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Abstract

Scaled experimentation is an important experimental approach but is known to be limited by scale effects,
which have the undesirable effect of changing the behaviour of a system with scale. Such behavioural changes
with scale can on occasions be so marked to make a scaled experiment almost worthless. Until very recently
there has been no universal solution to this problem with most scaled experiments founded on dimensional
analysis and modified necessarily with ad-hoc scaling rules.

This paper is concerned with the development and application of a new approach to scaled experimenta-
tion called finite similitude for electro-magnetic systems. It is shown how the finite-similitude theory can be
applied to electromagnetism and the governing Maxwell equations in their macroscopic form. The ability of
the theory to account for scale dependencies is investigated to reveal the benefits of performing two scaled

experiments in describing system behaviour.
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1. Introduction

Scaled models of prototypes and processes have a long history with an almost limitless number of applica-
tions across many fields of engineering. Models have been created for marine structures, transport systems,
military applications, manufacturing systems, infrastructure, ecosystems, bio-systems along with a multitude
of specialist mechanical, structural, fluid and electrical systems (see books and recent reviews [1] [2] [3] [4]
[B] [6] [7] [8]). Despite being over one century old the state-of-the-art in scaled experimentation remains
the application of similitude theory involving the dimensionless representation of physics [9]. Similitude
theory is that branch of engineering science concerned with establishing necessary and sufficient conditions
of similarity for phenomena [§]. Scaled models and processes can be classified as true, adequate or distorted
depending on whether they match all the dimensionless quantities, a dominant subset or only some of the
dominant ones, respectively [2]. The reality of complex products and processes is distorted models (i.e., scale
effects) and despite these being used in present-day experiments, they have reduced usefulness and provide
results that often can be difficult to interpret [8].

The importance of scaled experimentation has possibly received fresh impetus with the approach known
as Hardware-In-the-Loop (HIL) simulation, which facilitates the efficient testing of embedded systems. The
renewed impetus comes from the current interest in electrification involving hybrid systems (e.g., see refer-
ences [I0][1T][I2][13]) and the realisation that scaled pieces of kit can form the hardware component enabling
realistic simulations to be performed efficiently and cost effectively [14]. As discussed in reference [14] how-
ever the fundamental drawback with the use of scaled equipment in a HIL simulation is that scale effects can
make behaviours unrealistic and remedial action is invariably required to account for this. The only realistic
remedy at the present time is the application of dimensional analysis and the application of ad-hoc scaling
rules [I5]. Although the advantage of HIL simulation is that scaling rules can be easily incorporated, this
aspect invariably adds an element of uncertainly into the investigation being performed.

Scaled experimentation has played and still plays an important role in the investigation of electromechani-
cal systems [16]. The importance of understanding how scaling changes behaviour in micro-electromechanical
systems (MEMS) for example is the topic of the book by Baglio et al. [I]. Similarly Liu and Bar-Cohen [I7]
examined the scaling laws relevant to actuation mechanisms (i.e., electrostatic, magnetic, thermal bimetallic,
and piezoelectric) important to MEMS. The most readily observable effect of scaling is scale dependencies
associated with geometric measures, with length scaling linearly, area quadratically and volume cubically.
The fact that there exists scale dependencies however is not the same as scale effects, which are associ-
ated with changes in system behaviour with scale. Fundamental to understanding behaviours requires first
an understanding of the effects of scaling on the governing laws of nature. The focus in this paper is on
the scaling of electromagnetic systems and consequently on the effects of scaling on those laws governing

such systems, which are the renown Mazwell equations. The theory introduced in the paper builds on ex-



isting work underpinned by Newtonian physics in the areas of impact [I8][19][20], powder compaction[21],
bio-mechanics[22] and metal forming[23]. The purpose of the work presented here is for the first time to
examine electromagnetism and its incorporation into a new scaling theory called finite similitude. The work
presented is an important step towards the creation of a scaling theory for the analysis of electromechanics,
facilitating scaled studies into new designs for hybrid machines including traditional devices such as motors
and generators along with micro & nano electromechanical systems.

The scaling of Maxwell equations has of course been considered previously as described by Gustafson in
his book chapter [24] and noted there is the very early work of Sinclair [25]. More recently is the work of Pries
and Hofmann [26], where the scaling of both thermal and Maxwell equations are considered. All previous
studies however can be related directly or indirectly back to dimensional analysis, where the scaling rules
explicitly assume that proportional fields are involved, i.e., any scaled model required to satisfy the rules of
similitude, must have fields that are proportional (see reference [27] for an up-to-date exposition). This rule
is to be broken here by abandoning dimensionless representations and turning instead to the metaphysical
concept of space scaling. The idea has great generality as it can in principle be applied to any physics,
where the system of interest is imagined to be scaled by the contraction of space itself. Although practically
impossible to achieve, what is possible is the interrogation of the effects such a process has on the governing
physics and contrasting these with those equations that describe the scaled experiment.

Finite similitude were first introduced by Davey et al. in reference [23] and has recently been extended
to the areas of impact [28], fracture [29] and earthquake [30] mechanics. In order for Maxwell equations
to be formalised correctly, coordinate systems pertaining to two inertial frames need to be identified. One
frame resides in the physical space, where a full-scale test is to be performed and the other in the trial space,
where the scaled experiment is to be run. The theory starts with the metaphysical concept of space scaling,
which can be defined by forming a differential relationship between the coordinate points in the physical
space Xp, and those in the trial space xs, i.e, dxys = Bdx,s, where § quantifies the extent of the scaling
involved with 8 < 1 for contraction, § = 1 indicating no scaling, and 8 > 1 for expansion. In addition,
with a focus on Newton physics, a differential relationship between absolute time is assumed to apply, i.e.,
dtys = gdtps where g is a positive function of 3. The focus on space naturally gives rise to control volumes,
since these are nothing more than moving/deforming regions of space. Although stationary control-volume
descriptions are common to electromagnetic theory, moving distorting ones are not so prevalent (the authors
could find no reference to them), so some reformulation of the Maxwell equations is required. To achieve this
the macroscopic Maxwell equations are introduced in Sec. [2|along with a generic form of transport equation.
Electromagnetism in transport form is introduced followed by the important step of projecting trial-space
transport equations onto the physical space. This particular mathematical process has the effect of exposing

all scale dependencies in electromagnetism and is critical to the whole approach. Attention is returned to



finite similitude in Sec. [3] where investigated is an approach to reveal the hidden scale dependencies, which
is achieved by defining a new form of similarity called first-order finite similitude. This takes the form of
a second-order differential equation, which can be readily integrated to reveal field identities. The theory
is applied to relatively simple problems in Sec. which includes a generator, a moving rod in a uniform
magnetic field and a resistor-inductor-capacitor (RLC) circuit. The analysis of these systems is restricted
to analytical studies and a single scaled experiment to illustrate how the finite similitude theory is applied
but additionally to contrast with dimensional analysis. A slightly more involved system is also examined in
this section involving the commercial finite element software Abaqus applied to a time-harmonic problem
concerned with induced Eddy currents. The problem examines the benefit of first-order finite similitude and
two scaled experiments in reducing mismatch between scaled and full-scale responses. The paper ends with

a list of conclusions.

