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SUMMARY

Graph Laplacians arise in many natural and artificial contexts. They are linear systems as-
sociated with undirected graphs. They are equivalent to electric flows [1] which is a fundamental
physical concept by itself and is closely related to other physical models, e.g., the Abelian sandpile
model [2]. Many real-world problems can be modeled and solved via Laplacian linear systems,
including semi-supervised learning [3, 4], graph clustering [5], and graph embedding [6, 7].

More recently, better theoretical understandings of Laplacians led to dramatic improvements
across graph algorithms. The applications include dynamic connectivity problem, graph sketching,
and most recently combinatorial optimization. For example, a sequence of papers starting from [9]
improved the runtime for maximum flow and minimum cost flow in many different settings.

In this thesis, we present works that the analyze, maintain, and utilize Laplacian linear systems
in both static and dynamic settings by representing them as random walks. This combinatorial
representation leads to better bounds for Abelian sandpile model on grids, the first data structures
for dynamic vertex sparsifiers and dynamic Laplacian solvers, and network flow algorithms on

planar as well as general graphs.

Abelian Sandpile model The Abelian sandpile model was the first construction of a dynamic
system displaying self-organized criticality [2]. Bak, Tang, and Wiesenfeld proposed this idea to
explain several ubiquitous patterns in nature typically viewed as complex phenomena, such as the
power laws observed in turbulent fluids, earthquakes, distribution of visible matter in the universe,
solar flares, the fractal behavior of mountain landscapes and coastal lines, and the presence of pink
noise in electrical networks and stellar luminosity. The Abelian sandpile model is a discrete process
on a graph. Vertices receive grains of sand, and once the number of grains exceeds their degree,
they topple by sending grains to their neighbors. A critical state in this process is intuitively a state
where adding a single grain triggers massive chain topples. Unlike many physical models where a
critical state is achieved only by fine tuning, the Abelian sandpile model reaches a critical state by
itself after adding enough number of grains.

Choure and Vishwanathan [10] relate the Abelian sandpile model to random walks on the

xii



underlying graph by linear programs. They proved that up to some constant factor, the flow
of sand approaches an electric flow on the grid when the number of grains added to the system
approaches infinity.

Following [10], through a more refined and global analysis of electrical potentials through ran-
dom walks, we bound the maximum number of grains that can be added to the system before
it necessarily reaches its steady-state behavior, or equivalently, a recurrent state. We give an
O(n*log* n) upper bound and an Q(n*) lower bound for the transience class of the n x n grid. Our
methods naturally extend to n?-sized d-dimensional grids to give O(n3?—2 log?t? n) upper bounds

and Q(n?¥2) lower bounds.

Dynamic Vertex Sparsification In order to solve problems on massive graphs, graph sparsifi-
cation is a tool that has received a considerable amount of attention over the past two decades [11,
12]. A sparsifier of some graph G is a (smaller) graph H that preserves some properties of G up to
some error threshold. Such sparsifiers are used to accelerate computations on large networks and
to store them.

For solving Laplacian systems on large graphs, we focus on the spectral sparsifiers. A spectral
sparsifier is a graph whose Laplacian quadratic form is approximately the same as that of the
original graph on all real vector inputs. When the sparsifier is on the same vertex set as the
original graph and has fewer edges, it is called an edge sparsifier. An edge sparsifier can be found
in nearly linear time [13, 14]. They can reduce the number of edges in a graph to nearly the same
as the number of vertices.

Many large networks, e.g., social networks, traffic networks, are already sparse. Thus, we also
need vertex sparsifiers which reduce the number of vertices. When the sparsifier is on a strict subset
of the vertex set of the original graph, it is a vertex sparsifier. We measure the quality of a vertex
sparsifier by its spectral similarity to the Schur complement of the original Laplacian matrix on the
subset. Thus, a vertex sparsifier can be viewed as an approximate Schur complement.

Many of the massive graphs in the real world are subject to frequent changes. Examples include
the web graph and social networks. In such settings, we would like to maintain the solution to some

problem undergo edge insertions, edge deletions, and updating edge weights in time faster than
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computing from scratch. Thus, a natural question is how to maintain vertex sparsifiers undergo
graph modifications. We call an algorithm for this purpose a dynamic vertex sparsifier.

Most directly, a dynamic vertex sparsifier can maintain properties of an electric circuit, e.g.,
effective resistances and edge energies. It can also extend the applications of graph Laplacians to
dynamic settings, for example, maintaining the results of a vertex embedding or vertex partitioning
algorithms. Theoretically, dynamic vertex sparsification can accelerate the computation of maxi-
mum flow or minimum cost flow. Themselves are famous tools for many other graph algorithms.

We present our result that maintains an approximate Schur complement of any given graph
with m edges in roughly 5(m3/ 4) time per edge update through fast sampling of random walks [15,
16]. The result in [15] was the first data structure for maintaining key primitives from the Laplacian
paradigm for graph algorithms, including dynamic all pair effective resistance and dynamic edge
energy estimator, in sublinear time without assumptions on the underlying graph topologies. Us-
ing ideas developed from minimum cost flow, the subsequent paper [16] improved the runtime and
generalized the result to maintaining solution to a dynamic Laplacian system. The key idea is that
we represent electric flow and Schur complement as random walks instead of matrices. Such repre-
sentation is easy to maintain as we can sample random walks to approximate a Schur complement
and use basic data structures like balanced binary search trees to query or edit the sampled walks
which are sequences of integers. By augmenting random vertices into the subset, we can bound the
size of such representation. The data structures serve as a key component in the computation of

maximum flows or minimum cost flows by the interior point method.

Minimum Cost Flow The maxflow problem asks to route the maximum amount of flow between
two vertices in a graph such that the flow on any edge is at most its capacity. The more general
minimum cost flow problem further asks for the minimum total cost of such a flow. They are studied
extensively since the 1950’s and have numerous applications in scheduling, image processing, and
network science [17, 18]. Recently, most of the algorithms for maximum flow or minimum cost
flow apply the interior point method and compute a sequence of slowly changing electrical flows
[8, 9, 19, 20, 21, 22, 23, 24, 25]. In each iteration, we augment the current flow by an electric flow.

To get improved runtimes, the algorithms either reduce the number of electric flow computations

Xiv



(iterations) or reduce the cost per computation.

We build data structures on our dynamic vertex sparsification algorithm to maintain the set of
high energy edges in a dynamic electric network. Such data structures help approximately maintain
a flow undergo electric flow augmentations. Our methods solve exact minimum cost flow on general
graphs in 6(m1'483) time [25, 26]. On planar graphs, we recursively partition the graph by balanced
separators to form a separator tree. We then maintain information including Schur complements
and flow values by lazy tags on the separator tree. By carefully batching the updates in different
steps of the interior point method, such data structure implies 6(m1/ 2+e) time minimum cost flow
algorithm for a-separable graphs [16]. Because a planar graph is 1/2-separable, the algorithm runs

in nearly linear time on planar graphs.
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CHAPTER 1
NEARLY TIGHT BOUNDS FOR SANDPILE TRANSIENCE ON GRID

This was joint work [27] with David Durfee, Matthew Fahrbach, and Tao Xiao. We use techniques
from the theory of electrical networks to give nearly tight bounds for the transience class of the
Abelian sandpile model on the two-dimensional grid up to polylogarithmic factors. The Abelian
sandpile model is a discrete process on graphs that is intimately related to the phenomenon of
self-organized criticality. In this process, vertices receive grains of sand, and once the number of
grains exceeds their degree, they topple by sending grains to their neighbors. The transience class
of a model is the maximum number of grains that can be added to the system before it necessarily
reaches its steady-state behavior or, equivalently, a recurrent state. Through a more refined and
global analysis of electrical potentials and random walks, we give an O(n*log® n) upper bound and
an Q(n*) lower bound for the transience class of the n x n grid. Our methods naturally extend to

d

n?-sized d-dimensional grids to give O(n3¢=210g?*2 n) upper bounds and Q(n3¢—2)

lower bounds.

1.1 Introduction

The Abelian sandpile model is the canonical dynamical system used to study self-organized criti-
cality. In their seminal paper, Bak, Tang, and Wiesenfeld [2] proposed the idea of self-organized
criticality to explain several ubiquitous patterns in nature typically viewed as complex phenomena,
such as catastrophic events occurring without any triggering mechanism, the fractal behavior of
mountain landscapes and coastal lines, and the presence of pink noise in electrical networks and
stellar luminosity. Since their discovery, self-organized criticality has been observed in an abun-
dance of disparate scientific fields [28, 29], including condensed matter theory [30], economics [31,
32], epidemiology [33], evolutionary biology [34], high-energy astrophysics [35, 36], materials sci-
ence [37], neuroscience [38, 39], statistical physics [40, 41], seismology [42], and sociology [43]. A
stochastic process is a self-organized critical system if it naturally evolves to highly imbalanced

critical states where slight local disturbances can completely alter the current state. For example,



when pouring grains of sand onto a table, the pile initially grows in a predictable way, but as it
becomes steeper and more unstable, dropping a single grain can spontaneously cause an avalanche
that affects the entire pile. Self-organized criticality differs from the critical point of a phase tran-
sition in statistical physics, because a self-organizing system does not rely on tuning an external
parameter. Instead, it is insensitive to all parameters of the model and simply requires time to
reach criticality, which is known as the transient period. Natural events empirically operate at a
critical point between order and chaos, thus justifying our study of self-organized criticality.

Dhar [44] developed the Abelian sandpile model on finite directed graphs with a sink vertex to
further understand self-organized criticality. The Abelian sandpile model, also known as a chip-
firing game [45], on a graph with a sink is defined as follows. In each iteration a grain of sand
is added to a non-sink vertex of the graph. While any non-sink vertex v contains at least deg(v)
grains of sand, a grain is transferred from v to each of its neighbors. This is known as a toppling.
When no vertex can be toppled, the state is stable and the iteration ends. The sink absorbs and
destroys grains, and the presence of a sink guarantees that every toppling procedure eventually
stabilizes. An important property of the Abelian sandpile model is that the order in which vertices
topple does not affect the stable state. Therefore, as the process evolves it produces a sequence of
stable states. From the theory of Markov chains, we say that a stable state is recurrent if it can be
revisited; otherwise it is transient.

In the self-organized critical state of the Abelian sandpile model on a graph with a sink, tran-
sient states have zero probability and recurrent states occur with equal probability [44]. As a
result, recurrent configurations model the steady-state behavior of the system. Thus, the natural

algorithmic question to ask about self-organized criticality for the Abelian sandpile model is:

Question 1.1.1. How long in the worst case does it take for the process to reach its steady-state

behavior or, equivalently, a recurrent state?

Starting with an empty configuration, if the vertex that receives the grain of sand is chosen uni-
formly at random in each step, Babai and Gorodezky [46] give a simple solution that is polynomial
in the number of edges of the graph using a coupon collector argument. In the worst case, however,

an adversary can choose where to place the grain of sand in each iteration. Babai and Gorodezky



analyze the transience class of the model to understand its worst-case behavior, which is defined
as the maximum number of grains that can be added to the empty configuration before the con-
figuration necessarily becomes recurrent. An upper bound for the transience class of a model is an

upper bound for the time needed to enter self-organized criticality.

1.1.1 Results

We give the first nearly tight bounds (up to polylogarithmic factors) for the transience class of the
Abelian sandpile model on the n x n grid with all boundary vertices connected to the sink. This
model was first studied in depth by Dhar, Ruelle, Sen, and Verma [47], and it has since been the
most extensively studied Abelian sandpile model due to its role in algebraic graph theory, theoretical
computer science, and statistical physics. Babai and Gorodezky [46] initially established that the
transience class of the grid is polynomially bounded by O(n?®°), which was unexpected because there
are graphs akin to the grid with exponential transience classes. Choure and Vishwanathan [10]
improved the upper bound for the transience class of the grid to O(n”) and gave a lower bound
of Q(n?) by viewing the graph as an electrical network and relating the Abelian sandpile model to
random walks on the underlying graph. Moreover, they conjectured that the transience class of the

grid is O(n*), which we answer nearly affirmatively.

Theorem 1.1.2. The transience class of the Abelian sandpile model on the nxn grid is O(n*log*n).

Theorem 1.1.3. The transience class of the Abelian sandpile model on the n x n grid is Q(n%).

Our results establish how fast the system reaches its steady-state behavior in the adversarial case,
and they corroborate empirical observations about natural processes exhibiting self-organized crit-

icality. Our analysis directly generalizes to higher-dimensional cases, giving the following result.

Theorem 1.1.4. For any integer d > 2, the transience class of the Abelian sandpile model on

the n®-sized d-dimensional grid is O(n3*21log?*2n) and Q(n3-2).

In addition to addressing the main open problem in [46] and [10], we begin to shed light on Babai

and Gorodezky’s inquiry about sequences of graphs that exhibit polynomially bounded transience



classes. Specifically, for hypergrids (a family of locally finite graphs with high symmetry) we
quantify how the transience class grows as a function of the size and local degree of the graph. When
viewed through the lens of graph connectivity, such transience class bounds are surprising because
grids have low algebraic connectivity, yet we are able to make global structural arguments using
only the fact that grids have low maximum effective resistance when viewed as electrical networks.
By doing this, we avoid spectral analysis of the grid and evade the main obstacle in Choure and
Vishwanathan’s analysis. Our techniques suggest that low effective resistance captures a different
but similar phenomenon to high conductance and high edge expansion for stochastic processes on
graphs. This distinction between the role of a graph’s effective resistance and conductance could
be an important step forward for building a theory for discrete diffusion processes analogous to the
mixing time of Markov chains. We also believe our results have close connections to randomized,
distributed optimization algorithms for flow problems [48, 49, 50, 51, 52, 53], where the dynamics
of self-adjusting sandpiles (a Physarum slime mold in their model) are governed by electrical flows

and resistances.

1.1.2 Techniques

Our approach is motivated by the method of Choure and Vishwanathan [10] for bounding the
transience class of the Abelian sandpile model on graphs using electrical potential theory and the
analysis of random walks. Viewing the graph as an electrical network with a voltage source at some
vertex and a grounded sink, we give more accurate voltage estimates by carefully considering the
geometry of the grid. We use several lines of symmetry to compare escape probabilities of random
walks with different initial positions, resulting in a new technique for comparing vertex potentials.
These geometric arguments can likely be generalized to other lattice-based graphs. As a result, we
get empirically tight inequalities for the sum of all vertex potentials in the grid and the voltage
drop between opposite corners of the network.

For many of our voltage bounds, we interpret a vertex potential as an escape probability
and decouple the corresponding two-dimensional random walks on the grid into independent one-

dimensional random walks on a path graph. Decoupling is the standout technique in this paper,



because it allows us to apply classical results about simple symmetric random walks on Z (such
as the reflection principle), which we extend as needed using conditional probability arguments.
By reducing from two-dimensional random walks to one-dimensional walks, we utilize standard
probabilistic tools including Stirling’s approximation, Chernoff bounds, and the negative binomial
distribution. Since we consider many different kinds of events in our analysis, Section 1.5 is an
extensive collection of probability inequalities for symmetric t-step random walks on Z with various
boundary conditions. We noticed that some of these inequalities are directly related to problems
in enumerative combinatorics without closed-form solutions [54].

Lastly, we leverage well-known results about effective resistances of the n x n grid when viewed
as an electrical network. We follow Choure and Vishwanathan in using the potential reciprocity
theorem to swap the voltage source with any other non-sink vertex, but we use this theorem
repeatedly with the fact that the effective resistance between any non-sink vertex and the sink is
bounded between a constant and O(logn). This approach enables us to analyze tractable one-

dimensional random walk problems at the expense of polylogarithmic factors.

1.2 Preliminaries

1.2.1 Abelian Sandpile Model

Let G = (V, E) be an undirected multigraph. Throughout this paper all of the graphs we consider
have a sink vertex denoted by wvgnk. The Abelian sandpile model is a dynamical system on a
graph G used to study the phenomenon of self-organized criticality. A configuration ¢ on G in
the Abelian sandpile model is a vector of nonnegative integers indexed by the non-sink vertices
such that o(v) denotes the number of grains of sand on vertex v. We say that a configuration is
stable if o(v) < deg(v) for all non-sink vertices and unstable otherwise. An unstable configuration o
moves towards stabilization by selecting a vertex v such that o(v) > deg(v) and sending one grain
of sand from v to each of its neighboring vertices. This event is called a toppling of v, and it creates
a new configuration ¢’ such that ¢/(v) = o(v) — deg(v), o'(u) = o(u) + 1 for all vertices u adjacent
to v, and o/(u) = o(u) for all remaining vertices. This procedure eventually reaches a stable state

because GG has a sink. Moreover, the order in which vertices topple does not affect the final stable



state. The initial configuration of the Abelian sandpile model is typically the zero vector, and in
each iteration a grain of sand is placed at a vertex (chosen either deterministically or uniformly at
random). The system evolves by stabilizing the configuration and then receiving another grain of
sand.

A stable configuration o is recurrent if the process can eventually return to o. Any state that
is not recurrent is transient. Note that once the system enters a recurrent state, it can never visit a
transient state. Babai and Gorodezky [46] introduced the following notion to upper bound on the

number of steps for the Abelian sandpile model to reach self-organized criticality.

(a) (b) (c) (d)

Figure 1.1: Configurations of the Abelian sandpile model on the 500x 500 grid during its transience
period after placing (a) 10'° (b) 210 (c) 4-10'° (d) 8- 10'° grains of sand at (1,1).

Definition 1.2.1. The transience class of the Abelian sandpile model of G is the maximum number
of grains that can be added to the empty configuration before the configuration necessarily becomes

recurrent. We denote this quantity by tcl(G).

In Figure 1.1 we illustrate the transient configurations in the transient period of the Abelian sandpile
model as it advances towards its critical state. We specifically show in this paper that by repeatedly
placing grains of sand in the top-left corner of the grid, we maximize the length of the transience
period up to a polylogarithmic factor.

In earlier related works, Bjorner, Lovasz, and Shor [45] studied a variant of this process without
a sink and characterized the conditions needed for stabilization to terminate. They also related
the spectrum of the underlying graph to the rate at which the system converges. In the model we

study, an observation by Dhar [44] and Kirchoff’s theorem show that the stable recurrent states of



the system are in bijection with the spanning trees of G. Choure and Vishwanathan [10] show that
if every vertex in a configuration has toppled then the configuration is necessarily recurrent, which
we use to bound the transience class. The Abelian sandpile model also has broad applications
to algorithms and statistical physics, including a direct relation to the g-state Potts model and
Markov chain Monte Carlo algorithms for sampling random spanning trees [44, 55, 56, 57, 58]. For

a comprehensive survey on the Abelian sandpile model, see [59].

1.2.2 Random Walks on Graphs

A walk w on G is a sequence of vertices w(®, w®, ... wmax) such that every w(*t1) is a neighbor
of w®). We let tmay = |w| denote the length of the walk. A random walk is a process that begins

at vertex w(o)

, and at each time step t transitions from w® to w1 such that w1 is chosen
uniformly at random from the neighbors of w®. Note that this definition naturally captures the
effect of walking on a multigraph. We consider walks that continue until reaching a set of sink

vertices. It will be convenient for our analysis to formally define these following families of walks.

Definition 1.2.2. For any set of starting vertices S and terminating vertices T" in the graph G, let
W(S —1T) def {w cw® e 8w & T U {vgn} for 0 <4 < |w| — 1, and w{!*D € T}

be the set of finite walks from S to 7.

Observe that with this definition, walks w of length 0 are permissible if we have w(® € §NT.
Throughout the paper it will be convenient to consider random walks from one vertex u to another
vertex v or the pair {v, vsnk }. We denote these cases by the notation W (u — v) = W({u} — {v}).
If walks on multiple graphs are being considered, we use WG(u — v) to denote the underlying

graph. Lastly, we consider the set of nonterminating walks in our analysis, so it will be useful to

define

W(S) f {w € H V:w® e S and w® +# vgny for any i > 0},
=0

which is the set of infinite walks from S. An analogous definition follows when S = {u}.



The focus of our study is the n x n grid graph, denoted by SQUARE,,. Similar to previous
works, we do not follow the usual graph-theoretic convention of using n to denote vertex count.
We formally define the one-dimensional projection of SQUARE,, to be PATH,,, which has the vertex
set {1,2,...,n} U {vsink} and edges between i and i + 1 for every 1 < i < n — 1, as well as two
edges connecting vginkx to 1 and n. Thus, vgnk can be viewed as 0 and n + 1. If we remove the sink
(which can be thought of as letting vgnx = 00) then the resulting graph is the one-dimensional
line with vertices i € Z and edges between every pair (i,7 4+ 1). We denote this graph by LINE and
use the indices 4, j, and k to represent its vertices. Analyzing random walks on LINE is critical to

our analysis, and it will be useful to record the minimum and maximum position of ¢t-step walks.

Definition 1.2.3. For an initial position i € Z and walk w € W(i) on LINE, let the t-step minimum
and maximum positions be

min(w) © i w®

<t 0<t<t
and
m;x(w) &f ongltﬁ;(t w®.
We construct SQUARE,, similarly. Its vertices are {1,2,...,n} x {1,2,...,n} U {vgnk}, and

its edges connect any pair of vertices that differ in one coordinate. Vertices on the boundary
have edges connected to wvgpnk so that every non-sink vertex has degree 4. With this definition
of SQUARE,,, each corner vertex has two edges to vgnx and non-corner vertices on the boundary
share one edge with vgn,. Since all vertices correspond to pairs of coordinates, we use the vector
notation w = (w1, uz) to denote coordinates on the grid, as it easily extends to higher dimensions.
Throughout the paper, boldfaced variables denote vectors. A t-step random walk on SQUARE,,
naturally induces a (tmax + 1) X 2 matrix. We can decouple such a walk w into its horizontal
and vertical components, using the notation w; for the change in position of the first coordinate
and wy for the change in position of the second coordinate. In general we use the notation w5 to
index into one of the dimensions 1 < d < d of a d-dimensional walk. We do not record duplicate
positions when the walk takes a step in a dimension different than d, so we have |w| = |w; |+ |ws| —1

when d = 2 since the initial vertex is present in both w; and ws.



1.2.3 Electrical Networks

Vertex potentials are central to our analysis. They have close connections with electrical voltages
and belong to the class of harmonic functions [1]. We analyze their relation to the transience class
of general graphs. For any non-sink vertex u, we can define a unique potential vector 7, such that

7y (u) = 1, 7y (vsink) = 0, and for all other vertices v € V' \ {u, vgink} we have

1
~ deg(v)

(V) Z (),

T~

where the sum is over the neighbors of v. Thus, 7, (v) denotes the potential at v when the boundary
conditions are set to 1 at u and 0 at the sink. Since we analyze potential vectors in both PATH,,
and SQUARE,,, we use superscripts to denote the graph when context is unclear.

Choure and Vishwanathan showed that we can give upper and lower bounds on the transience

class using potentials, which we rephrase in the following theorem.

Theorem 1.2.4 ([10]). If G is a graph such that the degree of every non-sink vertex is bounded by

a constant,

tcl(G) = O ( max (Z wu(x)> ﬂu(v)1>

w,vEV\{vgink } eV

and

tcl(G) = Q < max wu(v)_1> .

u,0EV\{vsink }

All non-sink vertices have degree 4, so we can apply Theorem 1.2.4 to SQUARE,,.
The following combinatorial interpretations of potentials as random walks is fundamental to
our investigation of the transience class of SQUARE,,. Note that we use boldfaced vector variables

for non-sink vertices in SQUARE,, as they can be identified by their coordinates.

Fact 1.2.5 ([1]). For any graph G and non-sink vertex u, the potential m,(v) is the probability of

a random walk starting at v and reaching u before vgin.



Lemma 1.2.6. Let u be a non-sink vertex of SQUARE,,. For any vertex v, we have

(o)=Y 47l

weW (v—u)

We defer the proof of Lemma 1.2.6 to Section 1.7.1.

A systematic treatment of the connection between random walks and electrical networks can be
found in the monograph by Doyle and Snell [1] or the survey by Lovasz [60]. The following lemma
is a key result for our investigation, which states that a voltage source and a measurement point
can be swapped at the expense of a distortion in the potential equal to the ratio of the effective
resistances between the sink and the two vertices. The effective resistance between a pair of vertices
u and v, denoted as Reg(u, v), can be formalized in several ways. In the electrical interpretation [1],
effective resistance can be viewed as the voltage needed to send one unit of current from u to v if

every edge in G is a unit resistor. For a linear algebraic definition of effective resistance see [61].
Lemma 1.2.7 ([10, Potential Reciprocity|). Let G be a graph (not necessarily degree-bounded) with
sink vgink- For any pair of vertices u and v, we have

7?’eﬁ" (USinlﬁ u) 7Tu(v) = Reff (USin’ U) Ty (u)

This statement is particularly powerful for SQUARE,,, because the effective resistance between
any pair of vertices is bounded between a constant and O(logn). The following lemma makes use

of a classical result that can be obtained using Thompson’s principle of the electrical flow [1].

Lemma 1.2.8. For any non-sink vertex u in SQUARE,,,
1/4 < Rog (Vsink, u) < 2logn + 1.

We give the proof of Lemma 1.2.8 in Section 1.7.1. When used together, Lemma 1.2.7 and
Lemma 1.2.8 imply the following result, which allows us to conveniently swap the source vertex

when computing potentials.

10



Lemma 1.2.9. For any non-sink vertices u and v in SQUARE,,, we have

7, (v) < (8logn +4) m, (u).

Voltages and flows on electrical networks are central to many recent developments in algorithmic
graph theory (e.g. modern maximum flow algorithms and interior point methods [19, 21]). The
convergence of many of these algorithms depend on the extremal voltage values of the electrical flow
that they construct. As a result, we believe some of our techniques are relevant to the grid-based

instantiations of these algorithms.

1.3 Upper Bounding the Transience Class

In this section we prove the upper bound in Theorem 1.1.2 for the transience class of the Abelian
sandpile model on the square grid. Our proof follows the framework of Choure and Vishwanathan
in that we use Theorem 1.2.4 to reduce the proof to bounding the following two quantities for any

non-sink vertex u € V(SQUARE,):
« We upper bound the potential sum >,y 7, (v).
o We lower bound the potential 7, (v) for all non-sink vertices v.

By symmetry we assume without loss of generality that « is in the top-left quadrant of SQUARE,,
(i.e., we have 1 < uj, us < [n/2]). The principal idea is to use reciprocity from Lemma 1.2.7 and
effective resistance bounds from Lemma 1.2.8 to swap source vertices and bound 7, (u) instead, at
the expense of a O(logn) factor. The second key idea is to interpret potentials as random walks
using Fact 1.2.5 and then decouple two-dimensional walks on SQUARE,, into separate horizontal
and vertical one-dimensional walks on PATH,. Using well-studied properties of one-dimensional
random walks, we achieve nearly tight bounds on tcl(SQUARE,,).

We note that there is a natural trade-off in the choice of the source vertex u. Setting w near the
boundary decreases vertex potentials because a random walk has a higher probability of escaping

to vgink instead of w. This improves the upper bound of the sum of vertex potentials, but it weakens

11



the lower bound of the minimum vertex potential. For vertices u that are not near the boundary,

the opposite is true. Therefore, we account for the choice of u in our bounds.

1.3.1 Upper Bounding the Potential Sum

Lemma 1.3.1. For any non-sink vertex u in SQUARE,,, we have

Z w, (v) =0 (u1 uy log? n) .

veV

Proof. We use Fact 1.2.5 and Lemma 1.2.6 to interpret vertex potentials as random walks. We can

omit vk because any random walk starting there immediately terminates. By Lemma 1.2.9,
7 (v) = O (m, (u)logn),

so we apply the random walk interpretation to potentials starting at w instead of v. Consider one
such walk w € W(u — v) and its one-dimensional decompositions w; and wy. The probability of
a walk from w reaching v is equal to the probability that two interleaved walks in PATH,, starting
at w1 and uo are present on vy and wo, respectively, at the same time before either hits their
one-dimensional sink vgnx = {0,n + 1}.

If we remove the restriction that these walks are present on v; and vy at the same time and
only require that they visit v; and vy before hitting vgnk, then each of these less restricted walks
wy belongs to the class WA (4 — vg) . Viewing a walk w on SQUARE,, as infinite walk on the

lattice Z? induces independence between w; and ws. Thus, we obtain the upper bound

7, (u) = Pro oW () [w hits v before leaving SQUARE,,]
< PrwNsz(u) [wy hits v before vgipk and wy hits vy before vgjnk]
= PrwNsz(u) [wy hits v before vgink] - PrwNWz2(u) [wa hits vy before vgink]
= T () T ),

12



Summing over all choices of v = (v, v2) gives

n
Z Ty (’U,) S Z ﬂ_EfTHn (Ul) Z ﬂ_PATHn

veV v1=1 vo=1

The potentials of vertices in PATH,, have the following closed-form solution, as shown in [1]:

n+l—uy .
—_ ifvi<u
PATH,, (uy) = n+l-v t="10
71',01 1) =

ul :

o if v1 > v

Splitting the sum at w; and using the fact that potentials are escape probabilities, we have

Z WPATH" (u1) < up + Z O(uqlogn).

v1=1 v1= u1+1

We similarly obtain an upper bound of O(uglogn) in the other dimension. These bounds along

with the initial O(logn) overhead from swapping w and v gives the desired upper bound. ]

1.3.2 Lower Bounding the Minimum Potential

The more involved part of this paper proves a lower bound for the minimum vertex potential
MiNy ey fo,;,} Tu (V) as a function of a fixed vertex w = (w1, u2). Recall that we assumed without
loss of generality that w is in the top-left quadrant of SQUARE,,. We first prove that the mini-
mum potential occurs at vertex (n,n), the corner farthest from w. Using Lemma 1.2.9 to swap u
and (n,n) at the expense of a 2(1/logn) factor, we reduce the problem to giving a lower bound
for ﬂ(nm)(u). Then we decompose walks w € W(u — {(n,n),vsink}) into their one-dimensional
walks w; € WFPATHn (1) and wy € WYATHn (uy), and we interpret T () (@) as the probability that
the individual processes w; and wsy are present on n at the same time before either walk leaves the
interval [1,n]. Walks on LINE that meet at n before leaving the interval [1,n] are equivalent to
walks on PATH,, that meet at n before terminating at vg,k. Lastly, we use conditional probabilities
to analyze walks on LINE instead of walks on PATH,, in order to leverage well-known facts about

simple symmetric random walks.

13



To lower bound the desired probability ﬂ(nm)(u), we show that a subset of W(u — (n,n)) of
interleaved one-dimensional walks starting at w; and wg that first reach n in approximately the
same number of steps has a sufficient amount of probability mass. We prove this by observing
that the distributions of the number of steps for the walks to first reach n without leaving the
interval [1,n] are concentrated around (n — u;)? and (n — ug2)?, respectively. Consequently, we
show that this distribution is approximately uniform in an ©(n?) length interval, with each t-step
having probability Q(u;/n%) and Q(uz/n3). We then use Chernoff bounds to show that both walks
take approximately the same number of steps with constant probability. Combining these facts, we

give the desired lower bound Q(wujus/n*).

Opposite Corner Minimizes Potential

We first show that the corner vertex (n,n) has the minimum potential up to a constant factor.
Viewing potentials as escape probabilities, we utilize the geometry of the grid to construct maps
between sets of random walks that prove the potential of an interior vertex is greater than its axis-

aligned projection to the boundary of the grid. We defer the proof of Lemma 1.3.2 to Section 1.7.2.

Lemma 1.3.2. If u is a vertex in the top-left quadrant of SQUARE,,, then for any non-sink vertex

v we have

Lower Bounding Corner Potential

By decomposing two-dimensional walks on SQUARE,, that start at w4 into one-dimensional walks
on LINE, our lower bound relies on showing that there is a ©(n?) length interval such that each
one-dimensional walk of a fixed length in this interval has probability Q(u1/n3) or Q(us/n?),
respectively, of remaining above 0 and reaching n for the first time upon termination. For our
purposes, lower bounds for this probability will suffice, and they follow from the following key

property for one-dimensional walks that we prove in Section 1.5.

Lemma 1.3.3. Let n € Z>1 and 1 < i < [n/2] be any starting position. For any constant ¢ > 4

and any t € 7 such that n?/c <t < n?/4 witht =n —i (mod 2), a simple symmetric random walk

14



w on Z satisfies

o w® = _ - —2-2¢ *
Pro, iy (W = n,m;x(w) =mn,and néltn(w) >1|>e el

Using Lemma 1.3.3 with the following lemma, we give a lower bound for T n)(u), the proba-
bility that a walk starting from u reaches (n,n) before vgnk. Lemma 1.3.4 is a consequence of a

Chernoff bound, and we defer its proof to Section 1.7.2.

Lemma 1.3.4. For all n > 10, we have

Lemma 1.3.5. For all n > 10 and any vertex u in the top-left quadrant of SQUARE,,, we have

—100 U1U2
T (.m) (u) >e vt

Proof. We decouple each walk w € W(u — (n,n)) into its horizontal walk w; € WY~F(w;) and
vertical walk wy € WYNF(uy). The potential T ) (u) can be interpreted as the probability that w;
and wp visit n at the same time before either leaves the interval [1,n]. We can further decompose
t-step walks on SQUARE,, into those that take t; steps in the horizontal direction and ¢y in the

vertical direction. Considering restricted instances where w; and we visit n exactly once, we obtain

the following bound by Lemma 1.2.6:

Ty () > > 4=l (1.1)

w~W (u—(n,n))
w1 hits n exactly once
wg hits n exactly once

Accounting for all the ways that two one-dimensional walks can be interleaved, the right hand side

15



of (1.1) is

t1+t2
Z itf}ktz) (# of t;-step walks from w; that stay in [1,n — 1] and terminate at n)

t1,t2>0

- (# of ty-step walks from wgy that stay in [1,n — 1] and terminate at n) .
Observing that

(t1)

Pry, ow) Wy~ =n, glla_xl(w) =n-—1, Sr?lizll(w) >1

_ (# of t1-step walks from w; that stay in [1,n — 1] and terminate at n)

= o ,
it follows from (1.1) that

(") (t1)
¢ 1) _ _ :
() (W) Zt ;0 2t1}i-t2 Pry, ~w(u) {wl =n, gla_xl(w) =n-—1, Sr?llfll(’w) > 1}
1,22
. (tz) _ _ . . >
Py, o (us) [wz n, gf_xl(w) n—1, Srgl{ll(w) > 1] .

By our choice of n and wu, the right hand side of inequality above equals

(t1+t2) 1
> 21‘;73&2 (QPrw1~W(m) [wfll) =n—1, max (w) =n — 1, min (v) > 1D

t1,t2>5 sti—l sti—l
lp (t=1) 1 —n—1, mi >1 2
“\o Lo W (uz) | W2 =n- ’%Itlga—xl(w) =n- aglglfll(w) = : (2)

Letting t = t1 4 t2, we further refine the set of two-dimensional walks so that ¢ € [%nQ, %nQ] and
t1,to € [it, %t] while capturing a sufficient amount of probability mass for a useful lower bound.

Note that the parities of ¢; and to satisfy ¢ =n — u; (mod 2) and t3 = n — ug (mod 2) for valid
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walks. Let I be an indexing of all such pairs (¢1,%2). Working from (2), we have

(t1+t2) 1 U 1 Uy
T (n,n) (u) > Z 2t1t<1|>t2 <€—2—2(20)> <6—2—2(20)>

3 3
(el 2 n 2 n
2
S -84 U1U2 <
= ¢ 4n6 2 5

2 2
te {%,%}
t=ui+uz (mod 2)

Ui U TL2 2

> 6784 . —_ =

- 4n% 50 5
—_100 U1U2

Ze T

For the first inequality, we can apply Lemma 1.3.3 because
1 3
Son? <ty by < —on’
20 16

For the second inequality, we group pairs (¢1,t2) by their sum ¢ = ¢; + to and apply Lemma 1.3.4.

