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Abstract: We demonstrate the spin to orbital angular
momentum transfer in frequency upconversion with struc-
tured light beams. A vector vortex is coupled to a circularly
polarized Gaussian beam in noncollinear second harmonic
generation under type-II phase match. The second har-
monic beam inherits the Hermite—Gaussian components
of the vector vortex; however, the relative phase between
them is determined by the polarization state of the Gaus-
sian beam. This effect creates an interesting crosstalk
between spin and orbital degrees of freedom, allowing the
angular momentum transfer between them. Our experi-
mental results match the theoretical predictions for the
nonlinear optical response.

Keywords: nonlinear optics; OAM; second harmonic gen-
eration; structured light.

1 Introduction

The interplay between spin and orbital angular momen-
tum in nonlinear wave mixing has become an active
research field. Many recent works have been devoted to the
investigation of the crosstalk between different degrees of
freedom in nonlinear processes. In our group we have
investigated polarization controlled switching of orbital
angular momentum (OAM) operations [1, 2], radial-angular
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coupling in type-II second harmonic generation (SHG)
[3, 4], and selection rules in optical parametric oscilla-
tion [5, 6]. This subject has revealed a rich and fruitful
research field with a much broader scope [7-10]. For
example, it has been used for spiral phase contrast imag-
ing, leading to a visible edge enhancement with invisible
illumination [11]. Therole played by different kinds of mode
structures [12-16] and controlled phase matching [17] in
parametric processes has been widely discussed. Beyond
second harmonic generation, the nonlinear response to
structured light fields has been also investigated in four-
wave mixing [18-20], plasma [21], surface science [22, 23]
and magnetic structures [24]. The generation of angular
momentum supercontinuum in a ring array of coupled
optical fibers has also been investigated [25]. The quan-
tum optical description of the interplay between polariza-
tion and transverse mode structures in parametric down-
conversion has been considered long ago [26, 27]. More
recently, this description was applied to parametric down-
conversion of vector vortex beams both for spontaneous
[28] and stimulated [29] processes. The quantum opti-
cal approach to the interaction between structured light
and nonlinear media has potential applications to novel
quantum communication schemes [30].

Much of these developments were made possible by
the usage of new optical tools for shaping the phase and
polarization distributions of a paraxial beam. Spatial light
modulators (SLM) are nowadays a powerful tool for shap-
ing the phase profile and control the diffraction properties
oflaser beams. They allow for easy and efficient generation
of optical vortices, for example. Moreover, the develop-
ment of specially fabricated plates, capable of shaping the
polarization distribution of an optical beam, has made it
possible to couple the spin and orbital angular momen-
tum of a light beam. All these developments gave rise
to the so called structured light, a modern and impor-
tant topic which has a number of applications in quan-
tum information [31], communication [32, 33], quantum
cryptography [33, 34], optical tweezers [35], optical para-
metric oscillation [5], fiber optics [36], and many others
[37-40].

aOpen Access. © 2021 Braian Pinheiro da Silva et al., published by De Gruyter. [COE This work is licensed under the Creative Commons Attribution 4.0
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Among these interesting structured light beams is
the vector vortex beam, a spin—orbit nonseparable struc-
ture that is useful both in classical [41, 42] and quantum
regimes. It can be used to study the crosstalk between spin
and orbital angular momentum, as already was demon-
strated in optical fiber systems [43-45] and parametric
down-conversion [46]. In this work we demonstrate the
spin-to-orbital angular momentum transfer in type-II sec-
ond harmonic generation under noncollinear configura-
tion. The concept of spin—orbit nonseparable structures
plays a central role as the spin-to-orbital angular momen-
tum transfer is assisted by a vector vortex beam, which
is nonlinearly mixed with a regular Gaussian beam pre-
pared in an arbitrary polarization state. The interest for this
effect is two-fold. First, it can be useful for generating OAM
beams at high frequencies, such as extreme ultraviolet or
soft X-ray, where spatial modulation is not straightforward
[47]. Second, it allows for information transfer between
different photonic degrees of freedom at different wave-
lengths, which can be useful for quantum information
networks, where one must be able to connect different
physical platforms. For example, while telecomm systems
employ radiation at 1550 nm, where fiber losses are min-
imal, the long living energy levels of nitrogen-vacancy
(NV) centers, which are good candidates for quantum
memories, interact with visible light at 532 nm [48]. There-
fore, transfer of a polarization qubit at 1550 nm to an
OAM qubit at 532 nm can be useful for quantum infor-
mation transfer between telecomm photons and NV-center
memories [49, 50].