2. A transport approach to the Maxwell equations

Maxwell’s macroscopic equations need little introduction and are of the form:

V-D=p (1a)
V-B=0 (1b)
VxE:—%—]:’ (1c)
VXH:Jf—i—aa—]? (1d)

where for stationary linear materials the electric displacement field D = €E and the magnetising field
H = ;~'B, with permittivity € = eg(1 + x.) and permeability u = po(1 + Xm), and where . and x,, are
electric and magnetic susceptibility, respectively; additionally, E, B are the electric and magnetic fields, €y,
1o are the electric and magnetic constants (also historically referred to as the permittivity and permeability
of free space), p/ and J/ are the charge and current densities for free particles, and the operators V-, Vx
signify divergence and curl. For a medium moving with velocity v, Egs. still apply, but the constitutive
rules D = ¢E and H = p~'B transform into the low velocity approximations D = ¢E* and H* = !B,
where E* = E + v x B and H* = H — v x D (see reference [31] for greater details).

The relationships D = ¢E and H = !B can be considered as linear constitutive laws since they provide
a link between the applied fields E and B and the material response. Being constitutive more complex non-
linear forms exist, which are often necessary to capture the complex behaviours of real materials [26]. Observe
that Egs. are in a form that can be readily integrated over a fixed control volume €2 with the application

of standard integration theorems to arrive at

/FD-ndS:/prdV:Qf (2a)



/FB-ndl“zo (2b)

0
E-dﬂz——/B-ndS’ 2c
%c ot Js (2c)

fﬂ-dgz/Jf-ndSJr/a—D-ndszfuﬁ/D-nds (2d)

where @ and If is the charge in domain Q and current passing through surface S with boundary C,
respectively arising from free particles.

Although these equations are physically intuitive and useful for a lot of problems their form is not best
suited to finite similitude, which is founded on transport relationships for moving/distorting control volumes

as discussed in the next subsection.

2.1. Generic Equations

This subsection introduces the generic transport equation pertinent to Maxwell field equations for the
trial space along with corresponding partial differential equation. The generic form of the partial differential
equation is then contrasted with each of Egs. (1), and through this procedure representative transport
equation are obtained for Maxwell’s famous equations. The motion of a control volume in the trial space

can be readily described by means of the velocity field v},, which itself is definable in terms of the temporal

_ _0
T Olys

. . D*
derivative .

. where x5 is a coordinate point in a reference control volume Q. o Ttis proposed
ts

here that for the trial space, the generic-transport equation should take the form,

D*
W, dVE — W, vy ngdly, = —
D¥tys /Q; t ts /F tsVis "1t ts /F

*
ts

JY ongdl, + / bV, (3)
Q

is is
were Wy, is a specific vector or scalar density field (i.e., per unit volume), vy, is the control velocity field, J ff;
is a flux density (i.e., transfer rate per unit area), bfs is a source density term, n;s is an outward pointing
unit normal on the boundary I'j, for the control volume €2j,.

In order to confirm that this equation is of the correct form it is necessary first to derive the partial

differential equation linked to it. Consider then application of standard integral identities:

D* D*W,,
U, sdVis = U V- vy )dVis 4
D*tts/gzgs ts@ Vi /Q;S(D*tts + W, vi,)dV; (4)
/ \Iltsvfs . ntsdfts = / V . [\I/tsvrs]d‘/ts (5)
I Qs
/ JY ngdly, = / V- JLdv, (6)
I Qs
to Eq. , to reveal the partial differential equation,
D*Wy,
Ly VU, = -V JY + b, (7)
Dty



which can be returned to a familiar Eulerian form on setting v}, to zero, i.e.,

ov,
Wt‘g:fv-Jﬁerf; (8)
S
It is important to appreciate that Eq. (@ is not dependent on the velocity fields v, since the physics it
captures cannot be dependent of the movement of a control volume as that would be meaningless. In fact,

Eq. is retuned readily on substitution of the identity % = 82 + v}, -V, confirming its independence

on vj,.

2.2. Transport Maxwell Equations

The system of Eqgs. are required to be transformed into transport-equation form for a moving control
volume as this is required for the finite similitude theory. Although the form of Egs. is well suited
to vector calculus, as illustrated in the derivation of Egs. (2), they are not in the form of Eq. (8). The
first step in this transformation process is the representation of these equations in coefficient form, which is
achieved with the aid of the Levi-Civita tensor ¢* which takes up the values of one for even permutations
of {ijk}, minus one for odd permutations and zero otherwise. The tensor ¢%/* provides a convenient tool for

the representation of cross product since for example
(V x E)! = €979, E), = 0,(69"Ey,) (9)

where 0; = % and Ey = 0,,, E™, and where d,,,;, is the Kronecker delta symbol and takes up values of zero
or one.

Note that Eq. (9) can be conveniently represented by V x E = V- (é-E), which is a more convenient
form for representation with the transport equations. Consider then the contrasting of Eq. and Egs. (1),

which provide the following transport equations:

0=— [ Dy ngdl,+ / pl.dVi, (10a)
e Qf,
0= / Bts . ntsdfts (10b)
F:S
D* " .
. Btsd‘/;ts - Btsvts . ntsdrts = - (6 : Ets) : ntsdrts (]-OC)
Drtes Jo;, r, ry,
D* " A f
¥ Dtsd‘/ts - Dtsvts . ntsdrts = (6 : Hts) : ntsdrts - Jtsd‘/ts (10d)
D*tes Joy, T T o1,

Although not independent of the ones consider thus far, an additional transport equation is included here,
and that is the conservation equation for charge, since it recognised that pf and J/ are not necessarily

independent. This equation is of the form

D* /
D*tts Q

s *
ts ts

pldVia + / (3 = plvi) - muedly, = 0 (1)



and it is noted here for a stationary medium that the current density J {S typically takes the form J {S = 045 Eys
(although not limited to this), where oy is a material property termed electrical conductivity (or simply
conductivity). For a medium moving with relatively low material velocity v;s (compared to the speed of
light in vacuo), Ohm’s law J{S = 0.sEs should be replaced by J{S - p{svts = o0sEf,, where as mentioned
above Ej, = E;s + v¢5 X By [31].