The number of ¢ € [tn?, 1n?] with either parity restriction is at least [ 5n?] > 45n? O

1.3.3 Proof of Theorem 1.1.2

We now combine the upper bound for the sum of potentials given by Lemma 1.3.1 and the lower

bounds in Section 1.3.2 to obtain the overall upper bound for the transience class of the grid.

Proof. For any u = (u1, u2) in the top-left quadrant of SQUARE,,, we have

16
max Ty(@) | (v 1< max T, (@) | ———
uvvev\{vsink} <Z ( )> ( ) o uev\{vsink} <Z ( )> ﬂ'u ((n7n))

eV zeV
= max (Y (a)) 20080
Uev\{vsink} eV 7‘-(”7”) (u)

4
n*logn
— O log®n) O

ue‘;r\l?éink} (UIU2 °8 n) ( U1 U2 )

=0 (n4 log? n) .
The first inequality follows from Lemma 1.3.2, the second from Lemma 1.2.9, and the third from
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Lemma 1.3.5 and Lemma 1.3.1. The result follows from Theorem 1.2.4. O

1.4 Lower Bounding the Transience Class

In this section we lower bound tcl(SQUARE,,) using techniques similar to those in Section 1.3. Since
the lower bound in Theorem 1.2.4 considers the maximum inverse vertex potential over all pairs of
non-sink vertices v and v, it suffices to upper bound Tnn) ((1,1)). We lower bound vertex potentials
by decomposing two-dimensional walks on SQUARE,, into one-dimensional walks on LINE and then
upper bound the probability that a t-step walk on LINE starting at 1 and ending at n does not leave
the interval [1,n]. More specifically, our upper bound for W(n’n)((l, 1)) follows from Lemma 1.4.1

(which we prove in Section 1.5) and Fact 1.4.2.

Lemma 1.4.1. For alln > 20 andt > n — 1, we have

" ' (e n\3
Pro, cyyime(q) {w = n,ngx(w) =n,and n;ltn(w) > 1} < min ﬁ’&l () .

Fact 1.4.2. For any nonnegative integer t1, we have

t1 4+ to 1 )
Z to ot1+ta

to>0

Proof. This follows directly from the negative binomial distribution. Observe that

t1+1 1 t1+1)—-1+1¢ 1 1
Z 1+ t2 —9 Z (t1+1) + 12 L =2,
ty ) 2ttt to oti+1 "~ ots

t2>0 t2>0

as desired. O

By decoupling the two-dimensional walks in a way similar to the proof of Lemma 1.3.5, we

apply Lemma 1.4.1 to the resulting one-dimensional walks to achieve the desired upper bound.
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Lemma 1.4.3. For all n > 20, we have

Y

T (1:1)) < 2 {Pr iy [ = o mix () =, min() > 1)

Y

) ® — — i
tZZOPrwNW(l) [w n,mg:x(w) n,rréltn(w) 1] :

Proof. Analogous to our lower bound for W(n’n)((l, 1)), decouple each walk w € W((1,1) — (n,n))
into its horizontal walk w; € WY~F(1) and its vertical walk wy € WYNE(1). We view Ty (L 1))
as the probability that the walks w; and wsy are present on n at the same time before either leaves
the interval [1,n]. Letting ¢; be the length of w; and ta be the length of wa, we relax the conditions
on the one-dimensional walks and only require that w; and ws both are present on n at the final
step t = t1 4+ t2. Note that now both walks could have previously been present on n at the same

time before terminating. This gives the upper bound

T (1,1) <D S Prucov) w(®

t1,t2>0

(t1+t2)
b { = n, max(w) = n, min(w) > 1]
<ty <t1
.

v

-Pr,,.. w(tQ) =n,max(w) = n, min(w
wa~W (1) [ 2 s ( ) ) §t2( )
Nesting the summations gives

T (1 1) £ X Proyyyiny [0f =, max(w) = n,minu) > 1

30 <t1
(t1+t2)
t1 (t2) _ — ;
~tz>:0WPrw2~wu> [wz = n, max(w) = n, min(w) 2 1} :
22

Using Fact 1.4.2, we can upper bound the inner sum by

(t1+t2)
t t .
3 P [ = nomgto) = noin(e) > 1
22

< 2max {Pr [wéb) = n,max(w) = n, min(w) > 1] } .
t2 <ta <ta

Factoring out this term from the initial expression completes the proof. ]
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The upper bound on the maximum term in the right hand side of Lemma 1.4.3 follows immedi-
ately from Lemma 1.4.1. Now we upper bound the summation in the right hand side of Lemma 1.4.3

using a simple Lemma 1.4.1.

Lemma 1.4.4. Ifn > 20 and w ~ WI™NE(1), we have

26
ZPr [w(t) = n,mgx(w) =n,min(w) > 1| < e

<t -
>0 = n

Proof. We first split the sum into

ZPr [w(t) = n,max(w) = n, min(w) > 1]
>0 =t =t

— ) — - i ) — - i
= Z Pr {w = n,mgx(w) =n, néltn(w) > 1} + Z Pr {w =n, mgx(w) =n, Héltn(’w) >1].
n2>t>0 = = t>n2 = =
We will bound both terms by O(1/n). The upper bound for the first term follows immediately

from Lemma 1.4.1 and the fact that we are summing n? + 1 terms:

25
E Pr [w(t) = n,max(w) = n, min(w) > 1} < e
; <t <t n

n“>t>0

To upper bound the second summation, we again use Lemma 1.4.1. When ¢ > n?, we have

3
Pr [w(t) =n, mgx(w) = n,min(w) > 1} < 64 <;L> )

<t

Since 64(n/t)? is a decreasing function in t,

3 t 3
64 (") g/ 64 (") dt.
t —1 t

Therefore, we can bound the infinite sum by the integral

o0 3
Z Pr [w(t) = n, max(w) = n, min(w) > 1} < / 64 (n) dt = ¥,

<t <t
t>n2
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which concludes the proof since we bounded both halves of the sum by O(1/n). O

1.4.1 Proof of Theorem 1.1.3

We can now easily combine the lemmas in this section with the bounds that relate vertex potentials

to the lower bound for the transience class of SQUARE,,.

Proof. Applying Lemma 1.4.3 and then Lemma 1.4.1 and Lemma 1.4.4, it follows that

T(nm) (1, 1)) < max {P%NWQ) [w(t) = n,mgaix(w) = n,néitn(w) > 1”

‘QZPrwNW(l) {w(t) = n,max(w) = n, min(w) > 1]

< <

= i <t
25 26

e e

<92.2_ .2
nd n

. 100

—_— n4 .

Therefore, m, n)((l, 1))~! = Q(n*). By Theorem 1.2.4 it follows that tcl(SQUARE,) = Q(n?). O

1.5 Simple Symmetric Random Walks

Our proofs for upper and lower bounding the sandpile transience class on the grid heavily relied
on decoupling two-dimensional walks into two independent one-dimensional walks since they are
easier to analyze. This claim is immediately apparent when working with vertex potentials for
one-dimensional walks on the path, which we used in the proof of Lemma 1.3.1.

However, we assumed two essential lemmas about one-dimensional walks to prove the lower
and upper bound of the minimum vertex potential. Consequently, in this section we examine the
probability

Pro, oy (i) w(t):n,mge}:x(w):n,n%itn(w)z 1|, (1.2)

and we prove these necessary lower and upper bounds in Lemma 1.3.3 and Lemma 1.4.1 by extending
previously known properties of simple symmetric random walks on Z. The key ideas in these proofs

are that: the position of a walk in one dimension follows the binomial distribution; the number of
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walks reaching a maximum position in a fixed number of steps has an explicit formula; and there
are tight bounds for binomial coefficients via Stirling’s approximation.

The properties we need do not immediately follow from previously known facts because we
require conditions on both the minimum and maximum positions. Section 1.5.3 gives proofs of
the known explicit expressions for the maximum and minimum position of a walk, along with
several other useful facts that follow from this proof. In Section 1.5.4 we apply Stirling’s bound
to give accurate lower bounds on a range of binomial coefficients. Section 1.5.5 and Section 1.5.6
prove several necessary preliminary lower bound lemmas. We prove Lemma 1.3.3 at the end of

Section 1.5.6. In Section 1.5.7 we give necessary upper bound lemmas and a proof of Lemma 1.4.1.

1.5.1 Lower Bounding (1.2)

To lower bound (1.2), we split the desired probability into the product of two probabilities using

the definition of conditional probability. Then we prove lower bounds for each.

o In Lemma 1.5.6 we show for t € ©(n?), the probability that a walk on Z starting at

1 <i < [n/2] is Pryow() [ming (w) > 1] = Q(i/n).

e In Lemma 1.5.8 and Lemma 1.5.7 we bound the probability that a walk starting at 1 <7 <
[n/2] of length t € ©(n?) reaches n at step t without going above n, conditioned on never
dropping below 1:

Pr |w® = n, max(w) = n
<t

Lemma 1.3.3 immediately follows multiplying these two bounds together. This division allows
us to separate proving a minimum and maximum, and in turn simplifies applying known bounds
on binomial distributions. Specifically, Lemma 1.5.6 is an immediate consequence of explicit ex-
pressions for the minimum point of a walk and bounds on binomial coefficients, both of which will
be given rigorous treatment in Section 1.5.3.

These proofs will also output a known explicit expression for the probability of the walk reach-

ing n at step ¢, while only staying to its left. All that remains then is to condition the walk to not go
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to the left of 1. Note that 1 is in the opposite direction of n, with respect to the starting position <.
We formally show that the probability of reaching n without going above n only improves if the
walk cannot move too far in the wrong direction, but only for ¢t < (n — i + 1)2, thus giving the

reason we need to upper bound t by n?/4.

1.5.2  Upper Bounding (1.2)

The desired lemma only concerns walks starting at ¢ = 1, which will be critical for our proof.
The key idea will then be to split the walk in half and consider the probability that the necessary
conditions are satisfied in the first ¢/2 steps and in the second ¢/2 steps. The midpoint of the walk
at t/2 steps can be any point in the interval [1, n], so we must sum over all these possible midpoints.
Removing the upper and lower bound conditions, respectively, will then give the upper bound in

Lemma 1.5.9:

) — _ :
Pryow) [w = n,m%x(w) = n,néltn(w) > 1}

“Pryow [w([;]) = n,max(w) =n| .

< ZPIWNW(U [w(L;J) =4, min (w) > 1 )
i=1 3(5]

<|%)

Due to the first ¢/2 step walk starting at 1 and the second t/2 step walk ending at n, the
conditions min<;(w) > 1 for the first walk and max_ £ (w) = n for the second walk will be the
difficult property for each walk to satisfy, respectively. Next we apply facts proved in Section 1.5.3
to obtain expressions for each term within the summation. The remainder of the upper bound

analysis will then focus on bounding those expressions.

1.5.3 Maximum Position of a Walk

As previously mentioned, our proofs mostly leverage well-known facts about the maximum /minimum
position of a random walk along with corresponding bounds for these probabilities. This section will
first give the result regarding maximum/minimum position of walks and a connection to Stirling’s

approximation.
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Observe that if we are only concerned with a single end point, we can fix the starting location

at 0 by shifting accordingly. In these cases, the following bounds are well known in combinatorics.

Fact 1.5.1 ([62]). For any t,n € Z>o, we have

} Pr {w(t) = n} = (Q)Q% ift+n=0 (mod *)2,

Pry,ow(o0) [I%%X(w) =n

Pr {w(t) =n+ 1} = (wnn)gr ft+n=1 (mod )2.
2

Proof. For any k < n, consider a walk w € W (0) that satisfies w) = k and max<;(w) > n. Let t*

be the first time that w") = n, and construct the walk m ending at 2n — k such that

w® if 0 <f<t,

2n—w@ if t* <t <t.

This reflection map is a bijection, so for k < n we have
PrwNW(O) {w(t) = k‘,m%x(w) > n] = Pl"wNW(o) [w(t) =2n—k|.

Subtracting the probability of the maximum position being at least n 4+ 1 gives

: t) = =
Pr, oy o) {w k and m&x(w) n}

= PrwNWLINE(O) |:w(t) =2n—k| — PrwwwLINE(O) [w(t) = 2(n + 1) — k':| .
Summing over all £ < n, we have
PI‘wNle.\m(O) {mﬁx(w) = n:| = PrwNWLINH(O) |:w(t) = n] + PrwNme(O) w(t) =n-+ 1:| .

Considering the parity of ¢ and n completes the proof. O

The proof above contains two intermediate expressions for probabilities similar to the ones we

want to bound.
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Fact 1.5.2. For any integers n > 0 and k < n, we have

Pry~w0) {w(t) = k,mgatx(w) > n] = Pry,omw(0) [w(t) =2n—k|.

Fact 1.5.3. Let t,n € Z>q. For any integer k < n,

t n—2k . —
Pr w®) =k, max(w) =n| = (H@;k)% (ﬁ) ift+k=0 (mod=)2,
w~W(0) — My <t - -

0 ift+k=1 (mod %)2.

Proof. Using Fact 1.5.1 and analyzing the parity of the walks gives
t \1 t 1 ([t \1  t-2n+k t \1
t+2£17k ot t+2n;k+2 ot - t+22nfk ot t+2n—k+2 t+2£Lfk ot
B t 1 ( dn — 2k + 2 )
Co\B2=k ot \t+on—k+2)7
as desired. O

1.5.4 Lower Bounding Binomial Coefficients

Ultimately, our goal is to give strong lower bounds on closely related probabilities to the ones above.
To do so, we need to use various bounds on binomial coefficients that are consequences of Stirling’s

approximation.

Fact 1.5.4 (Stirling’s Approximation). For any positive integer n, we have

\/%ﬁ\/ﬁn(!z)nﬁe.

An immediate consequence of this is a concentration bound on binomial coefficients.

Fact 1.5.5. Let ¢,n € Ry such that cy/n < n. For any k € [(n — ¢\/n)/2, (n + cy/n) /2], we have
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Proof. We directly substitute Stirling’s approximation to the definition of binomial coefficients to

get
n n!
() ~ oy oy
§ V2 (2)"
- m n4+cv/n
o (1) 8 [ (11pm) ™
Nﬁ‘ on
S ) T w) T
2V2r 2"
o
26102'\2/:%7
as desired. O

1.5.5 Lower Bounding the Minimum Position

We now bound the probability of the minimum position of a walk in W(i) being at least 1 after ¢

steps.

Lemma 1.5.6. For any positive integer n, initial position 1 < i < [n/2], and constant ¢ > 4, if

we have t € [n?/c,n?/4], then

Proof. First observe that

Pry,ow i) [min(w) > 1} = Z Pry,ow (i) [rréitn(w) = k:} .

<t

By symmetry, this sum is
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For each 0 < k <14 —1, Fact 1.5.1 implies that

t 1 t 1
Proomn o) =4] € (1) g (g |

By assumption k < k+4+1<:i<n < Vet, so applying Fact 1.5.5 gives

min k|5t k+1 |5t ( 2 | t+vet | 5t
t% ot t+ 2+ ot +%/; ot

because t < n? /4. Summing over 0 < k < i — 1 gives the desired bound. O

1.5.6 Lower Bounding the Final and Maximum Position

Similarly, we can use binomial coefficient approximations to bound the probability of a ¢t-step walk

terminating at n while never moving to a position greater than n.

Lemma 1.5.7. For any initial position 1 < i < [n/2] and any max{n,n?/c} <t < n%/4 with

t=n—1i (mod 2), we have

Prﬂ)NW(Z) [ng%x(w) =n, w(t) — n:| > e*l*C R

Proof. By symmetry we rewrite the probability as

Pruawio [max(w) = n =i, ul® =0 -]

Fact 1.5.3 gives that this probability equals to

1 t 2(n—i+1)
2\ 4 n—i+ 2
We can separately bound the last two terms according to the assumptions on ¢ and ¢. Setting i =0
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minimizes ((t+nt—z‘)/2) for all ¢ > 0. Setting ¢ = [n/2] in the numerator, i = 0 in the denominator,

and t = n?/4 minimizes (2(n — i+ 1))/(t +n + 2). It follows that

1(t 2({n/2j+1)>l t\n
20\ 52 ) n?/A4n+2 7 20\ 52 n?

We reapply Fact 1.5.5 with the observation that n < v/ct to get

1 t 1 1. 1
PNEZY P -
as desired. ]

It remains to condition upon the minimum of a walk. This hinges upon the following statement
about moving in the wrong direction only decreasing the probability a walk starting at some

1 <i < [n/2] ending at n without ever going past n.

Lemma 1.5.8. For any 1 <i < [n/2], at any step t < n?/4 witht =n —1i (mod 2), we have

, (t) _ — | > . ) — = i
Pryowey |w n,m&x(w) n} > Pryowi {w n,mgalutx(w) n rréltn(w) < 1} .

Proof. Condition on min<;(w) < 1 and consider the first time ¢ the walk hits 0. This means i = ¢
(mod 2) and in turn n =t — ¢ (mod 2). The probability of max<;(w) = w®) = n via the walk in

steps t + 1,...,t is then at most

Note that we have inequality since it is possible that we already have max <?(w) > n. Therefore, it

suffices to show for any n and any 1 < ¢ < ¢ we have

<t

Pry (o) lw(t—ﬂ = max(w) =n| < Pr,ow) [w(t) = max(w) =n| .

<t—t

There are two variables that are shifted from one side of the inequality to the other, the starting

position of the walk and the number of steps. In order to prove the inequality, we will show that
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both taking more steps and starting further to the right will only improve the probability of ending

at n and not going above n.

We begin by showing that taking more steps will only improve this probability:

Pry,ow o) [w(t_a = max(w) = n]

<t—1
< max {PrwNW(O) {w(tl) = max(w) = n] s Pryow(o) [w(t) = max(w) = n] }

<t-1 <t

There is no guarantee that ¢t = n (mod 2), so we consider ¢ or ¢t — 1 steps depending on parity. We
are guaranteed that ¢t —1 > ¢ — ¢ since ¢ > 1, so without loss of generality, we assume ¢ = ¢ (mod 2)

and show

Note that the proof is equivalent when t — 1 = (mod 2).

Using Fact 1.5.3, we have the explicit probability

1( ¢ 2n +2
t
Pry,omw(0) [m%x(w) = ) = n] =5 (%") P L

Substituting ¢ by ¢ — 2 into the equation above and comparing the right hand sides gives

(t-2) _ . ) _ _
Pryow (o) [w gﬁg(w) n] < Pryow(o) [w ngx(w) n|,

because we know by assumption that

1 t—2 2n+2<1 t 2n + 2
202\ — 1) t4+n T 20\ ) t4n+2

(t—2)! L1 |
(#) (%)!t—l—n TAER) (BNt +n+2
L Ht—1)

t+n = (t+n)(t—n)t+n+2)

3t < n?+ 2n.

29



Inductively applying this argument inductively for ¢ — 2 proves the inequality.

To complete our proof, it now suffices to show

max {PrwNW(O) |:’w(t_1) = rgr%fi}%(w) = n:l ,PrwNW(O) |:’w(t) = Ingazx(’w> —_ n] }

) _ _
< PrwNW(i) [w( ) = ngaix(w) - n] )
which we prove similarly. First rewrite the right hand side using the fact that

Pryow i) w® = mgx(w) = n] = Pryow(o) [w(t) = mgx(w) =n— z} ,

and initially assume that ¢ = n (mod 2), which implies n = n—i (mod 2). Again, using the explicit
formula from Fact 1.5.3 and substituting n by n — 2 gives

Pro,ow(0) w®) = msagx(w) = n} < Pry,ow(o0) {w(t) = mgalnfx(w) =n-2|,

when t + 2 < n?, which true by assumption and can be inductively applied until n = (n — i + 2)
because (n — i+ 2) > [n/2] + 1. Unfortunately, we cannot entirely apply the same proof when
t —1 =n (mod 2) because this implies n Z n — i (mod 2). Applying the same proof as for t =n
(mod 2) we can obtain

(t=1) — —nl < (t-1) _ .
Pryow) |w Igrﬁ}%(w) n] < Pryew(o) {w Igrﬁ}%(w) n—i+1|,

because (t — 1) +2 < (n — i+ 3)2.

Therefore, we can conclude the proof by showing

(t=1) — —n—i . ® — —n—i
Pry,w(o) |w rgnta_)i(w) n—i+ 1| <Pry, e |w mgx(w) n—i.

This is then true when

n—i< o — - (n—i+l),
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which holds for n — ¢ > 0. ]

An immediate corollary of this Lemma 1.5.8 is that if we condition on the walk not going to
the left of 1, it only becomes more probable to reach n without going above n. Now we prove the

main result of this section.

Lemma 1.3.3. Let n € Z>1 and 1 < i < [n/2] be any starting position. For any constant ¢ > 4
and any t € 7 such that n?/c <t < n?/4 witht =n —i (mod 2), a simple symmetric random walk

w on 7, satisfies

67272CL

Prw,\,wLmE(i) w(t) =n, IHSE)EX(’LU) =n, and n%ltn('w) 2 1 Z n3 .

Proof. Consider any starting position 1 <14 < [n/2] and any time n?/c <t < n?/4 witht =n —i
(mod 2). By the definition of conditional probability we have

<t <t =

o w® = — i — w® = —
Pry,w@) |w n, max(w) = n, min(w) > 1} Py, w (i) [w n,mga;x(w) n | >

min(w) > 1}

“Pry,ow) {Tgigl(w) > 1] :

Lemma 1.5.6 shows that the second term is at least exp(—1 — ¢))i/n. Taking the probability
under min<;(w) > 1 (i.e., the complementary event of min<;(w) < 1) in Lemma 1.5.8 allows us to

upper bound the first term using Lemma 1.5.7 by

Pr,ow) w® =n, mgx(w) = n | min(w) > 1} > Pryow(i [w(t) = n,max(w) = n

<t a

Putting these together then gives

t . et 1.1
Pryow w® =n, mg%x(w) = n,ngtn(w) > 1} > <e ~) <e >
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which completes the proof. O

1.5.7 Upper Bounding the Final, Maximum, and Minimum Position

We begin by splitting every ¢ step walk in half, and instead consider the probability of each walk
satisfying the given conditions. In order to give upper bounds of these probabilities, we will relax
the requirements, allowing us to more easily relate the probabilities to previously known facts about
one-dimensional walks that we proved in Section 1.5.3. Furthermore, by splitting the walk in half

we now have to consider all possible midpoints in [1,n].

Lemma 1.5.9. For all integers 1 < n < t, we have

) — _ -
Pryow) [w = n,mga;x(w) = n,néltn(w) > 1}

=1 =12

“Pryow) [w([;]) = n,max(w) =n| .
<[3]

Proof. By subdividing the walk roughly in half, we consider all possible positions of a walk after

half of its steps such that the walk satisfies the maximum and minimum conditions. The second

half of the walk must end at n, which implies the maximum position of the walk must be at least n.

Thus, the first half of the walk only needs to not go above n. Accordingly, we can write

) — — :
Pry, w1 [w n,mgx(w) n,rréltn(w) > 1]

=>» Pr,. wils)) = i,max(w) < n, min(w) > 1
2 Praway [ <L%) <L)

Pryow |wlz) = n, max(w) = n, min(w) > 1
o l <4 <4

Removing conditions that the walks must satisfy cannot decrease the probability, so our upper

bound follows. 0

From Fact 1.5.3 we can obtain explicit expressions for each inner term of the summation, which

we then simplify into a strong bound on the summation in the following lemma.
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Lemma 1.5.10. For all integers 1 < n < t, we have

Pryow) w®) = n, mge;x(w) = n,n%igl(w) > 1}
" 16i(n —i+ 1) 5]\ 1 (5] 1
D> (5 L) +i-1 ) o727 | &1+ (it 1)—1 | STET"
= t 2:7 9l3] L AL 9051

Proof. Apply the upper bound from Lemma 1.5.9 and examine each inner term in the summation.
By the symmetry of walks, there must be an equivalent number of |t/2 | step walks with endpoints 1

and 7 that never walk below 1 versus those that never walk above 7. Thus

Pry,ow() [min(w) > 1, wils)) = z] = Pryowq) [max(w) <, wilzh) = z] .
<l3l <3l
Shifting the start of the walk to 0 allows us to apply Fact 1.5.3, because maxﬂéj(w) < iis
equivalent to max L (w) = i if the walk must end at ¢. Therefore,
5]

: () D 1
Pry,ow() %n(w)zl’w 2 —Z} = (L;J""i‘i_l) (W)QLEJ’

when the parity is correct and 0 otherwise. This works as an upper bound. Similarly, by shifting

the start to 0 and applying Fact 1.5.3 we have

¢ 2n—i+1) (5] 1
p (75D = —n| = A .
0 lw e ?@ﬁ(w) " [+ =i+ 1)+1) \ G-t Jor]

Applying Lemma 1.5.9, we now have expressions for the term inside the summation, so

Pryow) [M(SJ) =4, min (w) > 1] “Pryowi lw((é]) = n, max(w) = n]
<l3]

<
B 2i 3]\ 1 2n —i+1) 5] 1
S\ i)\ ol \[E 4+ (=i 1) + 1) \ [t b=t Jor]

_ (16i(n—i+1) 5]\ 1 (5] 1
= 2 L%j;rifl ﬁ (%H(n;iﬂ)q ﬁ’

which we upper bound by the fact that (| 2] +i+1)([5]+ (n —i+1) +1) > t*/4. This completes
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the proof. O

The following lemma gives a upper bound for the inner expression from Lemma 1.5.10 by
bounding the binomial coefficients with the central binomial coefficients and using Stirling’s ap-

proximation.

Lemma 1.5.11. For any integer 1 < in, we have

16i(n —i—+1) 5]\ 1 (5] Lo
t—2 L%J;i_1 QL@ [%]-&-(n;i—&—l)—l ﬁ_ t—3.

Proof. Given that 1 <4 < n, we can crudely upper bound i(n — i + 1) by n2. Additionally, we can

will use Stirling’s approximation on the central binomial coefficient to upper bound our binomial

H o
<[é]+(”—i+l)—1 < olzl. —,
-2 o

coefficients.

and

The exponential terms will cancel and

giving our desired bound. O

The upper bound in Lemma 1.5.11 is not sufficient for ¢ that are asymptotically less than n?,

so for these t we need to give a more detailed analysis. Therefore, we more carefully examine the
binomial coefficients that are significantly smaller than the central coefficient for small ¢t. Conse-
quently, the exponential term will not be sufficiently canceled by the binomial coefficient for values
of t that are asymptotically smaller than n?. More specifically, we show that the function of ¢ on
the right hand side of Lemma 1.5.10 is increasing in ¢ up until approximately n?.

In the following lemma we consider even length walks for simplicity. The proof for odd length

walks follows analogously.
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Lemma 1.5.12. For n > 20 and any integer 1 < i <n, for allt < n2/40 we have

l6in—i+1) 1 [ ¢ t
(Qt)Q 92t t+;—1 t+(n7;+1)71

<16i(n—i+1) 1 t+2 t+2
= (2t+4)2 22t t+2-2m‘—1 t+2+(n;i+1)—1 )

where we consider walks of length 2t and 2t 4+ 4 to ensure that (2t)/2 and (2t +4)/2 have the same

parity.

Proof. Canceling like terms implies that the desired inequality is equivalent to

1 t t < 1 1 t+2 t+2
2 t+éfl t+(n—;+1)—1 = (t+2)? 16 t+242ri71 t+2+(n;z+1)71 .

Examining the binomial coefficients shows that

t (t+2)(t+1) t+2
(*) (=) (=) (**)

and

( t ) (t+2)(t+1) ( t+2 )
th(n—itl)—1 n—i “(n—i)\ |\ 2t D-1 |-
5 (t+2+2( )) <t+2 2( )) 5

Using these identities, our desired inequality equals

1 167t (t+2)(t+1) (t+2)(t+1)
+2 = (t+2)2 <t+é+i) (t+§7i> <t+2+2(n—i)> (t+2—2(n—i)>'

Further cancellation of like terms and moving the denominator on each side into the numerator on

the other side implies that our desired inequality is equivalent to

(t+1+i)E+3 =Dt +2+n—0)(t+2—(n—10)) <t3(t+1)%
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It is straightforward to see that
(t+14+40)(t+3—1)

is maximized by ¢ = 1 and

(t+2+(n—1)(t+2—(n—1))

is maximized by n —i = 0. Furthermore, it must be true that either i > n/2 or n —i > n/2, so we
can upper bound the left hand side of our inequality by substituting n/2 for i or n — i, and setting

the other terms to the value that maximizes the product. Hence,
(t+1+)t+3—)t+2+n—0)(t+2— (n—10) < (t+2)? <t+3+2> (t+3— 2) :
To prove our desired inequality it now suffices to show (t+2)2 (t + 3 +n/2) (t + 3 — n/2) < t2(t+1)?,

n n 1 2
t+34+ — t+3—— )<t (1—-——) .
<+ +2)(+ 2)— ( t+2>

Expanding both sides of the inequality and rearranging terms yields

66404 2L ( t )2<”2
t+2 t+2 - 4

which is equivalent to

Given that 2t2/(t + 2) < 2t, it suffices to show that 8t + 9 < n?/4, which is true when ¢t < n?/40

and n > 20. O

We can now prove the main upper bound result of this section using the recently developed

bounds for the right hand side of the expression in Lemma 1.5.10.

Lemma 1.4.1. For alln > 20 andt > n — 1, we have

25 3
o _ - il i (n
Pro, oyyime(ry |w ) = n,m;x(w) = n,and n%ltn(w) > 1} < mln{ 3 ,64 ( ) }
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Proof. Applying Lemma 1.5.10 and Lemma 1.5.11 gives

n 2
) _ _ . n
Pryowq) W = n,ngx(w) = n,rréltn(w) > 1} < Z-_El 64 <t3> ,

which immediately gives the upper bound 64(n/t)3. Similarly, Lemmas 1.5.10 and 1.5.12 imply

that for ¢t < n?/40,

Pry ) |0 =n, HIS%X(@U) = n,rréigl(w) > 1}
= T it Jog] T\ i1 o

where T' = n?/40. We then use Lemma 1.5.11 and sum from 1 to n to obtain

= 64n?
(t) = = n, mi >1 <y ——
Pry, o) {w n,m&x(w) n,n;ltn(w) > 1] < ; T3
64(40)3
n3
625

IN

nd’

for all + < n?/40. Using the fact that 64(n/t)3 is a decreasing function in ¢, we have

3 25
64 (”) <<
t n3
for all + > n?/40, which is the desired bound. O

1.6 Extension to Higher Dimensions

Now we show how to extend our analysis to upper and lower bound the transience class of d-

dimensional grids.

Theorem 1.1.4. For any integer d > 2, the transience class of the Abelian sandpile model on

the n®-sized d-dimensional grid is O(n3*21log?*2n) and Q(n3-2).
We denote by d-CUBE,, the d-dimensional hypercube grid with n? vertices, and construct it
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analogously to SQUARE,,. Its vertex set is {1,2,...,n}% U {vsnk} and its edges connect any pair of
vertices that differ in one coordinate. Vertices on the boundary have additional edges connecting to
Usink SO that every non-sink vertex has degree 2d. We use the vector notation u = (u1, ua,. .., uq)
to identify non-sink vertices. We can decouple a walk w on d-CUBE,, into one-dimensional walks
wy, ws, ..., Wy, so that each step of a random walk on d-CUBE,, can be understood as choosing a
random direction with probability 1/d and then a step in the corresponding one-dimensional walk
with probability 1/2.

Our bounds for the two-dimensional grid heavily relied on decoupling walks into interleaved one-
dimensional walks, and applying bounds from Section 1.5 for simple symmetric walks. Generalizing
these bounds to d-dimensional hypercubes follows comparably and only requires simple extensions
of our lemmas for the two-dimensional grids. Therefore, we will reference the necessary lemmas
from previous sections and show the minor modifications needed to give analogous lemmas for the
d-dimensional grid. The upper bound proof requires several key lemmas and is more involved,

whereas extending the lower bound only requires one simple addition to our proof in Section 1.4.

1.6.1 Upper Bounding the Transience Class

Since Theorem 1.2.4 from [10] relies on non-sink vertices having constant degree, our assumptions
that d is constant and that all non-sink vertices have degree 2d. In addition to utilizing properties
of one-dimensional walks, specifically Lemma 1.3.3 proven in Section 1.5, the proof of our upper

bound relies on four key lemmas:

e Lemma 1.2.9 — The source vertex can be swapped with a any non-sink vertex while only

losing a O(logn) approximation factor in the potential.

e Lemma 1.3.1 — An upper bound on the sum of all vertex potentials by factoring the expression

into one-dimensional vertex potentials.

e Lemma 1.3.2 — For any vertex, the opposite corner vertex minimizes the potential up to a

constant.
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e Lemma 1.3.5 — A lower bound on the vertex potential T () (u), for any u in the top-right

quadrant of SQUARE,,.

Now we describe how to extend each of these lemmas to constant dimensions. These results

almost immediately follow from decoupling walks into one-dimensional walks.

Lemma 1.6.1. For any pair of non-sink vertices u and v in d-CUBE,,, we have
7, (v) < (8logn +4)m, (u).

Proof. This is a consequence of Rayleigh’s monotonicity theorem. Fix an underlying n xn subgraph
of the hypercube with corners at the source and sink, and set the rest of the resistors to infinity.

The upper bound for the n x n grid is an upper bound for the hypercube. O

Our lemma analogous to Lemma 1.3.1 follows from Lemma 1.6.1 and decoupling walks into

one-dimension.

Lemma 1.6.2. For any non-sink vertex u in d-CUBE,,
d

Z T, (V) = O <logn H u; logn> .
veV i=1

Proof. Follow the proof structure of Lemma 1.3.1. O

We can also generalize our proof of Lemma 1.3.2 to higher dimensions, because we work with

each dimension independently.

Lemma 1.6.3. If u is a non-sink vertex of d-CUBE,, such that 1 < u; < [n/2] for all1 < i <d,

then

() > <2ld>d7ru((n,n,...,n)).

Proof. Extend the proof of Lemma 1.3.2 by reflecting walks across the (d — 1)-dimensional hyper-

plane perpendicular to the chosen axis instead of a line. ]
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Lastly, we generalize Lemma 1.3.5, where the key idea was to considers walks of length ©(n?)
and show that there is a constant fraction such that both dimensions have taken ©(n?) steps,
which allows us to apply Lemma 1.3.3 for each possible walk. To do this, we essentially union
bound Lemma 1.3.4 over d dimensions, which shows that ©(n?) walk lengths take ©(n?) steps in

each direction with probability at least 2.

