba L-estructures € > 2 i
D = B tals que € ~ D i max(|C|,|D|) < |A|. Pel Lema 2.24, B* 2~ D* i com que
C~ D B* 2~ €. Com que € = Th(2), |C| < |A| i A és universal obtenim que
€ 2 2. Per tant, pel Lema 2.24, € =<~ 2* i llavors B* X~ A*. Podem concloure que
2 és L™ -universal. O

Mostrarem que la inversa del Corol.lari 5.23 no és certa.

Exemple 5.25 Signi L = {<} i 2 el model obtingut substituint a 7 + 1 (on 1 és el
tipus d’ordre dels racionals) cada element per una copia dels enters amb el seu ordre
estricte usual. Es un fet conegut que aquest model és universal perd no és saturat.
Per la Proposicié 5.24, 21 és L~ -universal i per la Proposicié 5.9, com que L és finit i
relacional i 2 és reduit, tenim que 2 no és L™ -saturat.

Observem també que la inversa de la Proposicié 5.24 no és certa. Sigui B com en
I’Exemple 5.10. Alli es va mostrar que B era L™ -saturat. Llavors, pel Corol.lari 5.23,
B és L™ -universal. Vegem que B no és universal. Considerem el 1-tipus segiient

p={z#blU{-Pffz:new},

p no &s realitzat en B. Sigui 2 una extensié elemental de B tal que |B| = |A| i p sigui
realitzat en 2, és un fet conegut que una extensié tal existeix. Clarament 2 = Th™(B)
i 20 2B, Aixi, B no és universal.

Ara introduirem les nocions de model L~-homogeni i de model fortament L™ -
homogeni. Mostrarem la relacié d’aquests conceptes amb les nocions usuals de model
homogeni, de model fortament homogeni i també amb la nocié de model L™-saturat
introduida abans. Recordem la definicié de model homogeni. Donada una L-estructura
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2 i un cardinal k, 2 és k-homogénia ssi per a cada dues seqiiencies @ = (a; : 1 € I) i
a = (a) : i € I) d’elements de A tals que |I| < & i

(2,a) = (A,@),
passa el segilent: per a tot d € A hi ha &' € A tal que
(A,a,d) = (A,@,d).
Una estructura 2 és homogénia si és |Al-homogeénia. Ara introduirem la nocié corre-

sponent per a logica sense identitat.

Definicié 5.26 Donada una L-estructura 2 i un cardinal &, diem que 2 és L™ -x-
homogénia ssi per a cada dues seqiiencies @ = (a; : 7 € I) 1@ = (a} : i € I} d’elements
de A tals que [I| < ki

(,2) = (2,7),

passa el segiient: per a tot d € A hi ha d € A tal que
(,a,d) =" (A,@,d).

Diem que 21 és L™ -homogenia si és L™-|Al-homogeénia.
Ara veurem que la relacié de parentiu preserva la L~ -homogeneitat dels models.

Proposicié 5.27 Siguin 2 una L-estructura i k un cerdinal. Llavors A és L™ -k-
homogénia ssi A* és L™ -k-homogeénia.

Demostracié. =) Suposem que 2 és L™ -x-homogénia i siguin € = (e : k € K) i

€ = (e}, : k € K) seqiiéncies d’elements de A* tals que |K| < ki

(2*2) =~ (A%, €).
Siguid € A*. Escollim per a cada classe d’equivaléncia ¢ € A*, un representant a,; € A.
Considerem ara les corresponents seqiiéncies @, = (ae, : k € K) i G = (ae;c 1k € K)
d’elements de A, tenim que

(2A,3) = (A,ax).
Com que 2 és L™ -x-homogenia i az € A, hi ha o' € A tal que

(9‘{35&1 ad) = (m$ Ee’a ﬂ.’),

per tant,
(m‘v é! d) = (91*, gv [a’] Q{g{))‘

Podem concloure que 2* és L™ -x-homogénia. La demostracié de l’altra direccié és
analoga. O
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Corol.lari 5.28 Sigui k un cardinal i 2 i B L-estructures lals que A ~ B. Llavors,
A és L™ -k-homogénia ssi B és L™ -k-homogénia.

Demostracié. Per la Proposicié 5.27. O

Veiem ara la relacié entre els conceptes de model L™ -saturat i de model L™-
homogeni.

Proposicid 5.29 Sigui A una L-estructura i k un cardinal. Si 2 és L™ -k-saturada,
llavors A és L™ -x-homogénia.

Demostraci6é. Suposem que @ = (a; : ¢ € I) 1@ = (a] : © € I) sén seqiiéncies
d’elements de A tals que
(2,a) =" (2,a)

i|I] < k. Siguir = {{a;,a}) :7 € I} . Donat un element d € A, considerem el tipus
p = tpg(d/dom(r)). Com que (2, @) =~ (2,@'), pel Lema 5.2, p" és un L~-1-tipus
sobre rg(r) en A. Com que A és L™ -x-saturada, hi ha una realitzacié & € A de p".
Llavors,

@,a,d) =" (A,7,d). O

Corol.lari 5.30 Sigu: U una L-estructura. Si 2 és L™ -saturada, llavors A és L™-
homogénia.

Demostracié. Per la Proposicié 5.29. O
L’exemple segiient mostra que la inversa del Corol.lari 5.30 no és certa:

Exemple 5.31 Sigui 2 = (w, <, n)new, on < és 'ordre estricte usual en w. A és L™-
homogenia perqué si@ = (a; : 1 € I) 1@ = (a} : 1 € I) sén dues seqgiiencies d’elements
de A tals que

(2,3) =" (A,@),

és senzill veure que, per a tot 7 € I, a; = a}, i aixi, per a tot d € A,
(A,a,d) = (A,@,d).
Perd 2 no és L™ -saturada, perque el L™-1-tipus segiient no és realitzat en 2

{n<z:new}.
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Ara donarem una caracteritzacié dels models L™ -saturats fent servir models L—-
homogenis i models L™ -universals.

Proposicié 5.32 Sigui A una L-estructura i x un cardinal amb max(|L|,Ny) < k.
Llavors 2 és L™ -k-saturada ssi A és L™ -k-homogénia i L™ -k -universal.

Demostracié. =) Per les Proposicions 5.22 1 5.29. <) Suposem que 2 és L™-x-
homogenia i L™-x -universal. Sigui D un subconjunt de A amb |[D| < kipun L™-1-
tipus L™ -complet sobre D en 2. Pel Lema 5.3 i 'observacié que figura a continuacié
del lema, com que max(|L{,Np) < k, hi ha 2’ tal que D C A’, A, = Th™(Ap) i
|A/| < k,ihi habe A tal que p = tpy(b/D). Com que |A'| < k, A |=Th™(2A) i A és
L™ -k -universal, per la Proposicié 5.19, hi ha una enumeracié de 4', @ = (al : i € I),
i una seqiiéncia d’elements de A, @ = (a; : i € I), tals que

(,3) == (A, ).

Sigui b = @ en I'enumeraci6 @’ de A4, d = (agj : § € J) una enumeracié de D sense

repeticions tal que d C @, i siguin d = (aj; : j € J) els corresponents elements en
Penumeracio @ de A. Llavors,

A, d,a;) == (2, d,a}), (5.1)
i per tant. com que D C A" i 2}, = Th™(2p),
(2,d) =" (&,d).

Llavors, per (5.1).

(%,d) =" (2,4d).
Aixi, com que A és L™ -sk-homogeni, |J| < £ 1a; € A, hi ha e € A tal que
(A,d,e) =" (%,d,a),

i llavors, per (5.1).

@A,d,e) =" (¥,d,a)).

Aixi, e és una realitzacié de p en 2. Podem concloure que 2 és L™ -k-saturada. O

Observem que, en la proposicié anterior, si max(|L|,Ro) < & només necessitem que
A sigui L™ -s-universal.

Corol.lari 5.33 Sigui A una L-estructura amb max(|L|,Ro) < |A|. Llavors 2 és
L~ saturada ssi U és L™ -homogénia ¢ L™ -universal.
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Demostracié. Per la Proposicié 5.32. O

Recordem la definicié de model fortament homogeni. Donada una L-estructura 2
i un cardinal x, 2 és fortament k-homogénia ssi per a cada dues seqiiencies @ = (a; :
i€l)ia = (a,:1€I) delements de A tals que |I| < ki

(2,2) = (2,a),
hi ha enumeracions d = (d; : j € J) i d= (dj:j € J) de A tals que
(2,d) = (2,d)

iga Cdiad Cd. Una cstructura 2 és fortament homogénia si és fortament |Al-
homogéenia.

Observem que, si tenim un model 2 i enumeracions d = (dj :jed)i d = (d} :
J €.J) de A tals que
(2,d) = (@, d),
la funcié h : A — A definida per: h(d;) = d;, per a tot j € J, é un automorfisme.

Ara introduirem la nocié corresponent per a logica sense identitat.

Definici6é 5.84 Donada una L-estructura 21 i un cardinal x, diem que 2 és fortament L™ -
rn-homogénia ssi per a cada dues seqiiencies @ = (a; : ¢+ € 1) 1@ = (a} : ¢ € I) d’clements
de A tals que |I| < ki

(2,7) = (A,a@),

hi ha enumeracions d = (d; @ j € J) i d = (d; :J € J) de A tals que
(2,d) =" (2A,d)

iacCdia C d. Diem que 2 és fortament L~ -homogénia si és fortament L~ -|Al-
homogenia.

Observem que, si tenim un model 21 i enumeracions d = (dj:jed)i d = (d; :
J €.J) de A tals que
(911 d) = (gl,d’)._,

la relacié R = {(dj,d;) 1] € J} és una relacié de parentiu.

Tenim que la L~ -homogeneitat forta és preservada per la relacié de parentiu.
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Proposicié 5.35 Sigui 2 una L-estructura i & un cardinal. Llavors, 2 és fortament L™
k-homogénia ssi A* és fortament L™ -k-homogénia.

Demostracié. Seguint el mateix tipus d’arguments que vam fer servir a la de-
mostracié de la Proposicid 5.27. O

Corol.lari 5.36 Sigui k un cardinal 1 2 i B L-estructures tals que A ~ B. Llavors,
2 és fortament L™ -k-homogénia sst B és fortament L™ -k-homogénia.

Demostracié. Per la Proposicié 5.35. O

Observem que, per definicié, tot model fortament L™-x-homogeni és L™ -x-homogeni,
pero la inversa no és certa. Sigui 2 = A+ n, on A és el tipus d'ordre dels reals i n
és el tipus d’ordre dels racionals. Com que el tipus de semblanga és finit i relacional
i A és reduida, per la Proposicié 2.15, per a cada dues seqiiéncies @ = (a; : 1 € I) i
@ = (a} : 7 € I) d’elements de A,

@A,a) =" (A,a) if (%a)=2a7). (5.2)

Es un fet conegut que aquest model és w-homogeni per6 no fortament w-homogeni.
Fent servir aquest fet i és senzill mostrar que 2 és L™ -w-homogeni pero no fortament
L™ -w-homogeni.

Proposicié 5.37 Sigui A una L-estructura. Llavors, 2 és fortament L~ -homogénia
ssi 2 és L™ -homogénia.

Demostracié. Pel mateix tipus d’arguments que els del resultat analeg per a
models fortament homogenis.

Ara veurein la relacié entre els conceptes de model L™ -saturat i de model fortament L™ -
homogeni.

Corol.lari 5.38 Sigui 2 una L-estructura. Si2 és L™ -saturada, llavors 2 és fortament L™ -
homogénia.

Demostracié. Pel Corol.lari 5.30 1 per la Proposicié 5.37. O

Observem que la inversa del Corol.lari 5.38 no és certa, la estructura 2 de 'Exemple
5.31 és L~ -homogenia i en conseqiiéncia, fortament L~ -homogénia, perd no és L™ -
saturada.

Finalment veurem la relacié entre els conceptes de L™ -homogeni, fortament L™-

homogeni i les nocions corresponents de logica amb identitat, parant esment especial
a les estructures reduides.
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Proposicié 5.39 Sigui 2 una L-estructura reduida. Si 2 és fortament L™ -homogénia,
llavors A és fortament homogénia.

Demostracié. Suposem que 2 és reduida i fortament L™-homogenia i a = (a; :
i€I)ia = (a}:i € I) sén dues seqiténcies d’elements de A tals que |I| < |A] i

(2,a) = (A,a).
Llavors,
(A,a) = (A,a@),

i com que 2 és fortament L~ -homogenia, hi ha enumeracions d = (d; : j € J) i
g:(d} :Jj € J) de A4, tals que

(A, d) =" (A,d)

iaCdia C d. Perd com que 2 és recuida, per la demostracié de vi = v) de la
Proposici6 2.17, hi ha un automorfisme f : 2 — 2 tal que, per a tot j € J, f(d;) = dj.
Per tant,

(2,d) = (2,d).

En conseqiiéncia, 2 és fortament homogénia. O

Corol.lari 5.40 Sigui 2l una L-estructura reduida. Si 2l és L™ -homogénia, llavors 2
€s homogénia.

Demostracié. Per la Proposicié 5.39, perqué tota estructura L~ -homogenia és
fortament L~ -homogenia i tota estructura fortament homogenia és homogenia. O

Corol.lari 5.41 Sigui 2 una L-estructura reduida. Si 2 és L™ -saturada, llavors 2 és
Jortamenl homogénia.

Demostracié. Pel Corol.lari 5.38 i la Proposicié 5.39. O

Observem que en la Proposicié 5.39 no podem treure la restriccié que 2 sigui
reduida:

Exemple 5.42 Sigui L = {E} on E és un simbol relacional binari i 2 = (w; +w, E%)
on E? és la relacié d’equivaléncia definida per: (o, 8) € E? ssiobé (@ Sw; i f < wi)
obé(a>wif>uw), peratot a,f € w;+w. Es senzill verificar que 2 no és reduida
i que 2A* és finita. Llavors, 21* és L -saturada i en conseqiiencia, pel Corol.lari 5.7, 2 és
L~-saturada. Llavors, pel Corol.lari 5.38, 2 és fortament L~ -homogenia. Pero 2 no és
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fortament homogenia: agafem a < wj i 8> w; i I el conjunt de tots els isomorfismes
parcials finits p tals que p(a) = 3. Es senzill veure que I : (2, a) =, (2, 8). Per tant,

(2, o) = (A, B).

Perd, com que les classes d’equivalencia de « i de 3 sén de diferent cardinalitat, no hi
ha cap automorfisme h : 2 — 2 tal que h(a) = 6.

Observem també que la inversa de la Proposicié 5.39 no és certa:

Exemple 5.43 Sigui L. = {P, E, f} on P és un simbol relacional monadic, E un
sfmbol relacional binari i f un simbol funcional monadic. Sigui 2 = (4, P2, f%, E%),
onA=MUMU{b}, M={an:necw}, M ={a,:ncw},b¢g MUM' i MNM' =0.
Sigui P* = {ag,a}} i per a tot n € w, fHani1) = an, fr(a0) = ao, fHa,.,) = d,
f2(ap) = ap i fA(b) = b. Finalment, sigui

E% = [(M' U {b}) x (M' U{b})] U[M x M].

Clarament 2 és reduida. Observem que 2 és fortament homogenia: suposem que
a=(a;:i€I)ia = (a}:i € I) sén seqiiéncies d’elements de A tals que

(2,3) = (2%,7).

Es senzill mostrar, en aquest cas, que per a tot i € I, a; = al. Per tant, la identitat
¢s I'automorfisme desitjat. Perd 2 no és fortament L~ -homogenia. Per a mostrar aixo
primer demostrem que

(%, a0) ~y (2, ).

Sigui n € w, provem que
(le ao) i (Qi, a;))

Sigui X = {(a:,a}) : i € w}U {{a},a;) : i € w} iper atotl € w, sigui
Yi =X U {{baks1), (ar+1,b) 1 k 2 1}.
Ara, per a tot m < n, sigui
I, = {pU{{ao,ap)} : p C Y, per a algunl>m}.
Clarament (I, )m<n satisfa les condicions i) — v) de la definicié de ~,. Per tant,
(%, a0) ~y (%, ag).

En conseqtiéncia,
(911 ag) =~ (Ql, a'b)s

pero no hi ha d € A tal que
(2, ap,d) =~ (2, ag, b).

Podem concloure que 2 no és L~ -homogenia. Per tant 2 no és fortament L~-homogenia.
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Com que l'estructura 2 de ’anterior contraexemple és homogenia perd no L™-
homogenia, tenim que la inversa del Corol.lari 5.40 no és certa.

5.3 Teories L™ -completes

Les teories axiomatitzades per un conjunt d’enunciats sense identitat han estat car-
acteritzades al Capitol 4. En aquesta seccié estudiarem algunes propietats d’aquest
tipus de teories (Proposicions 5.44, 5.45 i 5.46). Introduirem les nocions de teoria
L™ -completa i de teoria L™ -Ng-categorica i desenvoluparem la técnica d’eliminacid
de quantificadors per a L~. Fent servir els models L™ -w-saturats i els métodes de
back-and-forth introduits abans, presentarem caracteritzacions d’aquests conceptes
(Proposicions 5.48, 5.52, 5.56 i 5.59). Acabem la seccié amb I'estudi d’algunes teories
completes i axiomatitzades per un conjunt d’enunciats sense identitat. Per a tenir més

referencies sobre el métode d’eliminacié de quantificadors i sobre la categoricitat de les
teories vegen [CK91], [Hod93b] i [Poi85].

A les proposicions que vénen a continuacid, presentem dues caracteristiques de les
teories consistents axiomatitzades per un conjunt d’enunciats sense identitat. Primera:
si tenen només models infinits, llavors no sén &-categoriques, per a cap cardinal infinit
k. I, segona: si son consistents i d'un tipus de semblanca, o bé finit i relacional o bé
que contingui siimbols funcionals, no sén completes.

Proposicié 5.44 Si T és un conjuni d’enunciats sense identitat que té només models
wnfinits, llavors per a tol cardinal infinit k, T no €s k-categorica.

Demostracié. Sigui £ un cardinal infinit tal que hi ha un model A de T de
cardinalitat ~. Mostrarem que hi ha un model B de T de cardinalitat x tal que
A 2 B. Per a demostrar que ™A % B, distingirem dos casos. En ambdés casos farem
servir el fet segilient:

Fet: Si h : 2% — B és un isomorfisme de 2 sobre B, per a tot a € A, la restriccié
de h a [a]gy ¢ una bijecci6 entre [a]g gy i [A(a)lgmy)-

Cas I: Per a tot a € A, |[a]ﬂ{m}! = K. Sigui B una estructura obtinguda a partir de

A" de la mateixa mancra que en els Preliminars, fent servir la seqiiéncia de cardinals
(pp : b € A) definida aixi: per a tot b € A,

_ ) K, sib=ay,
Ho = 1, altrament,

on ag és un element fixat de A. Llavors B € Hg'(2*) i com que T esta axiomatitzada
per un conjunt d’enunciats sense identitat i 2 = T, B = T. Es clar que B té
cardinalitat « i, fent servir el fet enunciat abans, és senzill veure que 2 22 B.
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Cas II: Hi ha a € A tal que |[a]Q{ﬁ)\ < k. En aquest cas sigui B una estructura
obtinguda a partir de 2 de la mateixa manera que en els Preliminars, fent servir la
seqliencia de cardinals (up : b € A) definida aixi:

= K, si “b]ﬂ(m)l < K,
1, altrament,

per a tot b € A. Raonant com en el cas I, es mostra que % és un model de 7" de
cardinalitat £ que no és isomorf a A. O

Proposicié 5.45 Si L és finil i relacional, llavors no hi ha cap teoria completa i
consislent aziomatitzada per un conjunt d’enunciats sense identital.

Demostracidé. Suposem, buscant una contradiccié, que L és finit i relacional i
que hi ha una teoria T' completa i consistent axiomatitzada per un conjunt d’enunciats
sense identitat de L. Com que L és finit i relacional, hi ha un conjunt finit T' de
formules de la forma Vz [¢(x,Z) < ¢(y,Z)], on ¢ € L~ és atomica, i tal que tota
formula d’aquesta forma en les variables z, y és logicament equivalent a una d’aquest
conjunt. Sigui t(z,y) la conjuncié de totes les formules de I'. Sigui ¢ ’enunciat
VaVy(r = y < ¢¥(z,y)). Com que T és completa, o bé T =0 0 bé T = —o. Per tant,
o bé tots els models de T' sén reduits o bé tots els models de T s6n no reduits, perod
aixo és absurd, perque per suposicié 1" estd axiomatitzada per un conjunt d’enunciats
sense identitat. O

Proposicié 5.46 Si L t¢ simbols funcionals, llavors no hi ha cap teoria completa 1
consistent ariomatitzada per un conjuni d’enunciats sense ideniitat.

Demostracié. Suposem, buscant una contradiccié, que L conté, si més no, un
simbol funcional, f, d’arietat, diguem n, i que hi ha una teoria 7' completa 1 consistent
axiomatitzada per un conjunt d’enunciats sense identitat de L. Primer, observem que,
per a tot model 2 de T i tota enumeracié @ = (a; : i € I) de A, Ter? és un model de
T, on Ter? és 'estructura definida als Preliminars. Com que TerZ és una estructura
de termes,

Terg EVT1...ZoVY1 . Ya(f(215 - Z0) = Fyn 0 m) = N\ @i = 1),
1<i<n

Te'.v'gl beWipi oo Pl cesi®n) #®5

Per tant, com que T és completa,

T Ve .z yn(f(@1 - Z0) . Fy1, o vn) = N\ @i w)
1<i<n
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T }=V:L‘1 ceopn f(rl,.....'.f,'n) 95'.’1:1.

Ara suposem que 2 és un model de 7' i sigui B una estructura obtinguda a partir
de U de la mateixa manera que en els Preliminars, fent servir la seqiiencia de cardinals
(s : b € A) definida aixi: per a tot b € A,

) 2, sib=a,
BE= 1, altrament,

on a és un clement fixat de A. Clarament B8 € Hg'(2!) i com que T esta axiomatitzada
per un conjunt d’enunciats sense identitat, B |= T. Perd observem que f%(a,...,a) #
a, perque

T 1& V{L‘] R 11} f(:rl, ia .,.’.Cn) # x.
Llavors, si d i e s6n els dos elements de C,, per definicié de 98, f2(d,. .., d) € Craa,. a)s

fPle,...,e) €Cpapq,. )i |Cf“(a,....a) = 1. Aixi, f2(d,...,d) = f2(e,...,€), perd aixd
és absurd perque ‘B és un model de T i

T]=V'Bl ---mnvyl---yn(f(xlv"'ﬁxﬂ) ﬁf(yl:“--11‘-)".?1)_" A T; ﬁyﬁ)- O
1<i<n

Ara introduirem la nocié de teoria L™ -completa. Diem que una teoria T és L™ -
completa ssi per a tot enunciat 0 € L™, T =0 o T = —o. Per tal de presentar una
caracteritzacid de les teories L™ -completes, introduim una mica de notacio i demostrem
alguns fets basics sobre els models L™ -w-saturats. Donades dues L-estructures 20 i B
i seqiiencies @ = (a; : i € I) i b= (b; : i € I) d’elements de A i de B respectivament,
designarem amb (@, b) la relacié r C A x B definida per:

r={{as,b;) ;i c I} .

[ donat un cardinal &, un conjunt D C A i un L™-«-tipus p sobre D en 2, designarem
amb p@?) e] tipus p” de la Definicié 5.1. Finalment definim els conjunts segiients:

I ={(@}b): (%,3) =; (B,}), a,D finits}

= {(E,B) : (21,3) =~ (B,b), @,b ﬁnits}.

Observem que els elements de Iy i I) son relacions de parentiu parcials. En cas que
A=y B, tenim que @ € I i, en cas que A =~ B, tenim que @ € I;.

Lema 5.47 51 2 i B son models L™ -w-salurats, els enunciats segiients son equiva-
lents:
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i) A="18.
i) ) : A ~p B.
iii) A ~p B.
iv) A~y B,
Demostracid. ii) = iii), iii) = iv) i iv) = i) son clars. i = ii) Suposem que 2A =~
. Veurem que I; satisfa les condicions i) — v) de la definicié de ~p. Com que 2 =~ %,
0 € I i aixi, val la condici6 i). Siguin @ = (a; 14 € J) i b= (b : i € J) seqiidncies
finites tals que (@,b) € I; i c € A. Sigui p el tipus sense identitat de c sobre {a; : i € J}
en A. Com que (2,d) = (B,b), p®" és un L~-1-tipus sobre {b; :i € J} en B i B
és L~-w-saturat, hi ha d € B que realitza p®®), Aixi (@c,bd) € I, i per tant, val

la condicié ii). D’una manera analoga podem mostrar que val la condicié iii). Les
condicions iv) i v) se satisfan clarament. Podem concloure que I : % ~, B. O

Observem que, per a L-estructures qualssevol, el Lema 5.47 no és cert, recordem
les L-estructures 2 i B de I'Exemple 3.5, on es demostra que 2 ~; B perd 2 o, B.

Els models L~ -w-saturats ens oferiran una caracteritzacié de la L™ -completesa
d’una teoria:

Proposicié 5.48 Per a tota teoria T de L, els enunciats segiients son equivalents:

i) T és L™ -completa.
ii) Si 2 iB son models L~ w-saturats de T, llavors Iy : A ~p, B.
iii) Si 2 i B son models L™ «w-saturats de T, llavors A ~p, B.

iv) Si 2 i B son models L™ <w-saturats de T, llavors A ~¢ B.

Demostracié. ii) = iii) i iil) => iv) s6n clars. i) = ii) Suposem que 2 i B sén
models L™ -w-saturats de . Com que T és L™ -completa, 2 =~ B. Llavors, pel Lema
547, I : A ~y, B,

iv) = i) Mostrem que, si 2 i B s6n models de T, llavors 2 =~ B. Siguin 2’ > 2
i B’ > B extensions w-saturades. Per tant, 2’ i B’ sén models L -w-saturats de 7.
Llavors, per iv), 2’ ~; B’ i en conseqiiencia, 2' == B'. Axi A =" 8. O

Ara estudiarem el concepte d’eliminacié de quantificadors per a L~. Donada una
teoria T de L, diem que T ié eliminacid de quantificadors per a L™ ssi per a tota
férmula ¢(Z) € L~ hi ha una férmula ¢/(Z) € Ly tal que

T d. (5.3)
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I diem que T i€ eliminacio de quantificadors pels no-enuncials de L™ si la condicié (5.3)
val només per a les férmules que no sén enunciats. Donarem primer una caracteritzacié
semantica de les teories L™ -completes que tenen eliminacio de quantificadors per a L~
i més tard una caracteritzacié algebraica fent servir els models L™ -w-saturats i els
metodes de back-and-forth.

Lema 5.49 Sigui T una teoria de L 1 ® un conjunt de formules de L™ lal que

i) tota férmula atomica de L™ pertany a @,
ii) @ estd tancada sota combinacions booleanes,
iii) per a lota formula ¢(T,y) € P, yd(Z,y) €s equivalent, modul T, a una formula
P(Z) € ©.

Llavors, per a tota formula ¢(T) € L™ hi ha una formula ¢/(T) € ® tal que
TE¢—d¢.

Demostracid. Per induccié sobre la complexitat de ¢, O

Observem que, si exigim en la condicié iii) del Lema 5.49 que Jy¢é(T,y) tingui si
més no una variable lliure, llavors el Lema 5.49 val, si exigim en el seu enunciat que
¢(T) tingui si més no una variable lliure. Ara introduim una mica de notacié. Si 2 i
B son L-estructures, 2 =7 B significara que tot enunciat existencial sense identitat
vertader en 2 és també vertader en B.

Lema 5.50 Sigui L un tipus de semblanga amb si més no un simbol constant. Per a
tota teoria T de L, els enunciats segiients son equivalents:

i) T ¢ eliminacio de quantificadors per a L.
ii) SiA, B=T iae A,be B son segiiéncies finites,
(2,3) =5 (B,b) = (2,@) =~ (B,b).
iii) $i®A, BT iac A bc B son seqiiéncies finites,

(%,3) =5 (B,b) = (A,a) 7 (B,b).

Demostracid. i) = ii) i ii) = iii) sén clars. iii) = i) Clarament si ® és el conjunt
de totes les formules sense quantificadors de L™, llavors ® satisfa les condicions i) i ii)
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del Lema 5.49. Vegem que també val la condicié iii). Suposem que Jy¢(Z,y) € L™ on
o(Z,y) € ®. Si T U {3ya(T,y)} és inconsistent, és clar. Altrament, sigui T el conjunt

I = {$(z) € @ : TU (3y6(z,y)} = v(@)}

Veurem que T'U T = Jy¢(T,y). Suposem, buscant una contradiccié, que hi ha un
model 2 = T tal que, per a algunaa@ € A, A =T'[a@] i A ¥ Jy¢é(T, y) [a] . Expandim
el llenguatge afegint noves constants per als elements de @. Considerem ara el conjunt
A definit per

A={o(@):0(Z)c®i(Aa)Fol@}. (5.4)

Tenim que T U A U {3ye¢(a,y)} és consistent, altrament sigui 04(@),...,on(a) € A
tal que
T U{3yé(@,y)} = —o1(@) V...V -oa(a),

llavors, com que les noves constants no apareixen a T,
T = 3yg(z,9) — ~1(T) V ...V ~0n(3)

i per tant, per definicié de I', tindrem —o(Z) V ...V —0,(F) € I, perd aixd és absurd
perqué A = '[a@). Aixi TU A U {3yé(a,y)} és consistent. Sigui (B,0) =T UA LU
{3yo(a,y)}. Tenim que ~

(B,0) = (2,3).

Llavors, per iii)
(B,0) =1 (2,2).

Per tant, com que
B = 3é(7,) 8],
obtenim
A = Jyo(z,v) [a],
que ¢s absurd. Per tant, TUT = 3y¢(F, y) i en conseqiiéncia, hi ha ¥(Z) € ® tal que
T = (7)< Jyé(T,y).

Aixi, pel Lema 5.49, podem concloure que T té eliminacié de quantificadors per a L™.

1.

Observem que en les condicions ii) i iii) del Lema 5.50 permetem que les seqiiéncies
@ i b siguin buides. Tornem a enunciar el Lema per als no-enunciats.

Lema 5.51 Per a tota teoria T de L, els enunciats segiients son equivalents:

i) T té eliminacio de quantificadors per a no-enunciats de L™.
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ii) SiA, BI=T ia € A,bc B son seqiiéncies finites no buides,
(2,a) =7 (B,b) = (A,a) = (B, b).

iii) Si?A, B=T ia € A, b€ B son seqiiéncies finites no buides,
(2,3@) =5 (B,b) = (2,3) =7 (B,b).

Demostracié. Aniloga a la demostracié del Lema 5.50, pero fent servir 'observacié
que segueix el Lema 5.49. O

Proposicié 5.52 Sigui L un tipus de semblanga amb si més no un simbol constant.
Per a tota teoria T de L els enuncials segiients son equivalents:

i) T és L™ -completa i ¢ eliminacio de gquantificadors per a L™.

ii) Si2 i B son models L™ -w-saturals de T', I : A ~p B.

Demostracié. i) = ii) Suposem que 2 i B sén models L™ -w-saturats de T. Com
que T és L™-completa, per la Proposici6 5.48, I : 2 ~, B. T com que T té eliminacié
de quantificadors per a L™, pel Lema 5.50, Iy = I). Per tant Iy : % ~,, B.

ii) = 1) Suposem que és cert que, si A i B sén models L™ -w-saturats de T, I :
A ~, B. Llavors, per la Proposicié 5.48, T' és L™-completa. Suposem ara que 2’ 1 B’
sén models de T'i@ € A’ i b € B’ s6n seqiiéncies finites tals que

(%B',b) =5 (U, a).

Veurem que ~
(B',b) = (¥, a).

Siguin 2 i B estructures w-saturades tals que 2 > A’ i B > B’. Llavors,
(,b) = (%,7)

i tenim que 2 i B s6n models L™ -w-saturats de T'. Per tant, per ii), fp : 2 ~, B. Aixi,
per la demostracio del Teorema 3.13, tenim

(8,b) =% (A,3),
i llavors
(B,b) =~ (2,a).
Aixi,
(B',b) = (A, 7).
En conseqtiencia, pel Lema 5.50, podem concloure que T' té eliminacié de quantificadors
pera L. O

Ara reescriurem la Proposicié 5.51 per a no-enunciats.
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Proposicié 5.53 Per a tota teoria T de L, els enunciats segiients son equivalents:

i) T és L™ -completa i té eliminacié de quantificadors per a no-enuncials de L.

il) S: 2 1B sén models L™ -w-saturats de T', Iy : A ~, B.

Demostracid. Analoga a la demostracié de la Proposicio 5.52 pero fent servir el
Lema 5.51. O

Ara introduirem la nocié de teoria L™ -k-categorica. Sigui 7" un conjunt d’enunciats
de L™ i sk un cardinal, diem que T és L™ -k-categorica ssi T té, llevat d’isomorfisme,
com a maxim un model reduit de cardinalitat k. Com hem vist a la Proposicié 5.44,
per a tota teoria T'C L™ que tingui només models infinits, T no és k-categorica, per
a cap cardinal infinit . No obstant aix0, com que per a tota 7' C L™, Mod(T') =
Hg'(Mod*(T)), on Mod*(T) és la classe de tots els models reduits de T, per tal
d’estudiar els models de 7" és important conéixer quantes estructures reduides hi ha en
cada cardinalitat. Hi ha teories que tenen només un model reduit en algun cardinal & i
hi ha teories que no tenen cap model reduit, en algun cardinal k. Observem que aquest
darrer fet no contradiu el Teorema de Léwenheim-Skolem. Per exemple, considerant
la teoria sense identitat d’un model 2, que sigui L™-|A|"-saturat, hi haura un cardinal
& tal que per a tot cardinal A > & no hi haurd models reduits d’aquesta teoria de
cardinalitat A.

Proposicié 5.54 Sigui T un conjunt d’enunciats de L. Si sempre que 2 i B son
models de T, U ~, B, llavors T' és L™ -complela i L™ -Ro-categorica.

Demostracié. D’una banda, com que, si 2 i B s6n models L™ -w-saturats de T,
2 ~, B, per la Proposicié 5.48, T és L™ -completa. D'altra banda, com que, si 2 i 8
sén models reduits comptables de T, 2 ~;, B, pel Corol.lari 3.17, 2 = B. Per tant, T
és L™-Np-categorica. O

La proposicié que vindra a continuacioé ens donara una caracteritzacié de les teories
que sén L~ -completes i L™-Ry-categoriques, quan L és comptable. Primer, pero, de-
mostrarem els lemes segitents:

Lema 5.55 Sigui L comptable i T un conjunt d’enunciats de L™. Si T és L™ -Rp-
categorica, llavors T' és L™ -completa.

Demostracié. Suposem que T és L™ -Ry-categorica. Siguin 2 i B models de 7.
Com que L és comptable, pel Teorema de Lowenheim-Skolem, hi ha L-estructures 2!/
i B’ comptables tals que 2’ = 2 i B’ = B. Llavors 2’ i B’ sén models comptables de
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T i per tant, com que T és L™-Rg-categorica i T'C L™, 2™ i B™ sén models isomorfs
de 7. Clarament llavors 2’ == B’ i per tant, 2 =~ B. Podem concloure que T és
L~ -completa. O

Proposicié 5.56 Sigui L comptable. Per a tol conjunt T d’enunciats de L™ els enun-
cials segiients son equivalents:

i) T ¢és L™ -completa i L™ -Ng-calegorica.

i) Si 2 i B sdn models comptables de T', A ~, B.

Demostracid. i) = ii) Suposem que T' és L™ -completa i L™-Ry-categorica. Siguin
2 i B models comptables de T'. Com que T' C L™, A* i B* sén models de T'. Per tant,
com que T" és L™ -Rg-categorica, A* = B*. Llavors 2 ~ B i, en conseqiiencia, A ~, B.

ii) = i) Suposem que, si 2 i B sén models comptables de T', A ~, B. Llavors,
pel Corol.lari 3.17, si 20 i 9B sén models reduits comptables de T, % = B, Aixi, T és
L~ -Ng-categorica i pel Lema 5.55, com que L és comptable, T és L™ -completa. O

Ara estudiarem les teories que tenen les tres propietats segiients alhora: admeten
climinacié de quantificadors per a L™, sén L™ -completes 1 L™-Rg-categoriques.

Proposicié 5.57 Sigui L un tipus de semblanga amb si més no un simbol constant 1
T un conjunt d’enunciats de L. Si per a tots els models A ¢ B de T, Iy : A ~ B,
llavors T és L™ -completa, L~ -Ng-categorica i té eliminacid de quantificadors per a L™.

Demostracié. Com que, si 2 i B s6n models L™-w-saturats de T, Ip : 2 ~, B,
per la Proposicié 5.52, T' és L™ -completa i té eliminacié de quantificadors per a L.
Donats dos models reduits comptables 21 B de T', I : 2 ~, B. Llavors, pel Corol.lari
3.17, A = B. Per tant, T també és L™-Ng-categorica. O

La Proposicié 5.57 pot ser reescrita per a no-enunciats de la manera segiient:

Proposicié 5.58 Sigui T un conjunt d’enunciats de L—. Si per a tots els models 2 i
B deT, In: A ~p B, llavors T és L™ -completa, L™ -Ro-categorica i té eliminacio de
quantificadors per a no-enunciats de L.

Demostracié. La demostracié és analoga a la demostracié de la Proposicié 5.57
perod fent servir la Proposicié 5.53. O

Proposicié 5.59 Sigui L comptable i amb si més no un simbol constant. Per a lot
conjunt T' d’enunciats de L™, si per a tots els models compiables 2 1B de T, Iy : A ~y
B, llavors T és L™ -completa, L™ -Ng-categorica i L€ eliminacié de quantificadors per a
L-.
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Demostracié. Com que, per a tots els models comptables A1 B de T, A ~, B, per
la Proposici6 5.56, T' és L™-completa i L™-Rg-categorica. Suposem ara que 2, B =T
i que hi ha seqiiencies finites @ € A i b € B tals que (2,@) =; (B,b). Vegem que
(A,a) = (B, b). Com que L és comptable, pel Teorema de Lowenheim-Skolem, hi ha
L-estructures comptables (20,@') i (B,5) tals que (2,a) = (2,a) i (8,5) = (B,5).
Llavors, 2" i %’ sén models de T' i (2,a’) =5 (¥, 5}). Aixi (E’,B’) € Ip, i com que
Ip : A ~, B, per la demostracié del Teorema 3.13, (2',a’) =~ (B, b) i liavors
(A,a@) == (B,b). Podem concloure, per la Proposicié 5.50, que T té eliminacié de
quantificadors pera L=, O

Reescrivim la Proposicié 5.59 per a no-enunciats:

Proposicié 5.60 Sigui L comptable i T un conjunt d’enunciats de L~. Si per a tols
els models comptables 2 i B de T, Iy : % ~p B, llavors T és L™ -completa, L™ -Rp-
calegorica 1 té eliminacio de quantificadors per a no-enunciats de L™ .

Demostracié. La demostracié és analoga a la demostracié de la Proposicié 5.59
fent servir la Proposicié 5.51. O

Per a acabar la seccié estudiarem alguns exemples de teories completes consistents
axiomatitzades per un conjunt d’enunciats sense identitat. Tots els exemples sén de
tipus de semblanga infinits i relacionals perqué, com hem demostrat a les Proposi-
cions 5.45 1 5.46, no hi ha teories completes consistents axiomatitzades per un conjunt
d’enunciats de L™, si L o bé és finit i relacional o bé conté simbols funcionals.

Exemple 5.61 Sigui L = {R, : n € w}, on, per atot n € w, R, és un simbol relacional
binari. Considerem la L-estructura 2% = (“2, R2),¢,, on, per a tot n € w, R% és la
relacié d'equivalencia definida per:

(f,g) €RY sii fln=gln,

per a tot f.g €42, Sigui T' = Th(2), és un fet conegut que T és completa i que esta
axiomatitzada pel conjunt d’enunciats sense identitat segiient:

l(ny “Rp és una relacio dfequivaléncia”.

