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challenges we need to address when dealing with large data sets, due to limitation of computation,
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of con- vergence is derived under three different communication protocols. 3. In the third part, we study
distributed Gaussian mean estimation with unknown vari- ance under communication constraints. The
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Degree Type
Dissertation

Degree Name
Doctor of Philosophy (PhD)

Graduate Group
Statistics

First Advisor
Tony Cai

Keywords
Big Data, Distributed Learning, Machine Learning, Minimax Theory, Transfer Learning

Subject Categories
Computer Sciences | Mathematics | Statistics and Probability

This dissertation is available at ScholarlyCommons: https://repository.upenn.edu/edissertations/5519


https://repository.upenn.edu/edissertations/5519

BEYOND CLASSICAL STATISTICS:
OPTIMALITY IN TRANSFER LEARNING AND DISTRIBUTED LEARNING
Hongji Wei
A DISSERTATION
in
Statistics
For the Graduate Group in Managerial Science and Applied Economics
Presented to the Faculties of the University of Pennsylvania
in
Partial Fulfillment of the Requirements for the
Degree of Doctor of Philosophy

2022

Supervisor of Dissertation

T. Tony Cai, Daniel H. Silberberg Professor; Professor of Statistics

Graduate Group Chairperson

Nancy R. Zhang, Ge Li and Ning Zhao Professor; Professor of Statistics

Dissertation Committee

T. Tony Cai, Daniel H. Silberberg Professor; Professor of Statistics
Zongming Ma, Associate Professor of Statistics
Yuxin Chen, Associate Professor of Statistics



BEYOND CLASSICAL STATISTICS:

OPTIMALITY IN TRANSFER LEARNING AND DISTRIBUTED LEARNING
COPYRIGHT
2022

Hongji Wei



ACKNOWLEDGEMENT

First and foremost, I would like to thank my respectful advisor, Tony Cai. Through the past
five years, Tony introduced me into a colorful world of theoretical statistics. His guidance
and support in every stage of my growth made me become an independent researcher. Tony
has broad interest and cutting edge insights in a wide range of statistical problems. I have
never had difficulty finding great and interesting problems when I work with him. Tony
is also a wonderful mentor. From proving technical theorems, writing papers, to making
presentations, he is always very patient and supportive, dedicating so much time teaching
me. Tony is a role model. I can always feel his passion for statistics, which becomes an
endless source of motivation for me to become a good scholar like him. Tony is a kind friend.
He shares interesting news to me. He organizes Thanksgiving parties with students. Those

are special and precious memories for me.

I am also deeply thankful to the other members of my dissertation committee, Yuxin Chen
and Zongming Ma. Yuxin is definitely an expert in my research area. I am very fortunate
to have him in the committee, and appreciate his acceptance of my invitation even before
he came to the Wharton Statistics Department. Zongming is not only a teacher but also a
friend to us. I have learned a lot from his “killer" asymptotic statistics course. And I still
remember those funny moments when we tricked him by drawing a picture of “Zongming

fights with Van der Vaart" on his office door.

I feel so fortunate to have been part of the Wharton Statistics Department family. I would
like to thank the faculty of the Statistics Department, particularly Weijie Su, Edgar Do-
briban, Mark Low, Richard Waterman for their help and guidance in my research, teaching
and life. Also, special thanks go to Richard E. Blahut from Electrical & Computer Engineer-
ing Department. His information theory class taught me a sharp weapon, without which I

could never gain as many fruitful results in my research.

My peers in the department have been a stable source for new ideas and fun. I am thankful

iii



to Linjun Zhang, Yichen Wang, and Hongyang Zhang. They are my senior fellows who
have given me a lot of help and inspirations. I also would like to thank my office mates Bo
Zhang and Jeff Cai, and other fellow students including Ruijia Wu, Ran Chen, Sheng Gao,

Hongming Pu, Hua Wang, Shuxiao Chen, and Mauricio Daros Andrade for their friendship.

Finally, I am deeply grateful to my family. My parents and my grandmother, although they
are thousands miles away from me, are always supporting me and encouraging me. I won’t
be where I am today without their love. Last but not least, I realized it is hard for me to
find the words to sufficiently express my gratitude to my dear wife, Tianjiao Wang, for her

understanding, caring, dedication and love. She colored my Ph.D life.

This thesis is dedicated to my advisor, my professors, my friends, and my family.

v



ABSTRACT

BEYOND CLASSICAL STATISTICS:

OPTIMALITY IN TRANSFER LEARNING AND DISTRIBUTED LEARNING

Hongji Wei

T. Tony Cai

During modern statistical learning practice, statisticians are dealing with increasingly huge,
complicated and structured data sets. New opportunities can be found during the learning
process with better structured data sets as well as powerful data analytic resources. Also,
there are more and more challenges we need to address when dealing with large data sets,
due to limitation of computation, communication resources or privacy concerns. Under
decision-theoretical framework, statistical optimality should be reconsidered with new type
of data or new constraints. Under the framework of minimax theory, this thesis aims to

address the following four problems:

1. The first part of this thesis aims to develop an optimality theory for transfer learning

for nonparametric classification. An near optimal adaptive classifier is also established.

2. In the second part, we study distributed Gaussian mean estimation with known vari-
ance under communication constraints. The exact distributed minimax rate of con-

vergence is derived under three different communication protocols.

3. In the third part, we study distributed Gaussian mean estimation with unknown vari-
ance under communication constraints. The results show that the amount of additional

communication cost depends on the type of underlying communication protocol.

4. In the fourth part, we investigate the minimax optimality and communication cost of
adaptation for distributed nonparametric function estimation under communication

constraints.
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CHAPTER 1

INTRODUCTION

During modern statistical learning practice, statisticians are dealing with increasingly huge,
complicated and structured data sets. We are stepping into so-called the era of big data.
New opportunities can be found during the learning process with better structured data sets
as well as powerful data analytic resources. At the mean time, on the other hand, there
are more and more challenges we need to address when dealing with large data sets, due to
limitation of computation, communication resources or privacy concerns. Under decision-
theoretical framework, statistical optimality should be reconsidered with new type of data

or new constraints.

This thesis focuses on developing data-driven machine learning algorithms with theoretical
guarantees, either to seize more opportunities or to overcome challenges during the modern

statistical practice. This thesis consists of the following four chapters.
1.1. Transfer Learning for Nonparametric Classification

Human learners have the natural ability to use knowledge gained in one setting for learning in
a different but related setting. This ability to transfer knowledge from one task to another is
essential for effective learning. In the first chapter, we study transfer learning in the context
of nonparametric classification based on observations from different distributions under the

posterior drift model, which is a general framework and arises in many practical problems.

We first establish the minimax rate of convergence and construct a rate-optimal two-sample
weighted K-NN classifier. The results characterize precisely the contribution of the observa-
tions from the source distribution to the classification task under the target distribution. A
data-driven adaptive classifier is then proposed and is shown to simultaneously attain within
a logarithmic factor of the optimal rate over a large collection of parameter spaces. Simula-
tion studies and real data applications are carried out where the numerical results further

illustrate the theoretical analysis. Extensions to the case of multiple source distributions



are also considered.

This chapter is based on Cai and Wei (2021c), joint work with Tony Cai.

1.2. Distributed Gaussian Mean Estimation with Known Variance Under

Communication Constraints

In the conventional statistical decision theoretical framework, the focus is on the centralized
setting where all the data are collected together and directly available. The main goal is to
develop optimal (estimation, testing, detection, ...) procedures, where optimality is under-
stood with respect to the sample size and parameter space. Communication/computational

costs are not part of the consideration.

In the age of big data, communication/computational concerns associated with a statistical
procedure are becoming increasingly important in contemporary applications. One of the
difficulties for analyzing large datasets is that data are distributed, instead of in a single

centralized location.

In this chapter, we study distributed estimation of a Gaussian mean under communication
constraints in a decision theoretical framework. Minimax rates of convergence, which charac-
terize the tradeoff between the communication costs and statistical accuracy, are established
in both the univariate and multivariate settings. Communication-efficient and statistically
optimal procedures are developed. In the univariate case, the optimal rate depends only on
the total communication budget, so long as each local machine has at least one bit. How-
ever, in the multivariate case, the minimax rate depends on the specific allocations of the

communication budgets among the local machines.

Although optimal estimation of a Gaussian mean is relatively simple in the conventional
setting, it is quite involved under the communication constraints, both in terms of the
optimal procedure design and lower bound argument. The techniques developed in this
chapter can be of independent interest. An essential step is the decomposition of the minimax

estimation problem into two stages, localization and refinement. This critical decomposition



provides a framework for both the lower bound analysis and optimal procedure design.

This chapter is based on Cai and Wei (2020c), joint work with Tony Cai.

1.3. Distributed Gaussian Mean Estimation with Unknown Variance Un-

der Communication Constraints

In this chapter, we further extend the study in the previous chapter to an adaptive setting.
Distributed estimation of a Gaussian mean with unknown variance under communication
constraints is studied. Necessary and sufficient communication costs under different types
of distributed protocols are derived for any estimator that is adaptively rate-optimal over a
range of possible values for the variance. Communication-efficient and statistically optimal

procedures are developed.

The analysis reveals an interesting and important distinction among different types of dis-
tributed protocols: compared to the independent protocols, interactive protocols such as
the sequential and blackboard protocols require less communication costs for rate-optimal
adaptive Gaussian mean estimation. The lower bound techniques developed in the present

paper are novel and can be of independent interest.

This chapter is based on Cai and Wei (2021d), joint work with Tony Cai.

1.4. Distributed Nonparametric Function Estimation Under Communica-

tion Constraints

In this chapter, distributed minimax estimation and distributed adaptive estimation under
communication constraints for Gaussian sequence model and white noise model are studied.
The minimax rate of convergence for distributed estimation over a given Besov class, which
serves as a benchmark for the cost of adaptation, is established. We then quantify the
exact communication cost for adaptation and construct an optimally adaptive procedure for

distributed estimation over a range of Besov classes.

The results demonstrate significant differences between nonparametric function estimation



in the distributed setting and the conventional centralized setting. For global estimation,
adaptation in general cannot be achieved for free in the distributed setting. The new techni-
cal tools to obtain the exact characterization for the cost of adaptation can be of independent

interest.

This chapter is based on Cai and Wei (2021b), joint work with Tony Cai.



CHAPTER 2

TRANSFER LEARNING FOR NONPARAMETRIC CLASSIFICATION

2.1. Introduction

A key feature of intelligence is the ability to learn from experience. Human learners appear
to have the talent to transfer their knowledge gained from one task to another similar
but different task. However, in statistical learning, most procedures are designed to solve
one single task, or to learn one single distribution based on observations from the same
setting. In a wide range of real-world applications, it is important to gain improvement
of learning in a new task through the transfer of knowledge from a related task that has
already been learned. Transfer learning aims to tackle such a problem. It has attracted
increasing attention in machine learning and has been used in many applications. Recent
examples include computer vision (Tzeng et al., 2017; Gong et al., 2012), speech recognition
(Huang et al., 2013), genre classification (Choi et al., 2017) and also many newly designed
algorithms such as Yao and Doretto (2010); Lee et al. (2007). More details about transfer

learning can be found in the survey papers (Pan and Yang, 2010; Weiss et al., 2016).

Besides significant successes in applications, much recent focus has also been on the theo-
retical properties of transfer learning. In many practical situations, there are labeled data
available from a distribution P, called the source distribution, while a relatively small quan-
tity of labeled or unlabeled data is drawn from a distribution @), called the target distribution.
They are different but to some extent related distributions. The goal is to make statistical
inference under ). A natural questions is: How much information can be transferred from
the source distribution P to the target distribution @), provided a certain level of similarity

between the two distributions?

This is quite a general and challenging question. The problem is also known as domain
adaptation in the binary classification setting. In domain adaptation, data pairs (X,Y)

are drawn from P and @ defined on R? x {0,1}. Data from the source distribution P can



be informative about the target distribution @ if the two distributions are similar. Several
type of assumptions have been proposed and studied previously in the literature, such as
divergence bounds, covariate shift, and posterior drift. The first line of work in the literature
measures the similarity by the divergence between P and (). Generalization bounds are
derived on unlabeled testing data from the target distribution @) after training by the data
from the source distribution P (Ben-David et al., 2007; Blitzer et al., 2008; Mansour et al.,
2009). These bounds are general and can be applied to any two distributions, but for
more structured source and target distributions those bounds are not suitable. Another
line of work imposes some structural assumptions on P and ) such as covariate shift and
posterior drift. Covariate shift assumes that the conditional distributions of Y given X are
the same under P and @, i.e. Py|x = Qy|x, but the marginal distributions Px and Qx
can be different. Such a setting typically arises when the same study/survey is carried out
in different populations. For example, when constructing a classifier for a certain disease,
source data may be generated from clinical studies, but the goal is to classify people drawn
from the general public. The task becomes challenging due to the difference between the
two populations. Transfer learning under covariate shift has been studied in previous work

such as Shimodaira (2000); Sugiyama et al. (2008); Kpotufe and Martinet (2018).

In this chapter, we study transfer learning under the posterior drift model, where it is
assumed that Px ~ Qx but Py x and Qy|x can highly differ. To be more specific, suppose
there are two data generating distributions P and @ on € x {0,1}, where Q C [0,1]¢. We
observe np independent and identically distributed (i.i.d.) samples (X{, Y{"), ..., (X,];P, Yni)
drawn from a source distribution P, and ng i.i.d. samples (X 1Q7 YIQ), ey (Xfi?Q,Yn%) drawn
from a target distribution ). The data points from the distributions P and ) are also
mutually independent. For each data point (X,Y’), the d-dimensional vector X is regarded
as covariates (features) of a certain object, while Y is a (noisy) binary label indicating to

which of the two classes this object belongs. The goal is to make classification under the

target distribution @): Given the observed data, construct a classifier f : Q@ — {0, 1} which



minimizes the classification risk under the target distribution Q:

R(f) = Pixyyno(Y # f(X)).

Here P(x y)~q(-) means the probability under the distribution Q.

In binary classification, the regression functions are defined as
np(z) 2 P(Y =1]X =2) and ng(z) 2 Q(Y = 1|X =),

which can be used to represent the conditional distributions Py x and Qyx. In classifica-
tion, Y can be regarded as an unknown parameter predicted by X, so from this perspective
we refer to Px and Qx as the class “prior" probabilities and np(x) and ng(x) as the class
“posterior" probabilities associated with P and @ respectively (Scott, 2018). We say a “pos-
terior drift" happens when Px and ()x have the same support with bounded densities, but

np(x) and ng(x) are highly different.

Posterior drift is a general framework and arises in many applications, where one collects

data from different populations. Here are three examples.

e Crowdsourcing. Crowdsourcing is a distributed model for large-scale problem-
solving and experimentation such as image classification, video annotation, and trans-
lation (Yuen et al., 2011; Karger et al., 2011; Zhang et al., 2014). The tasks are broad-
casted to multiple independent workers online in order to collect and aggregate their
solutions. In crowdsourcing, many noisy answers/labels are available from a large
amount of public workers, while sometimes, more accurate answers/labels may be col-
lected from experienced workers or experts. These expert answers/labels are of higher
quality but are relatively few due to the time or budget constraints. One can view
this difference in labeling accuracy as a posterior drift. It is desirable to construct a

statistical procedure that incorporates both data sets.



e Concept drift. Concept drift is a common phenomenon when the underlying dis-
tribution of the data changes over time in a streaming environment (Tsymbal, 2004;
Gama et al., 2014). One kind of concept drift is called real concept drift where the
posterior class probabilities P(Y|X) changes over time. In this situation, posterior
drift exists if data are collected at different time. For example, the incidence rate of
a certain disease in certain groups may change over time due to the development of

treatments and preventive measures.

e Data corruption. Data corruption is ubiquitous in applications, where unexpected
error on data occurs during storage, transmission or processing (Menon et al., 2015;
van Rooyen and Williamson, 2018). In many settings, one receives data of variable
quality — perhaps some small amount of clean data, another amount of slightly cor-
rupted data, yet more that is significantly corrupted, and so on (Crammer et al., 2006).
Data of variable qualities can be viewed as posterior drift between those data gener-
ating distributions, thus better strategies are needed to tackle the problem within the

posterior drift framework.

Under the posterior drift model, the main difference between P and @ lies in the regression
functions np(z) and ng(x). So the relationship between np(x) and ng(x), which can be
captured by the link function ¢ defined below, is important in characterizing the difficulty
of the transfer learning problem. In this work, we propose a new concept called the rela-
tive signal exponent vy to describe the relationship between np(x) and ng(z). Our results
show that the relative signal exponent + plays an important role in the minimax rate of

convergence for the excess risk under the posterior drift model.

For conceptual simplicity, we assume np(x) = ¢(ng(z)) for some strictly increasing link
function ¢(-) with ¢(%) = % Note that this is only a simplified version of our formal model
which will be given in Section 2. It is natural to assume ¢ is strictly increasing in the settings
where those X that are more likely to be labeled Y = 1 under @) are also more likely to

be labeled Y = 1 under P. The assumption qﬁ(%) = % means that those X that are non-



informative under () are the same under P. Formally, for a given relative signal exponent
v > 0 and a constant C,, > 0, we denote by I'(y, C,) the collection of all distribution pairs
(P, Q) satisfying

(6(r) ~ )z = 3) 20 and |6(x) — 5| > Gyl — " (21)

The relative signal exponent is a key parameter in capturing the usefulness of the data from
the source distribution P for the task of classification under the target distribution ). The

smaller the relative signal exponent, the more information transferable from P to Q.

In this work we consider transfer learning under the posterior drift model in a nonparametric
classification setting. When () satisfies the margin assumption with the parameter «, defined
in Section 2.2, and ng(z) belongs to the (3, Cz)-Holder function class, it is shown that, under

the regularity conditions, the minimax optimal rate of convergence is given by

: ; T — B0+
inf max EzEq(f) < (np"™ +ng)” 2o+, (2.2)

f (PRI

where np and ng are number of data drawn from P and @ respectively, d is the number of
features, and II is the posterior drift regime where the distribution pair (P, @) belongs to the
class I'(y, C,) with the relative signal exponent v and satisfies some additional regularity
conditions. Here Eg( f) is the excess risk on @ which is defined based on the misclassification

error:

Eq(f) = Ro(f) = Rq(f5) (2.3)

where

0if no(z) < L
oy =4 0T (2.4)

1 otherwise

is the Bayes classifier under Q). The expectation Ez in (2.2) is taken over the random



realizations of all the observed data, namely the set Z, defined as

Z 2 (xP YD), (X D) (X2 ), (X9, V) (2.5)

nP’ n ) 77,@7

Note that if one only had observations from the target distribution @), the minimax rate

_B0+a) 28+d
would be n, 2#*4  Therefore, the additional term n*** in the minimax rate (2.2) quan-

tifies an “effective sample size" for transfer learning from the source distribution P relative

to @, and 25+d - can be viewed as the optimal transfer rate. This result answers one of the

2vB+d
28+d
main questions in transfer learning: nf;”a * is the total amount of information that can be

transferred from P to @, and this quantity depends on the relative signal exponent « which

characterizes the discrepancy between P and () in posterior drift.

We construct a two-sample weighted K-nearest neighbors (K-NN) classifier and show that
it attains the optimal rate given in (2.2). However, this classifier depends on the parameters
«, B, and -, which are typically unknown in practice. In this chapter, we also propose a
data-driven classifier fa that automatically adapts to the unknown model parameters «, 3

and -, with an additional log term on the excess risk bound:

B(1+a)

22[361% T 2B+
A np Y nQ
sup EzEq(fa) S <> e _
(PQ)elL ale) log(np + nq) log(np +ng)

This adaptive procedure is essentially different from either the non-adaptive procedure given

in this chapter, or any nonparametric classification procedures in the literature. The adap-
tive classifier is constructed based on the ideas inspired by Lepski’s method for nonparamet-
ric regression. The construction begins with a small number of the nearest neighbors, and
gradually increases the number of the neighbors used to make the decision. The algorithm
terminates once an empirical signal-to-noise ratio reaches a delicately designed threshold. It
is shown that the resulting data-driven classifier automatically adapts to a wide collection

of parameter spaces.
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In some applications, there are data available from multiple source distributions. Intuitively,
the samples from all source distributions are helpful to the classification task under the
target distribution. We also consider transfer learning in this setting under the posterior
drift model. Suppose there are multiple source distributions Pi,..., P, and one target
distribution @, each pair of distributions (FP;, Q) has a relative signal exponent ~;, i €
{1,...,m}. The minimax optimal rate of convergence is established and the result quantifies
precisely the contributions from the data generated by the individual source distributions.
An adaptive procedure is constructed and shown to simultaneously attain the optimal rate

up to a logarithmic factor over a large class of parameter spaces.

The rest of the chapter is organized as follows. In Section 2.2, after some basic notations and
definitions are introduced, the model for transfer learning under the posterior drift model is
proposed in a nonparametric classification setting. In Section 2.3, we establish the minimax
optimal rate by constructing a minimax optimal procedure with guaranteed upper bound
and a matching lower bound. In section 2.4, a data-driven adaptive classifier is proposed
and is shown to adaptively attain the optimal rate of convergence, up to a logarithmic
factor. Section 2.6 investigates the numerical performance of the data driven procedure.
In section 2.7, a real data application is carried out to further illustrate the benefit of our
method. Section 2.5 considers transfer learning with multiple source distributions and a
brief discussion is given in Section 2.8. For reasons of space, we prove one main result in
Section 2.9 and provide the proofs of the other results and some technical lemmas in the

Supplementary Material (Cai and Wei, 2019).
2.2. Problem Formulation

We introduce in this section the posterior drift model. We begin with notation and basic

definitions.
2.2.1. Notation and definitions

For a distribution G, denote by G(-) and Eq(-) respectively the probability and expectation

under G. Denote by Px and @) x the marginal distribution of X under the joint distributions

11



P and @ for (X, Y) respectively. Let supp(-) denote the support of a probability distribution.
Throughout the chapter we write [| - || to denote the Euclidean norm. We use I} to denote
the indicator function taking values in {0, 1}. We define a Vb = max(a,b), a Ab = min(a, b),
and |a] be the maximum integer that is not larger than a. We denote by B(z, ) a Euclidean
ball centered at z with radius r. We write A(-) to denote Lebesgue measure of a set in a
Euclidean space. We denote by C or ¢ some generic constants not depending on np or ng

that may vary from place to place.
2.2.2. Posterior drift in nonparametric classification

For two distributions P and @ for a random pair (X,Y’) taking values in [0, 1]¢ x {0,1}, we

observe two independent random samples, (X7, YF),..., (Xfp7 Yni) P oand

iid.

(XIQ,YIQ), e (XQ YQ) <~ Q. We shall use P-data and @)-data to refer to the data

n@» tnq
sets drawn from the distributions P and @ respectively. We consider the transfer learning
problem when there is a posterior drift between P and (). In the posterior drift model, the
covariates/features X are drawn from distributions having the same support with bounded
densities, but the response/label Y has different conditional distributions given X between

P and Q. The readers should notice that the model we introduced in Section 2.1 is a special

case within the model we will introduce in this section.

The regression functions have been defined informally in the introduction, now we give a

precise definition. Let

PY=1X =z) ifx € supp(Px)
ne(z) =

% otherwise

QY =1|X =z) if z € supp(Qx)
ne(z) =

% otherwise

denote the corresponding regression functions of P and (). Besides the previous definition

(2.4) of Bayes classifier under the target distribution @, we can similarly define the Bayes

12



classifier for the source distribution P as:

0if np(z) < 3
fi(x) = T

1 otherwise

Now assume (X, YT) is a data pair drawn from the distribution P. From the definition,
given X¥ = x, YP is more likely to be equal to 1 if [p(x) = 1 whereas YP is more likely
to be equal to 0 if f5(x) = 0. It is similar for the distribution @. Thus informally one can

regard fp(z) (f§(z)) as the true label at the covariate value  under the distribution P (Q).

In transfer learning, although the observed data are drawn from two or more different
distributions, these distributions are usually related to each other so that all of them are
useful for learning the intrinsic true labels. For instance, in a crowdsourcing survey, although
accuracy varies among different workers, their answers should be no worse than random
guessing. It is reasonable to assume that the answer is correct with probability at least %
This means we may reasonably assume that, given the same covariate x, the “true labels"

under the distributions P and @) are the same. That is

[*(2) = fp(z) = fo(x) Yz € supp(Px),

which is equivalent to

(np(z) = 5)ngla) = 5) = 0.

The definitions and assumptions introduced so far treat the P-data and ()-data symmetri-
cally and interchangeably. But in real applications, usually the two data sets are treated
differently. We call P the source distribution and @ the target distribution. The goal is to
transfer the knowledge gained from the P-data together with the information contained in

the @Q-data for constructing an optimal classifier under the target distribution Q.

Intuitively it is clear that the amount of information that can be transferred from the P-data

13



L I
=0.3
=05
0.75 | 0.75| i
]
B B ;
< 05| < 05f / 8
S s f
0.25 - 0.25 | 8
1 i 1
% % 0.25 0.5 0.75 1

nQ(z)

Figure 2.1: Illustration of the relative signal exponent ~. Left panel: feasible region when
v = 0.5 and Cy = 0.5. A pair of distributions (P, Q) has relative signal exponent v = 0.5
with Cy = 0.5 when (np(z),n¢(z)) falls into the shaded (blue) region for all x in the support.
Right panel: feasible region with different choices of «. Smaller v implies more information
contains in Py|x.

for the inference under @) depends on the similarity between the distributions P and (. In

this chapter, we quantify the similarity by the relative signal exponent of P with respect

to Q.

Definition 1 (Relative Signal Exponent). The class I'(, C,) with relative signal exponent
v € (0,00) and a constant C € (0, 00) is defined as the set of distribution pairs (P, Q), both

supported on RY x {0, 1}, satisfying Va € supp(Px) U supp(Qx),

(1p(2) — 5)(na(x) — 5) > 0 (26)
e (z) — 51 2 Cylng(e) - " (27)

Remark 1. The relative signal exponent ~ indicates the signal strength of the P-data
relative to the @Q-data. Note that |ng(z) — 1| is always bounded by 1/2. So generally
speaking, the smaller « is, the larger the difference between np(x) and %, which means

the P-data is more informative about f*(x) and consequently more information can be

transferred from the P-data to the (Q-data.

14



One can see that the above definition of relative signal exponent implies when [ng(z) — 3

is large, then |np(x) — %| should be relatively large. This is intuitively true in a wide range
of real applications. Taking again the crowdsourcing surveys as an example. If one crowd
of workers can answer a question correctly with a larger probability, then for another crowd
of workers the accuracy of their answers is also usually larger because this question is likely

to be easier.

In addition to the relative signal exponent 7, we also need to define a smoothness parameter

of ng and characterize its behavior near 1/2:

Definition 2 (Smoothness). The (3, Cg)—Holder class of functions (0 < f < 1), denoted

by H(3,C3), is defined as the set of functions g : R? — R satisfying, for any z1,zs € R?,

lg(z1) — g(z2)| < Cpllz1 — 22"

Definition 3 (Margin Assumption). The margin class M(«, Cy,) with o > 0,C, > 0 is

defined as the set of distributions ) satisfying

Qx(ng(X) — 5] <) < Cut®

In this chapter we consider the nonparametric classification problem when 7¢g(x) belongs to
a (B,Cg)—Holder class and @ belongs to a margin class M(«,Cy). When Q € M(a, Cy),

we also say that () satisfies the margin assumption with the parameter a.

Remark 2. In the main part of our discussion, we focus on the case with 0 < g < 1, i.e.
1 belongs to a Holder function class with smoothness less than or equal to 1. Generally it
is possible to consider more general classes where the smoothness parameter can be larger
than 1. The discussion on the model and methods associated with the general smoothness

parameter 8 > 1 will be deferred to the discussion section.
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The margin assumption was first introduced in Tsybakov (2004); Audibert and Tsybakov
(2007) to characterize the convergence rate in nonparametric classification. The margin
assumption put a constraint on the mass around ng(z) ~ % so that with large probability
ng(x) is either % or far from % Generally, if an underlying distribution satisfies the margin

assumption, then a more accurate classification can be guaranteed.
Another definition is about density constraints on the marginal distributions Px and @ x.

Definition 4 (Common Support and Strong Density Assumption). (Px,@x) is said to have
common support and satisfy strong density assumption with parameter p = (u—, ), Cp >
0,7, > 0if both Py and @ x are absolutely continuous with respect to the Lebesgue measure

on R4, and

Q £ supp(Px) = supp(Qx)

AQNB(z,7)] > cyA[B(x,r)] Y0<r <1y, Ve

dP
u,<d—;(:v)<u+ Vr € Q
d
p <%(m) <py Ve

Define S(u, ¢y, 7,) to be the set of the marginal densities pairs (Px, Qx) that have common

support and satisfy the strong density assumption with parameter u,c,,r,.

Remark 3. The strong density assumption was first introduced in Audibert and Tsybakov
(2007). In this chapter we focus on the scenario that the marginal densities of Px and Qx

have regular support and are bounded from below and above on the support.

Moreover, note that when () x satisfies the strong density assumption, in the regime a8 > d,
there is no distribution @ such that the regression function ng crosses % in the interior of
the support Qx (Audibert and Tsybakov, 2007). So this regime only contains the trivial

cases for classification. Therefore, we further assume a8 < d in the following discussion.
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Given a classifier f ‘R4 — {0, 1}, the excess risk on @ of the classifier f , defined in equation

(2.3), has a dual representation (Gyorfi, 1978)

. 1
EQ(f) = 2IE(X,Y)NQ(’WQ(X) - 5“1{]5()()7&]05()()})' (2.8)

A major goal in transfer learning is to construct an empirical decision rule f incorporating
both the P-data and @)-data, so that the excess risk on @ is minimized. It is interesting to
understand when the minimax rate in the transfer learning setting is faster than the optimal

rate where only the ()-data is used to construct the decision rule.

Putting the above definitions together, in this chapter we consider the posterior drift non-

parametric parameter space:

H(C%Couﬁa C’g,’y,Cy,,u, Cmru) = {(P7Q) : (P7 Q) € F(77 C"/)vQ € M(a,C’a),

nQ € H(67 Cﬂ)> (PX7 QX) € S(M7c/1>r#)}'

In the rest of this chapter, we will use the shorthand II(«, 8, ~, p) or IT if there is no confusion.

The space II(a, 3,7, i) is also called the posterior drift regime with (o, 8,7, p).
2.3. Minimax Rate of Convergence

In this section, we establish the minimax rate of convergence for the excess risk on @ for
transfer learning under the posterior drift model and propose an optimal procedure using

the two-sample weighted K-NN classifier.

The K-NN method has attracted much attention (Cover and Hart, 1967; Gyorfi, 1978;
Gadat et al., 2016) due to its massive practical success and appealing theoretical prop-
erties. In the conventional setting where one only has access to the ()-data and there is no
P-data, with a suitable choice of the neighborhood size k, the K-NN classifier can achieve
the minimax rate of convergence for the excess risk on @) (Gadat et al., 2016). The K-NN

classifier is generated in two steps:
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Step 1: For any given x to be classified, one can estimate 7g(x) by taking the empirical mean
of the response variables (Y) according to its k nearest covariates (X). Formally,

define X (%

corresponding response (label). The estimate 7g(x) is given by

(x) be the i-th nearest covariates to x among X?, ceey X,?Q and Y(ZQ) (x) is its

|

k
. 1
ig(x) = = Y Y ().
i=1
Step 2: The class label for z is estimated by the plug-in rule:
F@) = Tpag >4y

In transfer learning, one also has access to the P-data in addition to the @)-data, the P-data
can be used to help the classification task under the target distribution () and should be
taken into consideration. To accommodate the existing K-NN methods, we should take the
empirical mean of not only the k-nearest response variables from the ()-data, but also some
nearest response variables from the P-data. In addition, when taking the average, data from
the different distributions should have different weights because the signal strength varies
between the two distributions. To make the classification at = € [0, 1]¢, a new strategy called

the two-sample weighted K-NN classifier is summarized as follows:

Step 1: Define X(I; (z) to be the i-th nearest covariates to z among X7, ..., X" and Y(f) (x) is

its corresponding response. X (% (x) and Y(ZQ) () can be defined likewise. Construct the

two-sample weighted K-NN estimator

k
wp 31E) Vi (@) +wg 3% Y(ZQ) ()
wpkp + ’ka‘Q

Ainn(z) =

where the number of neighbors kp and kg and the weights wp and wg will be specified

later.
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Step 2: The class label for x is estimated by the plug-in rule:

fun(z) = H{ﬁNN($)>%}'

The final decision rule fy ~(z), which is generated by both the P-data and @-data, is called

the two-sample weighted K-NN classifier.

The performance of the two-sample weighted K-NN classifier fNN(a:) clearly depends on

the choice of (kp, kg, wp,wq). The next theorem gives a set of choices of (kp, kg, wp,wq)

and a provable upper bound on the excess risk, which gives a guarantee for the performance

of the two-sample weighted K-NN classifier with these specific choices of (kp, kg, wp,wq).

Theorem 1 (Upper Bound). Let fNN be the two-sample weighted K-NN classifier with
264d _B 20+d B 26+d _d

wg = (n12375+d + nQ)_26+d: wp = (nIZDWBer + nQ)_Qﬂ-Q-d} ka — LnQ(nJQD’vB+d + nQ)_2B+de and

28+d d
kp = |np(ny"** +ng) 2+ |. Then

5 S _80+a)
sup EzEo(fnn) < C(np™* +ng)™ 25+

(P,Q)ell

for some constant C' > 0 not depending on np or ng.

The following lower bound result shows that the two-sample weighted K-NN classifier fN N

given in Theorem 1 is in fact rate optimal.

