International Journal of Heat and Mass Transfer 194 (2022) 123021

Contents lists available at ScienceDirect

International Journal of Heat and Mass Transfer

journal homepage: www.elsevier.com/locate/hmt

On the two-temperature description of heterogeneous materials n

Check for
updates

R. Kovacs®*P<* A. Fehér? S. Sobolevd

aDepartment of Energy Engineering, Faculty of Mechanical Engineering, Budapest University of Technology and Economics, Milegyetem rkp. 3., H-1111
Budapest, Hungary

b Department of Theoretical Physics, Wigner Research Centre for Physics, Institute for Particle and Nuclear Physics, Budapest, Hungary

¢ Montavid Thermodynamic Research Group, Budapest, Hungary

dInstitute of Problems of Chemical Physics, Academy of Sciences of Russia, Moscow Region, Russia

ARTICLE INFO ABSTRACT

Article history:

Received 5 February 2022
Revised 1 April 2022
Accepted 10 May 2022

The thermal behaviour is critical in numerous applications, affecting any device’s lifetime and safe oper-
ations. Adding that the technological development resulted in the appearance of complex material struc-
tures, making the research on advanced thermal models even more important. Materials like 3D printed
structures, foams, or with a biological origin often show non-Fourier thermal response. Modelling such a
problem requires a thorough analysis and a deep understanding of non-Fourier models. The present paper
focuses on two advanced models, called two-temperature and Guyer-Krumhansl equations. We compare
their physical background and characteristic behaviour. Additionally, we perform the first experimental
test of the two-temperature model. It is found that the solutions of the two-temperature model deviate
from the ones predicted by the Guyer-Krumhansl equation. However, both approaches can model the ex-
perimental data under certain conditions and offer different insights about the observed heat conduction
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1. Introduction

In the last decades, there has been a tendency to design the
material structure for a particular application, and such materi-
als are foams, composites, and metamaterials. Additionally, various
heterogeneities are also present due to the manufacturing proce-
dure, e.g., for 3D printed objects for which the object is formed
from particles, thus having a microporous structure. The present
paper focuses on the thermal characterisation of heterogeneous
materials, considering only isotropic and constant material param-
eters.

The recent experimental findings [1,2] suggest that hetero-
geneous materials can show thermal behaviour different from
Fourier’s law at room temperature in a macroscale object. That de-
viation is not similar to second sound or ballistic propagation, i.e.,
no wavefronts are observed in the measurements. Instead, it oc-
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curs due to the presence of parallel heat conduction channels. The
difference in the heat conduction channels originates in the het-
erogeneity. For instance, the bulk metal material in a metal foam
sample has good conductivity properties, while the gaseous mate-
rial in the inclusions is more similar to an insulator. Furthermore,
thermal radiation and heat convection could also contribute to the
thermal behaviour, meaning further difficulties in the modelling.
However, the situation is different for a rock sample, where the
presence of various constituents and porosity together realise the
non-Fourier thermal response.

That phenomenon is called over-diffusive propagation and has
the following characteristics, presented on a usual experimental
observation. Figure 1 presents a typical rear side temperature his-
tory for a heat pulse experiment, using a metal foam sample [3].
First, the temperature rise is faster compared to Fourier’s predic-
tion. Around the top, that faster increase of temperature dimin-
ishes; instead, it becomes slower. This observation suggests the
existence of two characteristic time scales for which the Fourier
equation presents their average [2]. However, a more advanced
model can provide a finer resolution about this phenomenon, in-
cluding both time scales and therefore presenting a better expla-
nation with a predictive nature.
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Fourier’s prediction becomes faster.
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Fig. 1. The normalised rear side temperature history for a metal foam sample to-
gether with its best Fourier fit [3].