2(n) “Rp té exactament 2" classes d/equivaléncia”.
3ny VoVy(Rni1zy — Razy).

d(n) Va3y(Razy A - Rps12y).

Com que T té només models infinits, per la Proposicié 5.44, per a tot cardinal
infinit k, 7" no és s-categorica. No obstant aixo 7" és L™ -Ny-categorica. Demostrarem
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ara aquesta propietat juntament amb el fet que T té eliminacié de quantificadors per
a no-enunciats de L~. Per la Proposicié 5.60, en tenim prou a demostrar que, per a
tots els models comptables 21 B de T, Iy : A ~; B.

Suposem que 2 i B sén models comptables de 7. Com que § € Iy, la condicié i)
de la definicié de ~, se satisfa. Vegem ara que satisfa també la condicié ii). Suposem
que €= (c;:i<k)id=(d;:i< k) sén seqgiiencies finites d’elements de A i de B
respectivament, tals que (¢,d) € Iy i a € A. Podem distingir dos casos:

Cas I: Hi ha i < k tal que, per a tot n € w, {¢;,a) € R2. Llavors, escollim b = dj.

Cas II: Per a tot i < k hi ha n € w tal que (¢;,a) ¢ RZ. Llavors, hi ha un nombre
maxim m > 1 amb la propietat que hi ha i < k tal que (¢;,a) € R2%. Pels axiomes,
sii,j <k, (c,a) € R i (¢j,a) € R2 | llavors (ciye5) € Rffhl. Fixem i < k tal que
{¢igya) € R2. Com que Y23y(Rmzy A — Rm.12y) és un axioma de T, podem escollir
b € B tal que

B |= Enxy N ‘ﬁ-Rm—'rl:-I::“a‘r [d'ins b] s

Per cleccié de b, en ambdés casos tenim que (¢a,db) € Iy. Clarament la condici6
ii) se satisfa. La condicié iii) la demostrem de manera analoga. Podem concloure que
Ip : A ~; B. Per tant, per la Proposicié 5.60, T té eliminacié de quantificadors per a
no-enunciats de L™ i és L™-Rop-categorica.

Llevat d’isomorfisme, 1'inic model reduit comptable de T és la subestructura de 2
que té per domini el conjunt

C={f€“2:3In cwV¥m >n, f(m)=0}.

2 és el model reduit més gran d’aquesta teoria. Per tal de demostrar-ho, veurem que
2 ¢s L™-|A| -saturat. Per la Proposicié 5.15, n’hi ha prou amb mostrar que, per a
tota L-estructura B tal que 2A <~ B i tot b € B, hi ha g €2 tal que

atpg(b/B) = atpg(9/B).

Suposem que A <~ B i b e B. Com que per a tot n € w hi ha exactament 2" classes
d’equivalencia en la particié originada per R2, per a tot n € w hi ha f, €2 tal que
(fu.b) € R2. Llavors, considerem la funcié g €2 definida de la manera segiient: per
atot n € w, g(n) = fu(n). Clarament, per a tot n € w, (g,b) € R® i per tant,

atpy(b/B) = atpy(g/B).

Exemple 5.62 Sigui L com en I'Exemple 5.61. Considerem la L-estructura B =
(“w, R3)pew, on, per a tot n € w, R2 és la relacié d’equivaléncia definida per:

(fsg)ER‘r? sii f[ﬂ=9fﬂ,

per a tot f,g €“w. Sigui 7" = Th(B), és un fet conegut que 7" és completa i que esta
axiomatitzada pel conjunt d’enunciats sense identitat segiient:
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1 YrVyRoxy.
2(n) “R, és una relacio d/equivalencia”.
3(n) VeVy(Rar1zy — Razy).
4(n)[m) Ya3yo . --ym(./\ Rpzy; A _/\ “Rp12y; A /\ Ry 1959:)-
i<m i<m ij<m
i#]

Com que T té només models infinits, per la Proposicié 5.44, per a tot cardinal
infinit k, T’ no és k-categorica. Perd, seguint el mateix tipus d’arguments que els de
I’Exemple 5.61, es pot mostrar que és L™ -Ro-categorica i té eliminacié de quantificadors
per a no-cnunciats de L™. Llevat d’isomorfisme, inic mode! reduit comptable de T’
¢s la subestructura de B que té com a domini el conjunt

D={f€“w:3n € wWm > n, f(m) =0}.

Mostrarem ara que no hi ha cap model 2% de T” que sigui L™ -|A|™ -saturat. Suposem
que 2 és un model de T i X el conjunt de totes les classes d’equivalencia de R},
Per a tot # € X escollim un representant a, € A. Considerem el L™-1-tipus sobre
{ar : ¢ € X'} en 2 segiient,

p={-Rya, :z € X}.

Clarament, p no és realitzat en 2.

Exemple 5.63 Sigui L = {P, : n € w}, on, per atot n € w, P, és un simbol relacional
monadic. Considerem la L-estructura 2 = (P(w), P?)pew de PExemple 5.12. Sigui
T" = Th(2). Es un fet conegut que T” és completa 1 que esta axiomatitzada pel
conjunt d'enunciats sense identitat segiient:

Pt N o A Byt K =Py @ N i AP E),

ON 20, .« ., gy J0s - - - » Jk € w 80N tots diferents

Com que T” té només models infinits, per la Proposicié 5.44, per a tot cardinal
infinit &, 7" no és k-categdrica. Demostrarem ara que 7" no és L™ -Ro-categorica:
sigui B la subestructura de 2 que té com a domini F,(w), la col.leccié de tots els
conjunts finits de nombres naturals i sigui € la subestructura de 2 que té com a
domini F,,(w)U{w}. Clarament, aquests dos models sén comptables, reduits i B 2 C.

Es senzill mostrar que, per a tots els models L™ -w-saturats €i B de T, I : € ~, B.
Llavors, per la Proposicié 5.53, T té eliminacié de quantificadors per a no-enunciats
de L™. Com que l'arietat de tots els simbols de L és < 1, pel Lema 5.17, tot model
L~ -w-saturat d’aquesta teoria és L™ -sx-saturat, per a tot cardinal x. En particular,
com hem mostrat a 'Exemple 5.12, 2 és L™-|A| -saturat. 2 és, per tant, el model
reduit més gran d’aquesta teoria.



Logica infinitaria universal de
Horn sense identitat

6.1 Teoremes de preservacio i de caracteritzacio

En aquest capitol estudiem principalment teoremes de preservacié i de caracteritzacio
per a dos fragments dels llenguatges infinitaris L_,, amb & regular: el fragment univer-
sal de Horn i el fragment universal estricte de Horn, i obtenim teoremes de consisténcia
conjunta, d’interpolacié i de definibilitat. El fragment universal de Horn de la logica
de primer ordre amb identitat ha estat extensament estudiat; com a referéncies podem
prendre [McN77], [Hod93a] i [Hod93b]. Perd el fragment universal de Horn sense iden-
titat, usat freqilentment en programacio logica, ha rebut molta menys atencié des del
punt de vista de la teoria de models. Tanmateix, en el camp de la logica algebraica
podem trobar un teorema que, traduit adequadament, és un resultat de preservacié pel
fragment universal estricte de Horn dels llenguatges infinitaris sense identitat, en un
tipus de semblanca que, a part dels simbols funcionals té només un simbol relacional
monadic. Aquest teorema és degut a J. Czelakowski; [Cze80a], Teorema 6.1, i [Cze80b],
Teorema 5.1. Aquest teorema i d’altres resultats de logica algebraica han estat el punt
de partenca del nostre treball.

A partir d’ara & sera un cardinal infinit regular. Recordem la definicié de formula
universal de Horn. Una férmula ¢ de Ly, és una férmula basica de Horn si ¢ és una
disjuncié de menys de « formules, on, com a méaxim una d’aquestes és atomica i tota
la resta s6n negacions de férmules atomiques. Una férmula basica de Horn és esiricia
si exactament un dels seus disjunts és atomic. Una férmula universal de Homn ¢ de
Ly, és una férmula de la forma:

V{ze: £ < p} /\'@L’p

p<y
on v, i < K, i per a tot p < v, ¥, és una férmula basica de Horn. Si per a tot p < v,%,

109
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és una formula basica de Horn estricta, es diu que ¢ és formula universal de Horn
estricta. Donada una classe K de L-estructures, la leoria universal de Horn sense
identitat de K en L., és el conjunt

{o € L, : o és un enunciat universal de Horn i pera tot D € K, D =o0}.

Per tal de demostrar el teorema segiient recordem que un filtre sobre un conjunt
no buit I és k-complet si esta tancat sota interseccions de menys de x elements. Es
un fet conegut que, si I és un conjunt no buit, £ un cardinal infinit regular i J una
col.Jeccié de subconjunts de I que tingui la propietat de la s-interseccié (és a dir, la
interseccié de menys de k elements de J és no buida), llavors hi ha un filtre F sobre
I que és k-complet i que inclou J. Farem servir també el fet que, donada una classe
d’estructures M, Pr Pr,(M) C Pri(M). Aquest fet pot ésser demostrat facilment
fent servir el mateix tipus d’arguments que en la demostracié del Lema 2.22 de la
pagina 216 de [BSR1].

Teorema 6.1 Per a tota classe K de L-estructures, els enuncials segiients son equiv-
alents:

i) K esla ariomalitzada per un conjunt d’enunciats universals de Horn de L, .
ii) K esta lancada sola Hgl, Hg, S i Pry.

iii) K =Hg'HgSPR, (M), per a alguna classe M.

Demostracié. i) = ii) iii) => iii) son clars. iii) = i) Suposem que K = Hg'HgSPg, (M),

per a alguna classe M. Sigui T la teoria universal de Horn sense identitat de M en
Ly 1 2 un model de T. Demostrarem que 2 € K. Expandim el llenguatge afegint
un nou simbol constant per a cada element de A. Considerem el diag™(20) en aquest
llenguatge expandit. Per a tot I' C diag™ (1), si les noves constants que apareixen
en els enunciats de T’ es troben entre aquestes {a¢ : £ < p}, escollim un conjunt de
noves variables {re¢ : £ < u} i designem amb {¢' : ¢ € I'}, on per a tota ¢ € T, ¢/ és
la formula obtinguda a partir de ¢ substituint, per a cada § < p la constant a¢ per la
variable z¢.

Donat un conjunt I' C diag™ (2) amb |['| < , considerem 'enunciat o = 3{z¢ :
£ < p} AT'. Mostrarem que hi ha ® € P(M) tal que ® | ¢. Suposem el contrari, >
buscant una contradiccié. Podem diferenciar dos casos:

Cas I. Hi ha com a maxim un enunciat a I' que és una negacié d’un enunciat
atomic. En aquest cas, —o és logicament equivalent a un enunciat universal de Horn
~ € L. Hem suposat que, per a tot D € P(M), D = —o i en particular, per a tot
D € M, D | ~o, per tant v € T. Pero aixo és impossible perque A =T i 2 |= 0.
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Cas II: Hi ha més d’'un enunciat a I' que és una negacié d'un enunciat atomic. En
aquest cas, sigui I'g C I el conjunt de tots els enunciats atomics de T' i {¢, : v < A}
una enumeracio de tots els enunciats de I' que sén negacions d’enunciats atomics. Per
a tot v< A, sigui o), 'enunciat

oy = Mg : £ < p}(A\THAY)).

Observem que —o,, és logicament equivalent a un enunciat universal de Horn de L, i
per un argument analeg al del Cas I, podem obtenir ® € M tal que D |= o,,. Escollim,
peratot v < A\, D, € M ielements de Dy, {d{ : £ < p}, tals que ®,, = (AToAY])[df :
& < p]. Considerem ara l'estructura [], ., D, i definim, per a tot £ < g, un element
de € [,y Dy de la forma segiient:

de(v) = dg

per a tot ¥ < A. Llavors [[,o, @y E AV [de: €< ) i [[,c)\ D0 € P(M), que és
impossible perqué hem suposat just el contrari.

Ara, per tal de demostrar el teorema, sigui I = {I" C diag™(2) : |T'| < &}. Fent
servir el fet que acabem de demostrar, escollim per a tot ' € I, Dp € P(M) i elements
{df : £ < p} de Dy tals que D = AT'[df : & < p]. Peratot T € I, sigui Jp={A € I:
I CA}iJ = {Jp:T €I}. Com que k és regular, és senzill veure que J té la propietat
de la k-interseccié. Aixi, hi ha un filtre propi F sobre I que és k-complet i que és una
extensié de J. Ara construirem el producte reduit ® = [[pc; Dr/F. Observem que
D € PR, P(M). Definim, per a tot a € A, un element a € [[y¢; Dr per:

a(T) = dgn, si a€{ag:€ < p}ia=ag,
arbitrari, altrament,

per a tot I’ € I. Llavors, per a tota ¢ € diag™ (%),
Jyy C{AET :DpY/[dE €< p] } €F,
aixi per a tota férmula atdomica ¢ € L, i tota aj,...,a, € A,

% = glay,...,an) sii Dk dllailp,..., [@algl-

Aixi (D, [d]p)aca és una expansié de D que satisfa el diag™ (). Per tant, per la
Proposicié 2.20, 21 € HngsSPREP(.M) i com que

PRnP(M) < PREPRN(M) = PRE(M):'

podem concloure que 2% € Hg'HgSPg (M) =K. O

Corol.lari 6.2 Per a tot conjunt T d’enunciats de Ly, els enunciats segiients son
equivalenis:
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i) T esta aziomatilzada per un conjunt d’enuncials universals de Horn de L.

ii) T es preserva sota H"S“l, Hs, S i Pgr,.
Demostracié. Pel Teorema 6.1. O

Corol.lari 6.3 Sigui k 0 bé w o bé un cardinal fortament compacte. Per a tol enuncial
0 € Lyy, 0 es preserva sola HS'I, Hs, S i PR, ssi 0 €s equivalent a un enunciat
universal de Horn de L.

Demostracié. Pel Corol.lari 6.2 fent servir els arguments usuals juntament amb
el fet que, si Kk = w o & és fortament compacte, llavors per a tot conjunt T' U {¢}
d’enunciats de Ly, si I' = ¢, llavors hi ha I'g C T amb |Tg| < & tal que I'g = ¢. O

Ara mostrarem que, donats dos cardinals infinits i regulars A i p tals que A < ki
j2 < K, no és cert el segiient: per a tota classe K de L-estructures,

K esta axiomatitzada per un conjunt d’enunciats universals de Horn de
L., ssiK= HngSSPRP(M), per a alguna classe M.

Per tal de demostrar-ho introduim una mica de notacié i mostrem la proposicié
que ve a continuacié. Una férmula universal de L, és una férmula de la forma:

V{ze: €< u}y,

on ¥ és una férmula sense quantificadors de L,y. I una férmula eristencial de Ly, és
una formula de la forma:

A{ze : € < p}o,
on 1 és una férmula sense quantificadors de L,). Donades dues L-estructures, 2l i
B, escriurem A = B quan A 1 B satisfacin exactament els mateixos enunciats
universals de L, i escriurem 2 =3, B quan 2 i B satisfacin exactament els mateixos
enunciats existencials de L, .

Proposicié 6.4 Sigui L un tipus de semblanga relacional amb |[L| <A < k. Si A 1B
son L-estructures, els enunciats segiients son equivalents:

i) A=y B
i) 2 =3 .

iii) a) Peratoty <A itota seqiiéncia @ = (a¢ : ¢ € 7y) d’elements de A hi ha una
seqiiéncia b = (b : { € ) d’elements de B tal que (a,b) €s una relacidé de
parentiu parcial enlre 2 7 B.
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b) Per a toty < X i tola segiiéncia b= (b; : { € ) d’elements de B hi ha una
segiiencia a = (a¢ : ¢ € 7) d’elements de A tal que (a,b) és una relacid de
parentiu parcial entre A 1 B.

Demostracié. i) <> ii) és clar. ii) = iii) Suposem que 2 =35 = B. Mostrarem
només a), perqué la demostracié de b) és analoga. Sigui vy < A, @ = (a¢ : { € ¥) una
seqiiencia d’elements de A i I el conjunt de totes les férmules atomiques i negacions de
férmules atomiques sense identitat en les variables (z¢ : { € ) que sén satisfetes per
d. Considerem la conjuncié AT de totes les formules de I'. Com que L és relacional,
v < Ai|L| <A tenim que AT € L_,. A més amés, 3{z¢:¢{ € v} AT és un enunciat
existencial de L, tal que 2 = 3 {z¢ : ¢ E_'y} AT. Llavors, com que hem suposat que
2 =3 B, B = I{zc: ¢ €y} AT. Sigui b= (b : ( € ) una seqiiencia d’elements de
B tal que B = AT'[bc: ¢ €1]. Es senzill veure que (@,b) és una relacié de parentiu
parcial entre 2 i B.

iif) = ii) Suposem ara que val la condicié iii). Siguio = 3 {z¢ : { € 7} ¢ un enunciat
existencial de L, tal que 2 |= 0. Evidentment v € A. Sigui @ = (a¢ : { € v) una
seqliencia d’elements de A, tal que 2 = ¢lac : ( € 4]. Per la condicié iii) a) hi ha
una seqiiéncia b = (b : ( € 4) d’elements de B tal que (@,b) és una relacié de
parentiu parcial entre 2 i B. Com que L és relacional, pel Lema 3.5, tenim que
B = ¢lbe : ¢ € 9], aixi tenim que B = 0. Per un argument analeg es pot mostrar que,
si B =0 i 0 és un enunciat existencial de L_,, llavors 2 = ¢. Per tant, 2 =3,%B.0

La Proposicié 6.4 no és certa per a tipus de semblanga qualssevol. Sigut L = {P, f},
on P és un simbol relacional monadic i f un simbol funcional monadic. Considerem
la L-estructura 2 = ({0,1}, P, f*), on P® = {0}, f2(0) =0i f2(1) = 01ila L-
estructura B = ({0,1}, P®, f2), on P® = {0}, f2(0) =11 f2(1) = 0. Clarament 2
i B satisfan la condicid iii) de la Proposici6 6.4 perd A =VzPfz i B ¥ Yo P fz. Aixi,
no satisfan els mateixos enunciats universals.

Ara donarem una demostracié del fet que hem esmentat abans, fent ts de la
Proposicié 6.4. Podem distingir dos casos. Cas I: A< u. Agafem L = {R}, on R
és un simbol relacional binari. Sigui 2 = (A + 1,<), on < és el bon ordre usual de
A+ 11 sigui B la subestructura de 20 amb domini A. Fent servir la Proposicié 6.4
és senzill mostrar que 24 1 B satisfan exactament els mateixos enunciats universals de
L, i, per tant, satisfan exactament els mateixos enunciats universals de Horn de L, .
Pero clarament no satisfan els mateixos enunciats universals de Horn de L, perqué
I’enunciat

V{ze: £ <A} \/ —Rxpze
pP<ESA
és vertader en B pero no en 2. Per tant, K = Hg 1HSSPRF(Q}) no és axiomatitzable
per un conjunt d’enunciats universals de Horn de L, ..
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Cas IT: A > p. Podem trobar una classe axiomatitzada per un conjunt d'enunciats
universals de Horn de L, i que no esta axiomatitzada per un conjunt d’enunciats
universals de Horn de L. Agafem L = {P¢ : € € p}, on, per a cada € € pu, Pr és un
simbol relacional monadic. Considerem I'enunciat segiient de L_,,

o=Vzx V ~Pez.

§Ep

Sigui 2 = (u, Pg)sE#, on, per a tot £ € p, Pg ={aep:{<al,iB= (p:—l—l,P?)gE“,
on, per a tot £ € p, }:?3 = {aep+1:£< a}. Fent servir la Proposicié 6.4, és
senzill demostrar que, per a tot Lo C L amb |Lg| < p, A [ Lo i B [ Lo satisfan
exactament els mateixos enunciats universals del llenguatge infinitari (Lg);,. Aixi 2
i B satisfan exactament els mateixos enunciats universals de L;n i per tant, satisfan
els mateixos enunciats universals de Horn de L ,,. Si Mod(o) fos axiomatitzada per
un conjunt d’enunciats universals de Horn de L, tindriem B € Mod(o), perque
2 € Mod(o), pero és clar que B ¢ Mod(c). Aixi, la classe Mod(o) és la classe que
estavem buscant. O

Ara, com a conseqiiéncia del Teorema 6.1 obtindrem una caracteritzacié pel frag-
ment universal estricte de Horn. Recordem que una estructura trivial és una estructura
amb només un element, en la qual les interpretacions dels simbols relacionals no sén
buides i, per tant, tota férmula universal-atomica hi és vertadera.

Corol.lari 6.5 Per a tota classe K de L-estructures, els enunciats segients son equiv-
alents:

i) K esta axiomatilzada per un conjunl d’enunciats universals de Horn estrictes de
L

ii) K estd tancada sota Hgl,Hs, S i Pr, i conté una estructura trivial.

i) K = HngsSPRn(M), per a alguna classe M que conié una esiructura irivial.

Demostracié. Pel Teorema 6.1, fent servir el fet que, en una estructura trivial
tot enunciat universal de Horn estricte de L, és vertader i tot enunciat universal de
Horn de L, no estricte és fals. O

El teorema que ve a continuacié és una millora del Teorema 6.1 per a L, en cas
que k sigui o bé w o bé fortament compacte. A la demostraci6 fem servir el fet que,
donada una classe d’estructures M, si & és o bé w o bé fortament compacte, llavors
Pr.(M) C SPPy,(M). Aquest fet es pot demostrar facilment fent servir el mateix
tipus d'arguments que en la demostraci6 del Lema 2.22 de la pagina 216 de [BS81].
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Teorema 6.6 Sigui k 0 bé w o bé fortament compacte. Si K €s una classe de L-
estructures, els enuncials segiients son equivalents:

i) K esta ariomatilzada per un conjunt d’enunciats universals de Horn (estrictes)
de L.

ii) K estd tancada sota Hg',Hs,S,P i Py, (i conté una estructura trivial).

i) K= HngSSPPUn(M), per a alguna classe M (que conlé una estructura triv-
ial).

Demostracié. Només mostrarem el cas no estricte. El cas estricte s’obté de
la mateixa manera com el Corol.lari 6.5 ha estat obtingut a partir del Teorema 6.1.
i) = ii) 1i1) = iii) s6n facils de demostrar. iii) = i) Suposem que K = HngsSPPUN(M),
per a alguna classe M. Com que

PPUN(M) g PRK.PRH.(M) g PR&(M)r
llavors
K = Hg'HgSPPy, (M) C Hg'HsSPg, (M).

I com que x és o bé w o bé fortament compacte,
Prx(M) C SPPy,.(M).

Per tant,
Hg'HsSPg, (M) C Hg'HgSPPy (M) = K.
Aixi,
K = Hg'HgSPg, (M).

Pel Teorema 6.1 podem concloure que K esta axiomatitzada per un conjunt d’enunciats
universals de Horn estrictes de L. O

Ara demostrarem un teorema similar al Teorema 6.1 pero pel llenguatge infinitari
L. La caracteritzacio s'obtindra en termes dels operadors S, Hg, Hgl 1 P, sense
que intervinguin els productes reduits, el preu a pagar és haver de treballar amb classes
d'enunciats en lloe de conjunts.

Teorema 6.7 Per a tota classe K de L-estructures, els enunciats segiients son equiv-
alents:

i) K ecsta aziomatitzada per una classe d’enunciats universals de Horn (estricies)
[0 F
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ii) K esta lancada sota Hg', Hg, S i P (i conté una cstructura trivial).

iii) K = Hg'HsSP(M), per a alguna classe M (que conté una estructura trivial).

Demostracié. Només mostrarem el cas no estricte. El cas estricte s’obté de
la mateixa manera com el Corol.lari 6.5 ha estat obtingut a partir del Teorema 6.1.
i) = i) i ii) = iii) sén facils de demostrar. iii) = i) Suposem que K = Hg HgSP(M),
per a alguna classe M. Sigui T la teoria universal de Horn sense identitat en Leooo de
M, aix0 és, la classe de tots els enunciats universals de Horn de L, vertaders a totes
les estructures de M. Mostrarem que, per a tota L-estructura 2, si 2 |= T llavors
2 € K. Suposem que 2 |=T. Expandim el llenguatge afegint un nou simbol constant
per a cada element de A. Sigui A = |A4| i {ag : £ < A} una enumeracié de les noves
constants. Considerem el diag™(2) en aquest llenguatge expandit. Sigui {z¢ : §{ < A}
un conjunt de variables noves i I el conjunt obtingut a partir de diag™ (2) substituint,
a cada enunciat de diag™(2l), per a tot £ < A, la constant a; per la variable z¢. Llavors
argumentant com a la demostracié del Teorema 6.1 es pot obtenir © € P(M) tal que
D = 3{ze : £ < A} ATY. Escollim un conjunt {d¢ : £ < A} d’elements de D tal que
D = ATV [de : € < A]. Llavors (D, dg)e<y és una expansié de D que satisfa el diag™ (2).
Per tant, per la Proposicié 2.20, % € H§1HSSP(M) =K. O

Ara demostrarem un teorema de caracteritzacié fent servir, en lloc de productes
reduits, productes directes i classes d’estructures s-locals. Donat un cardinal infinit
k, diem que una classe K d’'estructures és k-local, si tota estructura té la propietat
segiient: si totes les seves subestructures generades per menys de « elements pertanyen
a K, llavors també ella pertany a K.

Teorema 6.8 Sigui k un cardinal infinit regular no comptable, L un tipus de sem-
blanga tal que |L| < k i K una classe de L-estructures. Llavors els enunciats segients
son equivalunis:

i) K esta ariomatitzada per un conjunt d’enunciats universals (estrictes) de Horn

de L.

ii) K és r-local i esta tancada sota Hg', Hs, S i P (i conté una estructura trivial).

Demostracié. Només mostrarem el cas no estricte. El cas estricte s’obté de
la mateixa manera com el Corol.lari 6.5 ha estat obtingut a partir del Teorema 6.1.
i) = ii) és senzill perqué tot enunciat universal de Horn de L., que sigui fals en una
estructura, és fals en una subestructura seva generada per menys de x elements. ii) = i)
Sigui T' la teoria universal de Horn sense identitat en Lgc de K 1 21 un model de
T. Veurem que 2 € K. Com que K és k-local, en tenim prou a mostrar que tota
subestructura de 2 generada per menys de x elements pertany a K. Sigui 8 una
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subestructura de 2 generada per menys de x elements. Com que k és un cardinal
infinit regular no comptable i |L| < k tenim que |B| < k. Llavors diag™ (B) és un
conjunt de cardinalitat menor que x i podem argumentar com a la demostracié del
Teorema 6.7 per a concloure que B € Hg'HgSP(M) = K. O

6.2 Classes universals de Horn reduides sense identitat

Ara presentarem teoremes de caracteritzacio per a les classes d’estructures reduides que
s6n els models reduits d’alguna teoria universal de Horn sense identitat en L,.x. Com
que per a tota estructura n’existeix la reduccié, podem considerar, per a tot operador O
que transformi una classe d’estructures K en una altra O(K), 'operador corresponent
O™ que transforma la classe d’estructures K en la classe de les estructures isomorfes a
alguna reduccié d’un membre de O(K). Anomenarem a aquests operadors operadors
de reduccié i anomenarem a O* la reduccié de O. Els operadors de reduccié van ésser
considerats per primer cop a [BP92]. Demostrarem un teorema que caracteritza quan
una classe d’estructures reduides és la classe dels models reduits d’una teoria universal
de Horn de L. Aquest teorema és conseqiiencia de resultats anteriors i del Lema
6.10 que estudia el comportament d’alguns operadors de reduccié. La seva formulacié
és igual que la del teorema corresponent per a Ly, (amb identitat) llevat del fet que
reemplacem els operadors S i P, per les seves reduccions.

Definicié 6.9 Per a tota classe K de L-estructures sigui K* la classe segiient:
K*={%8: hiha 2 € K tal que B = 2"}.
I, per a tot operador O, O* és 'operador que, per a tota classe K de L-estructures

O*(K) = (O(X))".
El lema segiient estudia el comportament dels operadors de reduccid.
Lema 6.10 Per a tota classe K de L-estructures i tot operador O € {S,P,Pg, Py, }:

i) H-1*(K*) C K*.
il) H*(K*) C K*.
iii) O*(K) C O*(K*).
Demostracié. i) Suposem que 20 € H™™(K*). Sigui 8 € H™'(K*) tal que

A = B* i sigui A un homomorfisme estricte de B sobre algun € € K*. Llavors B8* = €.
Per tant, 2 = €. Aixi, % € K*. La demostracié de ii) és similar.
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iii) Mostrem primer el cas en qué O és S. Suposem que 2 € S*(K). Siguin B € K
i € C B tals que A = €*. Sigui g5 'homomorfisme canonic de B sobre B*. Llavors
D = g}[€] és una subestructura de B*, aixi D € S(K*). Com que C* = D*, A = D*,
Per tant, 20 € S*(K™).

Ara demostrarem el cas en qué O és Py,. Suposem que 2A € Py (K). Sigui
B € Py, (K) tal que 2A 2 B~ isigui {B; : ¢ € I} C K una familia d’estructures i U un
ultrafiltre propi x-complet sobre un conjunt no buit I tal que B = [[,., B;/U. Sigui
€ = [];e; B;/U. Llavors, si per a cada i € I, gp és 'homomorfisme candnic de %B;
sobre B, definim per a cada f € [[;c; Bi, f' € I1,e; B} per:

f'(@) = g, (£(3))
per a cada i € I. Llavors, definim la funcié & : B — € per:
h({flv) = [fl

per a cada f € [[;e; Bi. Com que els homomorfismes canonics gp, sén estrictes, és
immediat verificar que la definicié és independent dels representants escollits i que és un
homomorfisme estricte de B sobre €. Per tant, B* = €*. Com que {B! :i € I} C K™,
B* € Py _(K™). Llavors podem concloure que 2 € Py (K™).

La demostracié de la resta dels casos és simiilar a la darrera que hem donat. O

Ara demostrarem el teorema promes i la versid corresponent quan k és fortament
compacte 0 w.

Teorema 6.11 Per a tota classe K de L-estructures reduides, els enunciats segiients
son equivalents:

i) K és la classe dels models reduits d'una teoria universal de Horn de Lg,.
ii) K esta tancada sota 8™ i Pg .
iii) K = S*PR (M), per a alguna classe M.
Demostracid. i) = ii) = iii) és senzill. iii) = i) Sigui 7 la teoria universal de
Horn de M en L_,. Si 2 és un model reduit de T, llavors per la prova del Teorema

6.1 tenim que 2A € H§1HSSPRK(M). Per tant, com que 2 és reduit, 2 € S*Pg, (M)
i pel Lema 6.10 iil) tenim que 2 € K, O

Teorema 6.12 Si k €s 0 bé un cardinal fortament compacte o bé w, llavors per a tota
classe K de L-estructures reduides, els enunciats segients sén equivalents:

i) K és la classe dels models reduits d'una teoria universal de Horn de L.
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ii) K esta tancada sota 8*, P i Py, .

iii) K = S"P*Py;, (M), per a alguna classe M.

Demostracié. Com la demostracié del Teorema 6.11, pero fent servir el Teorema
6.6 en lloc del Teorema 6.1. O

De la mateixa manera podem demostrar el segiient:

Teorema 6.13 Per a tota classe K de L-estructures reduides, els enunciats segiients
son equivalents:

i) K és la classe dels models reduils d’una classe d’enunciats universals de Horn
de L.

ii) K esta tancada sota 8* 1 P”.

iii) K = S*P*(M), per a alguna classe M.

D’aquests resultats també podem deduir els resultats corresponents per al cas dels
enunciats universals de Horn estrictes, si afegim que les classes continguin una estruc-
tura trivial.

Ara donarem una demostracié del ben conegut teorema de caracteritzacié per a
les classes de models d'una teoria universal de Horn de Ly, (amb identitat) d'una
determinada classe d’estructures. Amb un argument analeg podem obtenir el teorema
que correspon. per al cas dels llenguatges amb identitat, al Teorema 6.13, substituint
els operadors 8° i P* pels operadors S i P.

Teorema 6.14 Sigui L un tipus de semblanca qualsevol. Llavors per a tola classe K
de L-estruclures cls enuncials segiients son equivalents:

i) K és la classe dels models d’una teoria universal de Horn de Ly,.
i) K esta tancada sota S i Pry.

iii) K = SPR,(M), per a alguna classe M.

Demostracié. i) = ii) = iii) és senzill. iii) = i) Sigui T" la teoria universal de
Horn de M en Ly, (amb identitat). Expandim el tipus de semblanga L amb un nou
simbol relacional E i substituim el simbol d’identitat pel simbol F en tot enunciat
de T. Designem la teoria resultant amb 7°. Donada una L-estructura 2, sigui 2%
Pestructura de tipus L U {E}, (2%, E2"), on E%® és la identitat en el domini A de
2. Obviament, per a tota L-estructura 2 la L U { F}-estructura AF és reduida. Ara
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considerem la classe de L1J{ E}-estructures M’ = {2F : 2 € M}. Clarament, la teoria
universal de Horn en L, de tipus L1J {E}, de la classe M’ és precisament T".

Per tal de mostrar el que volem, sigui 20 una L-estructura que sigui un model de
T, veurem que 2 € K. Clarament, 2% és un model reduit de 7. Per tant, per la
demostracié del Teorema 6.11 tenim que 2¥ € S*PR _(M'). Siguin B i € LU {E}-
estructures tals que 2 = €*, € és una subestructura de B i B és la reduccié d’algun
producte reduit, modul un filtre propi x-complet, d’algun sistema no buit d’estructures
de M’. Com que la interpretacié de E és la identitat en tota estructura de M’, la
interpretaci6 de E en tot producte reduit d'elements de M’ ha d’esser la identitat. Per
tant, tots aquests productes reduits sén estructures reduides. Aixi E® és la identitat
i també ho és E€. Llavors € és reduida i per tant, AF = €. Aix{ E ¢s la identitat.
Com a conseqiiéncia, tal i com és senzill de veure, 2A € SPr,(M). O

6.3 Interpolacio i definibilitat

Farem servir els resultats anteriors per a obtenir un teorema de consisténcia conjunta,
Teorema 6.17; un teorema d’interpolacio, Teorema 6.18; i un teorema de definibilitat,
Teorema 6.19. Per a demostrar el teorema de consisténcia conjunta primer enunciarem
el teorema de compacitat segiient pel fragment de Horn del llenguatge infinitari L.
A [HS8&1] se’n pot trobar la demostracio.

Teorema 6.15 (Compacitat) Sigui I’ un conjunt d’enunciats de Horn de Lyy. Si tot
A CT amd |A| < K L€ un model, llavors T té un model.

Corol.lari 6.16 Sigui 'l {o} un conjunt d’enunciats universals de Horn de Lyy. Si
=0, llavors hi ha A CT tal que |Al < ki A [Eo.

Demostracié. Sigui 0 = V{ze : £ < AHA, < ¥p — @), amb g < &. Sigui
@ = (ee : £ < A) una seqiiencia de nous simbols constants. Si ' = o, llavors T’ =
Apey ©pl@) — &(€). Aixi T'U {14,(€) : p < u} U {~¢(€)} no té cap model. Com que els
1,(7) 1 ~o(¢) s6n trivialment enunciats universals de Horn sense identitat del llenguatge
expandit. podem aplicar el Teorema 6.15 i concloure que hi ha algun subconjunt I' de
I amb [T'| < & tal que TV U {¥,(€) : p < pu} = @(€). Aixi " = 0. Sio és de la forma
V{rg: £ < A}V e ¥ I'argument és analeg. O

Siguin ara Lg i L tipus de semblanga amb els mateixos simbols funcionals i con-
stants 1 amb, com a minim, un simbol relacional en comi. Sigui per a cada i = 0,1,
L, el llenguatge infinitari de tipus L,.

Teorema 6.17 Per a tot conjunt Do C LY, i Ty C L}, d’enunciats universals de Horn
sense identitat, els enuncials segiients son equivalents:
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i) To T és insatisfactible.

ii) Hi ha un enunciat universal de Horn sense identitat @ € LY, NL., tal que Ty |= 6
iy = 0.

Demostracié. ii) = i) és clar. i) = ii) Suposem que I'g 1UI'} és insatisfactible.
Per a cada i = 0, 1, sigui K; la classe segiient

K; = {2 : 2 és el reducte a Lo N L; d’alguna B € Mod(T;)} .

Mostrarem que Kj esta tancada sota S i Pr,. D’una banda, si B’ € Ky i 2% C B/,
llavors hi ha una Lg-estructura B tal que B =T i B és una expansié de B'. Com
que Lo N Ly conté tots els simbols funcionals i constants de Lg, hi ha A C B tal que 2
és una expansi6 de 2’. Com que I’y és un conjunt d’enunciats universals, 2 |=T'g 1 per
tant, A" € Ky. Aixi Kp esta tancada sota S. D’altra banda, com a conseqiiéncia del
Teorema d’expansi6 de {CK91| (Teorema 4.1.8), tenim que Kj esta tancada sota Pg,.

Considerem la classe K = H§1HSSPRK(K0). Com que Ky estd tancada sota S
iPr., K = Hngs(Kg). Mostrarem ara que K N K; = {). Suposem, buscant una
contradiccié, que hi ha una Lo N Li-estructura B’ € K N K,. Com que B’ € K, hi
ha 2’ € Ky tal que B’ € Hglﬂs(i’l’). Per la Proposicié 2.17, %', B’ € Hg(¢'), per a
alguna €. Siguin i : € — A i g: € — B’ homomorfismes estrictes exhaustius. Com
que A’ € Ky, hi ha una Lg-estructura 2 tal que 2 =Ty i 2 és una expansi6 de 2. T
com que B’ € K7, hi ha una Li-estructura B tal que B |=T'; i B és una expansi6 de
B’. Ara definim una Lo |J Li-estructura € que és una expansi6 de €':

e Per a tot simbol relacional n-adic R € Ly — (Lo N L) i tota ¢y, ...,e, € 7,
(€1,...r¢n) ERE  ssi (h(c1),...,h(ca)) € R

e Per a tot simbol relacional n-adic R € Ly — (Lo N Ly) i tota ¢y,...,¢cn € C,

{c1y...,ca) ER®  ssi (g(c1),...,9(cn)) € RE.

Observem que, per definicié, com que Lg i L tenen els mateixos simbols funcionals
i constants, 2 € Hg(€ [ Ly) i B € Hg(C [ L;). Perd com que I'g i I'y sén conjunts
d’enunciats sense identitat 1 % =T 1 B = T, tenim que € |= 'y U T, que és absurd
perqué I'g 1UT'; és insatisfactible. Aixi, podem concloure que K N K = {.

Com que K = HQIHSSPRK(Kg), pel Teorema 6.1, K esta axiomatitzada per un
conjunt A d’enunciats universals de Horn sense identitat de L%, N Ll,. Com que
Ko CK, To=Aicomque KNK; =0, T UA és insatisfactible. Pel Teorema 6.15,
hi ha Ay € A amb |Ag| < & tal que I'; U Ap és insatisfactible. Sigui # la conjuncié
de tots els enunciats de Ag. Clarament, 8 € L2, N L}, i 8 és equivalent a un enunciat
universal de Horn sense identitat tal que I'g = 6 1 'y |= —f. Per tant, val la condicid
ii). O
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Teorema 6.18 Si ¢y, $1 € Ly, sin enunciats universals de Horn lals que ¢y = —¢yi
tenen, si més no, un simbol relacional en comai, llavors hi ha un enuncial universal de
Horn 6 € L, tal que:

) do k=060,
i) Per a tot simbol relactonal R € L, si R apareix a 8, llavors R apareix en ambdues,
$o 1 P1.