Theorem 2 (Lower Bound). There ezists a constant ¢ > 0 not depending on np or ng such

that
. 2t _B0+e)
inf sup EzE(f) > c(np®* +ng)” 25+ .

f (PQen

The proof of Theorem 1 will be given in Section 2.9, which is based on the general techniques
for proving K-NN methods, for instance, see Gadat et al. (2016); Samworth (2012). In the
literature of classical nonparametric classification problem, the focus was mainly on bias-

variance trade-off. Under posterior drift model, we further extend the general techniques
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Figure 2.2: An illustration of the two-sample weighted K-NN classifier. (X%, Y ") are shown
by the blue points and (X Q YQ) are shown by the red points. For each point in the graph,
the coordinates represent its two-dimensional covariates X while the number marked inside
the point represents its label Y. To classify the black point (z) located in middle of the
graph, by calculation we get (say) kp = 2 and kg = 4. Then we find kp nearest neighbors
from P-data and kg nearest neighbors from @-data. Finally, we calculate their weighted
mean to make the final classification.

to the two-sample setting, where the weights and the number of neighbors are carefully
selected to make the best combination of information. The proof of Theorem 2 is given
in the supplementary material (Cai and Wei, 2019), using the same general scheme as in
(Audibert and Tsybakov, 2007; Kpotufe and Martinet, 2018). Theorems 1 and 2 together

establish the minimax rate of convergence for transfer learning under the posterior drift

model,
A 2ok, _ B(+a)
inf sup EzE(f) =< (np? +ng)” 2+d | (2.9)

[ (PQ)eN
We make a few remarks on the minimax rate of convergence.

e Based on the minimax rate given in (2.9), it is easy to see that, in terms of the

28+d

classification accuracy, the contribution from the P-data is substantial when nfﬁﬁ o

nq, and the contribution is not significant otherwise.
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e Comparing the convergence rates (2.9) with (2.10), the minimax rate for transfer

learning under the posterior drift model is the same as if one had a sample of size
23+d
ny?** 4+ ng from the distribution @ in the conventional setting. Therefore, one can
28+d

intuitively view nIQJﬁ *4 as the “effective sample size" of the P-data for the classification

28+d
2vB+d

task under ). The exponent here can be regarded as the transfer rate. The

28+d

5 Frd 15 and more information is

smaller the relative signal exponent ~ is, the larger

transferred from the P-data. This transfer rate provides a quantitative answer to the
question posed in the introduction: How much information can be transferred from

the source distribution P to the target distribution @7 It is also interesting to note

28+d
? 2yB+d

that, when v < 1 > 1, which implies that in this case an observation from P is

more valuable than an observation from @ for the classification problem.

e In the transfer learning literature, much attention has been on an interesting spe-
cial case where there is no data from the target distribution @ at all, i.e., ng = 0
(Mansour et al., 2009; Blitzer et al., 2008). This case arises when a classifier has been
trained based on the data drawn from the source distribution P, and one wishes to
generalize the classifier to unlabeled testing data drawn from the target distribution
Q. Our results show that generalization is possible in the posterior drift framework

and the optimal rate of convergence is

) _ BQta)
inf sup EzE(f) =< np>"H.
f (PQ)eN

e It is worth noting that in the conventional setting with access to the ()-data only, the

minimax rate, which is given in Audibert and Tsybakov (2007), would be

. _8Q+a)
inf sup EzEQ(f) = ny ¥, (2.10)
I (PQ)ell

which is a special case of (2.9) with np = 0. This rate can be achieved by the K-NN

classifier given above with the choice of k < n;
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2.4. Data-driven Adaptive Classifier

In the previous section, we have established the minimax optimal rate over the parameter
space II(a, 3,7, 1) for transfer learning under the posterior drift model. This rate can
be achieved by the two-sample weighted K-NN classifier given in Theorem 1. A major
drawback of this classifier is that it requires the prior knowledge of 5 and ~y, which is typically
unavailable in practice. An interesting and practically important question is whether it is
possible to construct a data-driven adaptive decision rules that can achieve the same rate

of convergence, while automatically adapt to a wide collection of the parameter spaces

H(a7 577):“)

In nonparametric regression, Lepski’s method (Lepski, 1991, 1992, 1993) is a well known ap-
proach for the construction of a data driven estimator that adapts to the unknown smooth-
ness parameter 8 by screening from a small bandwidth to larger bandwidths with delicately
designed stopping rules. This procedure can be used for nonparametric classification in the
conventional setting where only (Q-data is available and only adaptation to one smoothness
parameter [ is needed. For readers’ convenience we include this construction in Section
2.9. The transfer learning setting is more challenging: we need to adapt to bothparameters
B and ~. In this section, we modify Lepski’s method in our context and introduce a new

stopping rule and show that the resulting classifier adapts to all unknown parameters.

Now we develop a data-driven procedure to make classification at a specific point x € [0, 1]d.
The construction combines all data points from the P-data and the ()-data together and
finds nearest neighbors among all the data. Denote by X(;)(x) the i-th nearest data point to
7 in the combined set { X7, ..., Xfp} U {XlQ, vy XgQ}. Similar to Lepski’s method, we begin
with a small number of nearest neighbors, and gradually increase the number of neighbors
used to make the decision. One more nearest neighbor is added in each step. At the k-th
step, there are k nearest neighbors X(1)(z), ..., X(x)(z) among all the points in the combined
set {XT, ..., Xfp} U {XIQ, - XTQL?Q}. Suppose among these k nearest neighbors there are k‘ggk)

points from the P-data and kg ) points from the )-data. Heuristically, given these k nearest

22



neighbors, one can obtain a weighted K-NN estimate as

P P égk) Q
wp Y1 Vi (@) +wq 222, Vi ()
k)

5 (k)
N\ (z,wp,wg) =
? wpk:( )—l-ka(

If 3 and « are known, one can calculate the optimal choice of the weights wp and wg for
a two-sample weighted K-NN classifier. To construct an adaptive procedure, we need to
find a data driven method for choosing the weights wp and wg. Define the “variance" of
7*) (z, wp,wg) as

Pk(k) 2 k(k)

(wpkt +w k:(k))

v(k) (’U)P, wQ) =

For a given k, we call the maximum value of the ratio between (7 (2, wp, wg) — 3)% and

the “variance" v*) (wp, wq) as the signal-to-noise ratio index k)

;(k) _ 1y2
f(k‘) — max (77 (-T,U)P,'UJQ) 2) .
wp,wQ 'U(k)(wp7wQ)

The algorithm is terminated when #*) > (d+3) log(np+ng), and the corresponding wp and

(f](k) (mvava)_%)2
U(k)(wP:wQ)

wq are chosen as the maximizers of . If the algorithm doesn’t terminate

at any step, the optimal k can be alternatively chosen by the maximizer of 7). That is, we

choose k = k* with

min{k : #%) > (d + 3)log(np +ng)}  if max;, #*) > (d+ 3)log(np + ng) 211)
k" = 2.11

k) otherwise

argmax, 7

and choose (wp,wg) = (wp,wy)) with

(18 (@, wp, wg) — 3)?
o) wpwg)

(wp, wg) = argmax(,, )
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Figure 2.3: An illustration of the adaptive procedure given in Algorithm 1. See figure 2.2 for
interpretation of the graph. Here we shorthand the threshold T' = (d + 3) log(np + ng). In
each step, we evaluate r*) and compare it to the threshold R. If #*) > T', then output f (k)
generated in current step; if 7(¥) < T, go to next step and add one more nearest neighbor.

The data driven adaptive classifier is then defined as

Fa(@) = Lot (@, )2 8-

Remark 4. The choice of (d+3)log(np+ng) as the threshold in the stopping rule (2.11) is

important and requires some explanation. Roughly speaking, this is due to the fact that the

maximum fluctuation of /*) (2, wp,wg) is bounded by \/(d + 3)log(np + ng)v® (wp, wg)
with high probability, which will be shown in Lemma 5 with a suitable change of pa-
rameter (stated in the supplementary material (Cai and Wei, 2019)). Thus, when #*) >
(d + 3)log(np + ng), ﬁ(k)(x,wp,wQ) > % indicates Eﬁ(k)(a:,wp,wQ) > %, which suggests

f*(x) =1, and vice versa.

The procedure is summarized in Algorithm 1 where the above procedure is simplified by

using the actual closed form expression for #(¥) and fa(:c)
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We investigate the theoretical properties of this data-driven classifier fa in terms of both
global and local adaptivity. The theoretical analysis shows that the proposed classifier is,

both globally and locally, adaptive to the unknown smoothness and relative signal exponent.
2.4.1. Global adaptivity

Note that fa is a data-driven classifier. The following theorem gives an upper bound for the

excess risk under Q:

Theorem 3. Let n =np +ng. There exists a constant C > 0 not depending on np or ng

such that
B(14+a)

H5a e
~ 2l
sup Ez&q(fa) <C << ne > + 9 ) : (2.12)

(P,Q)ell logn logn
The proof of Theorem 3 is given in the supplementary material (Cai and Wei, 2019).

Comparing the rate of convergence in (2.12) for the adaptive classifier fa with the minimax
rate (2.9), the data driven classifier fa simultaneously achieves within a logarithmic factor

of the minimax optimal rate over a large collection of parameter spaces.

Remark 5. If only the (Q-data is available and Lepski’s method is applied, then the following

upper bound on the excess risk under ) holds:

_B0+a)

~ B+d
sup Eyfq(fr) <O (—2-) " (2.13)
(P,Q)€ell logng

One can verify that by setting np = 0, our new adaptive procedure is exactly equivalent
to Lepski’s method (Algorithm 3), while the rates of convergence for the two methods also

coincide.
2.4.2. Local adaptivity

In practice, one might be focused on classifying a given observation xy and thus especially
interested in the accuracy of a classifier at a specific point xg. Interestingly, the weights wp

and wg, the number k of neighbors of the proposed classifier fa(m) are all locally selected and
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calculated based on samples in a neighborhood of x. It is of practical interest to investigate

the local adaptivity of the proposed classifier.

In order to study the local behavior of the classifier fa at a given point g, we need to extent
the definitions for the posterior drift model to their local versions. First, we define the local

excess risk on ) at a point xg:
Definition 5. For any zg € Q and a classifier f : Q — {0, 1}, define the classification risk

at xg on distribution @) for f as:

R(f,z0) = P(xy)u(Y # f(20)|X = z0).

Further, define the local excess risk at xg on distribution @) for f as

gQ(f, l’o) = R(fva) - R(féaxo)

Next, we give a formal definition for local smoothness By = B(zp) and local relative signal

exponent vy = y(x):

Definition 6. A function g : R? — R has local Holder smoothness £y (0 < By < 1) at point

zo € RY if there exists r > 0 and C > 0 such that for any 2’ € B(z,r),

l9(2") = g(@o)| < Cpllz" — wo||”.

Definition 7. A pair of distributions (P, @), both supported on Q x {0, 1}, are defined to
have local relative signal exponent vy at a point x¢ € €, if there exists » > 0 and C > 0

such that for any = € B(xo,r),
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ne(@) = 31 = Cylng@) - 5

The definitions of local smoothness and local relative signal exponent are similar to their
global versions, except we only consider in a small neighborhood of xy. Based on the above

definitions, the local adaptivity of fa at g is characterized as follows:

Theorem 4. Suppose the distributions (P,Q)) are both supported on 2 x {0,1} and a point

xo € 2. Suppose the following holds.
1. (P,Q) have local relative signal exponent yy at xo;
2. mg has local Hélder smoothness By at xo;

3. (Px,Qx) € S(p,cu,my), i-e. Px and Qx have common support and satisfy the strong

density assumption.

Let n = np 4+ ng. There exists a constant C' > 0 such that

__bo
2Bp+d 2Bg+d
np ) 270Bo+d nQ

logn logn

EzEq(fa,z0) < C < (2.14)

The proof of Theorem 4 is provided in the supplementary material.

Remark 6. Under the same setting as in Theorem 4, when 5y and g are known, the local

minimax rate of convergence is

R 2Bg+d _ Bo_
qu sup Eng(fa,ﬂfo) - (n;’YOBO+d + nQ) 2Bp+d

f(PQ)

where the supremum is taken over all distribution pairs (P, Q) satisfying conditions 1,2,3
stated in Theorem 4. This minimax rate can be achieved by the same construction as the
minimax classifier in Section 2.3 (using local parameters Sy, yo instead of global parameters

B,7). As a result, Theorem 4 shows that fa also achieves within a logarithmic factor of the
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local minimax optimal rate. In other words, fa adapts to local smoothness and local signal

relative exponent.

Remark 7. For simplicity, this chapter focuses on the posterior drift model, which is some-
what restrictive since the relation between P and @) is described by a signal parameter ~.
However, because fa is adaptive to the local signal relative exponent, it can make nearly op-
timal classification under heterogeneity where + varies. In other words, fa works optimally

even when P is stronger than ) in some places and weaker than @ elsewhere.

Remark 8. Note that there is also a dual representation of EzEqg( far20):

EzEq(fasx0) = 2ng(z0) — %\Pz (fa(wo) #= f&kg(xo))

Theorem 4 can be interpreted as follows. For any point xg, the classifier fa performs well

(i.e. the accuracy of f, is bounded away from 1/2) when

Bo

2Bp+d 2Bg+d

1 np \ 2%0Po+d ng
——|>C
poan) — 312 € (22 )7 4 2

for some constant C' > 0. Other than the sample sizes np and ng, the rate only depends
on the local smoothness 5y and local relative signal exponent ~g. Also, it is optimal up to
a logarithmic factor. The result thus shows that fa is adaptive to the local smoothness and

local relative signal exponent.
2.5. Multiple Source Distributions

We have so far focused on transfer learning with one source distribution P and one target
distribution ). In practice, data may be generated from more than one source distribution.
In this section, we generalize our methods to treat transfer learning in the setting where

multiple source distributions are available.

We consider a model where there are several source distributions with different relative

28



signal exponents with respect to the target distribution ). Suppose there are np,,...,np,,,
and ng i.i.d data points generated from the source distributions P, ..., P,,, and the target

distribution ) respectively,

(XL v, (xP yE )y py

Py’ TPy

ii.d.
(X{Dmv Ylpm)v Sl (ngmvynlj;;) ~ P
ii.d.
(X?’ YIQ)7 ) (Xr?@vYnQQ) ~Q

and all the samples are independent. The goal is to make classification under the target
distribution (). Similar as before, it is intuitively clear that how useful the data from the
source distributions P;, i € [m], to the classification task under ) depends on the relationship
between each P; and (). The definition of the relative signal exponent needs to be extended to
accommodate the multiple source distributions. It is natural to consider the situation where
each source distribution P; and the target distribution ) have a relative signal exponent.
This motivates the following definition of the vectorized relative signal exponent when there

are multiple source distributions.

Definition 8. Suppose the distributions P, ..., P, and Q are supported on R? x {0,1}.
Define the class I'(y,Cy) with the relative signal exponent v = (v1,...,7m) € R and
constants Cy = (C1,...,Cp,) € R, is the set of distribution tuples (Pi,..., Py, Q) that
satisfy, for each i € [m], (P;,Q) belongs to the class I'(7;,C;) with the relative signal

exponent ;.

Similar as in Section 2.2, adding the regularity conditions on @) including the smoothness,

margin assumption and strong density assumption, we define the parameter space in the
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multiple source distributions setting as follows:

H(avcavﬁacﬁa’% C‘V?//J,C,uvr,u) = {(Plﬂ 7Pm’Q) : (P17 7PmaQ) € F(’Y’ C’Y)?

Q € M(a,Cy),mg € H(B,Cp), (P x,Qx) € S(i, cu,ry) for all i € [m]}.

We will simply denote II(a, Cy, 8, Cg, 7, Cy, it, ¢y, ) by II or (e, 5,7, ) if there is no

confusion.

In this section we establish the minimax optimal rate of convergence and propose an adaptive
classifier which simultaneously achieves the optimal rate of convergence within a logarithmic
factor over a wide collection of the parameter spaces. The proofs are similar to those for
Theorems 1, 2 and 3 in the one source distribution setting. For reasons of space, we omit

the proofs.
2.5.1. Minimax rate of convergence

We begin with the construction of a minimax rate optimal classifier fNN in the case of
multiple source distributions. The classifier is an extension of the two-sample weighted K-
NN classifier given in Section 2.3. It incorporates the information contained in the data
drawn from the source distributions P;, i € [m], as well as the data drawn from the target

distribution (). The detailed steps are as follows.

Step 1: Compute the weights wp,,...,wp,, , and wg by

m 2ﬁ+dd Vi B
oA :

wp, = (ng + g nPZZM ) 25+d,  for all i € [m],
i=1
m 28+d 8

_ 2y, Atd \— g

wQ = (nQ + Z n};.iZ ) 2B+d

i=1
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Compute the numbers of neighbors kp,, ..., kp,,, kg by

m 28+d a
kp, = |np,(ng+ Y np®™ )7 ], foralli € [m]
=1
m 2B+d d
ko = |no(ng + Y _np" ™) m .
=1

Step 2: Define X(];i) (x) to be the j-th nearest data point to z among XlPi, - Xf;i and Y(f)l (x)

is its corresponding response (label). Likewise, let X 8.) (z) be the j-th data point to

T among XlQ, ...,XQ and Y(% (x) is its corresponding response (label). Define the

nQ

weighted K-NN estimator

k m kp; i
wQ 2]21 Y(?) () + 225 (wPi Zjil Y(f) (w))

N 7) —
nNN( ) kaQ + Zzﬂil Wp; kPi

This estimator takes weighted average of kp, nearest neighbors from the data points
drawn from P;, each with weight wp,, and kg nearest neighbors from the data points

drawn from @, each with weight wg.

Step 3: The final classifier is then defined as

fun(z) = H{ﬁNN($)>%}‘

We now analyze the theoretical properties of the classifier fN ~- Theorem 5 gives an upper
bound for the excess risk £g( fn ~ ), while Theorem 6 provides a matching lower bound on
the excess risk. These two theorems together establish the minimax rate of convergence and
show that fNN attains the optimal rate. In the following theorems, the expectation E is

taken over random realization of all data drawn from source and target distributions.

Theorem 5 (Upper Bound). There exists a constant C > 0 not depending on np or ng,
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such that

. T2 sata)
sup E€q(fnn) < Cng + Zm;j’“ )" 2B+d
(Pl,--.,Pm7Q)eH(OC,B,’)’,M) =1

Theorem 6 (Lower Bound). There exists a constant ¢ > 0 not depending on np or ng,

such that
. M 28+d g14a)
inf sup EEQ(f) > e(ng + Z n;,?i‘”d)_ 2F+d
I (PryesPm Q)€ (0r, 8,7, 1) i=1

Theorems 5 and 6 together yield the minimax optimal rate for transfer learning with multiple

source distributions:

m o _2B+d _ B(1+a)

in sup Egq(f) = (ng + Y _np ™)~ 25 (2.15)
f (P1,~~7vaQ)EH(Oévﬁ777/"/) =1

28+d

. . . 27, d
As discussed in Section 2.3, here n ow *

2

can be viewed as the effective sample size for data
drawn from the source distribution P, when the information in this sample is transferred to

help the classification task under the target distribution (). Even when there are multiple

28+4d
2viB+d’

source distributions, the transfer rate associated with P; remains to be which is not

affected by the presence of the data drawn from the other source distributions.
2.5.2. Adaptive classifier

Again, the minimax classifier is not practical as it depends on the parameters v and y which
are typically unknown. It is desirable to construct a data driven classifier that does not rely
on the knowledge of the model parameters. A similar adaptive data-driven classifier can be

developed. The detailed steps are summarized in Algorithm 2.

It is clear from the construction that the classifier fa is a data-driven decision rule. Theorem
7 below provides a theoretical guarantee for the excess risk of fa under the target distribution
Q. In view of the optimal rate given in (2.15), Theorem 7 shows that fa is adaptively nearly

optimal over a wide range of parameter spaces.
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Theorem 7. Let n = ng + Y ;= np,. There exists a constant C' > 0 such that for II =

(e, B, 7, 1),

_B(+a)

n moy P 2B+d

¢ Q P g

EE <C- — .
P qlfa) = <logn + 2 <10gn> >

(Pl,...,Pm,Q)EH

1=
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Algorithm 1 The Data Driven Procedure

Input: z € supp(Qx)
fork=1,...,(np+ng—1),(np+ng) do
Find k nearest covariates to x among all covariates in data {X{, X7, Py
{X?, XQQ, s XTC;QQ}. Suppose among those k nearest neighbors X 1)(z), X(2y(z), ..., X1y ()
there are k‘ggk) covariates from P-data and kg )

covariates from @-data.
Compute kgg) nearest neighbor estimate in P-data (If k:( ) = =0, set n(k) )

k()

A(k Zyl)

and kg) nearest neighbor estimate in P-data (If k( ) = =0, set n(k) 3)

K

A(k kk ZY

Let #(¥) be the signal-to-noise ratio index calculated by

(k) (k) _ 1 &) (~F) 1\2 e o B Ay e a(k)
® kp (UP - §> + kg ( g — 5) if sign(fp’ — 3) = sign(fg,” —
(

)
2 2
o (1) (3 = 8)" 1§ () = 8)°) i sien(als) — §) 2 sign(alf) - 1)

Define the intermediate classifier by

(k)
PO i -2 R ()20
if #*)(x) > (d+ 3)log(np + ng) then
Stop and output fa(x) — R (z)
Output fa(‘r) — f(km)(x) where k;,, = argmax;, (0
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Algorithm 2 The Data Driven Classifier

Input: z € supp(Qx)
fork=1,...,(ng+ >~ np —1),(ng+ > ;- np,) do

Find k nearest neighbors X(y(z),..., X(1)(7) to  among all the covariates {XJQ :
J € [ngl} U U;’;l{XJPi :j € [np]}. Suppose kgj) of them are from the distribution P;,
1=1,...,m,and kg ) of them are from Q. That is, the k nearest neighbors are partitioned
into m + 1 parts according to which distribution they are drawn from.

For each i € [m], Compute the K-NN estimate for np, (If k:(]:) =0, set ﬁg:) ~1)

P,
L

(k ]

77591-)(55) — W ZY(; (v)

and nearest neighbor estimate for ng (If kg ) = 0, set ﬁg ) )

0!

Q
(k) 1 P
Q™ < (k)ZY@@)-
ko =1

Compute the positive signal-to-noise index

2 m 2
(k) & (k1 3 & (k) 1
"+ “H{ngﬂzé}kQ ("Q _2) + - H{n;’?z%}kﬂ- <’7Pz' _2>

and negative signal-to-noise index

2 m 2
(k) k) (0 1 k) (k) _ 1
r_ F]I{ngs)<%}kQ (TIQ _2> +Zlﬂ{ngz)<;}kpl (T]PZ —2>
Let #(%) be the signal-to-noise ratio index calculated by
7R max {fik), f(_k)} .

Define the classifier R
f(k) (gj) — H{ff)zf(,m}'

it #%) > (d +3) log(ng + > i, np,) then
Stop and output fa(gy) — B ().
Output fa(g;) — f(km)(x) where ky, = argmax;, #*).
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2.6. Numerical Studies

In this section, we carry out simulation studies to further illustrate the performance of the
adaptive transfer learning procedure. Numerical comparisons with the existing methods are

given. The simulation results are consistent with the theoretical predictions.

For all simulation experiments in this section, the data is generated under the posterior drift

model with d = 2. The distributions (P, @) used to generate data is specified as following:

1. Marginal distributions: Px = @ x are both uniform distribution on the square €2 =

[—1,1]2.

2. Regression functions: 7¢g and np are defined as
ng(x) = 0.5 + psign(a1) (Jo1| max{0,1 — [z2[})"

and

np(z) = 0.5 + psign(xy) (|z1| max{0,1 — \a:g]})w

where © = (z1,22) € [~1,1]%, p, 3 and 7 are parameters that may vary in different

simulation studies.

According to the above construction, both np and 7g take the maximum values at (1,0)
and the minimum values at (—1,0), and equal to 0.5 when z1 = 0. it can be easily verified
that ng € H(SB, Cg) with some Cg > 0, (P,Q) € I'(v, 1), Q satisfies the margin assumption

with & = 0.99/3, and Px and Qx have the common support and bounded densities.

In the following experiments, we focus on evaluating the average excess risk at a random
test sample  drawn uniformly from the square = [—1,1]2, given np data generated from

P and ng data generated from Q.
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Figure 2.4: Left: Experiments on non-adaptive methods. We operate the naive K-NN
method on only @-data (dashed line) and our two-sample weighted K-NN classifier on
different datasets. The datasets are generated with relative signal exponent v = 0.7,0.5,0.35
respectively. Right: based on our theory (Theorem 1), the expected ratio of excess risk
between the two methods we operate in the experiment.

2.6.1. Minimax non-adaptive classifier

For this particular distribution pair (P, @), theoretically, the minimax rate of convergence
for the excess risk can be achieved via the two-sample weighted K-NN classifier when we
are able to make use of model parameters 3,. In the following simulation, we fix p = 0.03,
ng = 1000 and 8 = 1. By comparing the proposed non-adaptive classifier with a naive
K-NN classifier on just the Q)-data, we evaluate the improvement on the excess risk under

different values of v and np.

During the experiment, we generated datasets with choices of the relative signal exponent
~v € {0.7,0.5,0.35} and number of P-data np varying from 50 to 3200. The excess risk of the
two-sample weighted K-NN classifier and the naive K-NN method are illustrated in Figure
2.4a. Meanwhile, a planer plot is given in Figure 2.4b to illustrate the expected ratio of the
excess risk between the two methods based on our developed theory (Theorem 1). One can
clearly see how the transfer rates play a role in the experiments with different relative signal

exponent . The empirical performance and our theoretical prediction are matched to some

extent.
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Figure 2.5: Left: Experiments on adaptive methods. We operate the naive Lepski method
on only @-data (dashed line) and our adaptive classifier on different datasets. The datasets
are generated with relative signal exponent v = 0.7,0.5,0.35 respectively. Right: based on
our theory (Theorem 3), the expected ratio of excess risk between the two methods used in
the experiment.

2.6.2. Adaptive classifier

We also compare the proposed adaptive classifier with the existing methods to see whether
its numerical performance matches its theoretical guarantees. Lepski’s method is a good
competitor as it is also adaptive to the smoothness parameter 5. Following a similar routine
as in the previous experiments, we compare the excess risk between our proposed classifier

and Lepski’s method applying only the (Q-data to evaluate the improvement we may gain

empirically.

Fix p = 0.03 and 8 = 1, we generated ng = 1000 data from the target distribution @, and
np € {50,100, 200, 400, 800, 1600, 3200} data from the source distribution P with different
choices of relative signal exponent v € {0.7,0.5,0.35}. Results of the numerical experiments
are shown in Figure 2.5a. A figure of the expected improvement on excess risk, calculated
according to Theorem 3, is also available in Figure 2.5b. In both figures, the curve looks
like a reversed "S" shape when + is large, whereas a curve of exponential decrease appears
when -y is small. Therefore, it is justified that the simulation results are consistent with the

theoretical predictions.
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2.6.3. Multiple source distributions

Other than involving only a single source distribution during the previous numerical studies,
it is also worthwhile to see whether we can gain desired improvement as our theory predicts
when there are multiple source distributions. We only illustrate in this subsection the
performance of our adaptive classifier applying to multiple source distributions (Algorithm

2).

Different from the previous simulation studies, in this subsection we generate data from
three different source distributions P;, P», P3 and one target distribution ). In a similar

vein, the distributions (Py, P, P3, Q) are specified as following:

1. Marginal distributions: we set P x = P> x = P3 x = Qx to be all uniformly dis-

tributed on the square area Q = [—1,1]2.

2. Regression functions: we set ng and np,,np,,np, as

no(z) = 0.5 4 psign (1) (|21 max{0,1 — |z|})’
and

np, () = 0.5 + psign(z1) (|z1| max{0,1 — |zo|})"* i=1,2,3

where x = (21,72) € [~1,1]2, p, B and 71,72,73 are parameters that will be specified

later.

In the simulation, we fix p = 0.03,5 = 1 and 71 = 0.35,72 = 0.5,73 = 0.7, and we
always set np, = np, = np,. We compare the average excess risk of the two classifiers:
our proposed adaptive classifier and the Lepski’s procedure with only (J—data involved. By
varying number of data drawing from source distributions, we can clearly see an improvement

when applying transfer learning methods.

The excess risk of the two methods during the experiments are illustrated in Figure 2.6a.
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Figure 2.6: Left: Experiments on transfer learning from multiple source distributions. We
apply the naive Lepski method on only @-data (dashed line) and our adaptive classifier for
multiple source distributions. Right: based on our theory (Theorem 5), the expected ratio
of excess risk between the two methods we operate in the experiment.

Also, we calculate the expected ratio between the two methods according to the theory we

developed in Theorem 5. Again, the empirical performance and our theoretical prediction

are similar to some extent.

For reasons of space, additional simulation results on different choices of 5 are given in the

supplementary material (Cai and Wei, 2019).
2.7. Application to Crowdsourced Mapping Data

To illustrate the proposed adaptive classifier, we consider in this section an application
based on the crowdsourced mapping data (Johnson and lizuka, 2016). Land use/land cover
maps derived from remotely-sensed imagery are important for geographic studies. This
dataset contains Landsat time-series satellite imagery information on given pixels and their
corresponding land cover class labels (farm, forest, water, etc.) obtained from multiple
sources. The goal is to make classification of land cover classes based on NDVI (normalized
difference vegetation index) values of those remotely-sensed imagery from the years 2014-

2015. In this chapter we focus on classification of two specific classes: farm and forest.

Within this dataset, there are two kinds of label sources, given the NVDI values of the im-
ages: 1) crowdsourced georeferenced polygons with land cover labels obtained from Open-

StreetMap; 2) accurately labeled data by experts. Although crowdsourced data are massive,
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Figure 2.7: (a) Illustration of the dataset. Each row represents one of a land cover class (farm
or forest) and corresponding NDVI values of a pixel from remotely-sensed imagery in 2014-
2015. (b) Accuracy of the three methods on the crowdsourced mapping data with different
numbers of crowdsourced data involved. Blue: The proposed adaptive classifier. Red:
Lepski’s method using combined data. Brown: Lepski’s method using only crowdsourced
data.

free and public, the labels contain various types of errors due to user mislabels or outdated
images. Whereas the expert labels are almost accurate, but they are usually too expensive
to obtain a large volume. The challenge is to accurately combine the information contained

in the two datasets to minimize the classification error.

As in Section 2.6.2, we apply three methods to make the classification: (1) our proposed
adaptive procedure; (2) Lepski’s method with all data involved where we do not distinguish
data from different sources; (3) Lepski’s method with only the crowdsourced data. We use
np = b0 accurately labeled data, and change the number of involved crowdsourced data
from ng = 25 to ng = 800. We use other 166 accurately labeled data to evaluate the

classification accuracy of the three methods mentioned above.

Figure 2.7b shows the accuracy of the three methods with different numbers of crowdsourced
data involved. As more and more crowdsourced data are used, the amount of information
contained in the crowdsourced data gradually increases, and the relative contribution from
the accurately labeled data gradually decreases. The proposed adaptive classifier consis-
tently outperforms the naive Lepski’s method, especially when the number of the crowd-

sourced data is between 100 and 400, because in these cases the adaptive classifier can
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significantly increase the accuracy by better leveraging the information gained from both

distributions.
2.8. Discussion

We studied in this chapter transfer learning under the posterior drift model and established
the minimax rate of convergence. The optimal rate quantifies precisely the amount of
information in the P-data that can be transferred to help classification under the target
distribution ). A delicately designed data-driven adaptive classifier was also constructed
and shown to be, both globally and locally, adaptive to the unknown smoothness and relative
signal exponent. It is simultaneously within a log factor of the optimal rate over a large

collection of parameter spaces.

The results and techniques developed in this chapter serve as a starting point for the theoret-
ical analysis of other transfer learning problems. For example, in addition to classification,
it is also of significant interest to characterize the relationship between the source distribu-
tion and the target distribution, so that the data from the source distribution P can help
in other statistical problems under the target distribution ). Examples include regression,
hypothesis testing, and construction of confidence sets. We will investigate these transfer

learning problems in the future.

Within the posterior drift framework of this chapter, some of the technical assumptions can
be relaxed to a certain extent. For the smoothness parameter 8, we focused on the case
0 < B < 1. It is possible to consider more general classes where 5 can be larger than 1, with
strenthened relative signal exponent assumptions on the higher order derivatives of np(x)
and ng(x). When 8 > 2, the problem mighted be solved with a carefully designed weighted
K-NN classifier, as was introduced in Samworth (2012). Construction of such a weighted K-
NN method is involved and we leave it as future work. For the marginal distributions Px and
Qx, other than the strong density assumption, there are also weaker regularity conditions
introduced in the literature. See, for example, Gadat et al. (2016); Kpotufe and Martinet

(2018). Similar results on the minimax rate of convergence can be established under these
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different regularity conditions. The minimax and adaptive procedures should also be suitably

modified.

Also, in complementary work, Kpotufe and Martinet (2018) studied K-NN classifiers for
transfer learning in the covariate shift framework where the marginal distributions Px and
Qx are allowed to differ significantly. It is interesting to consider nonparametric classification
under both covariate shift and posterior drift. In such a setting, besides the relative signal
exponent 7, one also assumes (P, Q) have transfer-exponent T > 0 such that
™
Vo,r € (0,Ax], Px(B(z, 7)) 2 Qx (B(z,7)) - Cr (ATX> :

and Qx is (Cg,d)-doubling, as is defined in Definitions 3 and 6 in Kpotufe and Martinet
(2018). The detailed analysis appears to be quite involved, we only make some conjectures
here based on our preliminary calculations and leave the rigorous proofs and further inves-
tigations for future work. Our calculations indicate that the optimal rate of convergence

for the excess risk on ) under both covariate shift (transfer-exponent 7) and posterior drift

(relative signal exponent ) should be

) . _2p4d —Exe)
inf sup Ez&q(f) < <’I’ZP WBFTHd nQ> .
f(PQ)

28+d

An additional transfer-exponent 7 appears in the denominator of the transfer rate T itrd

The above optimal rate can be achieved by two-sample weighted K-NN classifier (proposed
in our work) with proper choices of wp,wg, kp and kg. In addition, our proposed classifier

fa should be nearly optimal adaptive classifier (up to a logrithmic term) in a sense that

_B(+a)

e
~ np YPTT n,

sup EzEq(f) S (1 ) + ] Q

(PQ) ogn ogn

where n = np + ng.
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2.9. Proofs

We prove Theorem 1 in this section and leave the proofs of other theorems and additional
technical lemmas in the supplementary material (Cai and Wei, 2019). For readers’ conve-
nience, we begin by stating Lepski’s method for nonparametric classification in the conven-

tional setting where there are only the (-data.
2.9.1. Lepski’s method

Algorithm 3 is a version of Lepski’s method in nonparametric classification. We state the

algorithm here for reference.

Algorithm 3 Lepski’s method (Lepski and Spokoiny, 1997)

Input: 7 labeled samples (X;,Y;) € R x {0,1}, i € [n], and a point = € R? to be
classified.
Set 1y < —oo and 75 + +0o0.
for k£ = 1, v (np + nQ — 1), (np =+ ’IZQ) do

Find k nearest neighbor estimates 7 (z) = % Zle Y{s), where Y{;) denote the label to
t-th nearest covariates to .

Set n, <, V (MK (x) — \/% logn).

Set m = nf_y A (Mk(x) + 1/ H2 Tog ).
if17k_>%or77,j<%then
Stop and output fL(:E) — H{ﬁk(x)zé}'

Output f(x) Iy (=1

2.9.2. Proof of Theorem 1
-4

. - k
and (p(x) = [np(x) — 1| to denote the signal strength. Let Y(?:kQ)(:v) = % 2 Y(?) (x) and

First we define some new notations for convenience. In the proof, we use {g(x) = |ng(x)

Y{;kp)(a:) = é Zfﬁl Y(S (x) denote the average of kg nearest neighbors in )—data and kp
nearest neighbors in P—data respectively. We will sometime omit = in the notations such as
X(% (x), X(]j) (x) if there is no confusion in the context. We also use the shorthand XSHQ to
denote the whole set of the QQ—data covariates {X 1Q b, X,?Q}. And similarly anP denotes
{xF ., XT]LDP}. We define Eyx (-) = E(-]XSHQ , anp) to denote the expectation conditional

on the covariates of all data, and E is the expectation taken over random realization of all
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data (the same as Ez we defined before). Also, in following proofs we always assume

(P,Q) € (a, 8,7, 1) so we will not state this assumption again in the lemmas.