It is clear that a model is not practically advantageous with in-
cluding specific material properties (e.g., the distribution and size
of inclusions) as it strictly restricts the range of validity. This ap-
proach is, however, typical for biological problems in which more
and more geometrical details are included. For instance, for a skin
thermal model, it is natural to present the different layers, the vas-
cular network, fat distribution and so on [4-6]. In the end, the
model becomes complex with many uncertain parameters, such
as the thermal contact resistances on the interfaces. Additionally,
these attributes differ from person to person, and hence there is
a natural variance in the parameters. While a detailed model in-
creases the computational costs, it does not increase the accuracy
of the prediction as the key factors bear a natural, uncontrollable
variance [7]. Consequently, instead of focusing on the specific ma-
terial structure, we utilise models in which the two time scales are
present and characterise the thermal behaviour effectively.

That effective description neglects the inner properties, and
therefore the resulting parameters represent ‘average’ values. These
values, however, could be size-dependent, and that stands as an
additional challenge for experiments [2]. Whether a measurement
method or a particular application presents particular size limits
on the objects, size dependence can occur in many situations. We
do not aim to investigate this property here, but we feel it essen-
tial to keep in mind and call attention to these difficulties.

In the present paper, we focus on two thermal modelling ap-
proaches developed for heterogeneous materials and test them
on experiments. The first one is the application of the Guyer-
Krumhansl (GK) equation, used earlier in numerous occasions with
success [2,8]. The second one, called the two-temperature (2T) ap-
proach [9-11], however, has not been tested on heat pulse experi-
ments so far but has a promising background and could influence,
e.g., the thermoelectric conversion processes [12]. The 2T model
has been successfully used for heat transport in metals under ul-
trashort heat pulses [13-16], and also investigated by Gonzalez-
Vazquez et al. [17]. Therefore, we aim to thoroughly investigate the
properties of the 2T model and compare its outcome to the results
of the GK equation. We note that many other heat equations can
be found in the literature [18-22], but they are not tested or not
applicable for macroscale solids at room temperature. Many of
them particularly attributed to low-temperature phenomena such
as second sound and ballistic heat conduction [23-27].
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2. Thermal models with two time scales
2.1. 2T model

Let us suppose that the heterogeneous material can be divided
into two subsystems. These subsystems obey the Fourier law and
can interact with each other, and that model can express the ex-
istence of parallel heat conduction channels. Therefore, the entire
system is characterised by two diffusivities, presenting two dis-
tinct characteristic time scales. Such a situation can occur, e.g.,
in plasma, for which the electrons and ions represent the sub-
systems or in a sandwich structure including two distinct compo-
nents. Thus the model reads in one spatial dimension as

pi€id:Ti + 3xqi = (—1)/g(Tj - Ty, (1)

QiZ—)\iaxTi, (12{172}9 ]:{1’2 |]#l})7 (2)

where p, ¢, A, T, q are the mass density, specific heat, thermal con-
ductivity, temperature and heat flux for the corresponding subsys-
tem, respectively. Furthermore, d denotes the partial derivative re-
spect to time (t) or space (x). The source term expresses the heat
exchange between the subsystems, hence g is a sort of ‘inner heat
transfer coefficient’, being uniform in the domain of interest. The
indices i and j denote the corresponding subsystem, and the sign
alters in the source term by taking (—1)J. Equation (1) represent
the balance of internal energy (e) in which e = cT is exploited, and
no further source terms are included. Equation (2) is a constitu-
tive equation, called Fourier’s law. In non-Fourier models, Eq. (2) is
exchanged with a partial differential equation, which has numer-
ous consequences [28]. From now on, we consider all parameters
constant. For simplicity, we introduce the notation G = p;c;. That
model describes a purely heat conduction phenomenon, without
any coupling to mechanics. Moreover, the subsystems are only cou-
pled through the balance equation, the constitutive equations are
not connected.