Demostraci6. Sigui L' el conjunt dels simbols funcionals i constants de L. Per a
tot ¢ = 0, 1, sigui L] el conjunt de simbols relacionals que apareixen a ¢; i L; = L' UL,
Llavors, Ly i Ly tenen els mateixos simbols funcionals i constants 1 {¢o} U {¢1} és
insatisfactible. Per tant, pel Teorema 6.17, tenim Penunciat desitjat que satisfa 1) 1 ii).
g

Tenim un contraexemple que mostra que, la clausula segiient:
(©) tot simbol de L que apareix a # apareix en ambdues, ¢g i ¢,

no pot substituir la clausula ii) del Teorema 6.18. Sigui L = {<, f}, on < és un simbol
relacional binarii f un simbol funcional monadic. Sigui ¢g la conjuncié dels enunciats:

(1) Vz(-z<z)

(2) Va(z < f(z))
(3) VaVyVz(z<yAy<z—z<2z)

i¢) = VoVyVz(x < =z — y < z). Clarament, ¢ i ¢ son equivalents a enunciats
universals de Horn sense identitat i ¢g = —¢;. Perd no hi ha cap enunciat universal
de Horn sense identitat que satisfaci i) 1 (). Suposem, buscant una contradiccid, que
existeix un enunciat tal, diguem-li #. El tipus de semblanca de # ha de ser {<}, a
causa de ({). I tot model de 6 ha de tenir més d'un element, perqué per la condicié
i), 8 = —¢;. Sigui A un model de # de tipus de semblanga {<} i @ € A un element
arbitrari. Si 2’ és la subestructura de 2 generada per {a}, 2 té només un element en
el seu domini i &’ |= 6, perqué 8 és un enunciat universal, perd aixod és absurd.

Teorema 6.19 Sigui L un tipus de semblan¢a qualsevol amb un simbol relacional R i
tal que L — {R} tingui almenys un simbol relacional. Per a tot conjuni T' d’enunciats
universals de Horn de L, els cnuncials segiients son equivalents:

i) T defineiz implicitament R. (aizo és, st A, B = ' i els reductes de 2 i B a
L — {R} son el mateiz, llavors A = B).

ii) Hi ha una férmula universal de Horn ¢(Z) € L, tal que ¢ és una definicio
explicita de R respecte a T (és a dir, I' = VE(H(F) « RE)) i tots els simbols de
¢ pertanyen a L — {R}).
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Demostracié. ii) = i) és clar. ii) = i) Sigui n l'arietat de R. Suposem que I’
defineix implicitament R. Sigui R’ un nou simbol relacional n-adic i ¢1,. ... ¢, noves
constants. Sigui I el conjunt obtingut a partir de ' substituint en tot enunciat de I’
el simbol R pel simbol R'. Aix{ tenim

'l =V ...za(Rzey.. .20 & Rzy .. 2y),
perque T defineix implicitament R. Llavors,
rul=Rey...cp — Rley...cn.
Pel Corol.lari 6.16, hi ha X CT'i ¥ CI' amb |Z| < ki |Z| < & tals que
YUY ERey...cn— Rey...cn.

A més a més, podem trobar £ i ¥’ tals que ¥ és obtingut a partir de ¥ substituint
R per R’ en cada enunciat de X. Sigui A X la conjuncié de totes les formules de T i
AY la conjuncié de totes les férmules de &'. A X 1 A X' sén equivalents a enunciats
universals de Horn sense identitat. Aixi tenim que

/\E/\Rcl...cnl:/\ﬂ"ﬁR'c]...cn.

L’enunciat AY' — R'e;...c, és equivalent a la negacié d’un enunciat universal de
Horn sense identitat. Per tant, pel Teorema 6.18 hi ha un enunciat universal de Horn
sense identitat ¢ = @(x1,...,2n) € Ly, amb els seus simbols relacionals en L — { R}
tal que

/\Z/\Rc;...cﬂ E éler, .- n) (6.1)

o(c1y...,cn) E /\E’ — Rep...cn.
Com que els simbols R i ' no apareixen a ¢,

#(e1,-..,¢n) E \NE— Rey...cn. (6.2)
A més a més, per (6.1),

/\E E Rep...cn — ¢(c1y...,00)
i per (6.2),

AZ E éc,...,en) = Rey...cn.
Com que les noves constants no apareixen a A I,

/\E |=V$1 ....‘Bﬂ(n;b(:’r],...,:rn) > RI] ....Tn)
i en conseqiiéncia,
I'EVey...za(d(z1,...,28) & Ry ... 20).

Podem concloure que ¢ és una definicié explicita de R respecte a I'. O
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Introduction

This dissertation is a contribution to the Model Theory of languages without equality.
We study the fragment of first-order logic composed by all the formulas that do not
contain the equality symbol. We have coined the word equality-free logic for it. The
identity relation is for us a logical notion, with a fixed meaning. We have, as it is
common practice today, a special symbol for it in first-order languages. Although,
at the beginning, it was not the case, the usefulness of this practice for the study
of mathematical theories has progressively lead logicians to this way of dealing with
equality. As a consequence, investigations have concentrated on full first-order logic
and the study of equality-free logic has been neglected. In recent times, research in the
areas of Algebraic Logic and Computer Science has attracted the attention on some
fragments of equality-free logic. A general study of this logic appears now as necessary.
Our purpose is to carry on this study from the point of view of Model Theory.

The main concepts studied in this work are the Leibniz congruence and the relative
relation; both notions play a central role in the model-theoretic study of equality-free
logic. In second-order logic we can define the identity relation by means of the following
formula

VP(Pz « Py).

This idea has its origin in the Principle of the identity of the indiscernibles of G. W.
Leibniz. In contrast with second-order languages, there is no equality-free first-order
formula or set of equality-free first-order formulas that defines equality in all structures.
Moreover, there are structures in which the identity relation can not be defined by an
equality-free first-order formula or set of equality-free first-order formulas, even if you
allow the use of parameters from the model. That is, there are different elements in
the model that we can not distinguish by means of equality-free first-order formulas.
In this situation, the concept of Leibniz congruence or Leibniz equality, as we also
usually refer to it, arises in a very natural way. It is said that two elements of a model
are related by this congruence when they satisfy exactly the same equality-free atomic
formulas with parameters in the model. It is easy to check that two elements related
by the Leibniz congruence have this property for all the equality-free formulas. This
congruence always exists, and it turns out to be the greatest congruence of the model.
Given an structure 21, we denote by 2(2) the Leibniz congruence of 20 and we say that

iii
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the quotient 2/€2(2) is the reduction of 2. When we make the quotient modulo the
Leibniz congruence, we identify the elements that are indistinguishable using equality-
free first-order formulas and parameters from the model. So, the Leibniz congruence
of the reduction of a model is always the identity. An structure with the property
that its Leibniz congruence is the identity is said to be a reduced structure. It is
easy to see that any reduced structure is isomorphic to its reduction. The importance
of reduced structures in equality-free logic comes from the fact that the reduction
of a model is a strict homomorphic image of the model. Therefore, the model and
its reduction satisfy exactly the same equality-free sentences, see Lemma 1.2. The
other main concept studied in this work is the relative relation. It is said that two
structures are relatives when they have isomorphic reductions. Along this work we will
give different characterizations of this relation. Qur aim is to point out that it plays
the same role in equality-free logic that the isomorphism relation plays in logic with
equality.

The actual interest of the Leibniz congruence and the relative relation comes from
the work of W. Blok and D. Pigozzi. They introduced the concept of relative relation
for the special case of logical matrices in [BP86], and in [BP89] they made an extensive
use of what they named the Leibniz congruence. It is a well-known fact, first observed
by S. L. Bloom in [Blo75], that to any propositional deductive system we can associate
an equality-free strict universal Horn theory. For this reason, in order to study the
algebraic aspects of deductive systems, it is useful to learn about the model-theoretic
properties of this fragment of equality-free logic. The work of J. Czelakowski takes
also an algebraic approach to the Model Theory of equality-free logic, see [Cze80a] and
|Cze80b]. The Ph.D. Dissertation of R. Elgueta also goes in this direction, see [Elg94).

The study of equality-free strict universal Horn theories was our first motivation to
work in equality-free logic, the last chapter of this dissertation is devoted to it. Nev-
ertheless, we are interested in the whole fragment of first-order logic without equality
and we take a classical model-theoretic approach to its study. By using the relative
relation, we develope usual tools of Model Theory such as the method of diagrams or
back-and-forth systems and we obtain algebraic characterizations of the elementary
equivalence in these languages. One of the main contributions of this work is the
characterization of first-order sentences that are logically equivalent to an equality-
free sentence. In Chapter 4 we prove the following preservation theorem: A first-order
sentence is logically equivalent to an equality-free sentence if and only if it is preserved
under strict homomorphic images and strict homomorphic counter-images.

The dissertation consists of six chapters. In the first chapter we present notation
and preliminary definitions and results. In the second chapter we introduce the notion
of Leibniz congruence, of relative relation and of reduced structure. We give examples
of reduced structures and we prove a necessary and sufficient condition for a theory to
have all its models reduced. In the last section we develope the method of diagrams
in order to be applied to equality-free languages.



In the third chapter we give three characterizations of the elementary equivalence
in equality-free logic. We introduce partial relative relations in order to define a cer-
tain kind of back-and-forth systems. By means of them, we prove a first algebraic
characterization of the elementary equivalence relation. Also some more results are
obtained for equality-free infinitary languages. A second characterization is obtained
using elementary extensions (in the sense of first-order logic with equality) and the
relative relation. Finally, we obtain an ultrapower-type characterization, analogous to
Keisler-Shelah Theorem for first-order logic with equality. Some constructions sim-
ilar to the ultraproducts, called ultrafilter-products, are introduced in order to find
equivalent statements to this third characterization. This kind of structures seem to
be the most natural counterparts to the ultraproduct constructions, when you work in
equality-free languages.

Chapter 4 is devoted to preservation and characterization results. In the first
section, we give a characterization theorem for elementary classes in equality-free logic.
In the second, we study some fragments of this logic: universal, universal-atomic,
universal-existential, positive and Horn.

Given an infinite cardinal x, we introduce in Chapter 5 the notion of equality-free
k-saturated model, L~ -k-saturated for short. That is, a model that satisfies all the
1-types over sets of parameters of power less than k, with all the formulas in the type
that are equality-free. We compare this notion with the usual notions of k-saturated, »-
universal and k-homogeneous model. In the last section, using L™ -w-saturated models
and the back-and-forth methods introduced in Chapter 3, we present a characterization
of the theories that are L™ -complete, that is, theories with all their models elementarily
equivalent in equality-free logic. We exhibit some theories with the property that there
exists an infinite cardinal A such that for any infinite cardinal k > A, the theory has
not reduced models of power k. The existence of such theories is gunaranteed by the
existence of infinite models that are L~ -k-saturated, for any infinite cardinal k. This
last fact is proved in the first section of Chapter 5. We close the chapter with some
examples of complete theories (in the usual sense) that are axiomatized by a set of
equality-free sentences and we study some of their properties.

The last chapter of this dissertation, as we have mentioned before, is devoted to the
study of the equality-free universal Horn fragment of the infinitary languages L., with
x and A infinite regular cardinals. We obtain preservation and characterization results,
paying special attention to the classes of reduced structures. Using these results we
prove interpolation and definability theorems for the fragment.

Unless otherwise stated, all the results are original. Theorems 4.10 and 4.16 were
proved independently by R. Elgueta in [Elg94]. Also Theorem 6.1 were proved by him
in [Elgd4], but only for the special case of equality-free strict universal Horn first-order
formulas. The results of Chapter 6 will appear in the paper [DJ] in The Journal of
Symbolic Logic.
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Chapter 1

Preliminaries

This chapter contains the notation, the definitions of some of the main concepts of this
dissertation and the statements of known results about them. The following notation
will be used in this work. From now on L will be a similarity type with at least one
relation symbol. We denote by L the set of first-order formulas of type L and by Lg the
set of quantifier-free formulas of L. Given two infinite cardinals k and A, we denote by
L, the infinitary language of type L that has k variables and allows conjunctions of
sets of formulas of power less than & and quantification of sets of variables of power less
than A. Lo, is the infinitary language of type L that has a proper class of variables
and allows conjunctions of any set of formulas and quantification of a finite set of
variables; we have
Leow = U Ly,
RECN

where CN is the class of cardinal numbers. Moreover, Loooo is the infinitary language
of type L that has a proper class of variables and allows conjunctions of any set of
formulas and quantification of any set of variables; we have

Lm = U Lnﬂ;.
RECN

For reference on infinitary languages see [Bar68], [Kei71] and [Dic75].

Given a class I of formulas, let us denote by £~ the class of equality-free formulas
of X, that is, the class of all formulas of ¥ that do not contain the equality symbol.
Given L-structures 2 and B and a class I of formulas, we write 2 =5, B and A =;; B
to mean that 2 and B satisfy exactly the same sentences of £ and X, respectively.
In case that T is one of the classes L, Lo, Lxxy Loow, Looco, We will abbreviate the
expression =5 using the following symbols: =, =g, =x), Scow; =oocos = » =0 » A

=oow and =5 .

For any L-structure 2 and any set B C A, we denote by L(B) the similarity
type obtained from L by adding a new constant symbol for each element of B and we

1



2 Chapter 1. Preliminaries

denote by 2 p the natural expansion of 2 to L(B), where every new constant denotes its
corresponding element. For the sake of clarity we use the same symbol for the constant
and for the element that is denoted by the constant, with the exceptions of Lemmas
3.26 and 4.19 and Theorem 4.20, where it can lead to confusion. |A| denotes the power
of the set A. Given an structure 2, for any B C A, (B) denotes the substructure of 2
generated by B. Finally, we abbreviate the expression “if and only if” by “iff”.

Now we recall some basic notions and state some facts about them. First, we define
the notion of strict homomorphism. This terminology comes from [Cze81]. In [Mon76]
these homomorphisms are called two-way homomorphisms and should not be confused
with strong homomorphisms in the sense of [CK91].

Definition 1.1 If 2 and B are L-structures, we say that a function h: A —» B is a
strict homomorphism from 2l into B if for any constant symbol ¢ € L,

h(c?) = c®,
for any n-adic function symbol f € L and any ai,...,a, € A,
h(fm(al, cey@n)) = fm(h(al)ﬁ .-y Man)),
and for any n-adic relation symbol R € L and any aq,...,a, € A,

(a1,...,an) € R® iff (h(a1),...,h(an)) € R®.
Now we give a characterization of strict homomorphisms.

Lemma 1.2 Let 2 and B be L-structures and h : A — B an homomorphism from U
onto B. Then the following are equivalent:

i) h is a strict homomorphism.

ii) For any atomic formula ¢ € L™, ¢ = ¢(z1,...,2,) and for any sequence
ai,...,an of elemenis of A,

ml=¢’[alr"'vaﬂ] 1‘)3. QB}Etﬁ[h(a]),.,.,h(an)].

iii) For any formula ¢ € L™, ¢ = ¢(x1,...,xn) and for any sequence as,...,an of
elements of A,

Ak dlas,...,an]  ff B E d[h(@),..., h(an)].

iv) For any formula ¢ € L o, ¢ = ¢(za : @ < ) and for any sequence (aq : @ < £)
of elements of A,

AEdlaa:a<f] iff BEolhla):a<f].



This lemma is a reformulation of a well-known fact and it is easy to prove by
induction. Observe that in particular, if there is a strict homomorphism from 2l onto
B, % and B satisfy exactly the same sentences of L.

Given an L-structure 2, a congruence of 2l is an equivalence relation # on A with
the property that for any ai,...,an,b1,...b, € A such that (a;,b;) € 6, for each
i = 1,...,n, for any n-adic function symbol f € L and any n-adic relation symbol
RelL,

(f™(@1y...ran), F2(b1y...,ba)) €6,

and

if (aj,...,an) € R*, then (by,...,bs) € R™.

If h is a strict homomorphism from 2 into 2B, then its kernel is a congruence of 2.
Moreover, if # is any congruence of 2 we can consider the quotient structure 2/6; then
the canonical homomorphism from 2 onto 2 /8 is a strict homomorphism.

The notion of elementary substructure can be generalized to equality-free logic in
a natural way.

Definition 1.3 If 2 and B are L-structures, we say that 2 is an L~ -subsiructure of B,
in symbols 2 <~ B, if A C B and for any ¢(z1,...,2n) € L™ and any ay,...,a, € A,

91|=¢lu11"'7aﬂ] Eﬁ %l=¢[a1:---10ﬂ]'

If 2 is an L™ -substructure of B, we also say that B is an L™ -extension of 2.

Given a class K of L-structures we define the following classes of L-structures:

S(K)—the class of all substructures of members of K.

$=" (K)—the class of all L™-substructures of members of K.
P(K)—the class of all direct products of systems of members of K.
PR, (K)—the class of all reduced products, over proper
k-complete filters, of systems of members of K.

Py, (K)—the class of all ultraproducts, over proper

x-complete ultrafilters, of systems of members of K.

H(K)—the class of all homomorphic images

of members of K.

H~!(K)—the class of all homomorphic counter-
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images of members of K.

Hg(K)—the class of all strict homomorphic images
of members of K.

Hgl (K)—the class of all strict homomorphic counter-

images of members of K.

We suppose that every one of the above classes is closed under isomorphic images
and that the reduced and direct products are of non-empty systems.

Observe that for any similarity type L and any L-structure 2, Hg'(2) is the class
of all the L-structures that are isomorphic to an L-structure obtained in the following
way: assign to any a € A a cardinal number g, > 0. For any @ € A we choose a
set C, of power p, such that for a # o', C, N Cy = 0. Let C = [Jycy Co- For any
k-adic relation symbol R € L, we define R® as follows: for any aj,...,ax € A and any
b € Ca:,...,bk € Ca,,;

(a1,...,ax) € R® iff {(by,...,b;) € R".

For any constant symbol ¢ € L, let ¢® be a chosen element of C,a. And for any
k-adic function symbol f € L, any ai,...,a;x € A and any b; € Cy,,...,bx € Cq,,
let f®(bi,...,bx) be a chosen element of Cra(,, ...ap)- 1f we consider only relational
similarity types, given a sequence of cardinals (u, : @ € A) there is, up to isomorphism,
only one structure € constructed in the way described before; we denote this structure
by A(p, : a € A). If for any a € A, pe = A, we will denote it by 2(\).

It is known that given an L-structure 2, we can construct a strict homomorphic
counter-image of 2 that has as algebraic reduct an algebra of terms. Let us recall this
construction. Unless otherwise stated, from now on enumerations of sets are allowed
to have repetitions.

Definition 1.4 Let 2 be an L-structure. Given an enumeration @ = (a; : ¢ € I) of A,
we define the L-structure Ter2 in the following way:

e The algebraic reduct of Tew*%1 is Tery,, that is, the algebra of terms of type L
generated by the set V; = {z; : 1 € I'}.

e In order to define the interpretation of the relation symbols, we define a function
ho: Vi — A by:
h{](:l?‘:) = a4,



for any ¢ € I. Then we extend Ao to an homomorphism A from Tery, onto the

algebraic reduct of 2. And for any n-adic relation symbol R € L, we define RTeS
as follows: for any t1,...,t, € Tery,,

{t1,...,ta) € RTS i (A(t1),...,~(t,)) € B2

Lemma 1.5 Let 2 be an L-structure and @ = (a; : © € I) an enumeration of A. Then
A € Hg(Ter?).

Proof. It is clear that the homomorphism £ of Definition 1.4 is strict. O

To close the chapter we state a well-known fact about theories axiomatized by a set
of equality-free sentences. The proof of this fact uses the terms-structures introduced
before. For us a theory of L is any set of sentences of L, not necessarily consistent. It
is said that a theory is closed if it is closed under the consequence relation. Moreover,
given a class K of L-structures, the theory of K, in symbols Th(X), is the set of all
the sentences of L true in all the structures of K and the equalily-free theory of K,
in symbols Th™(K), is the set of all equality-free sentences of Th(K). In case that
K = {2}, we call Th(K) (Th™(K)) the theory of 2 (the equality-frec theory of 2,
respectively) and we denote it by Th(2) (Th™ (2), respectively).

Lemma 1.6 Let T be a consistent theory of L. If T C L™, then T has infinite models.

Proof. Since T is consistent, there is an L-structure 21 such that 2 = T'. Let
@ = (a; : i € I) be an enumeration of A with an clement of A repeated an infinite
number of times, then Ter? is infinite. By Lemma 1.5, 2 € Hg(Ter2) and since
T C L, by Lemma 1.2, Ter? = T. Therefore, T has infinite models. O



Chapter 2

Basic notions and facts

2.1 Leibniz congruence and reduced structures

In this section we introduce the notions of Leibniz congruence of a structure and of
reduced structure. The Leibniz congruence of a structure is its greatest congruence;
as it is easy to see it always exists. The notion of Leibniz congruence was considered
before, see for example [Mon76}, but its name and its actual interest comes from [BP89].
A structure is reduced when its Leibniz congruence is the identity. These two concepts
are frequently used in algebraic logic. The notion of reduced structure has also been
introduced under other names: irreducible structure in [Zub57) or primitive structure in
[Mon76). In this section we establish some basic model-theoretic properties of reduced
structures and give some examples of first-order theories with reduced models. We
prove that all the models of a first-order theory are reduced iff this theory defines
explicitly the equality symbol, that is, if there is an equality-free formula ¢(z,y) € L
such that VzVy [z = y < ¢(z,y)] is a consequence of the theory.

Let us recall the definition of type over a set of parameters in a model. Let 2 be
an L-structure and B a subset of A. We expand the language adding a new constant
symbol for each element of B. Given a cardinal k, it is said that a set p of formulas
of L(B) in the variables {z, : @ € K} is a k-type over B in 2 if p is consistent with
Th(p). In addition, p is complete if for any formula ¢ € L(B) in the variables
{Za:a €K}, ¢ € por ¢ € p.

Given a s-tuple @ = (a, : @ € k) of elements of A, the type of @ over B in 2,
in symbols tpy(@/B), is the set of all formulas of L(B) in the variables {z, : a € &}
satisfied by @. The set tpy(a/B) is a complete k-type over B in 2. By atpy(a/B) we
denote the set of atomic formulas of tpy(@/B). Now we introduce the corresponding
notions for equality-free logic.

Definition 2.1 Let 2 be an L-structure and B a subset of A. Given a cardinal s, we

7
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say that a set p of formulas of L=(B) in the variables {z, : @ € k} is an L™-s-type
over B in 2 if p is consistent with Th™(2p). Moreover, we say that p is L™ -complete
iff for any formula ¢ € L™(B) in the variables {z, : @ € K}, ¢ € p or —¢ € p.

Observe that for any set p of formulas of L~(B), p is consistent with Th=(2p) iff
p is consistent with Th(2g). Therefore, a set p of formulas of L™(B) is a L™--type
over B in 2 iff p is a k-type over B in 2 and all the formulas of p are equality-free.

Given a s-tuple @ = (aq, : @ € k) of elements of A, the equality-free type of @ over
B in 2, in symbols tpy (a/B), is the set of all equality-free formulas of tpy(a/B). It is
easy to see that the set tpy (a/B) is an L™ -complete x-type over B in 2. By atpy (@/B)
we denote the set of atomic formulas of tpy (@/B) and call it the equality-free atomic
type of @ over B in 2.

Definition 2.2 Given an L-structure 2, we define the relation Q(2) on 2 as follows:
(a,b) € UA) iff atpy(a/A) = atpy(b/A),

for any a,b € A. () is the greatest congruence relation on 2, that is, every congru-
ence relation on 2 refines it. It is called the Leibniz congruence of 2.

We say that a structure is reduced if there are no different elements with the same
equality-free atomic type over the structure, that is, if its Leibniz congruence is the
identity. The quotient structure 2/(2) is reduced and is denoted by 2*. This struc-
ture is called the reduction of 2. Observe that from the definition it follows that
A* = (A")*. Moreover, it is easy to check that the canonical homomorphism from 2
onto A" is strict.

Lemma 2.3 Given an L-structure 2, for any a,b € A the following are equivalent:

i) (a,b) € QA).
ii) For any ¢(x) € L (A),
Aglal i ARGl

Proof. ii) = i) is clear and i) = ii) is proved by induction on ¢. O

Observe that Lemma 2.3 implies that, given a,b € A,
(a,b) € Q(A) Hf tpy(a/A) = tpy(b/A).
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Examples of Reduced Structures:

1. Linear orders.

2. The model (“2, Ep)new, Where, for any n € w, E, is an equivalence relation
defined by:

(f,g) €En it fln=gln,
for any f, g €¥2. Observe that for any f,g €2, f = g iff for any n € w, (f, g) € En.

3. The random graph, (A, R), that is, the countable graph such that for any finite
and disjoint sets X and Y of vertices of A, there is an element z ¢ X UY which is
adjacent to all vertices in X and no vertice in Y. (A, R) is reduced because by definition,
for any two different elements a,b € A, there is an element ¢ € A different from a and
b such that (a,c) € R and (b,c) € R.

There are theories of L with no reduced models. For example the theory of an
equivalence relation with infinitely many classes all of them infinite, because in any
model of this theory, any two elements in the same equivalence class have the same
equality-free atomic type over the model. Observe also that any theory of L axioma-
tized by a set of equality-free sentences has models that are reduced and models that
are non-reduced: for any model 2 of such a theory, since 2 == 2*, 2A* is a reduced
model of the theory. Moreover, given an enumeration @ = (a; : ¢ € I) of A with at
least one repetition of an element of A, Ter2 is non-reduced and it is a model of the
theory because Ter% € Hgl(ﬂl) and consequently, 2 =~ Terg.

Now, we give a sufficient condition for a theory of L to have non-reduced models.
First of all, let us remember some definitions. Let T be a theory of L, T = z1,...,Tn
a sequence of variables and p(Z) a set of formulas. It is said that a formula ¢ = ¢(Z)
isolates p(Z) in T if T |= ¢(F) — p(F). And it is said that p(F) is isolated in T if
there is a formula ¢(Z) consistent with 7" such that ¢(%) isolates p(Z) in T. Given
an L-structure 2, 2 realizes p(T) if there is a n-tuple @ = ay,...,a, € A such that
2 }= p(a]. And it is said that 2 omits p(Z) if A does not realize p(Z). A theory T of
L omits p(%) if there is A |= T such that 2 omits p(Z).

Observe that for any theory T of L, the reduced models of T" are those that omit
the set of formulas

pr = {x % y} U {VZ[¢(z, 2) « ¢(y,2)] : ¢ € L™ atomic}.

Therefore, we obtain the following result:

Proposition 2.4 Let T be a consistent theory of L. If p, is isolated in T, then some
models of T are non-reduced.
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Proof. If p, is isolated in T, there is a formula ¢(z, y) consistent with T such that
¢(z,y) isolates p, in T. Clearly any model of T'U {3x3y¢(z,y)} is non-reduced. O

We prove that the other direction of Proposition 2.4 holds for finite and relational
similarity types. Later we will give an example that shows that in general, even if we
restrict to complete theories, the converse does not hold.

Proposition 2.5 Let L be a finite and relational similarity type and T a consistent
theory of L. If some models of T are non-reduced, then p, is isolated in T'.

Proof. Since L is finite and relational, there are, up to logical equivalence, a finite
number of formulas in p,. We can assume without loss of generality that p, is finite.
Let ¢(x,y) be the conjunction of all the formulas in p,. Since T has some models that
are non-reduced, ¢(zx,y) is consistent with T'. Clearly ¢(z,y) isolates p, in T. O

Now we state a version of the classical Omitting types theorem. A proof of this
theorem can be found on page 80 of [CK91]. From this theorem we will obtain a
sufficient condition for a theory of L to have reduced models, in case that L is countable.

Theorem 2.6 (Omitting types theorem) Let L be countable and T' a consistent
theory of L. If p(Z) is non-isolated in T, then T omits p(T).

Proposition 2.7 Let L be countable and T a consistent theory of L. If p,. is non-
isolated in T', then some models of T are reduced.

Proof. By Theorem 2.6. O

Remember that for complete theories the converse of Theorem 2.6 is true. There-
fore, for complete theories the converse of Proposition 2.7 is also true. But in general
the converse of Proposition 2.7 does not hold: Let L = {P, : n € w}, where for any
n € w, P, is a monadic relation symbol, and let T' be the set of consequences of the
following set of sentences:

{3zPpz : n € w} U {Vz~(Ppz A Pnz) :n,m € w,n #m}.

T is consistent and since T is axiomatized by a set of equality-free sentences, by
a previous observation, T has some models that are reduced. Let ¢(z,y) = z %
y A Poz A Poy, then T = ¢(z,y) — pr. Therefore, p, is isolated in T. Thus, the
converse of Proposition 2.7 is not true for 7.

We give now a counterexample in order to prove the fact we stated before, that is,
that in general, even if we restrict to complete theories, the converse of Proposition
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2.4 is not true: Let L = {P, : n € w}, where for any n € w, P, is a monadic relation
symbol and let 7' be the theory of the infinite independent properties, that is, the set
of consequences of the following set of sentences:

BB Pt Nosvais e PN =P Nosso Py ),

for any distinct 4o, .. ., in, jo, - - -, J& € w. It is known that 7" is consistent and complete.
By a previous observation, since 7" is axiomatized by a set of equality-free sentences,
T’ has some models that are non-reduced. But again by that observation, we also have
that some models of 7" are reduced. Therefore, since 7" is complete, by the converse
of Proposition 2.7, p, is non-isolated in 7'. Thus, the converse of Proposition 2.4 is
not true for 7".

From all these examples we see that if we consider theories with reduced models,
pr is isolated in some of them and non-isolated in others. Now, as a corollary of the
following proposition, we will see that for any closed theory T in a countable similarity
type, if T has reduced models and p, is non-isolated in T, then the theory of the
reduced models of T is precisely 7.

Proposition 2.8 Let L be countable and T' a consistent closed theory of L. Then the
follounng are equivalent:
i) p is non-isolated in T.

i) T=Th({2 =T : A omits p}).
Proof. See [CF], Proposition 1.3. O

Corollary 2.9 Let L be countable and T a consistent closed theory of L. Then the
following are equivalent:

i) pr is non-isolated in T.

i) T=Th{({2 T : 2 is reduced}).

Proof. By Proposition 2.8. O

Finally, to conclude the section we give a necessary and sufficient condition for a
theory of L to have all its models reduced. Given a theory T of L, we say that T
defines explicitly the equality symbol if there is an equality-free formula ¢(z,y) € L
such that

T = Vavy o~ y o 6(z,y)].
In this case we say that ¢ is a definition of the equality symbol in T.
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Theorem 2.10 Let T be a consistent theory of L. Then the following are equivalent:

i) T has all its models reduced.

i) T defines explicitly the equality symbol.

Proof. i) = ii) Let I'(z,y) be the following set of formulas
I(z,y) = {Vz[¥(x, 2) < ¥(y,Z)] : ¥ € L~ atomic}.
Since all the models of T" are reduced,
TUz,y) Fz~y.
Therefore, by compactness, there is some finite I'g C I' such that
TUTo(z,y) Fx~y.
Let ¢(z,y) be the conjunction of all formulas in I'g. Then,

T = VaVy o =~ y < ¢(z,y)].

ii) => i) Let 2 = T. We prove that 2 is reduced. Let a,a’ € A be such that
(a,a’) € Q(A), we show that a = a’. Let ¢(x,y) be a definition of the equality symbol
in T. Since 2 = ¢a,a], by Lemma 2.3, 2 |= ¢ [a,a’] and thus, a = a’. Therefore, 2
is reduced. O

In Theorems 2.11 and 2.12 we give necessary and sufficient conditions for a theory
of Lxx to have all its models reduced. The proofs are analogous to the proof of Theorem
2.10. In Theorem 2.11, we restrict to the case that k is strongly compact and we use
the k-compactness Theorem of Ly in the proof. And in Theorem 2.12, we restrict
to similarity types such that |L| < &, for an uncountable regular cardinal x. Given
a theory T of Ly, we say that T defines explicitly the equality symbol if there is an
equality-free formula ¢(z,y) € Lkx such that

T EVaVyle = y < ¢(z,y)] -

In this case, we say that ¢ is a definition of the equality symbol in T.

Theorem 2.11 Let x be a strongly compact cardinal and T a consistent theory in L.
Then the following are equivalent:

i) T has all its models reduced.
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ii) T defines explicitly the equality symbol.

Theorem 2.12 Suppose that k is an uncountable reqular cardinal and |L| < k. Given
a consistent theory T in Ly, the following are equivalent:

i) T has all its models reduced.

i) A VzZ[é(z,Z) « ¢(y,Z)] is a definition of the equality symbol in T'.

[1=3 P
atomic

Proposition 2.13 Suppose thal  is an uncountable regular cardinal and |L| < k. Let
A and B be reduced L-structures, then for any infinite reqular cardinal A < K,

A=, B iff A=, DB.
Proof. «) is clear. =) Suppose that 2 =_, B. Consider the formula

1,0(:!.', y) = A W[Qf’(m!}-) 73 ¢(y'!§)]!
¢peEL™

atomic

which is a formula of L, because |L| < x. Since 2 and B are reduced,

A = VeVy [z =~ y < Y(2,y))

and
B = VaVy [z = y © ¥(z,y)].

Therefore, for any sentence o € Ly, there is a sentence o’ € L, such that
AEo oo

and
BEo—o.

The sentence ¢’ can be obtained from o by replacing each appearance of a formula of
the form ¢, =~ ¢» by an appearance of ¥(t1,t2). Therefore, A =) B. D

Observe that in Proposition 2.13 we can not delete the restriction that 2 and B
are reduced: Suppose that s is an uncountable regular cardinal and |L| < k. Then,
for any non-reduced L-structure 2, 2 =_, 2A* and therefore, 2 =_, 2*. Moreover,
we have that A = Jr3y(z % y A ¥(z,y)), where ¥(z,y) is the formula defined in the
proof of Proposition 2.13. But 2* ¥ Jz3y(z % y A ¢(z,y)), because A* is reduced.
Thus, 2 #,, 2A*.
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Corollary 2.14 Let 2 and B be reduced L-structures, then

i) For any infinite cardinal A,

A E;o,\ B tﬁ 2A =0l B.
i) A= B ff A= 'B.
Proof. By Proposition 2.13. O

Proposition 2.15 Let L be a finite and relational similarity type and 2 and *B reduced
L-structures. Then,
A="B iff A=9B.

Proof. We use the same kind of proof as the one of Proposition 2.13 together with
the fact that for any finite and relational similarity type L, there is a finite set I' of
formulas of the form Vz [¢(z, Z) « ¢(y,Z)], where ¢ € L™ is atomic, and such that, if
¥ (x,y) is the conjunction of all the formulas in I, then for any reduced L-structure 2,

AE=VaVylzmy © P(z,y)]. O

If we delete the restriction that L is finite and relational, this result in general
is not true. We have the following counterexample: Let L = {P, f}, where P is a
monadic relation symbol and f is a monadic function symbol. Consider the L-structure
A = (w, P2, f2), where P% = {0}, f2(0) = 0 and for any n € w, f2(n +1) = n, and
the L-structure B = (wU{b}, P2, f®), where b ¢ w, P® = P and f® = f2U{(b,b)}.
Using the back-and-forth methods introduced in Section 3.1, it is proved in Example
3.11 that 2 =~ B. But A # B because A = Ixy(z £ y A f(z) = z A f(y) = y) and

B = eIy(z #y A flz) 2z A fy) = ).

2.2 The relative relation

We now introduce the notion of relative relation, an equivalence relation between struc-
tures that will play in languages without equality the same role that the isomorphism
relation plays in languages with equality. This notion was introduced by G. Zubieta in
[Zub57], using condition iv) of next Proposition 2.17 as the defining one, but only for
relational structures, and independently by W. Blok and D. Pigozzi in [BP86], using
condition ii) of Proposition 2.17 as the defining one but for the special case of logical
matrices. The word “relative” was introduced by the last two authors.



2.2 The relative relation 15

Definition 2.16 Let 20 and B be L-structures. We say that a relation R C A x B is
a relative correspondence between 2 and B if dom(R) = A, rg(R) = B and

(1) for any constant ¢ € L,c*Rc®,

(2) for any n-adic function symbol f € L, any ay,...,an, € Aand any by,...,b, € B
such that a;Rb; for eachi=1,...,n,

fm(al'r .. ':a’n)Rf‘B(bh .. ‘lb‘n)!

(3) for any n-adic relation symbol S € L, any ay,...,a, € Aand any by,...,bp € B
such that a; Rb; for eachi=1,...,n,

(@1y.+.5an) € S%iff {(b1y...,bn) € 8%,
We say that two L-structures 2 and B are relafives, in symbols 2 ~ B, if there is a

relative correspondence between them.

The relation of being either a strict homomorphic image or a strict homomorphic
counter-image is not in general transitive. Its transitivization is precisely the relative
relation, as the following proposition shows. The equivalences between i), iii), iv) and
v) already appear in [BP86] for the special case of logical matrices.

Proposition 2.17 Let 2 and B be L-structures. The following are equivalent:

i) 2~ B

ii) There are n € w and L-structures €y, ..., &, such thal A = €, B = €, and for
any i < n, €.y € Hg(€;) or €y € H3' ().

iii) A, B € Hg(C), for some C.
iv) 2, B € Hg'(€), for some €.
v) A* =B,

vi) There are enumerations of A and B, @ = (a; : i € I) and b=(b:i€l
respectively, such that (2,@) =; (B, b).

vii) There are enumerations of A and B, @ = (a; : i € I) and b = (b; : i € I)
respectively, such that (4,@) =~ (9B, ).

viil) There are enumerations of A and B, @ = (a; : i € I) and b=(b;i:i €l
respectively, such that (2,a) =g (B, b).
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Proof. viii) = vii) and vii) => vi) are clear and vi) = viii) is proved by induction
on the formulas of L. iii) = ii), v) = iv) and iv) = ii) are also clear.

vi) = v) Suppose that there are enumerations of A and B, @ = (a; : i € I) and
b = (b; : i € I) respectively, and such that (2,a) =; (%B,b). We define h : 2* — B* as
follows:

hlailog)) = [bd o) »

for any 7 € I. First of all we see that for any term t(y;,...,yn) of L and any
Uy.vyin, J €I,

(1) [t“[a,:,,--.,ai..]]m)=[ﬂj]n(m iff [tmlb‘in“wbin]]m%):[bj]Q{‘B)'

Assume that [tm e ,a,iﬂ]] = [a;]qqy and that

Q(2)

[tm [b,-,,...,bgn]] # [bjlom) -

QB)

Then, there is a quantifier-free formula ¢(z,z;,...,2,m) € L™ (where the variables
Z,&1,...,Zm do not occur in ¢) and a sequence dy, ..., dn of elements of B such that

B ¢lz,an,. . m) [12 By by
but
B ¢z, 2100y Tm) [Djy 21y .0, O] -

Then, for any 1 < k < m, we choose ji € I such that dy = b;, in the enumeration b of
B. Hence,

B = o(z, 21, ., Zm) [tm [b,'“...,bi“],bjl,...,bjm]

but
B V: ¢(z$$l:' . w-Tm) [bj'lbjll"'}bjm] .
Let ¢' be obtained from ¢ by substituting the term ¢ for the variable z. We have

B |= ¢’(yla"'$yﬂ$xla"-imm) Ibi:)-'-vbin!bjp"'sbjm] .

Since
(%,3) =; (B,b),
we have
A= W1 Uni 1y s Zm) (@i 2, iy @Gy - -5 0]
and

2 bé ¢(z'!$11"-)$m) [aj,a-j‘,...,ﬂ.jm] i
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But then,
2 ’= ¢(z,$1, van :mm) [t!z [ai“' . wain] yQjqs . -sajm} )

which is absurd. Therefore, we conclude that

[£% 103+ b1 ) = slamy

Analogously, we can prove the other direction of (1). By (1) we have that h is well-
defined and injective. Moreover, since b is an enumeration of B, we have that h is
surjective. Let us see now that h is a strict homomorphism: for any n-adic relation
symbol R € L and any a;,,...,a;, € A,

([%]n{m)a--—s[arin]n(a)) e R iff (ay,...,a;,) € R?
i ARy B G006 ]
if B Rry...znlbiy,.... b
iff (bils"';bin>eR.B
iff  ([bi )y s - oo [Binlomy) € R

Suppose now that f € L is an n-adic function symbol and a;,,...,a;, € A. We have

h(fm.([ﬂ'il]n(m) v oo [@in ]y ) = A( [fﬁ(“"' A “"")]n(m))'

Let j € I be such that f*(as,,...,a:,) = a; in the enumeration @ of A, then
A (@052 000) g ) = P8510qay) = [Bilagey
and by (1)

bilamy = [£2 s - bi,)] £ Balogy - - Binlogsy)-

Q@)

In an analogous way we prove that for any constant symbol ¢ € L, h(c®) = ¢® .