Included also for completeness is an equation for volume conservation, which is of the form

D*
dV> — Foongdlf, =0 12
D+t o ts /I‘ Vis 1t ts ( )

*
ts

which is of critical importance in the finite similitude theory.

2.3. Projected electromagnetism

The basic idea discussed in this section is critical to the overall scaling philosophy. The idea is to project
scaled versions of Eqs. along with Eq. (and Eq. for completeness) onto the physical space. This
is achieved on substitution of dV;; = 82dVy, nydly, = $°np.dl;, and dty, = gdt,s and on multiplication
by g and respectively oS, ad!, of, a(j‘, for Maxwell, agf for charge and af for volume to provide in slightly

different order:

D*
ag Ty (B) = W/Q agBPdVy, _/1“ agBPvy mpdly, =0 (13a)
ps ;s ;Js

fof D f « f " .
Oég TOp (ﬁ) = * / Oég ng{sdvps - / Oég ng{svps : nPSdes+
D tps sl;q *

ps

/ o 98231, nyedls, =0 (13b)
T

;s
o§TE() = = [ afaiDrendry,+ [ afaslavy =0 (130)
' Ty (B) = /F ' gB°Bys - mysdl = 0 (13d)

*
ps

Dty .

s,

D* * * *
a(I)TTOF(6> = 7/9 agBSBtSdVZDS - / ag‘ﬁthS(Vps ’ nps)drps
ps

+ / aggﬂ2(€ts . Ets) . npde;5 =0 (136)
r

*
ps

af BDydVy, — / af B¥Dys (Vi s )dT,

*
ps Ihs

o)

D*
o TNE) = o |
DS

oz‘OAg,B2(€t5 -Hy,) - n,.dly — / aglgB:istde*s =0 (13f)
Q

* *
ps ps



*

where use is made of the velocity field relationship v}, = g~ 8v}_,

which can be shown to synchronise control
volume movement in the trial and physical spaces [28].

These equations are now in a form where the dependency on 5 is either explicit or implicit and conse-
quently captures scaling from a different perspective. The explicit terms 43 and 52 appearing due to change
in geometrical measures are readily recognized but also the fields D (5), Hys(5), Ets(8), Bis(8) and so on
are seen to be implicitly dependent on 8. The objective for scaling in this form is the determination of these
hidden dependencies, since once these are known, then scaling is solved. Knowledge about how the fields
depend on 8 means that scaled information from a scaled experiment can be transferred to the full scale.
Two routes are available for finding these dependencies with one requiring additional information from the

particular physical problem being studied (i.e., boundary conditions, size effects etc.) and the other, a more

generic approach, involving the application of similitude rules, which is the focus here.

3. Similitude rules

Similitude rules take the form of scale invariances for Eqs. and effectively impose assumed behaviours
on how these equations change with 3. Undoubtedly for an arbitrary problem such an imposition will not
be correct but nevertheless can in principle form the basis for the design of scaled experiments. In this sense
the problem is one of design-of-experiments with the similitude rules providing the means for guiding of
the design process. The following definition establishes recursively the similitude rules involving differential

identities, where Egs. are repeatedly scaled and differentiated with respect to (3.

Definition 3.1. The lowest value of k satisfying the identity

7o = Aot

Jr1:TEO (14)

VB > 0 is a similitude rule (termed k*"-order finite similitude), where a}f(l) =1 and ag’TSp = 0 are projected

transport equations (see Eqgs. )

The similitude rules provided by Definition [3.1] are in the form of differential equations with ”initial

conditions” set to be at 8 = By = 1. Note that this means that Egs. must match the physical-space
equations at [y and is one reason for the requirement af(l) = 1. Note in particular for Egs. that:
ad(l) = agf(1) =a§ (1) =ad (1) = af' (1) = ag'(1) = 1 along with g(1) = 1 since dt;s(1) = g(1)dt,s = dtps.
Additionally the fields (now assumed dependent on 3) must satisfy p, (1) = pgs, Ei(1) = Eps, Bis(1) = By,
H,;(1) = H,, and similarly for other fields. The lowest-order similitude rule (termed zeroth-order finite
stmilitude) provided by Definition describes the situation where there is no variation of Egs. with
8. The rule coincides with what dimensional analysis provides and in mathematical terms is

d
F@T) =0 (15)



where 1) for Eqs. (I3]) can be set to 1, pf, G, M, F or A and the equality sign =" means identical, so that
the derivative is identically zero in this identity.

The link to what dimensional analysis gives can be seen on integration Eq. between the limits (1
and By = 1 to give the identity af Ty (61) = o T¥ (1) = TV (1). In essence this equality confirms that the
trial-space transport equations do not change with scale. Note the critical role of the scalars ag} in facilitating
a unified approach to all the transport equations, which is similar to making equations dimensionless. Unlike
dimensional analysis however the finite similitude approach is not restricted to a single invariance and
Definition provides a countable infinite number of alternatives. Although Eq. has the advantage
of simplicity and infers scale effects (as previously defined) are absent, the reality for most problems is the
presence of such effects. Thus in practice ag’ Té/’ changes with 8 and Eq. is not applicable. A solution to
this problem is to consider an alternative similitude rule provided by Definition[3.1] The first-order similitude
rule is recovered on setting T} = d%(a}fT 8” ) and as outlined in Definition apply a new set of scalars o/f
and consider the identity

5T = Tt 5

which if satisfied is termed first-order finite similitude and is the focus of this study.

($Ty) =0 (16)

Important features are worth noting about the similitude rules provided by Eq. and one is that
lower-order rules are contained in higher-order ones. This feature is an absolute physical necessity as it
enables lower-order fields to play an important role in the higher-order theory. In particular, Eq.
automatically satisfies Eq. and consequently zeroth-order relationships find an important role in Eq.
(16). The order of the derivatives increases with increase in the order of the rule, and it is relative easy to
see the zeroth order involves a single derivative, first order involve a second-order derivative and kth order
involves a maximum derivative of order k+1. This impacts on the number of scaled experiments required

with zeroth order only requiring one, first order requiring two and so on.