Following [8-10,29], there are two different temperature repre-
sentations of such system. First, one can express T;, which is

T T + 0; Ty = o 0xc T + lzatxxTi - Olgl;axxxxTis (3)
in which
GG A lg
T=— <, ==, = , ==,
G +G) o G T(a; +az), Qg T
I2=tJ/aon, (g#0), (4)

wherein «; denotes the thermal diffusivity of the corresponding
subsystem, and t is the characteristic time of energy exchange be-
tween the subsystems. Second, one can also choose to use the av-
erage temperature T = (G;T; + G T,)(Cy + G)~ 1, that s,

Ta[[T+ B[T Z(Xiaxxf-"-lzatxx'f—agl;axxxxf, (5)
where the coefficients defined through (4).

2.2. GK model

The Guyer-Krumhansl equation was first derived as a lineariza-
tion of the Boltzmann equation [30]. Phonon hydrodynamics is
not applicable for solids in room temperature macroscale situa-
tions, therefore the approach of Rational Extended Thermodynam-
ics [26,31] is excluded. Here, we consider the continuum thermo-
dynamic background [32-34], for which the coefficients are re-
stricted only by the second law of thermodynamics. On the con-
trary to the kinetic theory [35], there is no prior assumption on
the heat conduction mechanism, therefore, it becomes possible to
find the parameters from an experiment analogously to the Fourier
equation. Consequently, this GK model we apply has the same



R. Kovdcs, A. Fehér and S. Sobolev

structure but is different in interpreting the coefficients from the
original one. That attribute extends the range of validity, and the
GK equation is found to be helpful to characterise heterogeneous
materials [36].

The GK constitutive equation reads in one spatial dimension,

70:q+ q = —AxT + 120xq, (6)

where the coefficients cannot be interpreted as Eq. (4) suggests,
they found directly from a measurement. Considering again a lin-
ear model, the temperature representation of the GK equation is

T0uT + 0:T = 0T + 120t T, (7)

from which the last term of Eq. (5) is missing. In other words, the
similarity between Eqs. (3) and (6) is only formal, they possess dif-
ferent physical meaning, therefore the coefficients Eq. (4) is not
valid for (7), instead, the coefficients of (7) is found by fitting to
a transient measurement. Using this T-representation, it becomes
visible that the GK equation also consists of two time scales with
two diffusivities: « and [2/7. Based on the relationship between
these coefficients, one can distinguish three characteristic domains:
under-diffusive (a > I2/7), over-diffusive (o < I2/7), and Fourier
resonance (a = I12/t) [37,38]. Under-diffusive behaviour results in
a damped wave propagation, and is characteristic for the low-
temperature problems. In our situation, the over-diffusive propa-
gation is of great importance, together with the Fourier resonance.
While there are common points and similarities between these
models, their constitutive background significantly differs, which
leads to severe consequences on the mathematical and physical in-
terpretation of the results.

2.3. Initial and boundary conditions

In order to solve these heat conduction models, one needs to
define initial and boundary conditions. Their definitions depend on
the model, and therefore, they are different for the 2T and GK ap-
proaches.

For a 2T model, one must define the initial temperature distri-
bution for both subsystems. In the case of a space-dependent ini-
tial condition, the Fourier law can be used to determine the heat
flux at the initial time instant. It requires detailed knowledge about
each subsystem, which could be a restrictive property. For the GK
equation, however, one also needs the initial time derivative of the
temperature field. This can be determined using the GK constitu-
tive equation. These differences are crucial for nonequilibrium ini-
tial states.

