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a b s t r a c t 

This work presents a model for deformation enhanced precipitate growth and coarsening kinetics in pre- 

aged 7xxx aluminium alloys under warm forming conditions (100 to 200 °C). A multi-class Kampmann–

Wagner framework is used to describe the evolution of precipitate size distribution, where the effect 

of deformation is incorporated through enhanced solute diffusivity resulting from deformation induced 

excess vacancies. A classical phenomenological model is used to describe the accumulation of excess 

vacancies. The model is validated with experimental warm deformation data from the literature, and 

applied to investigate a wide range of deformation conditions to predict the effect of strain, strain rate 

and temperature on precipitate growth and coarsening kinetics. It is demonstrated that the interaction of 

solute supersaturation and excess vacancy concentration can lead to complex non-monotonic precipitate 

growth rate variation for certain regimes of strain rate and temperature. 

© 2022 The Author(s). Published by Elsevier Ltd on behalf of Acta Materialia Inc. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Precipitation is exploited to achieve good mechanical proper- 

ies in aluminium alloys. The nucleation and growth of strength- 

ning precipitates usually occur during a static heat treatment that 

oes not involve any deformation. On the other hand, it is well- 

nown that deformation significantly accelerates precipitation [1–

] . Therefore, operating the ageing treatment under deformation 

ppears as a promising route to reduce the heat treatment du- 

ation. Furthermore, it may allow the development of novel pre- 

ipitate distributions that gives desirable property combinations 

ot possible to achieve by heat treatment alone. This strategy has 

een experimentally investigated under warm-forming conditions 

n pre-aged aluminium alloys from the 7xxx series [3,5,7–9] . The 

re-ageing operation, typically performed around 100 °C, allows 

recipitates to nucleate and leaves the matrix in a supersaturated 

tate, so that enough solute elements remain available for further 

recipitation. During subsequent warm forming at higher temper- 

ture (100 to 200 °C) the precipitates will evolve further towards 

he size which gives maximum (T6 equivalent) strength. However, 

t is not currently possible to predict this evolution, which means 

hat the forming conditions are not optimised to give the best fi- 
∗ Corresponding author. 
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al precipitate distribution. A predictive model that addresses this 

roblem is a key aim of the present work. 

Precipitation under deformation, known as dynamic precipita- 

ion, is a complex phenomenon that has been the focus of multi- 

le studies [3–5,7,10,11] . The mechanisms involved in the acceler- 

ting effect of deformation on precipitation include heterogeneous 

ucleation on dislocations [12,13] , diffusionless solute dragging by 

islocations (“ballistic transport”) [12] , pipe diffusion along disloca- 

ions [14,15] and deformation induced excess vacancies [15,16] . In 

re-aged microstructures, nucleation is not expected to take place, 

nd under warm forming conditions, both solute dragging and pipe 

iffusion appear negligible compared to the enhanced diffusion 

aused by the presence of vacancies [16] . As a result, precipitation 

cceleration during warm forming of pre-aged samples is mainly 

aused by the production of excess vacancies. 

The kinetics of precipitation in the absence of deformation can 

e predicted using models relying on nucleation and growth equa- 

ions, as demonstrated for instance in Robson et al. [13] , Nicolas 

nd Deschamps [17] , Wagner et al. [18] , Zhao et al. [19] , Simar

t al. [20] , Porter et al. [21] , Bardel et al. [22] , Deschamps and

utchinson [23] . Moreover, simple phenomenological models have 

roved capable of describing the evolution of vacancies during de- 

ormation [24–30] , and the effect of strain-induced vacancies on 

iffusivity in aluminium alloys has been analysed and discussed 

efore [16] . However, the calculation of the concentration of ex- 

ess vacancies is not sufficient to predict the precipitation acceler- 
nc. This is an open access article under the CC BY license 

https://doi.org/10.1016/j.actamat.2022.118036
http://www.ScienceDirect.com
http://www.elsevier.com/locate/actamat
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http://creativecommons.org/licenses/by/4.0/
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l

tion due to deformation. Indeed, the precipitation rate not only 

epends on the diffusivity, but also on the precipitate size dis- 

ribution, and on the continuously changing solute supersatura- 

ion in the matrix. This paper present a novel model that enables 

ynamic precipitate evolution of a pre-tempered material under 

arm forming conditions to be predicted for the first time. The 

odel is applied to precipitate evolution in 7xxx aluminim alloys 

nd used to demonstrate the complex interactions between de- 

ormation and supersaturation on dynamic precipitate growth and 

oarsening. The implications of these dynamic effects in designing 

rocess paths to achieve a precipitate distribution to give maxi- 

um (T6 equivalent) strengthening are discussed. 

. The model 

.1. Outline 

The aim of the model is to predict the time evolution of the 

recipitate size distribution, volume fraction and number density 

uring deformation of a pre-aged microstructure as a function of 

he process parameters and initial distribution. The model is cali- 

rated with and applied to the A7449 alloy of the Al-Zn-Mg sys- 

em. The Kampmann and Wagner N-model (KWN model) [18] is 

sed to describe the growth and coarsening of a pre-existing distri- 

ution and modified to account for the effect of deformation. The 

hoice of the KWN framework for the kinetic part of the model is 

otivated by the fact that, as opposed to more simple and rapid 

odels that describe the mean radius of the precipitates, it can 

redict the evolution of the full size distribution during the trans- 

ormation. It has been shown that such a “multi-class” approach 

s necessary to correctly describe the transformation in the case of 

 pre-existing distribution [31] . The deformation is considered by 

odifying the diffusion coefficient to account for the production 

f excess vacancies [16] . The essential features of the model used 

n the present work are as follows: 

• A microstructure with a pre-existing distribution of underaged 

precipitates is considered. The initial volume fraction, average 

radius and size distribution of this microstructure are inputs of 

the model, and the initial distribution is assumed to follow a 

log-normal law. 

• The continuous precipitate size distribution is discretised in 

size classes. Each element of the class defines an average ra- 

dius and is characterised by the number density of particles it 

contains. 

• The continuous time evolution of the particle size distribution, 

of the concentration of excess vacancies and of the dislocation 

density is discretised. An auto-adaptative time step is used [31] . 

• At the end of each time-increment, the precipitate volume frac- 

tion is calculated by summing the contribution from each size 

class. The remaining amount of solute in the matrix is then up- 

dated considering the composition of the precipitates as con- 

stant. 

