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There are several models f or heat conduction - non-Fourier equations - in the literature that are important for
various practical problems. These models manifest themselves in partial differential equations, and the appli-
cation of which requires developing efficient and reliable solution methods. In the present paper, we focus on the
analytical solutions of two non-Fourier models, specifically on the Maxwell-Cattaneo-Vernotte and Guyer-

Krumhansl equations, as they share an established thermodynamic background, and find numerous applica-
tions. Although initial conditions are usually homogeneous in space in many situations, real applications can
easily point beyond such a simple initial state. Therefore, we aim to investigate the consequences of nonho-
mogeneous initial conditions, emphasising the physical requirements to keep the solution physically admissible.
We conclude the calculations with a method for determining the initial time derivatives in consistence with
thermodynamics, avoiding contradictions.

1. Introduction

In physics and engineering, models are used as mathematical images
of the world we experience around ourselves. Therefore, the actual task
defines which elements we include in the model and which phenomena
we want to understand, predict, and characterise quantitatively.
Throughout this paper, we focus on heat conduction as the primary
phenomenon.

Fourier’s well-known model, i.e., when the heat flux (q) is being
proportional with the temperature gradient (VT),

q=—AVT )]

with 1 being the thermal conductivity, leads to the simplest heat con-
duction equation that satisfies the II. law of thermodynamics,

0,T = aAT, (2)

where a = A/(pc) is the thermal diffusivity with mass density p and
specific heat c, both assumed constant here; 0, denotes the partial de-
rivative respect to time t, and A is the Laplacian. Although it is appli-
cable for most of the engineering tasks, in recent decades, several
situations have been discovered for which Fourier’s law loses its

validity. Such cases can be a low-temperature environment [1-3],
nanostructures [4-6], heterogeneous materials [7-11] and even low-
pressure states for fluids [12-15]. These problems can be modelled
with a non-Fourier equation, in which Eq. (1) is replaced with a (partial)
differential equation, and, correspondingly, (2) gets generalised to a
partial differential equation that is higher-order in time. The level of
extension depends on the particular situation and the chosen approach,
hence, several models exist in the literature. For instance, in biological
problems, the widely criticised dual-phase-lag equation is often chosen
together with its modifications [16]. Furthermore, the first extension of
Fourier equation, called Maxwell-Cattaneo-Vernotte (MCV) equation
[17,18], is modified from objectivity point of view for moving media by
Christov [19], and from further mathematical arguments by Mariano
[20]. The list of heat conduction models is long, therefore we refer to
further literature [21-24].

It seems inevitable to investigate and understand the mathematical
properties of non-Fourier models, as one of these may be a new standard
model in the future, substituting the Fourier heat equation. In the pre-
sent study, we want to investigate two of them, the MCV and the Guyer-
Krumhansl (GK) [25] equations, as they are the simplest, thermody-
namically compatible extensions of Fourier’s law. Recently, both nu-
merical and analytical solution methods have been developed for these
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models with particular attention to the boundary conditions [26] in
order to avoid unphysical results such as negative absolute temperature
[27,28]. Now, we turn our attention to the initial conditions. Typically,
the models are solved with steady initial states and homogeneous field
variables. When this is not the case, the situation may be surprisingly
more difficult to overcome, and one must take the first step with care to
avoid misleading assumptions. Consequently, here we consider a situ-
ation in which the initial temperature distribution is nonhomogeneous,
thus having a non-equilibrium initial state. For the Fourier heat Eq. (2),
that problem is almost trivial, as it only requires knowledge of the
temperature profile at the initial time instant, and thoroughly investi-
gated in numerous, more complicated situations [29-32]. However, for
a non-Fourier equation, the initial time derivatives are also required,
which is restricted by a more complicated constitutive equation. Now,
such constitutive relationship is a differential equation, needing further
considerations about the initial conditions. This paper aims to answer
this question through analytical solutions of the aforementioned heat
conduction models, which reflect the essential physical aspects. In what
follows, we first present the concept of the Fourier heat equation,
forming the basis of the analytical solution technique also used for non-
Fourier models. After that, we can move on to the more complex aspects
of non-Fourier models and reveal how the initial temperature state in-
fluence the initial time derivatives. We highlight the critical steps by
analytically solving the MCV and GK equations.