Before proving the theorem, we first state three useful lemmas. The first lemma 1 provides
a high probability uniform bound on the distance between any point and its k—th nearest

neighbor.

Lemma 1 (K-NN Distance Bound). There exists a constant Cp > 0 such that, with prob-

ability at least 1 — C’DZ—g exp(—]%Q), for all x € Q,

kg .1
nxgmu»—xnchgguw (2.16)

And with probability at least 1 — C’DZ—g exp(—%’), for all x € Q,

kp

np

IXZ,(x) — x| < Cp(-2)a. (2.17)

Let Eg denote the event that Inequality (2.16) holds for all z € Q and let Ep denotes (2.17)

holds for all z € Q. It follows from Lemma 1 that

k k
P(Eg) > 1 - CD@ exP(_ﬁ) and P(Ep)>1-— CDnieXp(—i),
kq 6 kp 6

Lemma 2 points out that when the signal is sufficiently strong, bias of Y@ (z) and Y (x)

will not be too large to overwhelm the signal.
Lemma 2 (Bias Bound). There exist constants cp, Cp, > 0 such that:

If a point x € Q satisfies (g(x) > 2CB||X(QI?€Q)(:E) — 2|, then we have

EY|X(}7(§2:]€Q)($)) -

Eyix (¥, () -

> eol@) if f1(2) = 1, (2.18)

< —atelz) if f*(z) =0. (2.19)

N — N —
AN
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If a point x € Q satisfies (g(z) > 2C’5||X(]ZP)(3:) — z||?, then we have

Eyix (V@) — 5 2> alele) i f@)=1, (220)
By (Vi (@) — 5 < —ale(e)! i f(x) =0. (221)
Hence, if a point x € Q satisfies (g(x) > Cb(max{%, %})%’ then
e Under the event Eg, we have
- 1
EY|X(Y(?:kQ)($)) 5 2 atele) f f1z) =1, (2.22)
- 1
Eyix (Y (@) = 5 < —ae) if f1(z)=0. (2.23)
e Under the event Ep, we have
- 1
Eyix (Vi @) =5 2 ate(@) if f*(@) =1, (2.24)
Eyvix (V@) =5 < —ale(e)” if () =0 (2.25)

Lemma 3 gives a bound on the probability of misclassification at certain covariates x.

Lemma 3 (Misclassification Bound). Let Cp and ¢, be the constants defined in Lemma 2.

B
d

If C(z) > Cy(max{ 22, 22 )3 then

ng’np

e Under the event Eg, we have

[(cywokqlo() — wpkp) V 0J2) .

Py|x(fun(2) # f5(2)) < exp (_2 kpwp + kqup,

o Under the event Ep, we have

[(cpwpkrCo(a)” — woky) V 012) |

Py|x(fun(2) # f5(2)) < exp (2 kpwp + kqu},

46



e Under the event Ep NEg, we have

; \ 2 (wpkpCo(z)Y + wokglg(x))?
IP)Y\X(JL‘NN(a:) G fQ(a:)) < exp ( 2¢;, kpw% T kaé ) :

Given the three lemmas above, the remain proof generally follows that of Lemma 3.1 in
28+d

5
Audibert and Tsybakov (2007). Let § = (np”*" + ng)~ 29¥d. When wp,wq, kp, k¢ are

given as in Theorem 1, we have

wg =6, wp =07, kg = LnQ(S%J,kp = ané%J. (2.26)

d d
We will approximate kg = ngd? and kp = npd? in the following proof because one can
easily show such an approximation only result sin changing the constant factor in the upper

bound.

The following lemma gives a bound for the local misclassification risk when the parameters

in the weighted K-NN estimator are properly chosen.

Lemma 4. Using wp,wq, kp, kg defined in theorem 1 to construct a weighted K-NN es-

timator fNN. Then there exist constants c1,C1 > 0 such that, with probability at least

20+d B(1+a)
2yA+d -5
1=2(np""" +ng) 28+, for all x we have

Pyix(fn(e) # fio) < Croxp (~a (<)), (227

Let Ep be the event that inequality (2.27) holds for all 2. Lemma 4 implies

264d B(1+a)

P(Eo) > 1—2(n™ 4 ng)™ 26+d
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Consider the disjoint sets A; C Q2,7 =0,1,2, ... defined as

Aoy = {z€Q:0<(o(z) <6},

A = {zeQ:2715 < (o(x) <295} for j > 1.

Note that by the margin assumption, for all j,

1 . .
Qx(45) < Qx(Ing — 5\ < 275) < Cl2%6°.

Based on the partition Ag, Ay, ... and the dual representation of £q(f) shown in (2.8), we

have a decomposition of Eg( Fn):

. 1
EQ(fnn) = 2Ex~qx (Ine(X) — §|H{fNN(X)¢f5(X)})

=2 Z Ex qx (CQ(X)H{fNN(X);éfé(X)}H{XeAj})'
§=0

For j = 0, ]EXNQX (CQ(X)]I{fNN(X);éfé(X)}H{XEAO}) < - Qx(Ao) < CQ(SOH_I.

Under the event Ep, 29715 < ((z) < 276 for z € A;j and j > 1. Inequality (2.27) now yields

By ixExeox (G 7y ) 75 0 lixeasy)
= Ex~qx (Co(X)Pyx (fun(X) # f5(X)xea,)
< 2§ Oy exp(—cy - 201 (A)) Qx(4))

< CQrC1 209 exp(—¢y - 20 DAY 5o+
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Combining these summands together yields

EY\XgQ(fNN) =2 Z IEY\XIEXNQX (CQ(X)H{fNN(X);éfé(X)}]I{XGA]-})

=0
§=0
< oot

where the last step follows from the fact that 25’10[2(”0‘” exp(—cy - 2-=1D-0A)] converges

when v > 0. Finally, it follows from Lemma 4 that

P(ES) <2(np""™ +ng) 26+ .

Applying the trivial bound 5Q(f ~N) <1 when E§ occurs, we have

E€o(fnn) = E(Ey xEQ(fyn))

< E(EyxEq(fnn)|Eo)P(Eo) + E(Ey xEo(fnn) | ES)P(ES)

204d _ B0+ SN _B(+a)
< C’(npw+ +ng) P 141 2(111;"3+ +ng)” 2AHd
28+d _B(+a)

= (C+2)(np"" +ng)” 2+ .
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CHAPTER 3

DISTRIBUTED GAUSSIAN MEAN ESTIMATION WITH KNOWN VARIANCE

UNDER COMMUNICATION CONSTRAINTS

3.1. Introduction

In the conventional statistical decision theoretical framework, the focus is on the centralized
setting where all the data are collected together and directly available. The main goal is to
develop optimal (estimation, testing, detection, ...) procedures, where optimality is under-
stood with respect to the sample size and parameter space. Communication/computational

costs are not part of the consideration.

In the age of big data, communication/computational concerns associated with a statistical
procedure are becoming increasingly important in contemporary applications. One of the
difficulties for analyzing large datasets is that data are distributed, instead of in a single

centralized location. This setting arises naturally in many statistical practices.

e Large datasets. When the datasets are too large to be stored on a single computer
or data center, it is necessary to divide the whole dataset into multiple computers or
data centers, each assigned a smaller subset of the full dataset. Such is the case for a

wide range of applications.

e Privacy and security. Privacy and security concerns can also cause the decentral-
ization of the datasets. For example, medical and financial institutions often collect
datasets that contain sensitive and valuable information. For privacy and security
reasons, the data cannot be released to a third party for a centralized analysis and

need to be stored in different and secure places while performing data analysis.

Distributed learning, which aims to learn from distributed datasets, has attracted much
recent, attention. For example, Google Al proposed a machine learning setting called “Fed-

erated Learning" (McMahan and Ramage, 2017), which develops a high-quality centralized
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model while the training data remain distributed over a large number of clients. Figure 3.1a
provides a simple illustration of a distributed learning network. In addition to advances on
architecture design for distributed learning in practice, there is also an increasing amount
of literature on distributed learning theories, including Jordan et al. (2019), Battey et al.
(2018), Dobriban and Sheng (2018), and Fan et al. (2019) in statistics, computer science,
and information theory communities. Several distributed learning procedures with some
theoretical properties have been developed in recent works. However, they do not impose
any communication constraints on the proposed procedures thus fail to characterize the re-
lationship between the communication costs and statistical accuracy. Indeed, in a decision
theoretical framework, if no communication constraints are imposed, one can always output
the original data from the local machines to the central machine and treat the problem same

as in the conventional centralized setting.

For large-scale data analysis, communications between machines can be slow and expensive
and limitation on bandwidth and communication sometimes becomes the main bottleneck
on statistical efficiency. It is therefore necessary to take communication constraints into
consideration when constructing statistical procedures. When the communication budget
is limited, the algorithm must carefully “compress" the information contained in the data
as efficiently as possible, leading to a trade-off between communication costs and statistical
accuracy. The precisely quantification of this trade-off is an important and challenging

problem.

Estimation of a Gaussian mean occupies a central position in parametric statistical inference.
In this chapter we consider distributed Gaussian mean estimation under the communication
constraints in both the univariate and multivariate settings. Although optimal estimation
of a Gaussian mean is a relatively simple problem in the conventional setting, this problem
is quite involved under the communication constraints, both in terms of the construction of
the rate optimal distributed estimator and the lower bound argument. Optimal distributed

estimation of a Gaussian mean also serves as a starting point for investigating other more
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complicated statistical problems in distributed learning including distributed nonparametric
function estimation, distributed high-dimensional linear regression, and distributed large-

scale multiple testing.
3.1.1. Problem formulation

We begin by giving a formal definition of transcript, distributed estimator, and in-
dependent distributed protocol. Let P = {Fy : § € ©} be a parametric family of
distributions supported on space X, where § € © C R? is the parameter of interest. Sup-
pose there are m local machines and a central machine, where each local machine contains
n i.i.d observations and the central machine produces the final estimator of 6 under the
communication constraints between the local and central machines. More precisely, suppose
we observe i.i.d. random samples drawn from a distribution Py € P:

ii.d. . .
Xz‘,j ~ Py, i=1,....m; g=1,...,n

where the i-th local machine has access to X; 1, X; 2, ..., X; , only. We denote

Xi = (Xi1, Xi2,..., Xip) as the set of data on the i-th local machine.

Fori=1,...,m, let b; > 1 be a positive integer and the i-th local machine can only transmit b;
bits to the central machine. That is, the observation X; on the i-th local machine needs to be
processed to a binary string of length b; by a (possibly random) function IT; : X™ — {0, 1},
The resulting string Z; = Hi(j(i), which is called the transcript from the i-th machine, is
then transmitted to the central machine. Finally, a distributed estimator 6 is constructed

on the central machine based on the transcripts 71, Zs, ..., Zp,,

0 =002y, Za,.... Zy).

The above scheme to obtain a distributed estimator 6 is called an independent distributed
protocol, or independent protocol.

In addition to the independent protocol, there are other more general and interactive dis-
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tributed protocols including the sequential protocol and blackboard protocol, which are
two popular communication protocols considered in the literature (Zhang et al., 2013a;
Barnes et al., 2019b). We shall first focus on the independent protocol, then introduce
the sequential and blackboard protocols and establish optimality results for these two types

of distributed protocols in Section 3.4.

The class of independent distributed protocols with communication budgets by, bo, ..., by, is

defined as

Aina(b1,ba, ... b)) = {0,111, Iy, ... T,) : IL; - X — {0,1}%, i =1,2,...,m,

Data Servers ~ Compressed  Central Learner
Information

-
- 7
E 1000...110
____________ . A
p— o100y o
= & .
(a) Distributed learning network (b) Independent distributed protocol

Figure 3.1: (a) Left panel: An illustration of a distributed learning network. Communi-
cation between the data servers and the central learner is necessary in order to learn from
distributed datasets. (b) Right panel: An illustration of independent distributed proto-
col. The ¢-th machine can only transmit a b; bits transcript to the central machine. The
transcript Z; only depends on observations X;.

We use by, as a shorthand for (by, ba, ..., by, ) and denote 0 ¢ Aina(bi.m) for (é, Iy, ..., 11,) €
Aina(b1:m). We shall always assume b; > 1 for all i = 1,2, ..., m, i.e. each local machine can
transmit at least one bit to the central machine. Otherwise, if no communication is allowed
from any of the local machines, one can just exclude those local machines and treat the

problem as if there are fewer local machines available. Figure 3.1b gives a simple illustration
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for the distributed protocols.

As usual, the estimation accuracy of a distributed estimator 6 is measured by the mean
squared error (MSE), Ep, || — 0]|2, where the expectation is taken over the randomness in
both the data and construction of the transcripts and estimator. As in the conventional
decision theoretical framework, a quantity of particular interest in distributed learning is

the minimax risk for the distributed protocols

~inf sup Ep,||6 — 0|2,
GEAind(bl;m) PyeP

which characterizes the difficulty of the distributed learning problem under the communica-
tion constraints by.,,. As mentioned earlier, in a rigorous decision theoretical formulation of
distributed learning, the communication constraints are essential. Without the constraints,
one can always output the original data from the local machines to the central machine and

the problem is then reduced to the usual centralized setting.
3.1.2. Distributed estimation of a univariate Gaussian mean

We first consider distributed estimation of a univariate Gaussian mean under the communi-

cation constraints by.,,, where Py = N(6,02) with 6 € [0, 1] and the variance o known. Set

on = o/+y/n. Note that by a sufficiency argument, one can estimate 6 based on the sample
A

means X; = % Z?Zl X ; on the local machines, and the problem is the same as if one only

observes X; ~ N(6,02) on the i-th machine, fori = 1,...,m.

Our analysis in Section 3.2 establishes the following minimax rate of convergence for dis-

tributed univariate Gaussian mean estimation under the communication constraints by..,,

928 if B <logy & +2
inf sup E(é—@)Qx o if logy - 4+2<B<logy+ +m, (3.1)
éEAind(bl:m) 96[0,1] (B—10g2 ﬁ) g2 On — g2 On
min{%, } ifBZlog2é+m
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where B = 221 b; is the total communication budget, and a < b denotes cb < a < Cb
for some constants ¢,C' > 0. The same optimal rate of convergence holds for the class of

sequential protocols and blackboard protocols.

The above minimax rate characterizes the trade-off between the communication costs and
statistical accuracy for univariate Gaussian mean estimation. An illustration of the minimax

rate is shown in Figure 3.2.

Localization | Refinement . Optimal
< ><

(Inverse-proportional) (Constant)

(Exponential)

Minimax Rate

)
3N

1
1
1
1

3%
‘

1
} }
1
On

Total Budgets B

0 log log é +m

Figure 3.2: The minimax rate of univariate Gaussian mean estimation under communication
constraints has 3 phases: localization, refinement and optimal-rate.

The minimax rate (3.1) is interesting in several aspects. First, the optimal rate of conver-
gence only depends on the total communication budget B = Y™, b;, but not the specific
allocation of the communication budgets among the m local machines, as long as each ma-

chine has at least one bit. Second, the rate of convergence has three different phases:

1. Localization phase. When B < log, % + 2, as a function of B, the minimax risk
decreases fast at an exponential rate. In this phase, having more communication

budget is very beneficial in terms of improving the estimation accuracy.

2. Refinement phase. When log, i +2 < B < log, é + m, as a function of B, the
minimax risk decreases relatively slowly and is inverse-proportional to the total com-

munication budget B.
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3. Optimal-rate phase. When B > log, é +m, the minimax rate does not depend on B,
and is the same as in the centralized setting where all the data are combined (Bickel,

1981b).

An essential technique for solving this problem is the decomposition of the minimax es-
timation problem into two steps, localization and refinement. This critical decomposition
provides a framework for both the lower bound analysis and optimal procedure design. In
the lower bound analysis, the statistical error is decomposed into “localization error" and
“refinement error". It is shown that one of these two terms is inevitably large under the com-
munication constraints. In our optimal procedure called MODGAME, bits of the transcripts
are divided into three types: crude localization bits, finer localization bits, and refinement
bits. They compress the local data in a way that both the localization and refinement errors
can be optimally reduced. Further technical details and discussion are presented in Section
3.2. Furthermore, it will be shown that MODGAME is also robust against departures from

Gaussianity. See Section 3.5 for a detailed discussion.
3.1.3. Distributed estimation of a multivariate Gaussian mean

We then consider the multivariate case under the communication constraints by.,,, where
Py = N4(0,0%1;) with 6 € [0,1]¢ and the noise level ¢ is known. As in the univariate case,
by a sufficiency argument, it is equivalent to consider distributed estimation where each
local machine only observes a local sample mean vector X; ~ Ny(0,021,), with o, = o /\/n.

The goal is to optimally estimate the mean vector § under the squared error loss.

The construction and the analysis given in Section 3.3 show that the minimax rate of con-

vergence in this case is given by

272B/dq if B/d <log, X +2
inf sup E|0—0|2 =< __don 1 < 1 /
Se Ams(bum) ee[o}i]d I I3 B/ Tot; 1) if log, o T 2 < B/d < log, -+ max{m/', 2}
dmin{%@} if B/d >log, -+ + max{m’,2}

(3.2)
where B = Y"1, b; is the total communication budgets and m’ = ", min {%, 1} is the
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“effective sample size". The same optimal rate of convergence holds true for the class of

sequential protocols or blackboard protocols.

The minimax rate in the multivariate case (3.2) is an extension of its univariate counterpart
(3.1), but it also has its distinct features, both in terms of the estimation procedure and
lower bound argument. Intuitively, the total communication budgets B are evenly divided
into d parts so that roughly B/d bits can be used to estimate each coordinate. Because there
are d coordinates, the risk is multiplied by d. The effective sample size m/ is a special and
interesting quantity in multivariate Gaussian mean estimation. This quantity suggests that
even when the total communication budgets are sufficient, the rate of convergence must be
larger than the benchmark d min {fn—%, 1}. There is a gap between the distributed optimal
rate and centralized optimal rate if m’ < m. See Section 3.3 for further technical details

and discussion.
3.1.4. Related literature

The study on how the communication constraints compromise the estimation accuracy in
the distributed settings has a long history. Dating back to 1980’s, Zhang and Berger (1988)
proposed an asymptotically unbiased distributed estimator and calculated its variance. In
recent years, there has been emerging literature focusing on the theoretical properties of
distributed estimation under the communication constraints. Among them, distributed
Gaussian mean estimation has been intensively studied. We divide the discussion into two

parts — lower bound and upper bound.

Lower bound: Zhang et al. (2013a) introduced general technical tools to derive lower
bounds for several distributed estimation problems. Specifically, for d-dimensional Gaussian

2 72
mean estimation with independent protocols, the lower bound is of order @?ﬂ‘%.

Garg et al. (2014) studied distributed estimation of the mean of a high-dimensional Gaus-

o2d?
B

sian distribution. A lower bound of order min{ ,d} is established for the mean squared
error of any independent protocol. Braverman et al. (2016) applied a strong data processing

inequality to obtain lower bounds for distributed estimation with blackboard protocols. A
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lower bound for sparse Gaussian mean estimation is derived. Han et al. (2018); Barnes et al.
(2019b) proposed non-information theoretic approaches to obtain lower bounds for dis-
tributed estimation. In the case of Gaussian mean estimation, it was shown in Barnes et al.
(2019b) that a lower bound of order o2 max{%, %} holds for any independent, sequential

or blackboard protocols.

Upper bound: Garg et al. (2014) proposed a blackboard distributed protocol with the
communication cost O(md) which estimates the mean vector up to a squared loss of O(%).

Braverman et al. (2016) introduced an independent distributed protocol for Gaussian mean

2
estimation. If log(md/o,) = o(m), the protocol achieves the mean squared error O(%)
with the communication cost C' = adm.
o2d?

In summary, the known minimax rate for distributed Gaussian mean estimation is ~4—
when log(md/o,,) = o(m). However, when n is large such that log(o,,)/m is bounded away

from zero, the optimal rate is still unknown.

In addition to the above closely related literature, Szab6é and van Zanten (2018); Zhu and Lafferty
(2018) considered distributed nonparametric regression with Gaussian noise and derived an
optimal rate of convergence up to a logarithmic factor. The optimal rate is divided into three
phases, namely insufficient regime, intermediate regime, and sufficient regime. Current best
results for distributed nonparametric regression also suffer from a logarithmic gap, which in

our opinion is due to the incomplete understanding of distribution Gaussian mean estimation
with a small variance. Other related results can be found in the literature, see, for example,
Zhang et al. (2013b); Shamir (2014); Diakonikolas et al. (2017); Han et al. (2018); Lee et al.
(2017); Kipnis and Duchi (2019); Hadar and Shayevitz (2019); Szab6é and van Zanten (2019,
2020).

3.1.5. Our contribution

Although the interplay between communication costs and statistical accuracy has drawn

increasing recent attention, to the best of our knowledge, this chapter is the first work to
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establish a sharp minimax rate for distributed Gaussian mean estimation that holds for all
values of the parameters d, m, o, and in all communication budget regimes for three commu-
nication protocols — independent, sequential, and blackboard. Two rate-optimal estimation
procedures — MODGAME for the univariate case and multi-MODGAME for the multivariate

case — are developed and are shown to be robust against departures from Gaussianity.

In particular, the unified minimax rate applies to the case o, < 1. In comparison, when
on < 1, the previous results are not sharp even in the high communication budget regime
(i.e. refinement phase and optimal-rate phase). See Remarks 5 and 6 for detailed comparison
with previous results. This is an important case that arises in many statistical applications
including distributed nonparametric regression and sparse signal recovery. Establishing a
sharp and complete minimax rate is not only important for distributed Gaussian mean

estimation itself, but also fundamental for solving these related problems.

This chapter also develops a key technique — the decomposition of the minimax estimation
problem into two steps, localization and refinement. We provide a general framework and
techniques to study the optimal trade-off between the localization and refinement errors.
This is reflected in both the construction of the MODGAME procedure and in the lower
bound argument. In contrast, the previous literature focused exclusively on the refinement
error, and failed to consider the localization error. As a result, the existing results are
sharp only when the communication costs for localization are negligible. We believe the
technique for understanding the interplay between the localization and refinement errors is

of independent interest as it can be used to solve other distributed estimation problems.
3.1.6. Organization of the chapter

We finish this section with notation and definitions that will be used in the rest of the
chapter. Section 3.2 studies distributed estimation of a univariate Gaussian mean under
communication constraints with independent protocols and Section 3.3 considers the mul-
tivariate case. Section 3.4 introduces sequential and blackboard protocols and extends the

optimality results to these two types of communication protocols. Section 3.5 considers the
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robustness of the proposed procedures against departures from Gaussianity. The numerical
performance of the proposed distributed estimators is investigated in Section 3.6 and further
research directions are discussed in Section 3.7. For reasons of space, we prove the lower
bound for the univariate case in Section 3.8 and defer the proofs of the other main results

and the technical lemmas to the Supplementary Material (Cai and Wei, 2020a).
3.1.7. Notation and definitions

For any a € R, let |a| denote the floor function (the largest integer not larger than a).
Unless otherwise stated, we shorthand log a as the base 2 logarithmic of a. For any a,b € R,
let a A b2 min{a,b} and a V b £ max{a,b}. For any vector a, we will use a*) to denote
the k-th coordinate of a, and denote by [lal| £ />, (a(k))Q its Iy norm. For any set S, let
Sk £ 8% S x...x S be the Cartesian product of k copies of S. Let Iy denote the indicator

function taking values in {0,1}.

For any discrete random variables X, Y supported on X', Y, the entropy H(X), conditional

entropy H(X|Y), and mutual information I(X;Y") are defined as

H(X) £ -) P(X =x)logP(X =),

xeX
HX|Y) & - Y P(X=2Y =y)logP(X =2]Y =y),
reX,ycy
P(X = |V =y)
I(X:Y) & P(X=zY =yl
(X;Y) > P(X=zY=y)log B =)
reX yey

3.2. Distributed Univariate Gaussian Mean Estimation

In this section we consider distributed estimation of a univariate Gaussian mean, where one

observes on m local machines i.i.d. random samples:

X; R N(,02), i=1,...,m,
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under the constraints that the ¢-th machine has access to X; only and can transmit b; bits

only to the central machine. We denote by P&n the Gaussian location family
P ={N(0,02):0€[0,1]},

where 6 € [0, 1] is the mean parameter of interest and the variance o2 is known. For given
communication budgets b1.,, with b; > 1 for ¢ = 1,...,m, the goal is to optimally estimate
the mean 6 under the squared error loss. A particularly interesting quantity is the mini-
max risk under the communication constraints, i.e., the minimax risk for the independent

distributed protocol A;pq(b1.m):

Ri(bi:m) =  inf sup E(0 —6)?,
eeAind(bl:m) 96[071}

which characterizes the difficulty of the estimation problem with independent protocols
under the communication constraints. We first focus on the independent protocols. Same

results for sequential and blackboard protocols will be established in Section 3.4.

We first introduce an estimation procedure and provide an upper bound for its performance
and then establish a matching lower bound on the minimax risk. The upper and lower bounds
together establish the minimax rate of convergence and the optimality of the proposed

estimator.
3.2.1. Estimation procedure - MODGAME

We begin with the construction of an estimation procedure under the communication con-
straints and provide a theoretical analysis of the proposed procedure. The procedure, called
MODGAME (Minimax Optimal Distributed GAussian Mean Estimation), is a determin-
istic procedure that generates a distributed estimator Op under the distributed protocol

Aind(b1:m). We divide the discussion into two cases: o, < 1 and o, > 1.

61



MODGAME procedure when o, < 1

When o, < 1, MODGAME consists of two steps: localization and refinement. Roughly
speaking, the first step utilizes log é+o(B—log é) bits, out of the total budget B = )", b;
bits, for localization to roughly locate where 6 is, up to O(oy,) error. Building on the location
information, the remaining B — log é bits are used for refinement to further increase the
accuracy of the estimator. Detailed theoretical analysis will show that the optimality of the

final estimator.

Before describing the MODGAME procedure in detail, we define several useful functions
that will be used to generate the transcripts. For any interval [L, R], let 71, g : R — [L, R]

be the truncation function defined by

L if <L
TLRr(®) =4z if L<zx<R - (3.3)
R if >R

\

For any integer k > 0, denote g : R — {0, 1} be the k-th Gray function defined by

L]0 it [2F7gy(2)) mod 4 =0 or 3

gr()
1 if  [2F704y(2)] mod 4 =1 or 2.

Similarly we denote by g : R — {0, 1} the k-th conjugate Gray function defined by

) L Jo if L2k7'[071] ()] mod4=0or1

gr(x)
1 if  |2%7 ()] mod 4 =2 or 3.

To unify the notation we set gi(z) = gp(z) =0 if £ < 0.
It is worth mentioning that these Gray functions mimic the behavior of the Gray codes (for
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reference see Savage (1997)). Fix K > 1, if we treat (g1(z), g2(), ..., gx (x)) as a string of
code for any source x € [0,1], then those x within the interval [275 (s — 1),27%s) where s
is a integer will match the same code. Moreover, the code for adjacent intervals only differs
by one bit, which is also a key feature for the Gray codes. This key feature guarantees the
robustness of the Gray codes. Such robustness makes the Gray functions very useful for
distributed estimation. An example for K = 3 is shown in Figure 3.3 to better illustrate the

behavior of the Gray functions.

Along with the figure, we also provide a simple example to show why the Gray codes
are robust to stochastic errors. Suppose Xi, Xo, and X3 are three i.i.d random variables
with mean 1/4 + € and a small variance that is slightly larger than €2. The goal is to
estimate their mean by one-bit measurement of each observation. By using the Gray codes,
(91(X1), 92(X2),93(X3)) is equal to (001) or (011) with large probability, whose decoded
interval (1/8,1/4) or (1/4,3/8) is close to 1/4. As a contrast, if one uses the binary codes,
the result will be unstable due to the stochastic error of Xs. In the MODGAME procedure,

the Gray codes are used to help crudely “locate" the final estimator fp to an interval of

length O(oy,).

0 1
g1: L ! L
0 1 1
0 1 0

go: I I I I
0 i 2 1

0 1 0 1 0
g3: | | | | | |
0o i 3 5 § 01

000 001 011 010 110 111 101 100
(91,92, 93): ‘ ‘

1

ol -
sl
w|w -
(S
wlon |-
N =
ol |-

0

Figure 3.3: An illustration of the Gray functions and Gray codes.

Define the refinement function h(z) : R — {0,1} and the conjugate refinement function
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h(z) : R —{0,1} by
- 1
hiz) 2 (205070 mod 2 and  R(x) 2 |28 en] Ty - 5) mod 2. (3.4)
For any function f, define the convolution function

[e'e} 1 (y—=z

)2
e 2 f(y)dy.

() 2 Bxenieop /) = [ ——

The above refinement functions and convolution function are used to accurately estimate
the mean of the Gaussian observations. In the MODGAME procedure, the central machine
collects one-bit measurements of some observations, say h(Xi),h(X2),...h(X,). By defini-
tion, the mean of those one-bit measurements is exactly ®5(6). Note that ®p(x) is a periodic
wave-shape function, therefore after locating 6 to a short interval of length O(o,) during the
preliminary steps, the central machine obtains a good estimate for 6 by solving estimating
equation ®,(0) = w1 Y % | h(X;). A similar communication strategy is also adopted in

Braverman et al. (2016).

For any K > 1, let Decg (y1, 2, ..., yx) : {0,135 — 2[%1] be the decoding function defined
by

Deck (y1,y2, - Y ) = {x € [0,1] : gp(z) =y for k=1,2,...,K}.
Last, we define the distance between a point x € R and a set S C R as

d(z,S) £ min |z — y|.
(@, §) = min | —y|

We are now ready to introduce the MODGAME procedure in detail. Again, we divide into

three cases.

Case 1: B < log ln + 2. In this case, the output is the values of the first B localization bits

a
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from local machines, where the k-th localization bit is defined as the value of the function

gx(+) evaluated on the local sample. The procedure can be described as follows.

Step 1: Generate transcripts on local machines. Define s9 = 0 and s; = 22:1 bj for ¢ =

1,...,m. On the i-th machine, the transcript Z; is concatenated by the (s;—1 4+ 1)-th,

($i—1 + 2)-th, ..., (si—1 + b;)-th Gray functions evaluated at X;. That is,
Zi == (Usi,1+l’ Usi,1+2) ceey Usi_l-l—bi)u

where Us, |1k = gs,_,+£(X;) for k=1,2,...,b;.

Step 2: Construct distributed estimator éD, Now we collect the bits Uy, Us,...,Up from the
transcripts Z1, Zo, ..., Zm,. Note that Uy is the k-th Gray function evaluate at a random
sample drawn from N (6,02), one may reasonably "guess" that Uy, ~ gi(6). By this
intuition, we set éD to be the minimum number in the interval Decg (U, Us, ..., Up),
ie.

0p = min{z : 2 € Decp(Uy, U, ...,Up)}.

Case 2: log$+2§Bglogé+m. Let

1
uémax{seN: UogsJ2+2s§B—UogJ}, (3.5)
o

n

and define finer localization functions:

fl(x> 2 9log ﬁJ—LloguJ—2(x)ﬂ
fQ(x) 2 g[log iJ—[loguJ—2(x)a (36)

fr(z) = 9|1og ﬁJ*LloguJ%Hﬂ(x) for k > 3.

In this case the total communication budget is divided into 3 parts: crude localization bits

(roughly |log ij bits), finer localization bits (|logu|? bits), and refinement bits (2u bits).

65



The crude localization bits are the values of the functions g1(-),92(-), - 9|10g ij(')’ each
evaluated on a local sample. We denote those resulting binary bits by Uy, Us, ..., UUog L)
The finer localization bits are the values of the functions f1(-), f2(-), .-, fliogu (+); each func-
tion is evaluated on |logu| different local samples. The function values of f(-) are denoted
by W1, W2, ... Wi |1ogw)- The refinement bits are the values of the function h(-), evaluated
on u local samples; and the values of the function h(-), evaluated on u different local samples.

The resulting binary bits are denoted by Vi, Va, ..., V,, and Vi, Vs, ..., V,, respectively.

These three types of bits are assigned to local machines by the following way: (1) Among
all m machines, there are |[logu|? local machines who will output transcript consisting of
1 finer localization bit and b; — 1 crude localization bits. (2) Among all m machines, there
are 2u local machines who will output transcript consist of 1 refinement bit and b; — 1 crude
localization bits. (3) The remain m — (|log )2+ 2u) machines will output transcript consist
of b; crude localization bits. The above assignment is feasible because

1
|logu|? 4 2u < B — [log —] < m.
On

It is worth mentioning that every finer localization bits and every refinement bits are assigned
to different machines. Intuitively, this is because we need these bits to be independent so
that we can gain enough information for estimation. See Figure 3.4 for an overview of the

MODGAME procedure. The procedure can be summarized as follows:

Step 1: Generate transcripts on local machines. Define s; = Z;:l(bj — Ij<|iogu)2+2u}) and

sg = 0. On the i-th machine:

o If (j —1)|logu] +1 < i< j|logu| for some integer 1 < j < [logu], output
Zi= (U8i71+17 U5i71+27 e Usi_1+bi717 Wj,if(jfl)UoguJ );

(If bz = 1, jllSt output ZZ = Wj,i—(j—l)[logu]')
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Figure 3.4: An illustration of MODGAME. The bits in the transcripts are transmitted to
the central machine and divided into three types: crude localization bits, finer localization
bits, and refinement bits. One then constructs on the central machine a crude interval I, a
finer interval I5, and the final estimate p step by step.

o If [logu]? +1 < i< |logu]? + u, output
Zi = (U3i71+1’ U5i71+2’ X USi—1+bi_1’ V;onguJQ);

(If b; = 1, just output Z; = Vi_|1og4)2-)
o If [logu)? +u+1<i<|logul?+ 2u, output

Zi = (US¢_1+17 Usi_1+27 ceey U8¢,1+b¢717 %—(UoguJ2+u));

(If b; = 1, just output Z; = ﬂ_(LloguJQJru).)
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o If i > |logu|? + 2u + 1, output

Z; = (Usi71+1, U8i71+2’ ) Usi_1+bi)-

where the above binary bits are calculated by

Us, 14k = gs;+x(Xi) for i=1,2,..m; k=1,2,....b;.
Wi (—1)pogu) = f3(Xs) for j=1,2,.. [logu|—1;
i=(—1)logu|+1,(j —1)|logu] +2,...,j[logu].
Vi llog u)? 2 n(X;) for i=|logul?+1, |logul®+2,..., |logul® + u.

Vi (llog u)2+u) 2 n(X;) for i=|logul?+u+1,.., |[logu|?+ 2u.