Lemma 1.6.4. Forn > 10 and u € V(d-CUBE,,) such that 1 < u; < [n/2] for 1 <i <d, we have

I i
7T(n,n,...,n) (U’) =0 <nSd—2 :

Proof. Decouple walks w € W(u — (n,n,...,n)) into one-dimensional walks w; € W"~"(u;), and
VIeW T, ) (u) as the probability that each walk w; is present on n at the same time before any
leaves the interval [1,n]. If each walk takes t1,ts,...,ts steps, respectively, then the total number

of possible interleavings of these walks is the multinomial

t1+ta+---+1ig
t17t27“'7td .
Just as before, we can obtain the lower bound

(t1 +ta+-- +td d

N tite,entd tfl)
=z Z dti+ta+-+ta H P { =n—1 gtla_Xl( w)=n-—1 _m_1£11(w)21 .

t1,t2,...,t4>0

To apply Lemma 1.3.3 to each walk, we need each t; to be in the interval [n?/c,n?/4], for

¢ = 16d. Then we consider all walks of length

2 2

n n
étéi’

8
where t = t; +t3+- - -+14, and show that a constant fraction of these walks satisfy ¢; > n?/c with t;
having the correct parity. Note that we can ignore the parity conditions by simply lower bounding
the probability of all having correct parity by 4~%. It then remains to show that all walks satisfy

the inequality #; > n?/c with constant probability.
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Consider the probability that t; > n?/c. The other dimensions follow identically. Letting each
dimension take at least n?/c steps introducing dependence, so we instead consider the probability
that t; > n?/c and condtion on ta,t3,...,tq > n?/c (which can only decrease the probability of the
event t; > n?/c). This is equivalent to fixing n?/c steps in each of those directions and randomly
choosing all remaining steps with probability 1/d for each direction. The remaining number of
steps is then at least dn?/c by our assumption that ¢t > n?/8. Therefore, the expected number of
steps in the first dimension is at least n?/c, which implies t; > n?/c with probability at least 1/2.
Multiplying this probability over all dimensions gives t; > n?/c with probability at least 277

Thus, there are O(n?) values of ¢ that we can decompose into one-dimensional walks, each
occurring with constant probability. Applying Lemma 1.3.3 to each decomposition and summing

°(I13%)

i=1
over O(n?) possible walks proves the claim. O

Now we prove tcl(d-CUBE,,) = O(n3¢=210g?*? n) using Theorem 1.2.4. For any u = (uy, uy, ..., uq)

in the top-left orthant of d-CUBE,,, it follows that

2d)?
max 7, (x) | 7, (v)t < max T, (T (7
u eV \{vinic} (% ol )> WO R w% (%) m, ((n)9)
1
=  max 3w (@) O (logn)
w€V\{vsink } zeV Tr(n)d (’U,)
d 3d—2

n logn

= Ol il Ol —————

ueér\l?éink} <Ogni:1_[1u Ogn) ( ?:1 U; >

-0 (n3d—2 logd+2 n) ‘

1.6.2 Lower Bounding the Transience Class

Extending our lower bound to d-dimensional hypergrids is a simple consequence of decoupling d-

dimensional walks into one-dimensional walks, because we only need to generalize the upper bound
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in Lemma 1.4.3 to

T () ((1)d> < max {Prwww(l) [w(f) = n,n%x(w) = n,min(w) > 1}}

-dZPrwNW(l) {w(t) = n,m%x(w) =n, rréin(w) > 1] ,
>0 = =

by replacing the negative binomial distribution with the negative multinomial distribution.

Fact 1.6.5. For any nonnegative integer t1, we have

S <t1+t2+"'+td> 1 iy
tittatotty
ty. 1450 ti,ta,...,1q diititz d

Proof. Consider the proof of Fact 1.4.2 using the negative multinomial distribution. O

Thus, we can apply Lemma 1.4.1 and Lemma 1.4.4 to show
1\ 11
d) _ = ) —3d+2
roe (D7) = 0 ((n) ) — 0 (n3).
By Theorem 1.2.4, we have tcl(d-CUBE,,) = Q(n3¢72).

1.7 Omitted Proofs

1.7.1 Omitted Proofs in Section 1.2

In this section, we prove a relationship between voltage potentials and the probability of a random

walk escaping at the source instead of the sink.

Lemma 1.2.6. Let u be a non-sink vertex of SQUARE,,. For any vertex v, we have

Ty (V) = Z 4l

weEW (v—u)

Proof. By definition, we have

ZwGW(v—m) 47wl

Ty (v) = >

weW (v—{uvme) 410
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For any v € V(SQUARE,,), let

f(v) = >, o4

weW (v—{u,vsink })
be the normalizing constant for 7, (v). It follows that f(uw) =1 and f(vsink) = 1, because the only

such walk for each has length 0. For all other v € V(SQUARE,,) \ {u, vsink }, we have

1
) =13 f(a)
T~v
Therefore, f(v) is a harmonic function with constant boundary values, so f(v) = 1 for all vertices

v € V(SQUARE,,). O

We also verify that the effective resistance between v and any internal vertex is bounded
between (1) and O(logn) using a triangle inequality for effective resistances and the fact that the
effective resistance between opposite corners in an n x n resistor network is O(logn). This proof

easily generalizes to any pair of vertices in SQUARE,,.

Proposition 1.7.1 ([63]). Let G be an n X n network of unit resistors. If u and v are vertices at

opposite corner vertices, then log(n —1)/2 < R g (u,v) < 2logn.

Lemma 1.2.8. For any non-sink vertex u in SQUARE,,,
1/4 < Rog (Vsink, w) < 2logn + 1.
Proof. We first prove the lower bound
1/4 < R g(Vsink, ©).

The effective resistance between vgin, and w is the reciprocal of the total current flowing into the
circuit when 7, (u) = 1 and 7, (vsink) = 0. Since 7, is a harmonic function, we have 7, (v) > 0 for

all v € V(SQUARE,,). Moreover, deg(u) = 4, so

-1
Reff(vSink7 u) - (Z 7Tu(u) - ﬂ-u(v)> > %

v~y
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For the upper bound, we use Rayleigh’s monotonicity law, Proposition 1.7.1, and the triangle

inequality for effective resistances to show that
Reg(Vsink, ) < 2logn + 1,

for n sufficiently large. Rayleigh’s monotonicity law [1] states that if the resistances of a circuit are
increased, the effective resistance between any two points can only increase. The following triangle

inequality for effective resistances is given in [64]:
Reg (u7 U) < Regt (u7 l’) + Rest (337 U) :

Define H to be the subgraph of SQUARE,, obtained by deleting vgnk and all edges incident to
Usink- Let m be the largest positive integer such that u; +7 <nand us+j < nforall 0 <1i,j < m,

and let H(u) be the subgraph of H induced by the vertex set
{(w1+i,u2+7):0<1i,5 <m}.

We can view H(u) as the largest square resistor network in H such that u is the top-left vertex.
Let v = [u; +m — 1,u2 + m — 1] be the bottom-right vertex in H(u). Using infinite resistors to

remove every edge in E(SQUARE,) \ E(H (u)), we have
Regt " (v, w) < R (0, w)
by Rayleigh’s monotonicity law. Proposition 1.7.1 implies that
Rgf(") (v,u) <2logn

since m < n. The vertex v is incident to vgn, in SQUARE,,, so Rayleigh’s monotonicity law gives

SQUARE,,
Re{-’f (Usinkyv) S 1.
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By the triangle inequality for effective resistances, we have

Ref-f(vsinka 'u') < Reﬂ(vsinka ’U) + Reff('va 'u') < 2 logn + 17

which completes the proof. O

1.7.2 Omitted Proofs in Section 1.3

We use the random walk interpretation of voltage to prove Lemma 1.3.2. The key idea is that the
voltage on the boundary opposite of u along any axis is less by a constant factor. This projection

can be iterated along an axis in each dimension.

Lemma 1.3.2. If u is a vertex in the top-left quadrant of SQUARE,,, then for any non-sink vertex

v we have

Proof. We use Lemma 1.2.6 to decompose m,(v) as a sum of probabilities of walks, and then

construct maps for all 1 < vy, v9 <n to show

1 1
m (01,02)) 2 max { L (n,02) . m (01,0)
We begin by considering the first dimension:

Ty ((vl,vQ)) > W

Let fpor be the horizontal line of reflection passing through ([(vi; +n)/2],1) and ([(v1 +n)/2],n)
in Z2, and let u* be the reflection of u over fy,,,. Note that u* may be outside of the n x n grid.
Next, define the map

fW((n,v2) = u) = W((v1,v2) = u)

as follows. For any walk w € W((n,v2) — u):
1. Start the walk f(w) at (v1,v2), and if n — v; is odd move to (v; + 1, v2).
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2. Perform w but make opposite vertical moves before the walk hits /1, so that the partial

walk is a reflection over #},o;.

3. After hitting ¢, for the first time, continue performing w, but now use the original vertical

moves.
4. Terminate this walk when it first reaches u.

Denote the preimage of a walk w’ € W((v1,v2) — u) under f to be
W) ={weW(n,v) = u): fw) =uw'}.

We claim that for any w’ € WSUAREn (v, v9) — u),

i S gl < gl

wef~(w')

If f~1(w') = 0 the claim is true, so assume f~!(w') # (). We analyze two cases. If w’ hits £, then

f~1(w') contains exactly one walk w of length |w’| or |w’| — 1. If w’ does not hit /., then

fHw') = {w € W((n,v2) — u) : w is a reflection of w’ over fy, before w hits u*}.

It follows that any walk w € f~!(w’) can be split into w = wjwy, where w; is the unique walk from
(n,v92) to u* that is a reflection of w’, and wsq is a walk from u* to w that avoids vgpi and hits u
'

exactly once upon termination. Clearly wq has length |w’| or |w’| — 1, and the set of admissible wy

is W(u* — wu). Therefore,

Z gl — g—lwi|=1 Z 4w

we f~1(w’) wor €W (u*—u)
=4l )

gy
<4 |w|’

since m,(u*) is an escape probability. Summing over all w’ € W((v1,v2) — u), it follows from
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Lemma 1.2.6 and the previous inequality that

my ((v1,v2)) = > 4=l

w' eW ((v1,v2)—u)

Yooy

weEW((vi,v2)—u) ~ wef~1(w')

v

Y

1 ((1,02)),

because every w € W((n,vs) — wu) is the preimage of a w’ € W((v1,v2) — u).
Similarly, we can show that 7, ((v1,v2)) > 7, ((v1,n)) /4 for all 1 < v; < n by reflecting walks

over the vertical line from (1, [(n + v2)/2]) to (n, [(n+v2)/2]). Combining inequalities proves the

claim. 0

Lastly, we give a constant lower bound for the probability of an n-step simple symmetric walk
being sufficiently close to its starting position by using the recursive definition of binomial coeffi-

cients and a Chernoff bound for symmetric random variables.

Lemma 1.3.4. For alln > 10, we have

2 2
. 1 n 1 n 2
min g 5 ) (/g)zn 2 (k) Z 5
4] ~F
k odd k even

Proof. First observe that for n > 10, we have

[\
:"‘
x~
Il e
= o[
Reml 2
N
> 3
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v
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e
m
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To see this, use the parity restriction and expand the summands as

(6)=Go) (1)

Let X1, Xo,...,X,_1 be independent Bernoulli random variables such that Pr [X; = 0] = 1/2 and
Pr{X;=1] =1/2. Let S,-1 = X1 + Xo+ -+ X,—1 and p = E[S,,—1] = (n — 1)/2. Using a

Chernoff bound, we have

<1 —Pr [ISnl —pl > ;MD

8-
/N
S
|
—_
N——
|
| =

4T 4

L -1y

> ——e

-2
2

> =

)

for n > 60. Checking the remaining cases numerically when 10 < n < 60 proves the claim. O
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CHAPTER 2
DYNAMIC SPECTRAL VERTEX SPARSIFIERS AND APPLICATIONS

This section is based on a joint work [26] with Jan van den Brand, Arun Jambulapati, Yin Tat Lee,
Yang P. Liu, Richard Peng, and Aaron Sidford. In Section 2.5, we elaborate on faster dynamic
Laplacian solver, which was implicit in [26]. As a summary, we make several advances broadly
related to the maintenance of electrical flows in weighted graphs undergoing dynamic resistance

updates, including:

1. More efficient dynamic spectral vertex sparsification, achieved by faster length estimation of

random walks in weighted graphs using Morris counters [Morris 1978, Nelson-Yu 2020].
2. Direct reductions from

(a) detecting edges with large energy in dynamic electric flows, and

(b) solving dynamic Laplacian linear systems
to dynamic spectral vertex sparsifiers.

3. A procedure for turning algorithms for estimating a sequence of vectors under updates from
an oblivious adversary to one that tolerates adaptive adversaries via the Gaussian-mechanism

from differential privacy.

Combining these pieces with modifications to prior robust interior point frameworks gives an al-
gorithm that on graphs with m edges computes a mincost flow with edge costs and capacities in

[1,U] in time O(m3/2~1/5810g? /).

2.1 Introduction

The maximum flow (maxflow) problem asks to route the maximum amount of flow between two

vertices s and ¢ in a directed graph G such that the amount of flow on every edge is at most
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its capacity. The more general minimum cost flow (mincost flow) problem asks to route a fixed
demands in a directed graph G without sending more flow on any edge than its capacity, while
minimizing a linear cost. Together these well-studied problems cover a wide range of combinatorial
and numerical problems, including maximum cardinality bipartite matching, minimum s-t¢ cut,
shortest paths in graphs with negative edge length, and optimal transport (see e.g. [23, 24]).

While classical algorithms for these problems revolved around using augmenting paths or cycle
primitives (such as blocking flows) [65, 66, 67, 68], the last decade has seen significant runtime
improvements for maxflow and mincost flow in various settings based on electrical flows. For a
graph GG with vertex set V and edge set E, with edge resistances r € Rgo, and a demand vector
d € R, the electric flow on G is the flow that routes a fixed demand while minimizing the energy
Y ecE Te fg. Better maxflow algorithms have been given in several regimes using eletrical flows and
stronger primitives [69, 70], including unit capacity graphs [8, 21, 22, 71, 72, 73], approximate
maxflow on undirected graphs [19, 20, 74, 75, 76, 77, 78], and dense graphs [23, 24, 79].

However, it has been particularly challenging to obtain running time improvements for solving
mincost flow and maxflow to high precision in sparse capacitated graphs. Recently, [25] gave
an 6(m1'5_1/ 3281og U) time algorithm for sparse graphs with capacitaties bounded by U, the first
improvement over 6(m1'5 log U) for maxflow on sparse graphs with arbitrary, polynomially bounded
capacities. Their improvement involved an intricate interaction of dynamic data structures for
electrical flows, a modification of the standard interior point method (IPM) outer loop which builds
an maxflow via y/m approximate electric flows [80, 81], and sketching techniques. Additionally,
issues relating to randomness in data structures and combinatorial reasoning about errors resulting
from random walks required careful analysis that signficantly increase the runtime and resulted in
the small improvement over m!®.

Our main result is an algorithm that while has a similar high-level picture as [25], signifi-
cantly simplifies the major pieces described previously and their interactions. Specifically, we give
a general purpose sketching tool for electrical flows, a graph theoretic (instead of algebraic) way of
constructing the random walks at the core of the data structure, and handle randomness dependen-

cies using ideas from differnetial privacy. Further, we provide modifications to prior robust interior

50



point frameworks to do f2-based recentering (Definition 2.8.5) within a robust IPM via additional
spectral vertex sparsification techniques. As a result, we achieve a faster runtime than in [25]. Also,
as a result of our simplified electric flow data structure, our algorithm and IPM seamlessly extend
to mincost flow. In constrast, the data structure complications in [25] restricted their algorithm to

be applied to maxflow. !

Theorem 2.1.1. There is an algorithm which given any m-edge directed graph G with integral
capacities in [1,U], feasible demand vector d € ZF, and an integral cost vector ¢ € [~U,U)¥,
computes a flow f that routes demand d, satisfies the capacity constraints, and minimizes ¢ f.

The algorithm succeeds whp. and runs in time 6(m3/2_1/58 log? U).

Overall, this paper simplifies the key pieces of [25] and, as a result, clarifies the important
components used to achieve faster maxflow algorithms via dynamic electric flows. Further, we
consider each of these pieces to be interesting in their own right: dynamic maintenance of Schur
complements, sketching and maintenance of high energy edges in dynamic electric flows, and un-
derstanding reductions between adaptive and oblivious adversaries. Ultimately, this paper be read

independently of [25] and the proofs are simpler and more natural in many cases.

2.1.1 Key Algorithmic Pieces

Here we cover the key algorithmic pieces underlying our algorithm. The first major piece is a
faster algorithm for generating random walks of a fixed length from a vertex, a core primitive in all
random-walk based approaches to dynamic electric flows [15, 25]. Our second key contribution is
an algorithm for detecting large energy edges in electric flows for graphs with dynamically changing
resistances and demands based on a direct reduction to dynamic spectral vertex sparsifiers (Schur
complements). As our data structures for maintaining dynamic electric flows naturally work only
against oblivious adversaries, we develop an approach that black-box reduces dynamic electric flows
against adaptive adversaries to the same problem against oblivious adversaries, at the cost of a small

runtime increase.

1[82], in FOCS 2021, claims an improvement to sparse capacitated mincost flow in the title. A preprint was recently
made available at https://arxiv.org/abs/2111.10368v1. The results in this paper were derived independently: we defer
detailed comparisons to a future version.

o1


https://arxiv.org/abs/2111.10368v1

Faster generation of random walks and Schur complements. All previous algorithms for
dynamic electric flows [15, 25] require dynamic maintenance of spectral vertex sparsifiers or Schur
complements, which approximate the electric flow and potentials onto a smaller set of terminal
vertices. The Schur complement is generated by sampling several random walks from vertices v
with exit probabilities proportional to inverse resistances until the walk visited a fixed number L
of distinct vertices, and by estimating the sum of resistances of edges along the walk.

Because there may be edges with very large or small resistances, a naive simulation may get
stuck for polynomially many steps. Consequently, [15] gave an algorithm for this based on taking
high powers of the random walk matrix (which [25] applied in a black-box fashion). This gen-
erated large factors in the runtime of the data structures. We give an approach to signficantly
speed up the sampling of vertices and length estimation by applying a Morris counter from the
streaming/sketching literature [83], and reducing the problem to solving a sequence of electric flow
computations (Laplacian systems) as opposed to the more expensive matrix multiplication opera-
tions of [15]. This signficant runtime improvement immediately translates to our dynamic electric

flow data structure described above, which directly uses dynamic Schur complements.

Simplified electric flow heavy hitter. To design our dynamic algorithm for detecting edges
with large energy in dynamic electric flows, we maintain an /o heavy hitter sketch of the electric flow
vector. The algorithm of [25] maintained this sketch by using a dynamic spectral vertex sparsifier or
Schur complement, which approximates the electric flow and potentials on a smaller set of terminal
vertices, and several random walks for “moving” the heavy-hitter sketch vector to the terminal set.
This latter piece (maintaining random walks for moving the heavy hitter vector) introduced several
complications into the analysis and generated a large overall running time for the data structure.
On the other hand, our algorithm is more directly based on spectral approximations. In particular,
we show how to dynamically maintain the result of moving the heavy hitter vector onto the terminal
set by simply calling another dynamic Schur complement data structure, and carefully reasoning

about spectral approximations to bound how that affects the resulting error.
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Simplified IPM outer loop. As a result of our more linear algebraic approach to maintaining
electric flows, our data structure for detecting large energy edges in electric flows works for both
dynamic resistance changes and dynamic demands, while the algorithm of [25] required restricting
to only s-t flows. Our generalization also allows us to use a more standard and efficient robust IPM
(from [84]) to implement the outer loop utilizing the data structure, while [25] had to redesign the
IPM to carefully only use s-t electric flows to interact with their data structure. Our robust IPM
implements an additional batching, or fo-based recentering step, by computing the changes on a

small subset of edges to higher accuracy by using spectral vertex sparsifiers.

Black-box reduction from adaptive to oblivious adversaries. As we are applying random-
ized data structure inside an algorithmic outer loop, their previous responses may affect future
updates. This is referred to an adaptive adversary in the literature. On the other hand, our data
structures which are based on random walks naturally only work against oblivious adversaries,
where the input sequence does not depend on the outputs and randomness of the data structure.
The algorithm of [25] handled this issue in their data structures by carefully controlling the total
number of adaptive phases of their algorithm before snapping back to a deterministic state.

Our approach on the other hand is more black-box, and gives a more general approach for
converting data structures against oblivious adversaries to handle adaptive queries. We build a
LOCATOR which returns a superset of edges with large energies, and several EVALUATORs with dif-
fering accuracy parameters which separately estimate the energies of the edges. By leveraging ideas
from the Gaussian-mechanism from differential privacy [85] we show how to apply the EVALUATOR
data structures to simulate estimating adding Gaussian noise to the true energy vector that we
wish to output. We simulate this by making several queries to the EVALUATORS, where we query
the least accurate EVALUATORs most often, and only query more accurate EVALUATORs when the
estimate of the energy vector is close to certain thresholds and we require finer estimates to decide
how to round. Because we are simulating adding noise to the true output, the algorithm succeeds

against an adaptive adversary.
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2.1.2 Related Work

We briefly survey the lines of work most relevant to our results, and refer the reader to [25] for more
comprehensive discussion. Recently, [86] gave a mincost flow algorithm on planar graphs running
in nearly linear time. Similar to our paper, it is based on the robust IPM framework of [84] and
dynamic Schur complements. However, [86] relies on the fact that the terminal set C' is small due

to the existence of planar separators, while our paper relies on the fact that C' is slowly changing.

Data structures for IPMs. IPMs are a powerful framework which reduces linear programming
with 7 variables to a sequence of O(+/m) linear system solutions [87]. For maxflow and mincost flow,
these linear systems correspond to computing electrical flows, and Daitch-Spielman [9] leveraged
this observation to give a 6(m1'5 log U) mincost flow algorithm. Recently, several works have
leveraged the key fact dating back to early works of Karmarkar [80] and Vaidya [81] that the linear
systems change slowly and only need to be solved approximately, both in the context of linear

programs [24, 88, 89, 90, 91, 92, 93, 94] and mincost flows [23, 24, 25].

Dynamic electrical flows. Recent works applying dynamic data structures to IPMs for maxflow
require maintaining various properties of electrical flows on dynamically changing graphs. The
improvements on dense graphs [23, 24] required dynamically maintaining spectral sparsifiers of the
Laplacian in 6(1) time per edge update and 6(11) per query, as well as detecting edges with large
electrical energies in 6(n) time per query. Both of these pieces were done using dynamic expander
decompositions [95, 96, 97, 98, 99, 100]. The work of [25] desired sublinear time per query and
hence required dynamically maintaining Schur complements, whose study was initiated in [15] to

dynamically maintain approximate effective resistances.

Adaptivity and differential privacy. There has been significant work towards building tech-
niques to apply oblivious data structures in the context of an algorithmic outer loop, which requires
adaptivity. To date, most approaches to this problem involve either making the algorithm determin-
istic [101, 102, 103, 104, 105, 106], or resparsifying [100], both of which heavily leverage properties

provided by dynamic expander decompositions [95, 96, 97, 98, 99, 100]. Our work takes a different
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perspective and instead more carefully analyzes whether the adversary can learn any randomness
leaked from the distribution of our output vector. This perspective is motivated by ideas from
differential privacy, and in fact our key result is an adaptation of the Gaussian mechanism [85]
which simulates adding unbiased Gaussian noise to the true output vector by using a sequence of
oblivious estimates. Our recursive scheme is also broadly related to the idea of multilevel Monte
Carlo [107, 108] and its recent applications in leveraging approximate optimization procedures to

obtain nearly unbiased estimates of minimizers [109].

2.1.3 General Notation

We use plaintext to denote scalars, bold lowercase for vectors, and bold uppercase for matrices. For
resistances r and conductances w = r—1, the corresponding capital matrices are diagonal matrices
with the vector entries on the diagonal, i.e. R def diag(r) and W def diag(w). As our algorithm
heavily use approximations, we will use ~ to denote the approximate versions of true variables.

We use 6() to suppress logarithmic factors in m and Q() to suppress inverse logarithmic factors
in m. For vectors &, y we sometimes let zy denote the entry-wise product of x, y, so (zy); def Ty,
Similarly, we let (z/y); e /y;. We say that an event holds with high probability (whp.) if for
any constant C' > 0, the event succeeds with probability at least 1 —n~¢ by adjusting parameters.
We let [n] = {1,2,...,n}. We denote the (unweighted) degree of a vertex v as deg(()v).

We say that a symmetric matrix M € R"*" is positive semidefinite (PSD) if ' Az > 0 for all
x € R". For PSD matrices A, B we write A < B if B — A is PSD. For positive real numbers a, b
we write a =~ b to denote exp(—v)b < a < exp(7)b. For PSD matrices A, B we write A ~, B if

exp(—v)B < A =< exp(v)B.

2.1.4 Organization

In Section 2.2, we give a technical overview of each of our improvements to each of the key com-
ponents of [25]: faster sampling of Schur complements, operator-based electric flow heavy hitters,
and black-box reduction of adaptive to oblivious adversaries. We also overview the robust IPM

we use. In Section 2.3 we give preliminaries for maxflow, mincost flow, and electric flows that we
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require for the remainder of our paper. In Section 2.4 we give our algorithm for faster sampling
of random walks and Schur complements, and we combine this with an operator-based heavy hit-
ter in Section 2.6 to give a faster algorithm for detecting edges with large energy. In Section 2.7
we show how to black-box reduce adaptive to oblivious adversaries for the problem of estimating
dynamic vectors. We give our robust IPM in Section 2.8, which is an adaptation of that in [84],
and additional tools to apply it. Finally, we combine all pieces and compute the final runtime in

Section 2.9.

2.2 Overview

Here w,e provide a technical overview of our contributions.

2.2.1 Overview of Faster Schur Complements via the Morris walk

Our data structures, as in [25], heavily rely on dynamically maintaining spectral vertex sparsifiers
(Schur complements) of G, which approximate the inverse spectral form of G onto a subset of the
vertices. This was achieved using the algorithm of [15], which showed how to dynamically maintain
an approximate Schur complement under edge resistance updates. The main primitive behind the
dynamic Schur complement data structure was a procedure to sample random walks from a vertex
with exit probability proportional to inverse resistances, i.e. the probability of going from a vertex

v to a neighbor u is given by

-1

TUU

> neighbor of v T
For this walk and a parameter L, we must run the walk until the total degree of visited vertices is
L, and to estimate the total resistive length of the walk up to a (1+ ¢€)-factor, where resistive length
refers to the sum of resistances of edges on the walk. Directly simulating the random walk is not
efficient enough, because there may be polynomially large and small resistances, which cause the
walks to “get stuck” on a small set of edges, without visiting new vertices. Thus it can take a long
time to visit L distinct vertices. Despite this, [15] showed how to sample the walk and resistive
length in O(L%2) time per vertex, and this large runtime directly led to the fact that [25] only

achieved a small 1/328 improvement in the exponent.
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Interestingly, if one is only interested in obtaining distinct vertices on the walk (and not the
resistive length) until the total degree is L, this can be done in 6(L2) time by solving a Laplacian
system (corresponding to computing an electric flow) for each of at most L steps to compute the
next exit vertex. However, the approach of [15] which also computed the resistive length, i.e.
the sum of resistances of edges on the walk, was based on matrix-powering/matrix multiplication,
and instead had a larger 6(L4e*2) runtime. Our main idea is to resolve this runtime discrepancy
between sampling the distinct vertices and computing a (1 + €)-resistive length estimate by giving
an algorithm that computes both quantities by solving a sequence of Laplacian systems. In total,
we solve 6(L + €72) systems, for a runtime of 5(L2 + Le=2). In our settings, L will generally be
Q(e~2), so our runtime is O(L?), matching the time to generate the first L vertices using a sequence
of Laplacian systems, and significantly improving over the 6(L4e_2) runtime of [15, 25].

Our algorithm for this task is derived from the Morris counter [83, 110], a probabilistic algorithm
for maintaining low-space approximations to a counter N undergoing increments. For simplicity
of exposition, we assume our input graph has integer, polynomially-bounded edge weights. Our
algorithm intuitively begins by running a random walk in G. However, we replace the naive
procedure for computing the resistive length with a Morris counter. More precisely, assume we
have run a random walk starting from a vertex w for k steps and have estimated the resistive length
of the walk via the Morris counter. To estimate the resistive length of this walk after a further
step, we simply sample one new step of the walk: if we sampled an edge of resistance length w,
we increment the Morris counter w times. In this way, the Morris counter enables us to maintain
estimates of the resistive length of a random walk.

We use the following properties of Morris counters as shown in [83]. First, they take discrete
values of é ((1 + a)* — 1) for some real number a > 0 and integers i > 0, and if a = €2 /poly log n, the
value of the Morris counter is always a (14-¢€)-approximation of the true value with high probability.
In particular, for graphs with polynomially bounded weights, the Morris counters takes at most
O(a™1) = O(e2) distinct values.

Our key insight we can simulate incrementing of the Morris counter and the sequence of vertices

visited as a random walk on a “lifted” graph with 6(6_1) layers. Each time we explore a “new”
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neighbor in this lifted space, we either find a new unexplored vertex along the random walk or
increment the Morris counter. However, there are only 6(6_2) distinct values of the counter:
thus we must explore only an additional 6(6*2) distinct vertices in this lifted space to obtain the
desired guarantee on the number of new vertices seen. We obtain our final algorithm by replacing
the explicit random walks with a subroutine based on Laplacian linear system solvers: in this way
our final complexity of 5(L2 + Le~2) follows. Overall, this provides a graph-theoretic approach for
estimating lengths of random walks on graphs, as opposed to the previous algorithm in [15] which

was based on matrix mutiplication.

2.2.2  Overview of Operator-based Electric Flow Heavy Hitters

Our next major improvement over [25] is a data structure that detects large energy edges in electric
flows on graphs with dynamic resistances and demands by direct reduction to maintaining dynamic
Schur complements. To be precise, we give a data structure that on a graph G with dynamically
changing resistances and demands, solves a electric flow heavy hitter problem, by returning a
set S of O(¢7?) edges containing all edges e with at least €2 fraction of the electric energy, i.e.
ref? > 3 cpref? where f is the electric flow vector. [25] gave a data structure that solved
this problem in sublinear time per resistance update and query as a core piece of their algorithm.
We give improved runtimes for solving this problem and shed light on its complexity by directly
reducing to dynamically maintaining Schur complements.

Note that the dynamic electric flow heavy hitter problem is equivalent to detecting large coordi-
nates of the vector R2f compared to its £ norm. Hence, it is natural to apply an £ heavy-hitter
sketch [111], which at a high-level consists of O(e~2) Johnson-Lindenstrauss £5 sketches. In total,
this consists of maintaining the value of ¢ RY/2f for O(¢~2) random sketch vectors q € {—1,0,1}.
The flow f can be represented as f = R™'B¢ for electric potentials ¢ and edge-vertex incidence
matrix B, so

¢ 'RY2f = (BTR/?q, ¢).

Let y = BTR1/2¢q, so that we focus on maintaining y'¢. However, ¢ is still a |V|-dimensional

vector, so in order to achieve sublinear time [25] used a smaller terminal set C to estimate y' ¢.
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In particular, they write ¢ = Hcdo where ¢¢ is the restriction of ¢ to C, and He € RV (@)xC
is the harmonic extension (Definition 2.5.2) operator which extends ¢ to ¢ using that for any
vertex v, ¢, is the average of its neighbors, weighted proportional to inverse resistances. This way,
y'¢ = (Hly, ¢c). Assuming that we can approximate maintain ¢ (which we discuss towards of
the end of this section’s overview), it suffices to maintain ”Hgy.

Our major difference from [25] is in how we maintain HJy. While [25] used the combinatorial
interpretation of the operator HE as using random walks to “move” the mass from vector y onto

C', we use the spectral fact (Lemma 2.5.4) that
He =LT [o SC(L,C)} :
where L is the graph Laplacian and SC(L, C) is the Schur complement of L onto C. Thus, we get

Wy=| |t
SC(L,C)

Thus, we could optimistically precompute Ly and then compute ”Hgy as long as we can dynam-
ically maintain the Schur complement SC(L, C'), which is a size C object. The remaining issue is
that the Laplacian L may change because the resistances change. However, the operator %g does
not depend on the resistances of edges completely inside C' (by definition), so we may actually let
L be the Laplacian of the original graph as long as all endpoints of edges with resistance changes
are added to C. Finally we are able to show that using an approximate Schur complement in place
of SC(L, O) still suffices for our data structures (Lemma 2.6.5).

Finally we discuss the (approximate) maintenance of the potential ¢¢o. For an electric flow f

routing demand d, i.e. BT f = d, the potentials ¢¢ are given by
¢c =SC(L,C) 1l d.

In other words, we first “move” the demands to the terminal set using ’Hg just as above, and

then invert the Schur complement on it. Therefore we can maintain ¢¢ as follows: maintain ’Hgd
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approximately as above, and then also approximate maintain SC(L, C') using an approximate Schur
complement data structure. In all, this reduces the maintenance of the heavy hitter vector to three

calls to an approximate Schur complement oracle.

2.2.3 Overview of Reduction from Adaptive to Oblivious Adversaries

The dynamic electric flow data structures built in Section 2.2.2 naively only work against oblivi-
ous adversaries, i.e. the inputs must be independent of the outputs and randomness of the data
structure. In [25] this was handled by carefully designing the data structures to utilize the fact
that the IPM central path is a deterministic object. However, we take a more general approach,
by applying ideas from the Gaussian-mechanism from differential privacy [85] to build versions of
these data structures that work directly against adaptive adversaries, allowing them to be applied
within the interior point outer loop. In fact, we give a generic reduction for estimating vectors
against adaptive adversaries to oblivious adversaries.

Consider an oblivious data structure that outputs vectors v € R™ that are supposed to approx-
imate a true underlying vector v € R™. In our dynamic electric flow setting, this corresponds to a
data structure which detects edges with large electric energy, and approximates their flow values.
Consider what would happen if instead of @, our algorithm uses z ~ N (v,0?) for small enough o
(i.e. the vector v with some Gaussian noise added to it). If ¢ is small enough, then z would be
an accurate approximation for our algorithm to work. Additionally, the vector z obviously does
not depend on the internal randomness of the data structure, since it is defined with respect to v,
not the approximation . Unfortunately, computing z by computing v and adding noise is rather
inefficient since v is the exact solution, not an approximation. We now explain how to obtain
vector z more efficiently from oblivious estimate vectors ¥ by using the Gaussian-mechanism from
differential privacy [85].

Specifically, it is known that for any o > 0 there is small enough a > 0 such that if d is the
density function of M(v,0?) and d is the density function of NV'(®,0?), then d(x) < exp(a)d(x)

for all .2 For example, Figure 2.1 shows density function d(z) and the scaled density function

2This is actually only true for & € D for some event D that holds whp. We ignore this here for simplicity.
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vv

Figure 2.1: Density function d of NV(v,0?), and density function d of N'(v,0?) scaled by some
exp(—a), a > 0 so that d(zx) exp(—a) < d(x).

exp(—a)-d(z) for the 1-dimensional case. Note that we can pick a random z ~ N (v, 0?) by picking
uniformly at random a point below the curve of d(Z) and returning the z-coordinate. We can also
split this sampling scheme into two phases: (i) With probability 1 —exp(—«), sample from the area
between the two curves. (ii) Alternatively, with probability exp(—«) sample from the area below
the bottom curve exp(—a)d(z) in Figure 2.1.

When case (i) happens, we handle it directly by computing v exactly (which is expensive), which
gives us the distributions d and d explicitly. However, note that if « is close to 0, then this case only
occurs infrequently: with probability 1 — exp(—a) = O(«), which balances out the expensive cost
of computing v. On the other hand, case (ii), which occurs with probability exp(—a«/), corresponds
to flipping an unbalanced coin and with probability exp(—a) we sample a 2’ ~ N (@, 0?). So with
probability exp(—a) we do not need to know/compute the exact vector v in order to obtain a
sample with distribution NV (v, o?) and just knowing the approximate result @ already suffices.

Now, this scheme can be extended recursively to handle case (ii), i.e. sampling from z ~
N(v,0%). We can use the same scheme again via some @', i.e. sampling from N (¥',0?) with
probability exp(—a) instead of A (¥, c?). This leads to another speed-up because of the following
reason: the probability exp(—a) depends on the approximation quality of ¥’ compared to v. We

want to use a large a in order to reduce the probability of computing v, but this requires ¥’ to be a
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better approximation. Thus, we are able to compute higher accuracy approximations (which take
more runtime) less frequently, and this leads to a speedup. Overall, by using this scheme, our data
structures will work against an adaptive adversary because the output has distribution N (v, 0?),

i.e. a distribution that is independent of the internal randomness of the data structures.