3.1. First-order scaling

Since by design, zeroth order is contained in first order, it is necessary and prudent to examine zeroth-
order requirements initially to ascertain what relationships should remain zeroth order in form. Eq.
satisfies identity Eq. (1)) with ¢» = 1 on setting uniquely o = 373, which satisfies a(1) = 1 as required.
The identity af = 873 is in fact a necessary and sufficient solution for Eq. and therefore Eq.
is automatically satisfied in first-order theory. Necessary (although not sufficient) conditions on the scalars
can be identified on examination of equations with common fields in Eqgs. (L3). Note that the scalar
field p{s is common to Egs. and and immediately returns agf B3 = ag; ¢B> or more simply
af = g_lagf. Similarly, the displacement field D;s is common to Egs. and , which provides

the identity a§ g% = af' 8% or more simply of = g8~ 'a§. Likewise, the magnetic field By, is common to



Egs. and , which returns offg8? = ol % or more simply of = g8 1ad!. Finally, the current
density J{S is common to Egs. and but does not provide a new distinct identity since it returns
agfg52 = a{'g?, which reduces to agf = Baf = ga§, which is of course a§ = gilozgf. The identities:
a§ =g 1a0 , o = gBta§ and of = g8 'ad! are taken forward to first-order theory. Note that these
scalars are set in an attempt to eliminate § from transport Eqs. (13)). The scalars 041 (and higher order
scalars) play an identical role to of but for the transport equations ofT/ = 0 with a¥(1) = 1, which
provides further justification for the similitude rules as defined in Definition

Integration of Eq. is required for its solution which can be achieved relatively easily by means of

divided differences. Consider first the identities:

b _ b
T () = of 08T (58 = o () 20T )~ OBTE () (17a)
bt _
T (8) = of (08 ) (8) = o () 208 (o) — 0BT () (1m)

with 8o < B3 < By, B1 < BY < Bo (where By = 1), and note the application of a mean-value theorem to
ensure exact identities are returned.

The first-order identity (17) means that VTV (89) = oV TV (52), and consequently substitution of Eqs.

gives

ay Ty (Bo) — oy Ty (Br) ay Ty (B1) — oy Ty (B2)

P30 _ Yrpl
o (B1) B0 — By = ay (B2) B, — By (18)
which following some manipulation provides
Yl _
o TY (o) = oYY (B) + (ng;) (R=0) @imion - afri (sa) (19)
or more succinctly
ag Ty (Bo) = g Ty (1) + BY (0§ Ty (B1) — ag Ty (52) (20)

where

Yl
o 041(52) Bo — b1
e (ﬁ(&?)) (5=%) 2

and observe that le is a parameter as a consequence of the indeterminacy of off being an unspecified
function of 3.

Eq. confirms that it is possible to produce transport equations in the physical space (i.e., af)pT(;/’ (Bo) =
0) from projected trial-space transport equations, raising the possibility that behaviours can be predicted

exactly (i.e. 0‘0 (BO =1) =T}, = 0), where T}%, = 0 is a physical space transport equation.

3.2. First-order field relationships

Application of Eq. to transport Egs. (13]) provides relationships of the form
§
pl = ok +RY (ph = pl) (22a)

10



f
I =3, + Ry (3 -3 (22b)

D, = Dg, + RY(Dp, — Dg,) (22¢)

pl =pl + RS (ol —pl) (22d)
B, = Bg, + R (Bs, — Bpg,) (22e)
B, = Bg, + R (Bs, — Bg,) (22f)
E, = Eg, + Ry (Ep, — Eg,) (22¢g)
D, = D, + R{(Dps, — Dg,) (22h)
H, = Hg, + R{(Hp, — Hp,) (221)

I =3 +RMNIL - T)) (22j)

where pg = agfﬁ?’pzf;, Jé = agf952st, Djs = a§gB°Dys, Bs = adlg8’Bys, Es = of g8°E;s and Hy =
o gB*Hy,, and for a consistent field expressions it is required that Rff = R{ = R and RM = R

The conditions R’ff = R{ = R{! and RM = RI are meaningful and are in a sense separating the
governing equations into two groups, i.e., Egs. , , and Egs. , , where the latter
two equations only involve externally applied fields, i.e., B and E. It is well appreciated that these equations
can be automatically satisfied on application of the gauge identities E = —V¢ — % and B =V x A, where
¢ and A are known as the scalar and vector potentials, respectively. Equations , and on
the other hand, being connected by a common R; value infer that differences between transport equations
and particular fields are proportional. The fields involved are provided by the theory and are pg, J g, Dg,
and Hg and separately Bg and Eg. The result is a clear departure from zeroth-order finite similitude and
dimensional analysis, which only involve proportional fields. Note also that all the differences in the right-
hand bracket in Egs. will be zero if the fields satisfy zeroth-order rules as anticipated by the initial
choices made in Definition [3.11

Relatively simple case studies are analysed in the next section with the aid of the practical zeroth-order
and first-order identities listed in Table [I} Note that additional relationships are provided in the table (i.e.,
charge @/, current I, magnetic flux ®, and voltage V) each of which are readily derived from the original
identities listed in Eqs. . Additionally for a stationary material, the linear material constitutive identities
Dy = ¢;sE;s and Hyy = u{slBts can be substituted respectively into Dg = a(?gﬁQDts and Hpg = oz(j‘g,@ths

to reveal Dg = €gEg and Hg = ungg, where af'es = affe;s and oz(])wugl = afut.

11



Table 1: Zeroth and first order relationships.

Zeroth order First order relationships
7 7 N 7

pﬁs = af; Big’f’{ﬂ ,055 = ap, 5{’/’{51 + Ry (ag; B%p{sl - CYSQBS/%]&;z)
7 7 7 f 7

Qﬁs = 0‘81 Q{sl Q;{s = a81 Q{sl + R‘f (0481 Q{sl - 0‘82 Q{sQ)

7 f Y 7
J;):s = O‘Slglﬁ%*}{sl J;J:s = 045191[312‘]{.91 + Rf (O‘glglﬁ%‘]{sl - O¢52926§J{s2)

f f f f f
Ifs = ag gl If, = ag gl + RY (afy n I, — ofy9011,)
Dps = O‘g;lglﬂ%Dtsl Dps = O‘glglﬂthsl + R?(aoGlglﬁ%Dtsl - a(%QQﬁthSQ)

Bps = aé\{glﬁlthsl Bps - 046\{91512]3:&31 + R:JLW(O[(]JV{QIB%Btsl - a(I)\/QIQQB%BtSQ)

(I)ps = a(])\/llglq)tsl (I)ps = aé\/{glq)tsl + R{V[(af])\/{gl(btsl - a(])\gQQq)tsQ)

E,s = of10187Es1 | Eps = ab19187Eus1 + RY (019187 Eis1 — adg283E 52)
Vs = 19181 Vist Vips = 19181 Vas1 + RY (181 Vis1 — adp9282Vis2)

Hps = aéqlgﬁ%Htsl Hps = 0!64195%Ht51 + Rfl (0464191512Ht31 - CV642925§Ht52)

4. Case studies

The efficacy of the new scaling theory for electromagnetism is investigated through the analysis of rela-
tively straightforward case studies, with each study focusing on different aspects of Maxwell equations.