Step 2: Construct distributed estimator éD, From transcripts 21, Zo, ..., Z,,, we can collect
(a) crude localization bits Uy, U, ..., Ullog L |5
(b) finer localization bits Wi 1, Wi 2, ..., Wiiog u],[log u|;

(c) refinement bits V3, Vs, ..., Vi, and V4, Va, ..., Vy.

Step 2.1: First, we use crude localization bits Uy, Us, ...UUOg 1|~ [logu)—3 tO roughly locate

0. The “crude interval" I; will be obtained in this step.
(a) If |log ij — |logu] <3, just set I} = I} = [0,1].

(b) If |log U%LJ — |logu] >4, let

I:,l é DeCUOg éJ*UOgUJ*?’(Ul’ UQ, ceey UUOg InJ*UOgUJ*QJ») (37)

Then we further stretch I to a larger interval I; so that I; will double the length
of I1:

I A {x cd(x, 1) < 27 (Ues o%J—Uog“J—?)}. (3.8)
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Step 2.2: Then, we use finer localization bits to locate 6 to a smaller interval of length
roughly O(oy,). A "finer interval" Iy will be generated in this step. For any

1 <Ek<|logul, let
Wi =1

log u
(R wy ;>4 logu)}

be the majority voting summary statistic for Wi 1, W2, ..., Wy |10gu) -

(a) If |log ij — |logu] <3, and |log %J <4, let

I, =TI, =10,1].

(b) If |log éj — |logu] <3, and |log #j > 5, let

Ié = DeCLlog $J74(WUoguJ7Uog #Jﬁ’fﬂ WUogqu\_log ij‘i’G’ e WUoguJ ) (39)

Then we further stretch I} to a larger interval Iy so that I will double the length
of Il:

1

Igé{x:d@;g)g2—m%vu—$}.
(c) If |log éj — |logu] >4, let

L2{zel: fylx) =W forall k=1,2,.., |logul}. (3.10)

Lemma 7 in the Supplementary Material Cai and Wei (2020a) shows I} is an
interval. Then we further stretch I to a larger interval I5 so that Iy will double
the length of I}:

I = {x cd(z, 1) < 2 (llog ﬁj—:&)} .

Step 2.3: Finally, we use refinement bits Vi, Vs, ..., V,, and Vi, Va, ..., V, to get an accurate
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estimate 0p. Lemma 8 in the Supplementary Material Cai and Wei (2020a) shows

that one of the following two conditions must hold:

I, C [(2]' — Z) .9~ (loe ﬁJ_G), (25 + Z) .9~ (Llog (flnj_6)] for some j € Z
or
1 _ 1 |_q _ a1
I, C {(2]' + Z) Lo~ (log 5] o (25 + 2) g~ (llog 7.7 6)} for some j € Z.

So we can divide the procedure into the following two cases.

(a) If I, C [(2j — 3) - 27(Llogéj*6),(2j + 3. 27(Llogik6)] for some j € Z.
Then ®;,(z) is a strictly monotone function on Iz (proved in Lemma 8 in the

Supplementary Material Cai and Wei (2020a)). Denote

L; £ inf ®,(x) and Ry = sup ®p(z).
z€l> x€ls

By monotonicity, ®, is invertible on I5. Let @;1 : [L1, Rr] — Iz be the inverse

of @, the distributed estimator Op is given by
1 u
GD :‘P}?l T[LLRI] EZV] (311)
j=1

where 77, g,] is the truncation function defined in (3.3).

(b) Otherwise, we have Iy C [(2j+%)-2_(tlogéJ_6), (Qj_i_%)z—(\_log ﬁj—ﬁ)] for some
J € Z. In this case ®7(x) is a strictly monotone function on /5 (proved in Lemma

8 in the Supplementary Material Cai and Wei (2020a)). Denote

L; £ inf ®;(z) and Ry = sup ®;(x).
zelz zel,
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By monotonicity, ®; is invertible on I5. Let @il : [L1, Rf] — I be the inverse

of ®;, the distributed estimator Op is given by

. _ 1
where 77, ) is the truncation function defined in (3.3).

Case 3: B > log é + m. We only need to use part of the total communication budget
B as if we deal with the case B = |log ij + m. To be precise, we can always easily find

by, bh, ... b, so that 1 < b, <b; for i =1,2,...,m and

m

1
Zb; = |log U—J +m.

i=1 n

Then we can implement the procedure introduced in Case 2 where we let the i-th machine

only output a transcript of length &/.
MODGAME procedure when o, > 1

When o, > 1, each machine only need to output a one-bit measurement to achieve the
global optimal rate as if there are no communication constraints. Some related results are
available in Kipnis and Duchi (2019). The following procedure is based on the setting when
b;=1foralli=1,....m. If b; > 1 for some 4, then one can simply discard all remain bits

so that only one bit is sent by each machine.
Here is the MODGAME procedure when o, > 1:

Step 1. The i-th machine outputs
0 if X; <0

1 ifX;>0
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Step 2. The central machine collects Z1, Zs, ..., Z,, and estimates 6 by

G (i,
Op = Tj0,1] <0n‘1> <mlz;zz>>

where 7 is the truncation function defined in (3.3) and ® is the cumulative distribution
function of a standard normal, ®(z) = \/% ffoo et’/2dt. Here ®! is the inverse of ®
and we extend it by defining ®~1(0) = —oo and ®71(1) = .

3.2.2. Theoretical properties of the MODGAME procedure

Section 3.2.1 gives a detailed construction of the MODGAME procedure, which clearly
satisfies the communication constraints by construction. The following result provides a

theoretical guarantee for the statistical performance of MODGAME.

Theorem 8. For given communication budgets bi.,, with b; > 1 fori=1,...,m, let B =

Z:il b; and let éD be the MODGAME estimate. Then there exists a constant C > 0 such

that
(
C.272B if B <log = +2
ez%pl]E(éD—e)Qg c.ﬁ if log - +2<B<logt+m:- (3.13)

O.("%M) if B>log L +m

An interesting and somewhat surprising feature of the upper bound is that it depends on
the communication constraints by, only through the total budget B = >, b;, not the
specific value of by.,, so long as each machine can transmit at least one bit. The proof of

Theorem 8 is provided in the Supplementary Material (Cai and Wei, 2020a).
3.2.3. Lower bound analysis and discussions

Section 3.2.1 gives a detailed construction of the MODGAME procedure and Theorem 8
provides a theoretical guarantee for the estimator. We shall now prove that MODGAME

is indeed rate optimal among all estimators satisfying the communication constraints by
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showing that the upper bound in Equation (3.13) cannot be improved. More specifically,
the following lower bound provides a fundamental limit on the estimation accuracy under

the communication constraints.

Theorem 9. Suppose b; > 1 for alli =1,2,...,m. Let B =", b;. Then there exists a
constant ¢ > 0 such that

(

c-2728 if B <log = +2
o2 . 1
c-(m/\l) szzlogE+m.

The key novelty in the lower bound analysis is the decomposition of the statistical risk
into localization error and refinement error based on a delicate construction of the following
candidate set Gjy:

G&é {eu,v—Unu+5U:U—07172a"'7<L1J _1) ’U_O’l}’

On

where § is a precision parameter that will be specified later. By assigning 6 a uniform prior
on the candidate set Gg, estimation of 6 can be decomposed into estimation of 4 and v. One
can view estimation of u as the localization step and estimation of v as the refinement step.

The following lemma is a key technical tool.

Lemma 5. Let 0 < o, < 1 and let u be uniformly distributed on {0,1, ..., {%J — 1} and v

g

be uniformly distributed on {0,1}. Let u and v be independent and let 0 = 0, , = opu + 0v
where 0 < § < % Then for all 0 € Aina(bi:m),
2 A

A o
: n : < B. .
1(0:0) + 55 1(0:0) < B (3.14)

Remark 1. The proof of Lemma 5 mainly relies on the strong data processing inequality
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(Lemma 14 in Cai and Wei (2020a)). The strong data processing inequality was originally
developed in information theory, for reference see Raginsky (2016). Zhang et al. (2013a) and
Braverman et al. (2016) applied this technical tool to obtain lower bounds for distributed
mean estimation. However, their lower bounds are not sharp when o, is very small, due to
the fact that the focus was on bounding the refinement error using the strong data processing

inequality, but failed to bound the localization error.

Lemma 5 suggests that under the communication constraints b;.,,,, there is an unavoidable
trade-off between the mutual information I(f;w) and I(f;v). So one of the above two
quantities must be “small". When I(0;u) (or I(6;v)) is smaller than a certain threshold, it
can be shown that the estimator  cannot accurately estimate u (or v), which means the
localization error (or the refinement error) is large. Given that one of localization error and
refinement error must be larger than a certain value, the desired lower bound follows. A

detailed proof of Theorem 9 is given in Section 3.8.

Minimazx rate of convergence. Theorems 8 and 9 together yield a sharp minimax rate for

distributed univariate Gaussian mean estimation with independent protocols:

2—2B if B <log & +2
. h_ n\2 — 72L . 1 1
éeA}I;fbl‘m) 921[]61)1} E(0 0) - (B—E? if log on + 2 S B < log on +m - (3]‘5)
0'721 . 1
A 1fBZloga+m

The results also show that MODGAME is rate optimal.

The minimax rate only depends on the total communication budgets B = > " | b;. As long
as each transcript contains at least one bit, how these communication budgets are allocated
to local machines does not affect the minimax rate. This surprising phenomenon is due to
the symmetry among the local machines since samples on different machines are independent

and identically distributed.
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Remark 2. Figure 3.2 gives an illustration for the minimax rate (3.15), which is divided into
three phases: localization, refinement, and optimal-rate. The minimax risk decreases quickly
in the localization phase, when the communication constraints are extremely severe; then
it decreases slower in the refinement phase, when there are more communication budgets;
finally the minimax rate coincides with the centralized optimal rate (Bickel, 1981b) and stays
the same, when there are sufficient communication budgets. The value for each additional

bit decreases as more bits are allowed.

In the localization phase, the risk is reduced to as small as O(c2), which can be achieved by
using the sample on only ONE machine and there is no need to “communicate" with multiple
machines. In the refinement phase, the risk is further reduced to O(o2/m). However, one

must aggregate information from all machines in order to achieve this rate.

Remark 3. If the central machine itself also has an observation, or equivalently if one of
the local machines serves as the central machine, then the communication constraints can be
viewed as one of b; is equal to infinity. This setting is considered in some related literature,
for instance, see Jordan et al. (2019). Then according to Theorem 8, MODGAME always
achieves the centralized rate %2‘ A1, as long as at least one bit is allowed to communicate

with each local machine.

Remark 4. Our analysis on the minimax rate can be generalized to the [, loss for any
r > 1, with suitable modifications on both the lower bound analysis and optimal procedure.
3.3. Distributed Multivariate Gaussian Mean Estimation

We turn in this section to distributed estimation of a multivariate Gaussian mean under the
communication constraints. Similar to the univariate case, suppose we observe on m local

machines i.i.d. random samples:

i

X; N0, 020, i=1,...,m,
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where the i-th machine has access to X; only. Here we consider the multivariate Gaussian
location family

Pd

n

{Nd(e,agfd) L0 € [0, 1]d} ,

where 6 € [0,1]¢ is the mean vector of interest and the noise level o, is known. Under the
constraints on the communication budgets by.,,, with b; > 1 for ¢ = 1,...,m, the goal is to
optimally estimate the mean vector 6 under the squared error loss. We are interested in the

minimax risk for the distributed protocol A;pq(b1:m):

Ry(bim) =  inf sup E|[0 — 0]
eeAind(bl:m) 96[0,1}d

Another goal is to develop a rate-optimal estimator that satisfies the communication con-
straints. The multivariate case is similar to the univariate setting, but it also has some

distinct features, both in terms of the estimation procedure and the lower bound argument.
3.3.1. Lower bound analysis

We first obtain the minimax lower bound which is instrumental in establishing the optimal
rate of convergence. The following lower bound on the minimax risk shows a fundamental
limit on the estimation accuracy when there are communication constraints. In view of
the upper bound to be given in Section 3.3.2 that is achieved by a generalization of the

MODGAME procedure, the lower bound is rate optimal.

Theorem 10. Suppose b; > 1 for alli=1,2,...m. Let B=>_",b; and m’ = éZ?il(bi A

d), then there exists a constant ¢ > 0 such that

;

c-272B/dq z’fB/d<logé+2
2 .
Ra(b1:m) > C-ngi) zflogé+2§B/d<log%n+(m’v2)-

c.d(%?t/\1> ifB/dzlogé—k(m’\/Z)

A detailed proof of Theorem 10 is given in the Supplementary Material (Cai and Wei, 2020a).
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Remark 5. In the earlier work including Garg et al. (2014); Barnes et al. (2019b), a lower

2 72
bound for distributed Gaussian mean estimation has been established as Q(U’;Bd

), where

B is the total communication cost. This lower bound is sharp for ¢, > 1. However, when

on < 1, by showing that the additional and exact log(1/0y,) localization bits are necessary for
2 g2

estimating a Gaussian mean, the lower bound can be improved to Q(min{#ﬁl/a), o2d}).

The improvement is significant when log(1/0,,)/m is bounded away from 0.
3.3.2. Optimal procedure

We now construct an estimator of the mean vector under the communication constraints.
Roughly speaking, the procedure, called multi-MODGAME, first divides the communication
budgets evenly into d parts and then each part of communication budgets will be used to
estimate one coordinate of . Our analysis shows that multi-MODGAME achieves the mini-
max optimal rate under the communication constraints. The construction of the distributed

estimator fp is divided into three steps.

s N N N
Local Machine 1 Local Machine 2 Local Machine 3
x® o A x - AA x® - AAA
sz) — Z XQ(Q) — Z2 Xéz) — Z3
Xf?’) — XQ(B) — X?(,S) —
\ J J Y,
AAA “
Central Machine f f f — ég) — ég) — ég)
\ Y,

Figure 3.5: An illustration for multi-MODGAME. Communication budgets are evenly
divided into three parts with each part used for estimating a coordinate of 6 by the

MODGAME procedure.

Step 1: Assign communication budgets. In this step we will calculate bl(-k) (1=1,2,..,myk =
1,2,...,d) so that

b; = bgl) + bEQ) + ...+ bgd) foralli=1,2,..m.
where bgk) is the number of bits within the transcript Z; which is associated with estimation
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of 6(k).

Without loss of generality we assume b; < by < ... < b,,, which can always be achieved by

permuting the indices of the machines. Write 1,2, 3, ..., d repeatedly to form a sequence:

Q%£1,2,3,..,d,1,2,3,...,d,1,2,3, ...

The sequence @ is then divided into subsequences of lengths b1, bo, ..., b,,. Let Q1 be the
subsequence of () from index 1 to index by; let (Q2 be the next subsequence from index b1 + 1

to by + ba; ... let Q,, be the subsequence from index Zfl_ll bi+ 1 to >.", b;. For each
(k)

1<k <d,let bgk) be the number of occurrence of k within ¢);. To be more precise, b;"" can

be calculated by

B _ {231 bj — k?J B {2311 bj — kJ '
¢ d d

Step 2: Generate transcripts on local machines. On the i-th machine, the transcript Z;
is concatenated by short transcripts ZZ-(I),Zi(Q),...,Zi(d), where the length of Zi(k) is bgk)
for Kk = 1,2,...,d. Note that the k-th coordinate of the observations on each machine,
X{k), Xék), - Xf,]f), can be viewed as i.i.d univariate Gaussian variables with mean #(*) and
variance ¢2. For 1 < k < d, the transcripts ka),Zék), - ZT(,If) can be generated the same

.
way as if we implement MODGAME to estimate 0*) from observations Xl(k), Xék), s Xr(r]f),

within the communication budgets bgk), bgk), e bﬁ,’i). Some machines may be assigned zero
communication budget, if that happens those machines are ignored and the procedure is

implemented as if there are fewer machines.

Step 3: Construct distributed estimator éD. We have collected ZZ-(k) (i =1,2,...mk =
1,2,...,d) from the m local machines. For 1 < k < d, as in MODGAME, one can use

ZYC), Zék), e quf) to obtain an estimate for (%):

N N k k
gk — g (Z{ ), 28 ),...,Z(k)> .

m
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The final multi-MODGAME estimator 6p of the mean vector 8 is just the vector consisting

of the estimates for the d coordinates:

The following result provides a theoretical guarantee for multi-MODGAME.

Theorem 11. Let B = Y7 b; and m’ = 33 (b; Ad). Then there exists a constant

C > 0 such that

C-272B/dq if B/d <log == +2
sup Elbp —0|2<¢c. —di 149 1 ' 3.16
ee[og]d 10p =0l < < C (BJd1og 1) if log -~ +2< B/d <log -+ (m' Vv 2) (3.16)
Cod(Zn1) i B/d=logk+ (m'v2).
\ n

Remark 6. Compared to the state-of-art results in the literature including Braverman et al.
(2016), the multi-MODGAME procedure is more communication-efficient and more flexible
in communication budget allocation. To be specific, the algorithm proposed in

Braverman et al. (2016) achieves the mean squared error O( %) with the total communi-
cation cost of order avmd + dlog®(amd/cy,)). In comparison, to achieve the same statistical
performance, MODGAME only needs amd + dlog(1/c,) bits. The difference could be sig-

nificant when o,, < 1.

Moreover, multi-MODGAME achieves the optimal statistical performance in the distributed
setting with any pre-specified communication budget allocation (b1, b, ..., by, ). That is, the
constraint is imposed on each individual local machine. In comparison, the protocol in
Braverman et al. (2016) assigns the total communication budget by the algorithm thus in a

way solves a simpler “total communication constrained" problem.

The lower and upper bounds given Theorems 10 and 11 together establish the minimax rate

79



for distributed multivariate Gaussian mean estimation:

)
2-2B/dg if B/d <log - +2
. 2 2 _ do? .
HAEA-H;fbym)e:[l(;I;]dEHH —0|° < W’T”g%) if logi +2< B/d<log i + (m'Vv2)
d(%%m) it B/d > log = + (m' v 2)

(3.17)
where B = > b; is the total communication budget and m’ = 23, (b; A d) is the
“effective sample size". In particular, the minimax rate (3.15) for the univariate case is an

special case for the above minimax rate (3.17) with d = 1.

Remark 7. Different from the univariate case, in the multivariate case the minimax rate
depends on not only the total communication budget B, but also the effective sample size m’.
How the communication budgets assigned to individual local machines affects the difficulty
of the estimation problem. If the communication budgets are tight on some machines, then
one may have m’ < m, which means the centralized minimax rate cannot be achieved even

if the total communication budget B is sufficiently large.

Remark 8. This chapter focuses on the unit hypercube [0, l]d as the parameter space. A
similar analysis can be applied to other “regular" shape constraints, such as a ball or a

simplex, and the minimax rate depends on the constraint.

3.4. Optimal Distributed Estimation with Sequential and Blackboard Pro-

tocols

Independent protocols are considered as a ‘non-interactive" communication strategy, where
each machine can only access its own samples. However, feedback could be helpful in the
learning process. There are other more general and interactive communication protocols
considered in the literature, including the sequential protocols and blackboard protocols

(Zhang et al., 2013a; Barnes et al., 2019b).

e Sequential protocols. The local machines sequentially send transcripts to the next
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local machine, and finally the central machine collects all the transcripts. The tran-
script Z; sent by the i-th local machine, which is at most b; bits, can depend on the

previous transcripts Z1, Zo, ..., Z;_1.

e Blackboard protocols. The local machines communicate via a publicly shown black-
board. When a local machine writes a message on the blackboard, all other local
machines can see the content. Finally, the central machine collects all the information
and outputs the final estimate. The total length of the messages written by the i-th

local machine is at most b; bits.

As for distributed estimation with the independent protocols, it is interesting to establish
the optimal rates of convergence for the sequential protocols and blackboard protocols. This
is also related to a question of both theoretical and practical interest: is feedback useful for

distributed Gaussian mean estimation?

Note that any independent protocol can be viewed as a sequential protocol (by ignoring
messages provided by the previous machines). Similarly, any sequential protocol can be
implemented as a blackboard protocol. Therefore, the upper bounds (3.13) for the proposed
MODGAME procedure and (3.16) for multi-MODGAME still hold over the class of sequen-
tial protocols and blackboard protocols. The question is: Can these bounds be improved by

using more sophisticated algorithms?

The answer is no. The following theorem provides a lower bound for d-dimensional dis-
tributed Gaussian mean estimation with blackboard protocols. We denote by Ageq(bi:m)

and App(b1.,m) the class of sequential protocols and blackboard protocols respectively.

Theorem 12. Suppose b; > 1 for alli=1,2,...m. Let B=_",b; and m’ = %Z?L(bi/\
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d), then there exists a constant ¢ > 0 such that

¢

c-272B/dg if B/d <log -+ 2
inf sup E|l0—02>{ . % tloel 192< B log L " 9) .
éEABB(bI:m)GE[OE]d | F=3e (B/d-log 5) i log TS fd <log gn+(m v2)
a2 . 1
\c-d(m/\1> if B/d >log ;- + (m'V2)

The proof of Theorem 12 is also based on the localization-refinement error decomposition. A
sketch of the proof is given in the Supplementary material Cai and Wei (2020a). Theorem
12 and the upper bound given in (3.16) together show that the optimal rate of conver-
gence is the same and MODGAME and multi-MODGAME are rate-optimal for the three
classes of communication protocols—independent, sequential, and blackboard. To some ex-
tent, the results imply that feedback is not necessary to achieve communication-efficiency

for distributed Gaussian mean estimation.
3.5. Robustness Against Departures from Gaussianity

We have so far focused exclusively on the Gaussian location families. Both the optimal
distributed procedures and lower bound arguments are established under the assumption of
Gaussian observations. We consider in this section robustness of the proposed MODGAME

and multi-MODGAME procedures against departures from Gaussianity.

Even if the i.i.d observations X; ;,i = 1,2,..,m,j = 1,2, ...,n are drawn from a non-Gaussian
distribution, after taking the sample mean on each local machine, according to the central
limit theorem, the distribution of these sample means is close to a Gaussian distribution
when n is large. Thus intuitively the proposed procedures should still work even when the

original observations are nongaussian.

For simplicity we focus on the one-dimensional estimation problem. The multivariate case
can be considered as a direct generalization to the univariate case. Let Py be a location
family where 6 is the mean, and its variance is 2. Denote 150" as the distribution of the

mean of n i.i.d copies drawn from FPy. If on each local machine we can access to n i.i.d
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observations X; 1, X;2,...,X;, ~ Py, then each machine can take the local sample mean
X; & 27:1 Xij ~ Pen, Even though PG” is a non-Gaussian distribution, the MODGAME

procedure can take X; as inputs to generate a final estimate.

Recall that MODGAME is divided into three steps: crude localization step, finer localization
step, and refinement step. During the first two steps, in order to obtain the desired statistical
guarantee for the “confidence interval" Is, we only need sub-Gaussian tail condition for X;.
During the refinement step, the key is to use ®;, or ®; to generate estimates from the one-bit
measurements. If X; is not drawn from a Gaussian distribution, there is additional bias that

could be controlled under certain conditions.

Let TV (-, -) denote the total variation distance between two probability distributions. A ran-
dom variable X (or a distribution P where X ~ P) is called v-subgaussian if Eexp(s(X —

EX)) < eXp(”2252), Vs € R. The following theorem shows that when the total variation

distance between the distribution ]59” of the local sample mean and the Gaussian distribu-
tion N(0,02) is sufficiently small, MODGAME has the same theoretical guarantee as in
the Gaussian case. This implies that MODGAME is robust against departures from the

Gaussian distribution.

Theorem 13. If P} is a Doy,-subgaussian distribution and TV (Py,N(0,02)) < % for

ﬂ

some D > 0. Then there exists a constant C > 0 such that

.
2728 if B <log ;- +2
i _0)\2 < (. o2 : 1 1 ) .
ozl[g,)l}E(e 0)°<C (Blog ) iflog5-+2<B<log;-+m (3.18)
% A1) if B> log L
\ 2N if > log =~ +m

where 0 is the output of the MODGAME procedure and B = Y| b; is the total communi-

cation cost.

A sketch of the proof is given in the Supplementary Material Cai and Wei (2020a). Note

that X; ~ P§ is the mean of i.i.d observations in the ith local machine. The Ly Berry-Esseen
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bound (e.g. (Chen et al., 2010, Corollary 4.2)) suggests TV (P}, N(0,02)) < E(‘X;;\/%‘/U)g.
If X; is a Do-subgaussian distribution, then E(|X; — 0|/0)? is bounded by a constant

(depending on D). Hence the following corollary holds.

Corollary 14. If Py is a Do-subgaussian distribution, and m < Dn for some D > 0. Then

there exist a constant C > 0 such that

)
228 if B <log ;- +2
)2 < (. o2 : 1 1 ) .
ozl[g)l}E(H ) <C (Blos 1) if log o~ +2< B <log_~+m (3.19)
a? : 1
l(EM) if B>log - +m

where 0 is the output of the MODGAME procedure. B =", b; is the total communication

cost.

Corollary 14 shows that, if n/m is asymptotically bounded away from 0, then MODGMAE
achieves the same statistical performance as in the Gaussian case as long as the observations

are drawn from a subgaussian distribution.
3.6. Simulation Studies

It is clear by construction that MODGAME and multi-MODGAME satisfy the communi-
cation constraints and are easy to implement. We investigate in this section their numerical
performance through simulation studies. Comparisons with the existing methods are given
and the results are consistent with the theory. In this section, we implement a slightly mod-
ified version of MODGAME procedure, where each local machine output three refinement
bits instead of one. This slightly modified MODGAME procedure has better numerical

performance and also has the same theoretical guarantee as what is stated in Section 3.2.

We first consider MODGAME for estimating a univariate Gaussian mean. In this case, we
set d =1 and by = by = ... = b,, = b, i.e. the communication budgets for all machines

are equal, and compare the empirical MSEs of MODGAME, naive quantization (see e.g.
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Zhang et al. (2013a)), and sample mean. For naive quantization, each machine projects its
observation to [0, 1] and quantizes it to precision 27°. The quantized observation is sent to
the central machine and the central machine uses their average as the final estimate. The
sample mean is the efficient estimate when there are no communication constraints, which

can be viewed as a benchmark for any distributed Gaussian mean estimation procedure.

First, we fix m = 100, 0,, = 27° and assign the communication budget for each machine
b from 1 to 7. The MSEs of the three estimators are shown in Figure 3.6a, which shows
that MODGAME makes better use of the communication resources in comparison to naive
quantization. It can be seen from the figure, MODGAME outperforms naive quantization
when the communication constraints are extremely severe. As the communication budgets
increases, naive quantization can nearly achieve the optimal MSE, meanwhile MODGAME

still performs very well.

MSE
S
i
S
T
MSE
b d
MSE

I I I
9-1 9-3 95 9-7

10-8 | 1 1 I ! | | 10-10 1 1 1 1 I | |
1 2 3 4 5 6 7 10 40 160 640 2560 1024040960

o,
b m n

L L k3
2 9 2 11 2 13
(a) Fixed m and o, (b) Fixed b and o, (c) Fixed b and m

Figure 3.6: Comparisons of the MSEs of MODGAME (red), naive quantization (blue) and
sample mean (black). MSEs are plotted on log-scale. In 3.6b and 3.6¢, m and o, are plotted
on log-scale.

In the second setting, we fix 0, = 278, b = 5 and vary the number of machines m from
10 to 40960. Figure 3.6b plots the MSEs of the three methods. The MSE of MODGAME
decreases as number of machine increases and outperforms naive quantization; the MSE of
naive quantization remains constant as the quantization error plays a dominant role in the

MSE.

Finally, we fix b = 5, m = 100 and vary the standard deviation o, from 27! to 2713, Figure
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3.6¢ shows the MSEs of the three estimators. It can be seen that MODGAME is robust for
all choices of g,,. The difference between the MSE of MODGAME and the optimal MSE for
non-distributed sample mean is small. For naive quantization, it is as good as the optimal
non-distributed sample mean when o, is large. However, as seen in the previous experiment,
when o, is small, the MSE of naive quantization is dominated by the quantization error and
is much larger than the MSE of MODGAME. In all three settings, it can be seen clearly
that the MSE of MODGAME decreases as the communication budgets increases. This
is consistent with the theoretical results established in Section 3.2 and demonstrates the

tradeoff between the communication costs and statistical accuracy.

Besides, to demonstrate that the performance of the MODGAME procedure only depends on
total communication budget B, we implement another simulation. We fix m = 6, o,, = 2712
and assign the total communication budgets B from 18 to 36. We compare the performance
of the MODGAME procedure with different communication allocation. That is, in one
simulation we assign b; = 3 bits to each local machine except one, and that one machine are
assigned B — 3(m — 1) bits. In another simulation we assign equal communication budget
b; = B/m to each machine. As a benchmark, we also implement non-distributed sample
mean estimator. Figure 3.7a shows the MSEs of the above three methods. It is shown
clearly that how communication budgets are assigned to local machines doesn’t affect the

performance of the MODGAME procedure, which is consistent with our theory.

We now turn to multi-MODGAME. Different values of the dimension d yield similar phe-
nomena. We use d = 50 here for illustration. When d is larger than the number of bits that
is allowed to communicate on each machine, naive quantization is not valid as it is unclear
how to quantize the d coordinates of the observed vector. As a comparison, it can be seen in
the following experiments that multi-MODGAME still performs well even if d is large and

the communication budgets are tight.

Same as before, we set by = by = ... = b, = b, i.e. the communication budgets for all

machines are equal. We set d = 50, 0, = 278 m = 25 and assign the communication
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budgets b for each machine from 2 to 21. The MSEs of different methods are shown in
Figure 3.7b. A phase transition at b = 10 can be clearly seen. When b < 10, the MSE
decreases quickly at an exponential rate. When b > 10, the decrease becomes relatively
slow. This phenomenon is consistent with the theoretical prediction that different phases

appear in the convergence rate for multi-MODGAME (Theorem 11).

107° T

T T 1 | —@— multi-MODGAME
::: \]\(1)(1):(»(‘ AME - X - Sample Mean
1076 B 1071 [
oy ‘\\‘\“‘—‘—‘——‘&ﬁ | CLE 10_2 I
‘E =
1078 X - o xmmm s Xem e —m Xy 10_37 N
1079 F : 1074 |
10-° ! ! ! ! ! ! ! ! ! !
1010 1‘8 2‘1 2‘4 2‘7 3‘0 3‘3 3‘6 2 4 6 8 10 12 14 16 18 20
B b
(a) Different allocation (b) Multi-MODGAME

Figure 3.7: Left panel: Comparisons of the MSEs of MODGAME with equal assignment
(red), MODGAME with unequal assignment (blue) and sample mean (black). Right panel:
Comparisons of the MSEs of multi-MODGAME (red) and sample mean (black). MSEs are
plotted on log-scale.

3.7. Discussion

We established in this chapter a sharp and complete minimax rate that holds for all values
of the parameters d, m,n, o in all communication budget regimes under the independent,
sequential, and blackboard protocols. A key technique is the decomposition of the mini-
max estimation problem into two steps, localization and refinement, which appears in both
the lower bound analysis and optimal procedure design. The optimality results and tech-
niques developed can be useful for solving other problems such as distributed nonparametric

function estimation and distributed sparse signal recovery.

In spite of these optimality results, there are still several open problems on distributed
Gaussian mean estimation. For example, an interesting problem is the optimal estimation

2

of the mean 6 when the variance o2 is unknown. The lack of knowledge of o? requires

additional communication efforts for optimally estimating . When there are more than one
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sample available on each local machine, a natural approach is to estimate o2 on each local
machine and then use MODGAME to estimate #. It would be interesting to investigate the
performance of such an estimator. Other than estimating the mean 6, distributed estimation

of the variance o2

is also an interesting and important problem. When there are multiple
samples on each local machine, the local estimate of o2 can be viewed as an observation
drawn from a scaled y? distribution. The problem then becomes a distributed x? estimation

problem and it might be solved by using a similar approach to the one used in this chapter.

We leave these for future work.

Optimal estimation of the mean of a multivariate Gaussian distribution with a general
(known) covariance matrix is another interesting problem. A naive approach is to ignore the
dependency and apply MODGAME to estimate the coordinates individually, this is arguably
not communication efficient in general. For instance, if the correlation between certain coor-
dinates is large, it may be possible to save a significant amount of communication budget by
utilizing the information from one coordinate to help estimate the other. Another approach
is to use multi-MODGAME after orthogonalization. More specifically, consider the Gaussian
location family with a general non-singular covariance matrix X. Let Ay, > 0 be the small-
est eigenvalue of X For X ~ Na(6, %), A (d%)Y/2X ~ Ny (A5 (%) 720, 2521,) . Note
that )\iﬁ(dZ‘)_l/QG € [0,1]¢ for any 6 € [0, 1], therefore one can apply multi-MODGAME
to estimate /\Iln/ii(dE)*l/ 20, then transform it back to get an estimate for #. However, this is

generally not rate-optimal. A systematic study is needed for this problem. Another related

and more challenging problem is optimal distributed estimation of the covariance matrix .

This chapter arguably considered one of the simplest settings for optimal distributed esti-
mation under the communication constraints, but as can be seen in the chapter, both the
construction of the rate optimal estimators and the theoretical analysis are already quite in-
volved for such a seemingly simple problem. As we deepen our understanding on distributed
learning under the communication constraints, we hope to extent this line of work to inves-

tigate other statistical problems in distributed settings, including nonparametric function
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estimation, high-dimensional linear regression, and large-scale multiple testing. For Gaus-
sian mean estimation, as we showed in this chapter, the optimal rates of convergence under
the three different communication protocols — independent, sequential, and blackboard —
are the same. In some more complicated problems, feedback might be useful in improving
estimation accuracy and the optimal rates will thus be different under these three classes
of communication protocols. It is interesting to understand fully when and to what extend

feedback helps in terms of improving statistical accuracy.
3.8. Proofs

In this section we prove Theorem 9 for the univariate case. For reasons of space, Theo-
rems 8, 10, 11, 12, 13 and the technical lemmas are proved in the Supplementary Material

(Cai and Wei, 2020a).

We prove separately the three cases in Theorem 9: B < log é + 2, logé +2 < B<
log é +m, and B > log % + m. We first focus on the most important case log é +2 <
B < log é + m. New technical tools are developed in the proof. The other two cases are

relatively easy.

Case 1: log 1n +2 < B <log 1n + m. Note that b; > 1 for all ¢ = 1,2, ...,m implies that

a a

B =3"",b; > m. Therefore in this case we must have o, < 1.