2.2.4 Overview of IPM Outer Loop

Here we overview how we apply the above primitives in a robust IPM to give an algorithm for
algorithm, which reduces solving maxflow to computing a sequence of 5(\/ﬁ) approximate electric
flows. The IPM of [25] required several nonstandard modifications, including restricting to using
s-t flows, which resulted in using more than O(y/m) steps, and overall higher runtime. On the
other hand, our algorithm is based on the more standard robust IPM of [84], with an additional
procedure that allows for recentering in the context of a robust IPM that allows us to control errors
that accumulate over longer periods of time.

We start by briefly introducing a standard robust IPM setup for the mincost flow problem based

on [84] (in Section 2.8 we change notation slightly to work with general linear programs)

min c'f, (2.1)
FER™:BT f=d and £<f<u

where ¢ € R¥ is the cost vector, and £,u € R are lower /upper capacities on edges. For e € E and

real number f € R, define the logarithmic barrier function ¢.(f) def log(f —£.) —log(u.— f), and

def

for flow f € RE define ¢(f) = S .cp ¢e(f.). For a path parameter p that decreases towards 0 over

the course of 5(\/m) steps, the robust IPM maintains an approximate minimizer to the expression

def . T
= min c' f+ . 2.2
.fu feR™:BT f=d and £<f<u f M¢(f) ( )

Since ¢ is convex, the KKT conditions for (2.2) give that there is a vector y such that c+uVo(f,) =
pBy. Thus there is a vector s, € RE such that By + s, = ¢/u and s, + Vo(f,) = 0. In this
way, we define a u-centered point as a pair (f,s) such that By + s = ¢/u for some y € RV and
IV2(f)~2(s + Vo(f))||oo < 1/64. The robust IPM maintains j-centered points throughout by
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tracking the potential function

Z cosh <A¢g(fe)_1/2(5e + ¢,e(fe))>

eck

for A = 128log(16m). Now IPM steps are taken to simulate gradient descent steps on the potential
to keep it small, and hence maintain p-centered points at all times.

Because our data structures work in time sublinear in the number of vertices, the flows we
maintain during the robust IPM are stored implicitly, even without the ability to query in 5(1)
time the “true flow” on an edge e. Further, the error of our flow estimate from the true value
accumulates over the steps of our method. Hence we require a procedure to recompute a feasible
p-centered flow in a robust IPM every k steps in O(m) time for some k = m2(1) (Theorem 2). To
see why this could be possible, note that the true step per iteration is an electric flow with some
resistances and demands. Additionally, over the course of k steps, these resistances and demands
will only change at most poly(k) total times. Thus, we can put all edges whose resistance or
demand changed into a terminal set C' and compute an e-approximate Schur complement onto C.
[112] shows that such a Schur complement (onto a slightly larger set) can be computed in time
O(m + |C|/€?) = O(m + poly(k)/e?) = O(m) for some k = m®1). Leveraging this, we show that
we can recover a centered point in the context of a robust IPM in 6(m) time every k steps.

Overall, our algorithm splits the O(y/m) robust IPM steps in O(y/m/k) batches of k steps.
Within each batch, we ensure that at most poly(k) edges have their resistances change in the
graph G (but there may be more resistance updates in between batches). Each step in the batch
is maintained using the dynamic electric flow heavy hitter data structure we built, as described in
Sections 2.2.1 to 2.2.3. At the end of each batch, we use the approximate recentering procedure
described in the previous paragraph. Combining these pieces along with the standard bound that

over T' IPM steps, at most 6(T 2) resistances change by a constant factor, gives our final runtimes.

2.3 Preliminaries

We give preliminaries on maxflow, mincost flow, electric flows, and Schur complements.
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Maxflow and mincost flow. Throughout, we let G = (V, E) be our graph with n = |V| vertices
and m = |E| edges. We let B € RF*Y denote the edge-vertex incidence matrix of G. Additionally,
we let £, u € Z¥ denote the lower /upper capacities on edges in G. We assume that ||£]|s, ||tt|lcc < U.
A flow f € R¥ is any assignment of real numbers of edges of G. We say that a flow f is feasible if
L, < f. < u, for all e € E. We say that f routes the demand d e RV if BT f = d.

The maximum flow problem asks to find a feasible flow routing the maximum multiple of a
demand d (generally assumed to be s-t). Written linear algebraically, this asks to find the largest
F* such that there is a flow f satisfying B' f = F*d and £, < f, < u, for all ¢ € E. The minimum
cost flow problem asks to minimize a linear cost ¢ over flows routing a fixed demand d. Linear
algebraically, this can be written as

min c'f.

BT f=d
L<f.lu, for all eeE

We work with mincost flow throughout, as it is known to generalize maxflow. We also focus on
finding high-accuracy solutions in runtime depending logarithmically on U and || ¢||~o, as it is known

that this suffices to get an exact solution with linear time overhead [9, 24].

Electric flows and Schur complements. Electric flows are £o-minimization analogues of maxflow
on undirected graphs, and are used in all current state-of-the-art high accuracy maxflow algorithms
[22, 23, 24, 25, 73] based on IPMs. On a graph G with resistances 7, the electric flow routing de-

mand d is given by

arg min Z ref?. (2.3)

BTf=d ccp

The minimizer in (2.3) is given by the solution to a linear system: f = R™'B(B'R~'B)fd. The
matrix BTR™'B is known as the Laplacian of G, which can be solved in nearly-linear time [13, 14,

113, 114, 115, 116, 117, 118, 119]. Precisely, solving a Laplacian system gives high accuracy vertex
potentials, defined as ¢ = (B'TR™'B)fd.

Theorem 2.3.1. Let G be a graph with n vertices and m edges. Let r € Rfo denote edge resis-
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tances. For any demand vector d and € > 0 there is an algorithm which computes in 6(m loge™ 1)
time potentials ¢ such that || — ¢*||L < €||¢*||L, where L = BTR™'B is the Laplacian of G, and

¢* = Lid are the true potentials determined by the resistances r.

For notational convenience, we define the conductances w & r~1 and let L(w) ' BTWB.

Several of our algorithms want to solve Laplacian systems in sublinear time. This can be done
in the following natural sense: instead of returning the full potential vector ¢, we only wish to
determine ¢ restricted to a subset of vertices C C V. This is captured by a Schur complement,

which is defined as SC(L, C) def

Loo — LerpLppLoc, where F = V\C and Lgr, Lor, Lrc, Loc
are blocks of the Laplacian L corresponding to rows/columns in F,C. Schur complements satisfy
two key properties which are essential for our algorithm: they are also graph Laplacians, and they

are directly related to LT via the Cholesky factorization.

Lemma 2.3.2 (Cholesky factorization). For a connected graph G with Laplacian L € RV*V | subset
CCcV,amdF¥v\C,
-1 -1
Lt — I —LipLrc| |Lpp 0 1 0
0 I 0 SCL,C)| |-LerLyp 1
| ~LrrLrc o o .
The matrix appearing in the Cholesky factorization corresponds to mapping the
I

potentials on C' back to the whole graph via a harmonic extension. In other words, a random walk
on G, with exit probabilities proportional to conductances is a martingale on potentials. We give
a more formal definition and properties later in Section 2.6.

Finally, it is very useful intuition that electric flows are inherently connected with the following
random walk on G: a vertex v goes to a neighbor w with probability proportinal to conductance
(inverse resistances), i.e. w, where N (v) are the neighbors of v in G. This random walk
is the one used to define the harmonic extension, and also is used more directly in our algorithm

for sampling Schur complements (see Lemma 2.4.11). Throughout, any mention of random walks

refers to this random walk.
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2.4 Improved Dynamic Schur Complements

In this section, we give our main algorithm for maintaining a Schur complement in a dynamic

graph. Our main result is the following (see Theorem 2.4.10 for a more precise statement):

Theorem 2.4.1 (Dynamic Schur complement (informal)). There is a data structure that supports

the following operations against oblivious adversaries given a graph G = (V, E) with dynamic edge

(@)

conductances w € REG) and parameters f < € < 1.

INITIALIZE(G, w, €, 3). Initializes the data structure with accuracy parameter €, and chooses

a set of O(Bm) terminals C. W is initialized as w. Runtime: O(mB2¢2).
« ADDTERMINAL(v). Makes v a terminal, i.e. C + C U {v}. Runtime: amortized O(5~2e2).

. UPDATE(e,E(neW)). Under the guarantee that both endpoints of e are terminals in C, updates

W, + W), Runtime: amortized O(1).

e SC(). Returns a Laplacian SC with O(Bme™2) edges which (1 + €)-spectrally approzimates

the Schur complement of L with terminal set C' in time 5(,8m6_2).

All outputs and runtimes are correct with high probability if |C| = O(Sm) at all times and there

are at most O(Bm) total calls to UPDATE.

Our proof is organized in two parts. In Section 2.4.1 we give an algorithm to efficiently generate
useful attributes of a random walk in graphs with polynomially bounded edge weights. Next, in
Section 2.4.2 we describe how to use these walk attributes to maintain a Schur complement under

modifications to the terminal set and edge weights.

2.4.1 Approximate Random Walks with Morris Counters

Our main contribution in this section is an improved algorithm to sample random walks in weighted
graphs, based on the Morris counter of [83, 110]. The main technical result of this section is the

following:
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Theorem 2.4.2 (Morris Walk). Let G = (V, E,w,{) be a graph with edge weights w and edge

lengths £ bounded between 1 and n®Y). For any vertex u, and parameters L,e > 0, Algorithm 3
with high probability runs in 6(L2 + Le™2) time and generates the following attributes of a random
walk Wy in G which starts from u, samples the edges it traverses with probabilities proportional to

we, and stops when Y, ey, deg(()v) > L3:
o uy,uUg,..., the O(L) distinct vertices of W, in order of their encounter.
o For each u;, 0y, is a (1 + €)-approximation of

fi—1
Z E(“ku“k+l)’
k=1

where f; is the index of the first visit of u; in Wi.

Our algorithm is based on simulating random walks in a graph by repeatedly solving linear
systems, a technique that has been used in prior work on sampling random spanning trees and
dynamically maintaining Schur complements [15, 25, 120, 121, 122, 123]. However, a difficulty in
applying this approach to our setting is the need to estimate the length of the resulting random
walk. We address this issue by appealing to an approximate counter algorithm to estimate the
length of prefixes of the walk by simulating random walks on a larger graph.

To aid our exposition, we begin by recalling a variant of the Morris counter algorithm and an

improved analysis of such from [83], which we present in Algorithm 1.

Theorem 2.4.3 (Modification of Theorem 1.2 from [83]). Consider an instantiation of Algorithm 1
for parameters €,d, where INCREMENT() has been called N times after one call to INNTCOUNTER()

. Then APPROXVAL() returns a value N satisfying E[N] = N and
(1—e)N<N<(1+eN

with probability 1 — 4.

3Here, deg() denotes the unweighted degree of a vertex in G.
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Algorithm 1 Morris Counter MORRIS

: global variables
X: current counter value
a > 0: accuracy parameter

: procedure INITCOUNTER() (€,0)
X =0.
a4 g
8log(1/9)
: end procedure
10:
11: procedure INCREMENT() > Probabilistically updates the Morris counter X
12: with probability (1 +a)~X do
13: X=X+1
14: end
15: end procedure
16:
17: procedure APPROXVAL() > Returns unbiased estimator for number of times INCREMENT()
was called.
18: return 1 ((1 +a)X — 1)
19: end procedure

1
2
3
4
5:
6
7
8
9

The above theorem may be recovered directly from the analysis of Section 2.2 in [83]. We will
employ this algorithm in a white-box fashion to estimate the length of a random walk in a graph.
To do this, we condense the behavior of the counter over a collection of w increments into an explicit
probability distribution:

Definition 2.4.4 (Morris Increment Probabilities). Given a parameter a > 0, for integers Y, Z we

define the Morris increment probabilities
pi v (£) = Pr (MORRIS.X = Z after processing ¢ INCREMENT() calls [MORRIS.X = Yoriginally)

We remark that these probabilities may be nontrivial to compute. However, in our algorithms
we only require the ability to sample a Z with probability proportional to pi v (0): we will later

show how this may be done efficiently.

Definition 2.4.5 (Layer Graph). For weighted graph G = (V, E,w,{) and parameter a > 0, the
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Algorithm 2 Conceptual Morris Walk

procedure CONCEPTUALMORRISWALK (G, L, €, u, ¢)
2

1:

2 a= W

3 G = a—layer graph of G, uyy, = (u,0)
4: Svisited = [’U,]

5: while 37 .5 deg(yG(v) < L do
6

7

8

9

(Vrw, i) < random neighbor of u;., in G
if Urw ¢ Svisited then

Svisited = [Svisited§ Urw]
(5va - % ((1 + a)lrw — 1)

10: end if
11: Uy = ('Urwyirw)
12: end whilereturn Syisited, {0}

13: end procedure

a-layer graph is an (infinite) weighted directed graph G with vertex set V =V ® {0,1,...,}* and
edge set E constructed in the following fashion: For each edge (u,v) € E of weight w and length

¢, each 0 <, and each i < j, add a directed edge (u,i) — (v,J) of weight w pﬁu (EED to E.

We remark that although the layer graph as defined is infinite, we only access finite subgraphs
of it in our algorithms. Our proof strategy in this section is in two parts. First, we describe
an idealized algorithm (Algorithm 2) that directly runs a random walk in a graph and generates
an output matching the requirements of Theorem 2.4.2. We then provide an efficient variant
(Algorithm 3) which with high probability returns an output matching that of Algorithm 2 in

distribution: the result follows.

Theorem 2.4.6. Let G = (V,E,w, ) be a graph with edge weights w and edge lengths ¢ bounded

between 1 and n®Y) . For parameters L,e,c > 0 and starting vertex u, Algorithm 2 with high
probability returns the following attributes of W, a random walk in G which starts from u, samples

the edges it traverses with probabilities proportional to we, and stops once Y vy, deg()G(v) > L:
o A set S of the first O(L) distinct vertices in W, in order of encounter

o With probability 1 — n™¢, values {6} such that for each v € S, 0, (1 + €)-approximates the

“We use the notation A ® B to denote the Cartesian product of A and B: it consists of all tuples (4,7) for i € A
and j € B.
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length in W,, (measured with respect to £) from u to the first encounter of v.

Proof. Let a = WZHC), and let W be the ordred collection of vertices (Vrwy brw) € G encountered
on Line 6: note that these vertices form a random walk on G by construction. We define an
auxillary random walk W in @ as follows: if the k%" in W is (v,7), the k" node in W is v. We will

show the following two facts:

e Wisarandom walk in G which starts from u, samples its edges with probabilities proportional

to we, and stops once >,y deg(yG(v) > L.

e For any k, let the k" node in W be (vk,ix), and let Ry be inductively defined by Ry =
0, Riv1 = R; + {%K(vwiﬂ)J. Then iy is distributed as MORRIS(a).X after processing Ry

increments.

The first of these claims follows immediately: if we sample a random neighbor of (v,1) in C:’, the

probability that it is of the form (v/, ) for some j is simply

Z})‘io w(v/,v)pi,i ( {%E(UCU)J ) _ Wy v)

Zzev Z?io w(z,v)pzhi (\‘%‘é(z,v)J> ZwEV W(z,v) '

Thus the k" element of W is a neighbor of the (k —1)% sampled proportional to w: since W starts
from w the claim follows.

For the second claim, we proceed by induction on k. The claim is trivially true for k = 1 (as
the first node in W is (u,0)). Tt remains to show the induction step. Let the k' node of W be
(vk,ix): by the induction hypothesis iy is distributed as MORRIS(a).X after Ry increments. Now

conditioned on the value of viy1, we have

T
Pr (ik+1 = [I}) = ZPI‘ (ik+1 = x’zk = y) Pr (Zk - y)
y=0

= zx: "w(vk,vkﬂ)pg,y (\‘%E(Uk,UkJrl)J) J) Pr(ix =vy) = zm:pz’y ({i[(@kmkH)J) Pr(ix = vy) .
y=0

oo z 8
y=0 222=0 W(v,vp11)Pay ( Laf(vkvvk+1)

But by the induction hypothesis, each term of the expression is the probability that MORRIS(a). X

equals y after Ry increments and also equals y after a further Eg(vk,vk +1)J increments. Since
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Ry41 = R + L%g(”k7”k+l)J conditioned on the value of viy1, the claim follows by the law of total
probability.

We finally show how these claims imply the theorem. First, note that S consists of the vertices
in W in the order of their encounter: since W is a random walk in G the correctness of .S follows.
Next, for each v € S let u, = (v,14,) be the value of u,, set on Line 6 where v was first encountered.

Observe that each edge in G has weight at least 1: thus

a a al8
(1 _ 8> g(’Ulm'UkJrl) < E(Ukyvk+1) -3 < 3 {ag(vk,vkﬂ)J < g(vkwml)‘

Thus for any k,
k

Z E(Uiﬂ)wl)'

1=0

Q| 0o

k
a\ 8
(1 B 8) a ;E(Ui7vi+l) < R, <

By the second claim, we see that i, is distributed as MORRIS(a).X after processing N,, increments,
where N, = Ry if k is the smallest index where v appears in VW. This number of increments is

larger than %: by Theorem 2.4.3 we thus have

Pr (‘i (1+a)>—1) - SNW

8
> er> <1—-n73
a

But now, gNy, is within a 1 + 7 <1+ € factor of Ly, the length of W from u to the first visit of
v. Thus,

Pr(|0y — Lup| > 2eLyy) <1 — n= ¢

As there are at most n vertices in .S, the claim follows by scaling down ¢ and union bounding over

these failure probabilities. O

With Theorem 2.4.6 in hand, we prove the main result of this section by giving an efficient
implementation of Algorithm 2. Our algorithm works by simulating a random walk over the a-
layer graph G using a Laplacian linear system solver. We will employ the following (standard)

lemma on the hitting probabilities of a random walk in undirected graphs:

Lemma 2.4.7 (Corollary of Lemma 5.6 from [25]). Let G = (V, E,w) be a weighted undirected
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graph, and let x be any vertex in V. For any C C V, the probability that a random walk starting

from x first enters C' at a vertex y is given by

— [LC,V\CLE}CXQ:} .

Thus, in 6(]E\) time we may sample a vertexy € C with probability equal to a random walk starting

from x first entering C' at y.

We will use this fact within the framework of CONCEPTUALMORRISWALK to replace the ex-
plicit sampling of random walk (which may take poly(n, W) time) with a computationally efficient
subroutine. We now describe the graphs on which we apply Lemma 2.4.7: In the below, Ng(.S)
denotes the vertices which are neighbors of S but do not themselves belong to S.

Definition 2.4.8 ((a,t,S)-shortcut graph). Let G = (V, E,w,{) be an undirected graph with edge
weights w and edge lengths ¢. Let a > 0 be a parameter, and let ¢ > 0 be an integer. For S C V,

we define the (a, ¢, S)-shortcut graph H = (Vi, Eg, wy) as follows:
o For each v € SU Ng(S), add v to V.

o For each edge e = (u,v) € E of weight w and length ¢ with u,v € S, add vertices v, u;}

to Vi, an edge (u,v) of weight w - p; , (EED to Fp, and edges (u,v;), (u},v) of weight
w - (1 — Do (EKD) to Ep.

o For each edge (u,v) € E of weight w and length ¢ with v € S, v € N(S), add a vertex
vy to Vi, an edge (u,v) of weight w - p,, Q%EJ) to Ep, and an edge (u,v;) of weight

w- (1=p, (|2¢])) to B
Let V; denote the set of vertices of the form v;f € H for v € S, Ng denote vertices of the form

v € H for v € Ng(S), and N& denote vertices of the form v;7 € H for v € Ng(S).

Note that computing the shortcut graph defined above only requires computing Morris incre-
ment probabilities of the form pj,,(s). We will show that this admits a simple closed form, and that

we may sample a variable proportional to the increment probabilities efficiently.
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Lemma 2.4.9. Given a parameter a > 0 and integers Y, £, the Morris increment probabilities
(Definition 2.4.4) satisfy

Py =(1- 1+

In addition, we may sample an integer Z >Y + 1 such that

Pg,y(f)

Pr(Z:F):W

in time O(Z = Y).

Proof. For the first claim, note that each call to INCREMENT() increments MORRIS.X with prob-
ability (1 +a)~Y. The probability that ¢ such increments fails to increase MORRIS.X is therefore
(1 —(1+ a)_Y)E as claimed.

For the second claim, we describe an algorithm to sample from the claimed distribution. We
first observe that the desired distribution is precisely the value of MORRIS.X after processing ¢

increments, conditioned on
e The initial value of MORRIS.X was Y.
e The final value of MORRIS. X is strictly larger than Y.

We will sample from this distribution by implicitly simulating the Morris counter algorithm itself:
we repeatedly sample from the distribution over the number of INCREMENT() calls required to
increase MORRIS.X, and return the final value of MORRIS.X after ¢ simulated increments were
processed. For the below, we let Geom(p) denote the geometric random variable over {1,2,...}
with failure probability p and let Geom”(p) denote Geom(p) conditioned on the output being at
most k: note that both distributions may be sampled from in 6(1) time.

Assume that Y/ = MORRIS.X at some point. Let pys be a random variable representing the

number of INCREMENT() calls required to increase MORRIS.X: note that

Pr(pys > ) = pgy(s)
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by definition. By the closed-form representation of these probabilities, we may therefore conclude
that py- is distributed as Geom((1 +a)~Y").
By the definition of MORRIS, it is therefore clear that we may sample Z pi y(£) by repeating

the following operations:
o Initialize a running increment counter ¢ = 0 and a counter value Z =Y.
o Generate a sample ky ~ Geom((1 + a)~%) and set ¢' = ¢' + k.
o If ¢/ >/, return Z. Else, increment Z by 1 and go back to the previous line.

To sample Z conditioned on Z # Y, it is thus sufficient to sample the first ky ~ Geom*((1+a)~%)
to ensure Z is not incremented 0 times. To bound the running time, we additionally observe that
the number of geometric and truncated geometric random variables sampled is proportional to

Z —Y: as the total work performed is O(1) times this the claim follows. O

Proof of Theorem 2.4.2. Our proof proceeds in two steps. We will first show that the vertices added
to S and the values {J} have the same distribution as the output of Algorithm 2. We will then
bound the runtime of the algorithm.

Let G be the a-layer graph of G, and fix a parameter ¢ and visited set S during a single iteration
of Algorithm 3. We consider the subgraph @L,s consisting of all directed edges with tail of the form
(v,¢) for v € S. Consider the process of running a random walk from (v,¢) € C:’L’S until a vertex
not of the form (u,t¢) with u € S is reached. It is self-evident that the only such vertices in CAJL75

belong to three classes:
o (v,t) where v € Ng(S)
e (v,//) wherev € Sand ¢/ >
o (v,!) where v € Ng(S) and «/ > «.

Let C' denote the collection of vertices of this type. Note that the subgraph of CAT’L,S induced

on vertices of the form (v,¢) for v € S is essentially undirected (since each directed edge (x,y) is
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Algorithm 3 Morris Walk

1:
2
3
4:
5
6
7

Catzx

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

procedure MORRISWALK(G, L, €, u)

a

2
8log(n3)

S:[u]7L:07urw:u
while > g deg()G(v) < L do

s « (a,t,S)-shortcut graph for G (Definition 2.4.8)

C = V; UNgUN ;_

x < vertex sampled with probability a random walk starting from u,,, in G first enters

(Lemma 2.4.7)

if z € Ng > Added new vertex to S then
S =[S;x] > Interpret x as a vertex in G
6z =z ((1+a)—1)
Upy = &

end if

if x € VS+ > Incremented ¢ then

+ def

vy =

A length of edge (s,v) € G

¢ + ¢/ sampled with probability o pf;L( {%EJ ), conditioned on ¢ > ¢ (Lemma 2.4.9)
Upqy = U
end if
if ve N, ; > Incremented ¢ and added vertex to S then
4 def
vy =

¢ length of edge (s,v) € G

S =[S,v]

¢ </ sampled with probability o pé;b( [24 ), conditioned on ¢/ > ¢ (Lemma 2.4.9)
5o =3((1+a)—1)

Upyy =V

end if

end while
return S, {6}
29: end procedure

matched by a directed edge (y, z) of the same weight). Let G, g be the graph obtained by replacing

these parallel directed edges with an undirected edge of the same weight, and by removing edge

directions from all other edges. It is clear that the probability distribution over vertices that a

random walk starting from (u,¢) for u € S enters C' at is induced by a Laplacian linear system

solve via Lemma 2.4.7. By direct calculation, it may be verified that these sampling probabilities

are equivalent to the sampling performed on Line 7: when sampling the number of increments to

the counter, Algorithm 3 simply samples the event that the counter is incremented at least once
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and then samples from the appropriate conditional distribution for the true number of increments
to apply.

We now bound the running time of our algorithm. We observe that the termination condition of
the while loop ensures that Gy never contains more than O(L) edges: thus the call to Lemma 2.4.7
on on Line 7 can be implemented in 6(L) time. We additionally see via the remaining operations in
the loop that each linear system we solve ensures that we either add a new vertex to S or increase
the value of ¢. Next, we note that since G’s weights and lengths are polynomially-bounded, the
total length of a random walk which covers the entirety of G is bounded by poly(n). Thus for any v
in the returned set S, d, is a (14 €)-approximation to a quantity which is also bounded by poly(n).

But this implies that the variable ¢ satisfies
(1+a)* <poly(n) = <O (6_2>

with high probability. Thus at most 6(6*2) calls to Lemma 2.4.7 can increase the value of ¢: as the
while loop must terminate after adding L vertices to S it follows that Algorithm 3 solves at most
6(L+e‘2) linear systems with high probability. Finally, the only remaining nontrivial computation
of the algorithm is performed on Line 16 and Line 23. But as ¢ < O(e~2) by Lemma 2.4.9 these

lines cost 6(6_2) amortized over the whole algorithm. The claimed runtime follows. O

2.4.2 Improved Dynamic Schur Complement

Here we provide our main result regarding the dynamic maintenance of Schur complements under
edge resistance changes in GG. We achieve this by plugging in our improved algorithm Theorem 2.4.2
for estimating lengths of random walks visiting a fixed number of vertices into previous frameworks
[15, 25]. Below, the additional operation INITIALSC maintains the approximate Schur complement
ignoring edge updates, but still tracking terminal additions. It is useful for our dynamic EVALUATOR
and LOCATOR data structures in Section 2.6. We use the notation SCy for the approximation as

it eventually gets used to approximately compute a harmonic extension H.

Theorem 2.4.10 (Dynamic Schur complement). There is a data structure DyNAMICSC that sup-
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ports the following operations against oblivious adversaries given a graph G = (V, E) with dynamic

edge conductances w € REG) and parameters f < €2 < 1.

o INITIALIZE(G, w, €, 3). Initializes the data structure with accuracy parameter €, and chooses

a set of O(Bm) terminals C. W is initialized as w. Runtime: O(mB2¢2).
« ADDTERMINAL(v). Makes v a terminal, i.e. C < C U {v}. Runtime: amortized O(5~2e2).

. UPDATE(@,E(neW)). Under the guarantee that both endpoints of e are terminals in C, updates

W, — WM™, Runtime: amortized O(1).
e« SC(). Returns a Laplacian SC ~, SC(L(w), C) with O(Bme2) edges in time O(Bme2).

o INITIALSC(). Returns a Laplacian SCy with é(ﬁmeﬁ) edges in time 6(6me*2). Let Z be
the set of edges which were input to UPDATE after initialization. Define w- as (wy). = 0

fore € Z and (w). = w, otherwise. Then §(]H satisfies

SC(L(w),C) — eSC(L(w),C) = SCy =< SC(L(w),C) + eSC(L(w), C). (2.4)

All outputs and runtimes are correct whp. if |C| = O(Bm) at all times and there are at most O(Sm)

total calls to UPDATE.

We note that we could achieve the tighter approximation guarantee in (2.4) for the operation
SC(). However, we do not need use it in this paper (eg. Section 2.6) and therefore, do not state it.

We require the following process which samples Schur complements using random walks.

Lemma 2.4.11 (Schur complement approximation, [15] Theorem 3.1). Let G = (V, E,r) be an
undirected, weighted multigraph with a subset of vertices C. Furthermore, let € € (0,1) and let
p = 1000e~2logn. Let H be an initially empty graph with vertices C, and for each edge e =

(u,v) € E(QG) repeat the following procedure p times.
1. Simulate a random walk from w until it hits C at c;.

2. Simulate a random walk from v until it hits C' at ca.
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3. Combine these random walks (along with edge e = (u,v)) to form a walk W.

4. Add edge (c1,c2) to H with resistance p Y cyy Te.
The resulting graph H satisfies L(H) ~. SC(L(w), C) with probability at least 1 — n~10,
Finally, we require a dynamic spectral sparsification procedure.

Lemma 2.4.12 (25, Lemma 4.10]). There is a data structure that supports insertions and deletions
of edges on a graph G which have underlying conductances/resistances in amortized 6(log U) time

per operation. Additionally, it can output a (1 + €)-spectral sparsifier of G in 6(n6_2 logU) time.

Now, we can show Theorem 2.4.10 exactly as done in [15, 25] by sampling random walks using

Lemma 2.4.11 and shortcutting them as terminals get added.

Proof of Theorem 2.4.10. We explain how to implement each operation in Theorem 2.4.10.

INITIALIZE: Randomly sample an initial terminal set C' of size O(Sm). From each edge e =
(u,v) € G, sample p = 6(6*2) random walks from u, v to C' as in Lemma 2.4.11, and record (1 +¢)
approximations of the sums of resistances of all prefixes. Note that these walks visit 6(5 —1) distinct
vertices whp. Initialize the data structure D® in Lemma 2.4.12. Based on these random walks,
add edges to C' using the data structure D®). Additionally, maintain a set Z of updated edges,
whose original and final conductances we track explicitly.

The runtime of INITIALIZE is dominated by the time to sample the random walks, which is
O(me2(B72+ 7 2)) = O(me 2372) by Theorem 2.4.2 (the length L = O(8~1)) and 3 < €2.

ADDTERMINAL(v): Update C < C' U {v} and shortcut all walks passing through v. The total
length of all walks is O(me 2571), so over the course of O(8m) terminal insertions, the amortized
runtime is O(me 2671/(Bm)) = O(82¢72). Finally, pass all edge insertions/deletions in C to
D).

UpPDATE(e, w™*™)): Delete the edge e (do not insert an edge with conductance w™")), and
pass the deletion to D®). Update Z < Z U {e}. From now on, the algorithm explicitly stores in
memory the original and current conductances of edge e. Clearly, the update time is 6(1)

SC(): Call D® to output a (1 + €)-approximation of SC(L(w),C) with high probability.

The approximation guarantee follows from Lemma 2.4.11 and the guarantee of Theorem 2.4.2 that
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the total resistive length of each random walk is correct up to (1 + ¢/10) with high probability.
Finally, add the edges e € Z back in with the current conductances. The runtime is 6(6m€‘2) by
Lemma 2.4.12 as |C| = O(Sm).

INITIALSC(): Same as SC(), except we add back edges in Z with their original conductances.
The tighter approximation holds because the algorithm is returning a (1 + €)-approximation of

SC(L(w),C) and the edges e € Z that are added in contribute no error. O

2.5 Dynamic Laplacian Solver in Sub-linear Time

In this section we extend our dynamic approximate Schur complement algorithm to obtain a dy-
namic Laplacian solver. Specifically, our goal is to design a data-structure that maintains a solution
to the Laplacian system Lz = b under updates to both the underlying graph and the demand vector
vector b while being able to query a few entries of the solution vector. For the sake of exposition,

in what follows we assume that the underlying graph is always connected.

Theorem 2.5.1 (Dynamic Laplacian Solver). For a graph G = (V, E) with dynamic edge conduc-
tances w € Rggc) and a dynamic vector b € RY(G) | there is a data structure (Algorithm 4) that

supports the following operations against an oblivious adversary for parameters 3 < €2 < 1.

o INITIALIZE(G, w,v™Y) 3 €). Initializes the data structure in time 6(mﬁ_26_2) with an

empty set Z < () of marked edges. Initialize w as w and b as p(init)

. UPDATEB(U,E(neW)). Updates b, <+ 5™ in amortized O(B~272) time.
e UPDATEW(e, w™™)). Updates W, <+ W™ in amortized O(8~2¢2) time.

e SoLve(). For C CV with |C| = O(8m) and Z C E(C), returns in O(Sme2) time a vector

& satisfying Iz 28 gych that igun) =z, L(w)z™) = b, and li(fun) - :l:(full)’L(i) <

e[l

Runtimes and output correctness hold w.h.p. if there are at most O(Bm) calls to UPDATEB and

UPDATEW in total.
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In Section 2.6.1, we will introduce the harmonic extension and use it to approximate xc where
C' is the set of terminals. In Section 2.5.2, we show how to build a dynamic Laplacian solver by

dynamic Schur complement.

2.5.1 Harmonic Extension

A key notion we use throughout is the harmonic extension, which is a linear operator that maps
the potentials restricted to a terminal set to the full electric potentials ¢. We use T to denote the

projection orthogonal to the all-ones vector.

Definition 2.5.2 (Harmonic extension). For a graph G = (V, E) with edge conductances w € RZ,

and C' C V(G), define the harmonic extension operator Ho € RV(GXC a5

aef | —L(w)ppL(w) peT
He =
T

Harmonic extension allows us to solve on the terminal set and then lift the solution back.

Lemma 2.5.3. Let xp be a solution vector such that SC(G,T)zr = H/,b. Then there exists an

extension x of xp such that Lx = b.

Proof. We assume without loss of generality that the underlying graph G is connected. Consider

the following extended linear system

Lirr L zr| |Ir 0| |br

0 SC(G,T)| |zr HE | | br

Using the definitions of Schur complement and projection matrix, we can rewrite the above

equation as follows:

Lig p Ligm zp Ir 0| [bF

—1 -1
0 Lipn — LippLpplipn) [or ~LirpLyp Ir] [br
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Multiplying both sides from the left with

Ip 0

L, F}L[*F{ g AT

we get that
Lipp Lipmy| |zr|  |bF
L Lirg)| |21 br

what we wanted to show. O

By Lemma 2.5.3, it is sufficient to maintain a solution &y = SC(G, T)THgb dynamically. Since
Theorem 2.4.10 already allows us to maintain a dynamic Schur complement, we need to devise a
routine that maintains the projection Hgb of b under vertex additions to the terminal set. In the
following, we shall see that maintaining SC(G, T)THgb can be efficiently reduced to maintaining
dynamic Schur complement. We then prove Theorem 2.5.1 by a simple program built on the
dynamic Schur complement data structure (Theorem 2.4.10).

Note that the harmonic extension does not depend on edges with both endpoints in C'. Leverag-
ing this yields the following alternative characterization of the harmonic extension. These properties
are crucial for our data structures as they maintain a growing terminal set where are resistance
changes are on edges completely inside the terminal set. In this section, we use W to denote modified

conductances and w to denote initial conductances.

Lemma 2.5.4 (Alternate definition of harmonic extension). For a graph G = (V, E) with edge
conductances w € Rgo and C CV, let G bea graph with the same edge set as G whose conductances

w agree with w except potentially on edges with both endpoints inside C'. Then

He = L(w)T 0 . (2.5)
SC(L(w), C)

Proof. By Definition 2.5.2, the harmonic extension does not depend on the edges inside C'. Hence,

we can simply show the lemma for the Laplacian L = L(w). By the Cholesky factorization
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(Lemma 2.3.2), we have

L 0 T ~LypLrc| |Lpp 0 I 0 0
SC(L,C) 0 I 0 SCL,O)| |-LerLpp I| [SC(L,0)
I -LppLrc| |Lpp 0 0
0 I SC(L,O)f| [SC(L,C)
1 L;LLec| [0
_ FF — e
0 T T

O]

This is why we use the notation Ho without reference to G — when we use He in our dy-
namic data structures all changed edges will lie inside C'. Consequently, the actual graph (beyond
initialization) does not affect Hc¢.