Therefore, we can conclude that A is an isomorphism.

ii) = v) It suffices to show that if 2 and B are L-structures and h: A — B is a
strict homomorphism from 2 onto B, then 2* 2 B*. Since h is onto 9B, we have that
a=(a:a€ A) and b= (h(a) : a € A) are enumerations of A and B. And since h is a
strict homomorphism, by Lemma 1.2 we obtain that

(%,3) =5 (B,b).

Therefore, by the implication vi) = v) already proved, we conclude that 2* = B*,

_vi) = iii) Suppose that there are enumerations of A and B, @ = (a; : i € I) and
b= (b; : i« € I) respectively, such that (2,a) =¢ (B,b). Let € = TerZ. By Lemma
1.5, A € Hg(€). Since (2A,@) =; (*B,b), the function fy : Var; — B such that for
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any 7 € I, fo(x;) = b;, can be extended to a strict homomorphism f from € onto B.
Therefore, 2, B € Hg(<).

i) = vi) Let R = {(ai,b;) : i € I'} be a relative correspondence between 2( and B.
By induction it is easy to prove that for any ¢(z1,...,2,) € Ly and any 4,...,in € I,

ﬁ‘=¢[ain“wa’in] iff EBE=¢[blla:btn]

Then @ = (a; : i € I) and b= (b; : i € I) are enumerations of A and B respectively,
such that (,a@) =; (B, b).

v) = i) Assume that 2* = B* and let & : A* — B* be an isomorphism. Define the
relation R C A x B by

aRb iff  h({a)guy) = [blos)»

for any a € A and any b € B. It is easy to check that R is a relative correspondence
between 2 and B. O

As an straightforward corollary to Proposition 2.17 we obtain the following result:

Corollary 2.18 For any class K of L-structures,
HsHg'(K) = Hg'Hs(K).

Proof. Observe that, by Proposition 2.17, for any two L-structures 21 and B,
2 € HgHg' () iff 2, B € Hg(€), for some € iff A, B € Hg'(€), for some € iff
2 € H3'Hg('B). O

The last result of this section shows that, given two L-structures 2 and B, if we
consider sequences of elements @ = (a; : ¢ € I) and b = (b; : i € I) of A and B
respectively, that are not necessarily enumerations, then the substructure (@) of 2
generated by @ and the substructure (b) of 98 generated by b are relatives.

Corollary 2.19 Let 2 and B be L-structures and @ = (a; :i € I) and b= (b; : i € I)
sequences of elements of A and B respectively. Then the following are equivalent:
i) (&,3) =g (B,b).
ii) (@)* = (b)* and there is an isomorphism h : (@)* — (b)* such that for any i€ I,
h(lailo(@y)) = il

iii) (@) ~ (b) and there is a relative correspondence R between (@) and (b) such that
for any i€ I, a; Rb;.
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Proof. i) = ii) Assume that (2,a@) =; (B, 5). Since (@) is a substructure of 2 and
(b) is a substructure of 9B, it is clear that (2,a) =; ((a),a) and (B,b) =5 ((b),b).
Consequently,
((@),a) =5 ((b),b).

Let Ter be the set of terms of L. We define enumerations ¢ and d, of (@) and (b)
respectively, by:

t= (t(ﬁ} [@sy5 - 583, ) 81y 0 0 oy Zn) € TETy 814000580 € I,n € w)

d=(t® [bi,....b; ) tx1,...,zn) € Ter,in,... in € I,n € w).

Then,
((@),e) =5 ((b),a),

and by the proof of vi) = v) of Proposition 2.17, (@)* = (b)* and there is an isomor-
phism h : (@)* — (b)* such that for any i € I, h([ai]n{m)) = [bi]Q((E”'

ii) = iii) By the proof of v) = i) of Proposition 2.17.

iii) = i) By the proof of i) = vi) of Proposition 2.17 and the fact that (2,a@) =5
((@),a) and (B,b) =7 ((b),b). O

2.3 The method of diagrams

The method of diagrams, due to L. A. Henkin and A. Robinson, has proved to be a
useful tool for model theory. Nevertheless, if we want to have its advantages working in
equality-free logic, we can not use this technique as it stands. In this section we present
different propositions that will allow us to work with diagrams. Given an L-structure
2, we define in the natural way, the equality-free diagram of 2, in symbols diag™ (),
as the set of all equality-free sentences of the diagram of 2. In an analogous way we
define the equality-free elementary diagram of 2, the equality-free positive diagram of 2
and the equality-free negative diagram of 2, that we denote respectively by eldiag™(2),
posdiag™ (2) and negdiag™ (). For references on the method of diagrams see [CK91]
and [Hod93b).

Propositions 2.20, 2.26, 2.27 and 2.28 are counterparts to the classical results on
diagrams and will be used later on to obtain preservation theorems. Let us recall some
definitions. Given two L-structures 2 and 8 and a map f : A — B, we say that a
formula ¢(Z) € L is preserved by f if for every tuple @ of elements of A, if A = ¢[a],
then B = ¢ [f(@)]. And given a set of formulas ® C L, we say that f is a ®-map if f
preserves all the formulas in ®.

Proposition 2.20 Let 2 and B be L-structures. Then the following are equivalent:
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i) There is an expansion of B that satisfies diag™ ().
ii) There is a Ly-map h: A — B.

iii) There is an enumeration @ = (a; : i € I) of A and a sequence b= (b; : i € I) of
elements of B such that ~
(*,a) =; (B, 0).

iv) A~ €, for some € C B.
v) 2 € Hg'HgS(B).
vi) A € HgHg'S(B).

Proof. Clearlyi) « ii) & iii). By Proposition 2.17 and Corollary 2.18, iv) < v) < vi)
is also clear. iii) = iv) By Corollary 2.19 we have (@) ~ (b) and, since @ is an enumer-
ation of A, % = (@). Therefore, 2 ~ (b) and (b) C B.

iv) = iii) Since 2 ~ €, for some € C ‘B, by Proposition 2.17, there are enumerations
of Aand C, @ = (a; : i € I) and b= (b; : i € I) respectively, such that (2,a) =; (€, b).
Therefore, since € C B, (€,b) =; (B,b) and consequently, (2,a@) =5 (B,b). O

We will see that for relational similarity types we can improve Proposition 2.20 by
seeing that conditions i) — vi) are equivalent to 2A* C B*.

Lemma 2.21 Let L be relational. For any L-structures 2 and B, if A C B, then
2A* C B".

Proof. Assume that 2l C B and let h : 24 — B be an embedding. We choose

for any equivalence class ¢ € 2A* a representative a; € A. Let X be the set of these
representatives. Let f : 2A* — B* be defined by:

flalog)) = [R(a)]os,) ;

for any a € X. Since L is relational, it is easy to prove that f is well-defined and it is
an embedding. O

Observe that in Lemma 2.21 we can not delete the restriction that L is relational.
Let L = {R, f}, where R is a binary relation symbol and f a monadic function symbol.
Consider the L-structure 2 = ({a, b},0, f*), where f%(a) = b and f2(b) = a, and the
L-structure B8 = ({a, b, c}, R®, f®), where R® = {{a,c)} and f® = f2U{{c, a)}. It is
easy to check that A C B but A* ¢ B*.
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Corollary 2.22 Let L be relational. For any L-structures 2 and B the follounng are
equivalent:

i) There is an expansion of B that satisfies diag™ (2).
ii) 2A* c B".

Proof. i) = ii) We see that condition iv) of Proposition 2.20 implies 2* C B*.
If A ~ €, for some € C B, then since L is relational, by Lemma 2.21, €* C B~.
Therefore, 2™ C B,

ii) = i) Asssume that 2* C B*. Let f : 2A* — B* be an embedding. For any a € A,
we choose an element b, € B such that

f(lalg@y) = [baloe) -

Then using the fact that 2* C B* it is easy to check that (B, by )ac 4 satisfies diag(2).
O

We introduce now the Leibniz diagram of a model. This diagram will allow us to
obtain a characterization of when 2* C B*, for two arbitrary L-structures 2 and B.

The definition of Leibniz diagram was first introduced in [Elg94]. Given an L-structure
2, the Leibniz diagram of 2, in symbols Ldiag(2), is the set diag™ () U A, where A
is the set of sentences of L™(A) of the form

Vz[qi(tl(al, . .,Gn),f) — Qb(tQ(b], ey bk),'Z)]

such that
15 [a1,...,a0) =13 [b1,..., 0]  mod(QUR)),

where ¢(z,Z) € L™ is an atomic formula, t;(z;,...,2,) and t2(y1, ..., yx) are terms of
L and ay,...,an,b1,...,b; € A.

Proposition 2.23 Let 2 and B be L-structures. Then the following are equivalent:

i) There is an expansion of B that satisfies Ldiag(2).
i) oA B,

Proof. i) = ii) Suppose that there is an expansion of B that satisfies Ldiag(2).
Let 2= (a:a € A). Then there is a sequence of elements of B, b= (b, : a € A), such
that

(B, b) = Ldiag(2).
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Since diag™ () C Ldiag(2), _
(?,a) =; (B,b).

By Corollary 2.19, there is an isomorphism f : A — (b)* such that for any a € A,
f([a]ﬂ(m}) = [bg]ﬂ({sn. Deﬁne aq: (b)‘ - ‘.B‘ by:

Q(IC]Q((S))) = [C]Q(Qa) s
for any ¢ € (b). We will show that g is an embedding. We have that g is well-defined:
assume that c,¢’ € (b) and el = [CIIQ({_b})‘ Let bg,,...,bs, € rg(b) and ¢ (Z) and
t' (Z) terms of L, where & = zy, ..., Ty, such that

O [bay, ... bay] =
and _

'O [by,,...,ba] =C.

Suppose, searching for a contradiction, that [c]om) # [¢']om) . Then there is an
equality-free atomic formula ¢ = ¢(y, w) such that

B = Va(d(y, ) < oy, 0)) [¢,¢],

where y, ¥/ and the variables in w are different from the variables in Z. Let ¢; be the
formula obtained by substituting in ¢ the term # for the variable y. And let ¢ be the
formula obtained by substituting in ¢ the term # for the variable y'. Then

B e Vir(h1(Z, W) « ¢2(Z, %)) [ba,, - - -, bay] - (2.1)
Since [C]Q((E)] = ["J]Q(('E)} and f : 2" — (b)* is an isomorphism such that for any a € A4,

tXay,...,an) =t 2[ay,...,an] mod()).
Therefore,

A | V() (2, D) «— ¢2(Z, 1)) [ay,...,6n]

and since (B, b) = Ldiag(2),

B = Vo(1(Z, W) « ¢2(T, D)) [bayy-- -y ban),

but this contradicts (2.1). Therefore, we can conclude that g is well-defined. Moreover,
g is clearly injective and it is a strict homomorphism because (b) C B. Therefore,
A* C B,

il) = i) Let f: 24* — B* be an embedding. For any a € A, we choose an element
ba € B such that f([a]o@y) = [balos)- Then (B, ba)ac satisfies Ldiag(2). O

We introduce now the eguality-free elementary diagram of a model. Given two
structures 2 and B, by means of this diagram we will present a characterization of
when 2* 2~ B*. Let us see before some preliminary lemmas.
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Lemma 2.24 For any L-structures A and B, if A 3~ B, then A* 3~ B*.

Proof. Assume that 20 X~ B and let h : 2 — B be an embedding that preserves
all the equality-free formulas. Let f : A* — 2B* be defined by:

fla)o@y) = [h(@)]gm) »

for any a € A. Since 20 3~ B, it is easy to prove with the usual arguments that given
a,d € A,

oy = [@]q@y Hf  [R(a)lge) = [2(a)] g, -

We conclude from this fact that f is well-defined and it is injective. Using the fact that
2 <~ B, it is easy to show that f is an embedding that preserves all the equality-frec
formulas., O

Lemma 2.25 For any class K of L-structures,

i) 8% Hg(K) C H5's™ (K).

i) S¥ Hg(K) C HgS= (K).
Proof. See [Elgd4], Lemma 4.1.2. O
Proposition 2.26 Let A and B be L-structures. Then the following are equivalent:

i) There is an expansion of B that salisfies eldiag™ ().
ii) There is a L™ -map h: A — B.
iii) There is an enumeration of A, @ = (a; : i € I), and a sequence of elements of B,
b= (b :i€I), such that
(2,a) =" (B, b).
iv) A ~ €, for some € X~ B.
v) 2 € Hy'HgS™ (B).

vi) 2 € HgH5'S™ (B).

vii) 2% <~ B*,
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Proof. Clearly i) & ii) < iii). And iv) & v) <> vi) is also clear by Proposition
2.17 and Corollary 2.18.

iv) = iii) Since A ~ €, for some € <X~ B, by Proposition 2.17, there are enu-
merations of A and C, @ = (a; : ¢ € I) and b = (b; : i € I) respectively, such
that (2,@) =~ (€,b). Therefore, since € <~ B, (¢,b) =~ (B,b) and consequently,
(#,3) =" (B,b).

iii) = iv) Since (,@) =~ (*B,b), by the proof of i) = ii) of Corollary 2.19, there
are enumerations ¢ and d of A = (@) and (b) respectively, such that

(2,2) =5 ((b),d)
and @ C ¢ and b C d. Therefore, by Proposition 2.17,
(2,2) =" ((b),d)

and 2 ~ (b). Then,
(2,a) =" ((b),b)

and consequently, since (2,@) =~ (B, b), we have that
(%B,b) =" ((b),d).

Using this last fact it is easy to check that (b) <~ B. Thus, 2 ~ (b) and (b) <~ B, so
condition iv) holds.

iv) = vii) by Lemma 2.24. vii) = v) Since 2* 2~ B* implies that 2 & Hglsj_Hs(B),
by Lemma 2.25, 2 € Hg'HsS™ (8). O

We end this section with the equaliiy-free positive diagram and the equality-free
negative diagram of a model.

Proposition 2.27 Let 2 and B be L-structures and At~ the set of atomic formulas
of L~. Then the following are equivalent:

i) There is an expansion of B thal satisfies posdiag™ (2).
ii) There is an At™-map h: A — B.
i) A € HgH™1S(B).

Proof. i) < ii) is clear. ii) => iii) Assume that h : A — B is an At -map. Let
€ be the substructure of B generated by h[A]. Let k = |A] and let @ = (a4 : @ € K)
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be an enumeration of A without repetitions. Consider the L-structure TerZ of the
Preliminaries and the function g : Vi — C, defined by:

9(za) = h(aq),

for any o € k. We extend g to an homomorphism ¢ from Tery, into the algebraic
reduct of €. Since € is generated by & [A], ¢ is onto C. Using the fact that h preserves
equality-free atomic formulas it is routine to show that ¢ is an homomorphism from
Ter2 onto €. Therefore, since by Lemma 1.5, 2 € Hg(Ter2), % € HsH™1S().

iii) = ii) Assume that 20 € HgH'S(B). Then there are L-structures € and D
with the following properties: (1) ©® C B, (2) there is a strict homomorphism f from
€ onto 2 and (3) there is an homomorphism g from € onto ©. We choose for any
a € A, an element ¢, € f~1[a]. Let h : 2% — B be defined by: h(a) = g(cs), for any
a € A. So defined k is clearly an At™-map. O

Proposition 2.28 Let 2 and B be L-structures and Negat™ the set of negations of
atomic formulas of L~. Then the following are equivalent:

i) There is an expansion of B that satisfies negdiag™ ().
ii) There is a Negat -map h: A — B.
i) % € HHZ'S(B).

Proof. Analogous to the proof of Proposition 2.27. O



Chapter 3

Characterizations of =~

3.1 Methods of back-and-forth

In this section we will give a characterization of the relations =~ and =, using
back-and-forth methods. Instead of using partial functions we will use partial relative
correspondences. Since our language does not contain the equality symbol, we add
new conditions to the usual back-and-forth conditions in order to deal with constant
and function symbols. The characterization of elementary equivalence in terms of the
existence of a winning strategy in an associated game is due to A. Ehrenfeucht and R.
Fraissé and the characterization of the relation =, is due to C. R. Karp; for references
see [Bar73] and [EFT84].

First we recall the definitions of partial isomorphism, of £-finitely isomorphic struc-
tures and of partially isomorphic structures.

Definition 3.1 Let 2 and B be L-structures. A map p is said to be a partial isomor-
phism from 2 into B if dom(p)C A, rg(p)C B and p has the following properties:

e p is injective.
e For any n-adic relation symbol R € L and any ay,...,a, € dom(p),

(81,-,8) €R® i (p(a1),...,D(an)) €R®.

e For any n-adic function symbol f € L and any ay,...,a,, a € dom(p),

ay..,an)=a iff  f2(p(ar),...,plan)) = p(a).

27
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e For any constant symbol ¢ € L and any a € dom(p),

Ar=a iff ®=pla).

In the following definition we use &, 7, to denote ordinals.

Definition 3.2 Let 2 and B be L-structures. 2l and B are said to be &-finitely
isomorphic via (I)n<e, in symbols (I;)p<e : & =¢ B, iff

i) Every I, is a non-empty set of partial isomorphisms from 2 into 8 and for any
n<(<& I Cl,.

ii) (Forth condition) For any n+1 < £, any p € I,);; and any a € A there is g € I
such that ¢ 2 p and a € dom(g).

iii) (Back condition) For any n+1 < &, any p € I5);1 and any b € B there is ¢ € I
such that ¢ O p and b € rg(qg).

We write 2 =2 B when there is (I)),<¢ such that (Iy)p<e : % = B. And we
say that 2 and B are finitely isomorphic, in symbols 2 =, B, when for any n € w,
A =, B.

Definition 3.3 Let 2 and B be L -structures. 2 and B are said to be partially
isornorphic via I, in symbols I : 2 2, B, iff
i) I is a non-empty set of partial isomorphisms from 2 into B.

ii) (Forth condition) For any p € I and any a € A there is ¢ € I such that ¢ 2O p
and a € dom(q).

iii) (Back condition) For any p € I and any b € B there is g € I such that ¢ D p and
b € rg(q).

We write 2 =, B, when there is I such that I :2 =, B.

Now we introduce the concept of partial relative correspondence.

Definition 3.4 Let % and 8 be L-structures. A relation p C A x B is said to be
a partial relative correspondence between 2 and 9B iff for any n-adic relation symbol
R € L and any (ﬂj,bl},...,(ﬂn,bn) €p,

(al,...,an) ERﬂ iff (bl,...,bn) GRE.
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Observe that the empty set, any strict homomorphism from 2 into 8 and any
relative correspondence between 2 and 98 are partial relative correspondences.

Lemma 3.5 Let L be relational, 2 and B L-structures andp C AxB. Let {{a;,b;) : 1 € I}
be an enumeration of p. Then the following are equivalent:

i) p is a partial relative correspondence between 2 and B.
ii) p is a relative correspondence between (dom(p)) and (rg(p)).

iii) (A, a:)ier =g (B, bi)ier-

Proof. iii) = i) and i) = ii) are clear. ii) = iii) By the proof of i) = vi) of Propo-
sition 2.17 using the fact that

({(dom(p)), ai)ier =¢ (U, ai)ier

and
((rg(p)), bi)icr =p (B, bi)ier. O

We show now that Lemma 3.5 does not hold for non-relational similarity types.
Let Z = (Z,+,0, E), where (Z,+,0) is the additive group of the integers and F is
defined in the following way:

(n,m) e E iff n—m isdivisible by 2,
for any n,m € Z. Let p C Z x Z be defined by:
p={(z,y) € Zx Z :z iseven and y is odd }

Clearly, p is a partial relative correspondence. However, (2,3) € p but (2+2,3+3) ¢ p,
therefore, p is not a relative correspondence between (dom(p)) and (rg(p)).

In the following definition we use £, 7, { to denote ordinals.

Definition 3.6 Let 2 and B be L-structures. 2 and B are said to be &-finitely
relatives via (In)n<g, in symbols (Iy)p<e : 2% ~¢ B, iff

i) Every I, is a non-empty set of partial relative correspondences between 2 and
B and for any n < ( <&, Ic C L.

ii) (Forth condition) For any n+1 < §, any p € I;).; and any a € A thereis g € I,
such that ¢ O p and a € dom(q).
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iii) (Back condition) For any n+1 < &, any p € I;.1 and any b € B there is g € I
such that ¢ D p and b € rg(q).

iv) For any n+1 < &, any p € I4; and any constant symbol c € L, pU {(*,c®)} e
I,

v) For any n+1 < &, any p € I,41, any m-adic function symbol f € L and any
(G],b]), ey (am;bm) EP:

pU{(fMa1,am)s 21,5 bm)) | € Iy

We write 2 ~¢ B when there is (I;),<¢ such that (I;)y<¢ : 2 ~¢ B. And we say
that 20 and B are finitely relatives, in symbols 2 ~, B, when for any n € w, 2 ~, B.

We give now a measure of the complexity of a formula of L . We assign to any
¢ € L, an ordinal called the nested rank of ¢.

Definition 3.7 For any term t of L, let S(t) be the set of subterms of ¢ that are

not variables. Given a formula of LS, we define by induction the nested rank of ¢,
denoted by NR(¢), as follows:

NR(R; ...tn) = |Urcicn S(t:)
NR(-¢) = NR(¢)

NR(A @) = sup {NR(¢) : ¢ € ®}, for any set ® C L.
NR(3z¢) = NR(¢) + 1.

Given 2 and B L-structures, for any n € w, we write
A= B

when 2 and B satisfy exactly the same sentences of L™ of nested rank < n.

We will calculate the nested rank of a formula in order to illustrate the definition.
Let L = {R, f,g}, where R is a binary relation symbol and f and g are monadic
function symbols. Take

¢ = 3yvz [Rf(y)f(y) A Rg(z)f(9(z))],
then NR(Rf(y)f(y)) = 1, NR(Rg(z) f(g9(z))) = 2 and NR(¢) = 4.

Theorem 3.10 characterizes the L™ -equivalence relation in terms of the relation ~ .
In the proof we use the notion of nested rank of a formula that we have introduced
before.
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Lemma 3.8 Given a finile similarity type L and a finite set V' of variables, for any
n € w there s, up to logical equivalence, only a finite number of formulas of L™ in the
variables of V' and of nested rank < n.

Proof. Let L be a finite similarity type and V a finite set of variables. Let
Tery, =V and for any n € w

Tery™ = TerfU{c:ce€ L} U{f(t1,...,tx) : f € L is k-adic and ty,...,t € Ter}}.

It is clear that Tery; is finite for every n € w. An easy induction on the construction
of a term £ in the variables of V' shows that for any n € w, if |S()| < n, then ¢ € Ter(,.
It follows that for any equality-free atomic formula Rt; ...¢,, in the variables of V' and
any n € w, if NR(Rt;...tm) < n, then ty,...,t, € Ter],. Therefore, there is only
a finite number of equality-free atomic formulas in the variables of V' of nested rank
< n. Using this fact it is easy to finish the proof by induction on the nested rank. O

Proposition 3.9 Let L be a finite similarity type and 2 and B L-structures. Then
for anyn € w,
A=,B ff A~,B.

Proof. =) Suppose that 2 =, B. We define for any m < n, I, as the
set of all partial relative correspondences p such that there is £ € w with p =

{{a1,b1), ..., (ak,bx)} and for any ¢ = ¢(yi,...,yx) € L~ with NR(¢) < m
‘21|=¢)[a1,...,a;¢] iff !B}=¢[b1,...,bk].

Let us see that conditions i)-v) of the definition of ~, hold.

i) Since 2 =, B, we have ) € I,, and clearly, if m’ < m < n, then I, C I,.
ii) Let m+1 < n, p € Iyyy and p = {{a1,b1),...,(ax,bx)}. Suppose that a €
A. Since L is finite, by Lemma 3.8, there is a finite set X of equality-free formulas
in the variables z,1,...,¥yk, and of nested rank < m, such that any equality-free
formula in the variables z,y1,...,¥x, and of nested rank < m, is logically equivalent
to one formula in this set. Consider now the set ® = {p € X : 2 = [a,ay,...,ax]}.
Then % &= 32 A®[ay,...,ak] and since NR(IzA®) < m + 1 and p € Iymy1, by the
assumption, B |= 3z AP [b1,...,b]. Let b € B be such that B = A®[b,by,..., b
Thus, clearly pU {{a,b)} € L.

iii) is analogous to ii).

The proof of iv) is similar to the proof of v). We prove only this last case. Let
m+1<n, p € Iny1, f € L an l-adic function symbol and (a1,b1),...,(a,,b) €
p. Let p = {{a1,b)),...,{ai, bn),-..,{ak,bx)}. We will show that for any formula
®(y1, - - -, Ye+1) € L™ with NR(¢) < m,

AL ¢ [a,l,. ..,ak,f“(al,...,a,)] if BEo [bl,...,bk,fm(bl,...,b;)].
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Assume that ¢(yi,...,Yk+1) € L™ is a formula with NR(¢) < m, then

Aol on Maryona)] i Al

where ¢ is obtained by substituting in ¢ the term f(v,...,y) for the variable yg ;.
Since NR(¢') < m+1 and p € Ippy1,

Qil:gb’[al,...,ak] iff %l‘:qb’[bl,...,bkl.

Now,

%#é’[b],...,bﬁ] iff ‘B}:¢[bla---1bkrf‘3(b1$"‘}bf)})

and therefore, p U {(fg'(al,. o)y F2(by,- - .,bg))} € I,. Thus, we conclude that
Um)msn A ~,, B,

<) Suppose now that (I;)m<n : A ~, B. First we show by induction on m that

(x) If m < n and ¢ = Rty...1; is an atomic formula whose free variables are
among Ii,...,r; and whose nested rank is < m, then for any p € I, and any
{a1,b1),...,(ak,bx) € p there is g € Iy such that p C g and for any i, 1 < i < [,
(t?‘[al, ces ,ak],t?[bh . ..,bk}) €q.

The case m = 0 is clear. Suppose inductively that condition () holds for m. Let
¢ = Rt;...t; with nested rank < m+1 < n, p € I, and {a1,b1),...,{ax, bk) € p.
If NR(Rty...t;) = 0 we are done. So let NR(R¢;...t;) > 1. There is a subterm
r = r(z1,...,7%) of some term #; of ¢ with 1 < ¢ < [, which is either a constant
or a term of the form g(z;,...,%;;), where g is a j-adic function symbol of L and
i15..-,4; € {1,...,k}. Let y be a new variable that does not occur in ¢ and for every
1,1 < i <, let ¢/ be the term obtained from ¢; by substituting the variable y for the
term r (z1,...,2x). Note that t/ =t} (z1,...,2x,y) and that ¢ = Rt{...t/ has nested
rank < m. By conditions iv) and v) of the definition of ~,,

pU{(®[ar,...,akl, 72 by, ..., bk]) } € In.
Therefore, by inductive hypothesis, there is g € Iy such that
pU {<r“[a1,...,a,c],r%[bl,...,b,,])} Cq
and for any 4, 1 <1 <[,
t! ®la1,...,ax,7%[a1,- .., ax]}, t) Blb1, ..., bk, 201, i) € q.

Then clearly p C ¢ and for any 4, 1 < i <, (t*ay,...,ax),t2[b1,...,b]) € g. There-
fore, condition () holds.
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Let m < n. We prove by induction on ¢ that for any formula ¢(y1,...,yx) € L™
of nested rank < m, any p € I, and any (ay,b1),..., {ax, bx) € p,

Ak dlay,...,ax) iff BEdby,... bl (3.1)

If ¢ is atomic, this is clear by condition (%). The cases - and A are immedi-
ate. Let ¢ = 3y and suppose inductively that condition (3.1) holds for %. If
2 = Jyylai,...,ak], then there is @ € A such that A & ¥ |a,a1,...,ax]. Observe
that m > NR(3yy) > 1. Now NR(%)) < m — 1. Hence, by ii) of the definition of ~,,
there is g € Iym-1 such that ¢ 2 p and @ € dom(g). Let b € B be such that (a,b) € g.
By inductive hypothesis, B = v [b, b1, ..., bx] and therefore, B |= Jyy [by, ..., bk] . The
other direction is proved analogously using condition iii) of the definition of ~,. By
condition (3.1) we conclude that 24 =, 8. O

Observe that in the previous proof, when proving that 2 ~, B implies 2% =, B,
we do not make any use of the fact that L is a finite similarity type. It is also useful
to remark that in the proof of 2 = B implies 2 ~, B, we obtain (/,,)m<n such that

(Im)m<n : % ~n B and for any m < n all the partial relative correspondences of I,
are finite.

Theorem 3.10 Let L be a finite similarity type and 2 and B L-structures, then

A="B iff A~y B
Proof. By Proposition 3.9. O

Observe that for infinite similarity types, in general it is not true that 2 == B
implies 21 ~ ; B:

Example 3.11 Let L = {P, : n € w}, where for any n € w, P, is a monadic relation
symbol, 2 = (w, P), where for any n € w, P = {m€w:m >n} and B = (w U
{b},P2), where b ¢ w and for any n € w, P2 = P2 U {b}. Let us see that for
every finite Lo C L, A [ Ly € Hg(®B | Lo) and consequently, 2 == B. Suppose
that Ly C L is finite and let k € w be the greatest number such that P, € Lg. Let
h:®B [ Ly — 2 [ Ly be defined by: for any n € w, h(n) = n and h(b) = k+ 1. Clearly
h is a strict homomorphism. However, there is no partial relative correspondence p

such that b € rg(p) and therefore, 2 £ ; B.

Now we give a characterization of the L_ -equivalence relation in terms of the
relation .
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Definition 3.12 Let 2 and B be L -structures. 2 and B8 are said to be partially
relatives via I, in symbols I : % ~, B, iff
i) I is a non-empty set of partial relative correspondences.

ii) (Forth condition) For any p € I and any a € A there is ¢ € I such that ¢ 2 p
and @ € dom(q).

iii) (Back condition) For any p € I and any b € B there is ¢ € I such that ¢ 2 p and
b € rg(q)-

iv) For any p € I and any constant symbol ¢ € L, pU {(c*,¢®)} € I.

v) For any p € I, any m-adic function symbol f € L and any (a1,b1), ..., (@am,bm) €
b,
pU {(fm(als --wam)rfm(bls---abm))} el

We write 2 ~, B when there is I such that I :2 ~, B.

Theorem 3.13 Let A and B be L-structures, then

A~y B iff  A=D, B.

Proof. =) Assume that I : 2 ~, B. First we observe that given a finite set of
variables V = {z1,..., 2}, using conditions iv) and v) of the definition of ~, and the
fact that for any n € w, Ter{. is finite (when Ter{, is defined as in the proof of Lemma
3.8), it is easy to show by induction on n that

(¥+) If p € I and (a1, b1),...,{ax, bx) € p, then there is ¢ € I such that p C g and
for any term t € Ter®, (t%[ay,...,ax],tB[by,...,b]) € q.

We prove now by induction on ¢ that for any formula ¢(zy,...,2x) € Ly, any
pE I and any (ﬂ.],bl),...,(ﬂ.k,b};) €p

A= dlay,...,ar] if BEGb,..., b (3.2)

If ¢ is atomic, condition (3.2) follows from condition (xx). The cases -~ and A are
clear. If ¢ = 3y, suppose inductively that condition (3.2) holds for % and

A=y [y, ..., ax]-
Then there is ¢ € A such that

2 hw[cvala"'sak]s
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and by ii) of the definition of ~,, there is ¢ € I such that ¢ O p and ¢ € dom(g). Let
d € B such that (¢,d) € q. Therefore, by inductive hypothesis,

B I='l!)[d,b1,...,bk]
and then,
B =3y [by, ..., bk].
The other direction is proved analogously using condition iii) of the definition of ~y,.

<) Suppose now that A =, B. We define I as the set of all partial relative
correspondences p such that there is k € w with p = {(a1, 1), ..., (ax,bx)} and for any

(b(xll"‘!zk) € La_ou!
Qiizti’[aia"'!ak] iff m}=¢[bh'--:bk:['

Let us see that conditions i)-v) of the definition of ~; hold.

i) Since A =, B, 0 € I. ii) Let p € I, p = {(a1,b1),...,(ax, bx)} and a € A.
Suppose, searching for a contradiction, that there is no b € B such that for any
¢'(Ih B -‘1mk+1) € L;ow

ﬂ1=¢{als"'lakva] iff ‘B'=¢[b11"'1bksb]‘

For any b € B we choose a formula ¢y(z1,...,2x1) € Ly, such that

A= gy fas,. .., ax 0]

and
B béé’b[bh-‘-sbksb]-

Consider now the set of all these formulas
D = {(f)b(.'xl, - .,33;,-_4_1) :be B} ;

Let 1 be the conjunction of all the formulas in ®. We have that ¥ = ¥(zy,...,2x41) €
L, and

A E g [ag, ... ak].
Since p € 1,

B & Jzp ¢ b,y .-, b,

which is absurd. Therefore, we can conclude that condition ii) holds. Condition iii)
is proved analogously to ii). And, by definition of I, conditions iv) and v) are also
satisfied. O

Observe that in the previous proof, assuming that 2 =, B we obtain a set I such
that I : 2 ~, B and any partial relative correspondence in I is finite. Let us see now
the different relations among the notions of ~, ~, and ~.
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Proposition 3.14 Let 2A and B be L-structures. If A ~ B, then A ~p B.
Proof. If R is a relative correspondence between 2 and B, {R} : % ~, B. O
Let us see that the converse of this proposition is not true:

Example 3.15 Let L = {E}, where E is a binary relation symbol, 2 = (w;, E*) and
B = (w, E®), where E® and E® are the identity on w; and on w, respectively. Clearly
2 and B are reduced and 2 2 B, therefore 2 £ B. However I : 2 ~,, B, where

I ={p Cw; x w: pis a finite injective partial map} .

Proposition 3.16 Let 2 and B be L-structures such that A* and B* are countable,
then

A~y B iff A~B,

Proof. <) is clear by Proposition 3.14. =) If A ~,, B, by Theorem 3.13, A =_,
B. Then 2A* =, B* and since A* and B* are reduced, by Corollary 2.14, 2* =
B*. It is a well-known result that any two Le-equivalent countable structures are
isomorphic; therefore, since 2* and B* are countable, 2* = B* and consequently,
A~B. O

Corollary 3.17 If 2 and B are countable reduced L-structures, then

Proof. By Proposition 3.16. O

In order to see the relationship between ~, and ~¢, for a given ordinal £, we prove
a theorem analogue to Theorem 3.13 for formulas of L, of nested rank < £. Given
2l and B L-structures, for any ordinal £, we write

A=_,.B

—oow,£

when 2 and B satisfy exactly the same sentences of L, of nested rank < £.

Theorem 3.18 Let U and B be L-structures, then

Ane B iff A=, B
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Proof. =) Assume that (I;)),<¢ : 2 ~¢ B. Let § < £&. We prove by induction on
¢ that for any formula ¢(y1,...,yx) € Ly, of nested rank < f3, any p € Iz and any
(ala bl)) seey (akabk) € D,

AEdlay,...oa] M BE@[b,..., by (3.3)

Suppose that ¢ is atomic. If 8 € w, by condition (*) in the proof of Proposition
3.9, it is clear that condition (3.3) holds. And in case that 8 > w, we can use (x)
together with the fact that for any n € w, Iz C I,.

The cases — and A are immediate. Let ¢ = 3yy and suppose inductively that
condition (3.3) holds for 2. If A = Iy [ay,...,ax], then there is @ € A such that
2A = ¢la,aiq,...,ak). Observe that 8 > NR(3yy) = NR(¥)) + 1. Hence, by ii) of
the definition of ~¢, there is ¢ € Ig_; such that ¢ O p and a € dom(q). Let b € B
be such that (a,b) € q. By inductive hypothesis, B = v [b, by, ..., bx] and therefore,
B = 3y [b1,...,bx] . The other direction is proved analogously using condition iii) of
the definition of ~¢. By condition (3.3) we conclude that A=__ . B

oow £ .

<=) Suppose that A =_ . B. For any 8 < £, we define Iz as the set of all partial
relative correspondences p such that there is k € w with p = {{a1,b1), ..., (ax, bx)} and
for any ¢(z1,...,zx) € Ly, with NR(¢) < 8,

ﬁi:qb[al,...,ak] iff ‘.B|=¢l[bl,...,bk].

It is routine to check that conditions i)-v) of the definition of ~¢ hold, using a similar
argument to the one given in the direction from right to left in the proof of Theorem
3.13. O

Proposition 3.19 Let A and B be L-structures. Then,

Arp B iff (A~ B, for any ordinal §).

Proof. =) Assume that I : 2 ~, B and let for any n € & I, = I. Then
(I)g<e : A ~¢ B. <) Suppose that for any ordinal £, % ~¢ B. Then by Theorem
3.18, for any ordinal §, A = . B. Consequently, A =, B and, by Theorem 3.13,
ﬁ ""'"p %. O

Corollary 3.20 Let 2 and B be L-structures. If A ~, B, then A ~; B.
Proof. By Proposition 3.19. O

The following counterexample shows that the converse of this corollary is not true:
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Example 3.21 Let L = {P, f}, where P is a monadic relation symbol and f is a
monadic function symbol. Consider the L-structure 2 = (w, P, f%), where P = {0},
f2(0) = 0 and for any n € w, f2(n+1) = n and the L-structure B = (wU{b}, P3 £B),
where b ¢ w, P® = P* and f® = f2U {(b,b)} . We will see that B ~; 2. Let for any
meE w,

Ipn={p:pCId,U{(bj+1):5>m}}.
Clearly for any » € w, (Im)m<n satisfies conditions i) — v) of the definition of ~y,.

Therefore, B ~; A. But A & 3r(Ape, ~Pf"(x)) and B | 3z(A,e, ~Pf"()). Then
B #., 2 and hence, by Theorem 3.13, 2 , B.

Proposition 3.22 Let 2 and B be finite L-structures, then

A~y B iff A~ B

Proof. <) is clear by Proposition 3.14 and Corollary 3.20. =) Suppose that
A ~; B and let for any m € w, (I )n<m : A ~y B. For any n € w we define the set
I, in the following way:
L= ) &~

m>2n
Observe that for any n,n’ € w, if n < n’, then I,y C I,,. Since % and ‘B are finite, for
any n € w, there is p € I, with dom(p) = A and rg(p) = B. Moreover, since 2 and B
are finite, there is a finite number of partial relative correspondences. Consequently,
there is p with dom(p) = A and rg(p) = B such that for any n € w, p € I. Let
p = {{a;,b;) : 7 € I'} be an enumeration of p. Then, by the proof of Proposition 3.9,
for any n € w,

(2, a:)icr =, (B, bi)ier
and therefore,
(A, a:)ier = (B, bi)ier-

By Proposition 2.17 we can conclude that 2 ~ 8. O

To end the section we see how back-and-forth systems allow us to obtain a useful
characterization of the relation =~ for relational similarity types. In the proof of this
result we will use the structures () introduced in the Preliminaries.

Lemma 3.23 Let L be relational and 2 and B L-structures. Assume that k € w and
p = {{aoyb0),---,(@k—1,bk-1)} is a partial relative correspondence p C A x B. Let
A = (Ao,...,Ax_1) and B = (By,...,Bx_1) be sequences of infinite subsets of A(w)
and B(w) respectively, with the following properties:

i) For anyi <k-1, A; C C,, and B; C C,.
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ii) Foranyi,j <k—1,i#j, AinA; =0 and B, N B; = ().
iii) For any a € dom(p), Co — (Ao U -+ U Ax_1) is infinite and for any b € rg(p),
Cp — (BoU---U Bg_1) is infinite.