Let 0 < d < %O‘n be a parameter to be specified later. Define a grid of candidate values of 6

as

G§ = {gu,v = O'nu+5’U U= 071727”'7 <L1J - 1> y U= 071} : (320)

On

Let U(G5) be a uniform prior of # on Gs. Note that G5 C [0, 1], so the minimax risk is lower

bounded by the Bayesian risk:

Cinf osup (0-0)*>  inf  Eguyg, (0 —0)2 (3.21)
QEA(blzm) 06[0,1] GE-A(bl:m)

For any estimator 0 € A(by.,), the rounded estimator 6/ £ argming |0 — 6] always satisfy
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0—6)2> %(é’ —6)2 for all @ € Gs. Note that 6’ also belongs to the protocol class A(b1.m),

and only takes value in Gg, this implies

o inf Eguyey) (0 —0)% (3.22)
0€A(b1:m)ﬁG5

=

Cinf By (0 —0) >
e A(b1m)

where A(b1.,) N Gy is a shorthand for A(by.,) N {6 : 0 only takes value in Gj}.

Now we have é, 0 € G thus they can be reparametrized by 6 = 0a,5 and 0 = 0,,. It is easy

to verify the inequality

2
H 2 On (s 2 2
(9@7{, — gu,fu) > max {4(11, — u) ,(5 ]I{{,7gv}} .

Hence
inf EQ UG (é — (9)2 > inf Eg U(Gs) Max {0—721(@ — ’LL)2 52]1 5 } .
éeA(bl;m)ﬂG,; ~ ( 5) — 9@’@EA(b1;m)f\IG5 u,v ™Y ( 5) 4 ) {U#U}
(3.23)
Putting together (3.21), (3.22), and (3.23), we have
5 2 1 . 2 52
inf  sup (0 —6)" >~ inf Eo, .~ max{nﬁ—u ,5]I{,U}
éeA(bLm)ee[OJ]( V2 e AL Gy T UG) FRCI AL T 1ol
‘ 0_2 ) 62 ( ‘ )
= 9ﬂ,aeA1(]l(>l1f;m)mG5 Hax {IGSEH“’”NU(G6)(U —w) ZPG“’”NU(G‘S)(U 7)o

Therefore, by assigning a prior § ~ U(Gy), we have successfully decomposed the estimation
problem of # into estimation problems of v and v. We can view estimation of u as “localiza-
tion" step and estimation of v as “refinement" step, so (3.24) essentially has decomposed the
statistical risk into localization error and refinement error. To lower bound the right hand
side of (3.24), we show that under communication constraints, one cannot simultaneously
estimate both u and v accurately, i.e. the localization and refinement errors cannot be both
too small. Lemma 5, which shows that for any distributed estimator é, there is unavoidable

trade-off between the mutual information 1(0;u) and I(8;v), is a key step.
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We set § = In , and assign the uniform prior U(Gy) to the parameter § =
\/256(B+1—log(\_$J))

0u,v. One can easily verify § < %crn, and u,v are independent random variables where w is
uniform distributed on {0, 1, ..., Léj — 1}, and v is uniform distributed on {0, 1}. Therefore,

we can apply Lemma 5 to get inequality (3.14). From the inequality (3.14) we can further

get, for any 6 e A(b1.m) N Gs, one of the following two inequalities

) R 2
1) < log(l-) =1 or I(50) < 2y <B “*%“i”)

must hold. We show that either of the above bounds on the mutual information will result

in a large statistical risk.

Case 1.1: I(f;u) < log(|-~]) — 1. Note that @ is a function on 6, thus by data process-

1
On

ing inequality, I(@;u) < I(0;u) < log(|2|) — 1. Note that u is uniform distributed on

1
On

{0,1, ..., Lij — 1}, thus H(u) = log(LéJ). We have

H(ula) = H(u) — I(i;u) > 1. (3.25)

The following lemma shows that large conditional entropy will result in large Lo distance

between two integer-valued random variables.

Lemma 6. Suppose A, D are two integer-valued random variables. If H(A|D) > %, then

there exist a constant co > 0 such that

E(A — D)% > cy.

Given (3.25) and the fact that @, u are integer valued, Lemma 6 yields

Eg, ,~u(as) (@ —u)® > co. (3.26)
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Case 1.2: | é;v < 2 (B+1 —log(|2])). By the strong data processing inequality, plug
On

ci102
. on ~. ). 1 S A 3
in§ = \/256(B+1710g(LﬁJ)) we have I(0;v) < I(0;v) < 7, s0o H(v[0) = H(v) — I(9;v) > §.
It follows from Lemma 6 that
Po, ,~u(cs) (0 # ) = Eq, i) (0 —v)* > ca. (3.27)

Combine (3.26) for Case 1.1 and (3.27) for Case 1.2 together, we have for any 0 € A(by.m) N

Gs,

0'721 N 2 52 ~
max EEeu,UNU(Gé)(U =) B, () (0 F V)
, (3.28)

> . [o2 62 co02 o0 o2
comin{ —=, — b = > ) ‘
=167 4 T 1024(B + 1 log([ L)) T 2048 (B —log -)

The minimax lower bound follows by combining (3.24) and (3.28),

2

(&) g,

inf  sup (0—0)> . )
0eA(b1:m) 96[0,1}( ) 2048 (B —log é)

Case 2: B < logé+2. Let S =28 and Kg £ {4 :i=0,1,...,5—1}. Denote by U(Kg)

the uniform distribution on Kg. For the same reason as in (3.21) and (3.22) we have

_inf EONIU(KS)(é - 9)2
0cA(b1:m)NKg

| =

Cinf  sup (A—0)2> inf EgNU(KS)(é —0)? >
0cA(b1:m) 0€]0,1] 0cA(b1:m)

1 .
- inf Ko S0 — S6)2.

452 Ge A(b1.m)NKs o U(KS)( )
(3.29)

The parameter 6 can be treated as a random variable drawn from U(Kg). Note that by the

data processing inequality, for any 0 € A(b1.m),

1(6;0) = 1(6(Z1, Z2, -, Zin); 0) < 1(Z1, Za, ey Zni 0) <Y H(Zi) < B.
=1
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By 6 ~ U(Ks) we have H(0|0) = H(0)—1(6;0) > log S—B > 1. Note that when 6 ~ U(Ky),
for any 0 € A(brn) N Kg, SO and SO both take value in {0,1,2,....,5 — 1}. Also we have
H(S0|S6) = H(A|A) > 1. Therefore, Lemma 6 yields that EgNU(KS)(Sé — 50)2 > cy. We
thus conclude that

1 A . o
f Eg. S6— 502> 2 =22 928
452 je ArmKs | U(is)( )2 e T 16

The desired lower bound follows by plugging into (3.29).

Case 3: B > logé 4+ m. The minimax risk for distributed protocols is always lower

bounded by the minimax risk with no communication constraints:

Cinf  sup (A —0)2 > inf sup (§—0)2=< A1
0€A(b1.m) 6€(0,1] 6 6e0,1] m
which is given in Bickel (1981b). O
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CHAPTER 4

DISTRIBUTED GAUSSIAN MEAN ESTIMATION WITH UNKNOWN VARIANCE

UNDER COMMUNICATION CONSTRAINTS

4.1. Introduction

Distributed statistical analysis is becoming increasingly important and challenging, as dis-
tributed data sets naturally arise in a range of applications due to size constraints, security
concerns, or privacy considerations. For large-scale data analysis, communication costs can
be expensive and become the main bottleneck in the learning process. When communication
resources are limited, it is important to understand the interplay between the communication
constraints and statistical accuracy in order to construct optimal estimation and inference

procedures under the communication constraints.

Significant recent effort has been made to gain fundamental understanding of distributed
estimation. For example, Zhang et al. (2013a); Garg et al. (2014); Braverman et al. (2016);
Han et al. (2018); Barnes et al. (2019b) developed lower bound techniques for distributed
parametric estimation. Zhu and Lafferty (2018); Szabo and van Zanten (2018, 2020);

Cai and Wei (2020c, 2021b); Szabo et al. (2020) considered information-theoretical limits
under communication constraints for various distributed problems, such as Gaussian mean
estimation, linear regression, nonparametric regression and testing. Optimality results have
been established under different communication constraints. Besides theoretical analysis,
progress has also been made on developing practical methodologies for distributed estima-
tion. See, for example, Kleiner et al. (2014); Deisenroth and Ng (2015); Lee et al. (2017);

Diakonikolas et al. (2017); Jordan et al. (2019); Battey et al. (2018); Fan et al. (2019).

In this chapter we study distributed adaptive Gaussian mean estimation with unknown
variance in a decision-theoretical framework. This is a basic yet fundamental distributed
estimation problem. Gaussian mean estimation with known variance has been intensively

studied in the distributed setting. See, for example, Garg et al. (2014); Braverman et al.
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(2016); Barnes et al. (2019b); Cai and Wei (2020c). The optimality results in these papers
were established in the non-adaptive setting where the variance of Gaussian observations
is known a priori, and the estimation procedures and statistical lower bound arguments
critically depend on the knowledge of variance. In a wide range of statistical applications,
the variance of the observations is unknown and the procedures and results developed in the
aforementioned papers are no longer applicable. Adaptive Gaussian mean estimation with
unknown variance is technically challenging, and differs significantly from the non-adaptive
setting. Understanding distributed adaptive Gaussian mean estimation with unknown vari-
ance also provides insight into other related statistical problems including distributed density

estimation and distributed nonparametric regression with random design.

The primary goal of this chapter is to precisely characterize the minimal communication
costs for adaptive Gaussian mean estimation without prior knowledge of variance under
different types of distributed protocols, and construct communication-efficient estimators.
Our analysis shows that the case of unknown variance differs significantly from the case when
02 is known. In particular, in sharp contrast to the known variance case, the behaviors of
adaptive Gaussian mean estimation with unknown variance are very different under the

independent and interactive protocols.
4.1.1. Distributed estimation framework and distributed protocols

We begin by introducing a general framework for distributed estimation by giving a formal
definition of transcript, distributed estimator, and distributed protocols. Let P = {Py¢ :
0 € ©,¢ € E} be a parametric family of distributions supported on space X', where 6§ € ©
is the parameter of interest and & € = are nuisance parameters. Suppose there are m
local machines and a central machine, where the local machines contain the observations
and each local machine has access only to data in that machine, and the central machine
produces the final estimator of # under the communication constraints between the local and

central machines. More precisely, suppose we observe i.i.d. random samples drawn from a
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distribution Py¢ € P:

iid. .
Xi ~ B, i=1,...,m,

where the i-th local machine has access to X; only.

On each machine, because of limited communication budget, the observation X; on the i-th
local machine needs to be processed to a uniquely decodable binary string Z;. The resulting
string Z;, which is called the transcript from the i-th machine, is transmitted to the central
machine. Finally, after all transcripts 71, ..., Z,, are generated, a distributed estimator 0

is constructed on the central machine based on the transcripts 21, ..., Zpn,

0=0(Z1,.... Zm) .

The rules and constraints related to how transcripts can be constructed, which is called
distributed protocol, has a lot of different variety. we are primarily interested in three
different types of distributed protocols: independent protocol, sequential protocol, and black-

board protocols:

e Independent protocol. The local machines simultaneously generate transcripts and
then send them to the central machine. The i-th transcript only depends on the
observation X; on the i-th machine, so it can be expressed by Z; = II;(X;) with some
(possibly random) function II;. Let |Z;|; denote the length of transcript Z;. The class

of independent protocols with total communication cost B is defined as

Aina(B) =1{0:0=0(Z, ..., Zm), Zi =T;(X;),i = 1,...,m, Y _|Z;|; < B}.
=1

e Sequential protocol. The local machines sequentially send transcripts to the next lo-
cal machine, and finally the central machine collects all the transcripts. The transcript

Z; sent by the i-th local machine depends on local observation X; and the previous
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transcripts Z1, ..., Z;_1, which can be written as
Zi = (X, 2y, ..., Zi—1)

where II; is a (possibly random) function. The class of sequential protocols with total

communication cost B is defined as

m
Aseq(B)={0:0=0(21,....2Zm), Zi = (X, Z1, ..., Zica),i = 1,...,m, > _|Zi|y < B}.
=1

e Blackboard protocol. The local machines communicate via a publicly shown black-
board. When a local machine writes a message on the blackboard, all other local
machines can see the content. Finally, the central machine collects all the information
and outputs the final estimate. The total length of the messages written by all local
machines is at most B bits. Similarly, we denote the class of blackboard protocols
with total communication cost B as Ap,(B), where the estimator is obtained by a
blackboard protocol with total communication cost > .~ |Z;|; < B. It is clear by def-
initions that the sequential protocols can be considered as a subset of the blackboard

protocols.

Independent protocols are considered as non-interactive whereas sequential and black-
board protocols are considered as interactive protocols. See Kushilevitz (1997); Barnes et al.

(2019a) for further discussion on these communication protocols.
4.1.2. Main results and our contribution

If a distributed Gaussian mean estimator achieves the same mean squared error as the
optimal centralized estimator (up to a constant factor) over a range of possible value of
the variance, we call it rate-optimal adaptive Gaussian mean estimator. This chapter first
establishes the lower bounds for the communication costs of rate-optimal adaptive Gaussian
mean estimators under the independent, sequential or blackboard protocols respectively. The

lower bounds serve as a benchmark for the communication-efficiency of any rate-optimal
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adaptive Gaussian mean estimator. We then develop estimation algorithms that use the
minimal communication cost to achieve the statistical optimal rate of convergence. With
the matching upper and lower bounds, we derive the necessary and sufficient communication
costs for rate-optimal adaptive Gaussian mean estimators under the independent, sequential

or blackboard protocols respectively.

The results exhibit interesting new phenomena. First, the behavior of adaptive Gaussian
mean estimation with unknown variance differs significantly from the distributed estimation
problem with known variance. Compared to the non-adaptive minimax rate in the case of
known variance established in Cai and Wei (2020c), there is a cost of adaptation in commu-
nication budget for Gaussian mean estimation under the independent protocols, whereas no
additional communication budget is needed for adaptation under the interactive protocols.
Moreover, it is somewhat surprising that the minimal communication cost for distributed
adaptive Gaussian mean estimation under the non-interactive and interactive protocols are
different. To the best of our knowledge, this is the first example in statistical distributed

estimation showing that interactions could help with estimation.

The technical tools developed in this chapter to prove the main theorems are novel and can
be of independent interest. Most of the existing lower bound techniques are universal for all
types of distributed protocols, and also lack the ability to study adaptation over nuisance
parameters. The proof of the lower bound under the independent protocols (Theorem 15) are
dedicated for adaptive estimation under the independent protocols with a non-information

theoretic approach.
4.1.3. Related Literature

As mentioned earlier, distributed Gaussian mean estimation has been intensively studied
in the setting of known variance. Zhang et al. (2013a); Garg et al. (2014) analyze the dis-
tributed estimation problems under the independent protocols. Braverman et al. (2016)
applied a strong data processing inequality to obtain lower bounds under the blackboard

protocols. Kipnis and Duchi (2017) considers distributed estimation with one-bit measure-

98



ments under the independent and sequential protocols. Han et al. (2018); Barnes et al.
(2019b) proposed non-information theoretic approaches to obtain lower bounds for dis-
tributed estimation. Cai and Wei (2020c) established a sharp minimax rate of convergence
for distributed Gaussian mean estimation with known variance under the independent, se-
quential, and blackboard protocols. In particular, the results show that the optimal rates

are the same under the three protocols when o2 is known.

The behavior of estimation problems under various types of distributed protocols has been
studied in two different settings. One common setting is that i.i.d. data are distributed over
different machines. For example, Braverman et al. (2016); Barnes et al. (2019b) developed
unified approach to establish lower bounds for distributed estimation in this setting under
independent, sequential, and blackboard protocols. More recently, Acharya et al. (2020)
proposed private-coin protocol and public-coin protocol and show that they have different
behavior in a distributed Gaussian signal detection problem. Another setting is that data
are drawn from different distributions on different local machines. Various two-sample esti-
mation and testing problems have been considered in this setting. Xiang and Kim (2013);
Liu (2021) showed that in independence testing problem and two-sample joint density es-
timation problem, interactions between local machines improve statistical accuracy and

communication-efficiency, compared to the classical one-shot communication approaches.

An emerging topic in distributed estimation is the interplay between communication con-
straints and adaptation. The focus so far has been mainly on adaptive nonparametric func-
tion estimation with unknown smoothness in the distributed setting. Szab6 and van Zanten
(2020); Cai and Wei (2021b) showed that additional communication budget is required
in order to achieve adaptation in distributed nonparametric function estimation under
the independent protocols. This is in sharp contrast to the classical centralized setting
where global adaptation can be achieved for free over a wide range of smoothness classes

(Donoho and Johnstone, 1995; Johnstone, 2017).
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4.1.4. Organization of the chapter

We finish this section with notation and definitions. We first formulate the problem in
Section 4.2. Then we derive the minimal communication cost for rate-optimal adaptive
Gaussian mean estimation under the independent protocols in Section 4.3 and establish
the minimal communication cost for rate-optimal adaptive Gaussian mean estimation under
the sequential and blackboard protocols in Section 4.4. The numerical performance of the
proposed distributed estimators is investigated in Section 4.5. Further research directions
are discussed in Section 4.6 and the proofs of main theorems and lemmas are provided in

Section 4.7.
4.1.5. Notation and definitions

For any a € R, let |a| denote the floor function (the largest integer not larger than a), and
[a] denote the ceiling function (the smallest integer not smaller than a). Unless otherwise
stated, we shorthand loga as the logarithm to the base 2 of a. For any a,b € R, let
a Ab £ min{a,b} and a V b = max{a,b}. We use a = O(b) or equivalently b = (a) to
denote there exist a constant C' > 0 such that a < Cb, and we use a < b to denote a = O(b)
while b = O(a). We use 7(,)(z) to denote the truncation function, which is the projection
of x onto [a,b]. Define the density of a Gaussian distribution with mean 0 and standard

deviation o as

2ro

and the tail probability of a standard Gaussian distribution with mean 0 and standard

deviation 1 as

4.2. Problem Formulation

In this section, we formulate the statistical problem of distributed Gaussian mean estimation

with unknown variance o2. Suppose there are m local machines, on the i-th machine there
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is an 1.i.d. normal observation:

X; KN (9, 02).

The goal is to optimally estimate § € [0,1] with unknown ¢ under a certain distributed
protocol with a total communication budget B. In other words, the distributed estimator

needs to be adaptive to the unknown variance 2.

In the conventional centralized setting, the minimax risk of restricted Gaussian mean esti-

mation is given in Bickel (1981a):

2 4 2

inf sup E(0—6)” = z_ 47T2U—2 +0(0?) < T AL
0 6€[0,1] m m m

The above quantity serves as a benchmark for the Gaussian mean estimation problem. For
a given ogg > 0, we call distributed estimator 0 a rate-optimal adaptive estimator if there
exists a constant C' > 0, not depending on o, g or m, such that for any o > oy, we have
2

sup E(é—9)2§0(0/\1).

6€[0,1] m
Such distributed estimators are consider as statistically optimal and adaptive as they achieve
the optimal rate of convergence in the centralized-setting over a wide range of o. Let
Poy = {Poo = N(0,06%) : 0 € [0,1],0 € [00,00)} be the Gaussian location family with
unknown variance. The distributed estimation problem of 8 is considered with the nuisance

parameter o.

Setting a lower bound o > o is necessary. This is due to the fact that no distributed
estimator with a finite total communication cost B is able to achieve the optimal rate of
convergence over all ¢ > 0. With total communication cost B, the mean squared error of
any distributed estimator is at least of order 2728 due to discretization error, however, the
optimal rate of convergence for Gaussian mean estimation is of order %2 As a result, when

o is extremely small, any distributed estimator cannot attain optimal rate of convergence.
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Therefore, there is no distributed estimator with finite communication cost that can be rate-
optimal adaptive with all possible positive real number o. A lower bound on ¢ is needed
here to make the problem well-formulated. With smaller lower bound og, the distributed
estimator needs more communication cost in order to be adaptive over the range o > o9, and
the estimating procedure would be also different. In the real data application, people needs
to choose o as a priori, depending on prior knowledge on the dataset or the communication

budget. See also Remark 13 for further discussion on oy.

Throughout this chapter, we assume 0 < g < % When o¢ > %, the solution to the problem

is essentially identical to the case og = % See Remark 11 for further explanation.
4.3. Optimal Adaptive Estimation under the independent protocols

We consider in this section adaptive distributed estimation under the independent proto-
cols. We begin by establishing a lower bound for the minimax relative efficiency under the
independent protocols with a given communication budget. A rate-optimal adaptive dis-
tributed estimator is then constructed. It is shown that the proposed estimator achieves the
minimum communication cost among all rate-optimal adaptive estimators, as is shown by

the matching lower bound.
4.3.1. Lower bound analysis

It is difficult to directly derive the minimal communication cost for rate-optimal adaptive
estimators. In our analysis, we first analyze the statistical performance of the estimators in
the class A;,q(B). Then we argue that only when the communication budget B is larger
than a certain value, a distributed estimator in A;,4(B) can possibly be a rate-optimal
adaptive estimator. This leads to a lower bound for the communication cost among the

rate-optimal adaptive estimators.

We use the relative efficiency as a measure for the statistical performance when we derive
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the lower bound. The relative efficiency for an estimator 0 is defined as

0.2

r(6,0,0) = < A 1) B E(f — 6)?

m

which indicates the gap between the mean squared error of the estimator 6 and the optimal

rate of convergence when data are drawn from N(6,0?).
We consider the minimax relative efficiency under the total communication constraint B:

Rina(oo0,B) =  inf sup r(é,@,a).
0cAind(B) 6€[0,1],0>00

The quantity R;,q(co, B) is a benchmark for the limit of estimation accuracy under the

2

independent protocols with the total communication constraint B, when o“ is unknown.

The relative efficiency is closely related to rate-optimal adaptive estimators. According to
the definition, 0 is a rate-optimal adaptive estimator over o > oy, if and only if the maximum
relative efficiency for the estimator 6 is bounded by some constant C i.e.

o? -t
sup < A 1> E(f —6)* < C.
6€l0,1],0>00 \ 110

Remark 9. As a contrast, the conventional distributed minimax risk

~inf sup  E(6 — 0)?
QEAind(B) 06[0,1},0’20’0

is not a good proxy to study because the estimation problem becomes more difficult when
o2 is large. When o is sufficiently large, say, ¢ > /m this minimax mean squared risk is

bounded away from zero according to centralized minimax rate given in Bickel (1981a).

The following theorem provides a lower bound on the minimax relative efficiency for esti-

mators in A;,q(B).
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E
Theorem 15. If B > 7, there exists a constant ¢ > 0, not depending on og,0,6 or m,

such that

1
mlogz 1
B

Rind(UOa B) >c
The techniques used to prove Theorem 15 are novel and can be of independent interest.
Roughly speaking, our goal is to prove that there must exist ¢ > oo and 6,9 such that the
central machine cannot tell whether the data are drawn from N (0 — §,02) or N(6 + 6,0?)
by only looking at these transcripts. To accomplish this goal, we give an upper bound on

the integrated squared Hellinger distances over different choices of 8 and o

where 01,09, ...,07 are carefully chosen different levels of o, A is a tuning constant factor.

H*(Z;|X; ~ N(0— Ao, 0]2-); Zi| Xi ~ N(0+ Aoy, sz)) denotes the squared Hellinger distances
between distribution of Z; if X; ~ N(0 — )\aj,a?) and distribution of Z; if X; ~ N(6 +

Aoj, O'j2~). If I is proved to be small, then there must exist some ¢ and o; such that

> H?(Zi|Xi ~ N(0 — Xoj,03); Zi|Xi ~ N (0 + Aoy, 07))
=1

is small, and then we can conclude that the central machine does not have enough informa-
tion to distinguish whether the data are drawn from N (6 — Ao, ajz) or N(0+ A\oj,0?). This

will give a lower bound on the relative efficiency R;,q(00, B). The above technique can be

summarized into the following lemma:

Lemma 7. Let J > 0 be an integer. Let A > 0,0 < 09 < 01 < ... < 0j_1 satisfy Aoj_1 < %.

If for any distributed estimator 6 € Agypq(B), we have

J—1 1—>\0'j J
I= Z Z/ | H? (Zi|X; ~ N(0 — Xoj,03); Zi| X; ~ N(0 + Aoj,07)) df < 5

)
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then there exists a constant ¢ > 0 such that

Rina(og, B) > e¢\’m.

Theorem 15 gives a lower bound on the relative efficiency for all distributed estimators
from A;,q4(B). Note that a rate-optimal adaptive estimator should have bounded relative

efficiency, the following Corollary 4.3.1 can be directly derived from Theorem 15.
Corollary 4.3.1. If an estimator 0 € Aina(B) is a rate-optimal adaptive estimator, that is,
there exists a constant C' > 0 such that

o2

E(f—6)><C ( A 1) for all o > oy.
m
Then there exists a constant ¢ > 0 (which only depends on C') such that

1
B > cmlog —.
o0

The above corollary states that the minimum communication cost needed for a rate-optimal

adaptive estimator is of order m log Uio

4.3.2. Optimal estimator under the independent protocols - 6,

We now construct a communication efficient rate-optimal adaptive estimator under the in-
dependent protocol. The optimal estimator éq makes use of m log % total communication

budget to achieve the centralized optimal rate of convergence for all o > oy.

The estimator éq can be constructed by the following steps.

Step 1: Generating transcripts. Let d = 2°8290)  Let S; denote the following grid of

interval d between —1 — d and 2:

Sa={-1-d,—-1,-1+d,—1+2d,...,2 - d,2}.
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Let Z; be the quantized version of X; and then truncate in [—1,2]. That is,

—1—-d if X; < —1
Zi=14 2 if X;>2

max{z € S;:2< X;} if-1<X;<2

In the third case when —1 < X; < 2, Z; is the maximum number in Sy that is less than
or equal to X;. Since Z; has only 3/d + 2 possible values, it can be encoded using at most

log (3 +2) < log (& +2) bits.

Step 2: Estimation. The central machine receives the transcripts Z1, ..., Z,, from the local
machines. Let Z1) < ... < Z,;,) be the order statistics of Z1, ..., Zp,. First, we calculate &
by

o0 if Z(0.84m1) = Z((0.16m)) < 00

Q>
I

Z(10.84m)) — Z(l0.16m)) i 00 < Z(10.84m]) — Z((0.16m]) < 1
1 if Z(0.84m7) — Z(|0.16m]) > 1

Then, let & = min{27% : 1 > 27% > 4 k is an integer}, i.e. the minimum number that
is power of 2 and also larger than . Let L = max{kc : ko < Z(|0.16m]), k is an integer},
L.e. the largest multiple of & that is less than or equal to Z(|o.16/,))- Similarly we define

R = max{kd : ko > Z([0.84m))s k 1s an integer}, i.e. the smallest multiple of & that is larger

than or equal to Z(o.84m])- Let pr = % oy I¢z <1y be the proportion of transcripts that
is less than L, and pr = % Sy I¢z,> Ry be the proportion of transcripts that is larger than

or equal to R,

Finally, recall that ®(-) denotes the tail probability of a standard Gaussian variable, let

(84,54) be the solution to the equations:

106



The above equation always has one unique solution where éq € [L, R], we take this éq as the

final estimate.

It is easy to verify that the above estimator éq € Aing <m log (C%O + 5)) The next theorem
establishes an upper bound on its mean squared error, showing that the estimator is rate-

optimal adaptive over o > gy.

Theorem 16. There exists a constant C > 0, not depending on oo, 0,0 or m, such that

. 2
sup  E(d,—0)*<C (U A 1) .
0€[0,1],0>00 m

Remark 10. The construction of the estimator éq is involved. A more straightforward
and simpler estimator is the quantization-then-average estimator proposed in Zhang et al.
(2013a). However, it can be shown that the quantization-then-average estimator is not even
consistent when each local machine has only limited communication budget, because the
quantization bias (EZ; — ) is not exactly zero if one just rounds the observations to a
certain precision on the local machines. As a result, when the number of machines m — oo,
the estimation error will not converge to zero. Therefore, a more sophisticated procedure
such as éq is necessary to achieve the optimal rate of convergence with the communication

constraint.

Remark 11. The above estimator éq is designed under the assumption that 0 < oy < %
When oy > %, we can use the estimator for the case oy = %, which is rate-optimal adaptive
estimator over o > 0g. The total communication cost is of order m, which cannot be further
reduced because each machine needs to transmit at least one bit in order to involve its
observation into the estimation procedure. The choice of % is for convenience; it can be

changed to any positive number and all the results hold with minor modifications.
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Remark 12. Corollary 4.3.1 and Theorem 16 together show that the necessary and sufficient
communication cost for a rate-optimal adaptive estimator is of order m log U—IO bits. The order
of communication cost of the estimator éq cannot be further reduced. Compared to the
minimax rate of convergence for non-adaptive Gaussian mean estimation established in the
previous complementary work Cai and Wei (2020c), the communication cost for adaptive
Gaussian mean estimation is larger, so there is a cost of adaptation under the independent

protocols.

Remark 13. The construction of adaptive estimator éq requires knowledge of the lower
bound g for unknown o, which seems unnatural. However, as Theorem 15 suggests, if one
lets 09 — 0, the required communication cost for a distributed estimator to achieve the
optimal rate of convergence will go to infinity. Therefore, there is no rate-optimal adaptive
estimator for all ¢ > 0 without a lower bound on ¢. A similar phenomenon also appears
in the construction of adaptive confidence ball in nonparametric regression. If one assumes
the smoothness 8 > [, then it is possible to be adaptive from 5y to 25y. If one does not
assume any lower bound for the smoothness, then no adaptation is possible. See Theorem

4 and the discussion thereafter in Cai and Low (2006).
4.4. Optimal Adaptive Estimate under Interactive Protocols

In the previous section we show that an order of m log aio bits are necessary and sufficient for
an adaptive estimator to achieve its optimal statistical performance under the independent
protocols with o > o3. However, under the sequential protocols or blackboard protocols, it
may require less communication cost to achieve the same statistical performance, because
the local machines can “communicate" with each other to some extent. This leads to an
interesting question: do we still need m log U—lo bits to achieve the optimal rate of convergence

over all ¢ > o¢p under the sequential or blackboard protocols?

We consider in this section distributed estimation under two types of interactive protocols,
namely the sequential protocols and the blackboard protocols. We first construct a dis-

tributed estimator under the sequential protocols that is statistical optimal for all o > oy.
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A matching lower bound is then established to show that the communication cost of the
proposed estimator cannot be further improved for all distributed estimators under the
blackboard protocols. Recall that the sequential protocols are a subset of the blackboard
protocols, we obtain the sufficient and necessary communication cost for the statistical opti-
mal estimators under the interactive protocols. The results show an interesting phenomenon.
Compared to the independent protocols, under the sequential protocols or the blackboard
protocols, it requires less communication cost for the rate-optimal adaptive estimation. So
feedback and information sharing are helpful in distributed Gaussian mean estimation with

unknown variance.
4.4.1. Optimal estimator under the sequential protocols

In the following procedure we assume m > 12. The case of m < 11 is relatively simple.
For example, when m < 11, the problem can be solved by only looking at the first local
machine and outputs its best approximation up to oy precision. The estimation process can

be divided into three steps:

Step 1: Preliminary estimation of 6§ and o. For the first 11 local machines, the i-th

machine (1 =1,2,3,4,5,6,7,8,9,10, 11) outputs
Zi = |1-1,9(Xi + 1) oo

There are at most Lo—?’oj + 1 possible outputs for each local machine, so each transcript Z;

(i=1,2,...,11) can be encoded by no larger than log % + 1 bits.

On the 12-th and later local machines, based on Z1, Zs, ..., Z11, each machine can calculate

a preliminary estimate of 8 and o by

th1 = 00211,



Step 2: One-bit passing. Starting at the 12-th local machine, on the i-th local machine,

we output

A~

Z; = sign(X; — 0i-1),

and update the current state 6 by
0; =0;_1 + 67 2;

where ~; = i72/3.

Step 3: Final estimation of 6. On the central machine, because we have access to
Zh, Lo, ..., L, thus we can calculate 0; accordingly for all ¢ = 11,...,m. The final estimator

of the mean @ is given by
m

R 1 R
bsg = —15 Z 0;.

=11

Since each of first 11 local machines outputs at most log U% + 1 bits, and the later local
machines only output 1 bit per machine, it is easy to verify that the above proposed estimator
ésq € Asy(11log U% +m). The following theorem gives an upper bound on its mean squared

error for all o > oy

Theorem 17. The estimator ésq € Ay(11log 0—30 + m) and satisfies

2
E(fsy — 0)2 < C <U/\1> :

m
where C' is a universal constant not depending on og, 0,0 or m.

That is, the proposed sequential protocol estimator ésq is rate-optimal for all o > o¢, whose

total communication cost is log 0% + m bits.

Remark 14. The one-bit passing step of the above estimator ésq is established in light
of the previous work Kipnis and Duchi (2017), where the goal is to construct an estimator

using one-bit measurements from local machines. Their proposed estimator was shown to
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be asymptotically normal. However, the finite sample mean squared error of their estimator
was not guaranteed, as the finite sample performance is significantly influenced by the initial

position én and the initial step size &.

We introduce in this chapter the preliminary estimates 01, and &, which can be obtained at
a small amount of communication cost, as an approximation for the optimal initial position
and initial step size. This warm start initialization is the key to obtain finite sample bound in
Theorem 17. The hardcode number “11" in the procedure can be set to any larger constants,
but not smaller ones. Due to a technical reason we require the preliminary estimate ¢ to

have bounded -5 order moment, i.e. E67° < oo.

Remark 15. The proof of Theorem 17 extends the techniques developed in the previous
seminal work Polyak (1990) on stochastic approximation. Polyak (1990) developed upper
bounds for stochastic approximation with averaging. The additional difficulty to prove
Theorem 17, compared to the previous work, is to control the uncertainty brought to the
estimator ésq from the random initialization én and . Much more careful calculation is

needed here.
4.4.2. Lower bound under interactive protocols

The above proposed estimator ésq achieves the optimal rate of convergence for all ¢ >
oo with communication cost (11log U% + m) bits. The next theorem is a direct corollary
derived from Theorem 5 in Cai and Wei (2020c). The lower bound argument shows that the

communication cost for s, cannot be improved.

Theorem 18. For anyé € Aw(B), ifé 18 rate-optimal when o = oy, 1.e. there is a constant
C > 0 such that

R 2
sup E(99)2§C<00/\1>.
0€[0,1] m

Then there exists a constant ¢ > 0 (depends on C') such that

1
BZC<10g+m>.
00

111



The above theorem establishes a lower bound on the communication cost for any distributed
estimator under the blackboard protocols that achieves optimal rate of convergence when
o = 0g. The same lower bound also holds for any estimator that achieves the optimal rate
of convergence for ¢ > og, as those estimators afeedbackre under more strict conditions.
Recall that the sequential protocols are a subset of the blackboard protocols. Therefore,
the lower bound in Corollary 18, together with the proposed adaptive estimator ésq, shows
that order log 0—10 + m communication cost is necessary and sufficient for rate-optimal adap-
tive estimation under the interactive protocols, including the sequential and blackboard

protocols.