Now we are ready to decompose the projection Hgb.

Lemma 2.5.5 (Approximate solution). Let G be a graph with weights w € R¥ which differ from
weights w € RE except on an edge subset Z C E(G). Let C C V(G) contain all endpoints of

edges in Z. Let wy; € RE be defined as (wy). = 0 for e € Z and (wy). = we otherwise. Let

~ 0 —
SC =, SC(L(w),C) and let H = L(w)' | | for some SCy satisfying
SCy

SC(L(w), C) — eSC(L(wy), C) < SCy = SC(L(w), C) + eSC(L(wy), C). (2.6)

Then the vectors zc = SC(L(w), C)"H/,b and z¢ = SC'HTb inRC satisfy ||z — Zcllso @),y <

3¢ bl )1 -

Proof. We extract by swapping the H by H¢ in o

= (SC(L(w), o)t - §(V:T> #Lb+SCHIb

=Z+ (SC(L('w), o)t — §é*> HLb+ SC' (Hg — ﬁT) b.
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Hence
o~ &= (SC(L(w).C) - SC') uib+ ST (M~ A7) b, (2.7)

We bound both terms separately. For the first term,

(4)
SC(L(®@),C) = HHngSC(L(E),C)T

H(SC(L(w),C)T - s“é*) HLb

(1)
< € ”bHL(E)T

where (i) follows from SC =, SC(L(w), C) and Lemma 2.6.2 for X = SC(L(w), C) and Y = SA(/JT,

and (i7) follows from Lemma 2.6.1 and the fact that L;}F is positive definite. For the second term,

ST (1E - #7) b

<))

SC(L(w),C) SC(L(w),C)t
< 2 (M2~ A7) ¥y o = 2 0
(47) (zz
< 26”[ } Hsc(L(w),(j) < 2€HbHL(W)T

where (i) follows from Lemma 2.5.4 and (2.6), (i) follows from SC(L(w),C) — SC(L(w),C) =
L(G[C]) being positive semidefinite, and (i77) follows from the fact that the Schur complement is

spectrally smaller than the Laplacian: SC(L(w),C) < L(w). O

2.5.2  Dynamic Laplacian Solver

In this section, we show how to maintain the approximate solution vector  (Lemma 2.5.5) that
approximates the solution @. This data structure can also be used for @ (Corollary 2.6.4).
Theorem 2.5.1 (Dynamic Laplacian Solver). For a graph G = (V, E) with dynamic edge conduc-
tances w € Rgéa) and a dynamic vector b € RV there is a data structure (Algorithm /) that
supports the following operations against an oblivious adversary for parameters f < €2 < 1.

o INITIALIZE(G, w,v™Y) 3 €). Initializes the data structure in time O(mﬁ 2¢72) with an

empty set Z < () of marked edges. Initialize w as w and b as pinit)
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. UPDATEB(U,E(HGW)). Updates b, < 5" in amortized O(B~272) time.
e UPDATEW(e, ™). Updates W, < w™™) in amortized O(3~2¢2) time.

e Sorve(). For C CV with |C| = O(8m) and Z C E(C), returns in O(Bme~2) time a vector

& satisfying Iz, 2™ sych that %guu) =z, L(@)z™ = b, and ‘i(fuu) — a:(fun)‘L(i) <
w

e[|l
Runtimes and output correctness hold w.h.p. if there are at most O(Sm) calls to UPDATEB and

UPDATEW 1in total.

Proof. The pseudocode for the proof of Lemma 2.6.6 is in Algorithm 4. At a high-level, it simply
maintains € as in Lemma 2.5.5. We start by analyzing the correctness of the algorithm, then move

the runtime.

Correctness. We only need to analyze the SOLVE() operation. In this proof, we first show the

bound ||z — #||scrm@).c) < § (HEHQ + Hb(init)HQ). This suffices to give

|z - 93||SC(L(E),C) < ¢/[b]2

because we can build O(1) copies of the data structure. For —O(1) < j < O(1), the j-th instance
initializes and answers queries only when ||b|]z € (27,2/!]. Updates are passed to all instances.
When the number of updates exceeds O(m) for an instance but it cannot be initialized because
|b||2 does not fall in its range, it simply ignore following updates until it can be initialized. This
only increases the runtime by O(1) factors.

Let SCy be the value of DG INITIALSC() returned in line 28 of Algorithm 4. It satisfies

condition (2.6) by the guarantees of Theorem 2.4.10. Also, the returned vector Z of the procedure
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SOLVE() in Algorithm 4 is defined as

3 — §éT {/S«é% O] (init) + §éT (5 . b(init))
_ S/ET {’S“(’}H O] L(w)Tb(init) + ST}T (5 B b(init))

_ ’S‘ETﬁTb(init) n gET (5 B b(init)) ‘

Additionally, because p(Init) _p ig supported on Z, the true x can be written as

Hence we get that

where (i) follows from Lemma 2.5.5 for the first term, and SC ~, SC(L(w), C) from the guarantee

of Theorem 2.4.10 for the second term. Because Algorithm 4 set € <— ¢/10 in Line 2 and by the

z = SC(L(w),C) " H.b

= SC(L(w), C)THgb(init) + SC(L(w), C)T(E _ b(init)).

1z — Zllscwm@),o)

Héé*ﬁ%ﬁn“) — SC(L(w), C) H blinit

SC(L(w),C)

H§ET (6 60"9) — sC(L(w), ) (b - b))

SC(L(w),C)

() . . .
< 3efo™ ]y + e[7 — 0™y < e ([T + [0™V]5),

O(1) copies for different ||b||o, this suffices to give

By Lemma 2.5.3, We know there exists a vector (™) such that :Egull) = z and L(w)zM™D

1z — Zllscw@),c) < €lbll2-

85



We let () — a:g]inc) + z. Then

~(Fall) - (full) T T _
Hw m HL(E) =12 - 2l @w) = 1T - zlscwm).c) < €llbll2
where the second equation is because

L (w) = I 0 L(w)rr 0 I (L(w)rr) 'L(w)rc
L(@)cr(L(w)rr) " 1 0 Sc(L(w), C) 0 I

and & — x is supported on C.

Runtime. The runtimes of UPDATEB, UPDATEW are trivially the same as the runtime of AD-
DTERMINAL from Theorem 2.4.10 and MARK, respectively. The runtimes of MARK and INITIALIZE
follows from the ADDTERMINAL and INITIALIZE operations respectively of Theorem 2.4.10. The
runtime of SOLVE is 6(ﬁme_2) by the runtime guarantees of SC and INITIALSC of Theorem 2.4.10,
and the fact that SC and é\éy.[ all have 6(577%*2) edges, and hence solving or multiplying by them

costs O(Bme2) time. O

2.6 Data Structures for Dynamic Electrical Flows

The goal of this section is to apply the dynamic Schur complement data structure of Theorem 2.4.10
to give algorithms that dynamically maintain electric potentials and edges with large electric ener-
gies in dynamic electrical flows. In Section 2.6.1, we use the harmonic extension to decompose the
energy vector we need to maintain for the outer IPM. In Section 2.6.2, we show how to maintain a
potential vector which is a key component for the following subsections. In Section 2.6.3, we build
the EVALUATOR that estimates the energy of any edge. In Section 2.6.4, we build the LOCATOR

that returns a superset of edges with large energies.
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Algorithm 4 Dynamic Laplacian Solver

: procedure INITIALIZE(G, w, pinit) 3 €)
€+ €/12.
Let DG be a instance of the dynamic Schur complement data structure of Theorem 2.4.10.

D6 INITIALIZE(G, w, €, ().
b« bnit) p(init) ig the initial vector and b to denote the current vector b throughout
the algorithm.
7 w +— w. > We use w to denote the initial vector and w to denote the current vector w
throughout the algorithm.
g d"  SoLvE(L(w), b(Mit).
9: Z < 0. > Marked edges.
10: end procedure
11: procedure MARK(e)

1
2
3:
4:
5
6

122 D69 ADDTERMINAL(u).

13: DG ADDTERMINAL(v).

14: Z+— ZU {6}

15: D) UPDATE(e, w). > Make sure the D% puts edge e in Z.

16: end procedure

17: procedure UPDATEB (v, b("*"))
18: DG ADDTERMINAL(v).

19: b, « bW,

20: end procedure

21: procedure UPDATEW (e, w(*®"))

22: MARK(e).
23:  D®) UpDATE(e, w™™).
24: W, +— wheW),

25: end procedure

26: procedure QUERYPOTENTIAL

2. SC « D().SC().

28: % < SOLVE (SA(JJ, [D(SC).INITIALSC() 0} d(init)) _
29: I < T+ SOLVE (§é,5 — b(init)) .

30: return .

31: end procedure

2.6.1 Harmonic Extension

A key notion we use throughout is the harmonic extension (Definition 2.5.2), which is a linear
operator that maps the potentials restricted to a terminal set to the full electric potentials ¢.
The inverse of the Laplacian can be represented by a contribution from the Schur complement,

plus L. This is essentially just a restatement of the Cholesky factorization (Lemma 2.3.2).
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Lemma 2.6.1. Let G = (V, E,w) be a graph. Then

L(w)zt 0
L(w)' = HoSC(L(w), Oy + | “Fr
0 0

Proof. The Cholesky factorization (Lemma 2.3.2) says that

I —-L:lLpco| |LZE 0 I
L(w)T: FFHE FF

0 I 0 SCL,C)| |-LepLyk

As TSC(L,C)'T = SC(L, C)', the equation above is equal to

I L.t 0 {I 0}
,HC FF
0 0 SCL,O)| | #HL

= HcSC(L(w), O) ' HS + I L(w)rr [I 0]
0

[ L(w):h 0
= HeSC(L(®), C) MY + (wrr
0 0

0
I

O]

Let v € RE be a (dynamic) vector. To implement the outer IPM, we must be able to maintain

a heavy-hitter sketch on the following vector

v % (w)v = W/*BL(w) BTW" 0.

For this, we decompose ITv into three terms. Let ¥ be any vector that agrees with v in FF' = V'\ C.

88



Then We first decompose II (v) by Lemma 2.6.1.

11 (v) =W /’BL (@) BTW" v

— L(w)z% 0 -
=W'*B | HoSC(L@), O)HS + () B"W"%»  (by Lemma 2.6.1)
0 0
—1/2 ToTwrl/2 w=1/2 L(w)p 0 Tr1/2
=W "“BHSC(L(w),C) " HIB'W “v + W '°B ’ B'W ' 5.
0 0
Since we does not affect the value of the second term, we have
—1/2 ToTw1l/2 w1/2 _ L(w)px 0 _ T /2~
W/ "BHcSC(L(w),C)'HLBTW "o+ W /"B ’ B'"W /"%
0 0
—1/2 T To1/2 _ L('w)ElF 0 _ T
=W "BHcSC(L(w),C) H/BTW ' “v + W/?B ’ B'W!/%5.
0 0
Then we use Lemma 2.6.1 in the other direction to get
wl/2 TRTw!/2 Lo | B R Twl/25
W “BHcSC(L(w), C) ' HIBTW ' “v + W'/2B ’ B'W'/%%
0 0

W'’ BHcSC(L(®), C) HEBW *0 + WY/2B (L(w)! — HeSC(L(w), O)1HE) BTWY 25
(by Lemma 2.6.1)

—W' BHSC(L(®), O) ' HEBTW 20 — W2BHSC(L(w), ) H BT W25

+W!2BL(w)!BTW!/23.
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We will use

v = W/*BHcSC(L(W), O) ' HLBTW ' *0 - WY/2BHSC(L(w), C) HLB W25
(2.8)
+W!2BL(w)!BTW!/25

in two cases
e where v = v, and
o where v being the current vector and ¥ being the initial v.

At a high level, our approach will use several spectral approximations of the RHS of (2.8). We
will replace SC(L(w), C') with an approximate Schur complement using Theorem 2.4.10. Addition-
ally, we will replace H¢o and ’H(T; by replacing the Schur complements in (2.5) with approximate
Schur complements given by Theorem 2.4.10.

We now focus on approximating the “right” of the first two terms of the RHS (2.8), i.e. the

induced potentials on C

¢ = SC(L(®w),C) 1 BTW' v (2.9)

and

¥ = SC(L(w),C) 1 HIBTW!/25. (2.10)

Lemma 2.6.3 below defines the approximation of ¢ that our data structures maintain. To
analyze the quality of the approximation, we will need a standard spectral approximation inequality,

proven for completeness.

Lemma 2.6.2 (Spectral approximation of differences). For PSD matrices X ~. Y, we have that
(X - Y)XI (X -Y) <X,

Proof. The desired inequality follows from HI — X2y Xt/ 2H2 < € and multiplying the LHS and
RHS by X!/2 on the left and right. Now, this follows because X =, Y implies that (1 — ¢)I <

XF/2YXH/2 < (1 4 €)T as desired. O
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Lemma 2.6.3 (Approximate potential). Let G be a graph with weights w € RF which differ from
weights w € RE except on an edge subset Z C E(G). Let C C V(G) contain all endpoints of

edges in Z. Let wy € RE be defined as (w5)e = 0 for e € Z and (wy). = we otherwise. Let

~ 0 N
SC ~, SC(L(w),C) and let H = L(w)" | | for some SCy satisfying
SCy

SC(L(w), C) — eSC(L(wy), C) < SCy = SC(L(w), C) + eSC(L(wy), C). (2.11)

Then the vectors ¢ = SC(L(E),C)T'HEBTWVQU ((2.9)) and ¢ = SA(ZTBT(Wl/Q - W2y 4
SfETﬁTBTWUQv in RC satisfy ’ b — QEH

- < 3el|v||2-
SC(L(w),C)

Proof. We first calculate that

b= (SC(L('w), oyt - §ET> HIBTW %y + SCHIBTW 2
_ (SC(L('w), o) - §(V:T> HIB W0 1+ SC'HIBT (W'~ W/2) v + SC'HIB W2y

9 (SC(L('w), o) - §ET> HIBTW' v + SC'B. (W'* — W'/?) v + SC'HIBTW' %

(i) is because HLBT (Wl/Q - W1/2> = BTC (WUQ - W1/2) as W = w except on C. We extract

(5 by swapping the H by He in the last term:

b= (SC(L('w), o)t - §(3T) HIBTW' 0 + SC'B]. (W'* — W'/?) v + SC'HIBTW' %

—é+ <SC(L(w), o)t - §6*) HLB W0 1+ SC' (M - HT) BTW/20,

b—G— (SC(L(w), o)t — é(vf) HIBTW' 2+ SC' (ME—HT)BTW/2.  (2.12)
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We bound both terms separately. For the first term,

__ (i) _
H (SC(L(w), o) — sc*) HIB W'y <e HH(EBTWV v

SC(L(w),C) HSC(L(E),C)T

(u

< e [BTW | <o

L(w)t
where (i) follows from SC =, SC(L(w), C) and Lemma 2.6.2 for X = SC(L(w),C)" and Y = é\(/}T,

and (ii) follows from Lemma 2.6.1 and the fact that L% is positive definite. For the second term,

ST (HE - A7) BTW <o (e AT BT

SC(L(w),C SC(L(w),C)t
< 2Ty RIW S L BTW
@ 2¢ |[( w) BTW!2| HSC(L(M)’C) (ig) 2¢)| v,

where (7) follows from Lemma 2.5.4 and (2.11), (i7) follows from SC(L(w),C) — SC(L(w),C) =
L(G[C]) being positive semidefinite, and (ii¢) follows from the fact that the Schur complement is

spectrally smaller than the Laplacian: SC(L(w),C) < L(w). O

By Lemma 2.6.3 with w = w, we can approximate the other potential vector in the RHS of

(2.8).

Corollary 2.6.4. Let ¢ = SC(L(w), C)'HLBW/2v ((2.10)) and 9 = SC(L(w), C)IHTBW/2y

in RY where SC(L(w), C) satisfies SC(L(w), C) ~, SC(L(w),C). We have H'l,b 'l,bH (©),C) <
3e||v|2-
Proof. Apply Lemma 2.6.3 with w = w, ¢ = ¢ and J = % The first term of ¥
SC'B(WY2 - W'/2)y
equals 0 because W = W. ]

We can use our approximate potential $, Q,Z in Lemma 2.6.3 and Corollary 2.6.4 to define a full

approximate projection of ITv. Our starting point is that ITv = WI/QBHCQS + W2BHcp for o,
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1 as in Lemma 2.6.3 and Corollary 2.6.4.

Lemma 2.6.5 (Approximate projection). Let w,w, Z, w7,7-[, o, qg be as in Lemma 2.6.3, let ¢ﬂz

be as in Corollary 2.6.4, and let

v — (W”z - W'/2)Bg + W'/*BH
+ W2BH

+ W!2BL(w) BTW!/2y

where $ 1s padded with zeroes for computing B& Then

o — FRo, < 2efvle+ (149 & = B oy 00+ 1+ 16 = P00
Proof. We first prove the first two terms of v
I, (v) & (W2~ W1/?) Bé + W/2BHg

approximates ITy(v) = def W/ BHc¢. Specifically,

[P1o(0) ~ TLo@)], < elivle + 1+ )6 = 8l g1 .
We start by calculating

Iy(v) = W'/*BHco = W'*BHc (<z> - ¢) + W'/'BHco
=W/BHC (0 - ¢) + (W' W1/2> BHcd + W/?BHoop

9O W' By, (6- )+ (W - W'2) B+ W'/*BHco

= W'’BHc (¢ - ¢) + WB(He — H) + Ty (),
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where (i) follows from (WUZ — Wl/z) BHc = (W1/2 — W1/2> B as w = w outside C. Hence
II,(v) — Ty(v) = W'*BHe (¢ — &) + W2B(He — H). (2.13)
We bound both terms of (2.13) separately. For the first term, note that

_ ~ i) .
[w*Bttc (0= @)1, = ¢ - s

where (7) follows from properties of H¢. For the second term of (2.13),

W enrte =10, 2 s = I¥lscrmmner = A9+ 19~ Flscrnim
where (i) follows from (2.11), and (47) is because
[Bllscim.c) < 16~ dliscwm.o) + 8llscwm o) < [ = B gq im0+ 12l1Ps < 0]l

because P35 is an orthogonal projection matrix. Summing these errors completes the proof for

[1Ts0) o), < vl + (16 6 =g oo (2.14)
We then define
ﬁ¢( ) def (W1/2 W1/2) B$+W1/2Bﬁ$
which is the third term of Ilv and
I, (v) < W BHoy.
Then, by the proof above with w replaced by w (and W replaced by W), we get
[ (0) ~ )|, < ellolla+ (0t o = o (2.15)
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Recall that

v =W *BHSC(L(®@), O) ' HLBTW >0 — W/2BHSC(L(w), ) HLBT W2y

+W!/2BL(w)!BTW!/2y,

Its first two terms are approximated respectively by l:[¢(v) and 1:I¢ (v), the first two terms in .

Its last term is exactly the last term of ITv. By triangle inequality and (2.14), (2.15), we have

o —To], < 2elvlls + 1+ 0) ¢~ 3| Rl LT

SC(L(w),C) w),C)

O

In the following sections, we will use SOLVE(L, b) to denote a high accuracy Laplacian solver
that returns « such that Lz = b and runs in nearly linear time. We will overload notation to
extend any dimension of a matrix from a subset of V' to V, or from a subset of E to E by padding

zeroes.

2.6.2 Dynamic Potential Maintanence

In this section, we show how to maintain the vector q~5 (Lemma 2.6.3) that approximates the

potential vector ¢p. This data structure can also be used for ¢ (Corollary 2.6.4).

Lemma 2.6.6 (Dynamic Potential). For a graph G = (V, E) with dynamic edge conductances
w e ]RgéG) and a dynamic vector © € RFG) for some constant C, there is a data structure
(Algorithm 5) that supports the following operations against an oblivious adversary for parameters

B<e <1,

o INITIALIZE(G, w, v B €). Initializes the data structure in time O(mfB~2e¢2) with an
empty set Z < O of marked edges. Initialize @ as w and T as vit),

« UPDATEV(e,5™Y)). Updates T, + 5) in O(8~2e2) time.

« UPDATEW(e,w™W). Updates W, +— w"™) in O(B22) time.
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« QUERYPOTENTIAL(). For C C V with |C| = O(8m) and Z C E(C), returns in O(Sme2)

125

time a vector ¢ satisfying qu - (EHSC < €||v||2 where ¢ = SC(L(w), C)T’HTBW

L(w),C)
Runtimes and output correctness hold w.h.p. if there are at most O(Bm) calls to UPDATEV and

UPDATEW in total.

Proof. The pseudocode for the proof of Lemma 2.6.6 is in Algorithm 5. At a high-level, it simply

maintains QNS as in Lemma 2.6.3. The one difference is that it handles changes to vt directly
because both endpoints of all edges changed in v(™%) are in the marked set Z. We start by analyzing

the correctness of the algorithm, then move the runtime.

Correctness. We only need to analyze the QUERYPOTENTIAL() operation. In this proof, we

show the weaker bound qu - qﬁHSC L < 4e (Hﬁ”g + ||’U(init)H2). However, this suffices because

w),C)
we can build O(1) copies of the data Str)uc)ture. For —O(1) < j < O(1), the j-th instance initializes
and answers queries only when ||D]|y € (27,2/F!]. Updates are passed to all instances. When the
number of updates exceeds O(Sm) for an instance but it cannot be initialized because ||v]|2 does
not fall in its range, it simply ignore following updates until it can be initialized. This only increases
the runtime by O(1) factors.

Let SCy be the value of DG INITIALSC() returned in line 28 of Algorithm 5. It satis-
fies condition (2.11) by the guarantees of Theorem 2.4.10. Also, by inspection of the procedure

QUERYPOTENTIAL() in Algorithm 5, the returned vector ¢ is defined as
&=SC' |sCy 0] d™ + SCBW/ (5, — o) + SCBW'* - W25,
Yol {géﬂ 0} L(w) BW!/2y(@0 | SC'BW2(3, — v 4 SC'BW'? - W/2y5,

_ %TQTBWI/ZU(init) + /STJTB(WU2 _ WI/Q) (init) + SC BW1/2( ’Ugnit)).

Additionally, because v"t) — 7 is supported on Z, the true ¢ can be written as

¢ = SC(L(®), C) H.BW" 5

:SC(L( ) C) HTBwl/Q (1n1t)+SC(L( ) C)TBwl/Z( ,v(init))‘
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Hence we get that

= ('bHSC(L(E) )

S %TﬁcBwl/ZU(init) + %TB(W1/2 _ Wl/?),v(init) . SC(L( ) C)THTBW1/2 (lnit)

+ |SEBW (3, — v - sC(L(w), 0) BW(m fu@nit))H

(@) . - L
< 3eo®™ Wy + e[z — o™V, < e (|[B]l2 + [0™V]5)

where (i) follows from Lemma 2.6.3 for the first term, and SC ~, SC(L(w), C) from the guarantee

of Theorem 2.4.10 for the second term. This suffices because Algorithm 5 set € <— €/12 in line 3.

Runtime. The runtimes of UPDATEV, UPDATEW are trivially the same as the runtime of MARK.
The runtimes of MARK and INITIALIZE follows from the ADDTERMINAL and INITIALIZE operations
respectively of Theorem 2.4.10. The runtime of QUERYPOTENTIAL is 6(,8me’2) by the runtime
guarantees of SC and INITIALSC of Theorem 2.4.10, and the fact that SC and §(3H all have

6(Bm6_2) edges, and hence solving or multiplying by them costs 6(67726_2) time. O

2.6.3 Dynamic Evaluator

Theorem 2.6.7 (Dynamic Evaluator). For a graph G = (V, E) with dynamic edge conductances

w € RgéG) and a dynamic vector v € REG) | there is a data structure EVALUATOR that supports

the following operations against an oblivious adversary for parameters 3 < €2 < 1.

o INITIALIZE(G, w, v B €). Initializes the data structure in time O(mfB~2e2) with an
empty set Z < O of marked edges. Initializes W as w, © as v,
e« UPDATEV(e,5™Y)). Updates v, < ) in O(3~2e72) time.

« UPDATEW(e, w™%)). Updates W, <+ W™ in O(F2e2) time.

o QUERY(). Returns a vector uw € RZ satisfying |u — [Pw0], |2 < €|[Dl2 + €||v]2 in time

O(Bme2).
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Algorithm 5 Dynamic Potential

1: > This implementation assumes
that [|D]|2 ~ [|v("%)||; always. However, this can be achieved by duplicating the data structure
O(1) times, one handling each range ||@|s € [27,271] for —O(1) < j < O(1).

2: procedure INITIALIZE(G, w, v 3 )

3: €<+ €/12.

4: Let DG be a instance of the dynamic Schur complement data structure of Theorem 2.4.10.

5. DGO INITIALIZE(G, w, €, ).

6: o+ vt (i) jg the initial vector and T to denote the current vector v throughout
the algorithm.

T: w — w. > We use w to denote the initial vector and w to denote the current vector w

throughout the algorithm.
8. d"  SOLVE(L(w), BW/2p(init)),
9: Z « 0. > Marked edges.
10: end procedure
11: procedure MARK(e)

122 D9 ADDTERMINAL(w).

13: DG ADDTERMINAL(v).

14: Z < ZU {6}

15: D) UPDATE(e, w,). > Make sure the DG puts edge e in Z.

16: end procedure

17: procedure UPDATEV (e, v(new))
18: MARK(e).

19: T + vew),

20: end procedure

21: procedure UpPDATEW (e, w(new))

22: MARK(e).
23:  D®%) UpDATE(e, w(™™).
214 W, — wnew),

25: end procedure

26: procedure QUERYPOTENTIAL

27. SC + D69 .SC().

28: ¢ < SOLVE (/STJ, [D(SC).INITIALSC() O] d(init)> .

29: $ A % + SOL\/E(gé BW1/2(— _ lnlt ))
30: ¢ — ¢ + SOLVE(SC B(W 1/2 W1/2) 7).
31: return ¢.

32: end procedure

Runtimes and output correctness hold w.h.p. if there are at most O(Sm) calls to UPDATEV, UPDATEW

in total.

Proof. We decompose Pw0 by (2.8). The v in (2.8) is the current vector ¥ and the v in (2.8) is
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the initial vector v here. We create two instances of Algorithm 5 D(%) and D) maintaining
é = SC'BWY? - W'/2)5 + SC'HTBW/ %%

(Lemma 2.6.3) and

¥ = SC(L(w), C)'H " BW!/2y

(Corollary 2.6.4) respsectively. INITIALIZE, MARK are forwarded to both D) and D®). The
operations UPDATEV, UPDATEW are forwared only to D(®) as D) maintains 'zZ where w and v
do not change. We also compute the exact value of the last term W'/2BL(w) BTW!/2y of P5o
by

= W/?BSove(L(w), BT W'/20).

For QUERY(), let ¢ = D@ .QUERYPOTENTIAL(), ¥ = D) QUERYPOTENTIAL(). The EVALUA-

TOR returns

w= [WW&E] L+ [W'BY| ta

Clearly all runtimes transfer exactly from Lemma 2.6.6. It suffices to show the correctness of
QUERY().

For the true potentials ¢ = SC(L(w), C)'HBW 2% and ¥ = SC(L(w), C)IHLBW'/ 20 we
have [Pwv], = [WI/QBcﬁ + Wl/QBdJ]Z + xz. Thus,

lu— Pl = [WY*B (6 - &) + WB, (¢ - )],
<H W/ Bz (¢ - 9)|, +|W'Bz (¢ - ),
/% -|

B/W;By B/W;By

P

SC(L(w),C

(i7)
< el[oll2 + eflv]2

where (i) follows from the fact that L(wz) < SC(L(w),C) (and L(wz) = SC(L(w),C)) as Z is
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completely inside C, and (i7) follows from the guarantee of QUERYPOTENTIAL() of Lemma 2.6.6.

This completes the proof. O

2.6.4 Dynamic Locator

Theorem 2.6.8 (Dynamic Locator). For a graph G = (V, E) with dynamic edge conductances w €
RgéG) and a dynamic vector © € REG) | there is a data structure LOCATOR (given in Algorithm 6)

that supports the following operations against an oblivious adversary for parameters f < €2 < 1.

o INITIALIZE(G, w,v(init),ﬁ,e). Initializes the data structure in time 6(mﬁ*26*2) and sets

W < w and T < v,
« UPDATEV(e,5™WY). Updates T, + 5™ in O(8~2¢2) time.
« UPDATEW(e,w™W). Updates W, +— w"™) in O(B 2 2) time.

e LOCATE(). Returns in time O(Bme™2) a set S C E(G) with |S| < O(e™2) containing all edges

e with |[Py0le| > €||T]|2 whp.

Runtimes and output correctness hold w.h.p. if there are at most O(Bm) calls to UPDATEV, UPDATEW

in total.

The following lemma is implicit in [111] and allows us to recover the large entries of by a

low-dimensional projection of it.

Lemma 2.6.9 ({-heavy hitter, [111]). There exists a function SKETCH(e,n) that given € > 0
explicitly returns a random matriz Q € RN*™ with N = O(e 2log®m) and column sparsity ¢ =
O(log®m) in O(N + m) time, and uses O(N + m) spaces to store the matriz Q. There further
exists a function RECOVER(Qz) that in time O(e~2log®m) reports a list S C [m] of size O(¢2).
For any fized x, the list includes all i with |z;| > €||x||2 with high probability over the randomness

of Q.

Proof of Theorem 2.6.8. At a high level, Algorithm 6 simply maintains the formula given by Lemma 2.6.5

for $ and {/; given by the output of the dynamic potential maintenance data structure in Lemma 2.6.6.
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Algorithm 6 Dynamic Locator

31:

32:
33:

1
2
3
4
5:
6
7
8
9

procedure INITIALIZE(G, w, v(™Y) 3, €)
€ + €/10.
Let D(® be an instance of the dynamic potential data structure of Lemma 2.6.6.
Let D) be an instance of the dynamic potential data structure of Lemma 2.6.6.
Let D) be an instance of the dynamic Schur complement data structure of Theorem 2.4.10.
D@ INrTIALIZE(G, w, v(™Y) ¢, B).
DW) INITIALIZE(G, w, v e, B3).
D69 INITIALIZE(G, w, €, 3).
Initialize an N = O(e 2log®m) by m matrix Q with rows ¢V, q®,... ¢ € R™ by

Lemma 2.6.9.
10:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:

for i € [N] do
) « Sove(L(w), BTW1/2¢(®). > ~() are rows of T o QW!/2BL(w)'.
end for
w < W,V < 0.
y — B TWu.
end procedure
procedure UPDATEV (e, v("%))
D) UPDATEV (e, v("*W).
DW) UPDATEV (e, v("W)),
D®) UpPDATEV (e, v("eW).
Ve +— pnew)
y+— y+BTW(wew) —y,).
end procedure
procedure UPDATEW (e, w(™®%))
D®) UpDATEW (e, v("e)). > D) does not update @, to w®").
D) UpDATEW (e, w("e™W)).
W, wnew),
end procedure
procedure LOCATE
& D) . QUERYPOTENTIAL(). > ¢ is padded with zeroes for computing Be
¥ + D) QUERYPOTENTIAL().
wl/? 12\ B 0 7
p<Q (W -w ) Bo+T [D(SC).INITIALSC() o+T DG INITIALSC()
Return the set S returned by calling RECOVER(p) of Lemma 2.6.9.
end procedure

J—l—I‘y.

Let us first show correctness and then analyze runtime. We only have to check correctness of

LocATEe(). We follow the decomposition (2.8) with both v and ¥ being the current vector @ here.

The $ and {/; maintained by Algorithm 6 satisfy
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é=SC'BW'? - W'/2)y + SC'HTBW?%

and

¥ = SC'H BW!/3.

(Note that ) is defined differently from Theorem 2.6.7.)

Thus, for SCy = DG INITIALSC(), p as defined in LOCATE() of Algorithm 6 satisfies

_ - 0 _ 0 _
p=Q(W/-W/)Bp+T ¢+T % +Ty
D) INtTIALSC() DG INrTIALSC()
7l/2 1/2 oy 0 oy 0 7
=Q (W2 -W'?)Bg + | e+ S
QW!/?BL(w)’SCy QW!/?2BL(w)’SCy

+ QW!/?BL(w)'BTW'/%%

= QIIv

for ITv as defined in Lemma 2.6.5. Note that qg is padded with zeroes for computing B(}B as in

Algorithm 6. Because

|6 o < e[zl (2.16)

SC(L(w),C) —

and

|| < cl[oll2, (2.17)

SC(L(w)
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by the guarantee of Lemma 2.6.6 we have that

|FEe], < imre), + |t - 11,

< [[Tll2 + 2¢|[Tll2 + (1 +¢) H¢ - (ZHSC(L(E +{d+e) H¢ - IZHSC(L(w),C)

):C)

< 2|72

By Lemma 2.6.9, the set S < RECOVER(p) contains all e such that ‘ [ﬁ@} is at least
¢ Hﬁw”2 < 2¢|[T».
Finally, if e satisfies |[II9]_| > 10¢|/D]|2 then
[1] | o, - 10 1],
> 106w — 2elfoll: — (1 +) |6 =6 o~ O =0 o > 2Bl

where the final step follows from Lemma 2.6.5 with (2.16). Thus e € S as desired.

Now we bound the runtimes. The runtimes of UPDATEV and UPDATEW follow directly from
Theorem 2.4.10 and Lemma 2.6.6. The cost of INITIALIZE is the cost of INITIALIZE in Theo-
rem 2.4.10 and Lemma 2.6.6 plus the cost of computing I'. This involves solving N Laplacian
systems, which costs O(Nm) = O(me2) time. This is dominated by O(m8~2¢2). Finally, the
cost of LOCATE() is 5(ﬂme_2) for computing ¢, 1 by Lemma 2.6.6, and the cost of computing p
in line 31 of Algorithm 6. The first term in line 31 can be computed in time O(NBm) = O(Sme=2)
as WI/ W2 s supported on O(Sm) entries and Q has N rows. The second and third terms in
line 31 can be computed by first multiplying D) . INITIALSC/() times é (or '@) in time 6(ﬁme‘2),
as DGO INITIALSC() has O(Bme2) edges, and then multiplying by T’ which is a N-by-O(8m) size
matrix in time O(NSm) = O(Bme2) time. Thus the total runtime of LOCATE() is O(Sme~2) as

desired. O
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2.7 Reducing Adaptive to Oblivious Adversaries

In this section we show a blackbox reduction that is able to transform any dynamic algorithm that
maintains some sequence of vectors (v');>; against oblivious adversaries to one that can maintain
the vectors against adaptive adversaries. We formalize the requirements of the dynamic algorithm
via Definition 2.7.1. Roughly, Definition 2.7.1 states that the dynamic algorithm must support two
operations: (i) find the entries of the current vector v! with large absolute value, and (ii) query

some set of the entries approximately.

Definition 2.7.1. We call a dynamic algorithm an e-approzimate (L, S)-locator for an online® se-
quence of vectors (v');>1, if in each iteration ¢ > 1 the dynamic algorithm returns a set I C [n] of
size at most S containing all i with |v!| > € in L time.

We call a dynamic algorithm an e-approximate C-evaluator, if it supports a query operation

that, given some I C [n], returns all ¥; for i € I in C(|I]) time for some ¥ € R" with || —v'|]2 <.