2 Spin-orbit coupling in nonlinear
wave mixing

This section describes the three-wave mixing process in
noncollinear second harmonic generation under type-II
phase match. Let us start by describing the incoming elec-
tric field of frequency w, which is compounded by two
waves with different wave vectors k; and k,. The corre-
sponding electric field amplitudes are given by

By = [A, DR+ A, (1)§]e"7, (1a)

E = (af + ) A,(0e", (1b)

where A, (r) and A, (r) are the transverse structures car-
ried by polarizations x and y, respectively, of the beam k;,
and .A,(x) is the structure of the beam k,. The unit vec-
tors X and ¥ are, respectively, the horizontal and vertical
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polarization states, weighted by the complex numbers «
and S, which obey the normalization relation || + |B|?
=1.

Under noncollinear configuration, the output electric
field of the second harmonic frequency 2w is formed by
three contributions, each one associated with a different
combination of the fundamental frequency components.
These contributions give rise to three different wave vec-
tors at the second harmonic output: 2k;, 2k,, and k, + k,
(shown in Figure 1), which are associated with three simul-
taneous processes. Wave vectors 2k, and 2k, are associated
with two independent frequency doubling processes of
the incoming beams, while k; + Kk, corresponds to the
nonlinear mixing of the input beams.

In practice, we have three spatially resolved beams
that exit the crystal along different directions, which facil-
itates the independent analysis of their transverse struc-
tures. Moreover, if the angle between k; and k, is small, we
can neglect longitudinal components of the input electric
fields along the different outgoing directions, as done in ref-
erence [2]. The type-II phase match couples the horizontal
and vertical polarization components of the fundamental
field (w) to generate the second harmonic (2w) with verti-
cal polarization. The resulting electric field amplitudes of
the outgoing waves are

Eg:)) = g1 A (D) Ay, (DT, (2a)

Figure 1: Experimental scheme for spin—orbit angular momentum
transfer in second harmonic generation. SP: S-plate for generation
of the vector-vortex beam. SLM: spatial light modulator. QWP:
Quarter waveplate. HWP: half waveplate. KTP: potassium titanyl
phosphate (KTiOPO4) crystal.
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Ej) = g a f A3M)e”Y, (2b)
Ep, =8ulady, () + fA 0] A4,@e® g, (20)

where g, g, and g;, are the coupling coefficients which are
proportional to the nonlinear susceptibility of the medium.
Here it is important to note that the output wave along
k, + Kk, carries two contributions. The first one comes from
the coupling between the y polarization of the input wave
k, with the x polarization of the wave k,. This term is
proportional to the product a.4,,.4,. The second contribu-
tion comes from the coupling between the x polarization
of the input wave k; with the y polarization of the wave
k, and is proportional to the product f.A4,,.A,. Therefore,
the resulting transverse structure at the output wave is a
superposition composed by the transverse modes of input
wave k;, weighted by the polarization coefficients of the
input k,. Provided the transverse structure A, is simply a
Gaussian mode, it will only produce a rescaling of the out-
put waist. As we will see, this spin—orbit crosstalk allows
the transfer of the spin angular momentum of the input
wave Kk, to the orbital angular momentum of the second
harmonic output k; + k,.