Faraday’s law of induction (Eq. ) is examined first, where it is established that the new scaling theory
provides good replication of full scale behaviours. This is shown through known analytical solutions and also
by contrasting with results obtained from dimensional analysis for pure dimensional scaling (i.e., geometry
and temporal changes only). The objective of this study is to showcase zeroth-order finite similitude and
highlight its ease of applicability by contrasting it against the more familiar theory of dimensional analysis.

The second case study is the scaling of a simple RLC circuit and is designed to showcase the zeroth-order
approach. Replica scaling is considered but scaled behaviour is found to deviate from the full-scale model.
It is confirmed however that the circuit can be successfully scaled with replica scaling of the inductor and
capacitor, but additionally by ensuring that the circuit resistance remains unchanged.

The third case study is designed to test out the first-order theory by means of a numerical study using
the commercial finite element software Abaqus [32]. The problem considered examines Eddy currents and

their response to scaling involving Eq. .

4.1. Case Study I: Scaling Faraday’s Law of Induction

The impact of scaling on Faraday’s law of induction (i.e., Eq. ) is considered and examined by
considering simple analytical examples, one involving a circuit with a moving part in a stationary magnetic

field, and another consisting of a generator involving a rotating circuit, again in a stationary magnetic
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field. Pure dimensional scaling, involving only changes in geometry, is applied initially to ascertain how the
behaviour of the scaled models differ from the full scale. This is followed by the application of zeroth-order
finite similitude theory, where perfect replication between the scaled and full-scaled models is observed.
The equation of interest is Eq. but it is useful at this stage to define electromotive force (emf) to be
&= fc E - d/ and magnetic flux by ® = fs B - ndS and consequently Eq. simplifies to £ = —‘é—‘f.
4.1.1. Scaling of an adjustable circuit in a magnetic field

Depicted in Fig. [1|is a circuit containing a moving part and consequently the area contained within the
circuit is changing but the magnetic field B is assumed fixed and accordingly the magnetic flux ® in the
physical space is given by the relationship ¢, = BpsAps = Bpslpstps, where the lengths £, and zps are

shown in Fig. (1| It follows therefore that the induced emf &, is given by [27]

d®,,, d dxps
Eps = _W:S = _@(Bpsépsxps) = _BpsZPSF:S = —Bpslpsvps (23)

and under the assumption that Ohm’s law applies the induced current is given by

& Bysly,sv
I, = |Sps| = Drsipstps (24)
g ’Rps Rps
where R, is the resistance provided by the circuit.
I psl X X X X X
X X X X
Eps R % Bps Vs
n=x X X X X
X X X X X
XDS

Figure 1: A circuit containing a moving part located in a magnetic field

Pure dimensional scaling

Consider then, geometrically similar small-scale models made out of the same material as the full-scale model.
From a dimensional-analysis perspective the problem is relatively straightforward on specification of the Pi
group Il = ]%” and the requirement that II;s = II,,. Additionally on adoption of the notation applied in

finite similitude it can immediately be deduced that length scales as ¢;s = 8¢, area scales as Ay = BzAps,
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and velocity behaves as vis = g~! vy, which on substitution provides the requirement,

. = Btsgtsvts _ 62 Btsfpsvps _ ﬁg Btsgpsvps _ 63 Bts Ips
ts — - - - ¥ s
Iis Ry g LRy g Itsts g Bps Iis P

(25)

where use is made of R;s = 871 R,s, in view of the relationship for circuit resistance R = pjf“], where p is a
material property (resistivity), which remains unchanged by assumption.
It transpires therefore that the dimensionless identity Il;; = IL,; provides a relationship for the induced

current to be
3B

_ & ts Ips
9 Bps

Its (26)

and under the assumption of a scale invariant magnetic field (i.e., Bys = Bps) the induced current is also

scale invariant provided g = 82, or equivalently rod velocities satisfy v, = 6*2%5.

Zeroth-order finite similitude

Finite similitude is not concerned with the forming of dimensionless Pi groups but does provide definitive
identities and associated degrees of freedom. The focus on Faraday’s law means that the projected equation
of particular interest is Eq. but finite similitude provides solutions for all Maxwell equations. The per-
tinent zeroth-order field relationships in Table (1| are J/, = ozgfg,BQst, B,s = a}1g8°Bys, Eps = of gB3%Eys,
and scalar identity o' = g8~ 1ad!. Note that Ohm’s law provides a relationship between electromotive force
& and current I, which in terms of fields (as mentioned above) is equivalent to J/ = ¢E, where o is material
conductivity, which is the inverse of resistivity (i.e., o = p~'). The conditions B,s; = By, and J{; = BQJL
(current matching) provides }!g3? = 1 and agf gB2% = 2, respectively and consequently agf = B2a}!. But
additionally, Ohm’s law for the same material means that E,s = 3?E;s and consequently o g3? = 32, which
similarly provides af” = 82ad!, but since af = g8~ 1ad! it follows that g = 42. This result is in accordance

with dimensional analysis providing the relationship v = 872v,s for rod velocities.

4.1.2. Scaling of a generator

Depicted in Fig. [2|is a circuit rotating in an magnetic field for the purposes of current generation, which
again obeys Faraday’s law, (i.e., Eq. ) The area A, encircled by the circuit (with unit normal n,) cuts
the magnetic field at an angle 0,, i.e., By, -n,s = cosf,,, where 0,5 = wpstps and wy, is the rate of rotation
in rad/s. The magnetic flux in this situation is &, = fSps B, - n,:dS = BpsApscos(wpstps). Consequently

the emf in this case, similar to Eq. (23), is

d®,s d d ,
Eps = ——> = — (Bps Apscos(wpstps)) = —BpsAps (cos(Wpstps)) = Bps Apswpssin(wpstps) — (27)
dtys dtps dtys
and consequently from Ohm’s law the induced current is
Eps BysApswys .
I,s = ‘Rl;s = ZPSTPETPS R::S P2 sin(wpstps) (28)
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Figure 2: A circuit rotating in a magnetic field

where R, is the resistance provided by the circuit.