We show that, given a locator (a dynamic algorithm that can tell us the large entries), and
locators (dynamic algorithms that tells us the entries of the vectors) with different accuracies, we
can combine these dynamic algorithms to work against an adaptive adversary. The more accurate
locators will be used less frequently, resulting in an expected time complexity faster than the most

accurate locator.

Theorem 2.7.2. Assume we have e-accurate (L, S)-locator and (e/2°)-accurate C;-evaluators for
i = 0,..., K for an online sequence of n-dimensional vectors (v');>1. Both dynamic algorithms
hold against an oblivious adversary. Also assume there is an /25 -accurate T-evaluator against an
adaptive adversary.

Then there exists a dynamic algorithm against an adaptive adversary that in each iteration
returns whp. some T with || ¢ — v < O(elog?n). Each iteration takes expected time

T(S) X Cy(8)
O(SK+2K+L+ZQZ.>.

1=0

Note that the T-evaluator against an adaptive adversary could just be a method to compute

5The sequence is may depend on outputs of the data structures.
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the exact solution statically. Alternatively, one could run several dynamic algorithms against an
oblivious adversary in parallel, but use each data structure only once to answer a query.

In the overview of Section 2.2.3 we outlined how Theorem 2.7.2 is obtained. We here give a quick
recap. Let w be the result of the T-evaluator and w’ be the result of one of the other evaluators
against an oblivious adversary. We want to construct an output w whose distribution is similar
to N (w, o?) for some variance o = O(elogn). Note that w.h.p || @ — v?||c < O(elog?®n) because
of the random Gaussian noise we added. We wish to improve upon the naive time of explicitly
computing w by directly adding Gaussian noise to w. We achieve this by performing this sampling
in a different way which guarantees that we compute w explicitly only with some small probability.

Let d be the density function of N'(w,o?) and d' be the density function of V' (w’,0?). Then
there is some small o > 0 and very unlikely event D with d'(z) < exp(a)d(x) for all ¢ D. For
example, Figure 2.2 shows density function d(x) and the scaled density function exp(—«) - d'(x)
for the 1-dimensional case. If one were to pick uniformly at random a point below the top curve in
Figure 2.2 and return its z-coordinate, then this corresponds to sampling from A (w, o). The same
distribution can be obtained by first flipping an unbalanced coin, and with probability exp(—a) we
sample from the area below the bottom curve exp(—a)d’(x) in Figure 2.2 (i.e. sample according
to N(w',0?)). Otherwise, with probability 1 — exp(—a), we sample from the area between the
two curves. This way we are able to sample from N (w,o?) more efficiently because only with
probability 1 — exp(—a) must we compute w. As computing w’ is faster than computing w, the
expected time complexity improves.

This scheme is proven formally in Section 2.7.1 for the general case where the vectors are n-
dimensional. The scheme can be extended recursively: note that in order to sample from N (w’, o?),
we can use the same scheme again via some w”, i.e. when sampling from N (w’, 0?) we can sam-
ple from N(w”,0?) instead with probability exp(—a). This is why Theorem 2.7.2 has K many
different evaluators with increasing accuracy. The evaluators with higher accuracy are used with
smaller probability, thus the expected time complexity improves. This recursive scheme is proven

in Section 2.7.2 and we use it in Section 2.7.3 to prove Theorem 2.7.2.
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v v

Figure 2.2: Density function d of NV(v,0?), and density function d of N'(v,0?) scaled by some
exp(—a), a > 0 so that d(zx) exp(—a) < d(x).

Algorithm 7 Basic Simulation Algorithm

procedure SIMULATE(v € R", u € R", o > 0,0 > 0) > Simulates v + x for & ~ N(0,0?).
with probability exp(—«a) do
Sample & ~ N(0,02)
return v+ x
end
while true do

2 i 2
Sample x ~ N(0,0?) conditioned on ] H;;Qquvll < a

with probability 1 — exp (W - a) do
return v+«
end
end while
end procedure

2.7.1 Simulating Gaussian Error

Here we prove the algorithm outlined in the previous subsection. We want to construct a variable
with distribution N (v,c?). This is done by flipping a biased coin: with probability exp(—a) we
return a vector according to A'(u,0?). Alternatively, with probability 1 — exp(—a) we must return
a random vector whose distribution we pick in such a way, that the result of our algorithm has
distribution M(v,0?). The exact algorithm is given in Algorithm 7 and Lemma 2.7.3 stated the

guarantees of that algorithm.
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Lemma 2.7.3. Let z be the result of a call to SIMULATE(v,u,«,0) (Algorithm 7) with o >
2In(1.25/0)¢/a for any 6 > 0 and € > |[v — ulla. Then the distribution of z has total varia-

tion distance at most § compared to N'(v,0?). Further, the expected time complexity is bounded by

O(n).

To prove Lemma 2.7.3, we first consider the distribution of the result returned by Line 6 to

Line 10 of Algorithm 7.

Lemma 2.7.4. Consider executing Line 6 to Line 12 of Algorithm 7 and let z be the returned
vector, i.e. z is the output of Algorithm 7 conditioned on being returned in Line 10. Then the

distribution of z under this condition has density function

lz—v]? —llz—ul® _

(z) = GXP(—W) - GXP(T @)
V2roP[[[[z]? — & — u +v|?| < 20%a] (1 - exp(—a))

Proof. Up to normalization, the density function of the distribution of z is

(el (o (el el
V2o 202 202

_ 1 |z — v]f? —llz —ul?
= 7% exp _T — exXp T —

We now compute the normalization factor. For that note the set of possibly returned vectors is

S={z|llz - vl2—llz — ull2| < 20%a} and

1 |z — u|? / 1 |z — v|]?
——exp | ——"—|dz = ——exp| ————]dz
/zeS 2o P ( 202 28 \/2mwo P 202

=P[||z|® - ||z — u + v|? < 20%0]
for some & ~ N (0, 02). So the normalization factor is

P |2l - |2 — v+ v|?| < 20%a] (1 - exp(—a))
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and the density function is

—vl|? Nzl
exp (_ Hz%gll ) _ eXp( H;U;LII _ a)
v2moP (|22 [l — u + |2 < 202a] (1 — exp(—a))

O

Our algorithm relies on the fact that the density function of AV(u, 0?) is smaller than the density
function of A (v,o?) when scaled by exp(a). This is generally not true, unless we restrict the two
density function on to some event £ C R™. Using the following result from differential privacy, we
show that this event occurs with high probability, if the variance o? of the added noise and the

scaling-parameter « are sufficiently large.

Lemma 2.7.5 (85, Appendix A]). Let u,v € R”, ¢ > ||lu —v||, ¢* > 2In(1.25/§), 0 > ce/a and

2 ~ N(0,0%). Then Bl[[2]2 - & — u+v]? > 2a0?] < 5.
We now have all tools available to prove Lemma 2.7.3.

Proof of Lemma 2.7.3. The density function of z conditioned on |||z — v||? — ||z — u||?| < 20%a is
exp (- 12240)
VaraP | [|a|2 - [z — (u—v)|2| < 20%]
exp (—%) — exp (%}u“? — a)
VaroP | [ - [z - (u— )| < 20%] (1 exp (~a))
exp (1550 )

V2o [ [lal — = — (u— )] < 20%]

exp (—a) -

+ (I —exp(-a))

which is also the density function of & ~ A(0,0?) conditioned on |||z||? — ||z — (u — v)||?| < 202a.
Thus the total variation distance is bounded by § via Lemma 2.7.5.

For the time complexity, note that the probability of returning the vector during an iteration
of Line 6 is 1 — exp(—a). Consequently, if we reach Line 6, it is invoked (1 — exp(—a))~! times

in expectation. The probability of reaching Line 6 is 1 — exp(—a), so Line 6 is invoked 1 time in
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Algorithm 8 Recursive Simulation Algorithm

procedure SIMULATE(v1, ..., v, € R", a0 > 0,0 > 0) > If £ = 2 we call Algorithm 7 instead.
with probability exp(—«a) do
return SIMULATE(vg, ..., Uk, 2¢, 0) > Call Alg. 7if k = 2.
end

while true do

2 2
Sample x ~ N(0,0?) conditioned on el le=votor 7] < o

20
with probability 1 — exp(||w||2_||§;2v2+v1||2 —a) do
return v +x
end
end while
end procedure

expectation. As each iteration needs O(n) time to process the n-dimensional vectors, the expected

runtime of the procedure is O(n). O

2.7.2 Recursive Simulation

In this subsection we provide and analyze a recursive variant of Algorithm 7. This variant replaces
Line 3 of Algorithm 7, which samples some N (u, ?), by a recursive invocation of Algorithm 7. We
first analyze the distribution of the returned vector in Lemma 2.7.6 and then bound the expected

time complexity in Lemma 2.7.7.

Lemma 2.7.6. Consider a call to Algorithm 8 with inputs vi,...,vx € R", k > 2, ¢ > ||v; —
vir12/2  foralli=1,...,k—1, 0 > 2In(1.25/8)e/a, Then the returned value has total variation

distance at most (k — 1)d compared to N (vy,0?).

Proof. We prove this by induction over k, the number of vectors.

Base Case For k = 2 we call Algorithm 7 instead, so the claim is true by Lemma 2.7.3.

Induction Now assume Lemma 2.7.6 holds for some k£ — 1 and consider a call to SIMULATE with

vectors v1,...v;. Let v],...,v;_;, &/ = 2« be the parameters of the recursive call in Line 3 and let
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€ = 2e. Then

€ =¢/2 > |lvi —vip12/2" = [|vis1 — vill2/2"7" = ||[v] — v}, ]2/2""" and

o> 2In(1.25/8)e/a = 2In(1.25/8)e' /o’

so the conditions to apply the induction hypothesis are satisfied. Thus, the vector returned in
Line 3 has the same distribution as N (v}, 0?) = N (ve,0?) up to total variation distance (k — 2)J.

Note that Algorithm 8 is the same as Algorithm 7, except for Line 3, so by the same proof as
in Lemma 2.7.3 we return a vector that is distributed like NV'(v1,02) up to total variation distance

(k—2)8 +6 = (k — 1)6. O

For computational efficiency, note that Algorithm 8 does not need to read vector v; when
performing the branch of Line 3. The following lemma bounds the probability of accessing any v;

for 7 < k.

Lemma 2.7.7. Consider a call to Algorithm 8 with inputs vy, ...,vx € R, «a > 0. The probability
that vector v; is accessed is at most 2'a for all i < k. Further, the expected time complexity

(ignoring the time for accessing any v;) is bounded by O(kn).

Proof. Vector v; is accessed with probability 1 — exp(—a) < a < a2!'. Vector v; for i > 1
is accessed with probability 1 — exp(—a2=2) when calling SIMULATE(v;_1, ..., Vg, @, 0), or with

probability 1 — exp(—a2~!) when calling SIMULATE(v;, ..., Uk, @&, ). Thus the overall probability
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after a call SIMULATE(v, ..., vk, a, 0) is

i—1 i—2
ot—1 - i1 ot—1 - L 5i—2
t:rllexp ( a2 ) (1 exp ( a2t >) + tl;IleXp ( a2 ) (1 exp ( a2 ))
Probability of recursing Probability of recursing
to SIMULATE(vj, ..., Uk, @0, ) t0 SIMULATE(V;—1, ..., Uk, &, 0)
= exp (—a g 2t> (1 — exp (—a2i_1>) + exp (—a § 2t> (1 — exp (—a2i_2))
=0 t=0

( a2 ) (1 — exp (faT"l)) + exp (—01(2"—2 - 1)) (1 —exp (—aQi_2)>

= exp (—a(@1 = 1)) —exp (—a(2 — 1)) +exp (—a(272 = 1)) —exp (—a(27! - 1))
(~a(22=1)) —exp (—a(2 - 1))

= (1-exp(—a(2' = 273)) -exp (—a(22 - 1))

<1-exp(—a(2 - 272))

a2 —207%) < a2

= exp

= exp

IN

The time expected time complexity is at most O(kn) because each recursion has expected time

O(n) by Lemma 2.7.3. O

2.7.3 Proof of Theorem 2.7.2

We can now prove Theorem 2.7.2 by applying Algorithm 8 to the vectors returned by the evaluator

data structures.

Proof of Theorem 2.7.2. Given the locator and evaluators, we construct a new dynamic algorithm
A against an adaptive adversary. The construction is done in a paragraph further below. For now,
we claim that the output of the new dynamic algorithm A has the following distribution.

Let w! be the output of the ¢/2%-accurate oracle against an adaptive adversary. Then sample
x ~ N(w!,(cielogn)?) for some sufficiently large constant c1. At last, set all entries of & with
absolute value smaller than cyelogn to 0. Call the resulting vector u. We claim the dynamic

algorithm A will have the distribution of this vector z.
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Vector z satisfies w.h.p. ||z — v||ec = O(elog?n), so returning z would satisfy the promised
approximation guarantees of Theorem 2.7.2 and the algorithm would work against an adaptive
adversary because the output does not depend on any of the oracles that use the oblivious adversary
assumption.

We now describe the new dynamic algorithm A and how it constructs this vector z more

efficiently than the procedure described above.

Algorithm Let I be the set returned by the e-accurate locator. For i > 1 let w’ be result of
the /2K~ 2_accurate oracles against oblivious adversaries when querying only entries from I. Let
&, = SIMULATE(w}, ..., wgﬂ, 27K cielogn) (Algorithm 8). Then set all entries of & with absolute

value smaller than czelog2 n to 0 and let 2’ be the resulting vector. Here co > ¢y is picked such

that w.h.p. |&; — w}| < c2/2 - elog? n. Our algorithm returns this vector 2.

Correctness We claim 2z has the same distribution as z up to total variation distance 1/poly(n).
For ¢ = 2¢/2% we have ||w’ —w'™||y < €/257% < €211, So 2} has distribution N (w}, (c10 logn)?)
up to total variation distance 1/poly(n) by Lemma 2.7.6 for some large enough constant ¢;. Thus
if I only contained indices ¢ where w.h.p. z; would be 0 anyway, then z’ has same distribution as
z up to total variation distance 1/poly(n).

Note that by ||w!—vt||s < € we have that I (which by definition contains all indices with |vf| > ¢)
also contains all indices 7 with |w}| > 2¢. Further, w.h.p. we have ||w' — x| < c2/2¢log?n by
choice of ¢y > ¢1. So i € I this would imply |z;| < |w}|+|w}! —x;| < 2e+ca/2elog? n < caelog?n so

w.h.p. z; will be set to 0. Thus the total variation distance of z and 2’ is at most some 1/poly(n).

Complexity By Lemma 2.7.7, we use each w; with probability at most 2¢/ 2K = 2i=K for | < K
and running SIMULATE on K + 1 many |I|-dimensional vectors needs O(|I|K) = O(SK) time. We
can delay the query to w’ until the vectors actually need to be used. As w; is obtained from
evaluator with complexity C'x_;49 for ¢ > 1, we obtain time complexity

Ci(9)
21 ):

K
O(SK + L+ Co(S) +T(S)/25 +>°
=1
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2.8 Interior Point Method

In this section we provide the machinery we use to reduce minimum cost flow to dynamic graph
data structure problems. First, in Section 2.8.1 we provide the general IPM framework for linear
programming from [84] that we use. Then, in Section 2.8.2 we introduce the data structures,
subroutines, and bounds that we develop in this paper to implement this framework efficiently and
in Section 2.8.3 we combine these pieces to give the efficient IPM. The proofs for the tools we
introduce are provided in Section 2.8.4, Section 2.8.5, and Section 2.9 (for the runtime bound for

the graph solution maintainer (Definition 2.8.3) in Theorem 2).

2.8.1 Robust IPM Framework

Here we provide the the linear programming setup that we use to model minimum cost flow and
the IPM framework provided by [84] for solving them. In particular, throughout the section, we
consider the general linear programming problem. Given B € R™*" ¢, £, u € R™, and d € R"
where £ < u entrywise, we wish to solve.

min c'x. (2.18)
z€R™ | BTz=d and £<z<u

In the special case where B is the incidence matrix of graph and £ = 0, this problem directly
corresponds to the minimum cost flow problem. Many of the reductions we provide in this section
apply to this general linear program and we will explicitly state in which cases we instead assume
that B is the incidence matrix of graph.

To solve (2.18) we leverage the general robust IPM framework of [84]. This method crudely

follows a central path by maintaining centered points defined as follows.

Definition 2.8.1 (Centered Point). For X o {x e R |x; € (4;,u;)} we say (x,s) € R™ x R™ is

p-feasible for p > 0if € € X, B'x = d, By + s = ¢/u for some y € R*. We say (z,s) is u-
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def

centered® if (x,s) is p-feasible and HV2¢(:L')*1/2(3 + V¢(w))H < 6—14 where ¢(z) = ;i) ¢i(T)

with ¢;(x) o —log(u; — x;) — log(x; — ¢;) for x € X.

This definition is motivated for the fact that, u-central path point, defined as

x, of argmin g -c¢' x + ¢(x)
zeX |BTa=d
is the unique p-centered point with ||[V2p(z)~/2(s + Vé(x))|| = 0. To see this, note that ¢ is

convex on X and the optimality conditions for x,, are that
x€X Bz, =dand c+ puVo(x,) L Kernel(()B').

However, ¢ + uVé(z;) L Kernel()B") if and only if ¢ + uVe(z,) € im(B) which we can write
equivalently as ¢ + uVo(xz,) = uBy, for some y,. Finally, the condition ¢ + uVe(z,) = uBy,
is equivalent to By, + s, = c/u for s, = —Vo(x,), ie. |VZ(x,) (s, + Vo(x,)) oo = 0
as VQgZ)(m”) is positive definite. Consequently, a p-centered point is a point which maintains an
approximate notion of the optimality of x,,.

The IPM framework works by maintaining p-centered points by controlling centrality measures
as potentials. The definition of these quantities (Definition 2.8.2), the framework (Algorithm 9),

and the result from [84] that we use about this framework (Theorem 1) are all given below.

Definition 2.8.2 (Centrality). For u-feasible (x, s) we define centrality measure v(x, s) € R™ where

def def [

vi(@,8) = O (x) 712 (si+¢i(x)) and ¢j(x) =

centrality potential V(x, s) def > icim) cosh(A - vi(z, s)) where A% 198 log(16m) and cosh(z) =

V()] and ¢! (z )def [V2¢(z)];;. Further, we define
def

3lexp(z) + exp(—2)] for all z € R.

Theorem 1 (Theorem A.16 in [84]). Using the notation in Algorithm 9, let (29, 5(0) be the value
of (x, 8) before the step (Line 10) and let (x(V, s(V)) be the value (x, s) after the step. If (x(©), s(0)

SIn [84], the condition is By + s = ¢ and ||V2¢( )V2(s/p+ V(e H < & instead. We do the replacement
from s/p to s to simplify the algorithm description and notations in the data structures. Further, the choice of
variable names is different in the two papers with variable names chosen here for the application of minimum cost

flow.
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Algorithm 9 A robust interior point method in [84]

procedure CENTERING(B, x, s, £, u, tistart, lend)
> Invariant: (x, s) is p-centered with W(x, s) < cosh(A\/64) > (See Definitions 2.8.1 and

2.8.2)

Define step size « def ST5 Y -
0 = [t = Ustart, L =T, S =8
while p > pieng do

Set weight matrix W « V2¢(z) L.

Set iterate approximation (%,3) € R™ x R™ such that

W& — )|l < @ and [WY3(3 — 8) o < a.
Set step direction v € R™ where v; « sinh(\y;(%,3)) for all i € [m] and sinh(z) =

3(exp(2) — exp(—2)).
Set step size h < —a/|| cosh(Ay (&, 3))]|2-
Set vll, vt such that W2yl € ImB, BTW¥2p1 = 0, and

ol - Pwullz < afjv]l2 and [0 — (T~ Pw)ol2 < alfo]l

where P & W1/2B(BTWB) BT W1/2
Set & + = + hW'/2vt s« s+ hW/20ll| 1« max{(1 — ﬁ)u,uend}
If |z — p| > an, then s %s, R
end while
Return (z, s)
end procedure

is Ti-feasible and W(z(), s(0)) < cosh(\/64), then (), sM) is f-feasible and

A
M My < (1= O‘) 0) &(0) <
Uz, s') < <1 N Uz, s") + aly/m < cosh(A/64).
Proof. The proof of [84, Theorem A.16] shows ¥ (1), s(1)) < (1 - #)‘m) o (2, 50 + ary/m

) def )V2¢(w)*1/2(3/u+ Vqﬁ(ac))Hoo. We picked i/ = @ and

for any |p' — p| < ap where WH(x, s

replaced s/fi by s. O

2.8.2 Robust IPM Tools

Here we discuss the key tools we develop in this paper to efficiently implement the robust IPM

(Algorithm 9) of [84] discussed in the previous Section 2.8.1.
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First, as discussed in Section 2.1.1, a key advance of this paper is efficient procedures for
approximately maintaining the iterates of Algorithm 9, i.e. approximating the result of approximate

projection steps. We formalize this maintenance problem as a data structure problem defined below.

Definition 2.8.3 (Solution Maintainer). We call a data structure a (Tinit, Tphase)-solution maintainer

if it supports the following operations against an adaptive adversary with high probability:

o INITIALIZE(B € R™*" w(0) ¢ R, z0 e R™ s e R™ «, C,, k,C,): Given input constraint
matrix B, weight vector w® | iterate (a:(o), 5(0)), accuracy parameter «, weight range r, phase

length k, sparsity of changes z, initialize the data structure with w := w©®, & := 2(®, and

s:= s in time O(Tinit) with Tinit = Q(m).

o STARTPHASE(Z € R™,5 € R™): Given input iterate (&,3) with [W~/2(Z — x)|] < 1
and |[W'2(3 — s)|la < 1, update & ¢+ Z and s < 3 in amortized O(Tphase) time with

7;>hase =Q (m) .

« Move(w) e RT,v(j) e R™, hU) € R) — R™ x R™: In the j-th call to MOVE, given input

weights w() | direction v, and step size h¥) with h9)||v) ||y < 1, MOVE updates w < w'?),

© @+ hOW? e

;= Pj)v(j), and s « s + hUW

Pjv(j),

def

where W; € diag(w?)) and P; & W}/’B(BTW,B)'BTW/* and MovE outputs (), 50))

R™ x R™ with ||[(W) /20 — 2)||0 < o, [|[(WO)/2(50) — 5)||o < a, and the number of

coordinates changed from the previous output bounded by O(22%+1q~2 log® m + S;) where

{i € [m]: w # wd ™V gD — g0 ang sVl = g(jfm}’ .

The input w") and v9) and output (E(j ), sl )) are given implicitly as a list of changes to the

previous input and output of MOVE.
Furthermore, the above operations need only be supported under the following assumptions:

1. Phase length: STARTPHASE is called at least every k calls to MOVE and at most twice in a

TOW.
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2. Number of changes: for all j > 1 there are at most min{C,2%%,m} coordinates changed in

w0, v from w1 v~ where ¢; is the largest integer with ¢ with j =0 (mod 20).

3. Magnitude of changes: for any |jo — j1| < L, we have \/'wz(jQ)/wZ(jl) < C,L? for all i € [m].

Our algorithm actually always has S; = 0, but we state Definition 2.8.3 with possibly nonzero
S; for more generality.
In the particular case of graphs, one of the key results of this paper is the following efficient

solution maintenance data structure in the particular case of graphs (shown in Section 2.9.1).

Theorem 2.8.4 (Graph Solution Maintenance). In the special case that B is the incidence matric
of a m-edge, n-node graph, if C.,C, = 6(1) and o = (2(1), there is a (Tinit, Tphase)-solution

maintainer (Definition 2.8.3) with Trix = O(m) and Tphase = O(m + m!5/1629/8),

Note that in the solution maintenance data structure problem it is required that STARTPHASE
be called at least every k calls to MOVE. Consequently, to apply this data structure to implement
the robust IPM framework the input & and § to STARTPHASE, i.e. weighted {5 approximations to

(z,s), need to be computed efficiently. We formalize this problem below.

Definition 2.8.5 (Solution Approximation). We call a procedure T,pprox-approzimator if given
p-feasible (z,s), weights w), ... wk ¢ R?, directions v ... v € R™ and step sizes

R ... h) such that
« WOz <1,

e all the changes in w and v are supported on z many edges and the input is given as these

changes,

'%S\/ /wz <rforall i,j € [k] and £ € [m],

with high probability, we can compute p-feasible (z, s) such that

.’I;—m—Zh 1/2 Pw,)v

1€[k]

<cand ||[5—s— > BOW; /Py 0@

i€[k]

<e

w! W,
in O(Tapprox) time where W dlag(w(l))
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In the particular case of graphs, in Section 2.8.4 we provide the following theorem on efficient

solution approximation.

Theorem 2. In the special case that B is the incidence matriz of a m-edge, n-node graph there is

Tapprox-approximator with Tapprox = 6(m + 2k3r2e7?).

Finally, to apply these results, we need to prove that the weights which in turn are induced
by V2¢(x) do not change by too much. For this, in Section 2.8.5 we prove the following. The
statement is similar to the bound in [25, Lemma 6.5] generalized to our setting. Note that this
bound applies to the IPM framework regardless of whether or not B is the incidence matrix of a
graph.

Lemma 2.8.6. For u(O-centered (¥, s(0) and pu™M-centered (™), sM) with p©) ~1/32 p ) if

) dot

nW) = 50 4 Vo(x9)) for j € {0,1} it follows that

1 0 2
¢;/($(0)) < 910 Z (771( ) _ ,m( ))2 N . (Iu(l) _ ,U(O)) .

& (2(0)1/2>3¢! (z(1)1/2 ¢ (xM) iy O (@) + ¢/ (x(1) (0

2.8.3 Robust IPM Implementation

Here we show how to use the tools of Section 2.8.2 to efficiently implement the Algorithm 9. The

algorithm, Algorithm 9, and its analysis, Lemma 3, are given below.

Theorem 3. For anyk > 1, tiena < Ustart, and listart-centered (x, s) with ¥(x,s) < cosh(\/64), Al-
gorithm 10 outputs a peng-centered (', ") with ¥(x',s') < cosh()\/64) in time 6((7}nit+@(7;hase+

Epprox) ) log (Ustart /Mend ) ) .

Proof. First, we verify that the conditions of the solution maintenance data structure (Defini-

tion 2.8.3) are satisfied with C,., C, defined as in the Algorithm 9.

e (,: Note that both w,v are entrywise functions of Z,§ and Definition 2.8.3 promises that
Z,5 changes in at most O(2205+1¢72 log® m + S;) coordinates. Since we only change w when
T or § changes, we have S; = 0. Using the parameter choice e = ©(1/logm), the number of

changes is bounded by O(2%%+1 log® m). This verifies the condition C, = O(log®m).
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Algorithm 10 Algorithm 9 Implementation with Solution Maintenance and Estimation

procedure CENTERINGIMPL(B, , s, £, u, tistart, hends k)
Define step size o def ﬁ, weight range C, = ©(1), and sparsity parameter C, = ©(log® m)
Set 11 = p = pstart, T=1T, 8 =8, W = diag(vz(b(f)il)v J=0
SOL.INITIALIZE(B, w, x, s, o, Cy., k, C;) where SOL is & (Tinit, Tphase)-solution maintainer (Def-
inition 2.8.3)
while p > pieng do
if ( then > *[h]Reset every k iterations)k divides j or u = piend
Let (x, s) be the solution SoL implicitly maintained.
Find fi-feasible (Z, 8) with |[W~1/2(x —&)|s < 100 and [W1/2(s—38)|2 < 160 by using
a Tapprox-approximator (Definition 2.8.5) with k = k,r = O(k*), z = O(k?).
if [ — u| > afi then
SOL.INITIALIZE(B, w, x, s, a, 1, k, 2)
S+ %g, T > *Reinitialize. All coordinates may have changed
end if
SOL.STARTPHASE(Z, 5)
end if

> Step: & + x + hAW/2(I — Pw)v, s + s + AW/ 2Pwo
Set the direction v; = sinh(\v;(%,3)) and the step size h = —a/|| cosh(Ay(Z,3))||2-
(Z,5) < SoL.MOVE(w, v, h)
u <+ max((1 — ﬁ)u,uend), w < diag(V2¢(x)™!), and j «+ j + 1
end while
Return (z, s)
end procedure

« C,: For any two iterations (1) and x(2) associated with path parameters pU1) and p(2),

Lemma 2.8.6 shows that

: . . . . 2
o7 (@) 10 (0 —m)? (0 — )
e 2342 L L - 2 _—
Sty =5 ie% ) § i) 0"

where n) 4 50) 4 Vo(xU)). Note that to apply this lemma, we used that all iterations are

centered (which we will show later) and that pU1) ~; /32 pl72) (since we reinitialize the data

structure every ©(y/m) steps). For L = [j1 — ja|, we have |u(2) — 4] < %M(m, so

(nz(jQ) . ,',)Z(jl))Z

57 (@) + ¢ ()

(e (51)
¢ (xl1)) < 34910 Z

212
<z§;~’(a:(j2)) 2 +O(a L )
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To bound the first term, we note that every term in the summation is bounded by O(1).
We split the sum into two cases. The first case is when ¢/ (x) does not change by more
than a O(1) factor. In this case, one can prove that |[pU+1) — n(j)Hd),,(m(j)) = O(«) because
|2U+) — :B(j)”(w(j))_l < a, [|sUH) — sU) || (i) < a and WO ~p ) V2¢(2)) L. Therefore,
after L steps, the sum for the first case is bounded by O(a?L?) = O(L?). For the second case,
we can use |20+ — ZL’(j)H(wm)—l < « to show that there are at most O(L?a?) coordinates

where ¢” changes by more than a constant multiplicative factor. Hence, this shows that

¢p(xl))
<;5;’(zc(j2)) = O(L"). (2.19)
This verifies the condition C, = O(1).
Now, we bound the potential. Theorem 1 shows that
A
\Il(xnew’wneW) < (1 — 8?/%) \Il(m,a:) + Oé)\\/%

for every step (excluding the effect of STARTPHASE). For STARTPHASE, we have that [|[W~1/2(z —

z)|l2 < 155 and IW1/2(s — 8)|]z < 105 This increases W by at most 16%\11(3:,3) additively.
Finally, for the change of 7z, it would increase ¥ by at most 2aA¥(x, s), but this happens every
32y/m steps. Therefore ¥ is decreasing on average and stays polynomially bounded.

Next, we discuss the parameters for the 7T,pprox-approximator. The number of terms is ex-
actly given by k. For the number of coordinate changes z, Definition 2.8.3 promised that Z,s
changes by 5(2%“) coordinates at the j-th step. Since we restart every k iterations by calling
0(2%) =

STARTPHASE, by aligning our steps numbers appropriately, we have that > ; i, 5 phase

O(max; iy o phase 229) = O(k?). Finally, the weight ratio is due to (2.19) with L = k.

Finally, for the runtime, note that there are 6(\/7n log(pstart/tend)) steps. For every k steps, we
use a Tapprox-approximator and call SOL.STARTPHASE and they cost Tphase and Tapprox respectively.
All other costs are linear in the output size of the data structure and are not bottlenecks. Therefore,

the total cost is 6((7;nit + @(%hase + Epprox)) IOg(MStart/Mend))- O
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2.8.4 Efficient Solution Approximation

In this section, we prove Theorem 2. Our algorithms leverage two powerful tools from algorithmic

graph theory, in particular nearly linear time algorithms for subspace sparsification [112].

Proof of Theorem 2. Our algorithm for approximating & involves two steps, we first find a &’ such
that it is close to the true vector * % &z + D h(i)Wilm(I — Pw,)v®, but may not satisfies
B'a' = d. Then, we show how to use &’ to find & that is close to * and satisfies B'«’ = d.

Let S C [m] be the set of at most z coordinates of w and v that change and let C' C [n] be

an arbitrary subset (that we set later) such that every edge in S has both endpoints in C. Fur-

def

ther, let A; = def

Yie MOW!*Pw,v® and Ay © 3,y ROW 0@ so that ey hOW]/ (I~

Pwi)'v(i) = Ay — A;. Note that Ay can be computed in O(m + zk) time by first computing
D ic[k] A and with this computing [As]; for j ¢ S in O(1) time and for j € S in O(k) time.

Consequently, to compute Z in the given time bound, it suffices to approximately compute A;.

def

Next, let L) “BTW,B and F & v \ C and note that

I —LypLrc | | Lpp 0 I

A=Y hOWB BTW,/ %)

ic[k] 0 I 0 SC(L;C)f ~LerpLpp 1

since Lpp = [L®]pp and Lpe = [L®]pe for all i by the definition of C. Further, let B¢ be
the incidence matrix of edges with both endpoints in C' and B_¢ be the incidence matrix of the

remaining edges so that BTW3/2'U(") = BgWil/Qv(i) + BICWUQU for all ¢ € [k]. Combining yields
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that, A1 = a1 + a3 + ag + a4 where

a1 @ 3" hOW,BeSC(L;, ) BLW, o) (2.20)
1€[k]
def () _L;'}U'LFC 1 Tyxr1/2 (7)
a; = Y RYWB_¢ SC(L;,O) 'BL{W; v
i€[k] I
a3 € Y hOW,BcSC(L:, O)f | LopLil 1 |BLoWY2
1€[k]
, I —L;.L Ly} 0 I 0
ay o Z hOWB_¢ pERre mr B W'y,
iclk] 0 I 0 SC(L;O)f ~LepLpp 1
(2.21)

Our algorithm simply computes A; through the above formula where every instance of SC(L;, C)
is replaced with some efficiently computed SC; =% SC(L;, C) for § we set later.

To compute the §é,~, first for each i, we define L;(.5) def BgWiBg where Bg is the incidence

matrix of edges S and let Lext Chpo - L;(S) for any i € [k]. Note that this definition does not
depend on i by the definition of S. Using [112, Theorem 1.3], we can compute C' C V such that every
edge in S has both endpoints in C' and a Laplacian SC € RE*C guch that SC =~ SC(Lext, C)
and |C] < mnz(SC) = O(|S[672) = O(2672) in O(m) time with high probability. We use this
procedure to determine C' and compute SC. Further, we define SC; = SC + L;(S) and note that
SC; ~5 SC(L;, C) for all i € [k] and nnz(SC;) = nnz(SC;) + |S| = O(262).

Now, we let ai,as,as,aq be the result of computing ai, as,as,as respectively where each
SC(L;,C) is replaced with é\éz and each matrix inversion is computed to high precision us-
ing nearly linear time SDD-solvers for Lyt and SC(L;,C)~' (Theorem 2.3.1). Further, we let
T =x+ > ic[4] @ + Ag. Note that h(i)BgW§/2v(i) can be computed explicitly for all i € [k]
in O(m + kz0~2) time by simply iterating through the changes in w and v and noting that each
change only effects the resulting 0(25_2) coordinate vector in 2 coordinates. Further, this im-

def

plies that d; = h(DSC(L;, C)TBgWilm’v(i) can be computed to high precision in O(kzd6~2) time

by using a nearly linear time Laplacian system solver too apply SC(LZ-,C)T. Next, to compute

122



a def Z,L-e[k] W;B¢d; note that the contribution of each row of Bo for e € S can be computed

O(k) and the contribution of all the remaining rows can be computed in O(m); thus, a; can be
computed from the d; in O(m + kz). Further, given the d; by using a nearly linear time SDD
solver to apply L}}p to a vector we see that @ can be computed in O(m). Similarly, all the
e; def SC(L;, )t _LCFL;}? I BECWVQ'U can be computed in O(m + 2k672) and from these
a3 can be computed in an additional O(m + kz) time (analogous to computing a;). Further, a4
can be computed O(m + zké~2) since summation can be moved to the SC(L;, C). Putting these

pieces together shows that & can be computed in O(m + 2kd72).