• The interfacial energy of the precipitates is a calibration param- 

eter in the model, fitted by matching experiment and predic- 

tion for the non-deformed case. The same interfacial energy is 

assumed to apply in the case of deformation. 

• At each time step, the growth rate is calculated in each size 

class as outlined below. Depending on the sign of the growth 

rate, the particles of a size class are sent to the neighbouring 

class of upper size (positive growth rate) or lower size (neg- 

ative growth rate). The influence of the particle radius on the 

interfacial composition (Gibbs Thomson effect) is taken into ac- 

count. 

• At each time increment, the concentration of excess vacancies 

resulting from deformation is calculated depending on temper- 
2 
ature and strain rate using the vacancy evolution model de- 

scribed below. The effect of the excess vacancies on precipitate 

growth and coarsening is accounted for via the calculation of 

an effective diffusion coefficient that linearly depends on the 

amount of excess vacancies. 

• The evolution of the concentration of excess vacancies is de- 

scribed using a classical model involving a production term 

proportional to the external mechanical work and an annihila- 

tion term that linearly depends on the dislocation density. The 

dislocation density is considered to have reached steady state; 

this assumption will be justified later. 

• As has been demonstrated elsewhere [16] , the contribution 

from enhanced diffusion along dislocations (pipe diffusion) is 

negligible for the conditions of interest here and was ignored 

to simplify interpretation of the model. 

More details on the KWN model can be found elsewhere 

18,31,32] . 

.2. Growth and coarsening kinetics 

.2.1. Hypothesis on precipitation composition 

The alloy considered throughout this work is A7449, with com- 

osition 8.3% Zn, 2.2% Mg, and 1.9% Cu (in wt.%) [3] . The precip-

tates usually identified in the Al-Zn-Mg system in the pre-aged 

ondition are the metastable η′ phase [3,9,17] . The precipitate com- 

osition is an important input parameter of any kinetic model, yet 

here is no general agreement on that of η′ in the system consid- 

red here [33,34] . We adopt here the composition obtained with 

he Calphad method using the thermodynamic database TCAL8©

nd Thermocalc© software, which considers η′ as a stoichiomet- 

ic component of formulation Mg 5 Zn 7 Al 6 . The composition of the 

recipitates is considered as constant. 

.2.2. Initial state 

An initial existing precipitate distribution is considered, where 

he supersaturation is sufficiently low for nucleation to be ignored. 

he initial microstructure is defined by the initial distribution 

unction f 0 (r) and volume fraction v 0 
f 
. The initial distribution is 

ssumed to follow a log-normal law, as it corresponds to the most 

requently experimentally reported distribution [19,31,35] . Under 

his assumption, the distribution function is defined by two param- 

ters, namely the initial mean radius r̄ 0 and dispersion parameter 

 , as Zhao et al. [19] : 

f 0 (r) = 

1 √ 

2 πsr 
exp − 1 

2 s 2 

(
ln ( 

r 

r̄ 0 
) + 

s 2 

2 

)2 

(1) 

The initial volume fraction v 0 
f 

is an input of the model, from 

hich the initial number density of precipitates N 0 (in particles 

er m 

3 ) is determined as: 

 0 = v 0 f 

∫ ∞ 

0 f 0 (r) dr ∫ ∞ 

0 f 0 (r ) 4 
3 
π r 3 dr 

(2) 

The initial composition of the matrix depends on the initial vol- 

me fraction in the pre-aged microstructure and is determined as: 

¯
 i (t = 0) = 

x 0 
i 

− v 0 
f 
· x pr 

i 

1 − v 0 
f 

(3) 

here i designates Mg or Zn, x 
pr 
i 

is the atomic concentration in i in

he precipitate, and x 0 
i 

is the bulk concentration in i in the matrix. 

.2.3. Thermodynamics 

Modelling precipitation kinetics requires a prediction of the 

ocal equilibrium conditions at the particle/matrix interface as a 
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Table 1 

Model constants and ranges of values from the literature. 

Symbol Parameter Adopted value Reference 

D 0 Prefactor for solute diffusion 1 . 49 × 10 −5 m 

2 / s (0.63 to 12) ×10 −5 m 

2 / s [41] 

Q Solute migration energy 115.9 kJ/mol 112.1 to 161.1 kJ/mol [41] 

D v 0 Prefactor for vacancy diffusion 1 . 0 × 10 −5 m 

2 / s [16] 

Q m Vacancy migration energy 0.93 eV 0.58 to 1.0 eV [16,40] 

Q f Vacancy formation energy 0.52 eV 0.52 to 0.76 eV [27,39,42,43] 

Q j Jog formation energy 0.3 eV [16] 

�H Enthalpy of precipitation 302.6 kJ/mol –

�S Entropy of precipitation 84.1 J/mol/K –

κ Dislocation arrangement constant 10 1 to 10 [26] 

χ Mechanical vacancy production term 0.035 0.01 to 0.1 [26,27] 

ξ Thermal jog vacancy production term 0.5 [26] 

γ Interfacial energy 180 mJ/m 

2 50 to 400 mJ/ 2 

[17,19,22,44–46] 

Zn/Mg Zn/Mg in precipitates 1.4 1 to 2.2 [47] 

Zn/(Mg + Al) Zn/(Mg + Al) in precipitates 0.64 0.66 to 1.82 [34,48] 

v pr 
at Atomic volume of the precipitate 1 . 66 × 10 −19 m 

3 

	0 Atomic volume of the matrix 1 . 66 × 10 −19 m 

3 [16] 

Q σ Activation energy in the flow stress law 60 kJ/mol [38] 

n Exponent in the flow stress law 6.683 [38] 

A Constant in the flow stress law 5 . 214 × 10 6 s −1 [38] 

α Constant in the flow stress law 5 . 57 × 10 −3 MPa −1 –
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m

unction of composition and temperature. A convenient way to 

chieve this is to use the dilute solution assumption, and a solubil- 

ty product, as suggested by Nicolas et al. [17] . The molar concen- 

rations x ∞ 

Mg 
and x ∞ 

Zn 

of a matrix in equilibrium with a precipitate 

g 5 Zn 7 Al 6 are related to the solubility product K 

∞ by: 

 

∞ = (x ∞ 

Mg 
) 5 · (x ∞ 

Zn 

) 7 · (x ∞ 

Al 
) 6 ≈ (x ∞ 

Mg 
) 5 · (x ∞ 

Zn 

) 7 (4) 

ith 

 

∞ (T ) = exp 

(
�S 

R 

− �H 

RT 

)
(5) 

here �S and �H are respectively the entropy and enthalpy asso- 

iated with the precipitate formation [17] . In this work, x ∞ 

Mg 
and 

 

∞ 

Zn 

were calculated for AA7449 [3] at different tem peratures with 

he thermodynamic database TCAL8©, by supressing all phases ex- 

ept for the face centered cubic matrix phase and the η′ precipi- 

ate. These values were used to calculate K 

∞ at different tem pera- 

ures using Eq. (4) and the entropy and enthalpy were identified 

y linear regression with Eq. (5) . The obtained values are shown 

n Table 1 . 