2. Demonstration using Fourier’s law

In one space dimension, Fourier’s law (1) reads,
q=—20.T, 3
which is a constitutive equation and becomes mathematically and

physically complete together with the balance equation of internal en-
ergy (e =cT),

pco, T + 0,q =0, (€)]
for rigid conductors without heat sources. The simplicity of Eq. (3)

suggests to use the temperature T as the only field variable, i.e.,
substituting (3) into (4) results in

0,T = ady,T. 5)
Despite the fact that Eq. (5) would be adequate for certain in-
vestigations, we do not intend to eliminate any of the variables as the

initial pair of Egs. (3) and (4) is more suitable for our present purposes.
Let us consider the following initial and boundary conditions,
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w
qg(x=0,t) =qlx=L,t) =0—;

o Thnr= 0) = To(x) = Ty, + Trexp(—x/z),

©

which represent a rod of length L with adiabatic ends. That set of initial
and boundary conditions (6) prescribes a non-equilibrium situation as
an initial state. Regarding the initial temperature distribution, we
choose an exponential decay, illustrated in Fig. 1.

The practical importance of such an initial temperature distribution
is that radiation (incident from the left) absorbed by the body induces
such a temperature profile. For instance, this is realistic in a heat pulse
experiment in which some part of the flash energy is absorbed in a semi-
transparent body. Accordingly, z represents a penetration depth quan-
tity, while Ty is the temperature rise at the front side, thus T, + Ty
together form the front side temperature as T}, is the temperature of the
body before the flash occurs (e.g., ambient temperature). We expect the
nonhomogeneous temperature profile to equilibrate in time, regardless
of the applied heat conduction model.

As learned from numerical solutions for Fourier and beyond-Fourier
heat conduction problems [33], it is advantageous to compute both T
and q. In order to remain consistent with the non-Fourier models and
highlight the critical steps, we choose to solve the model without
eliminating either T or g, and provide an analytical solution using
Galerkin’s method. Let us suppose that

N

gl 0) = 3" a0, ),

N
T(x,) =Ty + Y bi(0);(x) 7)
=0 =0
where ¢j(x) and ¢;(x) should be compatible with each other due to the
spatial derivatives that appear in Egs. (3) and (4). Suitable functions are
found earlier in [11,26], that is, ¢;(x) = sin(jzx/L) and ¢;(x) = cos(jzx/
L). Here, the modes ¢j fulfil the boundary conditions and form a com-
plete orthogonal set of functions among the square integrable functions,
and the functions ¢; also provide a complete orthogonal set [34]. With
the help of them, we can transform the partial differential equation to a
set of ordinary differential equations. After substituting Eq. (7) into (3)
and (4), we obtain

jm
a; = ﬁzbj., (8)
dbj jﬁ'
ey, A ©)

Furthermore, ap = 0, and the cosine series expansion of Ty(x) serves as
the initial condition:

14
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Fig. 1. The schematic presentation of the initial and boundary conditions, with z = 0.025 m, T, = 15 °C, Tf=5 °C, L = 0.1 m.
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Finally, we found the solution to be

2

N ; 22
A
T(x,t) =Ty + by + E bie %"cos (%), with a; = !;jL—ﬂ 12)

J=1

for which Fig. 2 shows the convergence using the set of the following
parameters: p = 2000 kg/m3, ¢ =500 J/(kg-K), A = 5 W/(m-K), with the
initial conditions of Fig. 1. Fig. 3 shows the temperature for various
spatial points. While the results followed from a straightforward calcu-
lation and seemed basic, it makes the fundamental aspects of non-
Fourier models apparent in the next section.