Next, to determine what to set § to. Note that

1 1 T
L I =Y 5 |
IS ws | TP L scw,o)f —sely | TP | BTWA(niy()
1€[k] I I )
-
1 1 T k
_LLL “L7lL o
< S wiB | Tl scw,o)f —scly | T | BTWA(h@y)
1€ k] 1 I L
W
1 1 i
1L IR S =N 5
< S |lwiB | T sy, o)t —selhy | Y | BTwW?
i€lk] I I
2
=r 3 [SC(L;, 0)2(SC(Ly, ) — SCSC(L;, €)/2|| = O(rks)
2

where in the third line we used that assumption 1 < \/(w;);/(w;); < r, in the fourth we used that

Hhv@) , < 1, and in the fifth we used that
1 i 1
LAAL L7LL
FrUFC BTWiB FFUFC — SC(L;, 0),
I I

and that |[M;MyMs||, = H(1\/11T1\/Il)1/21\/12(1\/13M;)1/2H2 for matrices M, My, M3 of appropriate

dimension and that SC; ~5 SC(L;,C). Consequently, it suffices to set § = O(e/(rk)) and this
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gives the result for computing &.
Now, we show how to find a feasible  using «’. From the first part, we can find x’ such that

|’ —2*|| < $§in O(m + zr2k3 /€2) time. Note that BTz* = BT = d. However, we may not

W;UQ
have BTa’ = d. To fix this, we define

% 2 + W,BB"W,B) !(d—B'z)).
This can be found in an extra O(m) time (Theorem 2.3.1). Furthermore, we have

|& /|l = [W,/*B(B"W,B)'(B'a" - BTl

< [[W 2 (@* — )| <

N

Hence, we have [|Z — x||y-1 < e and B'Z = d.
k
The algorithm and analysis for computing s’ is analogous with As set to 0 and the signs of the
exponents of some W flipped. The main difference is that s’ is automatically feasible and hence

we simply set § = s’. To see this, we note that the new Ags) is given by

I -LybLpe | | Lpp 0 I

AP =3 1B BTW,/ %00,

ic[k] 0 I 0 SC(L;O)f ~LopLpp 1

Note that after we replacing SC(L;, C’)T by its approximation, the vector above is still in the image

of B. Hence, s’ — s* is in the image of B.

2.8.5 Robust IPM Stability Bound

In this section we prove Lemma 2.8.6 which bounds the relative change in ¢ in each iteration of the
robust IPM method (See Section 2.8). We first provide helper Lemma 2.8.7 and Lemma 2.8.8 and
then use it to prove Lemma 2.8.6. The first lemma is a statement about 1-dimensional log-barrier

problems.
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Lemma 2.8.7. Let £,u € R™ with €; < u; for alli € [m], c € R, wéo),'w& ),wél),'w&) € [%, 8)m,

and for j € {0,1} let

() def arg min c-x— Z 'wh log(z — Z w 10g - )

max;em] eigzgminie[m] u; i€[m) i€[m)

Then, for r(a) f max{a — 3,a~1 — 3,0} we have

;)

is much closer to £; compared to the

o (iio;: >+ Z (u :;D <16 [Hwém —wé”HerHw&O) —w)

1€[m]

0)

Remark. Note that r ( (O; ) large implies either (1) or z(
another one. The inequality above shows that if the weights do not change too much, then z(!)

cannot be too much closer to ¢; compared to z(?).

Proof. Without loss of generality, we assume z(©) < 21, By the optimality condition of (), we
have that ) ”
J J
Wy Wy
= et =

i€[m] v

Subtracting this equation for j = 0 and 1, we have

Z x(o)—&_:ﬁ(l)—& _Z wi — 20wy — 2@ )" (2.22)

i€[m) i€[m]

We bound the left and right hand side above separately.

To lower bound the left hand side of (2.22), we let o; = ’”;1()1)__5’3;0) € (0,1) (since 2 > (0 > ¢;).
Note that o ) o
N T
O —¢; 2 g 2 — 20 {1 - Gi |-

If o; < 2(w, ( ) - wéo)) then

wy wl e —wil)) 2w —wil))?
2(0) — £; (1) — e (1) — 2(0) - (1) — 2(0)
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(0) (1)

where we used w; ) —w,;/ <0in the last inequality. Otherwise, we have wéoz) — ’w§ 1) > —a;/2 and

hence (0 © _ .0 (1) 1
Wy w'l) — Wy — Wy oW, S o;(wy; —1/2) S 1 o >0
l—a; 0 - oy - l—ay “3l-a; ~
where we used that wé ) > % and % — % > % Combining both cases, we have
(0) (1)
w w
1)y _ ..(0) 0,i 0,i
(.T €T ) Z (l'(o) _el ZC(l) Ny )
i€[m]
1 o?
>_9 Z (wg]i) . wé}l))2 + 51 _za
al<2(wé’1i>—wé?i)) a1>2(wé}i)—w§?i)) !
0, (2, 1 1
> =2 ) (w) —wy ) + 2 o
i€[m] aiZ%
where we used that o; > 2 implies a; > 2(wé11) — 'wé )) at the end.
To upper bound the right hand side of (2.22), we let 8; = I(l) xffj) € (0,1). Note that

0 1 1
wz(”) B wiz _ Bi w® w'(uz)
w; — J}(O) u; — x(l) q;(l) — :I;(O) U2 1-— /61 ’

IfB; < 2(w$2 — 'wl(tlz)), we have that

wg?l) w?SI,’L) BZ( uz - w1(11,z)) 2(’“501) - w(l))
PR () R ) R €D P () P (DR (1)

(0)

where we used w,, ;
k)

hence 0 o (1) o o
0 Wui _ Wi~ - Biw,; /61( w, ;) __1 B
wt ] -6 1—ﬂ1 - 1-p5; = 31—,

<0.

Combining both cases and using 3; > % implies 3; > Z(wag — 'w&)), we have

1 0 w,) w!,) (0) (1)y2 1 1

() D
icm) \ W~ T wi =% ie[m] B.>2
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- wqglz > 0 at the last inequality. Otherwise, we have wg’)z - wl(tlz) < Bi/2 and

(2.24)



Combining (2.23) and (2.24) with (2.22), we have

1 1
=D wh—wh2+§z <2Z 2—§ =35

i€[m] a;>2 i€[m] Bi>2

Using this, 2(9) < (1) and the formula of 7, we have

= _p, ) _ g, w; — 20
ZT(JZ(O)—,& +7r u—q,‘ <Zmax EZ-?)O —i—ZmaX m—?),o

i€[m] 1€[m] i€[m]
= Z max{l_la' —3,0}+ Z max{l_lﬁ' —3,0}
1€[m] ¢ 1€[m] v
<Y Y
CamzlT g lob
<16 { 'wéo) - wé H + Hw fp”ﬂ .

We leverage this lemma to generalize to higher dimensions in the following lemma.

Lemma 2.8.8. In the setting of (2.18), given weights wé ),wéo),wé ),wél) [%, %]m let

wjdéf argmin ¢ — Z we loga: 4;) Z w log x)
X |BTa=d i€[m] i€[m]

for j €{0,1}. Then for r(a) def max{a — 3,a~! — 3,0} we have
z;) - a O _ o O 2 @ _ oD
() o (fg) <l o)

def

Proof. For all t € R let () = 20 4 ¢§, with §, = (1) — 2. By the definition of /), we have
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that for j € {0,1}

zY) = argmin ¢’z Z 'w]) log(x (t) Z w 10g ())
teR|z(Mex i€[m] i€[m]
_ o (0) 2Oy _ A
= argmin t-c' Z w log (t0gi — (b — x, Z w log x; ') —ty;)
teRlzWex [m]
= argmin t-¢— Z WY )log t— Z w(]) log(uw; —t) (2.25)
teR|z(HeXx ie[m]:wil);ﬁwio) i€[m)]

~ def
where ¢ = ¢!, and

(0) (0) . .
Li—w; Ui —T; (4) (4) :
~ . (o> MO (0)7w57i swg;) i85 >0
(e iL; w(]) ’lIJ(J)) def x; x;
1y Yy 477, 9 [TX) ,,w(o) e w( )

Ui~ T, w9 wy i
(m(oL;(l)v ©_5M w5, w) i 6z <0

Applying Lemma 2.8.7 to (2.25) then yields the result as for all ¢ € [m| with é,; > 0, we have that

(0)

£;— a:(o) w;—x,;
~ 1— v i 1 B 1— el N 1
1—-¢ NONMONS wg ) -y ind 1—a; 2D 20wy — ( )
_ ¢ 0) _g, (0) —a; O _y, (0)
0-& W %J) z, " — 4 0w o i — &
T, T, x, —x;
and similarly when 9, ; < 0, we have
1_ 2" ) 2 —a©®
~ i 1 B N A 1
1—£ z) mil)_u—w() 1—a; ¥ mz(.”_:n,g)— i
0—&  @-w g (0) 0—a; (0) o 20y
(2
20z (0> e

Leveraging Lemma 2.8.8, we prove the main result of this section, Lemma 2.8.6.

Proof of Lemma 2.8.6. To apply Lemma 2.8.8 for j € {0,1} we define u sl © 4 M, gO) =
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%y(j)7 7U) = M(J) nY +e— ¢/i and

Cc; =

ci/i— e it (@) < ¢l (@)
c/i— (7 1(1) else
With these definitions, we note that Bg\) + ¢+ V(;S( ) = 77U). Since Lemma 2.8.7 considers only

exact minimizers of weighted log barriers, we remove the term B(j) using the weights as follows,

€

f ef
we define ¢y (z) < — Dicim) 108(Ti — £i), dui(T) T D icim) 10g(wi — @), u(T) = 3 icm) Dr.i(),
and ¢u () = 3 ;) Pu,i(x). Then, we define the weights

G _ 4 sign([Vey,i(x\9)];) 79 and g9 =1 _ sign([Vou,i(zD)];) —(5)
X = T o @O + V@ P T T W@ + | Vs @)

so that 3=;cpy) (agj)ngm(m(j)) + ,BZ(j)ngu,i(a:(j))) = Vé(x)) — 7 and

+c+Z (@Y i(@D) + BV i(xD)) = 0.
[m]

Consequently,
zY) = argmin €'+ Z a th x) + Z 5§j)¢u,i(m)-
zeX |BTx=d i€[m] i€[m]
Hence, we can apply Lemma 2.8.7 with 'wéj ) — a( ) and w ,B(j prov1ded < 'wéj ) < 8 = and

< wqu < 8 for all i € [m] and j € {1,2}. To show this, note that

) ) 70
7| 7| <]

@D+ 10N\ Jor @0) +/61,@D) ~ \fo(z0)

o 1| < (2.26)
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)

where we used the definition of ¢, and ¢; in the equality. Now, using the definition of 17;”’, we have
! G) — @, O] i (20 (e (1)
o7 \n p0 = nOuO| it o (@) < (=)
o ),u(J) ni(l),u(l) ‘ otherwise
0 if ¢f (219)) < ¢ff (x'=9)
g — ,,72(0)”(0)’ otherwise
Hence, we have
W, —pO 0 5
Im”\ < U | /“ (2.27)

(Z)” - max \/¢// :U(O \/d)//

‘U(J /\/TH < Si we have that \/% < 8 Hence, (2.26)

shows that |wm —1| <1/8 for all i < m and j. The same proof gives the bound of ,62-] :

Using that () A1 /32 1) and

Consequently, Lemma 2.8.7 shows that

(1) — w; —:I:(l) 2
dor ( ;0) e->+ Sor < d go)> <16 [ngm_wénHﬁngm_wgn

i€[m)| i€[m)] u;

)

Using (2.26) and (2.27), we have that

1) ( ) _ (0)(0)y2

2 )

“’&UH a3 n;, 1)
2 m ax QSN( )7¢7{/(m(1)))

<322y (" =" ) + () — 9”0
> ¢(/(m(0)) —I—gb;’(m(l))

i i+

1€[m)|
(Tl(l) — V)2 1 1) (02
< 64 L + ’m —
2 T T o amy 2l e )
1) (0)y2 ) _ ,,(0)\ 2
-n ) pt =
< 64 i +m (BT . 2.28
Z FEC ) ( WO ) (225)
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Finally, we note that ¢/ (x(?)) < max(Z EO;_E , ;‘1 ii;)) - ¢! (V). Hence, we have

o7 (x(0)) Wi
Z ¢//(m 1 (1)) ) = Z max {x(o) —0; u; — x(0

! (2(0))1/2 >3/ ((1)1/2 e _t; u;—aD)

max( 0, 7m<o>)—
m _ - (1)
'~
7,6[m] ze[m]
0 2 2
<16 Mw§ ) —wél)HZ—i— |w® —ngM. (2.29)
The result then follows from (2.28) and (2.29). O

2.9 Final Runtime Bound

In this section we show Theorem 2.8.4 which describes how efficiently the data structures we
developed in Sections 2.4, 2.6 and 2.7 can implement an IPM step. Our final runtime is then
achieved via Theorem 3. Finally, we cite previous work to explain how to get an initial point for

the IPM, and how to get a mincost flow after running O(/m) IPM iterations.

2.9.1 Efficient Solution Maintenance

Theorem 2.8.4 (Graph Solution Maintenance). In the special case that B is the incidence matric
of a m-edge, n-node graph, if C.,C, = 6(1) and o = (~2(1), there is a (Tinit, Tphase)-Solution

maintainer (Definition 2.8.3) with Tmix = O(m) and Tphase = O(m + m!5/1629/8),

We first make several useful definitions. We let ), sU) be the true iterates after the j-th call
to MOVE. Our algorithm will explicitly approximate iterates 22U ),§(j). Using these approximate
iterates, the algorithm will output ), 30 satisfying the desired update schedule, i.e. at most
0(22%a~2) coordinates are updated after the j-th call to MOVE. Additionally, call an index j
corresponding to the j-th MOVE operation special if it occurs immediately following a STARTPHASE
operation. The formal construction of 29 and 3V is given in the following definition.

Definition 2.9.1 (Approximate iterates). Say there have been j MOVE operations so far. If the

next operation is STARTPHASE(Z, 3), then set 2U+Y < & and 3V « 3. If the next operation is
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MOVE operation (j + 1), then let dz, 85 satisfy

Ham — Rl - Pj+1)v<j+1>Hoo <e and H‘Ss - h(j+1)Pj+1v(j+1)H <e, (2.30)

e}

with 8, s supported on O(e~2) coordinates. If the previous operation was Move, define and let

20D  30) 4 W}izléw and 3Vt  30) 4 Wj_i{Qés. Otherwise, if the previous operation was

STARTPHASE define 01 « z0+D) L W12 5, and 30+ « 30+ +Wjji

e} {258 (so that we redefine

U+ Uy,
We show that the z\/) are slowly changing, except potentially at special indices. This is because
162]l, = O(1) as it is supported on O(e~2) nonzeros and hU+D |0+ < 1.

We now argue that d; and ds can be computed efficiently.

Lemma 2.9.2 (Computation of 8, ds). In the context of Theorem 2.8.4, there is an operation that
computes 8z, 85 satisfying (2.30) in average amortized time 6(m15/166_7/8) and succeeds with high

probability against adaptive adversaries.

Proof. We first write hU+)(I — P 1)U+ = pUtp0+) — pU+DP, 190+ and handle both
parts separately up to error €/2. The first part can be trivially handled, as it can be explicitly
maintained in time proportional to the number of changes in v(), and ||AU+DyU+D||, < 1. For
the second part, we first call the dynamic LOCATOR (Theorem 2.6.8) to get a set S of size O(e~2).
Then we call the dynamic EVALUATORs (Theorem 2.6.7) wrapped inside Theorem 2.7.2 with € <
¢/(C'log®n) on S by calling QUERY() on S. The algorithm for &, follows exactly as the second
term. Also, 8, d5 are supported on |S| = O(e~2) coordinates by Theorem 2.7.2.

Correctness follows directly from the guarantees of Theorems 2.6.7, 2.6.8 and 2.7.2. It suffices
to analyze the amortized runtime. We focus on the cost of applying Theorem 2.6.7 inside The-
orem 2.7.2, as the cost of Theorem 2.6.8 is less. Let &; 4f 9—i 5o that the i-th EVALUATOR is
run with accuracy €; def d;€¢ in Theorem 2.7.2. Let (; be the terminal size parameter for the i-th
EVALUATOR.

There are two possible ways to run the i-th EVALUATOR. Either it pays 6(m) time per call to

solve a Laplacian exactly (while this algorithm is randomized, we can hide randomness by adding
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polynomially small noise that is larger than the error we solve the Laplacian to [88]) or applies
Theorem 2.6.7. Let us calculate the runtime of the latter approach. After 8;m edge updates or
marking, the data structure must re-initialize. Thus, after " MOVE updates, because C, = 6(1),
there are at most O(T? + Te2) total edges we have queried or updated: O(T?) from updates, and
O(Te2) from the set S returned by LOCATOR. We assume for now that the O(72) term dominates
— thus the data structure must reinitialize every /B;m iterations, where each initialization costs

O(mfB; %€ %) time. Thus the amortized reinitialization time per Move is
S a2 ~ —5/2 _9._
O(mB; %% /V/Bim) = O(Vmp; e 25 %).

By Theorem 2.7.2, the i-th EVALUATOR is queried with probability O(d;), hence the expected query
time is 6(Bimei_25i) = 6(ﬂime_2(5i_1) by Theorem 2.6.7 QUERY(), or O(§;m) if EVALUATOR simply

solves a Laplacian every iteration. Thus, the amortized runtime for the i-th EVALUATOR is
O (min {5im, Bime_25;1 + \/5@_5/26_25[2}) )
For the choice 5; = m*1/7(5i—2/7, this becomes
O (min {5z~m, m6/76725;9/7}> )

~1/16¢-7/8  vielding a runtime of

This is maximized when the two expressions are equal at J; = m
6(m15/ 16¢=7/8) as desired. Finally, note that this means that e > m~/* or the previous runtime
is trivial. All 8; > m~Y7, so Te 2 < T? for the choice T = /Bim > m37 > €2, so the 6(T2)

term dominated earlier, as desired. ]

We now show that 2) and 3V) are close to z9), s,

Lemma 2.9.3. Fore = ﬁ and %(j)ﬁ(j) defined in Definition 2.9.1,

a/10 and HW”2 (3@ - sU))

Wj—l/2 @(J’) _ m(ﬁ) H <

o

; < a/10.

.
Proof. 1t suffices to analyze j between STARTPHASES, as i(j), 39 and 29, sU) are both set to Z, 3

during a STARTPHASE. Over L steps between STARTPHASEs (from j; to j2 = j1 + L), we have
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that HW;;/Q (ﬁ(h) — :z:(j2)) H is at most

o

vaj—;/2 3 W1/2 ( — RUT(I = Py q )0l ))
j€lin.ge)

max /[|w;/wj, ||

J€I1,J2]

o0

Z s\ J+1)(I_PH) (J+1)

J€li1g2)

IN

o0

(i)
< C.L%L = eC,L? < a/10,

where (i) follows from the guarantee that of Definition 2.8.3 that H (j2) /'w]1 < rL? and (2.30).

The bound on the error for s) follows similarly. O

Proof of Theorem 2.8.4. We show this by carefully defining Z),30) given zU ), 3. We mimic the
approach based on binary expansions given in previous works on robust IPMs, for example [92,

6(] )

Theorem 8]. Precisely, we first calculate ZJ , , i.e. the sum of errors in the last 2% steps.
J

=j—2%

If this exceeds then we set Z0) « 2U), otherwise we set £) + U1 (no change). We do

0oz
the same for 37). Now, the bounds on number of changes follows from the bounds ||d||2 < O(1) and
that HW-ﬁl/z(a: — &)||2 < 1 in STARTPHASE. More precisely, over 2% steps, only O(2%%a~2log? n)
could change by 155755, because every step satisfies [|6z[[2 < 1 or HW_I/Q( — z)||2 < 1. This
completes the proof of the number of changes.

We now claim that HVV;l/2 (E(j) - iz(j))Hoo < a/10, so HW;1/2 (i(j) - :c(j))Hoo < a by com-
bining with Lemma 2.9.3 for € = 557 = O(1/k%) as C, = O(1). This claim follows from the
same argument as [92, Theorem 8|: each interval [j1, j2] can be split into logn intervals contained
in intervals [j — 2%, j] for j < jo. Each of these has at most «/(100logn) error, so the total error
is at most «/(100logn) - logn < «/10.

Finally, we must calculate the runtime of 7ppase. The first cost is 6(m) (eg. for reading
Z,35). The second cost is calling Lemma 2.9.2 k times (as there are at most & MOVE operations

between STARTPHASE). For our choice ¢ = ©(1/k3), the total time for this is O(m!'>/16e-7/8) =

O(m1%/16529/8) a5 desired. O
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2.9.2 Initial Point, Final Point, and Proof of Main Theorem

\%

It is standard to get an initial p-centered feasible pair (z,s) for path parameter p = fstart

(mU)°M . Additionally, given a u-centered feasible pair (z,s) for path parameter j = pieng

IN

(mU)~9M) we can recover a high-accuracy mincost flow (and hence round to an exact solution).

Lemma 2.9.4 (24, Lemma 7.5, Lemma 7.8]). Given a graph G = (V, E) and mincost flow instance
with demand d € [~U, ..., U]V, costs ¢ € [~U,...,U¥, and capacities £,u € [~U,...,U)¥, we
can build a mincost flow instance on a graph G' with at most O(m) edges with demands, costs,
and capacities bounded by poly(mU). Additionally, we can construct a fisiart-centered pair (f, s)
on G’ for pstart = poly(mU). Additionally, given a 1/poly(mU)-accurate mincost flow on G’ we

can recover an exact mincost flow on G in time O(mlogU).

Proof of Theorem 2.1.1. We apply Lemma 2.9.4 to get an initial point for Algorithm 10. Then,
we run Algorithm 10 and round to an exact mincost flow using Lemma 2.9.4. This succeeds by

Theorem 3 in time

0] ((lﬁnit + T(%hase + EPPTOX)> log (ftart>> =0 ((ﬂnit + \/If(%hase + 7;Lp131f0)<)> log U) .
end

(2.31)

It suffices to plug in the values of Tinit, Tphase from Theorem 2.8.4 and T;pprox from Theorem 2.
We take k = m'/%® 50 Tohase = O(m'/19k29/8 4 m) = O(m) by Theorem 2.8.4. Also by

Theorem 2, Tapprox = O(m + 2r2k3/e2) for z = O(k2),r = O(k*),e = Q(1), 50 Tapprox = O(m +

2r2k3/e2) = O(m + k) = O(m) for k = m!/®. Thus, the expression in (2.31) evaluates to

O(m3/271/58 1og U) as desired. O
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CHAPTER 3
NESTED DISSECTION MEETS IPMS: PLANAR MIN-COST FLOW IN
NEARLY-LINEAR TIME

We present a nearly-linear time algorithm for finding a minimum-cost flow in planar graphs with
polynomially bounded integer costs and capacities. The previous fastest algorithm for this problem
is based on interior point methods (IPMs) and works for general sparse graphs in O(n!-5poly(logn))
time [Daitch-Spielman, STOC’08].}

Intuitively, Q(n'®) is a natural runtime barrier for IPM-based methods, since they require
\/n iterations, each routing a possibly-dense electrical flow. To break this barrier, we develop a
new implicit representation for flows based on generalized nested-dissection [Lipton-Rose-Tarjan,
JSTOR’79] and approximate Schur complements [Kyng-Sachdeva, FOCS’16]. This implicit repre-
sentation permits us to design a data structure to route an electrical flow with sparse demands
in roughly +/n update time, resulting in a total running time of O(n - poly(logn)). Using parallel
Laplacian solvers in the data structure, the algorithm has 6(\/%) depth.

Our results immediately extend to all families of separable graphs.

3.1 Introduction

The minimum cost flow problem on planar graphs is a foundational problem in combinatorial
optimization studied since the 1950’s. It has diverse applications including network design, VLSI
layout, and computer vision. The seminal paper of Ford and Fulkerson in the 1950’s [124] presented
an O(n?) time algorithm for the special case of max-flow on s, t-planar graphs, i.e., planar graphs
with both the source and sink lying on the same face. Over the decades since, a number of nearly-
linear time max-flow algorithms have been developed for special graph classes, including undirected
planar graphs by Reif, and Hassin-Johnson [125, 126], planar graphs by Borradaile-Klein [127], and

finally bounded genus graphs by Chambers-Erickson-Nayyeri [128]. However, for the more general

LA preliminary version of this work appeared in SODA 2022.
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min-cost flow problem, there is no known result specializing on planar graphs with better guarantees
than on general graphs. In this paper, we present the first nearly-linear time algorithm for min-cost

flow on planar graphs:

Theorem 3.1.1 (Main result). Let G = (V, E) be a directed planar graph with n vertices and m
edges. Assume that the demands d, edge capacities w and costs ¢ are all integers and bounded by
M in absolute value. Then there is an algorithm that computes a minimum cost flow satisfying

demand d in O(nlog M) 2 expected time.

Our algorithm is fairly general and uses the planarity assumption minimally. It builds on
a combination of interior point methods (IPMs), approximate Schur complements, and nested-
dissection, with the latter being the only component that exploits planarity. Specifically, we require
that for any subgraph of the input graph with k vertices, we can find an O(vk)-sized balanced
vertex separator in nearly-linear time. As a result, the algorithm naturally generalizes to all graphs
with small separators: Given a class C of graphs closed under taking subgraphs, we say it is «-
separable if there are constants 0 < b < 1 and ¢ > 0 such that every graph in C with n vertices and
m edges has a balanced vertex separator with at most cm® vertices, and both components obtained

after removing the separator have at most bm edges. Then, our algorithm generalizes as follows:

Corollary 3.1.2 (Separable min-cost flow). Let C be an a-separable graph class such that we can
compute a balanced separator for any graph in C with m edges in s(m) time for some convex function
s. Given a graph G € C with n vertices and m edges, integer demands d, edge capacities u and
costs ¢, all bounded by M 1in absolute value, there is an algorithm that computes a minimum cost

flow on G satisfying demand d in O((m +m'/***)log M + s(m)) expected time.

Beyond the study of structured graphs, we believe our paper is of broader interest. The study of
efficient optimization algorithms on geometrically structured graphs is a topic at the intersection of
computational geometry, graph theory, combinatorial optimization, and scientific computing, that
has had a profound impact on each of these areas. Connections between planarity testing and 3-

vertex connectivity motivated the study of depth-first search algorithms [132], and using geometric

>Throughout the paper, we use O(f(n)) to denote O(f(n)log®® f(n)).
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structures to find faster solvers for structured linear systems provided foundations of Laplacian
algorithms as well as combinatorial scientific computing [133, 134]. Several surprising insights from

our nearly-linear time algorithm are:

1. We are able to design a data structure for maintaining a feasible primal-dual (flow/slack)
solution that allows sublinear time updates — requiring 6(\/n7 ) time for a batch update
consisting of updating the flow value of K edges. This ends up not being a bottleneck for the
overall performance because the interior point method only takes roughly /n iterations and

makes K-sparse updates roughly /n/K times, resulting in a total running time of 6(n)

2. We show that the subspace constraints on the feasible primal-dual solutions can be maintained
implicitly under dynamic updates to the solutions. This circumvents the need to track the

infeasibility of primal solutions (flows), which was required in previous works.

We hope our result provides both a host of new tools for devising algorithms for separable

graphs, as well as insights on how to further improve such algorithms for general graphs.

3.1.1 Previous work

The min-cost flow problem is well studied in both structured graphs and general graphs. Table 3.1

summarizes the best algorithms for different settings prior to this work.
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Table 3.1: Fastest known exact algorithms for the min-cost flow problem, ordered by the generality
of the result. Here, n is the number of vertices, m is the number of edges, and M is the maximum
of edge capacity and cost value. After the preliminary version of this work was published at SODA
2022, the best weakly polytime algorithm was improved to 6(m1+0(1) log? M) by [141].

Min-cost flow Time bound Reference

Strongly polytime O(m?logn + mnlog®n) [135]
Weakly polytime O((m + n*/?)1log? M) [24]
Unit-capacity m3+oD) log M [73]

Planar graph 6(71 log M) this paper
Unit-capacity planar graph O(n*/?log M) [136]
Graph with treewidth 7 O(nr%log M) [84]
Outerplanar graph O(nlog?n) [137]
Unidirectional, bidirectional cycle O(n), O(nlogn) [138]

Min-cost flow / max-flow on general graphs. Here, we focus on recent exact max-flow and
min-cost flow algorithms. For an earlier history, we refer the reader to the monographs [139, 140].
For the approximate max-flow problem, we refer the reader to the recent papers [19, 20, 75, 77, 78,
106].

To understand the recent progress, we view the max-flow problem as finding a unit s, t-flow
with minimum #,-norm, and the shortest path problem as finding a unit s, t-flow with minimum
£1-norm. Prior to 2008, almost all max-flow algorithms reduced this ¢, problem to a sequence
of ¢; problems, (shortest path) since the latter can be solved efficiently. This changed with the
celebrated work of Spielman and Teng, which showed how to find electrical flows (f2-minimizing
unit s, ¢-flow) in nearly-linear time [13]. Since the f2-norm is closer to ¢, than ¢;, this gives a more
powerful primitive for the max-flow problem. In 2008, Daitch and Spielman demonstrated that
one could apply interior point methods (IPMs) to reduce min-cost flow to roughly /m electrical
flow computations. This follows from the fact that IPMs take O(y/m) iterations and each iteration
requires solving an electrical flow problem, which can now be solved in 6(m) time due to the work

of Spielman and Teng. Consequently, they obtained an algorithm with a 6(m3/ 2log M) runtime

139



[9]. Since then, several algorithms have utilized electrical flows and other stronger primitives for
solving max-flow and min-cost flow problems.

For graphs with unit capacities, Madry gave a 5(m10/ 7)-time max-flow algorithm, the first that
broke the 3/2-exponent barrier [21]. It was later improved and generalized to O(m*/3+°(1) log M)
[73] for the min-cost flow problem. Kathuria et al. [22] gave a similar runtime of O(m*/3+t°y1/3)
where U is the max capacity. The runtime improvement comes from decreasing the number of
iterations of TPM to O(m'/3) via a more powerful primitive of f3 + £, minimizing flows [70].

For general capacities, the runtime has recently been improved to 5((m+n3/ 2)1log? M) for min-
cost flow on dense graphs [24], and 6(m%_ﬁ log M) for max-flow on sparse graphs [25]. These
algorithms focus on decreasing the per-iteration cost of IPMs by dynamically maintaining electrical
flows. After the preliminary version of this work was accepted to SODA 2022, [26] gave a runtime of
6(m%_§ log? M) for general min-cost flow following the dynamic electrical flow framework. Most
recently, [141] improved the runtime for general min-cost flow to 6(m1+0(1) log? M) by solving a

sequence of approximate undirected minimum-ratio cycles.

Max-flow on planar graphs. The planar max-flow problem has an equally long history. We
refer the reader to the thesis [142] for a detailed exposition. In the seminal work of Ford and
Fulkerson that introduced the max-flow min-cut theorem, they also gave a max-flow algorithm
for s,t-planar graphs (planar graphs where the source and sink lie on the same face)[124]. This
algorithm iteratively sends flow along the top-most augmenting path. Itai and Shiloach showed
how to implement each step in O(logn) time, thus giving an O(nlogn) time algorithm for s,t-
planar graphs [143]. In this setting, Hassin also showed that the max-flow can be computed using
shortest-path distances in the planar dual in O(nlogn) time [144]. Building on Hassin’s work, the
current best runtime is O(n) by Henzinger, Klein, Rao, and Subramanian [145].

For undirected planar graphs, Reif first gave an O(nlog®n) time algorithm for finding the
max-flow value [125]. Hassin and Johnson then showed how to compute the flow in the same
runtime [126]. The current best runtime is O(nloglogn) by Italiano, Nussbaum, Sankowski, and
Whulff-Nilsen [146].

For general planar graphs, Weihe gave the first O(nlogn) time algorithm, assuming the graph
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satisfies certain connectivity conditions [147]. Later, Borradaile and Klein gave an O(nlogn) time
algorithm for any planar graph [127].

The multiple-source multiple-sink version of max-flow is considered much harder on planar
graphs. The first result of O(n!?) time was by Miller and Naor when sources and sinks are all on
same face [148]. This was then improved to O(nlog®n) in [149].

For generalizations of planar graphs, Chambers, Ericskon and Nayyeri gave the first nearly-
linear time algorithm for max-flow on graphs embedded on bounded-genus surfaces [128]. Miller
and Peng gave an 6(716/ %)-time algorithm for approximating undirected max-flow for the class of
O(y/n)-separable graphs [150], although this is superseded by the previously mentioned works for

general graphs [20, 75].

Min-cost flow on planar graphs. Imai and Iwano gave a O(n'*?*log M) time algorithm for
min-cost flow for the more general class of O(y/n)-separable graphs [151]. To the best of our knowl-
edge, there is little else known about min-cost flow on general planar graphs. In the special case of
unit capacities, [152, 153] gives an O(n%5log M) time algorithm for min-cost perfect matching in
bipartite planar graphs, and Karczmarz and Sankowski gives a O(n4/ 3log M) time algorithm for
min-cost flow [136]. Currently, bounded treewidth graphs is the only graph family we know that

admits min-cost flow algorithms that run in nearly-linear time [84].

3.1.2 Challenges

Here, we discuss some of the challenges in developing faster algorithms for the planar min-cost
flow problem from a convex optimization perspective. For a discussion on challenges in designing
combinatorial algorithms, we refer the reader to [154]. Prior to our result, the fastest min-cost flow
algorithm for planar graphs is based on interior point methods (IPMs) and takes 6(n3/ 2log M)
time [9]. Intuitively, Q(n3/2) is a natural runtime barrier for IPM-based methods, since they require

Q(y/n) iterations, each computing a possibly-dense electrical flow.

Challenges in improving the number of iterations. The (y/n) term comes from the fact

that IPM uses the electrical flow problem (f2-type problem) to approximate the shortest path
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problem (¢1-type problem). This Q(y/n) term is analogous to the flow decomposition barrier: in
the worst case, we need €(n) shortest paths (¢1-type problem) to solve the max-flow problem ({s-
type problem). Since ¢y and { problems differ a lot when there are s — ¢ paths with drastically
different lengths, difficult instances for electrical flow-based max-flow methods are often serial-
parallel (see Figure 3 in [19] for an example). Therefore, planarity does not help to improve the y/n
term. Although more general ¢5 + ¢, primitives have been developed [AdiIKPS19, 70, 155, 156,
exploiting their power in designing current algorithms for exact max-flow problem has been limited
to perturbing the IPM trajectory, and such a perturbation only works when the residual flow value
is large. In all previous works tweaking IPMs for breaking the 3/2-exponent barrier [8, 21, 22, 73,
157], an augmenting path algorithm is used to send the remaining flow at the end. Due to the
residual flow restriction, all these results assume unit-capacities on edges, and it seems unlikely
that planarity can be utilized to design an algorithm for polynomially-large capacities with fewer

than /n IPM iterations.

Challenges in improving the cost per iteration. Recently, there has been much progress
on utilizing data structures for designing faster IPM algorithms for general linear programs and
flow problems on general graphs. For general linear programs, robust interior point methods have
been developed recently with running times that essentially match the matrix multiplication cost
[van2020deterministic, 89, 92, 94, 158]. This version of IPM ensures that the ¢» problem solved
changes in a sparse manner from iteration to iteration. When used to design graph algorithms, the
i-th iteration of a robust IPM involves computing an electrical flow on some graph G;. The edge
support remains unchanged between iterations, though the edge weights change. Further, if K is

the number of edges with weight changes between G; and G;11, then robust IPMs guarantee that
> VK; = O(y/mlog M).