Then for any sequence f = (fo,..., fs—1) such that f; : A; — Bj is a bijection for any
i< k-1, the set
papf=1{(z filz)) :x € Ayi<k -1}

s a partial isomorphism from 2A(w) into B(w).
Proof. It is clear by definition of 2(w) and B(w). O
Theorem 3.24 Let L be relational and A and B L-structures. Then the following are
equivalent:
i) A="9B.
i) A(w) = B(w).
iii} For some infinite cardinal X, U(N\) = B(A).
iv) For any infinite cardinal A, A(\) = B()).
Proof. ii) = iii), iv) => iii) are clear. iii) = i) is clear because for any infinite

cardinal A, 2(\) € Hg"(2) and B()\) € Hg*(B). i) = ii) Assume that 2 =~ B. We
will show that, for any finite Ly C L,

(A(w) I Lo) =7 (B(w) [ Lo).
Let Lo C L be finite, we will prove that for any n € w,
(2(w) [ Lo) =n (B(w) I Lo).

Let n € w, since A =~ B, A =, B and therefore, (A [ Lg) =, (B [ Lp). Since Ly is
finite, by Proposition 3.9 and the observation that follows its proof, there is (Im)m<n
such that

(Im)mgn . (Ql [ LD) ~n (% TLn),

and for any m < n, I, is a set of finite partial relative correspondences. Observe that
(A(w) | Lp) = (A | Ly) (w) and (B(w) [ Lo) = (B [ Lp) (w); this fact allows us to
apply Lemma 3.23. For any m < n, let Y;, be the set of all partial isomorphisms p AB.J
from 2A(w) [ Lo into B(w) | Lo with the properties stated in Lemma 3.23 and p € I,.
We claim now that

(Ym)mSn : (2w) [ Lo) En (B(w) [ Lo).
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It is not difficult to check that for any m < n, ¥;, is non-empty. We prove now that
the forth condition of the definition of 2, holds; the back condition has an analogous
proof. Suppose that m+1 < n, pz g7 € Ymi1 and z € A(w). Let a € A with z € C,.
If z € dom(pj p, 5), then there is nothing to prove, because pg g j € ¥Ym+1 € Ym. If
z ¢ dom(pz p,7) we distinguish two cases:

Case I: a € dom(p). Let p = {{(ao,bo), ..., (@k—1,bk—1)} and i < k — 1 with a = a;.
Then we choose y € Cj, — (Bo U -+ U Bg_;) and define 4; = A, U {z}, B; = B; U {y}
and f{ = fi U {(z,y)}. Let

A= (AOs v 'sAi—hA;! Af—i—l: e ':Ak—l)1
B =B, v 5 Bl y Bre Bisfidysromg Bh=1)y
and ~
f’ = (fﬁ?"')fi—llf';)fi-%l!"-1fk—l)°

Then pgr pr p € Yms1 S Ym, T € dom(p;lf'gf,f,) and pg 57 CPa B f- Therefore, the
forth condition is satisfied.

Case II: a € dom(p). Let p = {(ag, bo),- .-, (ax—1,bk—1)}. Since

(Im)mSn : (91 I LG) ~n (‘B r Lﬂ)a

by the forth condition of the definition of ~,, there is ¢ € I, such that ¢ 2 p and
a € dom(q). Let g = {({ao,bo),--.,(ak—1,bk-1),.-.,(a;, b))} and j < I with a = a;.
Since A, B and f satisfy the properties stated in Lemma 3.23, they can be extended
to sequences

A = Aoy Apy s )
B = <Bg,.-.,Bk—h---1Bl)=
and

T =foy-ees fo=tyeees i)y

that also satisfy these properties and z € A;. Clearly thenps g r C qx g ps Q4,50 v €
Ym and o € dom(gg g 7). Therefore, the forth condition is also satisfied.

We can conclude that
(Yim)mzn : (A(w) [ Lo) &n (B(w) [ Lo).

Therefore, ‘
(A(w) I Lo} =7 (B(w) I Lo),
for any finite Ly. Consequently, 2(w) = B(w).

i) = iv) Assume that 2 =~ B. Since for any infinite cardinal A, %()\) € Hg*(2)
and B(\) € Hg'(B), we have that 2A(\) == B(A). Therefore, by the implication

i) = ii) already proved,
(2A(N) (w) = (BN)) (w)-
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Thus, since (%(A)) (w) = A(X) and (B(A)) (w) = B(A), we have that A(\) = B(A). O

Corollary 3.25 Let L be relational and U and B L-structures. Then the following are
equivalent:

i) A="18B.
ii) o' =B, for some %' € Hg'(A) and B’ € Hg' (B).
iii) A =B, for some A ~ A and B' ~ B.

Proof. By Theorem 3.24. O

3.2 Extensions and ultrafilter-powers

There is a well-known characterization of elementary equivalence in terms of ultrapow-
ers due to H. J. Keisler and S. Shelah, according to which, two structures 2 and B are
elementarily equivalent iff they have isomorphic ultrapowers. A similar characteriza-
tion holds for elementary equivalence for equality-free logic if instead of isomorphism
of ultrapowers only relativeness of ultrapowers is postulated. In this section we present
this result, Theorem 3.32, together with another characterization of the equivalence
relation for this logic in terms of elementary extensions, Theorem 3.27.

Some constructions similar to the reduced products, called filter-products, are used
to give new versions of Theorem 3.32. The use of this kind of structures is specially
interesting because, in relational similarity types, they provide us with an stronger
version of the theorem. In this case, we can replace the relative relation by the iso-
morphism relation in the formulation of the theorem.

The theorems of this section will be applied in the proof of the characterization
theorems of Chapter 4. For references on the Keisler-Shelah Theorem see [She71] and
[CK91]. We will start with a preliminary result.

Lemma 3.26 Let 2A and B be L-struclures and suppose that there are sequences of
elements of A and B, @ = (a; : i € I) and b= (b; : i € I) respectively, such that

(%,3) = (8, B).

Then there are %' > 2 and sequences €= (a;j : j € J) and d = (bj : j € J) of elements
of A’ and B respectively, such that

(&,0) =" (B,d),

@ C ¢ bCd andd is an enumeration of B.
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Proof. We expand the language introducing new constants classified in the fol-
lowing three disjoint sets

Cyp={ca:ac A—rg@)}, C;={ci:i €I}, Cp={cy:b€ B —rg(h)},

and we consider the elementary diagram of 2 in this expanded language, that is, the
set of all sentences of type L 1 C; U Cy true in (A, @, a),e 4—rg(s), and the equality-free
elementary diagram of % in this expanded language, that is, the set of all equality-free
sentences of type L U C; U Cp true in (B, b, b)pe Brg(s)- Let T be the union of these

two diagrams. Since (2,@) =~ (B,b), I is consistent. Let

C= (ﬂ’! CC)CE CauCguUCy

be a model of . We may assume that ¢ = a; for all i € I and that ¢ = a for all
a € A—rg(a). Since € is a model of the elementary diagram of 2, we have that 2 < ',
Letz=a U (cf : b€ B—rg(h)) and d=bU (b: b€ B —rg(h)). Since € is a model of
the equality-free elementary diagram of B,

(,8) =" (8,d). 0

Observe that in the previous proof, if &« = max(|4|, |B|, |L|,No), by the Lowenheim-
Skolem Theorem, we can take 2’ of power < k. Now we give a characterization of
elementary equivalence in equality-free logic using elementary extensions.

Theorem 3.27 Let 2 and B be L-siructures. Then the following are equivalent:

i) A=" 8.
ii) There are € > A and D = B such that €~ D.

Proof. ii) = i) is clear. i) = ii) Suppose that 2 == B. Using Lemma 3.26 we
will define by induction two elementary chains of models (2y)ne and (Br)ne, and
two chains of sequences (@n)new and (bp)new such that for any n € w,

a) @p = (a; : 1 € I,) and b, = (b; : i € I,) are sequences of elements of A, and B,
respectively, such that

(n, @) = (Ba, bn).

b) Ay C rg(@n+1) and By C rg(bn.1).

Let 2y = 2, Bo = B and Gy = by = 0. Since A = B, conditions a) and b) are
satisfied. Suppose now inductively that we have defined 2,, B, @, and b, that satisfy
conditions a) and b). Since

(mﬂaa‘n) =" (mﬂm Bﬂ);
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by Lemma 3.26, there is 2’ > 2, and sequences ¢ = (a; : j € J) and d = (b; : j € J)
of A’ and B,, respectively, such that

(%,T) =" (B, d),

@n C €, by C d and d is an enumeration of B,,. Again, by Lemma 3.26, there is B’ > B,
and sequences € = (a; : j € J') and d = (bj : 7 € J') of A" and B’ respectively, such
that
@,7) =" (®',d),
cC E’ d € d and 7 is an enumeration of A’. Let iy =, By =B, Gy =7
and b, 1 = d. So defined, conditions a) and b) are satisfied.

Let € = Upgy Any D = Unew Bny © = Unew @ and d = Upey bn- We have that
€ > 2 and © > B. Moreover, ¢ and d are enumerations of C' and D respectively, and

(€,e) = (D,d).

By Proposition 2.17, we conclude that € ~®. O

Observe that in the previous proof, if x = max(|A|,|B|,|L|,Ro), by using the
remark after Lemma 3.26, we can take € and D of power < k.

Corollary 3.28 Let 2 and B be L-structures. Then the following are equivalent:

i) A="8B.
ii) There are €= A and ® =B of power < |L| + N, such that € ~D.

Proof, ii) = i) is clear. i) = ii) Suppose that 2 =~ 8. By the Lowenheim-Skolem
Theorem, there are € = 2 and D = B of power < |L| + Rg. Clearly € =- D',
Then, by Theorem 3.27 and the observation that follows its proof, there are € = &
and D > D' of power < |L| + Rg, such that € ~D. Clearly € =2 and ® =B. O

We present now a characterization of elementary equivalence in equality-free logic
using ultrapowers. Let us start with some notation and some preliminary lemmas. If
(2);es is a family of L-structures, [J;c; 2 is the direct product of the family and for
any filter F over I, [[;c; 2/ F is the reduced product modulo F. We denote by 2! the
direct power of 2, and given an ultrafilter U over I, we denote by 2Y the ultrapower
of 2 modulo U.

Lemma 3.29 Let I be a non-empty set, (U;)ics a family of L-structures and F a filter
over I. Then there is a surjective strict homomorphism h : [[;c; 2i/F — [lic; 25 /F.
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Proof. For any a € [[;c; Ai let a' = (la(D]qqay,) : ¢ € T). We define

h:[[2/F - [[2%/F

iel iel

as follows:
h(la)p) = [d] p,

for any a € [[;c; Ai. It is easy to check that A is a surjective strict homomorphism. O

Corollary 3.30 Lel I be a non-empty set, (2;)ics a family of L-structures and F a

filter over I. Then
(JT2u/F) = (% /F)

iel e
Proof. By Lemma 3.29. O

Lemma 3.31 Let J and K be non-empty sels and D and G proper ullrafilters over J
and K respectively. Then there is a non-empty set I and a proper ultrafilter U over 1
such that for any L-structure U,

G
(@)~ =a¥,
Proof. The proof is analogous to the proof of Lemma 2.22 of [BS81]. O

Theorem 3.32 Let 2 and B be L-structures. Then, A =" B if and only if A and B
have relative ultrapowers.

Proof. <) is clear. =) Suppose that 2 =~ %B. Then by Theorem 3.27, there are
elementary extensions 2’ > 2 and B’ > B such that

()" = (B')". (3.4)

By Keisler-Shelah ultrapowers Theorem for first-order logic with equality, since 2% = 2,
there is a non-empty set J and a proper ultrafilter D over .J such that

AP = ' (3.5)
Consider now the structure B8'P. By Corollary 3.30,
(%!D)- o ((%I#)D)t’

therefore, by (3.4),
(%.'D)- o~ ((thx)D)m,



8.2. Eaxtensions and ultrafilter-powers 45

again by Corollary 3.30,
(BIDJ* o (Ql D)*

and by (3-5)1 Dyx ~y Dy
(BP)* = (APy~. (3.6)

By Keisler-Shelah ultrapowers Theorem for first-order logic with equality, since B? =
%B'P| there is a non-empty set K and a proper ultrafilter G over K such that

(39)° = (7" o
Consider now the structure (22)”, we have by Corollary 3.30,
(@)%) = (@)Y
(@)°) = (((="))°)
(@)7) = (@)
(@)°) =(=)°)"

Therefore, by Lemma 3.31, there is a non-empty set I and a proper ultrafilter U over

I such that &
(2P)” = (@Y)

therefore, by (3.6),

Ie

again by Corollary 3.30,

and by (3.7),

and

(asD)G =~ (BY).

Hence, we obtain
()" = (BY)".

Therefore,
AV ~ Y. D

Theorem 3.33 is an improvement of Theorem 3.32. This result can be obtained
following an analogous proof to the one given in Keisler-Shelah Theorem, we only give
some hints of the proof.

Theorem 3.33 If U and B are L-structures, the following are equivalent:
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i) A="198B.

ii) AY ~ BY, for some proper ultrafilter U over a sel of power < 2lAHBl+w

Hints of the Proof. Let x = 2/4+Bl+w  Then, |A|*,|B|* < 2. We may assume
that |L| 4 ®o < k. In the proof of the analogous result for first-order languages with
equality in [?], under the hypothesis that 2 = B it is shown that there are enumerations
(a; : i < 2%) and (b; : i < 2") of *A and "B respectively, and a proper ultrafilter U
over k such that for any first-order formula ¢(z;,...,2,) and any 4; < -+ < i, < 27,

{j <k:2AkE=dlai,(4),...,0:,, (1))} €U iff {j<k:Bdbi(5),...,b:,.(5)]} €.

The very same proof works for an equality-free ¢ under the sole hypothesis that 2 =~
8. In the case of a language with equality the conclusion is

@Y, ([ai]v)iczs) = (BY, ([bi)v)iczx)

and therefore, 2V = BY. In the case of an equality-free language we may conclude
that

@Y, (laidu)icas) = (BY, ([bilu )icar)
and, by Proposition 2.17, that AV ~ 8Y. O

Notice that, by Proposition 2.17, Theorem 3.32 can be rephrased as follows:
A="%B if (QI.U)* o (%U)*’

for some proper ultrafilter U over a set of power < 2/41#1Bl+¢  The composition of the
ultrapower operation with the reduction operation is a quotient of the direct product
and we may consider it as a single operation. This quotient operation is what actually
plays the role in equality-free logic that the ultrapower operation plays in Keisler-
Shelah Theorem.

In equality-free logic the reduced product, the ultraproduct and the ultrapower
operators are not the most natural ones because there is no need to consider quotients
modulo the relation associated to the filter. We now introduce some operators that
play in equality-free logic the same role that reduced products, ultraproducts and
ultrapowers play in logic with equality. They have been considered, for example, by
J. Monk [Mon76] and W. Blok and D. Pigozzi [BP92|, but to our view their role in
equality-free logic has not been stressed enough.

Definition 3.34 Let I be a non-empty set, (2);c; a family of L-structures and F
a filter over I. We define the filter-product of the family (2;)ie; modulo F, that we
denote by ]'[fé; 2;, as follows:
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¢ The domain of H,Fe'; 2; is [l Ai

e For any constant ¢ € L, cHaGfm‘ (™ :iel).

e For any n-adic function symbol f € L and any ay,...,a, € [[;cs A,

Al (ay, ... an) = (fB(a1(0), .. an(s) 14 € I).
e For any m-adic relation symbol R € L and any ay,...,a, € [];c; 4iy

(ar,...,an) € Rl ™ it {i€ T (ai(i),...,an()) € RS} € F.

Given an ultrafilter U over I, we say that Hfg 1 2 is the ultrafilter-product of the
family (24;);e; modulo U, and in case that, for any i € I, 2; = 2, we say that [V 2 is
the ultrafilter-power of 2.

Note that the relation ~p defined on [];c; A; by:
a~pb iff {i€1:a(i)=0(i)}€F,

for any a,b € [l;c; Ai, is a congruence relation of H:e 12; and the reduced product

[Lics 2/ F is precisely the quotient []5; 2 /~p. Therefore, [Tle; 2 € Hg*([T;c; 2:/F)
and so [J/z; 2 and [];c; 2:/F are relatives. This shows, in particular, that ultraprod-
ucts are not necessary in equality-free logic and allows us to rephrase Theorem 3.32 in
the following way:

Theorem 3.35 If U and B are L-structures, the following are equivalent:

i) A=~ 8.

ii) [TV 2 ~ [1Y B, for some proper ultrafilier U over a set of power < 214+|1Bl+w,

Proof. By Theorem 3.33. O

We now state some easy facts about the new constructions. Next proposition is the
version of Lo$ theorem for equality-free logic and the ultrafilter-product construction,
and its proof is straightforward.

Proposition 3.36 Let I be a non-empty set, (2;);c; a family of L-structures and U an
ultrafilter over I. Then for any ay,...,an € [l;c; Ai and any formula ¢(x1,...,2n) €
L,
U ; s 4 ;
L, % F élos,....an] i {i€1:% =@oa(i),...,an(i)]} €.
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Observe that from de previous proposition follows that if U is an ultrafilter over
I, the map h(a) = (a : ¢ € I) is an isomorphism from 2 onto an L™ -substructure of
1Y 2.

The next example shows that in Theorem 3.35 we can not replace the relative
relation by the isomorphism relation, that is, it shows that it is not true in general
that 2 = B implies that there is a proper ultrafilter U such that [TV 2 = [TV B.

Example 3.37 Let L be any similarity type with one monadic relation symbol P,
one monadic function symbol f (and possibly more function symbols but no more
relation symbols). Let 2 = ({0,1},P%, f%,...) and B = ({0,1}, P%, f?,...) be two
L-structures with P = P® = {0,1}, f* = {{0,0),(1,1)} and f® = {{(0,1),(1,0)}.
Clearly, 2* = B* and therefore, 2 =~ B. But there is no proper ultrafilter U such
that [TV 2 = [TV B, because [[V 2 = Vzf(z) ~ = and [[V B £ Ve f(z) ~ z.

Now we see that for relational similarity types and structures with at least two ele-
ments, we can indeed replace in Theorem 3.35 the relative relation by the isomorphism
one.

Lemma 3.38 Let A be an L-structure with at least two elements, I a non-empty set
and U an ultrafilter over I. Then for any a € A, |U| < |[a],,|-

Proof. Let a € A’. We fix two distinct elements ¢,d € A and define for any X € U
an element ax € A’ in the following way:
a(i), ifieX
ax(i) =1¢ ¢, if i ¢ X and a(i) #¢
d, if i ¢ X and a(i) = ¢,

for any i € I. Clearly {i € I :ax (i) = a(2)} = X € U. Moreover, for any X,Y € U, if
X #Y we have that ax # ay. Therefore, we conclude that |U| < |[a];;|. O

Notice that in Lemma 3.38, if |4| < |I|, then |U| = |[a],].

Lemma 3.39 Let A be an L-structure with at least two elements, I a non-empty set
and U an ultrafilier over I. Then for any a € A!, |U| <

(Bloq |

Proof. Since the relation ~y in A/, defined as before, is a congruence relation
of [TV 2 and the Leibniz congruence Q([TV 21) is the greatest one, by Lemma 3.38 we

have that [U] < [laly| < [falg s - O

Observe that as before, if |A| < |I[, then |U| =

[ﬂ']g{nu 2)
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Theorem 3.40 Let L be a relational similarity type and 21 and B two L-structures
with at least two elements. The follounng are equivalent:

i) A ="1B.
i) [TV A 21V B, for some proper ultrafilter U over a set of power < 21AI+IBI+w,

Proof. ii) = i) is clear. i) = ii) Suppose that 2 =~ B. By the proof of Theorem
3.33 and by Theorem 3.35, [TV 2 ~ [V B, for some proper ultrafilter U over a set I
of power = 2|AH1Bl+¢  Then, by Lemma 3.39 and the remark that follows its proof,
we have that for any @ € A’ and for any b € B/,

(*)

=)= ||b]Q(HU m)| .

9lqq1 2

Now since ([TV2)* = ([IY B)*, let & be an isomorphism between these structures.
With its help and using condition () we obtain enumerations without repetitions of
Al and B! @ = (a;:j € J) and b= (b; : j € J) respectively, such that

I 2,2 = (I]" ®.5).

Since L is relational, the map sending a; to b; is an isomorphism from [J” 2l onto

[IV®. o

Lemma 3.41 Let A and B be L-structures. If % is a one-element structure and
A =", then A= B".

Proof. Clearly 2 is reduced and since 20 =~ ‘B, it is easy to check that the map
h: B — A defined by: h(b) = a, for any b € B, is a strict homomorphism from B onto
A. O

Corollary 3.42 Let L be relational and let A and B be L-structures. Then A =" B
if and only if one of the following three cases holds:

i) [IY 2 2 1Y B, for some proper ultrafilter U over a set of power < 21A+1Bl+w
i) 2 & B*
ifi) 21* 2 98,

Proof. Each one of conditions i), ii) and iii) implies A == B. Now, if A =~ B and
both structures have at least two elements, condition i) follows from Theorem 3.40,
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and in case that one of the two structures has only one element, by Lemma 3.41, either
condition ii) or condition iii) holds. O

To conclude the section, since [[V 2 € Hg'(2Y), we can obtain the following result
for relational similarity types:

Proposition 3.43 Let L be relational, A an L-siructure with at least two elements, I
a non-empty set such that |A| < |I| and U a proper ultrafilter over I. Then,

I1° 2= a2y,

Proof. By Lemma 3.38 and the remark that follows its proof, since 4| < |I|,
|U| = |la]y,|. Then we can define for any equivalence class z € AY| a bijective map
fz + € — C; (remember the definition of 2l(A) of the Preliminaries). Now we define
h:TIV A — AV(21) by: h(a) = f.(a), for any a € A, where a € z. It is easy to
check that A is an isomorphism. O

Corollary 3.44 Let L be relational and 2 and B two L-structures with at least two
elements. Then the following are equivalent:

i) A="18.

i) AV (21l =~ BY(21), for some proper ultrafilter U over a set I of power <
olA[+|Bl+w

Proof. By Theorem 3.40 and Proposition 3.43. O



Chapter 4

Preservation and
characterization theorems

4.1 Elementary classes in equality-free logic

From the Keisler-Shelah Theorem on isomorphic ultrapowers follows that a class K
of structures is elementary iff K is closed under ultraproducts, isomorphic copies and
the complement of K is closed under ultrapowers. In this section we apply this result
together with Theorem 3.27 to prove that the elementary classes in equality-free logic
are the elementary classes (in the usual sense) that are closed under Hg and Hg 1 see
Theorem 4.1. This provides us with an algebraic characterization for L™ -elementary
classes.

Elementary classes can be characterized in other ways, as the classes closed un-
der elementary substructures, ultraproducts and isomorphic copies, see Theorem 2.16
in Chapter V of [BS81], or as the classes closed under ultraproducts and elementary
equivalence, see Theorem 4.1.12 of [CK91]. Similar arguments can be carried out to
obtain the corresponding results for equality-free logic, see Theorem 4.2.1 of [Elg94].
But none of these characterizations are purely algebraic. We consider specially im-
portant an algebraic characterization, because it has as a consequence a preservation
theorem for equality-free sentences in which does not appear unnatural operators, from
the point of view of the usual mathematical practice, such as the operator 8=, It is
well-known that an equality-free sentence is preserved under Hg and Hgl. Here we
prove the converse in Corollary 4.2: a first-order sentence which is preserved under Hg
and Hg? is logically equivalent to an equality-free sentence. We consider this result
one of the main contributions of this doctoral dissertation.

v

Theorem 4.1 Let K be a class of L-structures. The following are equivalent:

51
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i) K is ariomatizable by a set of equality-free sentences.

it) K s closed under ultraproducts, Hg and I-I"S“1 and for any L-structure 2 the
following holds: if some ultrapower of % lies in K, then A € K.

Proof. i) = ii) is clear. ii) = i) We will show that if 2 = Th™(K), then 2 € K.
Suppose that 2 = Th™(K). Since 2 |= Th™ (K), for any o € Th™(2) there is B, € K
such that B, |= 0. Let I = Th™(2) and consider, for any o € Th™(2l), the set
Jr ={B€I:Bo}. Since J = {J,:0 €I} has the finite intersection property, it
can be extended to a proper ultrafilter U over I. Let B = [[,¢; B, /U. Observe that
2 =~ B. Since K is closed under ultraproducts, B € K. By Theorem 3.27, there are
C = 2 and © > B such that € ~ D. Therefore, by Proposition 2.17, €* = D*. By the
assumption K is closed under ultraproducts, isomorphic copies and the complement of
K is closed under ultrapowers, then K is an elementary class. Therefore, since B € K
and © > B, we have ® € K. Since K is closed under Hg, D* € K. Consequently,
€* € K and since K is closed under H§1, € € K. Since € > 2, we conclude that
Ae K. O

Corollary 4.2 Let T U{c} be a set of sentences of L. Then:

i) T is aziomatizable by a set of equalily-free sentences iff T is preserved under Hg
and Hgl.

i) o s logically equivalent io an equality-free sentence iff o is preserved under Hg
and HEI.

Proof. i) The implication from left to right is clear. In order to prove the other
implication note that, since 7" is a set of first-order sentences, Mod(T') is closed under
ultraproducts and if some ultrapower of 2 lies in Mod(7"), 2 € Mod(T"). Moreover,
since T is preserved under Hg and Hgl, Mod(T) is closed under Hg and Hgl. By
Theorem 4.1, T can be axiomatized by a set of equality-free sentences.

ii) The implication from left to right is clear. We prove the other implication.
By i) there is a set of equality-free sentences I' such that Mod(I') = Mod(c). By
compactness, there is a finite I'g C I" such that I'y = o. Then o is logically equivalent
to ATlp. O

Using ultrafilter-products and ultrafilter-powers we can rephrase Theorem 4.1 in
the following way:

Theorem 4.3 Let K be a class of L-structures. The following are equivalent:

i) K tis ariomatizable by a set of equality-free seniences.
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ii) K s closed under ulirafilier-products, Hg and Hgl and for any L-structure A
the following holds: if some ultrafilter-power of 2 lies in K, then A € K.

Proof. By Theorem 4.1. O

Theorem 3.40 allows us to obtain a new characterization of elementary classes in
equality-free logic, although restricted to relational similarity types.

Theorem 4.4 Let L be a relational similarity type and K a class of L-structures.
Then the following are equivalent:

i) K 1is aziomatizable by a setl of equalily-free sentences.

ii) a) K is closed under ultrafilter-products and isomorphic images.
b) For any L-structure 2, if some ultrafilter-power of A lies in K, then A € K.

¢) For any one-element L-structure 2, A € K iff there is B € Hgl(Ql) such
that B € K and |B| > 2.

Proof. That i) implies conditions a) and b) of ii) is clear. It also implies condition
c), because K is closed under Hg' and Hs. Now assume that ii) holds. By reasoning
as in the proof of Theorem 4.1 but now using an ultrafilter-product instead of an
ultraproduct, it is sufficient to show that 2 € K under the assumption that 2l =~ B
for some B € K. If 2 and B have at least two elements, this follows from Theorem 3.40.
If 2 is a one-element structure and B is not, by Lemma 3.41, B € Hgl(ﬁ) and then,
by condition c) of the assumption, we get % € K. Now, if B is a one-element structure
and 2 is not, since ‘B € K, there is, by ¢), € € K with at least two elements such that
€ € Hg'(%8). But then 2 =~ € and we argue as in the first case. To conclude, note
that if both structures are one-element structures, being equality-free equivalent, they
must be isomorphic. O

The following examples show that condition ¢) in Theorem 4.4 can not be elimi-
nated.

Example 4.5 Let L = {P}, where P is a monadic relation symbol. Let K; be the
class of all one-element L-structures and let Ky be the class of all L-structures having
at least two elements. K; and K> are not axiomatizable by a set of equality-free
sentences and they satisfy conditions a) and b) of Theorem 4.4. K; does not satisfy
the implication from left to right in condition ¢) and K> does not satisfy the implication
from right to left in that condition.

Finally, using the 2((\) structures introduced in the Preliminaries, we will give
other characterizations of elementary classes in L™ for relational similarity types.
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Theorem 4.6 Let L be a relational similarity iype and K a class of L-structures. The
following are equivalent:

i) K ts aziomatizable by a sel of equalily-free sentences.

ii) a) K is closed under ultraproducts and isomorphic images, and for any L-
structure 2, if some ulirapower of A lies in K, then 2 € K.

b) For any L-structure 2, 2 € K iff A(w) € K.

Proof. That i) implies conditions a) and b) of ii) is clear because 2 =~ U(w).
Assume that ii) holds. By reasoning as in the proof of Theorem 4.1, it is sufficient to
show that 20 € K under the assumption that 20 == B for some B € K. Since A =~ B,
by Theorem 3.24, 2A(w) = B(w) and, by the Keisler-Shelah ultrapowers Theorem for
logic with equality, (2(w))V & (B(w))Y, for some proper ultrafilter U. By b), since
B € K, B(w) € K and by a), (B(w))” € K. Therefore, by a), (A(w))” € K and, by
a) again, A(w) € K. Finally, by b), 2 € K. O

Theorem 4.6 can be rephrased as follows:

Theorem 4.7 Let L be a relational similarity type and K a class of L-structures. The
follounng are equivalent:

i) K is ariomatizable by a sel of equality-free sentences.

il) K is an elementary class such that for any L-structure 2,

AeK iff Aw)eK.
Proof. By Theorem 4.6. D

We use now the (w) structures and ultrafilter-products together to give a last
characterization of elementary classes in equality-free logic, in relational similarity

types.

Theorem 4.8 Let L be a relational similarity type and K a class of L-structures. The
following are equivalent:

i) K is aziomatizable by a set of equality-free sentences.

ii) a) K is closed under ultrafilter-products and isomorphic images, and for any
L-structure 2, if some ultrafilter-power of 2 lies in K, then %A € K.
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b) For any L-structure A, A € K iff A(w) € K.

Proof. That i) implies conditions a) and b) of ii) is clear because 2 =~ 2(w).
Assume that ii) holds. By reasoning as in the proof of Theorem 4.1, but now using an
ultrafilter-product instead of an ultraproduct, it is sufficient to show that 2 € K under
the assumption that 2 =~ B for some B € K. Since 20 =~ B, A(w) =~ B(w) and, by
Theorem 3.40, [TV A(w) = [TV B(w), for some proper ultrafilter U. Therefore, by b),
since B € K, B(w) € K and by a), [[Y B(w) € K. Therefore, by a), [[Y 2(w) € K
and, by a) again, %A(w) € K. Finally, by b), 2 € K. O

We can draw the following consequence from our characterization theorem for ele-
mentary classes in L™, in relational similarity types:

Corollary 4.9 Let L be a relational similarity type and let T U{c} be a set of sen-
tences of L. Then:

i) T is aziomatizable by a set of equality-free sentences iff for any L-structure 2,
AE=T iff dw) =T.

ii) o is logically equivalent to an equality-free sentence iff for any L-structure 2,

Ao iff d(w) Eo.

Proof. The proof is analogous to the proof of Corollary 4.2 but using Theorem
4.7 instead of Theorem 4.1. O

4.2 Some fragments of L~

In this section we study characterization and preservation theorems for the follow-
ing fragments of equality-free first-order logic: universal, universal-atomic, universal-
existential, positive and Horn. For references see [BS81], [CK91] and [Hod93b).

In [Bir35] G. Birkhoff proved that the classes of algebras defined by identities are
precisely those which are closed under H, S and P. Here we obtain an analogue to
this theorem for equality-free logic. It is said that ¢ € L is a universal-atomic formula

if ¢ = V&1, for some atomic formula . Given a class K of L-structures we denote by
ThAY” (K) the set

ThAt™ (K) = {0 € Th™(K) : o is universal-atomic} .

We say that an structure is trivial if it is a one-element structure in which the
interpretations of the relation symbols are non-empty. Observe that in every trivial
structure all the universal-atomic sentences are true.
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Lemma 4.10 If A is a trivial L-structure, then for every L-structure B, 2A € H(B).

Proof. It is easy to check that the map h : B — A defined by:
h(b) = a,

for every b € B, is an homomorphism. O
Theorem 4.11 Let K be a class of L-structures. The following are egquivalent:

i) K 1is aziomatizable by a set of equality-free universal-atomic sentences.
ii) K s closed under Hgl, H, S and P and contains a lrivial structure.

iii) K = HHg'SP(M), for some class M of L-structures thal contains a trivial
structure.

Proof. i) = ii) and ii) = iii) are clear. iii) = i) Assume that K = HHg'SP(M),
for some class M of L-structures that contains a trivial structure. We will show that,
for every L-structure 2, if % = ThA'" (M), then 2 € K. Suppose that 2 = Th*'™ (M)
and let T' = negdiag™ (). We can distinguish two cases. Case I: "= (. In this case
A* is a trivial structure. Since all the trivial structures are isomorphic, 2 € Hg'(2*)
and M contains a trivial structure, we have that 2 € K.

Case IT: T # (). For every —¢ € T, if the constants which occur in —¢ are among
@y, ..., an, since A k= ThAY" (M), there is B € M such that B = 3z, ...z,~¢, where
¢’ is obtained from ¢ by substituting for each 1 < i < n, the variable z; for the constant
a;. We choose, for every —¢ € T', B_, € M and b;'d’, ..., b? € B_; such that

By =~ [b;ﬂ*, . ..,b;‘f’] :
Let B = []_4cr By We define, for every a € A, an element @ € B by:
9 i =a;

é(_@):{b‘ : 1faE{-a1,...,an} and a = a;,
arbitrary, otherwise,
for every -¢ € T. We have that (*B,a)scs is an expansion of B that satisfies
negdiag™ (2). Therefore, by Proposition 2.28, 2 € H.HEIS(EB). Since B € P(M)
and K = HH'SP(M), 2 € K. O

Corollary 4.12 Let T be a consistent set of sentences of L and o a consistent sentence
of L such that - o. Then:

i) T 1is aziomatizable by a set of equality-free universal-alomic sentences iff T is
preserved under Hgl, H, S and P.
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ii) o is logically equivalent to a finite conjunction of equalily-free universal-atomic
sentences iff o is preserved under Hgl ,H, S and P.

Proof. By Theorem 4.11 using a proof analogous to the proof of Corollary 4.2. O

Trivially we can find a consistent sentence o such that /= o, o is preserved under
Hgl, H, S and P, but o is not logically equivalent to any equality-free universal-
atomic sentence. Let L = {P,Q}, where P and ) are monadic relation symbols, and
o =VzPz AVzQz.

The characterization theorem for the positive fragment of first-order logic with
equality is due to R.C. Lyndon, see [Lyn59]. Now we obtain a version of it for equality-
free languages. We shall consider now only formulas built up from atomic and negation
of atomic formulas using only the connectives A, V and the quantifiers V, 3.

Given a symbol s (s can belong to L or s can be the identity symbol) and a formula
¢ of L, we say that s occurs positively in ¢ iff s has an occurrence in ¢, which is not
within the scope of a negation symbol. And we say that s occurs negatively in ¢ iff s
has an occurrence in ¢, which is within the scope of a negation symbol.

Given a formula ¢ € L, let Rel(¢) (Fun(¢)) be the set of relation (function)
symbols of L that occur in ¢, and let Rel™(¢) (Rel™(¢)) be the set of symbols of
Rel(¢) that occur positively (negatively) in ¢.

In [Mot84] we can find the following extended version of Lyndon’s interpolation
theorem, due to A. Oberschelp and T. Fujiwara.

Theorem 4.13 Suppose that ¢ and ¢ are sentences of L such that ¢ =, [~ —¢ and
¥ . Then there is a sentence @ of L such that:
i) =0 and 8 =1.
ii) Rel*(6) C Rel*(¢) N Rel* () and Rel~(6) C Rel~($) N Rel— ().
iii) Fun(8) C Fun(¢) N Fun(y).

iv) If @ has at least one positive (negative) occurrence of the identity symbol, then ¢
(1) has at least one positive (negative) occurrence of the identity symbol.

We say that ¢ € L is a positive formula if ¢ is built up from atomic formulas using
only the connectives A, V and the quantifiers V, 3. Let us recall the characterization
theorem for the positive fragment of logic with equality:

Theorem 4.14 If K is a class of L-structures, the following are equivalent:
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i) K is ariomatizable by a set of positive sentences.

ii) K 1s closed under Py, H and for every L-structure 9, if some ultrapower of 2
lies in K, then2 € K.

Now we prove its version for equality-free logic.
Theorem 4.15 If K 1s a non-empty class of L-structures, the following are equivalent:

i) K is ariomatizable by a set of equality-free positive sentences.

ii) K is closed under Py, H and Hgl and for every L-siructure 2, if some ultra-
power of A lies in K, then A € K.

Proof. i) = ii) is clear. ii) = i) Since K is closed under H, K is also closed under
Hs. Therefore, by ii) and Theorem 4.1, K is axiomatizable by a set I' of equality-
free sentences. Moreover, by ii) and Theorem 4.14, K is axiomatizable by a set X of
positive sentences (possibly with equality). Since I' |= X, for every o € X such that
¥ o we can choose «y,...,a, € I" such that

o P

Let ap = a; A ... A ap; we have that a, = ¢ and ¢, is an equality-free sentence.
Furthermore, & —ag, because K is non-empty. Therefore, there is a sentence 6, € L
that satisfies conditions i) — iv) of Theorem 4.13. Observe that, by condition iv), since
in a, does not occur the identity symbol, in 8, the equality symbol does not occur
positively. Moreover, since ¢ is positive, in 6, the equality symbol does not. occur
negatively. Then we can conclude that 6, is an equality-free sentence and by condition
ii), since ¢ is positive,

Rel™(6,) C Rel™ (ay) N Rel™(0) = Rel™ (az) N0 = 0.

Then 6, is a positive sentence. Thus, {6, : o € T} is a set of equality-free positive
sentences that axiomatizes K. O

Corollary 4.16 Let T be a consistent set of sentences of L and o a consistent sentence
of L. Then:

i) T is axiomatizable by a set of equality-free positive sentences iff T is preserved
under H.§1 and H.

ii) o s logically equivalent to an equality-free positive sentence iff o is preserved
under Hg land H.
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Proof. By Theorem 4.15 using a proof analogous to the proof of Corollary 4.2 and
the fact that any finite conjunction of positive sentences is a positive sentence. O

In [Tar54], A. Tarski gave a characterization theorem for the universal fragment of
first-order logic with equality. In [Los55|, J. Lo$ gave a generalization of it. We obtain
now an analogue for equality-free logic. It is said that ¢ € L is a universal formula
if ¢ = Va, for some quantifier-free formula 1. Given a class K of L-structures we
denote by ThY™ (K) the set

Th" (K) = {o € Th™(K) : o is universal} .
Theorem 4.17 Let K be a class of L-structures. The following are equivaleni:

i) K is axiomalizable by a set of equality-free universal sentences.
ii) K is closed under Hg', Hg, S and Py.
iiil) K = Hg'HgSPy(M), for some class M of L-structures.

Proof. i) = ii) and ii) = iii) are clear. iii) = i) Assume that K = Hg'HgSPy (M),
for some class M of L-structures. We will show that, for every L-structure 2, if
2 = ThY (M), then % € K. Suppose that 2 = Th" (M) and let T = diag™(2L).
For every finite I’ C T, if the constants which occur in the sentences of I’ are among
ai,...,an, since A = Th" (K), there is B € M such that B |= 3z;...2, AT, where
[ is obtained from I' by substituting for each 1 < i < n, the variable z; for the
constant a;. We choose, for every finite I' C T, By € M and bf —— bg € Br such that

Br = AT [of,....85].

Let I = {L CT:T finite} and for every I' € I, Jr = {Ae€I:T C A}. Since
J = {Jp :T" € I} has the finite intersection property, it can be extended to a proper
ultrafilter U over I. Let B = [[p¢; Br/U, clearly B € Py(M). We define, for every
a € A, an element a € [[p; Br by:

A(T) = b, ifa€ {a,...,ay} and a = a;,

MV=19 arbitrary, otherwise,

for every I' € I. Then (B, [d]y)aca is an expansion of B that satisfies diag™ ().
Therefore, by Proposition 2.20, 2 € HEIHSS(%). Since B € Py(M) and K =
H'HgSPy(M), A€ K. D

Corollary 4.18 Let T U{c} be a set of sentences of L. Then:
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1) T is aziomatizable by a set of equalily-free universal sentences iff T' is preserved
under Hg', Hg and S.

ii) o is logically equivalent to an equality-free universal sentence iff o is preserved
under Hgl, Hg and S.