Additionally, the reaction is considered to be stoichiometric so 

hat: 

 · (x 0 
Mg 

− x ∞ 

Mg 
) = 5 · (x 0 

Zn 

− x ∞ 

Zn 

) (6) 

here x 0 
Mg 

and x 0 
Zn 

are the bulk concentrations of Mg and Zn in 

he alloy. For a given mean alloy composition and a given temper- 

ture, Eqs. (4) and (6) define respectively the solvus line and the 

toichiometric line, and the intersection of these lines determines 

he equilibrium [17] . 

.2.4. Growth rate 

Following classical precipitation models, the growth rate of a 

pherical precipitate of radius r is considered to be controlled by 

he slowest diffuser (here Mg [17] ) and is calculated as: 

dr 

dt 
= 

D eff 

r 
·

x Mg − x r 
Mg 

x pr 

Mg 
− x r 

Mg 

(7) 

here D eff is the effective diffusion coefficient of Mg, which de- 

ends on deformation as detailed in Section 2.3 ; x 
pr 

Mg 
is the con- 

entration of Mg in the precipitate, calculated as 5 / 18 = 0 . 28 ; x Mg 
3 
s the average concentration of Mg in the matrix, that changes as 

he total volume fraction of precipitate changes; and x r 
Mg 

is the 

quilibrium concentration at the interface between the matrix and 

 precipitate of radius r. According to the Gibbs–Thomson effect, 

he curvature at the interface for a spherical particle results in an 

ncrease in the free energy compared to a flat interface, which re- 

ults in an equilibrium concentration x r 
Mg 

different than x ∞ 

Mg 
[21] . 

In the case of a binary system, x r can be straightforwardly de- 

uced from x ∞ [21] , but in a multicomponent system, its calcula- 

ion becomes more complex. Following the analysis of Perez [36] , 

ho discusses the formulation of the Gibbs Thomson effect in the 

eneral case, the equilibrium concentrations at the interface be- 

ween the matrix and a precipitate Mg 5 Zn 7 Al 6 depends on the ra- 

ius r of the precipitate via: 

2 γ v pr 
at 

rkT 
· (5 + 7 + 6) = 5 · ln 

x r 
Mg 

x ∞ 

Mg 

+ 7 · ln 

x r 
Zn 

x ∞ 

Zn 

+ 6 · ln 

x r 
Al 

x ∞ 

Al 

(8) 

here γ is the interfacial energy of the precipitate and v pr 
at its 

tomic volume. This can be reformulated as: 

2 γ v pr 
at 

rkT 
· (5 + 7 + 6) = ln 

( 

(x r 
Mg 

) 5 · (x r 
Zn 

) 7 · (x r 
Al 

) 6 

(x ∞ 

Mg 
) 5 · (x ∞ 

Zn 

) 7 · (x ∞ 

Al 
) 6 

) 

(9) 

o that the solubility product of a spherical interface K 

r can be 

elated to that of a flat interface K 

∞ by: 

 

r = K 

∞ exp 

(
2 γ v pr 

at 

rkT 
· (5 + 7 + 6) 

)
(10) 

here 

 

r = (x r 
Mg 

) 5 · (x r 
Zn 

) 7 · (x r 
Al 

) 6 ≈ (x r 
Mg 

) 5 · (x r 
Zn 

) 7 (11) 

nd the equilibrium concentrations x r 
Mg 

and x r 
Zn 

can then be cal- 

ulated for any radius r as the intersection between the solvus line 

efined by Eq. (11) and the stoichiometric line defined by Nicolas 

nd Deschamps [17] : 

 · (x 0 
Mg 

− x r 
Mg 

) = 5 · (x 0 
Zn 

− x r 
Zn 

) (12) 

At each time step, the new precipitate size distribution is deter- 

ined by calculating the growth rate in each bin of the size distri- 
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ution, and reallocating the particles in the neighbouring bins as 

xplained in Perez et al. [31] . 

.2.5. Coarsening 

During the precipitation process, the smallest particles tend to 

issolve, releasing solute in the matrix and providing driving force 

or the largest particles to grow further; this is known as coarsen- 

ng. One of the advantages of the KWN framework is that coars- 

ning arises naturally in the model and no additional parameter 

eeds to be added to describe it. The critical radius r ∗, defined as

he radius below which particles shrink can be calculated as the 

adius such that dr 
dt 

= 0 using Eq. (7) . 

.3. Effect of deformation on precipitation growth and coarsening 

.3.1. Enhancement of diffusion 

When deformation takes place, excess vacancies are created due 

o the non-conservative motion of jogs on mobile screw disloca- 

ions [37] . This increases the mobility of the atoms, and thus en- 

ances diffusion. The effect of excess vacancies can be accounted 

or by calculating an effective diffusion coefficient under deforma- 

ion as Robson [16] : 

 eff = D th 

(
1 + 

c ex 

c th 

)
(13) 

here D th is the diffusion coefficient without deformation, cal- 

ulated in the usual way with the prefactor D 0 and the activa- 

ion energy for solute migration Q , c ex is the concentration of ex- 

ess vacancies, calculated as outlined below, c th is the equilibrium 

oncentration of thermal vacancies, calculated as c th = 23 exp ( 
−Q f 
kT 

) 

28] , where Q f is the vacancy formation energy. The effect of pipe 

iffusion is ignored, as it has been shown elsewhere that it is neg- 

igible in the range of temperatures considered here [16] . 