3. Initial states vs. non-Fourier equations

We start this section with the MCV equation, the first hyperbolic
extension of the Fourier heat equation. The MCV model is - unfortu-
nately - restricted to low-temperature or microscale heat conduction
problems [16,21,35], and thus, it has less practical relevance in engi-
neering, as it has been concluded by Auriault [36], in agreement with
our experience [37]. However, it serves as an excellent example of how
careful we must be when using an unconventional model. Subsequently,
this impression is strengthened further by investigating the GK equation
for which neither the initial conditions nor the boundary conditions
work as in the Fourier case [11].

3.1. Maxwell-Cattaneo-Vernotte equation

The MCV model extends the Fourier equation by the time derivative
of the heat flux, i.e.,

70,9 +q = —20,T, 13)

in which a new parameter 7, called relaxation time, appears. As a direct
consequence of the II. law of thermodynamics, 7 and A are not inde-
pendent of each other due to the Onsagerian relations, which property
becomes crucial for nonlinearities, e.g., for temperature-dependent pa-
rameters [38].

Analogously to the Fourier model, it is possible to eliminate one of
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the variables (q or T, using Eq. (4)), resulting in

70,T + 0,T = ad, T, or (14)
70uq + 0,9 = a0xq, (15)

depending on which variable we choose in a linear situation. While g is
not conventional to use, it could be helpful in certain cases [11].
Nevertheless, in general, we recommend not eliminating any of the
variables. As it is visible, the set of initial conditions seemingly depends
on our decision, which path we choose. For Eq. (15), one should define
the heat flux and its time derivative at the initial time instant, however,
none of them is directly measurable. In parallel, regarding Eq. (14), we
have the initial temperature distribution Ty(x), but what can we tell
about its time derivative? If one follows the papers of Moosaie [39,40],
or Tung and Fong [41], one could conclude that it is possible to safely
assume the time derivative to be zero since the thermodynamic origin of
the T-representation is entirely hidden in their approach. As it turns out
soon, this would be a seriously misleading assumption.

Applying again the ansatz of (7) on (13), we obtain
T%Jraj - ljzﬂbj, (16)
together with (9). Let us eliminate the variables again, i.e., eliminating
the heat flux (q), we have

&b dby A
T — representation : 1?2'/ + ditl +a;b; =0, = pi% a7)
- s db; i
initialconditions : bj(t=0) =by, and E‘r:o = —pC—Laj(t =0),

in which the time derivative of b; follows from the balance of internal
energy (4) in case of no heat sources, otherwise the heat source would
also appear here. Thus, the MCV equation can be solved if the heat flux is
known at the initial time instant, directly determining the initial time
derivative of temperature, which is not visible from (14). Now, there is
an advantageous property of most non-Fourier heat equations: their
steady-state coincides with the Fourier equation. Consequently, if and
only if the initial state is close to steady-state, then the heat flux can be
calculated easily using (3), and by having aj(t = 0), the model can be
solved. For non-zero To(x) — Tp, it means a non-zero time derivative of
temperature, too. In parallel, if that To(x) represents a state far from
equilibrium, then we cannot use (3) anymore for such a purpose. Hence
the way of how to determine the initial time derivative of temperature
remains an open question. We want to recall the fact that, for our
application-motivated present set of initial and boundary conditions (6),

Equilibrium temperature: T, = 16.22 °C

200 300 400 500 600 700 800 900
Time [s]

1000

Fig. 2. Demonstrating the convergence of (12), rear side (x =L = 0.1 m) temperature history. The left side figure magnifies the initial time interval.
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Equilibrates towards the same
temperature

15
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Fig. 3. Temperature history for different points (x = {0, 0.025, 0.05, 0.075, 0.1} m), using N = 50 terms.

the initial state is not a steady-state.
In the case when q is chosed to be the primary field variable, we
obtain

Pa da P

q — representation : TTZ/ + d_atj + aja; =0, a; = p_LJF (18)
. . da; 1, jm
initialconditions : a;(t=0) =ap, and E"fo == @) zb,- — ay),

which reveals that the initial time derivative of heat flux is zero if and
only if the Fourier law is applied to determine the initial heat flux due to
(8). In both representations, (11) is used to determine the solutions,
plotted in Fig. 4 for demonstration.