Remark 16. Recall that for any rate-optimal adaptive estimator under the independent
protocols, the minimal communication cost is of order m log 0%0, which is larger than that for
a rate-optimal adaptive estimator under the interactive protocols. Feedback and informa-
tion sharing are necessary to improve communication-efficiency in adaptive Gaussian mean

estimation.

Remark 17. The lower bound on communication cost in Corollary 18 holds for the non-
adaptive case when o = gg is known in advance. Since the adaptive estimator ésq is con-
structed with no more communication cost than the non-adaptive case, there is no cost of
adaptation for Gaussian mean estimation under the two types of the interactive protocols.
In contrast, under the independent protocols, as more communication cost is needed to es-
tablish a rate-optimal adaptive estimator, there is a cost of adaptation for Gaussian mean
estimation.

Table 4.1: Optimal communication cost for different distributed protocols under adaptive
and non-adaptive settings. Adaptive setting: minimal communication cost for rate-optimal
adaptive estimator over ¢ > oy. Non-adaptive setting: minimal communication cost for
rate-optimal estimator with known o = oy.

Protocol adaptive estimator | non-adaptive estimator
Independent O(mlog 0_—10) O(m + log ?10)
Sequential O(m + log 0_—10) O(m + log ULO)
Blackboard O(m + log 0—10) O(m + log ULO)
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4.5. Numerical Results

The proposed adaptive estimators under independent protocol and under interactive proto-
cols are easy to implement. In this section, we conduct simulation studies to investigate the
numerical performance of these two estimators. The numerical results show that the pro-
posed estimators are practically useful, having high statistical accuracy while only requiring

a small amount of communication cost.

We consider in the simulation study a setting where oy = 27'2, i.e. we know a priori
o > o9 = 272 Assume there are m = 100 machines, where each machine has ac-
cess to a univariate normal variable X ~ N(6,02), with § = 0.3 and choices of o €
{272,274,276 278 2710 9-121 " We compare the following three estimators: the classical
sample-mean estimator (under the centralized setting), the adaptive estimator under the in-
dependent protocol, and the adaptive estimator under the sequential protocol. The average
mean squared errors (MSEs) of the three different estimators over 100 simulation runs, and

the communication costs (in bits) of the two distributed estimators are given in Table 4.2.

Table 4.2: MSEs and the communication costs of the three methods. g = 2712, m = 100,
6 = 0.3. For the two distributed estimators, total communication costs (in bits) are given
in the parentheses.

o Sample-mean | Independent Protocol | Sequential Protocol
21 6.17x1074 4.14 x 1073(1500) 2.12 x 1073(266)
—4 | 4.04x107° 1.45 x 1074(1500) 1.28 x 1074(266)
=6 | 214 x 1076 9.02 x 107(1500) 8.31 x 107%(266)
-8 | 1.46 x 1077 5.23 x 1077 (1500) 4.85 x 1077(266)
2710 859 x 1079 5.00 x 1078(1500) 2.66 x 107(266)
2712 1 568 x 10719 | 5.10 x 1079(1500) 2.47 x 1079(266)

The numerical results shown in Table 4.2 are interesting and consistent with the theoreti-
cal analysis given earlier. The adaptive estimator under the sequential protocol uniformly
outperforms the one under the independent protocol, in terms of both the MSE and commu-
nication cost. This shows the clear advantage of the sequential protocol over the independent
protocol. Comparing with the classical centralized sample-mean estimator, the MSEs of the

adaptive estimator under the sequential protocol and under the independent protocol are

113



respectively within a factor of 4 and a factor of 10 times of the corresponding MSEs of the
sample mean. This is consistent with the theoretical results that the statistical accuracy of
both distributed estimators is within a constant factor of the centralized optimality. Indeed,
the simulation results show that the actual constant gaps are relatively small. In particular,
it is interesting to see that the adaptive estimator under the sequential protocol achieves such
a good performance with only 266 bits. Considering their low communication costs, we find
the proposed adaptive estimators could be practically useful in real distributed estimation

applications.
4.6. Discussion

We studied in this chapter the problem of distributed adaptive Gaussian mean estimation
with unknown . In the conventional centralized setting, Gaussian mean estimation with
unknown o is arguably one of the most basic and fundamental problems in classical statistics.

As seen in this chapter, the theoretical analysis is rich and difficult in the distributed setting.

The insights gained from the analysis can be used to solve other related problems where the
variance is unknown. One such problem is nonparametric regression with random design.
As pointed out in Cai and Wei (2021b), despite being asymptotically equivalent in the cen-
tralized setting, the problem of distributed nonparametric regression with random design
is significantly different from that with fixed design. For example, when wavelet methods
are used, the empirical wavelet coefficients in this case have unknown variance due to the
unknown design distribution and the techniques developed in this chapter can potentially be
used to construct a wavelet estimator in that problem. More discussion on the connections
and differences among various distributed nonparametric function estimation problems can

be found in Cai and Wei (2021b).

In this chapter, the focus is on the optimal estimation of the mean 6. A closely related
problem is statistical inference for the mean including the construction of optimal confidence
intervals for 6. This involves optimal estimation of the variance o2 in the same setting, which

is a challenging problem by itself. We leave the inference problem for future work.
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The results in this chapter reveal an interesting phenomenon: the communication costs re-
quired under different types of distributed protocols can be substantially different. This is
in sharp contrast to Gaussian mean estimation with known variance. It is interesting to
investigate further the differences among various types of distributed protocols for other
distributed statistical problems. It is technically challenging to develop a general optimality
theory under different types of communication constraints. More generally, it is of signifi-
cant interest to understand the interplay between communication cost, statistical accuracy,
adaptation, and different types of distributed protocols for a wide range of problems. This

is an important topic in data science that is wide open and merits further study.
4.7. Proofs

We prove the main results in this section. Throughout this section, L. denotes the L!
function space with respect to the x variable and Iy} denotes the indicator function taking
values in {0,1}. We use shorthand a < b to denote there exists a universal constant C' > 0
such that a < Cb. With slight abuse of notation, we define ¢ be the standard Gaussian

density, ¢, be the density of N(0,0?), and ¢y, be the density of N(6,5?).
4.7.1. Proof of Theorem 15

We first define several quantities. They play important roles to establish the proof.

Let P,Q be two distributions that are absolutely continuous with respect to a Lebesgue
measure on the measurable space Z. p,q are the density functions of P, respectively.

Define squared Hellinger distance H?(P, Q) as

wP.Q) 2 5 [ (Vi- Vs

Define total variation distance TV (P, Q) as

V(PQ) 25 [ Ip—dd.
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Let Z be a finite set, h : R — Z a random function, and f,g € L'(R) are non-negative

functions. Define “generalized squared Hellinger distance" for Z be

2
sl h = — h T r) = z)dz
HQ(h;f,g)=2;<\/ | rapn) = o \/ | s@ruia) - >d> .

Note that when f, g are densities, H2(h; f, g) is exactly the squared Hellinger distance be-

tween distribution of h(X) when X ~ f, and distribution of h(X) when X ~ g. This is why

we call this quantity generalized squared Hellinger distance.

Similarly, we define “generalized total variation distance" as

TV (h; f,9)

2= / fe )diﬁ—/_oog(x)ﬂ)(h(x) = z)dz|.

Also when f,g are densities, TV (h; f,g) is exactly the total variation distance between

distribution of hA(X) when X ~ f, and distribution of A(X) when X ~ g.
The following lemma provides two basic but useful inequalities for H2(h; f, g) and TV (h; f, g).
Lemma 8. For any random function h : R — Z, the following two inequalities hold:

(a) Sub-additivity of H*(h; f,g): if f(x,s),g(x,s) € LL(R) are non-negative functions for
each s € (sy,8,), and fs’“ f(x,s)ds, f g(z,s)ds € LL(R). Then we have

H (b / " (o s)ds, / " g s)ds) < / T ) g )ds. (A1)

(b) Bound between TV (h; f,g) and H?(h; f,g): if f and g have the same support (i.e. {x :
f(z) >0} ={x: g(xz) > 0}) and there exist M > 1 such that 1/M < f(z)/g(x) < M

for all x € {x : g(x) > 0}. Then we have

JIF

H*(h; f.g) < N

TV (h; f,9)- (4.2)
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Besides, we define ¢y, as the density function of N(,c?), i.e.

1 _ (z—6)2

e 202
V2o

¢9,0 (:C) =

log 3= 1/4
Now we move back to the main proof. Let A = ¢y ( Oig°> where ¢y is a positive

constant that will be specified later. Let J be the maximum integer such that 277 > oy.

Let 0; =200, =1,2,...,J — 1.

We are interested in the following integrated squared Hellinger distances:
1= Z Z / Hz(Hla ¢(9—)\aj),a]- ) ¢(9+)\0]-),G]- )d9 (43)

The following subsection is dedicated to show that under proper choice of the constant cy,

we have I < %m
Bound integrated integrated squared Hellinger distances [

We first “slice" @(9-ro;),0; A P(6110,),0, I (4.3) into pieces so that we can apply Lemma

8(a) to give an upper bound for I. Let

s* =sup|p_x1(z) — da1(x)],
zeR

A(s) ={x :|p_r1(z) — oan(x)] > s}, 0<s<sT,

Zs = Sup A(S)a

B d_r1(x)
f(z,8) = Lpeac)y |p_r1(x) — daa(x)|

@.5) =1 P 1(7)
9\&, §) = LazeA(s)} |p_x1(x) — Pra(x)]’

x#0,0<s<s",

x#0,0<s<s".
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When z = 0 we set f(0,s) = g(0,s) = ¢»1(0)/s*. It is easy to verify that

*

d_a1( / f(x,s)ds and (;5)\71(56):/05 g(z, s)ds.

The reason why we design the function f and g is for a good property: g(z,s) — f(x,s) =
Lizea(s)y sign(z), which is a compact supported piecewise function only taking values in
{-1,0,1}. By this way we “discretize" the problem and is able to adopt combinatoric

techniques (in Lemma 15).

Note that ¢g_rs,),0; () = C,%.QLM((J? —0)/0j) and ¢(pir0;),0,(T) = %@,1((37 —0)/0j), so

we have

*

D0-ra), () = /0 " L (@ 0)/05.5)ds,

0j
.

$1
D300, () = / L (@~ 0)0;,5)ds.

0j

The above equations and Lemma 8(a) implies

f
Ms

1 1- )\O']
/)\ (0 Aoj),050 ¢ (0+Xoj),05 )de (44)

Tj

s
Il
—_

NE
MM

*

/)\1 Ao de/s H? (H( );1f((x—H)/Uj,s),;g((x—e)/aj,s)) ds (4.5

oj 0j J

.
I
_

g‘u

»—Ao

I
NE

L 2 j —0)/o;,s))ds
UA dg/ H? (I(x); f(x — 6)/0j.5),g((z — 0)/.8))ds.  (46)

1 7=0

~.
I
.

Note that f(z,s) and g(z,s) both are supported on A(s) and when z € A(s),

f(@,5)/9(x,8) = p_x1(@)/Par(x) = € € [\, 2],
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Apply Lemma 8(b), we have

H? (Ii(2); f((z = 0) /), 5), g((x = 0) /0, 5))
Axs
LTV (I (); f((x=0)/0j,5),9((x = 0)/0j,5)).

e
TeMs 1

Substitute into (4.4) and apply Fubini’s theorem, we get

m J—1 1— )\g]
B = 5 SE L (@) £(@ ~ 0)/0.). ((z ~ 6)/,5)) 46

=1 7=0
(4.7)

The following lemma bridges the partial total variation distances and communication costs,

which is crucial to our proof.

Lemma 9. IfII: R — {0,1}" takes value in {0,1}°, then there exist a constant Oy > 0

such that

1— )\(7]
j/}\ (x); f((x —0)/0j,5),9((x — 0)/0j,5))d0 < Cras(1 4+ x5)\/J (DA J).
7=0

Another Lemma gives an upper bound on the integral by analysis.

Lemma 10. If A < 1/6 then there exists a constant Cy > 0 such that

S e)ms -1 5
/0 mws(l + :L“s)ds < CQ)\ .

Apply Lemma 9 and 10 on (4.7), we have

I< 0102\/3)\2 Z \/ (bl A J)
=1
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Jensen’s inequality implies that > 1%, v/b; < m+/1/m Y 1, b; = VmB, therefore we have

I < C105VmJB)N.

o 8. 1/4
Recall that A = ¢ <Oi g0> . Note that log% < 2J, so when c) is a sufficiently small
constant such that 0 < ¢y < \/ﬁ, we have
r<?.
-2

Recall the definition of I in (4.3):

J-1 ].7)\0']' m

The above upper bound I < J/2 holds for any distributed estimator 6. Note that we have

1

B > 2% thus Aoj_1 < 1/6 if we set ¢\ < 1/6. Apply Lemma 7, we can conclude the desired

m

lower bound:

mlog%0

Ring(oo, B) > eNPm > clcg\ 5

O]

4.7.2. Proof of Theorem 16

For simplicity of notations we define Z(_y = Z(|0.16m|) and Z(1) = Z([o.84m])- Before we
proceed to the proof, we give a lemma showing large deviation bounds on Z_) and Z,).

These bounds can be directly derived using Gaussian tail bounds so we omit the proof.

Lemma 11. There exists universal constants C,c > 0 such that for any k > 2, we have
P(Z_y<0—ko) < C exp(—ck*m),

P(Z_y >0 —0/2) < Cexp(—cm),
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P(Z4) >0+ ko) < C exp(—ck*m),

P(Z) <0+0/2) < Cexp(—cm).

We first define several events:

Ey={0¢1[Z), 2]},
By = {0 € (2. Zs)).6 ¢ [min{1, o}, 4o},

. 1 R
FE3 = (EIUEQ)C = {9 € [Z(_),Z(_,_)],Hllﬂ{l, 50’} <o< 40’}.

Note that we have
3

E(0, — 0)* =Y E(0; — 0)°I(p,)-
k=1

Therefore, the proof can be divided into showing E(éq 79)211{ B} S Ck% with some universal

constant Cy, respectively for k = 1,2, 3.
1. Bound on E(§, — 0)2H{E1}.
Under E, we have either F1y = {Z_) > 0} or E13 = {Z) < 0} happens.

Define Ey1p = {Z(—y > 0,0 + ko < Z) < 0+ (k+1)o}. Under Eyx, note that we have
Z4y—Z~y < (k+1)o, this implies ¢ < (k+1)o, then 6 < 2(k+1)0o, thus R < 0+3(k+1)o.
Note that the final estimate , must lie in the interval [L, R], So we have |6, — 6| < 3(k+1)o

under event Eqq .

Apply Lemma 11, when k = 0,1 we have P(E}; ) < P(E11) < Cexp(—cm). When k > 2 we
have P(Eq1;) < P(Z(4) > 0+ko) < Cexp(—ck?m). Therefore, note that E11 = Uy E11,k,
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we have

E(éq - 9)2H{E11} < ZE(éq - Q)QH{En,k}

k=0
< (60)? - 2C exp(—cm) + Z 3(k 4 1)0)? - C exp(—ck*m)
k=2
< C/(L2
= m .

with some universal constant C’ > 0.

By a symmetric argument we can also prove that E(éq — 9)211{}312} < C’%Q. Therefore, we

conclude that

2

~ A N o
E(0g — 0)*Lipy < E(0g — 0)*Lip,,y + E(0g — 0)I(p,,) < zc’ﬁ

2. Bound on E(f, — 0)*I;p,).

Let Fy = {0 S [Z(_), (+)] o < mln{l 0’}} and Eggk = {9 € [Z( ) Z(+)],]€U < g <
(k+ Do} (k> 4).

Under Es; we have |0 — 0] < 30, under Ey j, we have 10 — 0] < 3(k +1)o. Moreover, we

have the probability bounds
P(E21) <P(Z1y <0+0/2) < C exp(—ck*m),

k k
P(Eay) <P(Zy) >0+ U) +P(Z-y <0~ 50) < 2C exp(—ck*m /4).
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Note that Ey = Eo1 |JUpey E22.k, we have

E(fg — 0)*L{p,; < E(0g — 0)* g1y + ZE(éq — 0)°I{myo 1y

k=4
S(% ). C exp(—ck*m +Z 0)? - 2C exp(—ck*m/4)
k=4
2
C,/i
m

with some universal constant C” > 0.
3. Bound on E(f, — 0)2L; -

Under event Fj3, because we have min{1, fo} < & < 40, also note that & < 1 almost surely,
so there are at most 5 possible values of &, whose range is between min{1, U} to min{1, 80}

(recall that & is chosen only from powers of 2).

For each possible value of &, the length of the interval [L, R] is either  or 26. Recall we
have requirements that L, R are multiples of & and event E3 suggest 6 € [L, R], so there
are at most 5 possible values of (L, R) pairs for each possible value of &. Putting together,
we can conclude that under event E3, the possible values of the pair (L, R) is at most 25.
We use (L1, Ry), (L2, R2), ..., (L2s, R25) to denote these 25 possible values of the (L,R) pair.

Thus we have the following decomposition:

25 25
E(0y = 0)"Lipyy = > B0y = 0)°Lip, (w.p)=(eroy < DBl = O’ Lwr)=w, moy (48)
k=1 k=1

For each possible pair (Lg, Ry) (k= 1,2,...,25), we have Ry — Ly < 26 < 160. Define the
function Fy, : (—o0,00) % (0,00) — (0,1) x (0,1) as

Fk(t, S) =
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When (L, R) = (Lg, Rx), we have

)| Bk (Bag, 50) — Fe(6,0) | = E(max{pr, -} ~B(X; < 1))’ + E(max{pn, -} ~ P(X) > R))’ <
(4.

L3~

where the last inequality is due to mpy, is binomial distributed with mean mP(X; < L),

and mpp is binomial distributed with mean mP(X; > R).

Note that Ry — 0 < R — L < 160, therefore % < 16 and % < 16 for t € [Lg, Rx).

| d®(x)

Then it is easy to prove that there exists a constant ¢ = |lz=16] > 0 such that for any

_L _ L _
() e ()
o o o
‘q) <Rk _t) _ P (Rk—9>' > C/u.
o o o
Besides, note that for any ¢t € [L, R] and s > 0, at least one of the following inequalities
() e () (57) -+ (57)
s o o o
() () = () = (5]
s o o o

Combine the two observations above, we have

t, € [Lg, Ry,

holds:

?

1Felags00) = Fu(0, )2 > L0, — 02
k\Usq, Osq k\v,0 =2 sq .

Substitute above inequality into (4.9), when (L, R) = (Lg, Rx) we have

S
2%
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Substitute the above inequality into (4.8) we obtained the desired bound

25

X ) A ) 100 o
B0y — )T,y < Y B0y — 0)Li(1,r)= (L. R0)} < —.

]
/\2
(@)

3

4.7.3. Proof of Theorem 17

The proof of Theorem 17 will be carried out by several stages. Throughout the proof, we

define §; = ékge, o(z) = \/%6_$2/2 is standard Gaussian density. ®(z) = P(X > x) where

X ~ N(0,1), and A(z) = 1 — 2®(z). We also define p, = 5.

We first give a lemma that will be useful in the proof.

Lemma 12. Let {A;}72, be a positive sequence, and {by}7° o, {di}io, be two decreasing

positive sequences that satisfy
A < (1 - Oéb]g)Ak,1 + Bbrdy, k=1,2,..

where o, B > 0. If there exists K > 0 such that

dr—1

<1+ by, forall k> K.
dy, 2

Then we have for all k > 0,

A K bid; 2
Ap < ( 0+ B> bidi | ﬂ) d. (4.10)
dK «

Then we provide several claims and show the proof to each claim directly after their state-

ment.

Claim 1. There exists a constant Cy > 0 (doesn’t depend on 6,0 or ¢) such that for all
k > 11, we have

E[(0) — 0)216] < C1 ((6/0) > + (6/0)) . (4.11)
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Proor oF CLAIM 1. Define the Lyapunov function

x? if —2<x<?2

gel*l/2=1if |z| > 2

Note that 22 < L(z), therefore to prove Claim 1, it suffices to show that

. <0k—9>
g

We have the following lemma.

E

?7] S (/o) +(6/0)?) w.

Lemma 13. (a) If y6 /0 > 2, we have

E[L(0;)|6] < 1179/ (%),

(b) If é/o <2 and k > 12, we have

E[L(61)|6] < (1 — 025746 /) E[L(6%—1)|6] + (6 /0)*.

Case 1: When 746/0 > 2. Consider surrogate function

4 ifo<y<4

4eVT/2-1 if g >4

(4.12)

(4.13)

(4.14)

Note that L(67) < L(0x)+4 and L(z) is convex, apply Lemma 13(a) and Jensen’s inequality

we have

L(E[5}]6]) < E[L(5})|6] < E[L(3))[6] +4 < 11e%7/C7) 44

126



which suggests that

E(6;]6] (w6 /0)* < (6/0)* k-

Case 2: When v,6/0 < 2. Let ko be the largest k such that v,6/0 > 2 (if there is no
such k, set kg = 0). Given Lemma 13(b), we can apply Lemma 12 with A; = E[L(0x,+i)|5],
bi = di = Yko+i0/0, a =025, 3 =1, and K = [83(6/0) 3] — ko. This is a valid K value

because

k=2/36

di1)di=(1—1/k)"2P <1+1/k<1+

=1+ %bk when i > 8%(6/0) 3

where k = kg + 1.

Also note that we have y;,6/0 < 4 due to the definition of ko, thus Ay < 11e? according to
Lemma 13(a). And note that S35 bid; < Y200, bid; = (6/0)? > ik, Vi < 00. Therefore,
apply Lemma 12, we have

11e2 + (6/0)2 2021 i V2
(6/0)3

E[L(dk)I6] S ( + 8) di S ((6/0)7% +1)5 /0.

Combine the two cases above, we prove the desired bound (4.11).

Claim 2. There exists a constant Cy > 0 (doesn’t depend on 0,0 or ¢) such that for all
k > 11, we have

E[(6r — 0)"16) < C2 ((6/0)~* + (8/0)*) ™42 (4.15)

PrOOF OF CLAIM 2. The proof is very similar to Claim 1. We will omit some details in

the proof. Re-define the Lyapunov function

T if —2<z<?2

16el#/2=1if || > 2
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We have the following lemma.

Lemma 14. (a) If yx6/0 > 2, we have

E[L(0)|6] < 4470/ (29) (4.16)

(b) If w6 /o <2 and k > 12, we have

E[L(3,)]6] < (1 — 02575 /0)EIL(55-1)|6, 0p—1] + (6C1 + 1)((6/0)' + Daf. (4.17)

Case 1: When 746/0 > 2. Similarly we can conclude that

E[5;16] < (wd/0)" < (6/0) k.

Case 2: When y6/0 < 2. Let i = k — ko where ko is defined as in the proof of Claim
1. Given Lemma 14(b), we can apply Lemma 12 with b; = 6 /0, d; = v, a = 0.25,
B=(6CL+1)((6/0)"t +(6/0)3), and K = [163(5/0) 3] — ko, then we have

44e? + (6 /o)t +1
(6/0)*

E[L(5:)]6] < ( 18((6/0) + <&/a>3>) 2 < (6/0) "+ 60V,

Combine the two cases above, and note that E[(f), — 0)* < E[L(6;)|6], we can conclude
(4.15).

Claim 3. Let ), = %Zle 0;. There exists a constant C3 > 0 (doesn’t depend on 0,0 or &)
such that

E[(0r — 0)*|6] < C3 ((6/0) 2+ (6/0)%) o* .
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PROOF OF CLAIM 3. Let y, = =5, note that

Orr1— 60 = (1 — 1) Ok — 0) + 11 (B 1 — 6).

This implies

E[(Bs1 — 0)216]/2 < (1 — j)El(@r — 6)216]"/2 + uE[(6; — 0)2]6] (4.18)

From the above inequality we can show

1/2

El(f — 6)°16]Y2 < 3 (C1 ((6/0) 2+ (6/0)2) o* ) (4.19)

holds for all £ > 1 by induction, which suggest Claim 3 holds with C3 = 9C;. The induction

is concluded by:
1. From Claim 1 we have

E[(811 — 6)%16]/2 = E(11 — 6)*(6]"/* < (C1 ((6/0) 72 + (6/0)) o*y11) 7,

therefore (4.19) holds when k = 11.

2. If (4.19) holds for k, from (4.18) and Claim 1 we have

- . . R 1/2
Bl — 02101 < (30 ) [ ) (€ (0/) 2+ 0/0)) )2,
Note that | /% < (1—pi)~'/3 and 3(1 — p13)%/® + g, < 3 for all k. So we have (4.19)

holds for k + 1.

Claim 4. Let 0), = %Zle éz There exists a constant Cy > 0 (doesn’t depend on 0,0 or &)
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such that
B[(0k — 0)(6x — 0)/6] < C1 ((6/0)° + (5/0)%) 0. (4.20)

PROOF OF CLAIM 4. We have

E[(Ok41 = 0) (B2 — 0)16, 0k = (1 — i) E[(Ok — 0) (O 1 — 0)[6, 0k] + pkE[(Br 11 — 6)%|67, 6.

Take expectation with respect to 0), we have

E[(Op+1 — 0)(Ors1 — 0)]6]
=(1 = ) E[(0r — 0) (B — 0 — 69 A (61))[6] + 1k E[(Opr1 — 0)?]6]
=(1 — ) (1 = 26 /07,0 (0))E[(0 — 0) (0 — 0)|6] + (1 — px) 67k E[(Or — 0)(26(0)5% — A(6k))|6]

+ ukE[(Ops1 — 0)%6].

Note that 2¢(0)8; — A(Jx) < 62. Cauchy-Schwartz inequality suggests

E[(6), — 0)(26(0)8r — A(6x))|6]* < E[(B), — 0)*|G]E[((26(0)dk — A(0x))?|6]

A

E[(6) — 0)*|5]E[5¢]6]
((6/0) "2+ (6/0)*) a®. - ((6/0) " + (6/0)") i

S (/o) +(6/0)%) o™

N
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Thus we have

E[(O+1 — 0)(Or41 — 0)|6]

<(1 — ) (1 — 26 /o1(0))E[(6x — 0) (65 — 6)[6]
+ Oy (1 — ) ((6/0) 2 + (6/0)%) 6072
+mkC1 ((6/0)7% + (6/0)%) e

<(1—26/07$(0)E[(8k — 0)(fk — 0)|5] + (C} + C1) ((6/0) 72 + (6/0)") o® -

with some constant C > 0. The last inequality is due to the fact that ’;/Z/ 2 < Wk Vk-

Now we apply Lemma 12 with by, = 6 /0, dx, = pg, @ = 2¢(0),

B=(Ci+C1)((6/0)2+(6/0)%) 02, and K = (¢(0)6 /o). We have

o2 /o) 24 (6/0)%) o2
(.~ 0)(0k ~ 0)6) < ( e N (UL RRNTTY 02> "

Then we can conclude (4.20).

Claim 5. There exists a constant Cs > 0 such that

E[(B) — 0)216] < Cs ((6/0) 7 + (5/0)°) 0 (4.21)
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Proor OF CLAIM 5. Note that we have

E[(Or+1 — 0)°|6]
=(1 — )2 E[(0) — 0)%16] + 2ux(1 — i) B[O — 0) (01 — 0)|6] + p2 E[(Oppr — 0)%]6]
<(1 = 2up + 1) E[(0k — 6)°|3]

+2C4 ((6/0)75 + (6/0)%) 043

+Cy ((6/0) 7 +(6/0)) o™i,

<(1— 24+ 1) B0 — 0)215] + (2C1 + Cs) ((3/0)° + (6/0)?) o2}
which implies there exists a constant Cs > 0 such that

E[(O1 - 0)%16] < C5 ((6/0)™" + (6/0)°) 0® 1.

PROOF OF THE THEOREM. Now we are ready to prove the theorem. Take expectation on

(4.21) with respect to &, we have

E[(6) — 0)?] < CsE[((6/0) ™" + (6/0)*)]0 -

Note that & is the empirical estimate of o over 10 observations. Thus we have E((6/0)~%) <

oo and E(6/0)3 < oo, therefore there exists a constant Cg > 0 such that

E[(0), — 0)*] < Co0” .

A~

Substitute k = m into the above equation, also note that (05, — 0)? < (6 — 6)? and

(fsg — 6)? < 1, we conclude the theorem. O
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4.7.4. Proof of Lemma 7

Note that the length of each integral interval (Aoj,1 — Aoj) is at least 2/3. Therefore, for

any distributed estimator é, there exists 0 < 5* < .J — 1 and 6* € [0, 1] such that

m
> H*(Zi|Xi ~ N(0" = Aoje,07-), Zi| Xi ~ N (0" + Aoje, 073-)) <

i=1

AN

where Z;|X; ~ P denotes the distribution of II;(X;) when X; ~ P, H? denotes the squared

Hellinger distances.

Note that Z;,7 = 1,2, ..., m are independent, by sub-additivity of squared Hellinger distances

for product measures, we have

e~ w

2
H ((Zl);il ‘XiNN(Q*—)\O'j*,O'JQ.*), for i=1,2,....m> (Zi);nzl|Xi~N(0*—)\a]-*,U]2.*), for i:1,2,,..,m) <

where (Z;)", is a shorthand for (Z1, Za, ..., Zp,)

Note that the distributed estimator 6 is a (possibly random) function of (Z;)7,. Given that
the squared Hellinger distance between the distribution of (Z;)!”; under N(6* — /\aj*,a?*)
and N (0" —\oj=, 0']2-*) are bounded by 3/4, which means we cannot “distinguish" whether the
data are drawn from N (6* — Ao, 0]2-*) or N(0* — A\oj=, UJZ*) by looking at those transcripts,
we can apply Le Cam’s method to conclude a minimax lower bound: when o = o+, there

exists a constant ¢; > 0 such that

sup E(6 — 0)% > 12202,
96{0*—/\0']'*,9*+)\0']~*}

which is equivalent to

0_*2 -1 N
sup ( ) E(f — 6)? > ¢ \%m.
0{0* —Aojx 0%+ Ao} \ T
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Thus we can conclude that

Rind(00, B) > eX?m. O

4.7.5. Proof of Lemma 8

PROOF OF (4.1). For any z € Z, define

= /OO f(x,s)P(h(z) = z)dx,

o0

G.(s) = / g(z, s)P(h(x) = z)dz.

)

Therefore, from Cauchy-Schwartz inequality

\// ds/ G.( ds>/ F,(s)G,(s)ds,

we can conclude (4.1).

PROOF OF (4.2). Define

()00 % > (VG - vae) as

—;Z</ v o ds—z/ VEIG)



1/M < f(z)/g(x) < M for all z € {x : g(x) > 0} implies that 1/M < F,/G, < M when
F(z) > 0 or G(z) > 0. This suggests that

\ﬁ1
SVATL

Ve b

By definition we have

2 (0; .9) = 5 S (VEm /G2 %Z

zEZ

TV (h; f,g). O

e

4.7.6. Proof of Lemma 9

First, note that by definition we have

TV (W(z); f((x = 0)/0j,5), 9((x = 0) /0, 5)) < x505.

So we have

J—1 1 1-Ag;
> | TV @@ (e = 0o 5).al(w = )/, ) 0 <

—0 %3 /Aoy
Therefore, it only remains to prove

1- )\0]
Z A (2): £((x = 6)/07, ), g((x — 0)/0,5)) O < Crary(1 + 2, ) VT,

The next technical lemma is the key to prove Lemma 9.
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Lemma 15. Let {a3}, k = 1,2,...,27 be a non-negative sequence such that

0<ap,<1l,k=12,..,2".

Then there exists a constant C3 > 0 such that

J 273 |(1-1)29 4271 1.27 w
3 >oow- > afzeVi[ /s
j=11=1 |k=(-1)27+1 k=(1—1)20+2i-141 0

J .
where w = 27/ Zizl ay, s the mean of the sequence.

Let 2, = infyea(s) 2] For any real number 0, z € {0,1}* and k € [27], let ai(6,2) =

0+kxso 0+kz' o ..
aj(kx_l)t;sgo P(II(z) = z)dz and a (0, z) = 6'—:r(k—1)0m’sao P(II(z) = z)dz. Note that it is easy

to check A(s) = [—xs, —x}] U 2}, x5], so we have

V (I(x); f((z — )/% s),9((x — 0)/0;,5))
1 0— 0+0jxs
s> /0 - — 2)da— /0 P(Il(z) = 2)da

2€{0,1}b +ojs
1 6 O+ojxs
<- - =
< X / N ~ 2)da /{9 P(I(z) = 2)da
ZE{O,l}b Jes
1 0 O+oja,
+ = Z / P(II(z) = z)dz — / P(Il(z) = 2)dx
2e{0,1} 0—o;x!, (4

2J—j=1| 20+ (r—1)427
Z Z Z ap(0 — ojzs — 27T (r — 1)xs00, 2)
26{0 136 r=1 |k=27+1(r—1)+1
27+1y
- Z ap(0 — ojzs — 27T (r — 1)xs00, 2)
k=23+1(r—1)+2i+1
9J—j—1| 20+1(p—-1)427
Z Z Z ay,(0 — ol — 27T (r — 1)2l00, 2)
ze{o 1} r=1 |k=2i+1(r—1)+1
99+,
- Z a0 — ozl — 27T (r — 1)2l00, 2)| .-
k=27+1(r—1)+2741
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Substitute the above inequality and rewrite the integral variable, also recall that o; = 2 a9,

we have

1— /\UJ
Z / (@): F((x — 0)/03, ), a((x — 6) /07, 5)) A8

1-Xoj— a]xs—23+1(r Dxsoo

Mzzz/

i=0 ze{0,1}p r=1 A%~ gjzs =2+ (r—1)zs00

27+ (r—1)427 2i+1,

Z ar(0,z) — Z ax(0,z)| do
k=2j+1('f—1)+1 k—21+1(r—1)+2j+1

2JJ1

Y Y Y

7=0 zefo,1}p r=1 Ao s—29 T (r=1)zo0

1-Xoj—ojz’—27 1 (r—1)z’0¢

27+ (r—1)427 2i+1,
Z ay(0,z) — Z ay(0,2)|do
k=2i+1(r—1)+1 k=2+1(r—1)+2i+41
) J-1 2/=i=1 | 20F(r—1)+27 271y
27 Z Z / Z ax(0,z) — Z ax(0,z)| do
J=0 ze{0,1}b r=1 Y75 |p=2i+1(r—1)+1 k=20+1(r—1)427+1
9J—j—1 27+ (p—1)+27 27ty
Z D / S a0 S 0| do
0 j= 0 2¢{0,1}> r=1 s |k=20+1(r—1)+1 k=20+1(r—1)42i41
J—127/-3-1 2j+1(7«,1)+2j 2i+1,

TsO 1 a6, z ar(0, z
:2J02/ 0 Y 3 3 k(/ )95500— 3 k(0,2)

° ) . . TsO00
2€{0,1}0 j=0 r=1 |k=2i+1(r—1)+1 k=27+1(r—1)+2i+1

J—127-3=1| 2741 (r—1)4-27 20+ 1y

ey Y > oad_ oy 409

. — T s 1 P Tg00
2€{0,1}b j=0 r= k=21+1(r—1)+1 k=27+1(r—1)+27+1

(4.22)

Define w(6,2) 2 277 Y2 ax(0,2)/(ws00) = i [T 5O P(II(x) = z). Note that

29z 500

ax(0,2)/(xs00) € [0,1], apply Lemma 15 gives

J—192J—i—-1 2j+1(,~_1)+2j 2J+1,

SY S| Y @@ - Y. ab.2)/(@o0)

2€{0,1}0 j=0 r=1 k—2j+1(r—1)+1 k=27+1(r—1)+2i+1

<C52'VJ N / v/~ log tdt.