3 Spin-to-orbital angular
momentum transfer

The spin-orbit angular momentum transfer becomes evi-
dent when we write the input and output modes in terms
of Laguerre—Gaussian (LG) and Hermite—Gaussian (HG)
functions. The first one is the solution of the paraxial wave
equation in cylindrical coordinates. The LG function reads

LG, ,(F,0) = R, (A7 e,

N, 2 :
R = 211 ) o,
o 3)
o, = ii + (N + 1) arctan (z/z,) ,

F= \/Er/w,

where N = 2p + |7| is the mode order, ¢ is the topological
charge, p the radial order, L':' are generalized Laguerre
polynomials and W, ¢p is @ normalization constant. The
beam parameters are the wave-front radius R, the width w,
and the Rayleigh length z,,. These modes can carry orbital
angular momentum of 7 per photon.
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The solutions in Cartesian coordinates are the Her-
mite—Gaussian modes, which are given by

o N, 5 SO 2.
HGyy (7)== By O H, @™ e,

x=V2x/w, §=2y/w,

where WV,,, is the proper normalization constant, H, are
the Hermite polynomials with index n, and the HG mode
order is N = m + n. These modes do not have orbital angu-
lar momentum. Both the LG and HG modes constitute
orthonormal and complete bases of the transverse mode
vector space. In this sense, it is possible to decompose any
LG mode in terms of HG modes of the same order, and the
opposite is also true [51].

Our reasoning about the spin—orbit angular momen-
tum transfer becomes straightforward when we highlight
some multiplicative properties of the HG modes as follows

HGo,o() HG,, o() o HG,, ,(V/28), (5a)

HG,y,o(®) HGy () o HG,, ,(V/2). (5b)

As we can see, apart from a rescaling of the transverse
coordinates, these HG products result in new HG modes
that combine the properties of the factor modes. The spin
to orbital angular momentum transfer is achieved when
specific structures are prepared in the incoming fields with
the fundamental frequency w. Let us assume that the input
beams with wave vectors k; and k, are prepared in the
following modes

EY = [\/E HGo,(®) % + V1 — ae'® HG, o() ;7] ekt (6a)
B = (Vb&+V1-be"§) HGy e,

Using the HG product properties given by Egs. (5a) and
(5b) for this configuration, the transverse structure of each
output beam in the second harmonic frequency will be

B\(® = Va(l — a)e'*HG, ,(V/29),
By(® = Vb(1 — b)e"HG,, ,(V/29),
By,(® = vVb(1 — a)e'® HG, o(V2P)

+ v/a(l — b)e"HG,,, (V2.

(6b)

(7a)

(7b)

(70)

By inspecting these equations, we conclude the following:

1. The transverse structure 3,(¥) on output 2k, carries a
fixed HG, ; mode.

2. The transverse structure B,(¥) on output 2Kk, carries a
Gaussian mode HG, ;.
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3. The transverse structure 53,,(¥) on output k, + k, can
be any first order mode, controlled by the SU(2) param-
eters of both input beams.

Therefore, by changing the SU(2) parameters of the incom-
ing beams, it is possible to create any first order transverse
mode in the second harmonic. For example, when the k,
input is a vector beam (a = 1/2, ¢ = 0) and k, is circularly
polarized (b = 1/2, § = £x/2), the spin angular momen-
tum (SAM) S, 2 per photon on k, is transferred to the orbital
angular momentum (OAM) #,, 7 per photon of the output
beam k; + k,, that is #,, = S,, = +1. We next present our
experimental results, which confirm this prediction.