.3.2. Time evolution of excess vacancies 

The different models available in the literature (e.g. Robson [16] , 

enasson [24] , Mecking and Estrin [25] , Militzer et al. [26] , Detem-

le et al. [27] , Linga Murty et al. [28] ) describe the vacancy evo-

ution as a balance between a production term - that depends on 

he external work - and an annihilation term, reflecting the ten- 

ency of vacancies to migrate towards sinks such as grain bound- 

ries and dislocations [27] . Although these terms may slightly vary 

epending on the models [27] , the philosophy of the different ap- 

roaches is the same. The phenomenological model proposed by 

ilitzer et al. [26] is used here. This model has been described and 

nalysed elsewhere [16] , and only the most important features are 

eproduced. The evolution of excess vacancies concentration during 

eformation is written as: 

d c ex 

d t 
= 

(
χ

σ	0 

Q f 

+ ξ
c j 	0 

4 b 3 

)
˙ ε −

(
ρ

κ2 
+ 

1 

L 2 

)
D v c ex (14) 

n Eq. (14) , χ is a phenomenological constant that describes the 

raction of mechanical work converted into vacancies during me- 

hanical loading. The first term of Eq. (14) implicitly contains the 

ensity of mobile dislocations that produce the vacancies. The 

train rate dependency comes from the fact that the production 

f vacancies dc ex during a time increment dt is proportional to the 

ncrement in plastic work dW = σd ε, so that the vacancy produc- 

ion rate d c ex 
d t 

is proportional to d W 

d t 
= σ d ε

d t 
. 	0 is the atomic vol- 

me of the matrix and b is the Burgers vector. c j is the concentra- 

ion of thermal jogs, calculated from the jog formation energy Q j 

s exp (− Q j 
kT 

) . ξ is a parameter related to the contribution of ther- 

al jogs to the production of excess vacancies. This term gener- 
4 
lly depends on the concentration of jogs, but can be considered as 

onstant and equal to 0.5 for the range of temperatures considered 

ere [26] . σ is the flow stress, which is strain rate and tempera- 

ure dependent and is calculated here via a classical sinepowerlaw 

s: 

= 

1 

α
· asinh 

[ (
˙ ε

A 

exp (Q 

σ / RT) 

)1 / n 
] 

(15) 

here n = 6 . 68309 and Q 

σ = 60 kJ/mol, which reflect respectively

he strain rate and temperature sensitivity of the flow stress, are 

aken from measurements on A7449 in Wang et al. [38] ; A = 

 . 214 × 10 6 s −1 is a constant [38] , and α is an empirical constant

aken here as 5 . 57 × 10 −3 mPa −1 to match the flow stress mea- 

ured in Deschamps et al. [3] . 

In Eq. (14) , ρ is the dislocation density, considered as hav- 

ng reached its saturation value and thus taken as constant; this 

implifying assumption will be discussed later. The term κ is a 

henomenological constant that describes how effective sinks the 

islocations constitute, depending on their arrangement (homoge- 

eous or cell structures), and L is the grain size. D v is the diffusion

oefficient of vacancies, equal to D 

v 
0 

exp (− Q m 
kT 

) , where Q m 

is the ac- 

ivation energy for vacancy migration. 

. Model parameters 

The model described above contains several physical parame- 

ers - some of which are only approximately known - as well as 

henomenological constants. In the present work, these parame- 

ers have been calibrated for A7449, using the experimental in situ 

AXS data from Deschamps et al. [3] . The comparisons between 

alculations and experimental results will be shown later. 

The physical parameters of the model are often available in 

he literature but imprecisely defined. Whenever these parame- 

ers are ill-defined, their values were selected so as to reach ac- 

eptable agreement between calculations and experiments. The se- 

ected parameters are shown in Table 1 with the reference values 

rom the literature. The value of 0.93 eV for Q m 

, though large com- 

ared to the 0.75 eV measured in pure aluminium [39] , is consis- 

ent with previous assessments from the literature for Al-Zn-Mg 

ystems [3,16,40] . The chosen value of Q f corresponds to the min- 

mum value found in the literature. Further, the interfacial energy 

an usually not be directly measured, and a wide range of possible 

alues appear in the literature. The interfacial energy as well as the 

acancy migration and formation energies are adjustable parame- 

ers of the model, but it can be noted that the values selected here 

all in a physically reasonable range compared to the ones found in 

he literature, as can be seen, along with the values of all parame- 

ers, in Table 1 . 

Though the selected values of Q f , Q m 

, and γ appear reasonable 

ompared to other models or experimental data from the litera- 

ure, not too much physical meaning should be drawn from them 

n the present work. Cautious interpretation of these values is even 

ore necessary, considering that the set of parameters chosen here 

ay not be unique, and that the fitting parameters mentioned be- 

ore depend both on the enthalpy and entropy of precipitation, ob- 

ained from Thermocalc®, and on the assumed composition of the 

recipitate, which is not well established and might even vary dur- 

ng the transformation. However, since the ambition of this work 

s not to accurately calculate the values of physical constants, but 

ather to exploit a phenomenological model capturing the main 

eatures of precipitation under deformation, the non uniqueness of 

he set of model parameters is not a major issue. More pragmati- 

ally, the reasonable agreement obtained between available exper- 

mental data and calculations - discussed later - seems to justify 

he set of parameters selected here. 
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(a) (b)

Fig. 1. Evolution of (a) the calculated mean and Guinier radii; (b) the change rate in the volume fraction as a function of time for the experimental conditions described in 

Deschamps et al. [3] , Fribourg et al. [49] and comparison with experiments. 
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. Results and discussion 

.1. Comparison with experiments 

.1.1. Static precipitation 

The correctness of the kinetics part (without deformation) of 

he model is first demonstrated using experimental data from the 

iterature, where the Guinier radius of the precipitates was mea- 

ured as a function of time during isothermal heat treatment at 

20 °C and 160 °C in A7449 [3,49] . 

The input parameters used for this calculation are shown in 

able 2 . At 160 °C, the initial mean radius r̄ 0 and the disper- 

ion parameter s of the distribution were determined by fitting 

he distribution function of Eq. (1) to the Kratky plot provided in 

ef. [3] using the procedure outlined in Deschamps and De Geuser 

35] . For the heat treatment at 120 °C, the only information re- 

arding the initial distribution was the Guinier radius, so the ini- 

ial dispersion parameter s was assumed to be the same as for the 

60 °C heat treatment. The initial volume fraction v 0 
f 

is expressed 

ere as a fraction of the equilibrium volume fraction at 160 °C ( v eq 

f 

160 °C)), because the experimentally determined volume fraction 

alue depends on the assumption made on the precipitate compo- 

ition, which is not the same in ref. [3] and in the present work. 