Proof. By Theorem 4.17 using a proof analogous to the proof of Corollary 4.2 and
the fact that any finite conjunction of universal sentences is logically equivalent to a
universal sentence. O

Theories preserved by unions of chains were characterized by J. Lo§ and R. Suszko
in [LS55], C. C. Chang improved this result in [Cha59]. Let us give an analogous
theorem for equality-free logic. It is said that ¢ € L is a universal-eristential formula
if ¢ = Vg3zy, for some quantifier-free formula . Given a class K of L-structures, we
denote by Th™ (K) the set

Th (K) = {o € Th™(K) : o is universal-existential } .

Given an L-structure 2l, we expand the language by adding a new constant symbol
for each element of A. We denote by univdiag™ (2) the following set of sentences in the
expanded language

univdiag™ (%) = {o € L™(4) : 0 is a universal sentence and A4 =0} .
Lemma 4.19 Suppose that A and B are L-structures such that any equalily-free

universal-existential sentence true in B is also {rue in A. Then there are L-structures
C and D such that:

i) A CEC D
i) %% <~ D*.
iii) B=" €.
Proof. We expand the language introducing a set C4 = {c,:a € A} of new
constant symbols and we consider the set I' = Th™ (%) U univdiag™ () of sentences
in the expanded language. First we show that I is consistent. Otherwise, since any

conjunction of universal formulas is logically equivalent to an universal sentence, there
will be a formula VZ1(cg,, . . ., cq,) € univdiag™ (2) such that

Th™(B) = ~VZy(cayy.--sCq)

where ¢q,,...,¢Cq are all the new constants that occur in —VZ(c,,,...,¢q,). Since
the constants cg,,...,¢s do not occur in the sentences of Th™(B), if y1,...,y are
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variables that do not occur in VZy(e,,, ..., ¢y ) and we substitute for every i = 1,...,1
the variable y; for the constant cq;,

Th™(B) =Yy ... 3T

and then,
B |= Yy, ... 53T

By assumption, any equality-free universal-existential sentence true in B is also true
in 2. Consequently,
A=Yy ... 37,

which is absurd, because VZ(cy,, . .., ¢q,) € univdiag™(2).

Let (EB’,C'B’)CecA be a model of I'. We have that B =~ B’. Now we expand the
language further by adding a set

CB;={q:bEB’—{c'B':CECA}}

of new constant symbols disjoint from C4 U L. Consider eldiag™ (21), the equality-free
elementary diagram of 2 in the expanded language LUC 4 and diag™ (8’), the equality-
free diagram of B’ in the expanded language LU C4 U Cg.. Let ¥ be the union of
these two diagrams. We show that X is consistent. Otherwise, there will be formulas

@1(Coys =5 Coy )y oo s PrlChyy - -+ s 60 ) € ding™ ('),

with by,...,b € B’ — {cw iCcE C‘A} and such that

eldiag“(‘)l) E-¢1V...V ﬁqbﬂ(cb” R Cbk),

where ¢,,...,¢, are all the new constants that occur in the formula —¢; V ...V
—¢n(Chyy.-. ). Since the constants cp,,...,c5, do not occur in the sentences of
eldiag™(21), if 31, .. ., yx are variables that do not occur in =¢; V...V =¢,(cs,, ..., Cp,)
and we substitute for every ¢ = 1,..., k the variable y; for the constant ¢p,,

eldiag™ (%) EVyr...yx(~1 V...V =¢p)

and then
(A, a)aca EVY1. - yk(—d1 V...V ).

Since (‘ZB', ﬂw)cecﬁ, is a model of univdiag™ (2l),

(B, )econ V1 k(=01 V ... V =6n),

which is absurd, because

¢l(cb11 o :Cbk)s ‘e aqﬁ‘l’l(cbp' “acbk) & dlag_(%’)
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Let (Q,CD)cEcAu(}B, be a model of £. On the one hand, since (D, c® )eeCuCy s a
model of eldiag™(?1), by Proposition 2.26, 2* =~ D* and using the usual arguments,
it is easy to check that the map A : 2A* — D* defined by:

hlalagy) = [“f]mm’

for every a € A, is an embedding that preserves equality-free formulas. We may assume
without loss of generality that

(ﬂln(m) = [Cf] @)’

for every a € A. Let € be the substructure of ©* generated by the set

{[c""]nw) :c€CyU CB!} .

Then we have that 2* C € C D* and A* <~ D*.
On the other hand, since all the sentences in diag™ (B’) are equality-free,

(D", [cg] s (m)cec,,ucg,

is also a model of diag™ (®’). Thus, by the proof of iii) = iv) in Proposition 2.20,
B’ ~ € and consequently, B =- €. So defined, the models € and D satisfy the
required conditions. O

Given a class K of structures, it is said that a subset X C K is an upward directed
subset if for every two structures 2, € X there is an structure € € X such that
2A1UB C €. And it is said that K is closed under unions of upward directed subsels if
for every upward directed subset X C K, [JX € K.

Theorem 4.20 If K is a class of L-structures, the following are equivalent:

i) K is aziomatizable by a set of equality-free universal-existential sentences.

ii) K is closed under Py, Hsg, Hgl and unions of upward directed subsets and for
every L-structure 2, if some ultrapower of 2 lies in K, then 2 € K.

iii) K is closed under Py, Hg, Hgl and unions of countable chains and for every
L-structure 2, if some ultrapower of A lies in K, then 2 € K.

iv) K is closed under Py, Hs, Hgl and unions of chains and for every L-structure
2, if some ultrapower of A lies in K, then 2 € K.



4.2. Some fragments of L™ 63

Proof. i) = ii), i) = iii), ii) = iii), iv) = iii) and i) = iv) are clear. iii) = i) Since
K is closed under Py, Hg and Hgl and the complement of K is closed under ultra-
powers, by Theorem 4.1, K is axiomatizable by a set T of equality-free sentences. We
prove that, for every L-structure 2, if 2 |= T (K ), then 2 |= T and consequently,

2 € K. Assume that 2 = Th™ (K).

First, we show that there is an L-structure B € K such that any equality-free
universal-existential sentence true in B is also true in 2. We expand the language
introducing a set C4 = {c, : @ € A} of new constant symbols and we consider the set
[' = T'U univdiag™ (2) of sentences in the expanded language. We prove that I is con-
sistent. On the contrary, since any conjunction of universal formulas is logically equiv-

alent to an universal sentence, there will be a formula VZy(c,,, . .., ¢q,) € univdiag™(2)
such that

T I= _‘fod)(ca; IR CG:)
where ¢,,, . .., ¢q, are all the new constants that occur in ~VZy(c,,, . . ., €q,). Since the
constants cq,, ..., ¢Cq do not occur in the sentences of T, if y1,...,y; are variables that
do not occur in ~VZ(cy,, . - ., s ) and we substitute for every i = 1,...,[ the variable

y; for the constant c,,,
T =Yy ... y3T).

But then,
Yy ... 3T € Th™ (K)
and since 2 = Th™ (K),
A=Yy ... ydzT,

which is absurd, because YZY(cq,, .. ., Cq) € univdiag™ (). Thus, we conclude that T'
is consistent.

Let (B,c®)ccc, be a model of I'. Let us see that any equality-free universal-
existential sentence true in B is also true in 2. Suppose that YZ37y is an equality-free
universal-existential sentence true in B. If 2 [~ Vz3ge), there will be a),...,a; € A
such that 2 = Yy [a4,...,q] and then, V§—(cq,, ..., Cq) € univdiag™(2). This is
absurd because (B, c®).cc, is a model of univdiag™(21).

Now we define by induction two sequences of models, (2, : n € w) and (€41 :n €
w) with the following properties: for every n € w,

a) Any equality-free universal-existential sentence true in B is also true in 2.
b) A} C Cpyy C AL,

c) 2 X7 AL,

d) B=" €py;.

Let 2o = 2 and apply Lemma 4.19 to obtain 2; and €;. Let n > 0 and suppose
inductively that we have defined 2, and €, that satisfy conditions a) —d). We can
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apply again Lemma 4.19 to obtain 2p1 and €, 1. Now let € = ¢, €1 = Upew Un-
Since B = T and for every n € w, B =~ €, 1, we have that foreveryn € w, €1 = T.
Therefore, since by assumption, K is closed under unions of countable chains, € = T.
And since %}, <~ 27, ,, for every n € w, we have that 2* = 215 <~ €. Then, since T
is a set of equality-free sentences, 2* = T" and consequently, 2 =T'. O

Corollary 4.21 Let T U{c} be a set of sentences of L. Then:

i) T is aziomatizable by a sel of equality-free universal-ezistential sentences iff T' is
preserved under Hg 1 and Hs and unions of chains.

ii) o is logically equivalent to an equality-free universal-existential sentence iff o is
preserved under Hg land Hg and unions of chains.

Proof. By Theorem 4.20 using a proof analogous to the proof of Corollary 4.2
and the fact that any finite conjunction of universal-existential sentences is logically
equivalent to one universal-existential sentence. O

Finally, let us prove a preservation theorem for the Horn fragment of L~. H. J.
Keisler proved the preservation theorem for Horn sentences (in the case with equal-
ity) using the continuum hypothesis, see [Kei65], and then F. Galvin eliminated this
hypothesis, see [Gal70]. There are two more proofs of this theorem, one was obtained
by R. Mansfield, using boolean-valued models, see [Man72]. The other is due to S.
Shelah, see [She71]; he indicates that the theorem could be obtained by the technique
he introduced to prove that two elementary equivalent models have isomorphic ultra-
powers. QOur proof follows the main lines of Keisler and Galvin proof. Using the same
kind of proof of Mansfield it is possible to obtain a preservation theorem for theories

in general, not only for sentences, see [Dell]. Now, let us recall the definition of Horn
formula:

It is said that a formula ¢ € L is a basic Horn formula if ¢ is a disjunction of
formulas

X1V VX

where at most one of the formulas x; is atomic, the rest being negations of atomic
formulas. A Horn formula ¢ € L is built up from basic Horn formulas by means of the
connective A and the quantifiers V, 3.

Lemma 4.22 Let B be an L-structure, I a non-empty set and (2;);c; a family of
L-structures. The following are equivalent:

i) B ~ [Lic; %/ F, for some proper filter F over I.



4.2. Some fragments of L™ 65

ii) B~ Hf;! A;, for some proper filter F' over I.

iii) There are enumerations of [[;c; A: and B, @ = (a; : j € J) and b= (b; : j € J)
respectively, such that for any basic Horn formula ¢(x1,...,z,) € L™ and any
Qjyy ey @5, € [Lier Ai, of for everyie I

2 I: qﬁ{ajl{i)i . ':a'jn(i)] ’

then,
B = ¢bjyy---b5,].

Proof. i) & ii) is clear. ii) = iii) Assume that B ~ I'[,;Fé; 2;. By Proposition 2.17,
there are enumerations of [[,c;4; and B, @ = (a; : j € J)and b= (b; : j € J)
respectively, such that

(1., %.2) =" (B.5).

Suppose that ¢(z;,...,zs) is a basic Horn formula of L™ and a;,,...,a;, elements of
[lic; Ai such that for every i € 1

A = pla;(8), ... a5, ()]
Then, since ¢ is a Horn formula,
[12:/F = ¢ [laz]pse- s (@5l 6] »
icl

and since ¢ is equality-free,

I1.,% & ¢l a5

Therefore,
‘B }: ¢lbj]!"'!bjn] %
Thus, condition iii) holds.

iii) = ii) Suppose that there are enumerations of [[;c; Ai and B, @ = (a; : j € J)
and b = (b; : j € J) respectively, such that condition iii) holds. Given a sequence
d = aj,,...,a;, € [lic; Ai, we will denote by d(i) the sequence aj, (i), ...,a;, (i) and
by EE the corresponding sequence of B, bj,,...,b;,. Now we define for any n € w,
any sequence d = @j,,...,aj, € [lic; Ai and any equality-free atomic formula ¢ =
o(z1,...,Zn), the set

Sa={iel:%E¢[dl)}

and the set R = {S& Bl=¢ [BE] } We can distinguish two cases. Case I: R={. In
this case, let F' = {I}. It is easy to check that

(1., 23 =5 (B.5).
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Case II: R # (0. Observe that R has the finite intersection property: suppose that
Sma, ...,szk € R and assume that for any ¢ # j, 1 < i < k,1 < j < k, the set of
variables that occur in ¢; and the set of variables that occur in ¢; are disjoint. Then,

Bl oA Ak by nby,] -

Suppose also, searching for a contradiction, that S gy e N S o @. Then, for any
€1,
Wi b= g1 V.. V=i [d(a), -, )]

And since —¢; V...V —¢y is an equality-free basic Horn formula, by iii),
Bl g1 V...V gy [E;l,...,B&J,

which is absurd. Hence we can conclude that R has the finite intersection property.

Let now F be the filter over I generated by R. Since R has the finite intersection
property, F' is proper. We show that

(T, %9 =5 (B,5).

Let v = 9(zi,...,Z,) be an equality-free atomic formula and ¢ = aj,,...,q;, €
[lic; Ai. Suppose that

F =
Héaﬁ" k.
Then,
X={iel:%kEy[i)}eF
and consequently, since F is the filter over I generated by R, there are Sy, ey E

R such that
X2 Smal ﬂ...ﬂsfmak.

Assume that for any 7 # j, 1 <1 < k,1 < j < k, the set of variables that occur in ¢;
and the set of variables that occur in ¢; are disjoint. Then, for any i € I,

WeEdA. Ay — [&1(5),...,3,:@),5(5)] .

On the one hand, since ¢; A ... A ¢ — 1 is equivalent to an equality-free basic Horn
formula and condition iii) holds,

BEGIAAd = [B,. B, 5]

And on the other hand, since Sﬁnal’ - Smak € R,

El:él/\“'/\qbk[?}a;""’g&k:['
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Hence, B = ¢ [55] Conversely, if B = 1 ﬁrg], then Syz € R C F. And since % is an
equality-free atomic formula, i

F o
Il 2%Ev@.
Hence, we can conclude that
F _ _ -
(Hief Q‘Li’ ﬂ') =0 (’Br b)'
By Proposition 2.17, B ~ [[/z; 2. O

Let us now introduce some notation. Given an infinite cardinal k and a set I of
power k, the expression “for almost all ¢ € I” will mean “for all but fewer than
elements of I”. If we assume that 2® = k™, the next proposition gives us a sufficient
condition for a saturated structure of power k" to be relative to a reduced product of
some set of structures. We will use this fact later on to prove the desired preservation
theorem.

Proposition 4.23 (2 = k™) Assume that |L| + R < k. Let B be a saturated L-
structure of power k™, I a set of power k and (U;);es a family of L-structures of power
< k". Suppose that for any Horn sentence o € L—, if for almost all i € 1

% = o,
then

B E=o.
Hence, B € Hg'HgPr({2; : i € I}).

Proof. Let 2 = [[;c; 2. Since 2 = k™, we have that |4] < k. Let (a’e ;e xT)
and (b; : £ € k') be enumerations of A and B respectively. By transfinite induction
we define two enumerations, (a; : £ € k) and (b : € € kT), of A and B respectively,
such that for any v € k%, (ag : £ € v) and (b : £ € v) satisfy the following condition:
for any Horn formula ¢(z1,...,2,) € L™, any &1,...,&x € v and any ag,,...,a¢, € A,

if for almost all i € I,2; |= ¢ [ag, (1), .. ., a¢, ()],
then B |= ¢ [bey,...,be,] -
Suppose inductively that we have defined (a, : £ € v) and (b¢ : £ € v) such that satisfy
condition (4.1). We can distinguish two cases: case v = p+2k and case v = u+2k+1,
where 4 is a limit or 0, and k € w.

(4.1)

Case v = pu+2k. Let ay = a;H. Let p be the set of all the formulas ¢(z, b, , ..., bg,) €
L(B) such that ¢(z,yi1,...,¥n) € L is an equality-free Horn formula, &,...,6, € v
and for almost all ¢z € I,

%, E lau(i), ag (), .., ag, ().
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If ¢(z, be,, ..., be,) € p, then for almost all i € I,

A; = dzg [afi ) ) Qgn ("")] .

Therefore, as the set of Horn formulas of L™ is closed under 3, by inductive hypothesis,
B l: H:Bl;é[b&, " ..,b&h] =

And since the set of Horn formulas of L™ is closed under A, p is a 1-type over the set
{be : £ € v} in B. Consequently, since B is saturated, B satisfies p. Let b, be such a
realization of p.

Case v = pu+2k+ 1. Let b, = b;‘_,_k. Let g be the set of all the formulas
#(z,ag,...,a¢,) € L(A) such that ¢(x,¥y1,...,¥s) € L is an equality-free Horn for-
mula, &,...,&, € v and

B b=~ [by, be,s - be ]

For any equality-free Horn formula ¢(z,y1,...,yn) € L, if B = —¢[by, be;, ..., e,
then B |= ~Vz¢ [be,, ..., bg,]. We define for any ¢ = ¢(z,ae,,...,ae,) € g the set

Ip={i € I:% W Vaplag (i), .., ae, (@)} -

Since the set of Horn formulas of L™ is closed under V, by inductive hypothesis, |Iy| = k.
Therefore, by Lemma 6.1.6. of [CK91], since |q] < , there is (J, : ¢ € g) such that:

a) for any ¢ € q, J5 C Iy and |Jg| = k.
b) for any ¢,¢’ € q, if ¢ # ¢/ then J, N Jy = 0.

We now define a,, € A in the following way:

a (i) = ay(2) € A; such that 2; = ¢ [au(2), ag, (2),...,a¢,(2)], ifi€ Jy,
arbitrary, otherwise,

forany i e I.

Once we have finished the construction, (as : £ € k*) and (be : € € k™) have the
desired property: for any v € k™, (a¢ : € € v) and (b : £ € v) satisfy condition (4.1).
Therefore, these enumerations satisfy also condition iii) of Lemma 4.22. Hence we can
conclude that B € Hg'HgPgr({%; : i € I}). O

Now, assuming the continuum hypothesis, we will prove the preservation theorem
for Horn sentences. Later we will show how to eliminate this strong hypothesis.

Theorem 4.24 (2¥ = N,) For any sentence o € L, the following are equivalent:
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i) o is preserved under Hg, Hgl and Pg.

ii) o is logically equivalent to an equalily-free Horn sentence.

Proof. ii) = i) is clear. i) = ii) Suppose that o is preserved under Hg, Hg and
Pr. We can assume that L is finite (we consider only the symbols that occur in o).
If o is inconsistent it is clear. Otherwise, let X be the following set of sentences

Y = {3 € L™ : 9 is a Horn sentence and =0 — 9}.

Clearly ¥ # (. We prove that there is 9 € ¥ such that = ¢ — ¢. By compactness,
since X is closed under A, it is enough to show that ¥ |= ¢. Since o is preserved
under Hg, Hgl , by Corollary 4.2, o is logically equivalent to an equality-free sentence.
Therefore, in order to prove that X = o, since any finite model is equivalent in equality-
free logic to an infinite model, it suffices to show that, for any infinite L-structure
A if A = X, then A = 0. Moreover, since L is finite, by the Lowenheim-Skolem
Theorem, we can restrict ourselves to infinite countable models. Suppose that 2 is
an infinite countable L-structure such that 2 = X. We will show that 2 = o. Let
B be an elementary extension of 20 of power R, and saturated. Since L is finite and
|A} < 2¥ = Ry, the existence of such extension is guaranteed by Lemma 5.1.4 of [CK91].

Let now ¥ be the set
¥ = {¢ € L™ : 9 is a Horn sentence and -4 A o is consistent} .

Clearly ¥ # 0. We choose, for any 9 € ¥ a countable model 2, of -t Ao. Let
I =wx V¥ and for any i = (n,9¥) € I, A; = ;. Now we show that for any Horn
sentence ¥ € L™, if for almost all © € I, 2; |= 1, then B |= 9. Suppose that i € L~
is a Horn sentence such that for almost all 4 € I, ?; = 9. Then ¥ ¢ ¥, otherwise for
any n € w and any i = (n,v¥) € I, 2; = —, contradicting the fact that for almost all
i € I, %; = 1. Therefore, 1 € T and since 2 < B, B = ¥ and consequently B = .
Hence, by Proposition 4.23, B € HglﬂsPR({m :¢ € I}). Since o is preserved under
Hg, Hgland Prandforany: € I, 2; o, B | o and thus, 2 |= ¢. We can conclude
that £ (= 0. Then, o is logically equivalent to an equality-free Horn sentence. O

Now, let us eliminate the continuum hypothesis of Theorem 4.24. We assume that
L is finite and we assign suitable Gddel numbers to the symbols and expressions of L.
For a definition of arithmetical predicate and arithmetical statement and a reference
to find the following theorems see Chapter 6.2. of [CK91].

Theorem 4.25 (Gddel) Let T' be an arithmetical statement,

If ZF + CH VT, then ZF T
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Observe that the predicates “o is an equality-free sentence of L” and “o is an
equality-free Horn sentence of L" are recursive and the predicate “o is logically equiv-
alent to an equality-free Horn sentence of L” is arithmetical.

Lemma 4.26 The predicate “c is preserved under Hg and Hgl " 18 arithmetical.

Proof. By Corollary 4.2, because the predicate “o is an equality-free sentence of
L” is recursive. O

Theorem 4.27 (Galvin) The predicate ‘o is preserved under Pr” is arithmetical.

Corollary 4.28 The predicate ‘o is preserved under Hg, Hgl and Pr " is arithmeti-
cal.

Proof. By Lemma 4.26 and Theorem 4.27. O

Corollary 4.29 The staternent ‘o is logically equivalent to an equality-free Horn sen-
tence of L if and only if o is preserved under Hg, I-I§1 and Pr” is arithmetical.

Theorem 4.30 For any sentence 0 € L, the following are equivalent:

i) o s preserved under Hg, Hgland Pgr.

ii) o is logically equivalent to an equality-free Horn sentence.

Proof. By Corollary 4.29 and Theorems 4.24 and 4.25. O
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Equality-free saturated models

5.1 Characterizations

This chapter is devoted to the study of equality-free saturated models. In this section
we introduce the concept of equality-free saturated model (L~ -saturated for short) and
we prove, among other things, that L™ -saturation is preserved by the relative relation,
see Corollary 5.7, and the existence of infinite models 2, which are L~ -|A| " -saturated,
secc Example 5.12. From this last fact it follows that L™ -saturated models have a
different behaviour than usual saturated models.

In the next section we see the relationship of the concept of L™ -saturated model
with the usual notions of homogeneous and universal model. Using the L™ -w-saturated
models of a theory and the methods of back-and-forth introduced before, in the last
section of this chapter we will give criteria for a theory to be L™ -complete, to have
quantifier elimination for L~ and for being L™-Ry-categorical. The notion of saturated
model was first introduced by M. Morley and R. Vaught in [MV62], as a special case
of some structures in R. Jénsson's papers [Jon56] and [Jon60]. For more references on
saturated models see [CK91], [Hod93b] and [Poi85].

First, we recall the notion of equality-free type over a set of parameters in a model,
introduced in Section 2.2. Let 2 be an L-structure and D a subset of A. Given a
cardinal k, we say that a set p of formulas of L™ (D) in the variables {z, : @ € &} is
an L™-k-type over D in 2 if p is consistent with Th™(2p). Moreover, we say that p
is L~-complete if for any formula ¢ € L™ (D) in the variables {z, : @ € K}, ¢ € p or
- € p. We say that a k-tuple @ = (a, : @ € k) of elements of A realizes p if

Up = ¢laa : e € K],

for any ¢ € p, and we say that 2 omits p if there is no k-tuple in A4 realizing p. Finally,
we say that an L™-x-type over D in 2 is realized in 2 if there is x-tuple of elements of

71
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A that realizes p.

Observe that, for any set p of formulas of L™ (D), p is consistent with Th™ (2p) iff
p is consistent with Th(2p). Therefore, a set p of formulas of L~ (D) is an L™-x-type
over D in 2 iff p is a k-type over D in 2 and all the formulas of p are equality-free.

Definition 5.1 Let 2 and B be L-structures and r C A X B a relation. For any
formula ¢ € L(dom(r)), ¢ = ¢(Z,ay,...,an), let LY, be the following set of formulas

of L(rg(r)):
{d(Z, b1, ...,b0) € L(rg(r)) : for everyi € {1,...,n}, (ai,b;) €7},

where @(&,by,...,b,) is obtained from ¢ by substituting b; for a;, for every i €
{1,...,n}. Given a set p of formulas of L(dom(r)), let p" =U,e, T

In particular, if 2 is an L-structure, D a subset of A and p a set of formulas of
L~ (D), we denote by p* the set p", where r C A x A” is the relation defined by:

r= {(d, [dlo@y) :d € D} %

And we denote by D* the set {[dloy : d € D}.

Lemma 5.2 Let A and B be L-structures, @ = (a; : i € I) and b = (b; : i € I)
sequences of elements of A and B respectively, and v = {(a;,b;) : i € I}. Assume that
(%,@) =~ (B, b). Then, for any cardinal k and any set p of formulas of L™ (dom(r))
in the variables {z4 : @ € K},

i) p is an L™ -k-type over dom(r) in A iff p" is an L™ -k-type over rg(r) in B.

ii) If p is L™ -complete, then p" is L™ -complete.

Proof. We only prove the direction =) of i), the other direction and ii) are proved
using analogous arguments. Assume that p is an L™ -x-type over dom(r) in 2. Assume
also, searching for a contradiction, that p” is not consistent with Th™(Big(r))- Then,
there are ¢1,...,¢x € L™, ¢y = ¢i(Z,41,...,Yn), for every l € {1,...,k}, and elements
li,...,ln € I such that ¢;(%,ay,,...,a;,) €p, foreveryl € 1,...,k, and

Th™ (Brgr) =V (&, by, ..., 1),
1<I<k
then
BE \ ~dilby,.... b,

1<i<k
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Since (20,@) =~ (B, b),
A 1= V _'Cbl [ah"“1a‘ln]‘

1<i<k

which is absurd because, by assumption, p is consistent with Th™ (gom(r))- O

Next lemma gives us a characterization of L™ - complete types:

Lemma 5.3 Let U be an L-structure, D a subset of A and k a cardinal. For any sel
p of formulas of L= (D) in the wariables {z, : @ € K}, the follournng are equivalent:

i) p is an L™ -complete L™ -x-type over D in A.

ii) There is A' such that D C A’ and A}, = Th(Ap) and there is a sequence M =
(mq : « € K) of elements of A' such that p = tpy, (/D).

iii) There is A such that D C A’ and A, = Th™(2Ap) and there is a sequence
M = (my : a € K) of elements of A' such that p = tpy, (/D).

iv) There is A such that A X A' and there is a sequence M = (Mg : @ € K) of
elements of A’ such thal p = tpy,(m/D).

v) There is A’ such that A <~ A’ and there is a sequence M = (my : @ € k) of
clements of A' such that p = tpy,(m/D).

Proof. ii) = iii), iii) = i), iv) = v) and v) = i) are clear. i) = ii) is easy to prove
using the fact that p is consistent with Th(2p). i) = iv) We use the fact that p is
consistent with Th(2 4). The proof of this fact is straightforward. O

Observe that in ii) and iii) of Lemma 5.3, we can take 2’ such that |A'] <
max(|D|, |L|,Np). And in iv) and v) we can take 2’ such that |A’| < max(|A}, |L|, Ro).

If we consider reduced structures, we can obtain the following version of Lemma

5.3:

Corollary 5.4 Let U be a reduced L-structure, D a subset of A and K a cardinal.
For any set p of formulas of L~ (D) in the variables {z, : @ € K}, the following are
equivalent:

i) p is an L™ -complete L™ -x-type over D in 2.

ii) There is a reduced L-structure 2’ such that %A <~ 2’ and there is a sequence
M = (Mg, : @ € &) of elements of A’ such that p= tpy, (/D).
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Proof. ii) = i) is clear. i) = ii) Since p is an L™ -complete L™ -x-type over D in
2, by Lemma 5.3, there is B such that 2 <~ B and a sequence I = (I, : @ € k) of
elements of B such that p = tpy(l/D). Then, using an analogous proof to the proof of
Lemma 2.24, it is easy to check that 2* =~ B* and the map j : A* — B* defined by:

i(lalgqey) = lalogm) »

for any a € A, is an embedding that preserves all the equality-free formulas. If k =
(Ll : « € k), clearly p* = tpg«(k/D*). Since 2 is reduced there is an isomorphism
f: (A a)aes — (A, [a]qy)aca- Thus jo f : (A a)eca — (B* [a]gpy)aca is an
embedding. Therefore, we can find an L-structure 2’ such that 2 <~ 2’ and an
isomorphism kb : (2,a)eea — (B, [algm))aca such that A [ A = jo f. Let m =
(h_l([iq]ﬂ(m) : « € k). Clearly p = tpy (/D) and since B* is reduced, 2’ is also
reduced. O

Now we introduce the main concept of this section: equality-free saturated models.

Definition 5.5 Given an L-structure 2 and a cardinal «, we say that 2 is L™-k-
saturated iff for any D C A with |D| < k, 2 realizes every L™-1-type over D in 2.
And we say that 2 is L™ -saturated iff 2 is L™-| Al-saturated.

Since any L~ -k-type can be extended to an L™ -complete L™ -x-type, a model 2 is
L™-k-saturated if for any D C A with |D| < &, 2 realizes every L™ -complete L™-1-
type over D in 2. Now we show that the relative relation preserves the L™ -saturation
of models:

Proposition 5.6 Let 2 be an L-structure and k a cardinal. Then, A is L™ -k-saturated
iff A* is L™ -k-saturated.

Proof. <) Assume that 2* is L™-x-saturated. Let E be a subset of A of power
less than x and p an L™-1-type over E in 2. Then, by Lemma 5.2, p* is an L~ -1-type
over E* in 2A*. Since 2A* is L™ -k-saturated and |E*| < k, there is an element z € A*
that realizes p*. Let a € A be a member of the equivalence class . Clearly a is a
realization of p in 2.

=) Assume that 2 is L~ -x-saturated. Let E be a subset of A* of power less
than x and p an L™-1-type over E in 2*. We choose for any equivalence class e €
E a representative a, € e. Let D = {a.:e€ E}. For any formula ¢ € p, ¢ =
¢(Z,€1,...,en), let ¢’ be the formula of L(D) obtained from ¢ by substituting a,
for e;, fori =1,...,n. Let ¢ = {¢': ¢ € p}, clearly ¢* = p. By Lemma 5.2, q is an
L~-1-type over D in 2. Since 2 is L™-k-saturated and |D| < k, there is an element
a € A that realizes g. Then [a]qy) is clearly a realization of p in 2*. O
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Corollary 5.7 Let k be a cardinal and 2 and B L-siructures such that 2 ~ B. Then,
A is L™ -k-saturated iff B is L~ -k-saturated.

Proof. Assume that 2 is L™ -s-saturated. By Proposition 5.6, 2A* is L™ -k~
saturated. Since 2 ~ B, by Proposition 2.17, 2A* = B*. Therefore, B* is L™-k-
saturated, and again by Proposition 5.6, %8 is L™ -x-saturated. The other direction is
analogous. O

Now we state some facts without proof. The proof of these statements is analogous
to the proof in the case of logic with equality.

Facts:

(1) Given a cardinal &, if 2 is L™ -s-saturated, then for any D C A with |D| < x,
2 realizes every L™ -x-type over D in 2.

(3) Given a cardinal k, any model has an L™ -extension that is L™-x-saturated.
(4) Any finite model is L™ -k-saturated, for any cardinal x.
(5) Any two L™ -equivalent L™ -saturated models of the same power are relatives.

Observe that, from Fact (4) it follows that two reduced models of the same power
that are L™ -equivalent and L~ -saturated are isomorphic. This is not true in general,
to see it consider the following counterexample:

Example 5.8 Let E be a binary relation symbol and 2 = (w;, E%), where E? is the
identity on wi. It is easy to check that 2 is saturated. Since any L™ -s-type is a
K-type, any x-saturated model is L™ -x-saturated. Hence, 2 is L™ -saturated and since
A(w) ~ A (where A(w) is the structure defined in the Preliminaries), by Corollary
5.7, A(w) is L™ -saturated. 2 and 2A(w) have the same power, are L~ -equivalent and
L~ -saturated, but clearly they are not isomorphic.

We made use in the previous counterexample of the fact that any saturated model is
L~ -saturated. But the converse in general is not true, we will see some counterexamples
later. First let us see that, for reduced structures and finite and relational similarity
types, the two concepts coincide:

Proposition 5.9 Let L be a finite and relational similarity type and 21 a reduced L-
structure. Then, 2 is L™ -saturated iff A is saturated.

Proof. «) is clear. =) Suppose that 2 is L™-saturated. Let D be a subset of A
with |D| < |A| and p an 1-type over D in 2. Since L is finite and relational and 2
is reduced, there is a finite set I' of formulas of the form Vz [¢(z,Z) « ¢(y,z)|, where
¢ € L™ is atomic, such that, if ¥(x,y) is the conjunction of all the formulas in I, then

A = Vavy [z ~ y « P(z,y)].
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For any formula ¢ € L(D), let ¢’ € L=(D) be the formula obtained from ¢ by replacing
each appearance of a formula of the form t; = #3 by an appearance of ¥(t;,t2). Let
P ={¢ : ¢ € p}. It is easy to check that p’ is an L™-1-type over D in 2. Since 2 is
L~ -saturated, there is a realization of p/, a € A. Clearly, a is also a realization of p. O

The following examples show that we can not delete the restrictions of Proposition

5.9:

Example 5.10 We can not delete the restriction that L is relational in Proposition
5.9. Let L = {P, f}, where P is a monadic relation symbol and f is a monadic function
symbol. Consider the L-structure B = (w U {b}, P®, f?), where b ¢ w, P® = {0},
f2(0) =0, f2(b) = b and for any n € w, f2(n+ 1) = n. Clearly B is reduced.
We show that B is L~ -saturated but it is not saturated. Let D be a subset of B
with |D| < |B| and p an L™ -complete L™-1-type over D in B. Since B is reduced,
by Corollary 5.4, there are a reduced L-structure 2 and an element a € A such that
B <~ 2 and p = tpy(a/D). Consider now the set pg = atpy(a/A4). All the formulas
of pg are of the form Pf"z, for some n € w. Let Y be the set

Y={new:Pflz € po}.

IfY =0,

atpy (b/A) = atpy (a/A)
and then, since 2 is reduced, b = a. Hence, p is realized in B. If Y # 0, since
Ve(Px — Pfx) € Th™(B), given n € Y, forany m > n, m € Y. Let k£ € w be the
minimum of Y, then

atpy (k/A) = atpy (a/A),
and since 2 is reduced, £ = a. Hence, p is realized in ‘B. Moreover, we have that B is
not saturated because the following 1-type is not realized in B:

p={z#blU{=Pffz:ncuw}.

Example 5.11 We can not delete the restriction that the model is reduced in Propo-
sition 5.9. Let 2(w) be as in the Example 5.8. There we showed that 2I(w) is L™-
saturated. If we keep in mind the construction of 2(w) by means of the sets C, of the
Preliminaries, it is easy to check that 20(w) is not saturated because it does not satisfy
the following 1-type:

{z#a:a€ Cy}U{Eza:ac Cp}.

Example 5.12 We can not delete the restriction that L is finite in Proposition 5.9.
Let L = {P, :n € w}, where for any n € w, P, is a monadic relation symbol and
2A = (P(w), P)new, where for any X € P(w),

XeP? ff neX
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Clearly 2 is reduced. First we show that 2 is L™ -saturated. In fact, we prove more
than that, we show that 21 is L~-|A|"-saturated. Let D be a subset of A and p an
L™ -complete L™-1-type over D in 2. Since 2 is reduced, by Corollary 5.4, there are a
reduced L-structure 2’ and an element a € A’ such that 2 <~ 2’ and p = tpy(a/D).
Consider now the set py = atpy,(a/A’). All the formulas of pg are of the form P,z, for
some n € w. Let Y be the set

Y={new: Pz €p}.
Observe that Y € A and
atpa;(Y/Ar) = atp‘;; (G/A’).

Therefore, since 2’ is reduced, ¥ = a. Hence, p is realized in 2. We conclude that 2
is L™-|A|"-saturated. However, 2l is not saturated because the following 2-type is not
realized in A

p={z#ylU{Pwxr— Py:n€w}.

The existence of L™-|A| " -saturated models, like model 2 in Example 5.12 let us see
a property of L™ -saturation that usual saturation do not share. An infinite structure
2 can never be |A|™-saturated because the following type can not be realized in 2:

p={rsa:ac A}.

Now we give a characterization of L-structures 2 that are L™-|A|"-saturated. We
obtain the following result: 2 is L™-|A|"-saturated iff any L™-extension of 2 is relative
of 2. Later we will see that, if 2 is L™-|A| -saturated, intuitively speaking, 2* is the
greatest reduced model of Th~(2). First, let us prove the following lemmas:

Lemma 5.13 Let 2 and B be L-structures. Suppose thalf <~ B ,a € A and b € B.
If tpg(b/A) = tpg(a/A), then atpy(b/B) = atpg(a/B).

Proof. Suppose that tpg(b/A) = tpg(a/A). Then, since for any equality-free
atomic formula ¢(z, z) € L,

Vz(¢(a, 2) <« &(y, 2)) € tpg(a/A),
we have for any equality-free atomic formula ¢(z, ) € L,
VZ(¢(a, 2) < ¢(y, 2)) € tpp(b/A),

and thus,
B = Vz(¢(z, 2) « ¢(y,2)) [a, b].
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Therefore,
atpy(b/B) = atpg(a/B). O

Observe that in Lemma 5.13, if in addition B is reduced and tpgy(b/A) = tpgz(a/A),
then a = b.

Lemma 5.14 Let 2 be an L-structure. If U is L™ -|A| -saturated, then for any B
such that 2 <~ B and any b, ¥/ € B, the following are equivalent:
1) atpg(b/A) = atpg('/A).
ii) tpg(b/A) = tpg(t//A).
iii) atpg(b/B) = atpy(V'/B).
iv) tpg(b/B) = tpg (¥ /B).
Proof. iii) = iv) and iv) = i) are clear. i) = ii) Suppose that atpg(b/A) =
atpgp(¥//A). Let p = tpy(b/A) and p = tpgy(¥/A). Since A is L~-|A| -saturated

and 2 <~ B, there are a,a’ € A such that ¢ is a realization of p and a’ is a realization
of ¢/. Therefore,

atpy(a/A) = atpg(b/A) = atpy (V' /A) = atpg(a/A),

and since % <~ B,
atpy (a/A) = atpy (d'/A).
Thus,
tpy (a/A) = tpy (a'/A)
and again since 2 <7 B,
tpg(a/A) = tpg(a'/A).

Consequently,
tpy(b/A) = tpg(a/A) = tpy(a’/A) = tpg (V' /A).

if) = iii) Suppose that p = tpg(b/A) = tpg(¥//A). Since A is L™-|A|*-saturated
and 2 <~ B, there is a € A such that a is a realization of p. Therefore,

tpy(b/A) = tpy(a/A) = tpg (V/A).
Then, by Lemma 5.13,

atpy(b/B) = atpg(a/B) = atpg(b'/B). O
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Proposition 5.15 Let 2 be an L-structure. The following are equivalent:

i) 2 is L™ -|A|" -saturated.
i) For any B such that A <~ B and any b € B there is a € A such that
atpg(b/B) = atpy(a/B).
iii) For any B such that A <~ B, the map h : A* — B* defined by:

h([aln(m)) = [a]mm:
for any a € A, is an isomorphism.
iv) For any B such that A X~ B, B ~ 2A.
v) For any B such that A < B, B ~ A.