2€{0,1}b
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Then note that fow v/ —logtdt is a concave function of w and 226{071}1, w(f,z) =1, we can

apply Jensen’s inequality to get

w(6,z) 2-b
Z / v/ —logtdt < Qb/ v/ —log tdt.
0 0

2€{0,1}b

It is not difficult to prove that there exists a constant C ; such that

—b
/ V=logtdt < C1127°Vb.
0

Combine the three inequalities above we can conclude

1 J—127-3-1| 27+ (p—1)427 (9, 2) 2i+1, 0, 2)
x ax(0, z ag(0, z
eI YD YDV D VRN ED D
T {01}t j=0 r=1 |k=2it1(r—1)+1 " ° k=2i+1(r—1)42i41 = °
1
SCgCLlﬂSS vV .Jbdf = 0301711‘3(1 + SUS)V Jb.
oz
By a similar argument we also have
@ ! ot L (6, 2) iy ak(,
s90 k\Y, k\Y,
do -
ey IRID YD SO SN IED VRN = PO

2€{0,1}0 j=0 r=1 |k=2/+1(r—1)+1 k=27+1(r—1)+2i41

SCgCLll';(l + :L'/S) vV Jb.

Substitute the above two inequalities into (4.22) and note that 2/, < x5, we conclude Lemma

9. O
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CHAPTER 5

DISTRIBUTED NONPARAMETRIC FUNCTION ESTIMATION UNDER

COMMUNICATION CONSTRAINTS

5.1. Introduction

Distributed statistical estimation and inference are becoming increasingly important as in
many applications data can be necessarily distributed at different locations due to the size
constraint or privacy and security concerns. Such a setting arises in a range of medical,
financial, and business applications. With distributed data, separate statistical analyses
need to be carried out at individual sites and then the results are transmitted to and ag-
gregated at a central location in order to make the final statistical decision. For large-scale
data analysis, communication costs can be expensive and become the main bottleneck in
statistical practice. It is important to understand the interplay between communication con-
straints and statistical accuracy, as well as how to design optimal estimation and inference

procedures under communication constraints.

There has been an increasing amount of recent literature on distributed estimation when
the communication budget is limited. For example, Zhang et al. (2013a); Garg et al. (2014);
Braverman et al. (2016); Han et al. (2018); Zhu and Lafferty (2018); Szab6é and van Zanten
(2018); Barnes et al. (2019b); Cai and Wei (2020c); Szab6 and van Zanten (2020) consid-
ered information-theoretical limits under communication constraints for various distributed
estimation problems, such as Gaussian mean estimation, linear regression and nonpara-
metric regression. Optimality results have been established under different communica-
tion constraints. Besides theoretical analysis, progress has also been made on developing
practical methodologies for distributed estimation. See, for example, Kleiner et al. (2014);
Deisenroth and Ng (2015); Lee et al. (2017); Diakonikolas et al. (2017); Jordan et al. (2019);

Battey et al. (2018); Fan et al. (2019). Further literature review is given in Section 5.1.4.

In this chapter we study distributed minimax and distributed adaptive nonparametric esti-
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mation under communication constraints in a decision theoretical framework. In the con-
ventional non-distributed settings, adaptation has been a central goal for nonparametric
function estimation. it is well-known that adaptive estimation can be achieved for free under
a range of global losses such as the integrated squared error over a wide collection of Besov
classes (Donoho and Johnstone, 1995; Johnstone, 2017). Indeed, it is possible to adaptively
achieve superefficiency for free (Cai, 2008). However, in the distributed settings, adaptation
becomes more difficult and involved due to the additional communication constraints. A
rate-optimal adaptive algorithm needs to perform well statistically while efficiently com-
pressing the information from the local machines to the central learner. Intuitively, the
difficulty arises from the fact that only limited amount of information can be transmitted
and information that is critical for estimation over one function class might not be essential
for estimation over another. In such a setting, it is easy to imagine that achieving adapta-
tion over a collection of function classes requires more communication budget than what is

needed for a given function class in the minimax setting.

The primary goal of this chapter is to precisely characterize the communication cost of adap-
tation for distributed nonparametric function estimation. We first establish the minimax
rate of convergence for distributed estimation over a given Besov class, which serves as a
benchmark for the cost of adaptation when the smoothness parameters are unknown. We
then quantify the exact cost of adaptation and construct an optimally adaptive procedure

for distributed nonparametric estimation over a range of Besov classes.
5.1.1. Distributed estimation framework

We begin by introducing a general framework for distributed estimation by giving a formal
definition of transcript, distributed estimator, and independent distributed protocol. Let
P = {Py: 0 € O} be a parametric family of distributions supported on space X, where
0 € O is the parameter of interest. Suppose there are m local machines and a central
machine, where the local machines contain the observations and each local machine has

access only to data in that machine, and the central machine produces the final estimator
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of 8 under the communication constraints between the local and central machines. More

precisely, suppose we observe i.i.d. random samples drawn from a distribution Py € P:

iid. )
X~ Py, 1=1,...,m,

where the i-th local machine has access to X; only.

On each machine, because of limited communication budget, the observation X; on the
i-th local machine needs to be processed to a uniquely decodable string Z; by a (possibly
random) function Z; : X — [J;2,{0,1}". The resulting string Z; = Z;(X;), which is called
the transcript from the i-th machine, is then transmitted to the central machine. Here
we denote the length of transcript Z; as |Z;|;, which indicates the communication cost for
sending this transcript. Finally, a distributed estimator 6 is constructed on the central

machine based on the transcripts 21, Zo, ..., Zn,,

0=0(Z1,%2,.... Zm).

The above scheme to obtain a distributed estimator 6 is called an independent distributed
protocol. Within an independent distributed protocol, the transcripts from each local
machine only depend on its local observations and no information is exchanged between the
local machines. There are also other types of distributed protocols with more interactive
communication schemes in the literature (Zhang et al., 2013a). In the present work we focus
on independent distributed protocol. Define L(f) £ >oit1|Zi|; as the total communication
cost for distributed estimator 6. The class of distributed protocols with total communication

budgets B can be defined as

Ar(B) ={(0,21,Zs,.... Zm) : L(B) < B}.

The above classes of distributed protocol imposes uniform hard upper bounds on the length
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of transcripts, that is, the (total) length of transcripts are constrained to be less than
a certain value given any possible observations. It is sometimes worthwhile to consider
transcripts with variable length in order to gain possible adaptation to the data. In such
settings, we introduce a class of distributed protocols with the expected total communication

budgets for the family P:

Ap(B,©) ={(0, 21, Z, ..., Zy) : supEp, L(f) < B} (5.1)
0cO

where the expected total communication cost is uniformly bounded by B under any data

generating distribution Py € P.

As usual, the estimation accuracy of a distributed estimator 6 is measured by the mean
squared error (MSE), Ep, || — 0]|2, where the expectation is taken over the randomness in
both the data and construction of the transcripts and estimator. As in the conventional
decision theoretical framework, a quantity of particular interest in distributed learning is

the minimax risk for the distributed protocols

~inf  sup Ep, [0 — 02,
0cAg(B,0O) PpeP

which characterizes the difficulty of the distributed learning problem under the expected
total communication constraints Ag(B,©). Similarly Ag(B,©) can be replaced by other
class of distributed protocols to illustrate minimax risk under other kind of communica-
tion constraints. In a rigorous decision theoretical formulation of distributed learning, the
communication constraints are essential. Without the constraints, one can always output
the original data from the local machines to the central machine and the problem is then

reduced to the usual centralized setting.
5.1.2. Distributed estimation

We consider distributed minimax and adaptive estimation for the Gaussian sequence model

and white noise model. For the white noise model, the goal is to recover the unknown
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function based on the noisy observations collected on m machines, where on the i-th machine,

for 1 <14 < m, one observes a Gaussian process,

dYi(t) = f(t)dt + ﬁdwi(t) te[0,1],i=1,2,..,m. (5.2)

Here ﬁ is the noise level and W;(t),7 = 1,2, ..., m are independent standard Wiener process.
The i-th machine has access to Y;j(t) only. The goal is to recover the unknown function f

based on the distributed observed processes Yi(t), Ya(t), ...., Y (%).

In the conventional centralized setting, wavelet methods (Donoho and Johnstone, 1994;
Hall et al., 1999; Cai, 1999) have been shown to be a powerful tool for nonparametric func-
tion estimation as it decomposes a function into a structured wavelet series and a nonpara-
metric estimation problem is then transformed into a Gaussian sequence estimation problem.
Motivated by the equivalence between the white noise model and Gaussian sequence model,
we begin by focusing on the following distributed Gaussian sequence estimation problem.

Suppose there are m machines, on i-th machine we have i.i.d Gaussian observations
Xijh =0k +ozie =012 .;k=12 .2 (5.3)

where z; i, R N(0,1) for i =1,2,...,m;j = 0,1,...;k = 1,2,...,27, the noise level o known.
The i-th machine can only access to X; = (Xijk)j>0k=12,.,2 only. The goal is to estimate
0 £ (0i k) j>0k=1.2.. 2 under the mean-squared error

oo 27

R(O.0)= 10— 03 =" (0;r — 0jx)>.

§=0 k=1

We consider estimation over a collection of Besov classes Bg’q(M ) with «, p,q, M > 0, where

By (M) is defined as the set of sequences ¢ satisfying [f|pe < M with the Besov sequence
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seminorm [6pa given by

1/p\ ¢ 1/q

6P . (5.4)
1

A = 1 2
Olpe = 278
10]s, ]z::() 2
Here s = a+1/2—-1/p > 0 and 1 < p,q < oo, with the obvious replacement of the
corresponding £, or £, norms to ¢, norms when p,q = co. The Besov sequence norm
|9’b%,q is equivalent to the Besov function norm on the original function f; see, for example,
Meyer (1992). Therefore, the distributed Gaussian sequence model (5.3) is equivalent to the
white noise model (5.2). In the classical centralized setting, the Gaussian sequence model is
also known to be a good proxy to study estimation of a function under the nonparametric

regression model.
5.1.3. Main contributions

For estimation under the Gaussian sequence model (5.3) with communication constraints,
a distributed estimation procedure, called seq-MODGAME, is proposed, and its rate of
convergence under the communication constraints is derived. A matching lower bound is
established to show that the seq-MODGAME procedure is optimal. The upper and lower
bounds together yield the sharp optimal rate of convergence for estimation over a Besov
class By (M):

Ru(B,BS, (M) 2 inf sup |6 — 0]f3.
0€AR(B,Bg 4(M)) 0eBg (M)

where Agp(B, B, ,(M)) is the set of distributed protocols under the expected total com-
munication constraints defined in (5.1). The same optimal rate holds for the white noise
model. To the best of our knowledge, this is the first exact minimax rate of convergence
for the distributed nonparametric function estimation. In comparison, the existing results
have at least a logarithmic gap in the upper and lower bounds and are for more specialized

parameter spaces such as a Holder or Sobolev class.

We then quantify the exact communication cost for adaptation and construct an optimally
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adaptive procedure for distributed estimation over a range of Besov classes. Our analysis
shows interesting phenomena. In the classical non-distributed setting, it is well known
that adaptation can be achieved for free in terms of global risk measures such as the
mean integrated squared error over a wide collection of Besov classes. See, for example,
Donoho and Johnstone (1995); Johnstone (2017). However, in the distributed setting, our
results show that there are unavoidable additional communication costs for any adaptive
procedure over a collection of Besov classes. Specifically, the results provide a sharp charac-
terization for the communication costs for adaptation, where it is shown that O(m?) total
additional bits are necessary and sufficient to achieve the adaptation over a wide collection
of Besov classes. In addition, a local thresholding procedure is constructed and is shown
to be the most communication-efficient among all adaptive distributed estimators. Our
newly proposed local thresholding procedure requires no prior knowledge on the range of
the smoothness parameters, and is able to automatically achieve statistical adaptation over
a wide collection of Besov classes By (M) with p > 2 at the guaranteed minimum com-
munication cost. The analysis on adaptive estimation makes significant improvement over
existing results. The new technical tools used to obtain the exact characterization for the

cost of adaptation can be of independent interest.
5.1.4. Related literature

Distributed nonparametric function estimation has been investigated in the recent literature.
Zhu and Lafferty (2018) studied distributed minimax rate of convergence for the white noise
model over the Sobolev classes with a logarithmic gap between the upper and lower bounds.
Szab6 and van Zanten (2018) derived distributed minimax rate for nonparametric regression
under the integrated squared error and supnorm error losses over the Hoélder classes and
Sobolev classes, also with a logarithmic gap between the upper and lower bounds. The
paper also showed that adaptation is possible within the range a € [aumin, max) Where aupin

depends on the given communication budget.
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Szabd and van Zanten (2020) considered a two-point adaptation problem for distributed
nonparametric estimation and showed that two-point adaptation is impossible when the
smoothness indices of the two function classes are both larger than a certain threshold. It also
proposed an adaptive distributed protocol that achieves statistical adaptation over a range of
Sobolev classes with the smoothness indices below a certain threshold, while at the same time
transmitting the minimal number of bits, up to a logarithmic gap. Szabdé and van Zanten
(2020) provided a clear solution when two-point adaptation can be achieved without ad-
ditional communication cost. However, it is not clear whether adaptation is possible with
additional communication budgets under the same settings. In comparison, we provide a
more general lower bound for the communication cost for adaptive distributed estimators
over a collection of Besov classes and construct an estimator that is adaptive over a wider

range of parameter spaces at the guaranteed minimum communication cost.
5.1.5. Organization of the chapter

We finish this section with notation, definitions, and some assumptions that will be used
in the rest of the chapter. Section 5.2 establishes the optimal rate of convergence for dis-
tributed Gaussian sequence estimation and Section 5.3 characterizes the communication cost
of adaptation and introduces adaptive distributed procedures. The numerical performance
of the proposed distributed estimators is investigated in Section 5.4 and further research
directions are discussed in Section 5.5. For reasons of space, we only prove lower bounds for
communication cost of adaptive estimators in Section 5.6 and defer the proofs of other main

results and the technical lemmas to the supplementary material Cai and Wei (2020b).
5.1.6. Notation, definitions, and assumptions

For simplicity, in later sections we denote n; = 2/ be the number of coefficients at the
j-th resolution level. For any positive integers n, N, let [n] £ {1,2,...,n} and n mod N be
the remainder of n divided by N. For any a € R, let |a| denote the floor function (the
largest integer not larger than a). Unless otherwise stated, we shorthand loga as the base

2 logarithmic of a. For any a,b € R, let a A b 2 min{a,b} and a V b = max{a,b}. We
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use a = O(b) or equivalently b = Q(a) to denote there exist a constant C' > 0 such that
a < Cb, and we use a < b to denote a = O(b) while b = O(a). For any vector a, denote by
lall £ />, (a("’))Z its lo norm. For any finite set S, let card(S) denote the cardinality of

S. Define the density of a Gaussian distribution with mean 0 and standard deviation o as

Throughout the chapter, we shall assume s = a+1/2—1/p > 0. This condition is necessary
for the estimation problem to be well-formulated. When s < 0, the closure of the Besov
ball By q(M ) is not compact and the compactness of the closure of the parameter space is
a necessary condition for consistent estimation under the homoskedastic Gaussian sequence
model. See Ibragimov and Khasminskii (1997) and Johnstone (2017, Theorem 5.7). More-
over, we assume M > 0. Otherwise estimation over the Besov ball By (M) is trivial as the

simple estimator 6=0is optimal.
5.2. Minimax Optimal Rate of Convergence

In this section we study the minimax rate of convergence for estimating the mean of a

Gaussian sequence 0 € B, (M) under the expected total communication constraint:

~ inf sup  E[l§ — 0] (5.5)
beAp(B,Bg ,(M)) 6€Bg (M)

where we assume the parameters «, p,q, M are known in an oracle setting.

If there is no communication constraint, or equivalently we are in a centralized setting,
Donoho and Johnstone (1998) pointed out the minimax rate of convergence over Besov

classes is

. S a2 o (g% 2t
inf sup E|f§—0|* < M2+ [ — .
0 6eBg (M) m

However, when the communication constraints take effect, there will be a loss of statistical

accuracy thus the optimal rate of convergence (5.5) will further depend on the expected
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total communication cost B.

We first introduce a distributed estimation procedure satisfying the communication-constraint
and provide an upper bound for its statistical performance. A matching lower bound on
its minimax risk is then established. The upper and lower bounds together unveil a sharp

minimax rate of convergence and the optimality of the proposed estimator.
5.2.1. Optimal procedure

We begin with the construction of an estimation procedure under the communication con-
straints and provide a theoretical analysis of the proposed procedure. The construction of
the following procedure, called seq-MODGAME, is inspired by the MODGAME procedure
proposed in Cai and Wei (2020c) for distributed Gaussian mean estimation. However, unlike
the simple Gaussian mean estimation problem considered in Cai and Wei (2020c), the mag-
nitude of each coordinate of 6 is not known as a priori because within Besov space By q(M ),
the constraint on the Besov norm (5.4) is imposed on the whole vector, but not individual
entries. Therefore, to estimate a mean vector ¢ € By (M) under Gaussian sequence model
(5.3), one needs a more sophisticated quantization strategy than the MODGAME procedure

proposed in Cai and Wei (2020c).

We first define several useful functions and quantities. Define localization encoding function

g:7Z — U2, {0,1}* by the following rule:
° g(o) — 44077'

e When z is a positive integer, let k£ be the length of its binary representation, and
define g(x) to be a string starting with “1", followed by k zeros and then followed by

the binary representation of x. For example, g(1) = “101” and ¢(8) = “100001000”.

e When x is a negative integer, let k£ be the length of the binary representation of
—z, and define g(z) to be a string starting with “11", followed by k — 1 zeros and
then followed by the binary representation of —x. For example, g(—1) = “111” and
g(—8) = “110001000” .
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The function g(x), as an encoding mechanism, has two main properties. First, it is a prefix
code, thus uniquely decodable (Blahut and Blahut, 1987). We denote g~' as its inverse
function (decoding function). Second, the length of g(z) is guaranteed to be no larger than
2log(]z|+ 1) + 3, which means that its length is adaptive to the magnitude of z. We will see
that g(x) plays an important role in the construction of the transcripts with variable length

under the communication constraints.

As in the conventional centralized setting, we estimate the coordinates of the vector § =
(05) € By (M) from its noisy observation up to a certain resolution level jiyax and truncate
all the components above j.x to zero. Note that when the communication budget is insuf-
ficient, the estimation accuracy in the distributed setting is not as good as in the centralized
setting. So we first decide the maximal resolution level jnax, and precision parameter o
according to communication budget B and other model parameters. At those resolution
levels lower than jax, We estimate each entry in an optimal way so that the stochastic error
is roughly O(9). At those higher resolution levels, we just truncate all entries to zero. The

advanced communication strategy used in the procedure is the key to the optimality results.

We are now ready to introduce the seq-MODGAME procedure in detail. It is divided into

two cases: B < (%)Tﬂl and B > (%)ﬁ

2

Case 1: B< (AOTM)T“

Let § be a precision parameter calculated by
5 A AOMB—(a+1/2)

where Ag > 0 is a large tuning parameter. Let jp.x be the maximal resolution level, defined
as

Jmax = max{j c M- 2ieF/2) 5}.

In this case, only one local machine is needed to sent transcripts to the central machine.
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First step: Generate the transcripts on the first local machine. On the first local
machine (who can access to data X1), the output transcript Z; is the collection of the “crude

localization" strings Z; ji, 0 < j < jmax, k € [n;] where Zy ji, is defined as

Z gk = 9([ X14x/8)).

Second step: Generate the distributed estimator 6° on the central machine. The
central machine can receive 7y ji, 0 < j < jmax, k € [n;] from the first local machine. The

final estimate 6 is given by
05 =9 (Z1jk) - 0 if 0 < 5 < jmax, k € [nj]
05 = 0if j > jmax, k € 1]

2

Case 2: B> (AOM)T+1

o

Let u be a parameter and d be the precision parameter. They are calculated by
A 1 2a+1
u= ((AOM/U) atT B2a+2) Am, §=o0c/u,
and let juax be the maximal resolution level, defined as

Jmax = max {j M. 27ietl/2) 5 5}.

In this case, with the help of communication strategy introduced in Cai and Wei (2020c),
each entry of 0 at lower resolution levels can be estimated in the most communication-

efficient way so that their estimation errors is roughly of order 4.

First step: Generate the transcripts on the local machines.

150



1. On the first machine (which has access to data X;), the output transcript Z; is the
collection of the “crude localization" strings Zi jr, 0 < j < jmax, k € [n;] where Zy ji,
is defined as

Zjk = 9([ X1 k/0]);

2. On the i—th machine where 2 < i < 1+ |log?u], the output transcript Z; is the
collection of the “finer localization" strings Z; jr, 0 < j < jmax, k € [nj] where Zi jk 18
defined as

Zijk = 9(| Xijx/0o] mod [logu);

3. On the i—th machine where 2 + |log?u| < i < w the output transcript Z; is the
collection of the ‘refinement" strings Z; jx, 0 < j < jmax,k € [n;] where Z; ;i is
defined as

Zi ik = | Xiji/o] mod 8.

4. On the i—th machine where u < ¢ < m, the local machine does not output anything.

Second step: Generate the distributed estimator 0 on the central machine. The
central machine receives the transcripts 21, Zs, ..., Z,, from the local machines. Note that
the code words in 71, Zs, ..., Z,, are all uniquely decodable, thus those transcripts can be

decomposed into short strings Z; ;i for ¢ € [u],j € J;, k € [nj].
The final estimator © is constructed as follows.
e For each 0 < j < jmax, k € [n;]:

1. Because g(x) is uniquely decodable, from Z; j;, = ¢g(|X; jx/0]|) one can recover

the value of | X; jx/c]. Let If; be an left-closed-right-open interval of length u
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defined as
| Xi /o] — %, | Xijk/o] + %) if [logu| is an odd number

e A [
Jk
[LXi,jk/UJ - M, | X ko] + %) if [logu| is an even number

2
2. Denote zg’k £ argmax,, Z}gg ul+1 Iiz; ..=-y be the mode statistic among the

Zi jk,2 <i < |log?u| + 1. Note that the length of I, is [log u|, so there will be

exactly one integer azgk € Ij@k that satisfies

l‘?k mod |logu]| = g_l(zlbk).

Let I;’k be an interval of length 3 defined by

b b b
Iy = [e, — 1,25, +1].

3. Let p" be the proportion of those refinement strings whose value is equal to

g(:vé’-k — 2 mod 8):

1 u
h A&
p= Z H{Zi,jkzg(ﬂc?k_Q mod 8)}

1 2
u—1-— [log”u] i=|log? u]+2

Define a function

It is easy to see that hji(y) is a strictly decreasing function on IJI-’k. Let hj_kl (y)

be the inverse function of hji(y) which maps hjk(I]l?k) to Ijl.’k. The estimate is
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calculated by
p
(l‘?k +1)o  ifph < hjk(:vé’.k +1)

o ) .
05 = hjkl(ph)a if hjk(azgk +1)<ph < hjk(m?k -1)

k(atﬁg’-k — 1o ifph > hjk(x;’-k -1)

e Lor each ] Z jmax + 17 k € [n]]7 set

HO
09 =

The following theorem provides the theoretical guarantee for the communication cost of éo,

as well as an upper bound for its statistical performance.

Theorem 19. If Ag is set to be a sufficient large constant such that Ag > (24a + 64)0‘“/2,

then the estimator 0° € Ag(B, By ,(M)) and there exists a constant C > 0 such that

M?p~% if B< (4) e

sup  E||0° —0|2 < C-{ ppact (tﬁ)o‘%l if (4 )2a+1 <B< (M )2a+1 maati (5.6)
0eBg (M) B

_2a
Mﬁil (%) 2a+1 fB > ( )2a+1 ngi?
\
forall2<p<o0,0<qg<o0,a>0,M >0

Remark 9. The proposed distributed estimator 6° satisfies expected total communication
constraint, which is weaker than other types of constraint considered in the literature. The
reason we work on this type of communication constraint is to illustrate the main idea
and omit unnecessary complication when presenting the estimator. With suitable modifica-
tion, the estimator can be made to satisfy other kinds of communication constraint, say, a
fixed /hard total communication constraint or an equally assigned communication constraint

on each single local machines.
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For example, the following proposition provides a quick look on how 00 satisfies fixed /hard

total communication constraint with high probability.

Proposition 5.2.1. With probability at least 1 — exp(—B/18), we have

L(6°) < 2B.

That is, the proposed estimator 6© satisfies the total communication constraint 2B with high
probability. Note that the additional factor on the communication constraint doesn’t affect

the rate of convergence given in Theorem 19, therefore the estimator is still rate-optimal.
5.2.2. Lower bound analysis

Section 5.2.1 gives a detailed construction of the seq-MODGAME procedure for distributed
Gaussian sequence estimation and provides a theoretical guarantee for the estimator in
Theorem 19. In this section we shall show that the estimator € is indeed rate optimal
among all estimators satisfying the total communication constraints by proving that the
upper bound in Equation (5.6) cannot be improved. The following theorem gives a lower

bound on the minimax risk under the expected total communication constraints.

Theorem 20. There exists a constant ¢ > 0 such that

)
M?B~2e if B < (M)z5

2a+2

RE(B,ng(M)) >c- M%H (%)ﬁ if (M)ﬁ < B< (%) 2a2+1 m2a+t (5.7)

2a
2 2\ 5a1T _2 2042
M 2a+1 <L> 2a+1 ’Lf B > (M) 2a+1 g 2a+1
. m — \o

forall0<p<oo0,0<qg<o0,a>0,M >0

The lower bound given in Theorem 20 is proved by constructing simultaneous tests 6, = 0
vs O = d forall j < J, k=12, ..., 27 with pre-specified choices of § and J. Then by
strong data processing inequalities, we can prove that at least a proportion of entries cannot

be accurately estimated. The detailed proof is deferred to the supplementary material
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Cai and Wei (2020a).

Theorems 19 and 20 together establish the minimax rate for distributed Gaussian sequence
estimation:

;
2

M?B~% if B < ()21
Re(B, By (M)) = { pMati (%)“‘Tl if (M)=T < g < (M)B p3dt . (5.8)

[e]
2 ) Za+1 2042

2
M 2a+1 <% if B> ( )20““ m2at1

where 2 < p < 00,q < 0o, > 0, M > 0. The results also show that the distributed estimator
60 proposed in Section 5.2.1 is rate optimal under the total communication constraints.

The theorem also suggests that in order to achieve the centralized rate of convergence, which

2a+2
2(’“ m2a+1 is sufficient and

. 2 2\ Zatl L
is of order M 2a+1 (%) , & communication cost of order (]ZI )

necessary.

Remark 10. Similar as the optimal rate of convergence for distributed univariate Gaussian
mean estimation Cai and Wei (2020c), the minimax rate (5.8) can be divided into three
phases: localization (B < (%)ﬁ), refinement ((%)%+1 < B < (%)T2+1 m%), and
optimal-rate (B > ( ) 71 m2a11) The minimax rate decreases quickly in the localization
phase, when the communication constraints are extremely severe; then it decreases slower
in the refinement phase, when there are more communication budgets; finally the minimax
rate coincides with the centralized optimal rate (Donoho and Johnstone, 1998) and stays

the same, when there are sufficient communication budgets. The value for each additional

bit decreases as more bits are allowed.

Remark 11. As mentioned in the introduction, distributed minimax estimation was consid-
ered in Zhu and Lafferty (2018) for the Holder classes and in Szabd and van Zanten (2020)
for the Sobolev classes. These two types of function classes are special cases of the Besov

classes with the Holder class being BY, . and Sobolev class being BY . Furthermore, in

0,00

both Zhu and Lafferty (2018) and Szabd and van Zanten (2020), the existing upper bound
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and lower bound are sub-optimal (with a poly-logarithmic gap to the optimal rate of con-
vergence (5.8)). In contrast, the minimax rate given in (5.8) is sharp for a wide collection

of Besov spaces.
5.3. Adaptive Gaussian sequence estimation

The minimax rate of convergence established in Section 5.2 provides an important bench-
mark for the evaluation of the performance of distributed Gaussian sequence estimators.
However, the estimator éo, in spite of its statistical optimality and communication efficiency,
requires explicit knowledge of the smoothness parameters which are typically unknown in
practice. The optimal seG-MODGAME procedure proposed in Section 5.2 highly depends
on the prior knowledge on the parameter space Bg"q(M ) so that local machines efficiently
transmit useful information when the communication budget is limited. It is evident from
the construction and theoretical analysis that the estimator 60 designed for one Besov class
B;“’q(M ) with a given smoothness parameter o would perform poorly over another Besov
class Bg‘:q(M ) with a different smoothness parameter . Therefore, the estimator 69 is not

practical for real applications because the model parameters are typically unavailable.

This naturally leads to the important question of adaptive distributed estimation: Is it pos-
sible to construct a single distributed estimator, satisfying the communication constraints
and not depending on the smoothness parameters, that achieves the optimal rate of conver-
gence simultaneously over a wide collection of Besov classes By (M)? In the conventional
centralized setting, the answer is affirmative. That is, one can achieve adaptation for free for
estimating a Gaussian sequence over a collection of Besov classes By (M) under the mean

squared error.

Adaptive estimation in the centralized setting has been a major goal in the classical non-
parametric function estimation literature. In particular, wavelet thresholding is well known
to be a powerful technique to achieve adaptivity. For example, Donoho and Johnstone
(1995); Abramovich et al. (2006) proposed adaptive term-by-term thresholding methods and
Cai (1999); Cai and Zhou (2009) introduced data-driven block thresholding procedures to
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achieve optimal rate of convergence over a wide collection of Besov spaces. In contrast, little
has been understood on how to construct a communication-efficient adaptive estimator for
most distributed estimation problems, including but not limited to distributed Gaussian
sequence estimation. It is interesting and practically important to investigate the interplay

between communication constraints and adaptation for distributed estimation problems.

In this section we address the following questions: how to construct a data-driven distributed
estimation procedure that can achieve the centralized optimal rate with communication cost
as small as possible? Can adaptation be achieved for free? If not, what is the cost of

adaptation?

It was shown in Section 5.2 that, for distributed estimation over the Besov class By (M),

one needs at least 2 <(]¥) 2041 m2a+1> total bits to communicate in order to achieve the

2 522
centralized optimal rate O <M 2a+1 (%2) : +1>. It is tempting to consider the question:

_2 2042
Is there a distributed estimator with a total communication budget O ((]Z[) Zotl m2a+1>

that adaptively achieves the centralized optimal rate over a wide collection of Besov classes

0 € By, (M)?

To rigorously formulate this problem, let S C (0, 00) x (0, 00) X (0, 50] x (0, 00] be a collection
of Besov parameter combinations («, M, p, q), and C’() is a function (0,00) — (0,00). Let
Q(S’ ) C’) be the set of adaptive distributed estimators that achieve the centralized optimal
rate of convergence over Besov classes B]‘}’q(M ) for all (o, M,p,q) € S. To be precise,
G(S,C) is the collection of distributed estimators 6 who satisfy the following property: for

any (o, M,p,q) € S,

S A 2 [g%\ 2
sup E|6 — 0] < C(a)M 2a+1 <>
0eBg (M) m

Estimators in g(S , C ) are called statistically-optimal adaptive estimators over parameter set

S. We are interested in the minimum expected communication cost among all statistically-
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optimal adaptive estimators:

Q(S,C, By (M) 2 inf  sup EoL(d)
0€G(5,C) 0eBy (M)

The above quantity, which is called the minimax communication cost for statistically-optimal
adaptive estimators, serves as a benchmark for the communication-efficiency of estimators
in G (5' , C') For any statistically-optimal adaptive estimators, its expected communication
cost is at least Q(S, C, Bg ,(M)) when estimating a function in By (M). The analysis of
the minimax communication cost Q(S, C, By ,(M)) is divided into two steps: upper bound
and lower bound. We first propose in Section 5.3.1 an adaptive distributed estimator 64
which can achieve the centralized optimal rate of convergence when 2 < p < oo, and
provide a upper bound on the expected communication cost. We then derive in Section
5.3.2 a lower bound for the rate of convergence of Q(Sy, C, By ,(M)) where Sy is collection
of all Besov class parameters with p > 2. The lower bound provides a fundamental limit
on the communication cost for a statistically-optimal adaptive estimator, while it matches
the upper bound for 64 on the expected communication cost. Therefore, the proposed
distributed estimator 64 is shown to be the most communication-efficient one among all

statistically-optimal adaptive estimators over a wide range of Besov classes.
5.3.1. Optimal adaptive procedure by local thresholding

In order to establish an upper bound on Q(S,C, By ,(M)), we first construct a statistically-
optimal adaptive distributed procedure which simultaneously achieves the optimal rate of
convergence over a wide collection of Besov classes, while the rate of convergence for its
expected communication cost matches that of the minimax lower bound given in Section

5.3.2.

Wavelet thresholding methods have been shown to be a powerful tool for adaptive nonpara-
metric function estimation problems in the conventional centralized settings. Estimators

derived from data-driven thresholding rules can automatically adapt to a wide collection
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of Besov spaces. See Donoho and Johnstone (1995); Abramovich et al. (2006); Cai (1999);
Cai and Zhou (2009); Johnstone (2017) and the references therein. However, in the dis-
tributed settings, due to the communication constraints, it is typically impossible to es-
timate individual coordinates accurately by thresholding them all together on the central
machine. In such a setting, it is unclear how to optimally threshold on each local machine
and efficiently transmit the information to the central machine with minimal communication
cost such that a final aggregated estimator is statistically-optimal adaptive. Indeed, it is

unclear if this goal is even achievable.

Fortunately, the answer is affirmative. The following “local thresholding" procedure is pro-
posed for adaptive distributed Gaussian sequence estimation. We should emphasize that
here “local thresholding" referred to the fact that the thresholding step is carried out on
individual local machines, not on the central machine. The meaning is different from that
in the conventional wavelet estimation literature in the centralized setting. The general
strategy can be summarized as follows. On each local machine, we first select “significant
resolution levels" by certain thresholding rule. Only information about the significant res-
olution levels is transmitted to the central machine, where an estimation subroutine called
“ada-MODGAME" is applied to generate good estimates for individual coordinates based on
the transcripts collected from the local machines. These estimates will be further processed

to yield a final estimate 64,

Now we are ready to introduce the local thresholding procedure in detail. Let g : Z —
Uz, {0, 1}* denote the localization encoding function defined in Section 5.2.1. The estima-
tion procedure is divided into two steps, with the subroutine ada-MODGAME in the second

step of the procedure.