The calculated time evolution of the mean radius r̄ is shown 

n Fig. 1 (a), along with the calculated Guinier radius r g , estimated 

rom the precipitate distribution as detailed in Deschamps and De 

euser [35] . Experimental Guinier radius measurements from the 

iterature are displayed as well. Experimental Guinier radii and 

alculated mean radii must usually be compared cautiously since 

he Guinier radius of a precipitate distribution is not in general 

qual to the mean value of the precipitate size distribution [35] . 

s demonstrated in Deschamps and De Geuser [35] , the relation 

etween the Guinier radius and the mean radius of the precipitate 

istribution depends on the dispersion parameter s . In the case 

t hand, Fig. 1 shows that the mean and Guinier radii are fairly 

quivalent. Therefore, no further distinction will be made between 

uinier radius and mean radius throughout this work. Fig. 1 (b) also 

hows the calculated evolution of the change rate in the volume 

raction with respect to time, along with the experimental values 
able 2 

nputs for calculation during static heat treatment. 

T r̄ 0 s v 0 
f 
/ v eq 

f 
(160 °C) 

120 °C 0.93 nm 0.25 0.54 

160 °C 1.75 nm 0.25 0.82 

f

t

f

i

a

r

c

m

c

5 
rom the literature. The comparison between model and experi- 

ent is made on the change rate in the volume fraction and not 

n its absolute value for the reason mentioned above. 

As can be seen in Fig. 1 , both the calculated mean radius and

he change rate in volume fraction during static heat treatment at 

20 °C and 160 °C show reasonable agreement with experiment, 

ufficient to ensure that the effect of temperature alone on the pre- 

ipitate evolution is correctly captured in the model. 

.1.2. Dynamic precipitation 

The results obtained with the calibrated model for the case 

f dynamic precipitation are now compared with the experimen- 

al data of Deschamps et al. [3] , where pre-aged samples were 

eformed at 160 °C with strain rates varying between 10 −5 and 

0 −4 /s, and compared with non-deformed samples undergoing a 

tatic heat treatment at 160 °C. In this set of experiments, the de- 

ormed samples were maintained at high temperature after defor- 

ation. The time at which deformation stops is indicated by verti- 

al dotted lines in Fig. 2 . The input values are gathered in Table 3 .

egarding the deformation conditions, the strain rate time evo- 

ution was linearly interpolated from the curves provided in De- 

champs et al. [3] , considering only the part of deformation in the 

lastic regime. The dislocation density is considered as constant 

nd equal to 10 14 m 

−2 , which is a typical saturation value for this 

lloy family [50] ; this assumption will be discussed later. A grain 

ize of 50 μm is assumed here as in Robson [16] , but the model

redictions are not very sensitive to the grain size value. It should 

e noted that the model could only be compared with experimen- 

al data for relatively low strain rates as these are the ones used in 

he set of experiments of Deschamps et al. [3] , which is the only 

ne of its kind available in the literature. 

Fig. 2 (a) shows the calculated rate of increase in the mean ra- 

ius with respect to time, together with the experimentally mea- 

ured rate of increase in the Guinier radius from [3] . For the pre-

ipitation distributions considered here, the Guinier radius and 

ean radius are equivalent [3] , and their rate can thus directly be 

ompared. The filled areas represent the experimental uncertainty 

f ±0 . 15 pm/s in the growth rate measurement appearing in De- 

champs et al. [3] . The evolution of growth rate with time as a 

unction of deformation conditions will be discussed in more de- 

ails later, but the qualitative shape of the growth rate under de- 

ormation apparent in Fig. 2 (a) consists in (i) an initial decrease 

n the growth rate before the deformation starts, corresponding to 

 growth and coarsening regime; (ii) an increase in the growth 

ate during deformation, due to the production of excess vacan- 

ies; (iii) a decrease in the growth rate, starting when the defor- 

ation stops, again corresponding to a conventional growth and 

oarsening regime without any deformation. As can be seen in 
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Fig. 2. (a) Growth rate as a function of time for the experimental conditions described in Deschamps et al. [3] . The plain lines are the values calculated with the models, 

the crosses are the experimental values from Deschamps et al. [3] and the filled areas show the experimental uncertainty, estimated to ±0 . 15 pm/s. The slow strain rate 

experiment corresponds to an approximate value of 5 × 10 −5 /s while the fast one corresponds to a maximum of 5 × 10 −4 /s. The vertical dotted lines show the time of the 

end of the deformation for the deformed samples. (b) Evolution of the calculated number density of precipitates (plain line and left hand side scale for the vertical axis), 

along with the experimental data from [3] (crosses and right hand side scale for the vertical axis). 

Fig. 3. a) Evolution of the growth rate as a function of time, with and without deformation to ε = 1 . b) Evolution of the total concentration of excess vacancies divided by 

the equilibrium concentration, under deformation with ˙ ε = 1 /s, showing the accumulated number of vacancies produced during deformation, and the accumulated number 

of vacancies that have been annihilated (with a negative sign to account for their negative contribution to the total number of vacancies). 
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ig. 2 (a), fair agreement is obtained for the precipitation growth 

ate under deformation at fast strain rate. Higher differences are 

bserved for the growth rate under slower strain rate, where the 

alculated maximal growth rate is lower than the one experimen- 

ally reported. However, the trends regarding the ranking of the 

aximum growth rates with respect to deformation rate are cap- 

ured by the model, as can be seen in Fig. 2 (a), and the level of fit

eached here therefore appears reasonable. 

The calculated evolution of the number density of precipitates 

s shown in Fig. 2 (b) along with the experimental values from 

3] for the case without deformation and with deformation at slow 

train rate. The case with deformation at fast strain rate is not 

hown as the experimental values were not available in the litera- 

ure. It should be noted that the experimental and calculated val- 

es are not displayed with the same scale for the vertical axis. This 

s because, as mentioned before, the experimental values obtained 

rom SAXS measurements for the volume fraction or number den- 

ity of precipitates are only relative, and the determination of their 

bsolute values requires a calculation that involves hypotheses on 

he composition. It can nevertheless be observed from Fig. 2 (b) 

hat the calculated evolution of the number density of precipitates 

s very similar to the experimental values in terms of trends. 