Proof. iii) = iv) and iv) = v) are clear. i) = ii) Let 9B be such that A <~ B and
b € B, consider p = tpg(b/A). By i), since 2 <X~ B there is an element a € A such
that a is a realization of p. Therefore, by Lemma 5.13,

atpy(b/B) = atpg(a/B).

ii) = iii) Let B such that 2 <~ 9. By ii), for any b € B — A, we can choose a, € A
such that
atpg(b/B) = atpz (as/B).
For any b € A, let a, = b. Then (a; : b € B) and (b: b € B) are enumerations of A
and B respectively, such that

(2, a)ve =5 (B, bloes-
By the proof of vi) = v) of Proposition 2.17, the map h : A* — B* defined by:

h(lab]n(sa)) = [bln(m) )
for any b € B, is an isomorphism. But since a; € [b]Q(.B), for any b € B, we have that
k' : A* — B* defined by:

K ([ala@y) = lalgs) »
for any a € A, is an isomorphism.

v) = 1) Let B be an L-structure such that 2 < B and 8 is | A|*-saturated. Then B
is L—-|A|"-saturated. By iv), 8 ~ 2 and by Proposition 5.6, 2 is L™-|A| " -saturated.
(I,

Now we give another characterization of L~-|A|"-saturated models:
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Proposition 5.16 Let 2 be an L-structure. The following are equivalent:

i) 2 is L™-|A|" -saturated.

i) A is L™ -w-saturated and for any B such that A <~ B and any b € B there is a
finite E C A such that for any ¢ € B,

tpp(8/E) = tog(c/E) iff atpg(b/B) = atpg(c/B).

iii) There is an infinite cardinal k < |A| such that 2 is L™ -k-saturated and for any
B such that A <~ B and any b € B there is E C A with |E| < k such that for
any ¢ € B,

tpp(b/E) = tog(c/E) iff atpg(5/B) = atpg(c/B).

Proof. ii) = iii) is clear. i)=-ii) If 2 is L~-|A|"-saturated, then 2 is L™-w-
saturated. Let B be such that 2 <~ % and b € B. Since 2 is L™ -|A| -saturated, by
Proposition 5.15, there is @ € A such that

atpy (b/B) = atpg(a/B)
and therefore,
tp3(b/B) = tpz(a/B).
Let E = {a} and suppose that ¢ € B. If
tpg(b/E) = tpg(c/E),
then, for any equality-free atomic formula ¢(z, z) € L, since
Vz(é(a, 2) < 8y, 2)) € tpy(b/E)
we have that
VzZ(é(a, z) « ¢(y, %)) € tpg(c/E),
and then,
B = Vz(¢(z, 2) < &(y, %)) [a, ] .

Consequently,
atpg(c/B) = atpg(a/B) = atpg(b/B).
Conversely, if
atpz (5/B) = atpp(c/B),

then
tpg(b/B) = tpg(c/B),
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and thus,
tp@(b/E) = tpg(c/E).

iii) = 1) Let p be an L™-1-type over D C A in 2. Assume that p is L™ -complete.
By Lemma 5.3 there is 28 such that % <~ 9B and b € B such that p = tpg(b/D). By
ii1), there is £ C A with |E| < k < |A| such that for any ¢ € B,

tpa(b/E) = tpg(c/E) iff atpy(b/B) = atpz(c/B).

Let ¢ = tpg(b/E). Since 2 is L™--saturated and 2 <~ B, there is an element a € A
such that a is a realization of ¢. Therefore,

tpy(b/E) = tpg(a/E),
and then, by assumption,
atpy(b/B) = atpg(a/B),
consequently,
tpy(b/D) = tpy(a/D)

and a is a realization of p. Then, we can conclude that 2 is L™-|A|"-saturated. O

We end this section with an example of application of Proposition 5.16.

Lemma 5.17 Let L be a similarity type such that the arity of all the symbols in L is
< 1. Then, any L™ -w-saturated structure 2 is L™ -|A|" -saturated.

Proof. Observe that, in case that the arity of all the symbols in L is < 1, for any
L-structure B, the following holds:

atpg(5/0) = atpg(c/0) iff  atpg(b/B) = atpz(c/B).

for any b,¢ € B. Consequently, by Proposition 5.16, for any L-structure 2, if 2 is
L~ -w-saturated, then 2 is L™-| 4| -saturated. O

5.2 L -universal and L -homogeneous models

In [MV62] M. Morley and R. Vaught introduced the concept of universal and of ho-
mogeneous models, adapting some notions in R. Jénsson’s papers [Jon56] and [Jon60].
The concept of strongly homogeneous model is due to S. Shelah, see [She78]. In
this section we introduce the parallel concepts, L™ -universal, L~ -homogeneous and
strongly L~-homogeneous models, for equality-free logic. We see that the relative rela-
tion preserves L~ -universality, L~ -homogeneity and strong L~ -homogeneity of models.
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In Corollary 5.33 we characterize the L™ -saturated models in terms of L™ -universal
and L~ -homogeneous models. Finally, we examine the relationship of these concepts
with the corresponding usual ones for logic with equality. In particular, we prove in
Proposition 5.39 that any strongly L™ -homogeneous and reduced structure is strongly
homogeneous and that the converse is not true.

Let us remember the definition of universal model. Given an L-structure 2 and
a cardinal &, it is said that 2 is k-universal iff for any L-structure B8 = Th(2l) with
|B| < k, there is an elementary embedding f : B — 2. A structure 2 is universal if it
is | A|*-universal. We define the corresponding notion for equality-free logic.

Definition 5.18 Given an L-structure 2 and a cardinal &, we say that A is L™ -
k-universal iff for any L-structure B = Th™ () with |B| < k, there is a L™ -map
f:B — A And we say that A is L~ -universal if it is L™ -|A|" -universal.

Proposition 5.19 Let 2 be an L-structure and & a cardinal. The following are equiv-
alent:

i) U is L™ -k-universal.

ii} For any B |= Th™(2) with |B| < k, there is an ezpansion of ¥ that salisfies
eldiag™ (‘B).

iii) For any B = Th™ () with |B| < k, there is an enumeration of B, b= (b; : i € I),
and a sequence of elements of A, @ = (a; : 1 € I), such that

(2,@) =~ (B, b).
iv) For any B = Th™ () with |B| < k, B ~ €, for some € <~ 2.
v) For any B |= Th™(2) with |B| < x, B € Hg*HgS~ (2).
vi) For any B |= Th™ (2) with |B| < x, B € HsHgS~ ().
vii) For any B |= Th™ () with |B| < k, B* 3~ A*.

Proof. By Proposition 2.26. O

Observe that, in case that L is relational, any L™ -map is a strict homomorphism.
Therefore, in this case, an L-structure 2 is L~ -s-universal iff for any L-structure
B |= Th™(2) with |B| < k, there is a strict homomorphism f : B — 2L,

Now we see that the relative relation preserves the L™ -universality of models.
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Proposition 5.20 Let 2 be an L-structure and k a cardinal. Then, 2 is L™ -k-
universal iff A* is L™ -k-universal.

Proof. =) Suppose that 2 is L™ -k-universal. Let B |= Th™(2*) with |B| < x.
Then B = Th™(2) and since 2 is L™ -k-universal, by Proposition 5.19, B* 3~ 2*.
And since (2*)* = A*, we have that B* <~ (2*)*. We can conclude, by Proposition
5.19, that 2* is L™ -k-universal. The proof of the other direction is analogous. O

Corollary 5.21 Let k be a cardinal and % and B L-structures such that 2 ~ B.
Then, 2 is L™ -k-universal iff B is L™ -k-universal.

Proof. By Proposition 5.20. O

Let us see the relationship between the notions of L™ -saturated and L~ -universal
model.

Proposition 5.22 Let 2 be an L-structure and k a cardinal. If 2 is L™ -k-salurated,
then 2 is L™ -k 1 -universal.

Proof. Assume that 2 is L™-x-saturated and let B be an L-structure such that
B &= Th™(2A) and |[B| = A < k. Let b = (by : @ € )\) be an enumeration of B
without repetitions and p = tpg(b/0). Since B |= Th™(2), p is an L™-A-type over
0 in 2. Therefore, since A < k and 2 is L™-k-saturated, p is realized in 2. Let
@ = (aq : @ € A) be a realization of p in 2. Then,

(A,3) = (B, b).

Therefore, by Proposition 5.19, 2 is L™ -k -universal. O
Corollary 5.23 Let 2 be an L-structure. If A is L™ -saturated, then 2 is L™ -universal.

Proof. By Proposition 5.22. O

Observe that, for some similarity types, it is possible to have structures which are
L~ -k-universal, for every cardinal k. Let 2 be as in Example 5.12, since 2 is L™-|A|*-
saturated, 2 is L™-x-saturated, for every cardinal k. Then, by Proposition 5.22, 2 is
L~ -k-universal, for every cardinal . In these cases, by Proposition 5.19 vii), we can
say, intuitively speaking, that 2* is the greatest reduced model of Th™ ().

Now we will see the relationship between the notion of L™ -universal model and the
usual notion of universal model.
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Proposition 5.24 Let 2 be an L-structure such that max(|L|,RNo) < |A]. If A is
universal, then 2 is L™ -universal.

Proof. Suppose that B = Th™(2) and |B| < | A|. By the remark after Proposition
3.27, since max(|L|,Rg) < |A|, there are L-structures € >~ ? and © > B such that
¢ ~ D and max(|C|,|D|) £ |A|. By Lemma 2.24, B* 3~ D* and since € ~ D,
B* <~ ¢*. Since € = Th(2), |C| < |A| and 2 is universal we obtain that € 3 2.
Therefore, by Lemma 2.24, €* 3~ 2* and then B* 3~ 2*. We conclude that 2 is
L™ -universal. O

We show that the converse of Corollary 5.23 is not true.

Example 5.25 Let 2 be the model obtained by substituting every element in 7+ 1
(where 7 is the order type of the rationals) for a copy of the integers with its usual strict
order. It is known that this model is universal but it is not saturated. By Proposition
5.24, 21 is L™ -universal and by Proposition 5.9, since L is finite and relational and 2
is reduced we have that 2 is not L™ -saturated.

Observe also that the converse of Proposition 5.24 is not true. Let B be as in
Example 5.10. There, we proved that B is L™ -saturated. Then, by Corollary 5.23, B
is L™ -universal. Let us see that ‘B is not universal. Consider the 1-type

p={r#blU{-Pflz:ncw},

P is not realized in B. Let 2 be an elementary extension of B such that |B| = |A| and p
is realized in 2, it is a known fact that such an extension exists. Clearly 2 = Th™(8)
and 2 Z B. Thus, B is not universal.

Now we introduce the notions of L™ -homogeneous and strongly L™ -homogeneous
model. We show the relationship of these concepts with the usual notions of homoge-
neous and strongly homogeneous and also with the notion of L™ -saturated model, intro-
duced before. Let us recall the definition of homogeneous model. Given an L-structure
2 and a cardinal x, 2 is k-homogeneous iff for any two sequences @ = (a; : i € I) and
@ = (a; : 1 € I) of elements of A such that |I| < k and

(%,3) = (2,@),
it happens that for any d € A there is d' € A such that
(2A,a,d) = (,@,d).

A structure 2 is homogeneous if it is |Al-homogeneous. Now we introduce the corre-
sponding notion for equality-free logic.
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Definition 5.26 Given an L-structure 2 and a cardinal x, we say that 2 is L™-x-
homogeneous iff for any two sequences @ = (a; : ¢ € I) and @ = (a] : ¢ € I) of elements
of A such that |I| < « and

(2,3) =" (2,@),

it happens that for any d € A there is d’ € A such that
(A,a,d) =" (A, @,d).

We say that 2 is L™-homogeneous if it is L™-| A|-homogeneous.
Now we see that the relative relation preserves the L™-homogeneity of models.

Proposition 5.27 Let 2 be an L-struclure and k a cardinal. Then A is L™ -s-
homogeneous iff A* is L™ -k-homogeneous.

Proof. =) Suppose that % is L™ -x-homogeneous and let € = (ex : k¥ € K) and
¢ = (¢}, : k € K) be sequences of elements of A* such that |K| < k and

(&*,e) == (A", @).
Let d € A*. We choose for any equivalence class z € A”, a representative a, € A.
Consider now the corresponding sequences @, = (ae, : k € K) and @p = (ag, : k € K)
of elements of A, we have that

(A,3.) = (Y,8e).
Since 2 is L™ -k-homogeneous and aq € A, there is @’ € A such that

(ms Em ad) = (le ae’, ﬂ.!)1

therefore,
(91‘$ E! d) = (ﬂ*,é", [a’]g(g})'

We can conclude that 2* is L™ -x-homogeneous. The proof of the other direction is
analogous, O

Corollary 5.28 Let k be a cardinal and 21 and B L-structures such that A ~ B.
Then, 2 is L™ -k-homogenecous iff B ts L™ -k-homogeneous.

Proof. By Proposition 5.27. O

Let us see the relationship between the concepts of L™-saturated and L~-homogeneous.
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Proposition 5.29 Let 2 be an L-structure and k a cardinal. If 2 is L™ -k-saturated,
then 2 is L™ -k-homogeneous.

Proof. Suppose that @ = (a; : 7 € I) and @ = (a] : i € I) are sequences of elements
of A such that
&,2) =" (”,@)

and |I| < k. Let r = {{a;,a}) :i € I'}. Given an element d € A, consider the type
p = tpy(d/dom(r)). Since (2,a@) =~ (2A,@), by Lemma 5.2, p" is an L™-1-type over
rg(r) in 2. Since A is L™ -x-saturated, there is a realization d' € A of p". Then,

(2,a,d) =" (A,d,d). O
Corollary 5.30 Let 2 be an L-structure. If 2 is L™ -saturated, then 2 is L~ -homogencous.

Proof. By Proposition 5.29. O

The following example shows that the converse of Corollary 5.30 is not true:

Example 5.31 Let 2 = (w, <,n)ncw, Where < is the usual strict order in w. 2 is
L~ -homogeneous because if @ = (a; : 1 € I) and @ = (a} : i € I) are two sequences of
elements of A such that

(Q[""ﬁ) =" (2‘! a’):

it is easy to check that for any i € I, a; = a}, and thus, for any d € A4,
(A,2,d) =~ (A,@,d).
But 2 is not L™ -saturated, because the following L™-1-type is not realized in 2

{n<z:inecw}.

Now we give a characterization of L~ -saturated models in terms of L™-homogeneous
and L™ -universal models.

Proposition 5.32 Lel 2 be an L-structure and k a cardinal with max(|L|,Ro) < k.
Then 2 is L™ -k-saturated #ff 2 is L™ -k-homogeneous and L™ -k -universal.

Proof. =) By Propositions 5.22 and 5.29. <=) Suppose that 2 is L™ -x-homogeneous
and L™-sx"-universal. Let D be a subset of A with |D| < k and p an L™ -complete L~-1-
type over D in 2. By Lemma 5.3 and the remark that follows it, since max(|L|, 8g) < «,
there is 2’ such that D C A’, A, = Th™(2p) and |A'| < k, and there is b € A’ such
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that p = tpg(b/D). Since |4'| < k, A = Th™(2) and 2 is L~-x"-universal, by
Proposition 5.19, there is an enumeration of A, @ = (a] : ¢ € I), and a sequence of
elements of A, @ = (a; : ¢ € I), such that

(2A,@) = (A,a).

Let b = @} in the enumeration @ of A, d = (ai, : j € J) an enumeration of D without

repetitions such that @ C @, and let d = (ai; : j € J) be the corresponding elements
in the enumeration @ of A. Then,

(24,d,a;) =~ (U, a}), (5.1)
and therefore, since D C A’ and 2, = Th™ (2p),
(2,d) = (,d).
Then, by (5.1),
(2,d) = (2, 4).

Hence, since 2 is L™-x-homogeneous, |J| < & and a; € A, there is € € A such that
(%,d,e) = (2,4, a),

and then, by (5.1),
@, d,e)=" (A,d,a}).

Thus, e is a realization of p in 2. We can conclude that 2 is L™ -s-saturated. O

Observe that in the previous proposition, if max(|L|,R¢) < k we only need 2 to
be L™ -k-universal.

Corollary 5.33 Let 2 be an L-structure with max(|L|,Ro) < |{A|. Then 2 is L™ saturated
iff A is L~ -homogeneous and L~ -universal.

Proof. By Proposition 5.32. O

Let us recall the definition of strongly homogeneous model. Given an L-structure 2{
and a cardinal k, 2 is strongly k-homogeneous iff for any two sequences @ = (a; : i € I)
and @ = (d. : ¢ € I) of elements of A such that |I| < x and

(2%,a) = (A,a),
there are enumerations d = (d; : j € J) and d= (d : j € J) of A such that

@,d) = (2,d)
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and @ C dand @ C d. A structure 2 is strongly homogeneous if it is strongly |Al-
homogeneous.

Observe that if we have a model 2 and enumerations d = (d; : j € J) and d =
(d; : j € J) of A such that

@,d) = (2,d),

the map h : A — A defined by: h(d;) = d}, for any j € J, is an automorphism. Now
we introduce the corresponding notion for equality-free logic.

Definition 5.34 Given an L-structure 2 and a cardinal x, we say that 2 is strongly L™ -

k-homogeneous iff for any two sequences @ = (a; : 1 € I) and @ = (a} : i € I) of

elements of A such that |I| < & and
(2,3) = (2,7@),

there are enumerations d = (d; : j € J) and d= (d; : j € J) of A such that
(2,d) =~ (24,d)

anda Cdanda Cd. We say that 2 is strongly L -homogeneous if it is strongly
L~-|Al-homogeneous.

Observe that if we have a model 2 and enumerations d = (d; : j € J) and d =
(d; : 5 € J) of A such that

(&,d) =" (2,d),

the relation R = {(dj, d;) 1jed } is a relative correspondence.

We have that strong L~ -homogeneity is preserved by the relative relation.

Proposition 5.35 Let 2 be an L-structure and k a cardinal. Then, 2 is strongly L™ -
k-homogeneous iff A* is strongly L™ -k-homogeneous.

Proof. Following the same kind of arguments used in the proof of Proposition
5.27. O

Corollary 5.36 Let k be a cardinal and 2 and B L-siructures such that 20 ~ B.
Then, 2 is strongly L™ -x-homogeneous iff B is strongly L™ -k-homogeneous.
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Proof. By Proposition 5.35. O

Observe that, by definition, any strongly L™-«-homogeneous model is L™ -x-homoge
neous, but the converse is not true. Let 2 = X + n, where A is the order type of the
reals and 77 is the order type of the rationals. Since the similarity type is finite and
relational and 2 is reduced, by Proposition 2.15, for any two sequences @ = (a; : ¢ € I)
and @ = (d} : ¢ € I) of elements of A,

@,a) =" (A,a) iff (Aa)=(Aa). (5.2)

It is known that this model is w-homogeneous but not strongly w-homogeneous. Using
this fact and (5.2) it is easy to check that 2 is L™ -w-homogeneous but not strongly
L~ -w-homogeneous.

Proposition 5.37 Let 2 be an L-structure. Then, 2 is strongly L™ -homogeneous iff
A is L™ -homogeneous.

Proof. By the same kind of arguments of the analogous result for strongly homo-
geneous models.

Now let us see the relationship between the concepts of L~ -saturated and strongly L™ -
homogeneous.

Corollary 5.38 Let 2 be an L-structure. If2l is L™ -saturated, then 2 is strongly L™ -
homogeneous.

Proof. By Corollary 5.30 and Proposition 5.37. O

Observe that the converse of Corollary 5.38 is not true, the structure 2 in Example
5.31 is L~ -homogeneous and consequently, strongly L~ -homogeneous, but it is not
L~ -saturated.

Finally we see the relationship among the concepts of L™-homogeneous, strongly L™ -
homogeneous and the corresponding notions in logic with equality, paying special at-
tention to reduced structures.

Proposition 5.39 Let 2 be a reduced L-structure. If 2 is strongly L™ -homogeneous,
then U is strongly homogeneous.

Proof. Suppose that 2 is reduced and strongly L~-homogeneous and @ = (a; : i €
I) and @ = (a : i € I) are two sequences of elements of A such that |I| < |4} and

(%,3) = (2,7).
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Then,

(2,a) = (A,a),
and since 2 is strongly L~-homogeneous, there are enumerations d = (dj :j €J) and
d = (d}:j €J) of A, such that

(,4d) =" (24,d)

and@ C dand @ C d. But since 2 is reduced, by the proof of vi) = v) of Proposition
2.17, there is an automorphism f : 2 — 2 such that, for any j € J, f(d;) = d;.
Therefore,

(2,d) = (2,d).

Consequently, 2 is strongly homogeneous. O

Corollary 5.40 Let 2 be a reduced L-structure. If 2 is L™ -homogeneous, then 2 is
homogencous.

Proof. By Proposition 5.39, because any L~ -homogeneous structure is strongly L™ -
homogeneous and any strongly homogeneous structure is homogeneous. O

Corollary 5.41 Let 2 be a reduced L-structure. If 2 is L~ -saturated, then 2 is
strongly homogeneous.

Proof. By Corollary 5.38 and Proposition 5.39. O

Observe that in Proposition 5.39 we can not delete the restriction that 2 is reduced:

Example 5.42 Let L = {E}, where E is a binary relation symbol and 2 = (w +
w, E%), where E? is the equivalence relation defined by: (o, 8) € E% iff either (a < w;
and # < wy) or (@ > w; and B > wy), for any @, 8 € wy +w. It is easy to check that
2 is non-reduced and that * is finite. Then, 2™ is L™ -saturated and consequently,
by Corollary 5.7, % is L™ -saturated. Then, by Corollary 5.38, 2 is strongly L~-
homogeneous. But 2 is not strongly homogeneous: take @ < wy and 8 > w; and [
the set of all finite partial isomorphisms p such that p(a) = 8. It is easy to see that
I:(2,0) 2, (2, 6). Therefore,

(@, e) = (2, 8).

But, since the equivalence classes of & and [ are of different power, there is no auto-
morphism h : 24 — 2 such that h{a) = .

Observe also that the converse of Proposition 5.39 is not true:
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Example 5.43 Let L = {P, E, f}, where P is a monadic relation symbol, E a binary
relation symbol and f a monadic function symbol. Let 2 = (4, P%, E®, f%), where
A=MUMU{b}, M ={an:n€w}, M ={a,, :n€w}l, b¢ MUM and MNM' = 0.
Let P2 = {ao,dp} and for any 7 € w, f2(ans1) = an, f2(a0) = ag, FHy1) = ah,
f2(ap) = af and f2(b) = b. Finally, let

E* = [(M'u{b}) x (M'U{b})] U [M x M].

Clearly 2 is reduced. Observe that 2 is strongly homogeneous: suppose that @ = (a; :
i€ I) and @ = (a) : ¢ € I) are sequences of elements of A such that

(2,3) = (A,@).

It is easy to check that, in this case, for any i € I, a; = a, therefore the identity is the
desired automorphism. But 2 is not strongly L™-homogeneous. In order to show this
we prove that

(2, ao) ~y (2, ap).

Let n € w, we show that
(A, a0) ~n (2, ap).

Let X = {(a;,a}) : i € w}U{(a},a;) : i € w} and for any | € w, let
Y = X U {(b,aks1), (ak41,b) : kK > 1},
Now, for any m < n, let
Im = {pU{(ao,ap)} : p C Y1, for somel>m}.
Clearly (Imm)m<n satisfies conditions i) — v) of the definition of ~y,. Therefore,
(2, ao) ~y (2, ap).

Consequently,
(ﬁ: ‘10) = (91, a’;))!

but there is not d € A such that
(ﬁr ap, d) = (Ql! 3’0, b)

We conclude that 2 is not L™-homogeneous. Therefore, 2 is not strongly L™ -homogeneous.

Notice that, since the structure 2 of the previous counterexample is homogeneous
but not L~-homogeneous, we have that the converse of Corollary 5.40 is not true.
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5.3 L -complete theories

Theories axiomatized by a set of equality-free sentences were characterized in Chapter
4. In this section we study some properties of this kind of theories, see Propositions
5.44, 5.45 and 5.46. We introduce the notions of L™-complete and of L™-No-categorical
theory and we develope the technique of elimination of quantifiers for L~. By using L™-
w-saturated models and the methods of back-and-forth introduced before, we present
characterizations of this concepts, see Propositions 5.48, 5.52, 5.56 and 5.59. We end
the section with the study of some theories that are complete and axiomatized by a set
of equality-free sentences. For references on the method of elimination of quantifiers
and on categoricity of theories see [CK91|, [Hod93b] and [Poi85].

In the following propositions, we consider two characteristics of consistent theories
axiomatized by a set of equality-free sentences. First: if they have only infinite models,
then they are not k-categorical, for any infinite cardinal , and second: if the similarity
type is either finite and relational or contains function symbols, they are not complete.

Proposition 5.44 If T is a set of equality-free sentences with only infinite models,
then for any infinile cardinal k, T is not k-categorical.

Proof. Let & be an infinite cardinal such that there is a model 2 of T of power k.
We show that there is a model B of T" of power x such that 2 2 9B. In order to prove
that 20 22 B, we will distinguish two cases, in both cases we use the following fact:

Fact: If h : 2 — B is an isomorphism from 2 onto B, for any a € A, the restriction
of h to [algy) is a bijection between [a]g ) and [2(a)]q(m)-

Case I: For any a € A, '{alﬂ(‘l’i)l = k. Let B be any structure obtained from 2* in
the way defined in the Preliminaries, by means of the sequence of cardinals (u : b € A)
defined by: for any b € A,

K, if b= ap,
Ho = { 1 0

otherwise,

where ag is a fixed element of A. Then B € Hg'(*) and since T is axiomatized by a
set of equality-free sentences and 2 =T, B = T. It is clear that *8 has power x and
using the fact stated above it is easy to see that 2 % 8.

Case II: There is a € A such that l[a]ﬂ{ﬂ)| < K. In this case let B be any structure

obtained from 2 in the way defined in the Preliminaries, by means of the sequence of
cardinals (up : b € A) defined as follows:

b :
1, otherwise,

for any b € A. Arguing as in case I, it is proved that 9B is a model of T of power &
non-isomorphic to 2. O
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Proposition 5.45 If L is finite and relational, then there is no compleile consistent
theory aziomatized by a set of equality-free sentences.

Proof. Suppose, searching for a contradiction, that L is finite and relational and
there is a complete consistent theory T" axiomatized by a set of equality-free sentences
of L. Since L is finite and relational there is a finite set I' of formulas of the form
VZ [¢p(z,Z) « @(y,Z)], where ¢ € L~ is atomic, and such that any formula of this
form, in the variables z,y, is logically equivalent to one of this set. Let 9(z,y) be the
conjunction of all the formulas in I'. Let o be the sentence VzVy(z =~ y <« ¥(z,y)).
Since T is complete, either T' = o or T = —o. Therefore, either all the models of
T are reduced or all the models of T are non-reduced, which is absurd, because by
assumption 7" is axiomatized by a set of equality-free sentences. O

Proposition 5.46 If L has function symbols, then therc is no complete consistent
theory aziomatized by a set of equality-free sentences.

Proof. Suppose, searching for a contradiction, that L contains at least one function
symbol, f, of arity, say n, and there is a complete consistent theory T axiomatized
by a set of equality-free sentences of L. First, observe that for any model 2t of T and
any enumeration @ = (a; : i € I) of 4, Ter? is a model of T, where Ter2 is structure
defined in the Preliminaries. Since Ter% is a structure of terms,

TE!T‘% b=V.’I.‘1....’EﬂVy1 "'yﬂ(f(xl!'”’mﬂ) zf(yl':--':yﬂ) — A x; ﬁyz‘),
1<i<i

and
Terz-l 1=V.?:1 eIy f(:r;,...,.’rﬂ) ‘aém;.

Therefore, since T is complete,

T |=V:r, ---Iﬂvyl Wi ‘yn(f(xlr“'sxﬂ) ~ f(yh '--%yn) - /\ T; = ?J;)
1<i<n

and
TEVE «..ln f(®1,.5%0) % %1,

Now assume that 2 is a model of T and let B be any structure obtained from 2 in
the way defined in the Preliminaries by means of the sequence of cardinals (u; : b € A)

defined by: for any b € A,
) 2, ifb=a,
H5=1 1, otherwise,

where a is a fixed element of A. Clearly B € Hg 1(2) and since T is axiomatized by a
set of equality-free sentences, B = T. But observe that f%(a, ..., a) # a, because

TEVZ...2n f(z1,...,Za) # 21.
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Then, if d and e are the two elements of C,, by definition of B, f2(d,...,d) €
Cf“(g,...,a)! f‘B(e,...,e) (] Cf“(a,...,a) and |Cf’3(a,...,a.}' = I, ThIIS, fm(d,...,d) =
f®(e,...,€), which is absurd because B is a model of T and

T =¥2y 2y - Yal{f(Dry e o o1 T0) B FU1s o0 88) = /\ ;R y;). 0

Now we introduce the notion of L™ -complete theory. We say that a theory T is
L~ -complete iff for any sentence 0 € L™, T =0 or T |= —o. In order to present a
characterization of L™ -complete theories, we introduce some notation and we prove
some basic facts about L™ -w-saturated models. Given two L-structures 2 and B and
sequences @ = (a; : 2 € I) and b = (b; : i € I) of elements of A and B respectively, let
us denote now by (@, b) the relation 7 C A x B defined by:

r={{a;,b;) 11 € I}.

And given a cardinal x, a set D C A and an L™-«-type p over D in 2, we denote by
p@?) the type p" of Definition 5.1. Finally we define the following sets:

Iy = {(a, b) : (2,8) =5 (°B,d), @,b ﬁnite}
and

L ={(@¥): (%3 =" (B,b), a5 finite} .

Observe that the elements of Iy and I; are partial relative correspondences. In case

that 2% =; B, we have that ) € Iy and in case that 2 =~ 9B, we have that § € I;.
Lemma 5.47 For any L™ «w-saturated models 2 and B, the following are equivalent:

i) A="1B.
i) I : A ~p B.
iii) A ~p B.
iv) A~y B.
Proof. ii) = iii), iii) = iv) and iv) = i) are clear. 1=>ii) Assume that 2 == B.
Let us see that I) satisfies conditions i) — v) of the definition of ~,. Since 2 =~ B,
@ € I and thus, condition i) holds. Let @ = (a; : i € J) and b = (b; : i € J) be finite

sequences such that (a,b) € I and ¢ € A. Let p be the equality-free type of c over
{a; :i € J} in 2. Since (2,a@) = (B, b), p® is an L~-1-type over {b;:i€ J} in B.
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And since B is L™ -w-saturated, there is d € B which realizes pr&'s). Hence (dc, bd) € I
and therefore, condition ii) holds. In an analogous way, one can show that condition
iii) holds. Conditions iv) and v) are clearly satisfied. Therefore, I; : 2 ~p B. O

Observe that for arbitrary L-structures, Lemma 5.47 is not true, remember the
L-structures 2 and B of Example 3.6, we proved there that 2l ~; B but 2 £, B.

L~ -w-saturated models will provide us with a characterization of the L™-completeness
of a theory:

Proposition 5.48 For any theory T of L, the following are equivalent:

i) T is L™ -complete.
il) For any L™ -w-saturated models 2 and B of T, I) : A ~p, B.
iii) For any L™ -w-saturated models A and B of T, A ~, B.

iv) For any L™ -w-saturated models 2L and B of T, A ~; B.

Proof. ii) = iii) and iii) = iv) are clear. i) = ii) Suppose that 2 and B are L™ -
w-saturated models of T. Since T is L™ -complete, 2 =~ B. Then, by Lemma 5.47,
iv) = i) We show that for any two models 2 and B of T, A =~ B. Let ' = 2 and

B’ = B be w-saturated extensions. Therefore, 2 and B’ are L~ -w-saturated models
of T. Then, by iv), &' ~; B’ and consequently, %' == B'. Hence A=~ B. O

Now we study the concept of quantifier elimination for L~. Given a theory T of L,
we say that T has quantifier elimination for L~ iff for any formula ¢(Z) € L~ there is
a formula ¢'(Z) € Ly such that

Thood. (5.3)

And we say that T' has quantifier elimination for non-sentences of L™ if condition
(5.3) holds only for non-sentences. We give, first, a semantic characterization of the
L~ -complete theories that have quantifier elimination for L™ and later an algebraic
characterization by using L™ -w-saturated models and back-and-forth methods.

Lemma 5.49 Let T be a theory of L and ® a set of formulas of L™ such that:

i) any atomic formula of L™ is in @,

ii) ® is closed under boolean combinations,
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iii) for any formula ¢(%,y) € ®, JyPp(z,y) is equivalent, modulo T, to a formula
»(ZT) € @.

Then, for any formula ¢(T) € L~ there is a formula ¢/'(T) € ® such thal
T god.

Proof. By induction on the complexity of ¢. O

Observe that if we require in condition iii) of Lemma 5.49 that 3y¢(Z,y) has at
least one free variable, then Lemma 5.49 holds if we require also that ¢(Z) has at least
one free variable. Now, let us introduce some notation. Given 21 and B L-structures,
2 =7 B will mean that any equality-free existential sentence true in 2l is also true in
B.

Lemma 5.50 Lei L be a similarity type with at least one constant symbol. For any
theory T of L the follounng are equivalent:

i) T has quantifier elimination for L.
ii) For any 2, B =T and any finite sequences a € A,b € B,
(%,2) =5 (B,b) = (%,3) =~ (B, b).

iii) For any 2, B =T and any finite sequences a € A,b € B,
(2%,3) =5 (B,b) = (%,a) =7 (B, ).

Proof. i)=1ii) and ii) = ii1) are clear. iii) => i) Clearly if ® is the set of all
quantifier-free formulas of L™, then ® satisfies conditions i) and ii) of Lemma 5.49. Let
us see that condition iii) also holds. Suppose that 3y¢(Z,y) € L~ where ¢(T,y) € ®.
If T1U {3y¢4(Z,y)} is inconsistent is clear. Otherwise, let I' be the following set

I'={$@) € ®: TU{Byp(z,v)} =v(@)}.

We will see that T UT |= 3y¢(Z, y). Suppose, searching for a contradiction, that there
is a model 2 |= T such that for some @ € A, 2 |= I'[d] and 2 [ Syé(Z,y) [a] . We
expand the language by adding new constants for the elements of @. Consider now the
set A defined by

A ={o(@):0(Z) € ® and (A,a) =o(a)}. (5.4)

We have that T U A U {3y¢(a,y)} is consistent, otherwise let o;1(a@),...,on(@) € A
be such that
T U {Jyg(a,y)} F—01(@) V...V —an(a),
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then, since the new constants do not occur in T,

Ty {By‘ﬁ(fay)} = _"71(5) V...V '10',-;(5),

and therefore, by definition of I, we will have —01(Z) V ...V -0y (Z) € T which is
absurd because 2 = T'[a]. Thus, TU A U {3yé(a,y)} is consistent. Let (B,b) =
T U AU {3yd(a,y)}. We have that

(B,b) =5 (A, a).
Then, by iii) _
(%B,0) =7 (2, 3).
Therefore, since
B |= Jy(z,v) 8],
we obtain
2 |= 3yd(T, ) [@,

which is absurd. Hence T UT = 3y¢(ZF,y) and consequently, there is ¥(Z) € ® such
that

T = (%) < 3yd(T,y).

Thus, by Lemma 5.49, we conclude that 7" has quantifier elimination for L~. O

Observe that in conditions ii) and iii) of Lemma 5.50 we allow the sequences @ and
b to be empty. Let us restate the Lemma for non-sentences:

Lemma 5.51 For any theory T of L the following are equivalent:

i) T has quantifier elimination for non-sentences of L™.
ii) For any 2, B =T and any non-empty finitc sequences @ € A,b € B,
(2,3) =5 (8,b) = (A,3) =~ (B, b).
iii) For any 2, B |= T and any non-empty finite sequences @ € A,b € B,

(A,3) =5 (B,b) = (A,2) =7 (B,d).

Proof. Analogous to the proof of Lemma 5.50 by using the observation after
Lemma 5.49. O

Proposition 5.52 Let L be a stmilarity type with at least one constant symbol. For
any theory T of L the following are equivalent:
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i) T is L™ -complete and has quantifier elimination for L.
ii) For any L~ -w-saturated models A and B of T, Ip: A ~; B.
Proof. i) = ii) Suppose that 2 and B are L™ -w-saturated models of T'. Since T is

L~ -complete, by Proposition 5.48, I : 2 ~, B. And since T' has quantifier elimination
for L™, by Lemma 5.50, Iy = I;. Therefore, Iy : 2 ~, B.

ii) = i) Assume that for any L™ -w-saturated models 2 and B of T', Iy : 2 ~, B.
Then, by Proposition 5.48, T" is L™-complete. Suppose now that 2’ and B’ are models
of T and @ € A and b € B’ are finite sequences such that

(%8',5) =5 (A, a).

We will see that B
(B',0) =~ (&,0).

Let 20 and B be w-saturated structures such that 2 > 2’ and B > B’. Then,
(%8,b) = (%,9)

and we have that 2 and B are L™ -w-saturated models of T. Therefore, by ii), Ip :
2 ~, B. Hence, by the proof of Theorem 3.13, we have

(B,b) =, (%,73),

and then ~
(*B,b) =~ (Y, @).

Thus, ~
(B',0) == (U, a).

Consequently, by Lemma 5.50, T has quantifier elimination for L~. O

Now we can restate Proposition 5.51 for non-sentences:
Proposition 5.53 For any theory T of L the following are equivalent:

i) T is L™ -complete and has quantifier elimination for non-sentences of L™.

ii) For any L~ -w-saturated models 2L and B of T, Iy : A ~p, B.

Proof. Analogous to the proof of Proposition 5.52 by using Lemma 5.51. O

We now introduce the notion of L™-x-categorical theory. Let T be a set of sentences
of L~ and & a cardinal, we say that T is L™ -x-categorical iff T' has, up to isomorphism,
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at most one reduced model of power k. As we have seen in Proposition 5.44, for
any theory T' C L~ with only infinite models, T is not x-categorical, for any infinite
cardinal k. Nevertheless, since for any T' C L™, Mod(T) = Hg'(Mod*(T)), where
Mod*(T) is the class of all reduced models of T, in order to study the models of T is
important to know how many reduced structures of each power there are. There are
theories that have only one reduced model in some cardinal x and there are theories
that have no reduced models in some cardinal k. Observe that this last assertion
does not contradict the Lowenheim-Skolem Theorem. For example, if we consider the
equality-free theory of a model 2, which is L~-|A|"-saturated, there is a cardinal x
such that for any cardinal A > k there are no reduced models of this theory of power
A

Proposition 5.54 Let T be a set of sentences of L™. If for any two models 2 and B
of T, A~y B, then T is L™ -complete and L™ -Ro-categorical.

Proof. On the one hand, since for any L™ -w-saturated models 2 and B of T,
2 ~, B, by Proposition 5.48, T is L™-complete. On the other hand, since for any
countable reduced models 2 and B of T, A ~, B, by Corollary 3.17, for any countable
reduced models 2 and B of T', A = B. Therefore, T is L~-Ng-categorical. [

The next proposition gives us a characterization of theories that are L™ -complete
and L™-Wp-categorical, when L is countable. First, we prove the following lemma:

Lemma 5.55 Let L be countable and T' a set of sentences of L~. If T is L™ -Rp-
categorical, then T is L™ -complete.

Proof. Suppose that T is L™ -Ng-categorical. Let 20 and B be models of T". Since
L is countable, by the Lowenheim-Skolem theorem, there are countable L-structures
2" and B’ such that A’ = 2 and B’ = B. Then A’ and B’ are countable models of T
and therefore, since T is L~-Rg-categorical and 7' C L™, 2’* and B’* are isomorphic
models of T'. Clearly then 2’ == B’ and therefore, 2 =~ 8. We conclude that T is
L~ -complete. O

Proposition 5.56 Let L be countable. For any set T of sentences of L™ the following
statements are equivalent:
i) T is L™ -complete and L™ -Rg-categorical.
ii) For any countable models 2 and B of T', A ~y, B.
Proof. i) = ii) Suppose that T is L™-complete and L™-Ro-categorical. Let 2 and

B be countable models of T'. Since T C L™, 2* and B™* are models of T'. Therefore,
since T is L~-Np-categorical, A* = B*, Then A ~ B and consequently, 2 ~, B.
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ii) = i) Assume that for any countable models 2 and B of T', 2 ~, B. Then, by
Corollary 3.17, for any countable reduced models % and B of T', A = B. Hence, T is
L~-Np-categorical and by Lemma 5.55, since L is countable, T' is L™ -complete. O

Now we study theories that have these three properties: they admit quantifier
elimination for L~ and they are L™-complete and L~-Np-categorical.