4 Experimental results

The angular momentum transfer from the spin of the
input beam Kk, to the orbital angular momentum of the
second harmonic can be shown experimentally with the
scheme illustrated in Figure 1. The source of the input
beams is a continuous wave (CW) infrared Nd:Yag laser
(4 =1064 nm). On k,, we produce a vector vortex beam
using an s-plate (SP — Altechna — Model RPC-1030-02),
which comprises a space-variant retarder that converts
linear polarization to radial or azimuthal polarization. Its
fabrication is based on the inscription of self-organized
nanogratings inside fused silica glass using a femtosec-
ond laser. The SU(2) parameters of the vector vortex beam
are set to a = 1/2 and ¢ = 0. The transverse structure and
the polarization of k, are prepared with a spatial light mod-
ulator (SLM) followed by a sequence of a quarter- (QWP)

Direct image

€2w:1

ls
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and a half-wave (HWP) plate. The two input beams pass
through a potassium titanyl phosphate (KTP) crystal cut
for type II phase match, where the nonlinear wave mixing
process occurs. All measurements were performed at low
pump levels (typically 200 mW), and the SHG quantum
efficiency was P, /2P, ~ 107°. The results of the second
harmonic generation (A =532 nm) are the three output
beams 2k,, 2k,, and k; + k,.

First, we set the polarization of the input beam k, to
right circular (b = 1/2 and n = z/2). In this case the out-
put beam k; + k, acquires a topological charge ¢,, =1
(LG,,) and carries orbital angular momentum inherited
from the spin (S, = 1) of the input beam k,, as illustrated
at the top of Figure 1. Then, we switch to left circular
polarization (b =1/2 and n = —x/2), in which case the
orbital angular momentum of the k; + k, output is also
switchedto#,, = S, = —1. The corresponding experimen-
tal results are shown in Figure 2. The first column is the
direct image of the three outputs beams: 2k;, k; +k,, and
2Kk,. The orbital angular momentum of the Laguerre modes
is evinced by two different types of interferometry. The
first one is the spherical wave interference between the
Gaussian mode on 2Kk, and the Laguerre—Gaussian mode
on Kk; +K,. In this case, the OAM is determined by the
number and the sense of the spiral fringes. The second mea-
surement employs plane wave interference, in which the
orbital angular momentum is given by the fork fringes. The
results of Figure 2 confirm the theoretical predictions. The
imperfections in the intensity distribution of the modes are
mainly due to the walk-off effect present in the wave plates
and the nonlinear crystal. Other sources of imperfections
are related to limited precision in mode and polarization

Interferometry

. = n ( \
3
2k;1 ki +ky 2ky ki +ko

Figure 2: Images produced on the three outputs of the second harmonic field. Laguerre—Gaussian modes with topological charge 7,,, = +1
are evident in the k; + k, beam, as characterized by the spiral and forked interference fringes shown on the right.

ki + ko
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2k; ki +ko 2ko 2k; ki + ko 2ko

Figure 3: Hermite—Gaussian modes produced on k, + k, by
different orientations of the linear polarization prepared on k.

preparation, and due to small overlaps between the three
output beams.

We have also tested the transfer of four different lin-
ear polarization states: vertical (b = 0 and # = 0), hori-
zontal (b =1 and n = 0), diagonal (b =1/2 and n = 0),
and antidiagonal (b = 1/2 and 5 = x). The experimental
results are shown in Figure 3(a—d), respectively. The ori-
entations of the Hermite—Gaussian modes produced on
k, + k, are: (a) 88° £ 4°, (b) 1° + 4°, (c) 51° + 4°, and (d)
—49° + 4°, They are in good agreement with the theoreti-
cal predictions. As expected, when the polarization of the
input beam K, is either horizontal or vertical, the inten-
sity of the beam 2k, vanishes because b(1 — b) = 0. The
small difference between the theoretical and experimental
angles, as well as the mode imperfections, has the same
origins as before.

Direct

Converted
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If the input beam K, carries orbital and spin angular
momentum, the output beam k; + k, will inherit both con-
tributions purely as OAM. In order to demonstrate this, we
prepared the input beam k, with right circular polarization
(S, = +1) and transverse mode LG,, ,, With topological
charge 7. The input beam k; was kept in the same vec-
tor vortex structure as before. For this configuration the
transverse structure of the second harmonic outputk, + k,
becomes

By, = LG, (LG, ,, ()
=R, R, . (F) Fllolt! i€y +10 8

where R, ,(7) was defined in Eq. (3). The resulting topologi-
calchargeis?,, = ¢, + 1, which corresponds to the added
spin and orbital angular momentum of the input beam k;.
Note that if |#,| +1 # |Z,, + 1|, then radial rings appear
in the second harmonic as a consequence of the radial-
angular mismatch discussed in Ref. [4]. In this case, the
mode characterization is more involved and falls outside
the scope of the present work.