.2. Application of the model: accelerating effect of dynamic ageing 

ompared to static ageing 

In order to estimate the accelerating effect of deformation on 

recipitation, it is first useful to compare the precipitate growth 
6 
ates with and without deformation under different deformation 

onditions. The other input parameters are the same as in Table 3 . 

.2.1. Relatively low temperature and high strain rate 

The calculated growth rate under deformation at relatively low 

emperature (110 °C) and high strain rate ( ̇ ε = 1 / s ) is shown in

ig. 3 (a), along with the calculated growth rate during an equiva- 

ent time without any deformation. Under these conditions, defor- 

ation considerably accelerates precipitate growth rate with an up 

o 10 0 0 fold increase compared to the case without deformation. 

his can be explained by the amount of excess vacancies produced 

uring deformation, as shown in Fig. 3 (b). The high strain rate al- 

ows a high excess vacancies production rate ( Eq. (14) ), while the 

elatively low temperature limits the vacancy mobility, so that va- 

ancy annihilation is almost negligible ( Eq. (14) ). This results in a 

onstantly increasing amount of excess vacancies during deforma- 

ion, and thus in a significant enhancement of precipitate growth 

ompared to the non-deformed case. 

.2.2. Relatively high temperature and low strain rate 

The calculated growth rate under deformation at higher tem- 

erature (200 °C) and low strain rate ( ̇ ε = 10 −4 / s ) is shown in

ig. 4 (a), along with the calculated growth rate during an equiva- 

ent time without any deformation. Under these conditions, defor- 

ation still accelerates precipitation, as apparent in Fig. 4 (a), but 

o a much lower extent compared to the case of a lower tempera- 

ure and higher strain rate. In turn, at 200 °C and for ˙ ε = 10 −4 / s ,

he maximal amount of produced excess vacancies is relatively low 
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Fig. 4. a) Evolution of the growth rate as a function of time, with and without deformation to ε = 1 . b) Evolution of the total concentration of excess vacancies divided 

by the equilibrium concentration, under deformation with ˙ ε = 10 −4 /s, showing the accumulated number of vacancies produced during deformation, and the accumulated 

number of vacancies that have been annihilated. 

Fig. 5. Growth rate enhancement as a function of time, defined as the calculated 

d ̄r / dt under deformation at ˙ ε = 10 −4 /s and 200 °C divided by d ̄r / dt without any 

deformation; along with the evolution of the ratio D/D th , which is the diffusion 

coefficient under deformation divided by the diffusion coefficient without any de- 

formation. 
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 Fig. 4 (b)). As a matter of comparison, the maximal value of the 

atio c ex /c th is around 300 times higher for the lower temperature 

nd higher strain rate considered in Fig. 3 (b) than for the higher 

emperature and lower strain rate considered in Fig. 4 (b). This is 

ecause in the second case, the low strain rate produces only a 

ow amount of excess vacancies ( Eq. (14) ). Further, because of the 

igher temperature, vacancies are more mobile and can easily an- 

ihilate at sinks such as dislocations as shown in Fig. 4 (b). As a

esult, the excess vacancies concentration reaches a low saturation 

alue at the early stage of deformation and the accelerating effect 

f deformation is limited. 

To understand better the role played by deformation in the evo- 

ution of d ̄r / dt , Fig. 5 shows the calculated evolution of the growth

ate under deformation divided by the growth rate without any de- 

ormation, together with the ratio D/D th , which shows the diffusiv- 

ty enhancement caused by deformation. It might be surprising to 

ee that, whereas the diffusivity is multiplied by 4 by deforma- 

ion, the growth rate only shows a maximum of 1.8-fold increase 

ompared to the non deformed case. This is because the growth 

ate of a given precipitate is not solely controlled by the diffusiv- 

ty, but also by the concentration gradient from the precipitate to 

he matrix and by its radius ( Eq. (7) ). This can be seen by plotting
7 
he supersaturation, taken here for a precipitate with flat interface, 

nd defined as 
x̄ Mg −x 

eq 
Mg 

x 
pr 
Mg 

−x 
eq 
Mg 

, both for the deformed and non deformed 

ase as in Fig. 6 (a). The initial increase in the growth rate due to

eformation ( Fig. 5 ) results in a faster initial decrease of the su- 

ersaturation level compared to the non-deformed case, as shown 

n Fig. 6 (a). This accelerated decay in supersaturation partly re- 

uces the growth acceleration due to enhanced diffusivity. Further, 

ince the initial growth rate is higher under deformation, the mean 

adius becomes larger ( Fig. 6 (b)) than without deformation, and 

he growth rate is thus lower than would be expected considering 

nly the enhancement of the diffusivity. This shows that the en- 

ancement in growth rate cannot in general be deduced from the 

mount of excess vacancies alone, and emphasises the importance 

f embedding the deformation induced excess vacancies model in 

 kinetics framework. 

.2.3. Intermediate temperature and strain rate - example of a more 

omplex behaviour 

For intermediate temperature and strain rate, for instance 

50 °C and ˙ ε = 0 . 01 /s, the calculated growth rate shows more com-

lex behaviour, with a non monotonic evolution, as apparent in 

ig. 7 (a). In that case, the excess vacancies concentration, which 

ncreases constantly and almost linearly with time, is not suffi- 

ient to fully explain the evolution of the growth rate, as shown 

n Fig. 8 (a). 

The initial shape of the growth rate curve can be better ex- 

lained by considering the main terms involved in the growth rate 

 Eq. (7) ), i.e. the evolution of the supersaturation and the diffusion 

oefficient, or, in the present case, its ratio compared to the diffu- 

ion coefficient without any deformation D th . These quantities and 

heir time derivative are drawn in Fig. 8 (c) and (d), respectively, 

ith the times t 1 and t 2 which correspond to the times of the min-

mum and maximum reached by the growth rate. At the beginning 

f the deformation ( t < t 1 ), the growth rate increases ( Fig. 8 (a))

ecause the supersaturation is dropping less sharply than the ex- 

ess vacancies concentration is increasing ( Fig. 8 (c) and (d)). As 

recipitates grow and coarsen, the supersaturation decreases, and 

ts decay becomes faster as the growth rate increases. At the crit- 

cal time t 1 , the rate of decrease of the supersaturation ( Fig. 8 (d))

verwhelms the accelerating effect of enhanced diffusion, and the 

rowth rate starts decreasing. 