Pure dimensional scaling
Consider again the application dimensional analysis where two Pi groups pertinent to this problem are
which

Hl — BpsApswps
y&

2 _ ; ; 17yl 2 _ 12
Tootts and I, = wpstps. Invariance to scale requires that 1L, = I}, and II;, = 1II

ts»

provides
= BisApswys _ ﬁBtsApswps _ 6_SBtsApswps _ ﬂ_SBts ﬁnl (29)
ts Itths g Itths g Itsts g Bps Its ps

Wts

where use is made of wys = g_lwps, which follows from H%S = wislis = GWislps = ¢ ng)s on setting

Wps
-,
The analysis follows that provided above and returns g = 32 (or w5 = B 3wps) under the constraints

that By = Bps, Ris = B~ Rps and I, = L.

Zeroth-order finite similitude
Finite similitude returns the same result on consideration of the relevant zeroth-order field relationships,
which are Jgs = agfgﬁ2.]{s, B,s = algB°Bys, Eps = af gB*Ess, and the scalar identity of = g8~ o).
Ohm’s law in field form is J/ = ¢E, and the condition J ;fs =32J {S (current matching) provides E,s = 3%Eqs
(with 045 = 0,5 assumed) and consequently af g3% = 32, which provides of’ = 82a}! (since by assumption
B,s = Bys), but since of = g8 o) it follows that g = 82. This result is in accordance with dimensional
analysis providing the relationship w;s = 873wy, for rotational angular velocities.

Note how to all intents and purposes the analysis with finite similitude is unaffected by the change in

problem type. This is a consequence of the field relationships (across the scales) being fixed and rooted to
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the fundamentals of electromagnetism (i.e., Maxwell equations). The degrees of freedom available to any

analysis is clear from the outset and with scale set (i.e., 3 fixed) the available freedoms is limited to af and
f

g only. Although o}! appears (and af above although not needed) in the analysis it is constrained by the

relationship af’ = 82!, so is not independent of af.

4.1.8. Scaling of an RLC circuit

’

Inner core

Dielectric d /¢
=1 | !

No. of turns

(a) Plate capacitor (b) Inductor
A
— A
&
Ceramic former Resistive wire
14

(¢) Wire wound resistor

Figure 3: Example designs for RLC circuit components

Depicted in Fig. are typical component designs that might commonly be found in RLC circuits.
These types of component are assumed to follow relatively simple standard linear relationships of the form
Vs = IpsRps, Vps = Lpsfilff and I, = Cps%, where V), is voltage (emf), I is current, R, is resistance,
L,s is inductance, and Cp, is capacitance. The detailed behaviour of the devices depicted in Fig. [3|satisty
Maxwell equations but it is the circuit response that is the focus of the study in this section. At first sight
it might appear that finite similitude is at some disadvantage in this type of analysis when contrasted with
dimensional analysis being intimately linked to the fields appearing in Maxwell equations and not voltages
and currents. The purpose of this study therefore to demonstrate that circuit type studies under scaling are
readily analysed under the finite similitude theory. This is achieved by identifying the particular dominating
Maxwell equations that applies to the devices in Fig. [3] and applying the simplifying assumptions invoked
to arrive at the standard linear relationships.

The capacitor depicted in Fig. [3]is a device for storing electrical energy by means of the electric dis-
placement field D, set up in the dielectric material of permittivity €,,. The electric displacement field is
related to charge according to Gauss’s relationship Eq. or equivalently Eq. , which simplifies to
ApsDys = QJ,, where Ap, refers to the surface area in contact with the dielectric for one of the conducting

plates, Q{;s is the free charge at this surface and D;s is the magnitude of the electric displacement field
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D,,. For the plate capacitor depicted in Fig. it follows that Q{S = ApsDps = Cps V.S

s, where the capaci-

tance satisfies the relationship Cps = 6"2& with d,s the separation distance between the conductors, and

ps
consequently differentiation of the linear relationship Q{S = CpSVIg with respect to time ¢, provides the

. dv,s . . .
sought expression Igs =G,y Ve where V;g is the voltage across the capacitor. An inductor of the type

Sy,
depicted in Fig. [3|is a device for storing magnetic energy by means of the magnetising field H,, set up in
the core of permeability j1,,s. The magnetising field is related to current passing through the coil according
to Ampere’s relationship Eq. or equivalently Eq. , which simplifies to Hpslps = IgszJps, where
{ps is the length of the core, IV,,s is the number of turns per unit length, and H,, is the magnitude of the

magnetising field Hy,. It follows that since Hys = p1,' By, the magnetic field By, in the core is of magnitude

d®,,,
dtps

By = ,LLpsIgszS' Faraday’s law of induction (i.e., £ps = —

s
the voltage V5 = Lps%7 where use is made of ®,, = [, Spe B,s - n,.dS which equals BpsA,s for a single

) for the inductor depicted in Fig. gives

turn of the coil, and where inductance L,s = upsNgsApséps. The resistor depicted in Fig. [3|is a device that
dissipates energy and is assumed to satisfy Ohm’s law Vp{f = IIJ:SRPS, where VPIE is the voltage across the
resistor.

Forming a series RLC circuit from the devices depicted in Fig. [3 means that the sum of the instantaneous

voltages V<

C, V& and V. match the applied voltage V), and consequently the governing differential equation

is

dIf Q7 d?Q/ dQ/ Q7
Ve =V VE+ VS =Ly + IRy + 22 =L 2+ Rpe— 22 + 222 (30)
DS pSs pSs ps ps dtps pstPsS Cps ps dtgg ps dtps Cps
. . . f deS
where use is made of the relationship I;); = T
The relationships for inductance, capacitance and resistance (i.e., Ly, = upsNgsApsﬁps, Cps = 6”27:1‘”
and Ry = p’j:ie‘”) immediately inform on how these quantities change under space scaling on substitution
po

of s = Blys, Ats = B?Aps, Nis = B~1Nps, and under the assumption of replica scaling (i.e., no change in

materials) gives Lys = BLys, Crs = BCps and Rys = B R,ps.