In regard to the boundary conditions, the differences are more
significant as they do not require special situations. The boundary
conditions are defined through the constitutive equations to pre-
serve physical consistency. Therefore, for a 2T model, one may de-
fine the classical, well-known boundary conditions for the subsys-
tems, depending on the situation. Moreover, the boundary condi-
tions can differ for the subsystems, although they are not straight-
forward. For instance, considering a heterogeneous sample in a
heat pulse experiment, it is not clear whether the heat pulse ex-
cites both subsystems or how the overall heat input splits between
them. Analogously, for Neumann-type boundary conditions, deter-
mining the heat transfer coefficients is also not a straightforward
question. These are crucial aspects in a 2T model. On the contrary,
the GK equation is free from this difficulty; instead, it introduces
other aspects. Since the GK constitutive Eq. (6) introduces addi-
tional time and space derivatives of heat flux, the temperature gra-
dient is no longer capable of prescribing heat flux-type boundary
conditions. In other words, its T-representation (7) is only helpful
for Dirichlet boundaries. For Neumann-type boundary conditions, a
q or a mixed (without eliminating any variables) representation is
recommended [29]. This is a key aspect of solving the GK equation.
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2.4. Nonlinearities

Here, we restrict ourselves to the temperature-dependent pa-
rameters, as it is an essential question for practical applications. In
that sense, the 2T model follows the classical methodology. Addi-
tionally, p;, ¢;, and A; can depend only on T;. The situation is more
difficult for the GK model due to the complex constitutive equa-
tion. As a consequence of the second law of thermodynamics, the
parameters T, A, and 2 are not independent of each other, i.e.,

coPmo 1k
- k2 ’ - szZ’ N kz

form the coefficients of the GK equation according to the Onsage-
rian relations (kq,k,, m > 0) [34]. In general, the coefficients ki,
k, and m are positive definite functions of state variables. How-
ever, in numerous situations, the linear approximation is suffi-
cient, thus they considered to be (positive) constants. Neverthe-
less, when the thermal conductivity A depends on the tempera-
ture (by ky = k,(T)), it immediately introduces temperature de-
pendence into all the other parameters, since k, contributes for
7 and [2 as well [39]. It has further consequences: such temper-
ature dependence modifies the system of evolution equations, and
mechanics is also involved through thermal expansion [39,40].

This is a significant difference between these approaches, and
it is entirely missing from the models based on the dual-phase-lag
(DPL) approach [41]. While the DPL model

qx, t 4+ 7q) = —AKT (X, t + T1) (9)

(8)

has numerous variants based on the order of the Taylor series
expansion [42-44] and being popular due to its simple back-
ground, but it lacks the proper physical background and lead-
ing to ill-posed problems [45-50]. However, in a particular sit-
uation, the DPL model can reduce to a hyperbolic heat conduc-
tion equation when 7 — 0, or analogously, when 77 < 74. This hy-
perbolic model is often identified as the Cattaneo-Vernotte (CV)
[51,52] equation, but the DPL model can lead to other hyperbolic
equations as well with higher-order Taylor expansions. The ther-
modynamically compatible version of the DPL equation is called
Jeffreys equation [34,53]

Toq+q= —A(BXT+r3MT), (10)

where only one relaxation time appears on contrary to the DPL
Eq. (9), and the coefficient of 0y T cannot be arbitrary. Furthermore,
its T-representation shows similarities to both 2T and GK models:

TattT+atT :otBXXT+ocT8txxT, (]1)

in which the coefficients differ from the other approaches, there-
fore the time scales can also be interpreted differently. The Jeffreys
model is closest to the GK equation, however, as the constitutive
Eq. (10) consists of 0T instead of 0xq, it significantly affects ev-
ery attributes, including the initial and boundary conditions, too.
Clearly, a solid thermodynamic background can be a reliable guide
to consistently include the necessary nonlinearities. Furthermore,
Mariano et al. also suggest further modifications on the CV equa-
tion using microstructural aspects [54,55].