We obtained two sets of experimental results that con-
firm the predictions of Eq. (8). In the first one, the input
beam K, is prepared in four different Laguerre—Gaussian
modeswith0 < 7, < 3andp = 0.Theresultingimages are
shown in Figure 4. The top images were acquired directly
and the bottom ones were registered after a tilted lens mode
converter that allows for easy identification of the result-
ing orbital angular momentum and radial order [52-54].
The tilted lens analysis is explained in Appendix A. In

Figure 4: Spin and orbital angular momentum transfer in second harmonic generation with a right circularly polarized k, beam (S, = +1),
carrying topological charges 0 < 7, < +3 and p = 0. Top row displays the direct image acquisition. Bottom row displays the tilted lens
conversion for easy identification of the second harmonic topological charge.
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ly =1

Direct

Converted

Figure 5: Same as Figure 4 for input beam k, prepared in
Laguerre—Gaussian modes with0 <7, <landp =1.

the second set of experimental results, we prepared two
different Laguerre—Gaussian modes with 0 < #,, <1 and
radial order p = 1. The corresponding results are shown in
Figure 5. All topological charges measured in both sets of
experimental results confirm the theoretical prediction of
Eq. (8).

5 Conclusions

We demonstrated an interesting effect of spin-to-orbital
angular momentum transfer in nonlinear wave mixing of
structured light beams. First, we show that an arbitrary
polarization state of an input Gaussian beam is trans-
ferred to the OAM of the second harmonic frequency
when it is mixed with a vector vortex input. The sec-
ond harmonic beam inherits the Hermite—Gaussian com-
ponents of the vector vortex, weighted by the polariza-
tion coefficients of the Gaussian input. This spin-orbit
crosstalk is caused by the type-II phase match condi-
tion that couples orthogonal electric field components of
the interacting beams. When the Gaussian input beam is
replaced by a Laguerre—Gaussian mode carrying a topo-
logical charge, both spin and orbital angular momentum
are transferred to the second harmonic output, verify-
ing the general relation ¢,,, = S, + ¢,,. Our experimental
results are in good agreement with the theoretical cal-
culation of the second harmonic field amplitudes. This
effect can be useful for generating OAM beams at high fre-
quencies, where spatial modulation is not straightforward

DE GRUYTER

[47], and for information transfer between different pho-
tonic degrees of freedom at different wavelengths. More-
over, the implementation of quantum information net-
works requires the ability to connect different physical
platforms and to transfer quantum information between
physical systems with different energy levels. For example,
a polarization qubit state encoded on a telecomm pho-
ton (1550 nm) can be transferred to an OAM qubit at
532 nm and finally registered on an NV-center memory
[48-50].
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Appendix A: Mode analysis with a
tilted lens

The astigmatic transformation implemented by a sim-
ple spherical lens with a small tilt angle allows for
easy identification of the OAM (#) and the radial order
(p) of pure Laguerre—Gaussian modes [52]. Moreover, it
can be used to recognize OAM superpositions [53, 54].
This method is trustworthy and easy to apply to an effi-
cient analysis of orbital angular momentum. An incident
Laguerre—Gaussian mode LG, , undergoes an astigmatic
transformation through the tilted lens and near the focal
plane it is converted to a rotated Hermite—Gaussian mode
HG*’, where

mn
) X+y x—
HG! = HG,,, ( y XY ) :

V2 V2
This transformation is illustrated in Figure 6. The orbital
angular momentum and radial index of the incident mode
are readily determined from
1. /=m-—n.
2.  p = min(m,n).

)
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Before

VNN N D

Figure 6: Transverse structure before and after the tilted lens.
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