A more complicated way to find the proper initial condition is if one
substitutes the function Ty(x) into the constitutive Eq. (13), as it is usual
with the Fourier equation,

q(x,t =0) = —10,Tp(x) + C(x), (19)
where C(x) appears by solving the differential Eq. (13) for g, and taking
t = 0. This is reasonable since (13) describes the material, with which
the initial condition must be compatible. Moreover, the balance Eq. (4)

16.6 ) ¢
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16.2

Equilibrium temperature is not
changed.

Temperature [°
—
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The propagation speed is correct:
v=,/%=4.0825-10"" m/s

to =20 =12247 5

15.6 - ‘ ;
0 50 100 150 200 250 300

Time [s]

Fig. 4. Temperature history according to the MCV equation, at x = 0.05 m, for
different relaxation times (zr= {0, 0.025, 0.05, 0.075, 0.1} s),
N =500 terms.

using

leads to

1

1
6,T = 7[)76 g = pi u'axxTU(‘x) - a)‘c('x)) (20)

From that point of view, C(x) is an uncertainty that must be restricted
somehow. Exploiting the knowledge that steady-states are identical, one
would think that C(x) should be zero. However, this would be
misleading: the boundary conditions do have a role at this step. In other
words, g(x =0, t) = — 10xTo(x = 0) + C(x =0) =0 and the same for
x =L holds, therefore C(x) depends on the initial temperature distri-
bution and the boundary conditions, too. Moreover, as it could depend
on x, one has the freedom to choose a suitable function for dynamic
situations. However, if C(x) is zero everywhere except on the boundary,
then C(x) is not necessarily differentiable at x = {0, L}, or d,C(x) could
be difficult to find and it definitely is not zero everywhere. While it
seemed reasonable, finding a proper initial time derivative is not
straightforward.

Instead of sticking to the conventional approach, Galerkin’s method
can offer deeper insight, even with nonzero (and time-dependent)
boundary conditions. In that case, it is possible to separate the bound-
aries [11] and deal with an adiabatic problem. Then, the basis functions
(¢ and ¢) automatically satisfy the boundary conditions and provide a
more explicit and straightforward approach.

Consequently, realising of these aspects was possible due to the
chosen solution method. Galerkin’s method revealed which modes must
be used to obtain a physically compatible set of initial conditions.
However, without any prior knowledge of the non-Fourier heat con-
duction constitutive law, it would be difficult to do so. If one starts with
utilising only the T-representation of the heat equation, the compati-
bility between the initial conditions and the heat conduction constitu-
tive relationship can be easily violated.

3.2. Guyer-Krumhansl equation

While the GK equation was incredibly helpful in modelling low-
temperature phenomenon of second sound in solids [42], it turned out
recently that it is also applicable for macroscale heterogeneous materials
at room temperature, when over-diffusion appears, using a continuum
background [21,22]. Therefore, this model may have greater practical
importance later, and we feel it necessary to investigate the character-
istics of the GK equation. It introduces a new spatial derivative term into
the constitutive equation, compared to (13),

Taﬂ] +q9= —A0,T + lzaqua 21
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where I2 has originally been interpreted as the squared mean free path of
kinetic theory. However, as we utilise a continuum thermodynamic
approach instead of the kinetic theory, the coefficients 7, 4, >0 are
restricted only by the II. law of thermodynamics, and can be fitted to
experiments. That new term makes it more difficult to properly handle
the boundary conditions [43]. The usual interpretation of boundaries by
Fourier is no longer valid. The T and q representations are

70,T + 0,T = a0 T + POy T,
704q + 019 = a0q + lzatqu,

(22)
(23)

with exploiting (4) again. Having (22), the prescribed 0,T is not a valid
boundary condition, and leads to unphysical results [27,28].