First step: Generate the transcripts on the local machines by thresholding. For

1 < i < m, on the i-th machine:
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1. Define the set of “significant resolution levels" on the i-th machine by

nj

Ji ={0,1,2, ..., (|2logm|)} | J{j > [2logm| +1:> X7 > n;o’(1+
k=1

Ay
7)}7

m

where A1 > 0 is a prespecified parameter. Only those coordinates at the resolution
levels in the set J; are processed as part of the transcript outputs from the ¢-th machine.

All the resolution levels that are not in J; are considered to be “locally thresholded",

because the signal strength on those resolution levels is weak.
2. If ¢ = 1, the output transcript Z; is the collection of the “crude localization" strings

Z1jk, j € J1,k € [nj] where Zy jj, is defined as

Z1gk = 9([ X1 jk/o]);

If 2 < i <14 [log?m], the output transcript Z; is the collection of the “finer localiza-

tion" strings Z; i, j € Ji, k € [n;] where Z; jj, is defined as

Zi gk = 9(| Xijk/o] mod [logm]);

Ifi>2+ Uog2 m | the output transcript Z; is the collection of the “refinement" strings

Zi ik, § € Ji,k € [n;] where Z; ji, is defined as

Zi,jk = LXi,jk/UJ mod 8.

Second step: Generate the distributed estimator 6 on the central machine. The
central machine receives the transcripts Z1, Zs, ..., Z,, from the local machines. Note that
the code words in 71, Zs, ..., Z,,, are all uniquely decodable, thus the central machine is able
to recover short strings Z; j, for i € [m],j € J;, k € [n;]. Also, note that the total number

of short strings from the i-th machine is > e 27, so from the binary representation of the
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total number of short strings from the ¢-th machine, one can recover significant resolution

level J;.

To warp up, from those transcripts that the central machine receives
e significant resolution levels on the local machines Ji, Jo, ..., Jy,.
e short strings Z; j, for i € [m],j € J;, k € [n;].

Let J be defined as

1+|log? m |

R o log?m “ m—
JE{j:je i Z Lijery 2 Q; Z Ljery 2

, 2
=2 i=2+|log? m|

1 — |log?m|
5 }

Intuitively, J is the set of resolution levels that are significant on most local machines.

The resolution levels within J will be estimated whereas those not in .J will be zero out

(thresholded).
The final estimator 4 is constructed as follows: For 1=12 ..

o If j ¢ J, let

éﬁg =0 for all k € [n;].

o If j < |2logm], let S; = [m] and

(A;lv A;'(27“'7é;nj) = fada(sj’ {Zl’Jk S Sj7k € [n]]})

be the output of the subroutine “ada-MODGAME". Then apply the thresholding rule

to get the final estimate

(01,055, .., 0%,.) =

(0,0,0,...,0) otherwise
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where Ay > 0 is a prespecified parameter.

o If j > [2logm| + 1 and j € J, define S; = {i € [m] : j € J;}, and let
(01,05, ..., ) = faaa(Sj, {Zijk 1 € Sj, k € [ny]})
be the output of the subroutine “ada-MODGAME".

Subroutine: ada-MODGAME
Input: o,m,j,n;,S;,{Zijx 1€ S,k € [nj]}.
For each k € [n;], do following steps:
1. Because g(x) is uniquely decodable, from Z; ji, = g(|X; jx/0o]|) one can recover the

value of | X; jx/c]. Let If; be a left-closed-right-open interval of length m defined as

[LXZ-,jk/aj - %, | X jk/o]| + %) if [logm] is an odd number

a A

[LXi,jk/aj — UL;”J, | Xi /o] + %) if [logm] is an even number

2. Let S;’ £ 8;n{i:2<i<|logZm] + 1} be the set of machines that output the finer
localization strings. Let sz £ argmax,, Zies? Liz, =2} be the mode statistic among
Zi ik, 1 € Sé-’. Note that the length of Ij@k is [logm], so there will be exactly one integer
xé’-k € If, satisfying

azg’-k mod [logm]| = g_l(sz).
Let Ijl.’k be an interval of length 3 defined by

3. Let S Jh £ 8;n{i:i> |log?m|+2} be the set of machines that output the refinement
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strings. Let p* be the proportion of those refinement strings whose value is equal to

g(m?k — 2 mod 8):

ph = card(S‘?)_1 Z (]I{Ziyjk:g(aj?k—g mod 8)}

iesf
Define a function
R 00 x?k—1+8l
his) = Y [ 1(x — y)da.
I=——o0 zjk—2+8l

It is easy to see that hji(y) is a strictly decreasing function on I]l.’k. Let hj_kl (y) be
the inverse function of h;(y) which maps hjk(ljl?k) to Ijl?k. Finally the estimate can be

calculated by

(m?k +1)o  ifph < hjk(x?k +1)

ik =\ hje WMo i hy(aly, +1) < p" < (el — 1)

(2b, = Do if p" > hyp (2l = 1)

Output: é;‘k for k € [n;].

We have given above a detailed construction of the local thresholding estimator 64. The fol-
lowing theorem provides a theoretical guarantee for the statistical performance and commu-
nication cost of the proposed procedure over the Besov classes Bqu(M ) with o > 0, M > o,

1<qg<oo,and 2 <p < oo.

Theorem 21 (Upper Bound for the Communication Cost). If Ay > 10 and Ag is chosen
sufficiently large, there exists a constant C > 0 such that, the local thresholding estimator

64 is adaptively rate-optimal, i.e.

2a

. 9 2\ 2Za+1
sup [E|64 — 0|2 < CMz+1 <0>
0eBy (M) m
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and we also have

2
A M\ 2a+1 o
sup  EgL(0Y) < C [ md+ <> mBati
6By (M) g

foralla >0, M>0,1<qg< o0, and 2 <p < oo.

Remark 12. The proof of Theorem 21 is involved due to the fact that, after thresholding
on the local machines, the conditional distribution of the observations given that their
resolution level is selected into the significant set J; is no longer Gaussian. Lemma 7 (from
the supplementary material Cai and Wei (2020b)) is the key to the proof, which shows that
the ada-MODGAME subroutine is robust even if the additive noise is slightly different from

Gaussian distribution.

Remark 13. One of the merits of the local thresholding estimator 64 is its “communication-
adaptivity", which means the communication cost of the estimation procedure is also adap-
tive to the smoothness of the underlying function. Compared to the two-point adaptive
procedure proposed in the previous work Szab6 and van Zanten (2020) which is able to
achieve adaptation with smoothness less than certain threshold, our newly proposed local
thresholding procedure requires no prior knowledge on the range of the smoothness param-
eters, and is able to achieve statistical adaptation over a wide collection of Besov classes.
The user can apply local thresholding procedure to obtain adaptation over the Besov classes

Baq(M ) as long as p > 2 with guaranteed minimum communication cost.
5.3.2. Lower bound analysis

In this subsection, we are going to obtain a lower bound for the minimax communication
cost for statistically-optimal adaptive estimators, which is instrumental in establishing the
optimal rate of convergence. Before we establish a lower bound for the minimax commu-
nication cost Q(S,C, By ,(M)), we first state the following theorem, which gives a lower
bound for the communication cost when the estimator achieves statistical-optimal rate of

convergence in two different Besov classes.
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Theorem 22 (Lower bound for communication cost for two-point adaptation). For any

distributed estimator 0, let Bat, (My) and Bp?, (Mz) be two different Besov classes. If

there exists a constant C' > 0 such that M7 < CO'mQOéH—%, and

2

sup  E|0 -0 < COM™ <> forl=1,2. (5.9)
Gelel’ql (Ml) m

Then there exists a constant ¢ > 0 (depending on C) such that

2 2
~ 2a01+1 2001 +2 Sao+1 200942
sup EL(§) > c (<M> ! m2a1+1 + <M2> 2 m2a§+1> '
(M2)

ag g g
0€By5 g5

Remark 14. If one sets ¢ = /m/n, M; = My = 1 and ap > a1 > 411%%7:” — 1, the
above Theorem 22 recovers the result of Theorem 2.4 in Szabd and van Zanten (2020)
which shows that two-point adaptation is impossible without additional communication
cost when m***2 > n. Comparing with the previous result, the result given in Theo-

rem 22 here is stronger because we prove the lower bound for the communication cost

SUPgeso2 | (My) EL(@) under the only assumption that 0 is adaptive. In particular, no upper

bound is imposed on SUDPgept () EgL(0), which is in fact necessary to obtain Theorem
1,491

2.4 in Szabo6 and van Zanten (2020).

The above Theorem 22 only considers two-point adaptation between two specific Besov
classes. However, in real data application, we are more interested in developing estimators
that are able to adapt to a wide range of parameter spaces, such as our adaptive estimator 64,

It is necessary to extend the above Theorem 22 to a general lower bound on Q(S, C, B (M)).

We define Sy = {(o, M,p,q) : . > 0,M > 0,2 < p < 00,1 < ¢ < oo} a wide collection
of Besov class parameters. The following lower bound on Q(S’o, C, By ,(M)) shows a funda-
mental limit on the communication cost of statistically-optimal estimators over Besov classes
By (M) where (o, p,q, M) € So. In view of the upper bound to be given in Section 5.3.1

that is achieved by the adaptive distributed estimator éA, the lower bound is rate optimal.
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Theorem 23 (Lower bound for the communication cost over Besov ball collection Sp). For

any C : (0,00) — (0,00) and (a, M,p,q) € Sy, there exists a constant ¢ > 0 such that

_2
Q(S0,C. B (M) > ¢ (m3 + (f) m33ﬁ> . (5.10)

Remark 15. The lower bound in Theorem 23 shows that, if a distributed estimator adap-
tively achieves the optimal rate of convergence over the all Besov classes where p > 2, the
minimum required expected communication cost for estimating functions in By (M) is of
order m? + (%) zarT m% The additional communication cost, which is of order m? and
not depending on the values of o, M, p,q and o, is required and necessary for constructing

2
an adaptive estimator. When m 2 (%)MH, the cost of adaptation is significant.

Remark 16. Although in Theorem 23 we provide a lower bound on Q(S, C, By ,(M)) where
S = Sy, the same lower bound also holds when S is other sufficiently large Besov ball
collections. With the help from Theorem 22, we are able to establish lower bounds for other

Besov ball collection S.

Remark 17. The techniques used to prove Theorems 22 and 23 can be of independent

interest. Roughly speaking, if the algorithm aims to perform well on both Byt  (M7) and

Bp2 ., (Ms) where a; < ag, since we cannot tell whether each local sample is drawn from

Byl (My) or Bp2, (Ms) on the local machines, the algorithm needs to transmit more

bits than non-adaptive estimation for Bp2  (M2), because it also needs to estimate well in

Byt (My). More specifically, we prove that the local machines cannot “distinguish" samples

that is drawn from a null model (§ = 0) or drawn from a mixture of models with 6 having

m? non-zero elements. If the observations are truly drawn from the mixture, the minimum
communication cost required to achieve the statistical optimal rate of convergence is of order
m3. Thus one can further show that the minimax communication cost is at least Q(m?)

even if @ = 0. This is a key step in the argument for establishing Theorems 22 and 23.

A similar technique was also used in Szab6 and van Zanten (2020). But a finer analysis
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is needed here, especially for the key Claim 3 where we first prove a conditional strong
data processing inequality and use it to establish a stronger result without unnecessary

assumptions.

Lemma 16 (Conditional strong data processing inequality). For ¢t > 0 and k € Z, let 0
be a random vector uniformly distributed on the set {—to,to}* and let X ~ N(0,02%1I}). Let
D C R* be a k-dimensional region such that the event X € D is independent with 6 and let

Z be a random variable such that 6 — X — Z forms a Markov chain. Then

1(Z;0|X € D)P(X € D) < 256t2(H(Z|X € D)P(X € D)+ H({X € D})),

where 1(+;+|-), H(:), and H(-|-) denote conditional mutual information, entropy, and condi-

tional entropy respectively.

The definitions of the conditional mutual information I(;-|-), entropy H (-), and conditional
entropy H(-|-) are given in Section 5.6.1. Note that the classical strong data processing
inequality for the Gaussian channels serves as a special case if we set D = R*. The above
inequality is the key to the proof of Theorem 22. We omit the proof of Lemma 16 since it

is similar to the proof of Claim 3 in the proof of Theorem 22.

The upper and lower bounds given in Theorems 21 and 23 together establish the minimax

rate of communication cost for statistically-optimal adaptive estimators:

2
~ ~ M 2« o
Q(S0,C, B2 (M) =< m® + <J) Ui (5.11)

where C' is large enough and recall that Sy = {(a, M,p,q) : a > 0,M > 0,2 < p < 00,1 <
g < oo}. The minimax rate (5.11) also implies that 64 is the optimal adaptive distributed

estimator with respect to both statistical performance and communication cost.

1. The estimator 4 simultaneously achieves the centralized optimal rate over the Besov

classes Bg’q(M) for all « > 0, M > 0,1 < g < o0, and 2 < p < oo. There is no
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statistical cost of adaptation in terms of the rate of convergence.

2. Among all the statistically-optimal adaptive estimators, the expected communication
cost for 64 is rate-optimal over the Besov classes Bg"q(M) for all a > O, M > o,

1<qg<o0,and 2 < p < 0.

_2 2042 .
Remark 18. Compared with the minimum communication cost (%) 2at+1 m2a+1 for achiev-
ing the optimal rate of convergence in the minimax setting in (5.8), an additional com-
munication cost of order m? bits is needed to achieve the adaptation over a collection of

3 can be viewed as the communication cost of adaptation. This

Besov classes. The term m
interplay between communication and statistical adaptation in the distributed setting is an
interesting phenomenon: It costs more bits to communicate in order to achieve adaptiv-

ity. In contrast, statistical adaptation can be achieved for free in the centralized setting

(Donoho and Johnstone, 1995; Johnstone, 2017).
5.4. Numerical Studies
The proposed seq-MODGAME estimator 6° and the adaptive local thresholding estimator

64 are easily to implement. In this section, we conduct simulation studies to investigate the

numerical performance of these two estimators in various settings.
5.4.1. The seq-MODGAME estimator i

We first study the se-MODGAME estimator 6° proposed in Section 5.2. We generate
i.i.d data according to the distributed Gaussian sequence model (5.3) on m = 100 different
virtual machines, where the mean vector 6 is the wavelet coefficients of certain specified

underlying function. The underlying function f is chosen as
f(t) = sin(4nt) + 0.7 cos(187t) t € [0,1]
and the noise level o = 1/16.

We apply the optimal se¢-MODGAME estimator 6° to estimate wavelet coefficients of f
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given their noisy observations on virtual machines. Afterwards, we transform estimated
wavelet coefficients back to estimated smooth functions fo. The results are shown in Fig-
ure 5.1. As more and more bits are allowed to communicate, the mean squared error are

decreasing so that the estimate is becoming more and more accurate.

(a) B =100,MSE = 31.47 (b) B = 2400, MSE = 12.54 (c) B = 16000, MSE = 5.10

Figure 5.1: Estimate given by the optimal seq-MODGAME estimator #° under the
communication constraints. For different choices of total communication budgets B =
100, 2400, 16000, we illustrate an example of estimated function fo in each figure. The
mean squared error through 1000 trials are also given below each figure.

5.4.2. The local thresholding estimator 64
Similar to the setting in Section 5.4.1, we generate i.i.d data according to the distributed
Gaussian sequence model (5.3) and set m = 100,60 = 1/16. However, in this simulation

study we work on three different choices for the underlying functions f = fi, fo or fs:

f1(t) = 1.5sin(4nt) te0,1];
fa(t) = sin(4nt) + 0.7 cos(187t) te0,1];
f3(t) = 0.8sin(4nt) + 0.5 cos(187t) + 0.5 cos(44mt) t €[0,1].

The three functions given above are designed to have different smoothness. f1 is the
smoothest function among the three functions whereas f3 is the most “wiggly" one. We
expect to see a data-driven estimator can adapt to their smoothness automatically during

the estimation.

Similarly, given random distributed data generated by adding noise to the wavelet coefficients
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of fi, fo and f3 respectively, we apply the local thresholding estimator 64 to estimate the
wavelet coefficients. The estimated smooth functions fA are obtained by reversed discrete
wavelet transform on the estimated wavelet coefficients. The results are shown in Figure
5.2. It can be clearly seen from simulation that, when the underlying function are relatively
smooth, the local thresholding estimator requires less communication cost while achieves
better statistical accuracy. The numerical results are consistent with the theory, which shows

the local thresholding estimator can adapt to the smoothness of the underlying function.

(a) f1: EL = 3330, MSE = 2.06 (b) f2 : EL = 8083, MSE = 5.03 (¢) f3 : EL = 15862, MSE = 8.9

Figure 5.2: Estimate given by the local thresholding estimator 64. Under different choices
of ground truth functions fi, fo, f3, we illustrate an example of estimated function fA in
each figure. The expected communication cost and their mean squared error through 1000
trials are also given below each figure.

5.5. Discussion

In this chapter, both distributed minimax and distributed adaptive estimation under the
communication constraints were studied for the Gaussian sequence model and white noise
model. Optimal minimax rate of convergence is established and the cost of adaptation is
characterized. In addition, a data-driven adaptive distributed estimator with theoretical
guarantees is constructed. Several technical tools and the formulation for the study of the

interplay between adaptation and communication cost can be of independent interest.

Distributed nonparametric function estimation is still very much a new area with a range of
interesting open problems. One such problem is the construction of an adaptive distributed
procedure for Gaussian sequence estimation under a fixed communication constraint. It is

notable that the communication cost for the local thresholding procedure 64 is related to
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the smoothness of the underlying function. When the communication budget is tight, there
is not enough budget to implement the local thresholding procedure. Therefore, it will be
useful to have an estimator whose communication cost is controlled, while its estimation

accuracy is adaptive to the smoothness of underlying function.

In this chapter, we focused on estimation over the Besov classes with p > 2. Another
direction is the study of distributed Gaussian sequence estimation over the Besov classes
with p < 2. Similar to the centralized setting, the case p < 2 is very different from the case
p > 2 in the distributed setting. The techniques developed in this chapter are not sufficient

for the case p < 2 and we leave this case for future work.

Besides the white noise model considered in this chapter, it is also interesting to study
other related nonparametric function estimation problems, including nonparametric den-
sity estimation, nonparametric regression with fixed design, and nonparametric regression
with random design, which have all been well studied in the centralized setting. In par-
ticular, it is shown that these three models are asymptotic equivalent to the white noise
model (Nussbaum, 1996; Brown and Low, 1996; Brown et al., 2002, 2004) in the centralized
setting under mild regularity conditions when the smoothness parameter o > % Practi-
cally, for example, by applying the root-unroot algorithm to the binned data (Brown et al.,
2010), the density estimation problem can essentially be turned into the problem of non-
parametric regression with fixed design. However, in the distributed settings, these four
problems may exhibit different asymptotic behaviors due to the communication constraints.
In the distributed setting, nonparametric density estimation, nonparametric regression with
fixed design, and nonparametric regression with random design merit careful and separate

investigations. We leave them for future work.

Broadly speaking, virtually any problem studied in the classical centralized setting has its
counterpart in the distributed setting. Examples include minimax and adaptive estimation
of linear and quadratic functionals as well as hypothesis testing under these nonparametric

function models. It is challenging to develop a general optimality theory and construct statis-
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tically optimal distributed procedures under the communication constraints, New technical

tools for both the lower bound and upper bound analyses are needed.
5.6. Proofs

We prove Theorems 22 and 23 in this section. For reasons of space, the proofs of the other
theorems, propositions and additional technical lemmas are given in the supplementary

material (Cai and Wei, 2020a).
5.6.1. Notation and definitions

For any finite S, denote U(A) be a uniform distribution on S. For any a, b, let a < b denote
there exists a universal constant C' > 0 such that a < Cb, whereas a 2 b denotes there
exists a universal constant ¢ > 0 such that a > ¢b. For any discrete random variables X, Y
supported on X, ), the entropy H (X ), conditional entropy H(X|Y'), and mutual information
I(X;Y) are defined as

H(X) & - P(X =x)logP(X =),
reX
HX|Y) & - > P(X =Y =y)logP(X =2V =y),
reX ,yey
vy A _ _ P(X =z]Y =y)
I(X;Y) & Y P(X=2Y=y)log X =)
reX yey

5.6.2. Proof of Theorem 22

It follows from Theorem 20 that for any estimator 6 satisfying supy. Ba (M) EoL(6) < B, we
have

, 2 2 (g% o+
sup E|6—-0|*>cMat1 | —
0eBg (M) B

for some constant ¢ > 0. By the assumption,

2a9

. 2 2\ Zag+1
sup  E||6 —0|* < CM;> <0> o
0€BpZ 4 (M2) m
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So it follows that

g

2
A4é 209+1 200+2
m2a2+l .

s EL(d) 2 (
968322@(1\42)

To prove Theorem 22, it now suffices to show

2
Ml 2a1+1 2c1 +2
m?2e1th,

s EpL(d) 2 (

0€Bp2 4 (M2) 7

The remain part of the proof aims to prove the above inequality.

Define the constant A (only depends on C) and variable u as follows:

A = max{10, 32v/C},

2
M\ 201+1 1
u = —_— m2a1+1'
g

Define the set of sequences

A
Smu:

)

A A A
{( g T%,...,TMT%,O,O,..-) ST, T2y 00y Ty E{_1’+1}}

Since for any 0 € S, and p1,q1 < oo we have

- o 1/p1\ ¢\ YVa
|'9‘b§‘11,q1 = 9J(a1+1/2=1/p1) Z 10,[P
Jj=0 k=1
logu+1 e 1/q -
o
< JZO 9dai(an ﬁ

< (2u) 1 (01 +1/2) Y g
=\ 1 - 92-q(a1+1/2) ﬁ

/a1

a1+1/2

_ )\ 2Q1( 1 / ) ua1+1/2i S Ml
1 — 2-ai(a1+1/2) Jm
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When p; = oo or g1 = oo, the above inequality also holds by similar argument. Therefore

we have Sy, C Byl (My).

Since we have assumed

2

1
2 2\ Zai;+1
A - o 1
sup  E||6 —0|> < oM <> .
0€By gy (M) m

Note that the maximum risk is lower bounded by the Bayesian risk, assign to # a uniform

prior 6 ~ U(Sp, ), then we have

2

R 2 2\ 2o, 41 2
EONU(Sm)Ha o 9H2 < CM12a1+1 (O’) 1 _ C’uo-—,
m m

In the following proof, we are going to provide several claims and prove each claim accord-
ingly. Let Qo denote the probability law of X; when 6 = (0,0,0,...,0,...). Let @, denote
the probability law of X; when 6 ~ U(S,, ). Note that there are multiple distributions we
need to consider, we shorthand the probability, expectation, entropy and mutual informa-
tion when 6 = (0,0,0,...,0,...) as Py, Eg, Hy and I respectively. Similarly we use shorthands

P, Epn, Hp, and I, to denote those quantities when 6 ~ U(Sy,4,)
Claim 6. We have I, (0,6) > 12

EU.

PROOF OF CLAIM 6: Define §* £ P (9) be the nearest point in Sy, to f. Then we have

R R 2
E,. 0% — 0])2 < AE,,[|§ — 0|2 < 4&%. (5.12)

Note that 6* € S, thus we can reparametrize 6* to

A A A A
0 = (122 %2—0 ...,?mz—a,(),(),...) where 71, 7o, ..., T2 € {—1,+1}

T e g T
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Then we can simplify (5.12) to

2

B Y (7 — )% < 4CA 2. (5.13)
1

3

b
Il

Recall that A = max{10,32+/C}. Substitute into (5.13) we have

Apply Fano’s inequality, we can conclude

3

1
H. ) < —au.
1 m(Tk|Tr) < T

i

The following lemma is instrumental to establish later results:

Lemma 17. If A is a random variable and Y1,Yos, ..., Yy are independent random variables,

then

d
I(A; (N1, Y2, .., Yg)) = ) I(A;Y3).
k=1

Note that 71,79, ..., 7% are i.i.d Rademacher variables, apply Lemma 17 we have

m m
Im(e*ae) = Im(e*a (7_177-27 aTmQ)) > Zlm(e*aTk) > Im(Tvak)
k=1 k=1
o 15 ,
= > Hp(7) — Hpn(7k|7%) > 6™
k=1

The second inequality above is due to data processing inequality applied to the fact 73
only depends on 6*. Finally the claim can be concluded by data processing inequality

1n(8;6) > I,,(6%;6).
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Claim 7. Let § > 0 be a parameter that will be specified later. For any § > 0, there exist a

constant C3 > 0 (depending on C,aq and 0) such that

P, (dQQZ‘ (X1) > C3> <6, (5.14)
L, (Xl;e“fl%: (X1) > 03> (‘flg’g (X1) > 03) -, (5.15)

PROOF OF CLAIM 7: We first prove (5.14) holds with large enough constant Cs. Let X j

denote the k-th coordinate of X;. Note that

10 " Xy AX]
m _22 e VMo e Vme
X 2m -
dQo aq,X=111e 2
k=1
Using the basic inequality 1n( ) <5 £ , we have

P, (d%:' (Xl) > Cg) =P, <ln fl%:' (Xl) > 11103)

u T mo 4 ¢ Vmo A2
Pm( In [ & +e ENANN I WY
k

Note that Y ), 2m02 (X%k o? )‘2’2) has mean 0 and variance at most (1+\2)\*u/m?.
2
Note that we have assumed M; < CO’WLQQH_%, this implies v < C?1¥1m?2. So by Cheby-

shev’s inequality, as long as

2
2a1+1 )4
InCsy > % + \/C2a12+1(1 + A2)\4/6,
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we have

P,, <Ccli%r(? (Xl) > Cg) <.

We now prove the second inequality (5.15). Note that when 6 ~ U(Sy,,), 6 and event
{de

(X1) > C3} are independent (due to symmetry of S, ,,). Define

AT AT AT G0 0) e S

Oa: (\/m’ \/m""’ \/m’()? 9

By symmetry, it is easy to show that

| dQm dQm
L, <X1’0‘CZCQ()(X1) > C3>Pm <on (X1) > Cz)
p(z1]0 = 6a)

_ p(x1]0 = 0,) log P21 =Y 4y
/iQm (X1)>Cs qm(xl)

where p(z1|0 = 6,) denote the density of 1 when 6 = 6y, and g,,(x1) denote the density of

law Q.

Further, note that we have following decomposition for p(x1|0 = 0,) and g, (x1):

u (x )2
1 _Lv
p(z1]0 = 0,) = | | e 202 ,

Qm(xlw = ea) =

IS
/N
o
5
=
[ V]
3
e
o
+
a
B
8
x>
§| +
e
o
~_
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So we can get

dQ7YL Xl >C3
Ao \2
1 _vmum)” 2 d
:u/ e 202 - log Ny P, < G (X1) > Cs r11 = y> dy
2ro 1+ exp(—fT) dQo
1 _<y—§—2%)2 9
<u e 20 -log 22y
yel—2ay/mo2\/mo] V2T 1+ exp(—-2%) (5.16)
d
Py, <d%Z(X1) > C3|w11 = y> dy
1 _(y—%ﬂﬂ 9
+u e 202 . log 2\
¢l-22 o2\ /o] V270 1+ exp(=720)

P, <de(X1) > C3|w1,1 = y) dy.

dQo

Now we bound the first term of the right hand side in (5.16). It can be shown that when

Cjs is a large enough constant, we could get

dQ.m, In2
P (Q (X1>>03$11—2A\/70') 412,

dQo

(we omit the proof here because it is similar to the proof of (5.14).)

Thus it is easy to show

1 _(y—ﬁ 2
/ e 2 -log 2
ye[—2 /mo,2\/ma] V2T0o 1+ exp(— \/ila)
dQm
IP (d%() (Xl) >Cg x11—y> dy
_In2 / _<y‘f>2 | p ;
-lo
=2 T &1 1 + exp(—%) y

2 1 /AN
T4X2 2 \ym/)  4m’
where the second inequality is due to the entropy bound given in Michalowicz et al. (2008).
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Next we are going to bound the second term of the right hand side in (5.16). Because A > 10,

it is easy to show

1 (y*éf%)2 9
/ e w7 -log 2
y&[-2Aymo,2\y/mo] V210 1+ exp(— %)
dQm
P <d?QO(X1) > C3|w1, = y> dy

dm’

Ao \2 A \2
1 U (2Aym — —=) 1
<log?2 / —e 202 dy<2exp|— vm
yé|—2\/mo,2\/mo] V210 2

Apply the above two bounds to (5.16) we can get

0=46,
[iQ p(z1]60 = 0,) log del <

u
a0 (X1)>C3 qm(Il) 2m

when Cj is a large enough constant. This directly implies inequality (5.15).
Denote the set R = {z € R® : 9= (2) < (3} and random variable W; = i x,ery-

dQo

Claim 8. For each i =1,2,...,m, we have

2562
Im(ZZ'; 9’XZ S R)Pm(Xz S R) < m (Em(LiH{XieR}) + Hm(Wz)) .
PROOF OF CLAIM 8: Let ZZ defined as
- A Z; ifXeR
Z; =
* fXé¢R

where x is a unique symbol which is different with any 0-1 string.
The following lemma is instrumental to establishing later results.

Lemma 18 (Multidimensional strong data processing inequality).

Suppose T = (T(l),T(z),...,T(d)) be a collection of random wvariables where each entry is

179



an i.4.d Bernoulli random variable with mean % Let po be a d-dimensional vector and
A > 0 be a positive real number. Let X be a d-dimensional Gaussian random variable where

XMW x@ XD gre independent with distribution

)

X® ~ N 4 TRA 6.

Let Z be a discrete random variable such that T — X — Z is a Markov chain, i.e. Z L T|X.

Then the following multidimensional strong data processing inequality holds:

I(T;Z) <64 <§)2 I(X; 2). (5.17)

Lemma 18 has been proved in Cai and Wei (2020c). For sake of completeness, we provide

its proof in the present supplementary material.

Apply Lemma 18 on Markov chain 6 — X; — Z; where 6 ~ U(S,,), we have

Note that W; L 6 when § ~ U(Sy,,), and W; is determined given Z, we have

In(0; Z;) = Iy (0;(Zi, W) = Ly (0; Zi|Wi) + L (0; W)
= I,0(0; Z;|X; € R)Ppo(X; € R) + Ly (0; Zi| X; ¢ R)Ppu(X; ¢ R) + L (0; W)

= I,.(0; Zi|X; € R)P,,(X; € R).
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For similar reasons, we have

In(Zi: X;) < Hy(Zi) = Hyn(Zi, W;) = Hp(Zi|W5) + Hpo (W)
= H,,(Zi|X; € R\P(X; € R) + Hyu(Zi| Xi ¢ R)P(X; & R) + Hp (W)
= Hm(ZZ‘XZ S R)P(XZ S R) + Hm(Wl)

< Em(LZ’XZ S R)P(X, € R) + Hm(Wz)

where the latter inequality is due to Shannon’s source coding theorem (Shannon, 1948).
Combining the above three formulas yields the desired inequality.
PROOF OF THE MAIN THEOREM:

Note that the region R is “symmetric" where z € R is equivalent to || € R (|z| is entry-
wise absolute value). So P(X € R|#) is invariant for all 8 € S,,, therefore W; L 6 when

0 ~ U(Sy,). Based on this, for each ¢ = 1,2,...,m we have

In(Zi;0) < In((Zi, W);0) = I (Zi5 0|W) + 1 (W5 0)
= In(Zi; 0|1 Xi € R)Pin(X; € R) + I (Z; 0| Xi & R)Pi(X; ¢ R) (5.18)
< Im(ZMQLXZ € R)Pm<XZ € R) + Im(XZ79|XZ ¢ R)Pm(XZ gé R)
2562
<

u
< En(Lillixery) + Ha(W0) + 5~

where the second inequality is due to data processing inequality and the last inequality is

derived from Claim 7 and Claim 8.

Taking summation over (5.18), we have

m m . 15
=1 i=1

2562
m

where the last inequality is due to Claim 6.
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Note that for each i = 1,2, ..., m, we have

dQm
Em(Lil{x;ery) = EO(LiH{XZ-eR}d?QO(Xi)) < CsEo(Lilix,ery) < C3Eo(Ly).

Substitute the above inequality into (5.19) we can get
E (L)—iE (L-)>i Lmume (W1)
P T E O\ 409602 me e

Note that H,,(W7) < —dlogd — (1 — ) log(1l —§). We can always set ¢ to a sufficient small

constant so that H,,(W;) < ﬁ. Note that u > 1, then we can conclude that

7
Eo(L) > ———ma.
o(L) 2 gigacme ™

Finally, for any «,p, M > 0, given the fact that (0,0,0, ...,0,...) € By (M), we have

7
sup  EyL > Eo(L ZmuZ(
bess (M) o(L) 8192C5\2

m2ertl,

2
M1 2a1+1 201 +2
g

5.6.3. Proof of Theorem 23

This theorem can be viewed as an extension of Theorem 22. Note that there exists
(Oéo, MO)p07q0) € S’O such that

My = om?+3. (5.20)
Note that for any 6 € G(S,C(-)) and (a, M, p,q) € S, we have

Fa2 A o g\ T
sup E|6 —0]° < C(a) M 2a+1 <> ,
0eBg (M) m
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200

N - —2 2\ 2ap+1
sup  E[|f — 0] < C(ag) M2 (“) .
0€ByY 40 (M) m

Based on above two inequalities and (5.20), apply Theorem 22, then apply (5.20) again, we

can conclude

2 2 2

R M\ ZaoFT  200+2 M\ % 2042 M\ 26T 2042
sup EL(0) 2 <0 m2eott 4 | — m2a+l =m?® 4+ [ — m2e+l,
9eBg (M) o o
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APPENDIX

SUPPLEMENTARY MATERIALS

Due to the limit of the space, we put additional proofs into supplementary materials. Please

refer the supplements of Chapter 2-5 to the following documents.

1. Supplementl Transfer Learning.pdf. This document is a copy of Cai and Wei
(2019), serves as supplement to Chapter 2: Transfer Learning for Nonparametric Clas-

sification.

2. Supplement?2 Distributed Gaussian.pdf. This document is a copy of Cai and Wei
(2020a), serves as supplement to Chapter 3: Distributed Gaussian Mean Estimation

with Known Variance under Communication Constraints.

3. Supplement3 Distributed Adaptive Gaussian.pdf. This document is a copy of
Cai and Wei (2021a), serves as supplement to Chapter 4: Distributed Gaussian Mean

Estimation with Unknown Variance under Communication Constraints.

4. Supplement4 Distributed Nonparametric.pdf. This document is a copy of
Cai and Wei (2020b), serves as supplement to Chapter 5: Distributed Nonparametric

Function Estimation under Communication Constraints.
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