3. Characteristic solutions of the 2T model

Here, we aim to present the characteristics of the 2T model
in comparison to the GK equation. We apply initial and bound-
ary conditions corresponding to the heat pulse measurement tech-
nique for which the experimental test of the 2T model can be
achieved. Therefore, the initial conditions describe a steady-state,



R. Kovdcs, A. Fehér and S. Sobolev

Temperature [1]

Cy =0y
g9=0W/(m’K)

0 5 10 15 20
Time [s]

Fig. 2. The normalised rear side temperature history according to the 2T model, T,
denotes the average temperature. The parameters: p; = p; = 2700 kg/m?; ¢; = ¢, =
900 J/(kgK); A1 = 10 W/(m-K), A, = 2 W/(mK), and g = 0 W/(m?K).

ie,
w )
2T model: q;(x,t =0)=0 ol Ti(x,t=0)=Tp, (i=1,2)
(12)
GK model: qgx,t=0)=0 Pl Tx,t=0)=T, (13)

with Ty being a uniform initial temperature distribution, and is
equal to the ambient temperature, too. The boundary conditions
are

2T model: q;(x=0,t <t,) =qo (l —cos <2tnt>> w

P m?’

w .
qf(x=L,t)=h(T(x=L,t)—T0)E, i=1,2) (14)
GK model: q(x=0,t <t,) =qo (1 — cos (T)) %
qx=1Lt) :h(T(x:L,t)—To)m2 (15)

m

in which it is assumed that q; and g, have the same boundary
conditions in the 2T model, i.e., the subsystems equally receive
the heat pulse during its time ¢,. After the heat pulse, the bound-
aries are adiabatic for both models at the front, ie., q(x,t > t,) =0
W/m2. At the rear end, we can use convection boundary condition
with the heat transfer coefficient h, assumed to be the same for
both subsystems and for both models. Although, different consti-
tutive equations might lead to different heat transfer coefficients,
but h also significantly depends on the environmental conditions
and boundary layer properties. Therefore, assuming the same h for
different models implies that we assume the same environmental
conditions, which is practically feasible in heat pulse experiments
due to the closed measurement chamber. Furthermore, as h de-
pends on the surrounding fluid boundary layer, we can safely as-
sume that Fourier’s law remains valid, thus the Nusselt equation is
not modified, and the same heat transfer coefficient could be a
practically viable situation.

Both models are solved numerically with the procedure de-
scribed in [56], using the finite difference method with staggered
spatial discretization. This procedure is validated by analytical so-
lutions in the case of the GK equation with the given set of initial
and boundary conditions [29].

Figure 2 presents the most straightforward situation with the
2T model, where both heat capacities (C; and C,) are equal, and
the coupling heat transfer coefficient (g) is considered to be zero
together with the heat transfer coefficient. It means that the sub-
systems are decoupled in the entire domain, but it is still possible
to take their average at the end. It has experimental importance
since it can be easily realised using a thin silver layer at the end
[1]. However, in that case, the coefficients (t, @ and I2) cannot
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Fig. 3. The normalised rear side temperature history according to the 2T model, T,
denotes the average temperature. The parameters: p; = p, = 2700 kg/m3; ¢; = ¢, =
900 J/(kgK); A1 = 10 W/(m-K), A, =2 W/(m-K), and g = 106 W/(m3K).
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Fig. 4. The normalised rear side temperature histories of the GK and 2T models.
The same set of parameters (t = 1.215 s, [ =6-107% m?) is utilised for the GK
Eq. (6) and the 2T model (3).

be directly connected to the GK model based on (4). The quali-
tative behaviour changes significantly when the coupling is active
(i.e., g+ 0). Figure 3 represents the case when g= 106 W/(m3K)
is applied, which is chosen to achieve a realistic relaxation time
T =1.215 s, found in recent experiments, being characteristic for
the rock samples [2].

Figure 4 compares the outcomes of both models for that set of
parameters (2 = 6-10-% m?2). The GK equation is solved for three
different thermal diffusivities. In two cases, the thermal diffusiv-
ity of the corresponding subsystem (c«; and «;) are utilised. Their
average (&) is substituted in the third one. Visibly, the GK equa-
tion produces significantly different outcomes in each case. The
reasons can be found in their physical background. These equa-
tions model a different physical situation. They are analogous, but
their outcome is not the same. While the 2T model remains valid
for g =0, and the average temperature is still meaningful, it cannot
be compared to the GK equation as T — oo. Furthermore, the in-
terpretation of their boundary conditions is also different. Overall,
despite (3) and (5), these models remain only similar but cannot
be the same, especially due to the additional term (3£T) in the 2T
model.