Zeroth-order finite similitude
Since Eq. is concerned with the combination voltages, the expression of particular interest in Table
for zeroth order is Vs = ab' gBVis, which is applicable to each device in the circuit. With the inductor

satisfying VL = L, e (or =L LQ{’S) and since If, = af gI} (see Table 1)) it follows that
ymg v PS dt,. s Tde2, ps 0 91is

I, ; I, drj,
Vos = Lps = = a 98Lps 3o = 0 98V, = ag 98 Lus 7 * (31)
ps S s

s :
and consequently of Lps = ol Lis and since replica scaling gives L;s = BLps it follows that o’ = Bat.

f
Similarly, for the capacitor the voltage and charge relationships Vpg = of'gpVE and Q£8 = of Q{S,
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respectively, provide
Qgs —
Chps

Ql,
Cps

Qe
Cts

f
Vs = of 5 =aggBVil =aggh (32)

f f
which leads to aff Cis = af’ 9BC,s, but since Cys = BC)s for replica scaling it follows that aff = ad’g and
therefore g = 5.

Consideration of the resistor however poses a problem for replica scaling since foz = ol gBV,E and

Qgs = agf QY. from Table |1| provides

dQy,
dt;s

dof d f
Vplj = Rps st = agf BRps dcftts

7 = aj gBVi$ = a5 gBRus
ps

(33)

which leads to anRps = ozg gR:s but replica scaling requires R;s = ,6’_1Rp3, which suggests that ozgf =
al'gB~! but with g = 8 this condition provides a conflict and confirms that representative behaviour will
not be achieved with a single experiment with replica scaling.

The problem can be readily remedied however (for a single scaled experiment) by means of physical
modelling where substitution of the condition ozf)’f = Baf and g = B into angps = of'gR;s provides
Rps = Ry, which is achieved if the resistivity satisfies p.s = Bpps. This fix illustrates that for a circuit
of such relative simplicity there is little motivation to involve an additional scaled experiment with the
application of the first order theory. It is of interest therefore to examine a system of greater complexity
that might benefit from an higher order form of finite similitude. Such a system is considered in the next
section but note that the satisfaction of the relationship V,s = of g8V;s for each component in the RLC

circuit provides,

Voo = Voo + Vil + Vil = ag gB(Vig + Vil + Vi) = ag 9BV (34)
and consequently the satisfaction of Eq. is replicated perfectly by the trial-space model provided
V= af VL.

4.2. Induced eddy current in a rod

In order to elevate the complexity of the problem under scrutiny, numerical simulation is applied, where
in particular, the Abaqus software [32] is employed here to test the efficacy of the first-order finite similitude
theory. The Eddy current problem of interest is suited to a time-harmonic analysis and the Abaqus software

oA

makes use of the scalar and vector potentials ¢ and A, where as mentioned above E = —V¢ — %2 and

B =V x A. Note that the first-order similitude identities for ¢ and A are,

bps = a0191B101s1 + RY (0191810151 — 92 B26¢1s2) (35a)

A, = allgiBiAs + RY (ol g1 81 A — adsgaBaAis) (35b)

which are consistent with E and B in Table [1} where as noted above of = g8~ 1a{! and R = R}M.
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The equation solved in Abaqus is a low frequency approximation of Eq. (i.e., it neglects displacement
current) and takes the form

V x (u7'V x Ag) +iwo? - Ay = Jg (36)

where w is natural frequency, i> = —1, Ohm’s law J/ = ¢¥.E is assumed to apply with o being the

conductivity tensor, and Ay and Jo are the amplitudes of A and —c” - V¢, respectively.

Rectangular Cross-Section
Current-Carrying Coil

4

Coil and Rods

EMC3D8
Elements
Size: 0.0125m

(b) Mesh for the rod-coil assembly

Air
Inner and
Outer
Rods

(a) Details of the rod-coil assembly

Figure 4: A conductive cylindrical rod encircled by a current-carrying coil

The particular problem under scrutiny is presented in Fig. [ consisting of a conductive cylindrical rod
formed from inner and outer components encircled by a rectangular cross-section current-carrying coil. The
pertinent dimensions are a radius and length of the full-scale inner rod of 0.035m and 0.5m, respectively.
The outer component of the rod of identical length has an outer radius equal to 0.05m. Additionally, the
inner and outer radius, and depth of the encircling conductor is 0.09m, 0.11m and 0.02m, respectively. The
medium surrounding the rod and coil being represented by a cylinder of radius and length of 0.2m and 0.5m
is assumed to have the properties of air. All simulated parts in the assembly are merged to facilitate their
representation as a single part of different components. The mesh depicted in Fig. [4] consists of EMC3D8
elements [32] with their sizes given in the figure for the full-scale model. Material properties assigned to the
different sections of the full-scale model are tabulated according to Table |2} The properties for the coil and
air are considered identical since the current in the coil is directly specified as opposed to modelling the source
responsible for the current. The properties of full-scale and small-scale models are listed in Tables [2] and
Note that physical modelling is featured here with a simultaneous change of dimensions and materials for

the scaled models. The objective here is to demonstrate how the first order theory is capable of representing
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Table 2: Electromagnetic properties for coil, air and rod

Air and coil Rod
Model Conductivity | Permeability Conductivity Permeability
Q- tm~t Hm™! QO tm~t Hm™!
x10~7 x107 x1077
Inner Outer
Full Scale 1000 4dr 6.30 4.11 4dm
(Silver) (Gold)
Trial Model 1 1000 dr 1.03 3.77 dr
(Iron) (Aluminium)
Trial Model 2 1000 4 0.699 5.96 4T
(Carbon Steel) (Copper)

the response of the full-scale model with material properties provided in Table [2l Note additionally that the
scaling factors, frequencies and current densities are tabulated in Table [3] where dimensional scaling factors
for trial models 1 and 2 are respectively set to be equal to 8; = 0.50 and 82 = 0.25. This provides a scaling
of the dimensions of the full-scale model to half and one quarter of its original size. Trial models 1 and 2 are
designed according to the zeroth-order theory, whilst the virtual model being a combination of trial models 1
and 2 is designed according to the first-order theory. In setting the scaling parameters o and g, two material
properties are targeted, which are conductivity ¢ and permeability u. Note that permittivity € does not
appear in Eq. , so there is no reason to target it for this particular problem. The difficulty posed by the
problem depicted in Fig. [4|is that it involves a rod in two parts (inner and outer) with different materials and
therefore insufficient degrees of freedom for an exact match. Shown above are the constitutive relationships
Dg = egEg and Hg = ,ungg, where af'es = affe;s and aéwugl = af'p;,'. Similarly, Ohm’s law provides
Jg = 03Ep where ol o5 = agf ots, which is readily confirmed on substitution of the identities Jé = agf gﬁQJ{S
and Eg = af gB8%E; (see Table . The application of zeroth-order theory to this problem is the identities