At t 2 , d ̄r / dt reaches a minimum. This minimum corresponds 

o the start of a coarsening dominated regime, as can be seen in 

ig. 8 (b), where the volume fraction and precipitate number den- 
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Fig. 6. a) Evolution of the supersaturation as a function of time, with and without deformation to ε = 1 . b) Evolution of the supersaturation as a function of time, with and 

without deformation to ε = 1 . The calculations are made for deformation with ˙ ε = 10 −4 /s and 200 °C. 

Fig. 7. Evolution of (a) the growth rate and (b) the mean radius as a function of time; with and without deformation to ε = 1 with ˙ ε = 0 . 01 /s. 
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ity are shown as a function of time. From t 2 , the smallest parti-

les dissolve faster and faster, resulting in an accelerated decrease 

n the number of precipitates, and the solute released in the ma- 

rix by the dissolution of the smallest precipitates is consumed 

y the growth of the largest precipitates, so that the average ra- 

ius increases while the supersaturation remains nearly constant 

 Fig. 8 (b)). As opposed to coarsening during static ageing, where 

he average growth rate continuously decreases with a D/ ̄r 2 de- 

endency [21] , d ̄r / dt increases during coarsening under deforma- 

ion for the temperature and strain rate considered here. Since the 

upersaturation level varies little after t 2 , the growth rate evolution 

aw is mainly a competition between the increasing diffusion coef- 

cient - that accelerates coarsening - and the increasing average 

adius - which reduces the growth rate. In the case at hand, the 

ontinuously increasing diffusion coefficient ( Fig. 8 (c) and (d)) due 

o the production of excess vacancies is sufficient to cause an ini- 

ial increase in d ̄r / dt after t 2 , which becomes less and less sharp as 

he mean radius increases ( Fig. 7 (b)). Finally d ̄r / dt stabilises when 

ts value is sufficiently high so that the rate of increase of r̄ in 

q. (7) compensates the rate of increase in D, in such a way that 

 ̄r / dt starts a slow decrease. 

.3. Influence of processing parameters on dynamic precipitation 

In order to estimate the effect of deformation conditions on dy- 

amic precipitation, the precipitation rates obtained under various 

onditions are compared. The model is applied to different strains, 
8 
train rates and temperatures, and the other input parameters are 

he same as in Section 4.2 . 

.3.1. Influence of strain rate and strain 

The precipitation rate depends on strain rate, as can be seen in 

ig. 9 , where the calculated precipitate growth rate with respect to 

ime ( d ̄r 
d t 

) is plotted as a function of strain for various strain rates at

20 °C ( Fig. 9 (a)) and 180 °C ( Fig. 9 (b)). It should be noted that for

 same level of strain, the total precipitation duration is different 

ince the different lines correspond to different strain rates. 

It can first be noted from Fig. 9 (a) and (b), that for both tem-

eratures, d ̄r 
d t 

increases fairly linearly with strain at the initial stage 

f deformation and shows little dependency to strain rate. As 

train increases however, the trend changes, and, while the growth 

ate keeps increasing with strain for high strain rates ( 10 −2 and 

0 −1 s −1 ), it reaches a maximum for lower strain rates. The two 

xamples from Fig. 9 show that the strain rate sensitivity of the 

recipitation rate is not monotonic and varies depending on the 

anges of temperature, strain and strain rate under consideration. 

hese calculations may help explaining contradictory experimen- 

al results found in the literature, where the precipitation rate has 

een reported to show positive sensitivity [7] , negative sensitivity 

5,10] or no sensitivity [3] to strain rate. 

.3.2. Processing maps 

The model has a practical interest as it can be used to deter- 

ine the deformation conditions necessary to reach a certain pre- 
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Fig. 8. (a) Evolution of growth rate (plain line) and excess vacancies (dotted line) as a function of time. (b) Evolution of precipitate number density (plain line) and relative 

volume fraction (dotted line) as a function of time. (c) Evolution of D th /D (plain line) and supersaturation (dotted line) as a function of time. (d) Time evolution of the 

derivative with respect to time of diffusion coefficient (plain line) and supersaturation (dotted line). All calculations are made for deformation with ˙ ε = 10 −2 s −1 . 

(a) (b)

Fig. 9. Evolution of the calculated growth rate with respect to time as a function of strain at (a) 120 °C and (b) 180 °C. 

Table 3 

Input parameters used to calibrate the model. 

Symbol Parameter Value 

T Temperature 160 °C 
s Dispersion parameter 0.25 

r 0 Initial mean radius 1.85 nm 

v 0 
f 
/ v eq 

f 
(160 °C) Initial precipitate volume fraction compared to equilibrium 0.82 

L Grain size 50 μm 

ρ Dislocation density 10 14 m 

−2 

˙ ε(t) Strain rate graph in Deschamps et al. [3] 
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ipitate state. This is illustrated in Fig. 10 at two different temper- 

tures for the initial state given in Table 3 . It is emphasised that

his type of processing map is strongly dependent on the initial 

istribution and thus on the applied pre-ageing treatment. It can 

e seen from Fig. 10 that for the conditions examined here, the 

ecessary time to reach a certain precipitate radius is always re- 
9 
uced when the strain or strain rate increases. Additionally, for a 

iven level of deformation, the precipitate radius reached at the 

nd of the deformation decreases when the strain rate increases, 

hich is due to the fact that, for a given level of strain, a higher

train rate allows less time for precipitate growth and coarsening 

o take place compared to a lower strain rate. 
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(a) (b)

Fig. 10. Processing maps for dynamic precipitation at (a) 120 °C, (b) 180 °C. The plain lines show the iso-values for the mean radius r̄ as a function of strain and strain rate, 

while the dotted lines show the deformation duration corresponding to the process conditions. The calculations are made for the initial distribution described in Table 3 , 

where the initial mean radius is equal to 1.85 nm. 