Proposition 5.57 Let L be any similarity type with al least one constant symbol and
T a set of sentences of L~. If for any models A and B of T, Iy : A ~p, B, then T is
L™ -complete, L™ -Rp-calegorical and has quantifier elimination for L™.

Proof. Since for any L™ -w-saturated models 2 and B of T, Iy : A ~, B, by
Proposition 5.52, T is L™ -complete and has quantifier elimination for L~. Given two
countable reduced models 2 and B of T, Iy : A ~, B. Then, by Corollary 3.17,
2 = 9B8. Therefore, T is also L™-Rp-categorical. O

Proposition 5.57 can be restated for non-sentences in the following way:

Proposition 5.58 Let T be a set of sentences of L. If for any models A and B of T,
Iy: A~y B, then T is L™ -complete, L~ -Rp-categorical and has quantifier elimination
for non-sentences of L.

Proof. The proof is analogous to the proof of Proposition 5.57 using Proposition
5.53. O

Proposition 5.59 Let L be countable and with at least one constant symbol and let T
be a set of sentences of L™. If for any countable models A and B of T', Ip : A ~p B,
then T' is L™ -complete, L~ -Ng-categorical and has quantifier elimination for L.

Proof. Since for any countable models 2 and B of T, 2 ~, B, by Proposition
5.56, T is L™-complete and L~ -Ro-categorical. Suppose now that %A, B k= T and
there are finite sequences @ € A and b € B such that (%,@) =; (B,b). Let us see
that (2,@) =~ (B,b). Since L is countable, by the Lowenheim-Skolem Theorem,
there are countable L-structures (2,@) and (/,5) such that (2,@) = (2,@) and
(B,b) = (B',5). Then, % and B are models of T and (%,@) =5 (B',5). Hence
(@,b) € Ip, and since Ip : 2’ ~, B', by the proof of Theorem 3.13, &, @) = (B,b)
and then (2,a) =~ (%8, ). We can conclude, by Proposition 5.50, that 7" has quantifier
elimination for L~. D

We restate Proposition 5.59 for non-sentences:
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Proposition 5.60 Let L be countable and lei T be a sei of sentences of L™. If for any
countable models 2 and B of T, Iy : A ~, B, then T is L™ -complete, L™ -Rg-categorical
and has quantifier elimination for non-sentences of L™.

Proof. The proof is analogous to the proof of Proposition 5.59 using Proposition
5.51. O

To close the section we study some examples of complete consistent theories axiom-
atized by a set of equality-free sentences. All the examples are of infinite and relational
similarity types because, as we have proved in Propositions 5.45 and 5.46, there are
not complete consistent theories axiomatized by a set of sentences of L™, if L is either
finite and relational or contains function symbols.

Example 5.61 Let L = {R, : n € w}, where for any n € w, R, is a binary relation
symbol. Consider the L-structure 2 = (“2, R )ncw, where for any n € w, R2 is the
equivalence relation defined by:

(fi) €eRE iff fln=gln,

for any f,g €“2. Let T = Th(%), it is known that T is complete and that it is
axiomatized by the following set of equality-free sentences:

1)y “Rp is an equivalence relation”.

2(n) “Rn has exactly 2" equivalence classes”.
3(n) VaVy(Rni12y — Rnzy).

4(71) Vray(any A= R;14-l$y).

Since T' has only infinite models, by Proposition 5.44, for any infinite cardinal &, T’
is not k-categorical. Nevertheless, T is L~ -Rg-categorical. We now prove this property
together with the fact that T has quantifier elimination for non-sentences of L~. By
Proposition 5.60, it is enough to prove that for any countable models 2 and B of T,
Ip: 2 ~p %B.

Assume that 2 and B are countable models of T. Since §} € Iy, condition i) of
the definition of ~, is satisfied. Let us see now that Iy satisfies condition ii). Suppose
that €= (¢; : 2 < k) and d = (d; : i < k) are finite sequences of elements of A and B
respectively, such that (¢,d) € Iy and e € A. We can distinguish two cases:

Case I: There is i < k such that for all n € w, (¢;,a) € Rﬁ. Then, we choose b = d;.
Case II: For all i < k there is n € w such that (¢;,a) ¢ R2. Then, there is a

maximum m € w with the property that there is i < k such that {(c;,a) € RA. By the
axioms, if #,j < k and (¢;,a) € RY and (¢j,a) € R%, then (c;,¢c;) € RE .. We fix
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ig < k such that (c;,,a) € R%. Since Vz3y(Rmzy A = Rmi1zy) is an axiom of T, we
can choose b € B such that

B | Rnay A =Ry [di, b] .

By election of b, in both cases we have that (¢a,db) € Iy. Clearly condition ii)
is satisfied. Condition iii) is proved analogously. We conclude that Iy : 2 ~; B.
Therefore, by Proposition 5.60, 7' has quantifier elimination for non-sentences of L™
and it is L~ -Rg-categorical.

Up to isomorphism, the only reduced countable model of T is the substructure of
2l that has as domain the set

C={f€“2:3n € wWm > n, f(m) =0}.

2 is the greatest reduced model of this theory. In order to prove that, we see that 2 is
L~-|A|*-saturated. By Proposition 5.15, it is enough to show that for any L-structure
B such that 2 <~ B and any b € B, there is g €2 such that

atpg(b/B) = atpg(g/B).

Suppose that 2 <~ B and b € B. Since for any n € w there are exactly 2" equivalence
classes in the partition by the relation R‘,?, for any n € w there is f;, €* 2 such that
(fnyb) € R3. Then, consider the function g € 2 defined as follows: for any n € w,
g(n) = fa(n). Clearly, for any n € w, (g,b) € R® and therefore,

atpg (b/B) = atpg(g/B).

Example 5.62 Let L be as in Example 5.61. Consider the L-structure B = (“w, R® )ncw,
where for any n € w, R® is the equivalence relation defined by:

(fL9)eR? if fln=gln,

for any f,g €“w. Let 7" = Th(B), it is known that 7’ is complete and that it is
axiomatized by the following set of equality-free sentences:

1 VzVy Rozy.

2(n) “Ry is an equivalence relation”.

3y  VaVy(Rni1zy — Razy).

4(n)m) VT30 .. ym(i é\mﬂnzyf A é\m “Rnpizgi A A\ —BRni1y;u)-

hism
1#]

Since T' has only infinite models, by Proposition 5.44, for any infinite cardinal x,
T’ is not k-categorical. Nevertheless, following the same kind of arguments given in
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Example 5.61, it can be shown that it is L™-Ng-categorical and has quantifier elimina-
tion for non-sentences of L~. Up to isomorphism, the only reduced countable model
of T is the substructure of B that has as domain the set

D={f€“w:3n € wWm > n, f(m) =0}.

We see now that there is no model 2 of 7' which is L™-|A|"-saturated. Assume
that 2! is a model of 7' and X the set of all equivalence classes of RY. For any x € X
we choose a representative a, € A. Consider the following L™-1-type over {a, : ¢ € X'}
in 2,

p={-Riya, :z € X}.

Clearly, p is not realized in 2.

Example 5.63 Let L = {P, : n € w}, where for any n € w, P, is a monadic relation
symbol. Consider the L-structure 2 = (P(w), P?)new of Example 5.12. Let TV =
Th(®2A). It is known that 7" is complete and that it is axiomatized by the following set
of equality-free sentences:

P N oa BBy 8 B =Py @ N i NS Py i),

for any distinct 29,...,%n,705.--,Jk €W

Since T” has only infinite models, by Proposition 5.44, for any infinite cardinal x,
T" is not k-categorical. We prove now that 7V is not L~ -Ng-categorical: let B be the
substructure of 2 that has as domain P, (w), the collection of all finite sets of natural
numbers and let € be the substructure of 2 that has as domain P, (w) U {w}. Clearly,
these two models are countable, reduced and 8 % €.

It is easy to show that for any L~ -w-saturated models € and B of T, Iy : € ~, B.
Then, by Proposition 5.53, T has quantifier elimination for non-sentences of L~. Since
the arity of all the symbols in L is < 1, by Lemma 5.17, any L™ -w-saturated model
of this theory is L™-k-saturated, for any cardinal k. In particular, as we have shown
in the Example 5.12, 2 is L™-| A|"-saturated. 2! is then the greatest reduced model of
this theory.



Chapter 6

Infinitary equality-free universal
Horn Logic

6.1 Preservation and characterization theorems

In this chapter we mainly study preservation and characterization theorems for two
fragments of the infinitary languages L, , with x regular: the universal Horn fragment
and the universal strict Horn fragment and we obtain some joint consistency, inter-
polation and definability theorems. The universal Horn fragment of first-order logic
(with equality) has been extensively studied; for references see [McN77], [Hod93a] and
[Hod93b]. But the equality-free universal Horn fragment, used frequently in logic pro-
gramming, has received much less attention from the model theoretic point of view.
Nevertheless, in the field of universal algebraic logic we can find a theorem that properly
translated is a preservation result for the strict universal Horn fragment of infinitary
equality-free languages that, apart from function symbols, have only a unary rela-
tion symbol. This theorem is due to J. Czelakowski; see [Cze80a], Theorem 6.1, and
[Cze80b], Theorem 5.1. This theorem and other results from algebraic logic were the
start point of our work.

From now on & will be an infinite regular cardinal. Let us recall what a universal
Horn formula is. A formula ¢ of L., is a basic Horn formula provided that ¢ is a
disjunction of less than x formulas, at most one of which is atomic and all the others
are negations of atomic formulas. A basic Horn formula is strict if exactly one of its
disjuncts is atomic. A universal Horn formula ¢ of Lxx is a formula of the form:

Vi{ze: €< p} \ ¥
p<v

where v, p < k, and for any p < v, ¥, is a basic Horn formula. When for any p < v,4,
is a strict basic Horn formula, it is said that ¢ is a strict universal Horn formula. Given

105
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a class K of L-structures, the universal Horn theory of K in L, is the set:

{o € L, : 0 is a universal Horn sentence and for any ® € K, D =0}.

In order to prove the next theorem let us recall that a filter over a non-empty set I
is k-complete if it is closed under intersections of less than « elements. It is well-known
that if I is a non-empty set, k an infinite regular cardinal and J a set of subsets of I
that has the x-intersection property (i.e. the intersection of less than x elements of J
is non-empty), then there exists a xk-complete proper filter F' over I which contains J.
We will also use the fact that given a class of structures M, PR, Pr.(M) C Pr,(M).
This fact can be easily proved using the same kind of arguments of the proof of Lemma
2.22 on page 216 of [BS81].

Theorem 6.1 For any class K of L-structures the following are equivalent:

i) K is aziomatizable by a set of universal Horn sentences of L.
i) K is closed under Hg', Hg, S and Pgy.
i) K = I-Igll‘IsSPRK(M), for some class M of L-structures.

Proof. i) = ii) and ii) = iii) are easily checked. iii) = i) Suppose that K =
HEIHSSPRﬂ(M ), for some class M of L-structures. Let T' be the universal Horn
theory of M in L., and 2 a model of 7. We will prove that 2 € K. We expand
the language by adding a new constant symbol for each element of A. Consider the
diag™ (2) in this expanded language. For any I" C diag™ (21), if the new constants that
occur in the sentences of I' are in {a¢ : £ < u}, we choose a set of new variables
{ze : € < p} and we denote by IV the set {¢' : ¢ € I'}, where for any ¢ € T, ¢' is
the formula obtained from ¢ by substituting, for each £ < p the variable z¢ for the
constant ag.

Given a set I' C diag™ () with |T'| < k, we consider the sentence o = 3{z¢ : £ <
u} AT'. We claim that there exists ©® € P(M) such that ® = . To prove that claim
we suppose the contrary and search for a contradiction. To do so we distinguish two
cases:

Case I: There is at most one sentence in I' which is a negation of an atomic
sentence. In this case, —o is logically equivalent to a universal Horn sentence y € L.
We have supposed that for any ® € P(M), ® = -0 and, in particular, for any
D e M, D [ o, so0 v € T. But this is impossible because 2 =T and 2 = o.

Case II: There is more than one sentence in I' that is a negation of an atomic
sentence. In that case, let T'g C I' be the set of all atomic sentences of " and {¥, : v <
A} an enumeration of all sentences of I' which are negations of atomic sentences. For
any v< A, let o, be the sentence

oy = Hae : € < pH(AToA¥),
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Observe that —o, is logically equivalent to a universal Horn sentence of L, and by
an analogous argument to the one given in Case I, we can obtain ® € M such that
D = 0,. We choose for any v < A\, D, € M and elements of D,, {dg : € < p}, such
that Dy, = (AT A ¢)[df : € < p]. Consider now the structure JJ, ., D, and define,
for any £ < p, an element d¢ € [], ., Dy as follows:

de(v) = df

for any v < X. Then [],.a®D, &= A" [de : € < ] and [[, ., D, € P(M), which is
impossible because we have supposed just the contrary.

Now, to prove the theorem, let I = {T' C diag™ (2) : |['| < k}. Using the claim
just proved, we choose for any I' € I, Dr € P(M) and elements {di : £ < u} of Dr
such that Dp Al"’[dg €< pl.ForanyT' € I,let Jr = {A €I :T C A} and
J = {Jr : T € I}. Since & is regular, it is easy to see that J has the x-intersection
property. Thus, J can be extended to a k-complete proper filter F' over I. Now we
construct the reduced product © = [[pc; Dr/F. Observe that ® € Pr,P(M). Let
us define, for any a € A, an element & € []c; Dr by:

a(T') = { :ggitrary, gthifwi{sﬁ i
for any I' € I. Then, for any ¢ € diag™ (%),

Jw) C{AEI: DA EY[dE :E<pl}EF,
so for any atomic formula ¢ € L, and any aj,...,a, € A,

A= ¢lay,...,an] iff D }-_—‘15[[61];?:---; [aﬁ]F]

Thus (D, [a];)aca is an expansion of D that satisfies diag™(2). Therefore, by Propo-
sition 2.20, A € Hg'HgSPr, P(M) and since

PR;{.P(M) c PRnPRn(M) c PRE(M)!

we can conclude that 2 € HngSSPRN(M) =K.O
Corollary 6.2 For any set T' of sentences of Ly, the following are equivalent:

i) T is aziomatizable by a set of universal Horn sentences of L, .

ii) T is preserved under I-Igl, Hsg, S and Pr,.

Proof. By Theorem 6.1. O
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Corollary 6.3 Lel k be either w or a strongly compact cardinal. For any sentence
0 € Lk, 0 is preserved under Hg 1 Hs, S and Pr, iff o is equivalent to a universal
Horn sentence of L.

Proof. By Corollary 6.2 using the usual arguments together with the fact that, if
Kk = w or K is strongly compact, then for any set I'U {¢} of sentences of Ly, if I" = ¢,
then there is I'g C I" with |Tg| < & such that I'g |= ¢. O

We now claim that given two infinite regular cardinals A and p such that A < &
and p < k, the following is not true: for any class K of L-structures,

K is axiomatizable by a set of universal Horn sentences of L, iff K =
Hg'Hg SPR, (M), for some class M of L-structures.

In order to prove our claim, let us introduce some notation and prove the next
proposition. A universal formula of Ly, is a formula of the form:

V{ze 1 € < p}p,

where 1 is a quantifier-free formula of Lcy. And an erxistential formula of L., is a
formula of the form:

3Hze : £ < pleb,
where 1 is a quantifier-free formula of L.). Given two L-structures, 2 and B, by

2% =, | B we mean that 2 and B satisfy exactly the same universal sentences of L_,
and by 2 =3,, B that % and B satisfy exactly the same existential sentences of L, .

Proposition 6.4 Let A and & be infinite regular cardinals and L a relational similarity
type with |L| < A < k. For any L-structures 2 and B the following are equivalent:

D) A=y B
i) A =3  B.

iii) a) For any v < A and any sequence @ = (a¢ : { € ) of elements of A there
is a sequence b = (b : { € ) of elements of B such that (a,b) is a partial
relative correspondence between 21 and ‘B.

b) For any v < X\ and any sequence b = (b; : { € 7) of elements of B there
is a sequence @ = (a¢ : { € ) of elements of A such that (a,b) is a partial
relative correspondence between A and B.
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Proof. i) < ii) is clear. ii) = iii) Suppose that 2 = _3 B. We prove only a),
because the proof of b) is analogous. Let v < A, a = (“C ¢ € %) a sequence
of elements of A and I' the set of all atomic and negations of atomic equality-free
formulas in the variables (z¢ : ¢ € y) that are satisfied by a. Consider the conjunction
AT of all formulas in I'. Since L is relational, ¥ < A and |L| < A, AT € L_,. Moreover,
3{x¢ : { €7} AT is an existential sentence of L_, such that 2 = 3{z¢: (€7} ATL.
Then, since we have assumed 2 = =3 B, BE3{zc:(€Y}AT. Let b= (b : ( €7)
be a sequence of elements of B such that B = AT [be : { €7]. It is easy to see that
(a,b) is a partial relative correspondence between 2L and B.

iii) = ii) Assume now that condition iii) holds. Let 0 = 3{z¢:{ € v} ¢ be an
existential sentence of L_, such that 2 = o. Clearly 7 € X\. Let @ = (a¢ : { € ) be
a sequence of elements of A, such that 2 |= ¢lac: ¢ €7]. By condition iii) a) there
is a sequence b = (b : ¢ € ) of elements of B such that (a,b) is a partial relative
correspondence between 2 and 8. Since L is relational, by Lemma 3.5, we have that
B = ¢[b : ¢ €7], so we have that B = ¢. By an analogous argument we can show
that, if B = o and o is an existential sentence of L_,, then 2 |= o. Therefore,
2A =3, B. 0

Proposition 6.4 is not true for arbitrary similarity types. Let L = { P, f} where P is

a monadic relation symbol and f a monadic function symbol. Consider the L-structure

= ({0,1},P%, f%), where P* = {0}, f#(0) = 0 and f*(1) = 0 and the L-structure

B = ({0,1}, P®, f®), where P® = {0}, f®(0) = 1 and f®(1) = 0. Clearly 2% and B

satisfy condition iii) of Proposition 6.4 but 2 = VzPfzr and B ¥ VzPfz. Thus, they
do not satisfy the same equality-free universal sentences.

Now we give a proof of our claim using Proposition 6.4. We can distinguish two
cases. Case I: A< p. Take L = {R}, where R is a binary relation symbol. Let
2A = (A + 1,<), where < is the usual well-ordering of the ordinal A + 1 and let B be
the substructure of 21 with domain A. Using Proposition 6.4 it is easy to check that 2
and B satisfy exactly the same universal sentences of L_, and, therefore, they satisfy
exactly the same universal Horn sentences of L_,. But clearly they do not satisfy the
same universal Horn sentences of L, because the sentence

V{ze: £ <A} \/ -Raag
P<ESA

is true in B but not in 2. Therefore, K = HEIHSSPRP (M) is not axiomatizable by
a set of universal Horn sentences of L_,
Case II: A > pu. We can find a class that is axiomatizable by a set of universal Horn

sentences of L_, and it is not axiomatizable by a set of universal Horn sentences of
L,,. Take L = {Pe : £ € p}, where for each § € p, P is a monadic relation symbol.
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Consider the following sentence of L,

o =Vz V "'PE:L'.
£ep

Let 2 = (,{L,P?)Ee#, where for any £ € p, Péﬁ ={oepu:£<a},and B = (u+
1, P®)¢ey, where for any £ € p, P? = {a€p+1:£<a}. Using Proposition 6.4,
it is easy to check that for any Ly C L with |Lg| < u, 2 [ Lo and B | Lo satisfy
exactly the same universal sentences of the infinitary language (Lo),,. Hence 2 and
B satisfy exactly the same universal sentences of L, , and therefore, they satisfy the
same universal Horn sentences of L,. If Mod(c) were axiomatizable by a set of
universal Horn sentences of L,,, we would have B € Mod(c), because 2 € Mod(c),
but it is clear that B ¢ Mod(c). Thus, the class Mod(o) is the class we are looking
for. O

Now, as a consequence of Theorem 6.1 we obtain the characterization theorem
for the strict universal Horn fragment. Remember that a trivial structure is a one-
element structure in which the interpretations of the relation symbols are non-empty
and therefore, in which any universal-atomic sentence is true.

Corollary 6.5 For any class K of L-structures the following are equivalent:

i) K is ariomatizable by a set of strict universal Horn sentences of L.
ii) K 1is closed under Hg’,Hg,S and Pr, and contains a trivial structure.

i) K = H§1HSSPRN(M), for some class M that contains a trivial structure.

Proof. By Theorem 6.1, using the fact that in a trivial structure any strict uni-
versal Horn sentence of L, is true and any universal Horn sentence of L, that is not
strict is false. O

In the next theorem we improve the characterization Theorem 6.1 for L, when &
is either w or strongly compact, in terms of I-Igl, Hs, P and Py,. In the proof we
use the fact that given a class of structures M, if k is either w or strongly compact,
then Pg (M) C SPPy,(M). This fact can be easily proved using the same kind of
arguments of the proof of Lemma 2.22 on page 216 of [BS81].

Theorem 6.6 Let k be either w or strongly compact. If K is a class of L-structures
the following are equivalent:

i) K is aziomatizable by a set of (strict) universal Horn sentences of L.
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ii) K is closed under Hgl, Hg, S, P and Py, (and contains a trivial structure).

i) K = Hgll-lsSPPUE(M), Jor some class M (that contains a trivial structure).

Proof. We just prove the non-strict case. The strict case is obtained from it in the
same way as Corollary 6.5 has been obtained from Theorem 6.1. i) = ii) and ii) = iii)
are easily checked. iii) = i) Suppose that K = I-Ingg SPPy, (M), for some class M.
Since

PPUN(M) C Pr«Prx« (M) C Prx(M),

then
K =Hg'HgSPPy, (M) C Hg'HgSPg, (M).

And since k is either w or strongly compact,
Prx(M) C SPPy,(M).

Therefore,
Hg'HsSPg, (M) C Hg'HgSPPy (M) = K.

Thus,
K = Hg'HgSPg, (M).

By Theorem 6.1 we conclude that K is axiomatizable by a set of universal Horn
sentences of L_,.. O

Now we will prove a theorem similar to Theorem 6.1 but for the infinitary language
L3, The characterization can be obtained in terms of the operators S, Hs, Hg" and
P, thus dispensing with the reduced products, but at the price of considering theories
that are proper classes.

Theorem 6.7 For any class K of L-structures the following are equivalent:

i) K is aziomatizable by a class of (strict) universal Horn sentences of L.
ii) K is closed under Hg', Hg, S and P (and contains a trivial structure).

iii) K = Hg'HgSP(M), for some class M (that contains a trivial structure).

Proof. We just prove the non-strict case. The strict case is obtained from it in the
same way as Corollary 6.5 has been obtained from Theorem 6.1. i) = ii) and ii) = iii)
are clear. To prove that iii) = i), suppose that K = HngsSP(M ), for some class
M. Let T be the universal Horn theory of M in Lz, that is, the class of all universal
Horn sentences of L., true in every structure of M. We show that for any L-structure
2 if A = T, then A € K. Suppose that 2 = T. We expand the language adding
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a new constant symbol for each element of A. Let |[A| = A and {a¢ : £ < A} be an
enumeration of the new constants. Consider the diag™(2) in this expanded language.
Let {z¢ : £ < A} be a set of new variables and I" the set obtained from diag™ ()
by substituting, in any sentence of diag™(?), for any £ < A, the variable z¢ for the
constant ag. Then, arguing like in the proof of Theorem 6.1, it can be obtained a
D € P(M) such that D |=3{x, : £ < A} AI". Choose a set {dg : £ < A} of elements of
D such that ® = ATV [de : £ < A). Then (D, d¢)¢< is an expansion of D that satisfies
diag™ (). Therefore, by Proposition 2.20, 2 € Hg'HgSP(M) = K. O

Now let us prove a characterization theorem using, instead of reduced products,
the operation of direct product and the notion of x-local class of structures. Given an
infinite cardinal k, a class K of structures is x-local if any structure with the property
that all its substructures generated by less than x elements belong to K also belongs
to K.

Theorem 6.8 Let k be a regular infinite cardinal > w and assume that |L| < k . For
every class K of L-structures the following are equivalent:

i) K is ariomatizable by a set of (strict) universal Horn sentences of L.

ii) K is k-local and it is closed under Hgl, Hg, S and P (and contains o trivial
structure).

Proof. We just prove the non-strict case. The strict case is obtained from it in the
same way as Corollary 6.5 has been obtained from Theorem 6.1. 1) = ii) is easy because
any universal Horn sentence of L, false in one structure it is false in a substructure
of it generated by less than k elements. ii) = i) Let T be the universal Horn theory
of K in L, and 2 a model of T. We will see that 2 € K. Since K is x-local we only
have to prove that every substructure of 2 generated by less than k elements belongs
to K. Let B be a substructure of 2 generated by less than k elements. Since k is an
infinite regular cardinal, £ > w and |L| < k, we have that |B| < k. Then diag™ (B) is a
set of power less than x and we can argue as in the proof of Theorem 6.7 to conclude
that B € Hy'HgSP(M) =K. O

6.2 Equality-free reduced universal Horn classes

Now we study characterization theorems for the classes of reduced structures that are
the reduced models of some universal Horn theory in L_,. Since for any structure
we have its reduction, we can consider for any operator O that transforms a class of
structures K into another one O(K), the corresponding operator O* that transforms
the class of structures K into the class of the structures isomorphic to some reduction
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of a member of O(K'). We will call these operators with a star reduction operators, and
call O* the reduction of O. The reduction operators were first considered in [BP92]. We
will prove a theorem that characterizes when a class of reduced structures is the class
of the reduced models of a universal Horn theory in L. This theorem follows easily
from previous results and Lemma 6.10 which studies the behaviour of some reduction
operators. Its formulation is just like the one of the corresponding theorem for the
full L., (with equality) except that the operators S and Pr, are replaced by their
reductions.

Definition 6.9 For every class K of L-structures let K* be the following class:
K* = {8 : there is A € K such that B = A"},
And, for every operator O, O* is the operator such that for any class K of L-structures

0*(K) = (O(K))".
The next lemma studies the behaviour of the reduction operators.

Lemma 6.10 For every class K of L-structures and any operator O € {S,P, Py, ,Py,}
the following holds:

i) H-1*(K*) C K*.
il) H*(K*) C K*.
iii) O*(K) C O*(K*).

Proof. i) Suppose that 2 € H™*(K*). Let 8 € H}(K*) such that 2 = B* and
let A be a strict homomorphism from B onto some € € K*. Then B* = €. Therefore,
21 =2 €. Hence, A € K*. The proof of ii) is similar.

iii) We prove first the case where O is S. Suppose that 2 € S*(K). Let B € K
and € C B such that 2 = €*. Let gp be the canonical homomorphism from 9B onto
B*. Then D = gj[€] is a substructure of B*, so D € S(K™). Since €* = D*, A= D*,
Therefore, 21 € S*(K*).

Now we prove the case where O is Py,. Suppose that 2l € Py, (K). Let B €
Py, (K) be such that 2 2 B* and let {%B; : ¢ € I} C K be a family of L-structures and
U a k-complete proper ultrafilter over a non-empty set I such that B = [[;c; B:/U.

Let € = [];c; B /U. Then, if for each i € I, g is the canonical homomorphism from
B; onto B, we define for each f € [[;c; Bi, f € [Lic; Bf by:

f'(@) = g5, (f(2))
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for each 72 € I. Then we define the function A : B — € by:
W(flv) = (v

for each f € [[;¢; B:i. Since the canonical homomorphisms gy are strict, it is straight-
forward to check that this definition is independent of the representatives chosen
and that it is a strict homomorphism from B onto €. Therefore, B* = €*. Since
{8} :ie I} C K*, B* € Py (K*). Then we conclude that 2 € Py; (K*).

The proof for the remaining cases is similar to the last one given. O

Now we prove the promised theorem and the corresponding version when x is
strongly compact or w.

Theorem 6.11 For any class K of reduced L-structures the following are equivalent:

i) K is the class of reduced models of a universal Horn theory of L_,.
ii) K is closed under 8% and Pg_.

iii) K = S*Pg_(M), for some class M of L-structures.

Proof. i) = ii) = iii) is easy. iii) = i) Let T be the universal Horn theory of M
in L. If 2 is a reduced model of T, then, by the proof of Theorem 6.1, we have that
2A € H§1HSSPRN(M). Therefore, since 2 is reduced, 2 € S*Pg_(M) and by Lemma
6.10 iii) we have that A € K. O

Theorem 6.12 If « is either a strongly compact cardinal or w, then for any class K
of reduced L-structures the following are equivalent:

i) K is the class of reduced models of a universal Horn theory of L.
ii) K s closed under 8*, P* and Py, .
iii) K = S*P*Py;, (M), for some class M of L-structures.

Proof. As the proof of Theorem 6.11, but using Theorem 6.6 instead of Theorem
6.1. O

In the same way we can prove the following:
Theorem 6.13 For any class K of reduced L-structures the following are equivalent:

i) K is the class of reduced models of a class of universal Horn sentences of L.
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ii) K is closed under 8* and P~.
ili) K = S*P*(M), for some class M of L-structures.

Proof. As the proof of Theorem 6.11, but using Theorem 6.7 instead of Theorem
6.1. O

We can also obtain from these results the corresponding results for the case of strict
universal Horn sentences by adding that the classes contain a trivial structure.

Now we will give a proof of the well-known theorem that characterizes the class
of models of the universal Horn theory in Lg, (with equality) of a given class of
structures. And with an analogous argument we can obtain the corresponding theorem
for languages with equality to Theorem 6.13 substituting the operators 8* and P* for
the operators S and P.

Theorem 6.14 Let L be any similarity type. Then for any class K of L-structures
the following are equivalent:

i) K is aziomalizable by a set of universal Horn sentences of Lyy.
il) K is closed under S and Pr.

iii) K = SPr.(M), for some class M of L-structures.

Proof. i) = ii) = iii) is easy. iii) = i) Let T be the universal Horn theory of M
in Ly, (with equality). We expand the similarity type L with a new binary relation
symbol E and substitute the binary relation symbol F for the equality symbol in every
sentence in T. Let us call the resultin% theory 7. Given an L-structure 2, let A¥ be
the structure of type L U {E}, (2, E®"), where E2” is the identity on the domain A
of A. Obviously for any L-structure 2 the L U {E}-structure A% is reduced. Now we
consider the class of LU {E}-structures M’ = {2¥ : 2 € M}. Obviously the universal
Horn theory of the class M’ in the language L, of type LU{E}, is precisely the theory
T

To prove what we want, let 21 be an L-structure that is a model of 7', we will show
that 2 € K. Clearly 2 is a reduced model of T”. Therefore, by the proof of Theorem
6.11 we have that A¥ € S*Pg{_(M’). Let B and € be L U { E}-structures such that
AF >~ ¢* € is a substructure of B and B is the reduction of some reduced product,
by a k-complete proper filter, of some non-empty system of structures in M’. Since
the interpretation of E is the identity in every structure in M’, the interpretation of
E in every reduced product of elements of M’ must be the identity. Therefore all
these reduced products are reduced structures. Hence E® is the identity and so is E®.
Hence € is reduced and so 2P = €. Therefore E%” is the identity. Hence, as is easily
seen, A € SPR.(M). O
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6.3 Interpolation and definability

We will use the previous results to obtain a joint consistency theorem, Theorem 6.17,
an interpolation theorem, Theorem 6.18, and a definability theorem, Theorem 6.19. In
order to prove the joint consistency theorem we first state the compactness theorem
for the Horn fragment of the infinitary language Ly, see [HS81], Lemma 2.

Theorem 6.15 (Compactness) Let I' be a set of Horn sentences of Lex. If every
A CT with |A| < k has a model, then T' has a model.

Corollary 6.16 Lei I' U {o} be a set of universal Horn sentences of Lyy. IfI' =0,
then there is A C T such that |A| <k and A = o.

Proof. Let 0 = V{z¢: & < AHApcu¥p — 8), With u < k. Let € = (g : £ < A)
be a sequence of new constant symbols. If I' = o, then T' = A ., ¥,(¢) — ¢(2).
Thus I' U {¢,(2) : p < p} U {-¢(€)} has no model. Since the ,(¢)’s and —¢(¢) are
trivially equality-free universal Horn sentences of the expanded language, Theorem 6.15
applies and we can conclude that there is some subset IV of I' with |IY| < k such that
I'U{4(2) : p < p} = ¢(¢) and hence I |= 5. If o is of the form V{z¢ : £ < A}V <\, ¥
the argument is analogous. O

Let now Lg and L; be similarity types with the same function and constant symbols
and with at least one relation symbol in common. Let for i = 0,1, L., be the infinitary
language of type L;.

Theorem 6.17 For any sets Ty C LY, and T'y C L}, of equality-free universal Horn
sentences, the following are equivalent:

i) To UT is unsatisfiable.
ii) There is an equality-free universal Horn sentence @ € LY, NLL, such that Ty }= 0

and T] IZ —f.

Proof. ii) = i) is clear. i) = ii) Suppose that ['zUT; is unsatisfiable. Fori = 0,1,
let K; be the following class

K; = {2 : 2 is the reduct to Lo N L; of some B € Mod(T;)}

We show that Kj is closed under S and Pr,. On the one hand, if B’ € Kj and
' C B, then there is an Lg-structure B such that B = I'g and B is an expansion
of B’. Since Ly N Ly contains all the function and constant symbols of L, there is
2 C B such that 2 is an expansion of 2'. Since 'y is a set of universal sentences,
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2 = T'p and therefore, 2’ € Ky. Thus Kj is closed under S. On the other hand, as a
consequence of the Expansion Theorem in [CK91] (Theorem 4.1.8), we have that Ky
is closed under Pg,.

Consider the class K = Hg 1HSSPRK(KQ). Since Ky is closed under S and Pgr,,
K= Hngg(Kg). We claim now that K N K; = (. Suppose, searching for a contra-
diction, that there is an LoNL;-structure B’ € KNK;. Since B’ € K, thereis A’ € Ky
such that B’ € Hg'Hg(2'). By Proposition 2.17, 2',%’ € Hg(€’), for some €. Let
h:€ — A and g : € — B’ be surjective strict homomorphisms. Since 2 € K,
there is an Lg-structure 2 such that 2 =Ty and 2 is an expansion of 2. And since
B' € K, there is an L;-structure B such that B |=I'; and B is an expansion of B/,
Now we define an Lg U Li-structure € that is an expansion of € as follows:

¢ For any n-adic relation symbol R € Lo — (Lo N Li) and any ¢1,...,¢p € C',

(ety---scn) € R® iff  (R(e1), ..., h(ca)) € R™.
e For any n-adic relation symbol R € L; — (Lo N L) and any ¢;,...,¢, € C',

{c1,...,ca) €R® iff  (g(c1),...,9(cn)) € R®.

Observe that so defined since Ly and L, have the same function and constant
symbols, 2 € Hg(€ | Ly) and B € Hg(€ [ L;). But since I'yg and I'; are sets of
equality-free sentences and 2 |=T'y and B |=T';, we have that € = ['o UT;, which is
absurd because I'g UT'; is unsatisfiable. Thus, we can conclude that K N K; = 0.

Since K = HngsSPRE(Kg), by Theorem 6.1, K is axiomatizable by a set A of
equality-free universal Horn sentences of L2, N LL.. Since Ky C K, I'g = A and since
KNK;, =0, 'y UA is unsatisfiable. By Theorem 6.15, there is Ay C A with |Ag| < &
such that I'; U Ap is unsatisfiable. Let # be the conjunction of all the sentences in Ag.
Clearly 8 € LY, N L., and @ is equivalent to an equality-free universal Horn sentence
such that 'y |= @ and I’y = —6. Therefore, condition ii) holds. O

Theorem 6.18 For any universal Horn sentences ¢o, ¢1 € Ly, such that ¢y = —¢1and

they have at least a relation symbol in common, there is a universal Horn sentence
0 € L, such that:

i) ¢o =0 and 6 = ¢y,
ii) For any relation symbol R € L, if R occurs in 6, then R occurs in both ¢o and
1.

Proof. Let I be the set of function and constant symbols of L. For i =0, 1, let L
be the set of relation symbols that occur in ¢; and L; = L' UL]. Then, Ly and L; have
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the same function and constant symbols and {¢o} U {¢1} is unsatisfiable. Therefore,
by Theorem 6.17, we have the desired sentence that satisfies i) and ii). O

We have a counterexample that shows that the following clause:
(¢) Every symbol of L that occurs in 8 occurs in both ¢ and ¢,

cannot be substituted for clause ii) in Theorem 6.18. Let L = {<, f}, where < is a
binary relation symbol and f a monadic function symbol. Let ¢y be the conjunction
of the following sentences:

(1) Vz(-z<z)
(2) Vz(z < f(z))
(3) VaVyVz(z <yAy<z—z<2)

and ¢; = VaVyVz(z < 2 — y < z). Clearly ¢y and ¢, are equivalent to equality-free
universal Horn sentences and ¢y |= —¢1. But there is no equality-free universal Horn
sentence that satisfies i) and (¢). Suppose, searching for a contradiction, that such
a sentence exists, say . The similarity type of 8 would be {<}, because of ({), and
every model of § would have more than one element, since by i), 6 = —¢;. Let U be
a model of 8 of similarity type {<} and a € A arbitrary. If 2’ is the substructure of
2 generated by {a}, 2’ has only one element in its domain and 2’ |= 6, because 6 is a
universal sentence, which is absurd.

Theorem 6.19 Let L be an arbitrary similarity type with a relation symbol R and
such that L — {R} has at least one relation symbol. For any set T of universal Horn
sentences of L, the following are equivalent:

i) I implicitly defines R (that is, if A, B =T and the reducts of A and B to L—{ R}
are the same, then 2 = B).

ii) There is a universel Horn formula ¢(Z) € Ly, such that ¢ is an explicit definition
of R with respect to T' (that is, T’ \= VZ(¢(T) < RT)) and all the symbols of ¢
belong to L — {R}).

Proof. ii) = i) is clear. ii) = i) Let n be the arity of R. Suppose that I" implicitly
defines R. Let R’ be a new n-adic relation symbol and ey, ..., c, new constants. Let
I be the set obtained from I' by substituting in any sentence of I' the symbol R’ for
the symbol R. So we have

Tull EVey...zp(R2y...20 — Rz ... 20),
because I' implicitly defines R. Then,
FUF’ |=RC;...C.n-—’.R’01...(‘.u.
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By Corollary 6.16, there are ¥ C I' and ¥’ C I with |Z| < « and |Z'| < & such that
SUX ERey...cn — Rey...cn.

Moreover, we can find £ and ¥’ such that ¥’ is obtained from T by substituting R’ for
R in every sentence of £. Observe that AL and A X' are equivalent to equality-free
universal Horn sentences. So we have

/\E/\Rcl...cﬂ |=/\E’—>R’c1..‘c,,.

The sentence AL — R'c)...e¢, is equivalent to the negation of an equality-free uni-
versal Horn sentence. Therefore, by Theorem 6.18, there is an equality-free universal

Horn sentence ¢ = ¢(z,...,2Zn), ¢ € Ly, with relation symbols contained in L — { R}
such that

/'\E/\Rcl...cn = dlery ... en) (6.1)
and

Ber...ren) E \NE = Rer...cn.
Since the symbols R and R’ do not occur in ¢,
#(er,--rea) = AT = Rer ....cn. (6.2)

Moreover, by (6.1),
AE |= Rq el — c;b(c],...,cn)

and by (6.2),
/\E}:gb(cl,...,cn)—»Rcl...cﬂ.

Since the new constants do not occur in A Z,
/\E EVz...zn(P(21,...,20) & Rxy...2q)
and consequently,
T EVe...za(d(z1,...,20) & Ry ...2,).

We can conclude that ¢ is an explicit definition of R with respect to I'. O
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