s .
»s and abigr = a(lflﬁfutslp;;, respectively for the

5

08, = 0ps and ,u[;ll = ,u;sl or equivalently agl = 0‘81 Ops10t
f

determination of f; and g;, where use is made of the zeroth-order identities a§' = g~ 'af , af' = g8~ 'a§

and of’ = gB71a}! to arrive at the expression for g;. Note that the zeroth-order values in Table [3| make use

of the conductivities for the outer rod and consequently results for the inner rod can be expected to suffer

the greatest deviation. Taking the zeroth order data forward to first order means that the only unknown is
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. . - L
RY and a first-order improvement on the expression ofjo.] = af; o, is

1 ol 1 all 1 al, 1
(—7)—— + R | () —— — (F)— (37)
Ups aOl Otsl aOl Otsl 0102 Ots2

for the determination of RI", which is an expression that can be obtained on dividing through the first-order
expression for voltage in Tableby I[stﬁps/Aps (since 0;81 = VpSApS/(Igsﬂps)) with Aps = ﬁfQAtsl = B§2At52,
lps = Bflﬁtsg = B;lﬂtsg, and under the assumption IZJ:S = ag:glltfsl = aggggltfﬂ. No frequency dependency
is assumed for the materials involved, but the frequencies applied satisfy w,s = giws1 = gowrsa to ensure

frequency matching between projected, virtual and the full scale model. The magnetic field along a

Table 3: The scaling parameters for trial models 1 & 2 and the virtual model

Scaling parameters Lower and higher | Current density

frequencies A/m?

Model Hz x107
g1 g2 agf ol | afy | RY | First | Second | First | Second

model model model | model

Full Scale 50 50

Tri. Mod 1 | 0.23 1 1092 218.06 10.96

Tri. Mod 2 0.09 | 1 1.45 551.88 110.96
Virtual 0231009 | 1 |092| 145 | 0.62 | 218.06 | 551.88 10.96 | 110.96

25000

—=—Full-Scale Model (Gold)

20000 ——Projected Model 1

(Aluminum, Zeroth Order)
15000 —=—Projected Model 2
(Copper, Zeroth Order)

Error=Approximately Zero
(Models 1 and 2)

10000

Magnetic Field ( 7/m)

5000

0 0.1 0.2 03 0.4 0.5
Longitudinal Path (m)

(a) Longitudinal path used for plot
(b) Magnetic field along the outer rod

Figure 5: The magnetic field amplitude measured along a longitudinal path on the outer surface of the outer rod
longitudinal path of the outer rod at full size is predicted using scaled trial models 1 and 2 respectively made
from aluminium and copper. The results are presented in Fig. where it is evident that the response of

the full-scale outer rod has been captured using the scaled-down trial models with good replication. The

successful matching of conductivity and permeability has ensured that there is little error in the magnetic
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1440 Zeroth Order)
—=—Projected Model 2 (Carbon
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1080 —=— Virtual Model (First Order

~
]
o

Magnetic Field ( 7/m)

w
=Y
S

Error=35.49% (Model 2) -
Error=Approximately Zero (Virtual Model) e

0 0.1 0.2 03 0.4 0.5
Longitudinal Path (m2)

(a) Longitudinal path used for plot

(b) Magnetic field along the inner rod

Figure 6: The magnetic field amplitude measured along a longitudinal path on the outer surface of the inner rod

field prediction for the outer rod. However, examination of Fig. [6] which shows the magnetic field of the
full-scale inner rod of silver, is not predicted to a good accuracy using scaled-down trial models 1 and 2,
respectively made of iron and carbon steel. The large errors involved in predicting the response behaviour
of the full-scale inner rod, which respectively are equal to 11.21% and 35.49% for models 1 and 2, is the
result of the zeroth-order theory having insufficient degrees of freedom to capture the pertinent material
properties. To deal with this problem, the extra degree of freedom (RI") provided by the first-order theory is
used to better match the electrical conductivity of the inner rod. This is achieved by means of Eq. for
the determination of RY as tabulated in Table |3[to combine the results of models 1 and 2. The first-order
theory provides the magnetic field of the full-scale inner rod along the longitudinal path with approximately

Zero error.

5. Conclusion

This paper introduces a new scaling theory for electromagnetism, which is able to combine information
from more than one scaled experiment. It achieves this by means of new forms of similitude rules, which
facilitate the design of scaled experiments with a particular focus here being one and two distinct scales.
The approach does not require dimensionless equations and consequently is a step away from the well-known

method of dimensional analysis. The following conclusions can be drawn from the work presented in the

paper:

e The theory of finite similitude has been further developed to capture all scale dependencies that arise

in the field of electromagnetism.

e A transport formulation for Maxwell equations has been established to link the theory of electromag-

netism to the finite similitude theory.
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By design, the new similitude rules for electromagnetism are nested to ensure that single-experiment

rules are contained within two-experiment rules and so on.

By means of integration, the differential forms of similitude have been shown to capture electromagnetic

field behaviours across one and two scaled experiments.

Scale effects as defined under the well-known theory of dimensional analysis cease to be scale effects

under the first-order finite similitude rule, which features proportional field differences.

The new scaling theory for electromagnetism is shown to be equally applicable to analytical and

numerical data.

More specifically, from the simulations performed on the specific electromagnetic systems assesed, it has

been shown that:

Scaled dependencies for inductors, capacitors and resistors have been established and for replica scaling

the following relationships, respectively apply: L:s = BLps, Cis = BCps and Rys = ﬁ_lRpS.

Analytical analysis revealed that zeroth-order scaling was able to capture the behaviour of simple
systems (e.g., generator, moving rod in a uniform magnetic field) but replica scaling was not possible

for the RLC circuit.

Reproducible behaviour of the RLC circuit by a single experiment was shown to be possible with replica

scaling of the inductor and capacitor but the circuit resistance was required to be scale invariant.

First-order theory proved to be critical in accurately capturing the response of a time-harmonic Eddy
current system involving two materials. Errors of some 11.21% and 35.49% obtained with zeroth-order

models was reduced to almost 0% with the application of the first-order theory.
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