(a) (b)

Fig. 11. (a) Processing map showing the combinations of strain level and strain rate leading to peak ageing at 180 °C, along with the regions corresponding to under-ageing 

and over-ageing. (b) Processing map showing the combinations of strain level and strain rate leading to peak ageing for different temperatures (plain lines), along with the 

deformation duration corresponding to these conditions (dotted lines). 
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The mechanical properties in age-hardened aluminium alloys 

epend on the precipitate distribution and could therefore be esti- 

ated as a function of the processing conditions using for instance 

he model of Deschamps et al. [51] . Although the calculation of the 

echanical properties - that continuously vary as the deformation 

roceeds - is out of the scope of the present work, the dynamic 

recipitation model can be used to estimate the deformation con- 

itions necessary to reach peak ageing. Assuming that peak-ageing 

orresponds to a mean radius of 3.3 nm [52] , the processing maps 

f Fig. 10 provide the combinations of strain and strain rate leading 

o under-ageing, peak-ageing or overageing, as schematically illus- 

rated in Fig. 11 (a) for 180 °C. The mean radius isolines, presented 

or instance in Fig. 10 , can then be used to determine the deforma-

ion conditions leading to peak ageing for different tem peratures, 

s shown in Fig. 11 (b). 

.4. Influence of dislocation density 

.4.1. Time evolution of the dislocation density 

The annihilation rate of excess vacancies is proportional to the 

ensity of forest dislocations. It has been assumed here that the 

islocation density has already reached its saturation value and is 

onstant. To evaluate the influence of this simplifying assumption, 

 dynamically evolving dislocation density was introduced into the 

odel. A well established semi-empirical dislocation evolution law 

as used that describes the evolution of the forest dislocation den- 

ity from an initial ( ρ0 ) to a steady state ( ρs ) as [27] : 

(ε) = ρs ·
[

1 −
√ 

ρs − √ 

ρ0 √ 

ρs 
· exp 

(
c 

2 

ε
)]2 

(16) 
10 
here c is an empirical constant taken as 0.86 for aluminium [27] . 

n this law, the dislocation density evolution is considered as in- 

ensitive to temperature, which, as a first approximation, should be 

easonable for the limited range of temperatures considered here 

100 to 200 °C) [27] . 

Fig. 12 shows the effect of including a varying dislocation den- 

ity in the model, considering a slow strain rate of ˙ ε = 10 −5 /s and

 relatively high temperature of 180 °C, where predictions are most 

ensitive to this parameter. The saturation dislocation density ρs is 

onsidered to be 10 14 m 

−2 [50] - the influence of this value will 

e discussed later, and ρ0 is taken as 10 10 m 

−2 - as for well an-

ealed alloys [37] . The initial distribution parameters are the same 

s in Table 3 . As shown in Fig. 12 (a), the initial dislocation density

s lower in the early stages of deformation when considering an 

volving dislocation density. When the forest dislocation density is 

ow, the annihilation rate is reduced, and this means that the re- 

ultant excess vacancies concentration initially increases faster in 

he evolving dislocation density case, until the steady state is es- 

ablished. However, the difference in the excess vacancies concen- 

rations between the steady state and evolving dislocation density 

odel are always quite small, and decrease with increasing time. 

urthermore, the difference is greatest during the initial stages of 

eformation where the concentration of excess vacancies is small- 

st and thus the growth rate enhancement effect is least. As a 

esult, the predicted evolution in precipitate radius ( Fig. 12 (c)) is 

ery similar when comparing the case of an evolving and a steady 

tate dislocation density. Since accounting for the evolving disloca- 

ion density introduces further complexity and calibration param- 

ters in the model but does not significantly affect the important 

utputs (the evolution of precipitate size), it can be reasonably ig- 

ored, at least for the range of conditions considered here. 
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(a) (b)

(c)

Fig. 12. Evolution of (a) the dislocation density, (b) the amount of excess vacancies, and (c) the mean radius as a function of time, considering a constant dislocation density 

equal to 10 14 m 

−2 (blue curves) or a dislocation density varying from 10 10 to 10 14 m 

−2 following the law given in Eq. (16) . The calculations are made for 180 °C and 

˙ ε = 10 −5 /s. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 13. Evolution of the mean radius as a function of strain for different dislocation density saturations, at 180 °C and (a) ˙ ε = 10 −4 /s or (b) ˙ ε = 10 −2 /s. 
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.4.2. Value of the saturation dislocation density 

The saturation value of the dislocation density, assumed here 

o be equal to 10 14 m 

−2 is not very well defined. In the literature,

stimated or measured values of ρs are usually around 10 14 m 

−2 

or aluminium alloys and vary between 2 × 10 12 and 10 15 m 

−2 

3,53–55] . Fig. 13 shows the effect of changing the dislocation den- 

ity saturation to the extremum values of 10 12 and 10 15 m 

−2 com- 

ared to the reference value of 10 14 m 

−2 adopted in this work, 

t lower and higher strain rates ( 10 −4 and 10 −2 /s, respectively). 

he calculations are made at relatively high temperature (180 °C), 

here the effect of changing the dislocation density is expected to 

e greatest due to more rapid excess vacancies annihilation. The 

nitial distribution is the same as in Table 3 . Fig. 13 shows that the

volution of the radius is sensitive to the dislocation density at low 
o  

11 
train rate but not at high strain rate, which is expected because 

he annihilation of vacancies at dislocations is a time-dependent 

rocess. At sufficiently high strain rates, there is insufficient time 

or significant excess vacancies annihilation during deformation re- 

ardless of the sink density (within a reasonable range). 

. Conclusions 

The coupling between deformation and precipitation has been 

nvestigated by integrating the effect of excess vacancies formation 

n a KWN growth and coarsening kinetics framework for a mul- 

icomponent aluminium alloy. The precipitation growth rate and 

ize distribution evolution have been calculated over a large range 

f strains and strain rates ( 10 −5 to 1 s −1 ) at temperatures between
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00 °C and 200 °C. The following conclusions can be drawn from 

his work: 

1. The acceleration of precipitation growth and coarsening due to 

deformation can be predicted combining the KWN model and a 

classical phenomenological model for excess vacancies forma- 

tion, as demonstrated with experimental data from the litera- 

ture. 

2. For all process parameters explored here, deformation leads to 

an enhancement in precipitation rate compared to static ageing 

during an equivalent time, and this enhancement is highest for 

relatively low temperatures and high strain rates. 

3. As opposed to static precipitation in a supersaturated matrix, 

where the growth rate continuously decreases with time, the 

precipitate growth rate calculated under deformation may con- 

tinuously increase (relatively low temperature, high strain rate), 

continuously decrease (higher temperature, low strain rate), or 

exhibit a mixture of both types of behaviour resulting in one or 

several maxima (intermediate strain rate and temperatures). 

4. The sensitivity of precipitation growth rate to strain and strain 

rate may be positive or negative depending on the ranges of 

conditions considered. 
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