In regard to the initial conditions, we aim to investigate the role of
the I term. Apparently, substituting the intial condition (6) into (21)
and solving it as a partial differential equation, would offer us no
advantage, similarly to (19). Instead, we remain with the Galerkin
method, using the same basis functions for ¢(x) and ¢(x) in (7), thus we
obtain

da; 2’ jn
e IZI—L2 Ja = i b, @4
by,  jn
pcd—t‘/ =—T% (25)

Interestingly, that spatial derivative term of I> appears only in a coeffi-
cient of aj, therefore it does not differ from the MCV equation signifi-
cantly. In other words, the term [? does not provide further restrictions
on the initial conditions. Furthermore, the same series expansion (11)
can be applied here as well. We find the temperature history in the form
of

_ bj() 7</’/;’V.r>’ bt pjt
bi(t) = z—ﬂje 7 [(yj —2a;7) (e - l) +5 (e + 1) ] (26)
with

) P P
%= e ey vi—dar oy =1+ P @7

Naturally, I? = 0 recovers the solution of the MCV equation. First, we
illustrate this special case: Fig. 4 presents the characteristic solutions for
the MCV equation with changing the relaxation time. As it is visible, in
order to observe a wave propagation effect, extremely large relaxation
time is needed. Since the materials usually have much smaller relaxation
time, it is not possible to experimentally observe such phenomenon
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under normal conditions on macroscale, in agreement with [36].

Next, Fig. 5 shows the behaviour of the GK equation, presenting the
characteristic temperature curves at the middle. In this case, 2 is
changed in order to achieve the corresponding B = I2/(ar) values. That B
is a dimensionless parameter, being helpful in the characterisation of the
solution on how it deviates from the Fourier equation [44]. Fourier’s
solution is recovered when B = 1 (‘resonance’ case, see [45,46]). As B
increases, the temperature rises faster at the beginning, resulting in
better convergence properties in agreement with [11,26]. After that
initial time interval, the temperature rise becomes slower than the one
belonging to the Fourier equation. This phenomenon is called over-
diffusion and is characteristic to the GK equation only.

3.3. Outlook for further problems

Although the previously presented exponential temperature profile
is practically important, there could be other, more complicated situa-
tions. For instance, the error function appears for large-scale (or infinite)
domains, or the Heaviside function (or its approximation with a tanh
function) could also be interesting in thermal explosion tasks. In these
cases, the cosine series expansion would result in complicated formulae,
therefore the numerical evaluation of the integrals (11) is suggested.
However, in order to keep clear the present procedure, now we present
another, simpler, but characteristically similar example in which the
solution can be found without involving any numerical method. Let the
initial temperature distribution be

> (28)

T
To(x) = T + =(cos(p x/L) +1), 0<p<um,
with adiabatic boundary conditions (see Fig. 6). Here, T; defines the
temperature increase on the left.
Its cosine series expansion requires the evaluation of the following
integrals:

1 ['T T,
by = Z/o El(cos(p x/L) +1)dx = 2—[1,(17 + sin(p)), (29)

2 ', jmx Tp . ;
bj(t:O):bﬂ]:z/U %(cos(px/L)-&-l)cos (JT) dx:pz_;j[;ﬁsm(p)(—ly.
(30)

Then bjp can be substituted immediately into the Eq. (26) for which the
coefficients (27) remain valid. Recalling (12),

=2
B_Ou'

2=005m)
180 200

100 120 140 160

Time [s]

Fig. 5. Temperature history according to the GK equation, at x = 0.05 m, for different (1> = {0.075, 0.375, 0.75, 1.125} - 10~* m), using N = 5 terms.
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14
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Fig. 6. The schematic presentation of the initial and boundary conditions, with z=0.025 m, T, =15 °C, T;=10 °C, L =0.1 m and p = 3.