4. Experimental aspects

The heat pulse measurement is used as a standard method to
determine the thermal diffusivity of a material by recording the
rear side temperature history [57], Fig. 5/A) shows the arrange-
ment of the measurement schematically. In order to test the ex-
perimental capabilities of the 2T model, we aim to reproduce these
rear side temperature histories recorded recently for a metal foam
[3] and a rock sample [2].

However, the 2T model consists of numerous parameters to fit,
and their number depends on how the model is utilised. First, as
we have seen in the previous section, it is not possible to use the
GK parameters and calculate the coefficients in the 2T model using
(4) since the models do not cover the same physical system. There-
fore, Egs. (3) and (5) are not advantageous. Second, if the 2T model
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Fig. 5. A) The schematics of the experimental setup [1]. B) The magnified image
of the Szaszvar formation rock sample. C) The magnified image of the metal foam
sample.

is exploited in its original form, see Eqs. (1)-(2)), then 6 material
parameters, 1 coupling coefficient and 1 heat transfer coefficient
are to be found, 8 altogether. The 6 material parameters can be
reduced to 4 if only the heat capacities C; are found instead of p;
and c;. There is a third way, where the two heat equations in the
2T model are solved in the form of

(-1)ig

e (=112}, j={1.21j #1}).

(16)

0:Ti = aj0xxT; +

(T; - T,

That way, the fitting of the parameters «; and x; = g/(p;ic;) are not
enough to recover the complete set of parameters if the tempera-
ture averaging is used since it needs C; as well. The efficient fitting
of 8 parameters would require a complex procedure, which is not
yet developed for the 2T model. Moreover, as the number of pa-
rameters is twice as much as for the GK model, it needs further
investigation to avoid overfitting. The possibility to take the aver-
age of the temperature of the subsystems T;, making the situation
even more difficult. Consequently, the data we publish here is only
an approximation, a basic test of whether the capability of the 2T
model is present or not, before developing an advanced technique.
Additionally, it would not be conclusive to statistically compare the
fittings to each other since there is no any elaborated fitting ap-
proach for the 2T model, which would require a thorough parame-
ter investigation. Regarding the GK equation, an efficient evaluation
method is developed based on an analytical solution [8], where the
GK parameters are found analogously to the case of the Fourier
heat equation.

Test I. - Szaszvar formation

The magnified image of the rock sample is presented in
Fig. 5/B). It has a cylindrical shape with a diameter of 25 mm,
and its thickness is 3.8 mm. As highlighted in Fig. 5/A), there is
a silver layer at the rear side. This is used to realise a proper
contact for the thermocouple, and consequently, Fig. 6 shows the
temperature of that silver layer. From the point of view of the 2T
model, that silver layer performs the averaging, therefore it is rea-
sonable to fit the average temperature T. Interestingly, the fit de-
picted in Fig. 6 is found with g =0 W/(m3K), therefore, the T and
I2 parameters cannot be compared to the ones from the GK equa-
tion. Despite that these models are not comparable on the level of
equations and parameters, both of them can interpret and model
the same experimental data. For simplicity, we assumed that both
components have the same heat capacity G, thus both subsystems
contribute equally to the averaging. This is, naturally, a factor that
can distort the results. However, no data is available on the con-
stituents of the rock sample. This uncertainty is a weak point of
the fitting and the 2T model. The two thermal diffusivities are
a1 =1.178 1076 m?/s, and oy = 0.7111 - 106 m?/s. Their average
is @ = 0.944 - 105 m?/s, which is close to the one found with the
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Fig. 6. The normalised rear side temperature history for the Szaszvar formation.

The parameters: p; = p; = 2500 kg/m3; ¢; = c; = 900 J/(kgK); Ay =2.65 W/(mK),
Az = 1.6 W/(mK), h = 13 W/(m?K), g =0 W/(m>3K).
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Fig. 7. The normalised rear side temperature history for the metal foam sample.
The parameters: p; = p; = 2700 kg/m?; ¢; = c; =900 J/(kgK); A =24 W/(mK),
Az =2 W/(mK), h = 9.8 W/(m?K), g =1.6- 10 W/(m3K).

GK equation: gy = 0.922 - 10~ m?/s [8]. Additionally, the GK pa-
rameters are T = 0.648 s, and 12 = 0.715 - 10~% m2. Consequently,
the 2T model would be more advantageous for subsystems with
known inner structure and material properties.

Test II. - Metal foam

The magnified image of the metal foam sample is presented
in Fig. 5/C), which has a thickness of 5.2 mm. The recorded tem-
perature history, however, shows the evolution of T;. This is rea-
sonable since only the temperature of the bulk material can be
measured, there is no averaging. While the Fourier thermal dif-
fusivity is ap =1.2-10~> m?/s, it is found that the subsystems
have significantly lower values, i.e., oy = 9.87 - 10~% m?2/s, and o =
0.823-10-% m?2/s. In the case of over-diffusive heat conduction,
the GK thermal diffusivity is always found to be smaller than
Fourier’s [2]. The present set of parameters lead to t9p =0.76 s,
and %T =8.125-1076 m2, according to Eq. (4). The prediction of
the GK equation falls into the same order of magnitude, that is,
Tgg =04 s, and IZGI( =2.89-10-6 m?2 (Fig. 7).

5. Discussion

Two advanced models are presented, the 2T and the GK equa-
tions. Based on the first test of the 2T model, it is clear that both
approaches can model the same phenomenon. However, there are
elementary differences, which have several severe consequences on
the outcome.

First, we have seen that the initial and boundary conditions can
differ from each other. For a 2T model, we needed the assumption
that both subsystems receive the same amount of heat. We also
exploited this attribute for the metal foam sample since there are
inclusions right below the surface as well. This could be signifi-
cantly different in reality. Additionally, we also assumed that the
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heat capacities are equal, which could be a viable option in some
instances. Second, the 2T model needs information about the ma-
terial structure, especially about the constituents. Otherwise, the
2T model doubles the number of parameters and makes the fitting
procedure notably more difficult. Furthermore, the 2T model re-
quires a reliable and effective evaluation procedure, probably based
on an analytical solution that could ease the fitting, at least the
first guess for the parameters. Third, the 2T model needs input
about the measurement technique itself, which is demonstrated
through the previous tests. It does matter which temperature is
measured in an experiment, and it explicitly appears in the 2T
model. It is an essential advantageous property, which is missing
from any other models. However, with the present 8 parameters
in the 2T model, the fitting might not be unique, at least when
only the rear side temperature history is investigated. Therefore, in
regard the experimental techniques, we propose to record the tem-
perature also on the front and on the lateral sides of the sample.
These would serve as further constraints in the fitting procedure
that would help to find the parameters reliably.

It is important that a model should be predictive for practical
applications. For instance, when one designs a composite structure,
it is easier to estimate the characteristic time scales using the 2T
model, as it couples two Fourier heat equations. However, the de-
sign of the coupling parameter would be challenging as it depends
on several factors, similarly to a heat transfer coefficient. Both ther-
mal models require further experimental and theoretical investiga-
tion as it is still an open question how the parameters depend on
the material structure. Additionally, the 2T model is not restricted
to the case of two coupled Fourier equations. It could be possible
to couple the Fourier equation to a more general model such as the
GK equation, providing an approach for more complex heat con-
duction phenomena. For instance, the approach of Chen [25] can
be investigated in the future in regard the presented physical and
mathematical aspects.
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