N . 5 9
A
T(x,t) = Ty + by + > be ¥'cos (J%) with o — ;JTZ’

j=1

(31)

the solution of the GK equation for the initial temperature distribution
(28) is found. For demonstration, the same p, 1 and c are utilised as
before. Fig. 7 presents the time evolution of the temperature field for
various spatial points in case of Fourier equation. As it is expected, the
temperature equilibrates towards the same value due to the adiabatic
conditions. Together with the same (adiabatic) conditions, the equilib-
rium value is the same for all constitutive equations since it depends
only on the energy balance, and thus the initial energy content of the
conducting medium. That property is presented in Fig. 8 in which the GK
equation leads to the same equilibrium as the Fourier equation.
Furthermore, on contrary to the previous example, the non-Fourier ef-
fects are less visible. The B parameter - the ‘measure’ of how far is the
solution from Fourier’s one - needs to be much larger to make the effect
apparent. This is characteristic for states closer to equilibrium.

4. Discussion of consequences

A time will come shortly when the community must decide which
non-Fourier equation should be the next standard model of heat con-
duction after Fourier’s law. More and more possibilities are revealed,
widening the application areas. Therefore, understanding these models,

their physical consistency, and how to solve them have increasing
importance for which this paper aimed to contribute.

Modern materials with complex inner structures - such as function-
ally graded materials (FGM) and foams - might require the utilisation of
advanced thermal models. For foams, the need for the GK equation has
been found experimentally [44]. In the case of FGMs, the layered
structure and the existence of parallel heat conduction channels alto-
gether also can lead to non-Fourier behaviour, requiring models beyond
the MCV equation [21,47]. Additionally, in an FGM, the material pa-
rameters depend on the location, which makes it more challenging to
find the proper initial conditions for nonhomogeneous states, especially
for non-Fourier models. The present study opens the possibility for such
investigations.

For non-Fourier equations, the usual approach does not work as it
used to do with the Fourier heat equation. The initial and boundary
conditions must be handled with more care, as they do affect the overall
outcome of the model. The solution methods must respect these attri-
butes, even for the most straightforward linear situation. For nonlinear
problems, such as temperature-dependent coefficients, the material
parameters are functionally restricted as a consequence of the II. law of
thermodynamcis, one affecting the other, and without a consistent
physical background, it is not possible to obtain a physically sound so-
lution [38].

Throughout the paper, we showed that it is not advantageous to use

6 Equilibrates towards the same
e .22 <= 0.025 temperature
A I e o o Teq = 20.24°C
= x=005[m] = TTTST T ===
g
= -
o
é 18
16
14! :
0 200 400 600 800 1000
Time [s]

Fig. 7. Fourier temperature history for different points (x = {0, 0.025, 0.05, 0.075, 0.1} m), using N = 50 terms.
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17
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Fig. 8. Temperature history according to the GK equation, at x = 0.1 m, for different =1{0.1,1,4}-10 % m), withr=2s, and using N = 5 terms.

the T-representation of the heat equations, as it hides the essential
connections between the field variables and can influence how we think
about the initial (and boundary) conditions.

On the example of the MCV and GK equations, we presented the
Galerkin-type solution method for nonhomogeneous initial condition,
revealing that one needs to determine the heat flux first in order to be
able to take the time derivative of the temperature at the initial state
correctly into account. Even for a linear spatial dependence, the time
derivative becomes non-zero, which impacts the entire solution. This is
the main difference between Fourier’s law and non-Fourier models: for
the Fourier equation, it does not matter how far the system is from
equilibrium, and it seems natural to consider it to be a static situation as
it does not influence the time derivatives. However, if the system is
initially in a non-equilibrium state, then it induces an initial non-zero
time derivative for a non-Fourier equation. If this initial state is close
to equilibrium, i.e., not far from a steady-state, then Fourier’s law can be
applied to find the heat flux field at the initial time instant. For a nu-
merical code, it can be interpreted as taking the Oth step with the Fourier
equation in determining the initial heat flux and then resuming the
calculation with the non-Fourier model. On the contrary, if the initial
state is far from equilibrium, it remains an open question how the heat
flux field could be determined reliably. Connected to this, a more gen-
eral question also emerges: how can one determine whether a state is
close to or far from equilibrium? These remain for further investigation.
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