Roughly, this says that, on average, each edge weight changes only poly-log many times throughout
the algorithm. Unfortunately, any sparsity bound is not enough to achieve nearly-linear time.

Unlike the shortest path problem, changing any edge in a connected graph will result in the electrical
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flow changing on essentially every edge. Therefore, it is very difficult to implement (robust) IPMs in
sublinear time per iteration, even if the subproblem barely changes every iteration. On moderately
dense graphs with m = Q(n!?®), this issue can be avoided by first approximating the graph by
sparse graphs and solving the electrical flow on the sparse graphs. This leads to 6(n)l6(m) time
cost per step [92]. However, on sparse graphs, significant obstacles remain. Recently, there has
been a major breakthrough in this direction by using random walks to approximate the electrical

1. . .
1=55 time per iteration.

flow [25, 26]. Unfortunately, this still requires m

Finally, we note that [84] gives an 6(717'2 log M)-time algorithm for linear programs with 7
treewidth. Their algorithm maintains the solution using an implicit representation. This implicit
representation involves a 7 X 7 matrix that records the interaction between every variable within
the vertex separator set. Fach step of the algorithm updates this matrix once and it is not the
bottleneck for the 5(717'2 log M )-time budget. However, for planar graphs, this 7 X 7 matrix is a
dense graph on /n vertices given by the Schur complement on the separator. Hence, updating this
using their method requires (n) time per step.

Our paper follows the approach in [84] and shows that this dense graph can be sparsified. This
is however subtle. Each step of the IPM makes a global update via the implicit representation,
hence checking whether the flow is feasible takes at least linear time. Therefore, we need to ensure
each step is exactly feasible despite the approximation. If we are unable to do that, the algorithm

will need to fix the flow by augmenting paths at the end like [22, 73], resulting in super-linear time

and polynomial dependence on capacities, rather than logarithmic.

3.1.3 Our approaches

In this section, we introduce our approach and explain how we overcome the difficulties we men-
tioned. The min-cost flow problem can be reformulated into a linear program in the following

primal-dual form:

Primal) = i e’ and (Dual) = i in(€;s;, u;s;),
(Primal) = min ¢S and (Dua) = min 3 min(tiss uis)
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where B € R™*" is an edge-vertex incidence matrix of the graph, f is the flow and s is the slack
(or adjusted cost vector). The primal is the min-cost circulation problem and the dual is a variant
of the min-cut problem. Our algorithm for min-cost flow is composed of a novel application of IPM
(Section 3.2.1) and new data structures (Section 3.2.3). The IPM method reduces solving a linear
program to applying a sequence of 6(% log M) projections and the data structures implement

the primal and dual projection steps roughly in 6(«/m) amortized time.

Robust IPM. We first explain the IPM briefly. To minimize ¢’ f, each step of the IPM method
moves the flow vector f to the direction of —e. However, such f may exceed the maximum or
minimum capacities. IPM incorporates these capacity constraints by routing flows slower when
they are approaching their capacity bounds. This is achieved by controlling the edge weights W
and direction v in each projection step. Both W and v are roughly chosen from some explicit
entry-wise formula of f and s, namely, W;; = ¢1(f;, s;) and v; = ¥o(fi, s;). Hence, the main
bottleneck is to implement the projection step (computing P,,v). For the min-cost flow problem,
this projection step corresponds to an electrical flow computation.

Recently, it has been observed that there is a lot of freedom in choosing the weight W and the
direction v (see for example [89]). Instead of computing them exactly, we maintain some entry-wise
approximation f, s of f,s and use them to compute W and v. By updating f;,s; only when f;, s;
changed significantly, we can ensure f,3 has mostly sparse updates. Since W and v are given by
some entry-wise formula of f and 3, this ensures that W, v change sparsely and in turn allows us
to maintain the corresponding projection P,, via low-rank updates.

We refer to IPMs that use approximate f and 5 as robust IPMs. In this paper, we apply the
version given in [84] in a black-box manner. In Section 3.2.1, we state the IPM we use. The key

challenge is implementing each step in roughly 6(\/5) time.

Separators and Nested Dissection. Our data structures rely on the separability property of
the input graph, which dates back to the nested dissection algorithms for solving planar linear
systems [133, 159]. By recursively partitioning the graph into edge-disjoint subgraphs (i.e. regions)

using balanced vertex separators, we can construct a hierarchical decomposition of a planar graph
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G which is called a separator tree [160]. This is a binary search tree over the edges in G. Each node
in the separator tree represents a region in G. In planar graphs, for a region H with |H| vertices,
an O(+/|H|)-sized vertex separator suffices to partition it into two balanced sub-regions which are
represented by the two children of H in the separator tree. The two subregions partition the edges
in H and share only vertices in the separator. We call the set of vertices in a region H that appear
in the separators of its ancestors the boundary of H. Any two regions can only share vertices on
their boundaries unless one of them is an ancestor of the other.

Nested dissection algorithms [133, 159] essentially replace each region by a graph involving only
its boundary vertices, in a bottom-up manner. For planar linear systems, solving the dense v/n x/n

w/2 where w is

submatrix corresponding to the top level vertex separator leads to a runtime of n
the matrix multiplication exponent. For other problems as shortest path, this primitive involving

dense graphs can be further accelerated using additional properties of distance matrices [160].

Technique 1: Approximate Nested Dissection and Lazy Propagation Our representation
of the Laplacian inverse, and in turn the projection matrix, hinges upon a sparsified version of the
nested dissection representation. That is, instead of a dense inverse involving all pairs of boundary
vertices, we maintain a sparse approximation. This sparsified nested dissection has been used
in the approximate undirected planar flow algorithm from [150]. However, that work pre-dated
(and in some sense motivated) subsequent works on nearly-linear time approximations of Schur
complements on general graphs [118, 119, 161]. Re-incorporating these sparsified algorithms gives
runtime dependencies that are nearly-linear, instead of quadratic, in separator sizes, with an overall
error that is acceptable to the robust IPM framework.

By maintaining objects with size nearly equal to the separator size in each node of the separator
tree, we can support updating an single edge or a batch of edges in the graph efficiently. Our data
structures for maintaining the approximate Schur complements and the slack and flow projection
matrices all utilize this idea. For example, to maintain the Schur complement of a region H
onto its boundary (which is required in implementating the IPM step), we maintain (1) Schur
complements of its children onto their boundaries recursively and (2) Schur complement of the

children’s boundaries onto the boundary H. Thus, to update an edge, the path in the separator
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tree from the leaf node containing the edge to the root is visited. To update multiple edges in a
batch, each node in the union of the tree paths is visited. The runtime is nearly linear in the total
number of boundary vertices of all nodes (regions) in the union. For K edges being updated, the
runtime is bounded by O(v/mK). Step i of our IPM algorithm takes O(y/mK;) time, where Kj is
the number of coordinates changed in W and v in the step. Such a recursive approximate Schur

complement structure was used in [162], where the authors achieved a running time of 6(\/mKZ»).

Technique 2: Batching the changes. It is known that over ¢ iterations of an IPM, the number
of coordinate changes (by more than a constant factor) in W and v is bounded by O(¢?). This
directly gives Z?:(f/m) K; = m and thus a total runtime of /m (Z?:(I/m) \/K> = 6(m1'25). In
order to obtain a nearly-linear runtime, the robust IPM carefully batches the updates in different
steps. In the i-th step, if the change in an edge variable has exceeded some fixed threshold compared
to its value in the (i — 2!)-th step for some I < ¢;, we adjust its approximation. (Here, ¢; is the
number of trailing zeros in the binary representation of i, i.e. 2% is the largest power of 2 that
divides i.) This ensures that K;, the number of coordinate changes at step i, is bounded by O(2%%).
Since each value of ¢; arises once every 2% steps, we can prove that the sum of square roots of the
number of changes over all steps is bounded by O(m), i.e., Z?;(l‘/a) VK; = O(y/m). Combined with

the runtime of the data structures, this gives an O(m) overall runtime.

Technique 3: Maintaining feasibility via two projections. A major difficulty in the IPM
is maintaining a flow vector f that satisfies the demands exactly and a slack vector s that can be
expressed as s = ¢ — By. If we simply project v approximately in each step, the flow we send is
not exactly a circulation. Traditionally, this can be fixed by computing the excess demand each
step and sending flow to fix this demand. Since our edge capacities can be polynomially large, this
step can take 2(m) time. To overcome this feasibility problem, we note that distinct projection
operators P,, can be used in IPMs for f and s as long as each projection is close to the true
projection and that the step satisfies BTAf = 0 and BAy + As = 0 for some Ay.

This two-operator scheme is essential to our improvement since one can prove that any projection

that gives feasible steps for f and s simultaneously must be the exact electrical projection, which
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takes linear time to compute.

3.2 Overview

In this section, we give formal statements of the main theorems proved in the paper, along with the
proof for our main result. We provide a high-level explanation of the algorithm, sometimes using
a simplified setup.

The main components of this paper are: the IPM from [84] (Section 3.2.1); a data structure
to maintain a collection of Schur complements via nested dissection of the graph (Section 3.2.2);
abstract data structures to maintain the solutions s, f implicitly, notably using an abstract tree
operator (Section 3.2.3); a sketching-based data structure to maintain the approximations s and
f needed in the IPM (Section 3.2.4); and finally, the definition of the tree operators for slack and
flow corresponding to the IPM projection matrices onto their respective feasible subspaces, along
with the complete IPM data structure for slack and flow (Sections 3.2.5 and 3.2.6).

We extend our result to a-separable graphs in Section 3.9.

3.2.1 Robust interior point method

In this subsection, we explain the robust interior point method developed in [84], which is a re-
finement of the methods in [van2020deterministic, 89]. Although there are many other robust
interior point methods, we simply refer to this method as RIPM. Consider a linear program of the

form?

;ni%CTf where F={B'f=b £<f<u} (3.1)
€

for some matrix B € R”*". As with many other IPMs, RIPM follows the central path f(¢) from

an interior point (¢g0) to the optimal solution (¢ = 0):

F() 9 arg gcnei%c—rf —té(f) where ¢(f) & — Zlog(fi — ) — Z log(u; — f;),

3 Although the min-cost flow problem can be written as a one-sided linear program, it is more convenience for the
linear program solver to have both sides. Everything in this section works for general linear programs and hence we
will not use the fact m = O(n) in this subsection.
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where the term ¢ controls how close the flow f; can be to the capacity constraints u; and #;.
Following the central path exactly is expensive. Instead, RIPM maintains feasible primal and dual
solution (f,s) € F x §, where S is the dual space given by S = {s : By + s = ¢ for some y}, and
ensures f(t¢) is an approximate minimizer. Specifically, the optimality condition for f(t) is given

by

i (£,5) < s/t +Vo(f) =0 (3.2)

(f,s) e FxS8

where p'(f, s) measures how close f is to the minimizer f(¢). RIPM maintains (f, s) such that

o :u’t(f7 S)i
Clogm where Vt(fa 3)2 = (quﬁ(f))l/Q’

(22

17 (f,8) oo < (3.3)

1/2

for some universal constant C. The normalization term (V2¢),/” makes the centrality measure
174 (£, 8)|lo scale-invariant in £ and wu.

The key subroutine CENTERING takes as input a point close to the central path ( f(¢start), S(fstart))s
and outputs another point on the central path (f(tend), S(tend)). Each step of the subroutine de-
creases t by a multiplicative factor of (1 — m) and moves (f,s) within F x S such that
s/t + Vo(f) is smaller for the current ¢. [84] proved that even if each step is computed approx-
imately, CENTERING still outputs a point close to (f(tend), S(tend)) using 6(\/7n log(tend/tstart))
steps. See Algorithm 11 for a simplified version.

RIPM calls CENTERING twice. The first call to CENTERING finds a feasible point by following

the central path of the following modified linear program

min DT ) 4 @7 $3) 4 T $G)
BT(f(1)+f(2)ff(3)):b
e<fM<u, f@>0, F&>0

where ¢M) = ¢, and ¢?, ¢ are some positive large vectors. The above modified linear program is

chosen so that we know an explicit point on its central path, and any approximate minimizer to this

148



Algorithm 11 Robust Interior Point Method from [84]

1: procedure RIPM(B € R™*" b, ¢, £, u,¢€)

2:
3:

©w ®

10:
11:
12:

13

14:
15:
16:
17:

18:
19:
20:
21:

22:
23:
24:
25:
26:

Let L = ||c||2 and R = ||u — £]|2

Define ¢;(x) L log(u; — x) — log(z — £;)

> Modify the linear program and obtain an initial (z, s) for modified linear program

_ 92 LR R
Lett—21m5@7 - .
Compute f. = argming<fg<,c' f +to(f) and f, = arg mingT ¢y, |f — fell2
Let f = (fc, 3R+ fo — fc, 3R) and s = (—thS(fc), m, %)

Let the new matrix Brew & [B; B; —B|, the new barrier

5 () = {qﬁ,ix) if ¢ € [m],
—logx else.

> Find an initial (f, s) for the original linear program

(O, f@, £3)) (sW), 52 s3)) « CENTERING(B™Y, "V, f, s,¢, LR)
(f,s) < (FO + @ — fO s

> Optimize the original linear program

(f,s) < CENTERING(B, ¢, f, s, LR, )
return f

end procedure

: procedure CENTERING(B, ¢, f, s, tstart, tend)

Let o = 55y and A = 641og(256m?) where m is the number of rows in B
Let t < tgart, f < f, 8¢ s, L« t
while ¢ > tenq do
Set t < max((1 — %)t,tend)
Update h = —a/|| cosh(AM(F,5))||2 where v is defined in (3.2)
Update the diagonal weight matrix W = V2¢(f) ™!
Update the direction v where v; = sinh()\fy{(f 3):)
Pick v!l and v+ such that W~1/2pll € Range(B), BTW'/2p+ = 0 and

loll = Puollz < alvllz,

vl — (I = Pyw)v|2 < aljv]2 (Pw & W!/2B(BTWB) 'BTW!/2)

Implicitly update f < f + AW 201l s s+ thW— /2l
Explicitly maintain f,s such that [|[W=2(f — )]s < @ and |[WY2(5 — ) < ta
Update ¢ <t if [t —t| > ot

end while

return (f,s)

27: end procedure
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new linear program gives an approximate central path point for the original problem. The second
call to CENTERING finds an approximate solution by following the central path of the original linear
program. Note that both calls run the same algorithm on essentially the same graph: The only
difference is that in the first call to CENTERING, each edge e of G becomes three copies of the edge
with flow value fe(l), fe(2), fe(3). Note that this edge duplication does not affect planarity.

We note that the IPM algorithm only requires access to (f,s), but not (f, s) during the main
while loop. Hence, (f,s) can be implicitly maintained via any data structure. We only require
(f,s) explicitly when returning the approximately optimal solution at the end of the algorithm

Line 26.

Theorem 3.2.1. Consider the linear program

min c'f

BTf=b,£<f<u

with B € R™*™. We are given a scalar r > 0 such that there exists some interior point fo satisfying
B'fo=bandl+7r<f, <u—r*Let L =|c|lz and R = |ju — £||z. For any 0 < ¢ < 1/2, the

algorithm RIPM (Algorithm 11) finds f such that BT f =b, £ < f < u and

c'f< min c¢' f+eLR.
BT f=b, £<f<u

Furthermore, the algorithm has the following properties:

. R < .
Each call of CENTERING involves O(y/mlogmlog(™*)) many steps, and t is only updated

O(logm log(%{%)) times.

o In each step of CENTERING, the coordinate i in W,v changes only if f; or 8; changes.

In each step of CENTERING, h|jv|jz = O(;=1-).

logm

Line 18 to Line 20 takes O(K) time in total, where K is the total number of coordinate

changes in f,S.

4For any vector v and scalar =, we define v 4+ z to be the vector obtained by adding z to each coordinate of v.
We define v — x to be the vector obtained by subtracting = from each coordinate of v.
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Proof. The number of steps follows from Theorem A.1l in [163], with the parameter w; = v; = 1
for all 7. The number of coordinate changes in W, v and the runtime of Line 18 to Line 20 follows

directly from the formula of u!(f,s); and v!(f,s);. For the bound for h||v||2, it follows from

|sinh A (F )l _ O( ! ) .
| cosh(ME(F, )2 logm

Hlolle < a

O

A key idea in our paper involves the computation of projection matrices required for the RIPM.

Recall from the definition of P,, in Algorithm 11, the true projection matrix is

P, ¥ W/2B(BTWB) 'BTW/2

We let L denote the weighted Laplacian where L = BT WB, so that
P, = W/2BL'BTW!/2, (3.4)

Lemma 3.2.2. To implement Line 21 in Algorithm 11, it suffices to find an approzimate slack pro-
jection matriz Py, satisfying H (f’w - Pw) vH2 < alvl||, and W~1/2P v € Range(B); and an ap-
prozimation flow projection matriz P!, satisfying H (f’ﬁw - Pw) vHQ < alv|, and BTW/2P, v =

B W!/2p.
Proof. We simply observe that setting vl = P,v and vt = v — f’;,,v suffices. O

In finding these approximate projection matrices, we apply ideas from nested dissection and

approximate Schur complements to the matrix L.

3.2.2 Nested dissection and approximate Schur complements

In this subsection, we discuss nested dissection and the corresponding Schur complements, and
explain how it relates to our goal of finding the approximate projection matrices for Lemma 3.2.2.

As we will discuss later in the main proof, our LP formulation for the IPM uses a modified planar
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graph which includes two additional vertices and O(n) additional edges to the original planar graph.
Although the modified graph is no longer planar, it has only two additional vertices. We may add
these two vertices to any relevant sets defined in nested dissection without changing the overall
complexity. As such, we can apply nested dissection as we would for planar graphs.

We first illustrate the key ideas using a two-layer nested dissection scheme. By the well-known
planar separator theorem [164], a planar graph G can be decomposed into two edge-disjoint (not
vertex-disjoint) subgraphs H; and Hs called regions, such that each subgraph has at most 2n/3
vertices. Let OH; denote the boundary of region H;, that is, the set of vertices v € H; such that v
is adjacent to some u ¢ H;. Then 0H; has size bounded by O(y/n). Let Fy, = V(H;) \ 0H; denote
the remaining interior vertices eliminated at region H;.

Let C = O0H; UOH> denote the union of the boundaries, and let F' = Fy, U Fy, be the disjoint

union of the two interior sets. Note that C is a balanced vertex separator of G, with size
C| < [0H:| + |0H:| = O(v/n).

Furthermore, F' and C give a natural partition of the vertices of G. Using block Cholesky
decomposition, we can now write®
I —LF,CLF,F_l LF,F_I 0 I 0

L' = : (3.5)
0 I 0  Sc(L,C)* —LpcLpr ' 1

where Sc(L, C) e

Lece — LQFLF,F_lLRC is the Schur complement of L onto vertex set C, and
Lrc € RF*C is the F x C-indexed submatrix of L.

The IPM in Algorithm 11 involves updating L~ in every step; written as the above decomposi-
tion, we must in turn update the Schur complement Sc(L, C') in every step. Hence, the update cost
must be sub-linear in n. Computing Sc(L, C) exactly takes Q(|C|?) = Q(n) time, which is already

too expensive. Our key idea here is to maintain an approximate Schur complement, which is of a

smaller size based on the graph decomposition, and can be maintained in amortized \/n time per

5To keep notation simple, M~! will denote the Moore-Penrose pseudo-inverse for non-invertible matrices.
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step throughout the IPM.
Let L[H;] denote the weighted Laplacian of the region H; for i = 1,2. Since these regions are

edge-disjoint, we can write the Laplacian L as the sum
L = L[H,] + L[H;].
Based on the graph decomposition, we have the Schur complement decomposition
Sc(L, C) = Sc(L[H;],C) + Sc(L[Hs], C).

This decomposition allows us to localize edge weight updates. Namely, if the weight of edge e is
updated, and e is contained in region H;, we only need to recompute the single Schur complement
term for H;, rather than both terms in the sum.

For the appropriate projection matrices in the IPM, it further suffices to maintain a sparse
approzimate Schur complement Sc(L[H;],C) ~ Sc(L[H;],C) for each region H; rather than the

exact. Then, the approximate Schur complement of L on C' is given by

Sc(L,C) ¥ Se(L[H1],C) + Sc(L[Hs), O). (3.6)

Each term Sc(L[H;],C) can be computed in time nearly-linear in the size of H;. Furthermore,
Sc(L[H;], C) is supported only on the vertex set OH;, which is of size O(y/n). Hence, any sparse
approximate Schur complement has only 6(\/5) edges. When we need to compute §:(L, C)~ta for
some vector &, we use a generic SDD-solver which runs in O(|C|) time; this is crucial in bounding
the overall runtime.

To extend the two-level scheme to more layers, we apply nested dissection recursively to each
region H;, until the regions are of constant size. This recursive procedure naturally gives rise
to a separator tree T of the input graph G, which we discuss in detail in Section 3.4.2. Each
node of 7T correspond to a region of GG, and can be obtained by taking the edge-disjoint union

of the regions of its two children. Taking the union over all leaf regions gives the original graph

153



G. The separator tree 7 allows us to define a set Fy of eliminated vertices and a set 0(H)
of boundary vertices for each node H, analogous to what was shown in the two-layer dissection.
Moreover, if we let F; denote the disjoint union of sets Fiy over all nodes H at level ¢, and C; denote
the union of sets J(H), then we essentially generalize the set C' from the two-layer dissection to
V(G)=C_1D>Cy DD Cy1 DC, =0, where each C; is some vertex separator of G\ Cj_1,
and generalize the set F' to Fy,..., F; partitioning V(G), where Fj def Ci—1\ C;. With a height-n

separator tree, we can write

SC(L, C—l)Fo,Fo_l 0 0
0 0 SC(L, Cn—l)F,,,Fn_l

for some explicit upper triangular matrices p(?. Here, Sc(L, Ci)Fyy 4y, denotes the Fii1 x Fiqg
submatrix of Sc(L, C;).

In the expression (3.7), the Schur complement term Sc(L, C;) at level ¢ can further be decom-
posed at according to the nodes at the level. Then, we can obtain an approximation to L~! by

using approximate Schur complements as follows:

Theorem 3.2.3 (L' approximation). Suppose for each H € T, we have a Laplacian L) satis-
fying
LY w5 Sc(L[H],0(H) U Fy).
Then, we have
Lt R mO" ... ge-DTre-b ... 1O, (3.8)
where )
- _
Y HET(0) (L%H),FH) 0 0
I'= 0 i 0
% -1
0 0 ZHET(T)) (L(F'H),FH)
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and

D) _ (H) ) 7!
o9 =I- % Lyp g, (LFH,FH) :
HeT(7)

where T (i) denotes the set of nodes at level i of T, and I is the n X n identity matriz.

Compared to (3.7), we see that I' approximates the middle block-diagonal matrix, and II()
approximates u(i).
(H)

To compute and maintain the necessary L'"/’s as the edge weights undergo updates throughout

the IPM, we have the following data structure:

Theorem 3.2.4 (Schur complements maintenance). Given a modified planar graph G with m edges
and its separator tree T with height n = O(logm), the deterministic data structure DYNAMICSC
(Algorithm 13) maintains the edge weights w from the IPM, and at every node H € T, maintains
two vertex sets Fry and O(H), and two Laplacians L) and Sc(LUD 9H U Fy) dependent on w.

It supports the following procedures:

o INITIALIZE(G,w € RZ;,0 > 0): Given a graph G, initial weights w, projection matriz ap-

prozimation accuracy §, preprocess in 6(6‘2m) time.

o REWEIGHT(w € RY,, given implicitly as a set of changed coordinates): Update the weights to
w, and update the relevant Schur complements in 6(5‘2\/mK) time, where K is the number

of coordinates changed in w.

If H is the set of leaf nodes in T that contain an edge whose weight is updated, then LU and
Sc(LH) 3(H)) are updated only for nodes H € Pr(H).
e Access to Laplacian L) at any node H € T in time O (672|0H U Fgl).
e Access to Laplacian Sc(L) 9(H)) at any node H € T in time O (672|0H]).
Furthermore, the L) ’s maintained by the data structure satisfy
LY ~5 Sc(L[H],8(H) U Fy), (3.9)
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for all H € T with high probability. The §:(L(H), 0(H))’s maintained satisfy
Sc(L,9(H)) ~5 Se(L[H],d(H)) (3.10)
for all H € T with high probability.

3.2.3 Implicit representations using tree operator

In this section, we outline the data structures for maintaining the flow and slack solutions f, s as
needed in Algorithm 11, Line 22. Recall from Lemma 3.2.2, at IPM step k with step direction v*),

we want to update

s+ s+ IhW /2P o),

f < f+hW2p®) _ pwi/2p! o),

for some approximate projection matrices Py, and 1521, satisfying Range(W~1/ Qf’w) C Range(B)
and BTW1/2I~’;U = BTW!/2, The first term for the flow update is straightforward to maintain.

For this overview, we therefore focus on maintaining the second term
1L 1L 1/2p! .k
fr— fH+hrwi2p! k),

Computing P,v® and ﬁ;uz;(’“) respectively is too costly to do at every IPM step. Instead, we
maintain vectors sg, fi, z, and implicitly maintain two linear operators M Glack) Np(flow) which
depend on the weights w, so at the end of every IPM step, the correct current solutions s, f+ are

recoverable via the identity

s =380+ M(slack)z

fl — fOL + M(ﬂow)z‘
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In this subsection, we abstract away the difference between slack and flow, and give a general data
structure MAINTAINREP to maintain = y + Mz for M with a special tree structure.

At a high level, MAINTAINREP implements the IPM operations MOVE and REWEIGHT as fol-
lows: To move in step k with direction v*) and step size a*), the data structure first computes
2(F) as a function of v®, then updates z « z + a®z(*) which translates to the desired overall
update in @ of x < x +M(a¥) z(¥). To reweight with new weights w*") (which does not change
the value of x), the data structure first computes M®e%) yging w®%) and AM def \glnew) M,
then updates M <= M%) This causes an increase in value in the Mz term by AMz, which is
then offset in the y term with y «+ y — AMz.

In later sections, we will define M®12ck) and M#oW) g4 that MGlack) 2 (k) — W/ 2f’wv(k) and
M Eow) (k) — w—1/ 2f”wv(k) for the desired approximate projection matrices. With these operators
appropriately defined, observed that MAINTAINREP correctly captures the updates to s and f* at
every IPM step.

Let us now discuss the definition of z, which is common to both slack and flow: Recall the
DyNaMICSC data structure from the previous section maintains some Laplacian L) for every
node H in the separator tree 7T, so that at each IPM step, we can implicitly represent the matrices
mn® ... mah-1, T based on the current weights w, which together give an nd-approximation of
L~!. MAINTAINREP will contain a DYNAMICSC data structure, so we can use these Laplacians in
the definition of z:

At step k, let

PORCE S [CESV OB TW/24k)

where f‘, the II(0’s, and W are based on the state of the data structure at the end of step k. z is

defined to be the accumulation of a(?z(1’s up to the current step; that is, at the end of step k,

k
z= Za(i)z(i).
i=1

Rather than naively maintaining z, we decompose z and explicitly maintaining c, 2(Prev) and z(sum)
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such that

. déf - z(prev) + z(sum)7

where we have the additional guarantee that at the end of IPM step k,
Zprev) — P11 . 1O BTW1/24(R)

The other term, 25" is some remaining accumulation so that the overall representation is correct.

The purpose of this decomposition of z is to facilitate sparse updates to v between IPM steps:
Suppose v differ from v*~Y on K coordinates, then we can update z®P™") and z(U) with
runtime as a function of K, while producing the correct overall update in z. Specifically, we

decompose v®) = v~ 4 Av. We compute AzPre¥) = TTI-D ... IIOBTW/2Av, and then set
z(prev) . Z(prev) + Az(prev)’ Z(sum) — Z(Sum) —c- Az(prev)’c —c+a,

which can be performed in O(nnz(Az®*¥)) time.
Let us briefly discuss how to compute LIV ... T10)d for some vector d. We use the two-layer
nested dissection setup from Section 3.2.2 for intuition, so

- L% 0 I 0

rma®q = d.

0 Sc(L,C)7' || ~LerLply 1

The only difficult part for the next left matrix multiplication is —L¢, FLE,IF- However, we note
that L r is block-diagonal with two blocks, each corresponding to a region generated during nested
dissection. Hence, we can solve the Laplacians on the two subgraphs separately. Next, we note
that the two terms of L¢, FL}_;,IFd are both fed into §:(L, C)~!, and we solve this Laplacian in time
linear in the size of é?:(L7 (). The rest of the terms are not the bottleneck in the overall runtime. In
the more general nested-dissection setting with O(logn) layers, we solve a sequence of Laplacians
corresponding to the regions given by paths in the separator tree. We can bound the runtime of

these Laplacian solves by the size of the corresponding regions for the desired overall runtime.
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On the other hand, to work with M efficiently, we define the notion of a tree operator M
supported on a tree. In our setting, we use the separator tree 7. Informally, our tree operator is a
linear operator mapping RY (&) to RE(G) . 1t is constructed from the concatenation of a collection
of edge operators and leaf operators defined on the edges and leaves of 7. If H is a node in T
with parent P, then the edge operator for edge (H, P) will map vectors supported on 9(P) U Fp
to vectors supported on O(H) U Fy. If H is a leaf node, the leaf operator for H will map vectors
on O(H) U Fy to vectors on E(H). In this way, we take advantage of the recursive partitioning of
G via T to map a vector supported on V(G) recursive to be supported on smaller vertex subsets
and finally to the edges. Furthermore, we will show that when edge weights update, the change
to M can be localized to a small collection of edge and leaf operators along some tree paths, thus
allowing for an efficient implementation. We postpone the formal definition of the operator until

Section 3.5.2.

Theorem 3.2.5 (Implicit representation maintenance). Given a modified planar graph G with
n vertices and m edges, and its separator tree T with height n, the deterministic data structure
MAINTAINREP (Algorithm 16) maintains the following variables correctly at the end of every IPM

step:
e the dynamic edge weights w and step direction v from the current IPM step,
e a DYNAMICSC data structure on T based on the current edge weights w,

o an implicitly represented tree operator M supported on T with complexity T(K), computable

using information from DyNAMICSC,

o scalar ¢ and vectors z(PreV) Z(5UM) “which together represent z = cz(PreV) 4 Z(5um) e that

at the end of step k,

k
=1

where @ is the step size o given in MOVE for step 1,

° Z(prev) Satisﬁes Z(prev) — f‘]:[(n_l) e H(O)BTWI/QU’
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e an offset vector y which together with M, z represent * = y + Mz, such that after step k,

k
i=1
where ™Y is an initial value from INITIALIZE, and M is the state of M after step i.

The data structure supports the following procedures:

o INITIALIZE(G,T,M,v € R™, w € RY,, z(it) ¢ R™M ep > 0): Given a graph G, its separator
tree T, a tree operator M supported on T with complexity T, initial step direction v, ini-
(init)

tial weights w, initial vector x , and target projection matriz accuracy ep, preprocess in

O(672m + T(m)) time and set x + ("),

o REWEIGHT(w € R given implicitly as a set of changed coordinates): Update the weights to
w. Update the implicit representation of x without changing its value, so that all the variables

in the data structure are based on the new weights.

The procedure runs in 6(6132\/mK + T(K)) total time, where K is an upper bound on the
number of coordinates changed in w and the number of leaf or edge operators changed in M.

There are most O(K) nodes H € T for which z®™V) |, and 26" |p. are updated.

e MovVE(a € R, v € R" given implicitly as a set of changed coordinates): Update the cur-
rent direction to v, and then zP'Y) to maintain the claimed invariant. Update the implicit

representation of x to reflect the following change in value:
x — x + M(azPev),

The procedure runs in 6(61;2\/ mK) time, where K is the number of coordinates changed in

v compared to the previous IPM step.

« Exact(): Output the current ezact value of x = y + Mz in O(T(m)) time.
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3.2.4 Solution approximation

In the flow and slack maintenance data structures, one key operation is to maintain vectors f,s
that are close to f,s throughout the IPM. Since we have implicit representations of the solutions
of the form « = y + Mz, we now show how to maintain T close to . To accomplish this, we will
give a meta data structure that solves this in a more general setting. The data structure involves

three steps; the first two steps are similar to [84] and the key contribution is the last step:

1. We maintain an approximate vector by detecting coordinates of the exact vector & with large
changes. In step k of the IPM, for every £ such that 2|k, we consider all coordinates of the
approximate vector Z that did not change in the last 2¢ steps. If any of them is off by more
than m from z, it is updated. We can prove that each coordinate of @ has additive error
at most § compared to . The number of updates to Z will be roughly O(22%), where 2%
is the largest power of 2 that divides k. This guarantees that K-sparse updates only happen
v/m/K times throughout the IPM algorithm.

2. We detect coordinates with large changes in @ via a random sketch and sampling using the
separator tree. We can sample a coordinate with probability exactly proportional to the
magnitude of its change, when given access to the approximate sum of probabilities in each

region of the separator tree and to the exact value of any single coordinate of .

3. We show how to maintain random sketches for vectors of the form * = y + Mz, where M
is an implicit tree operator supported on a tree 7. Specifically, to maintain sketches of Mz,
we store intermediate sketches for every complete subtree of 7 at their roots. When an edge
operator of M or a coordinate of z is modified, we only need to update the sketches along a
path in 7 from a node to the root. For our use case, the cost of updating the sketches at a
node H will be proportional to its separator size, so that a K-sparse update takes 5(W )

time.

While the data structure is randomized, it is guaranteed to work against an adaptive adversary

that is allowed to see the entire internal state of the data structure, including the random bits.
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Theorem 3.2.6 (Approximate vector maintenance with tree operator). Given a constant degree
tree T with height n that supports tree operator M with complexity T, there is a randomized data
structure MAINTAINAPPROX that takes as input the dynamic variables M, ¢, z(prev) o (sum) y,D at
every IPM step, and maintains the approximation T to x o Y+ Mz =y + M(c- zPreV) 4 z(5um))

satisfying HD1/2(ac — E)H < 4. It supports the following procedures:
o0

o INITIALIZE(tree T, tree operator M, c € R, z(Prev) ¢ R7 2(5um) ¢ R ¢ ¢ R™ D € R™ " p >
0,6 > 0): Initialize the data structure with initial vector & = y + M(czPv) 4 z(um)),
diagonal scaling matriz D, target approxrimation accuracy 6, success probability 1 — n

g g ) q pp Yy o, p Y P;

O(mn? log m log(

%)) time. Initialize T <+ .

o APPROXIMATE(M, c,z(pre"),z(sum),y,D): Update the internal variables to their new itera-
tions as given. Then output a vector & such that |DY?(x — Z)||oc < & for the current vector

x and the current diagonal scaling D.

Suppose ||xF+1) — m(k)HD(kH) < B for all k, where D®) and £*) are the D and x at the k-th call

to APPROXIMATE. Then, for the k-th call to APPROXIMATE, we have

o the data structure first updates T; < mgkfl) for the coordinates i with Dl(f) # Dgffl), then

updates T; < x§k) for O(Ny, def 920 (3/6)%log?m) coordinates, where ly, is the largest integer

¢ with k = 0 mod 2¢.

e The amortized time cost of APPROXIMATE 1s
9 m
e log(;) logm) - T(n - (Ny_ge +S])),

where S is the set of nodes H where either My py, Ju, z(pre")|FH, or z(sum)\pH changed, or

where Yo or D¢ changed for some edge e in H, compared to the (k — 1)-th step.

3.2.5 Slack projection

We want to use a MAINTAINREP data structure to implicitly maintain the slack solution s through-

out the IPM, and use a MAINTAINAPPROX data structure to explicitly maintain the approximate
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slack solution s.
To use MAINTAINREP, it remains to define a suitable tree operator M%) g0 that at IPM

step k, the update in MAINTAINREP is the correct IPM slack update; that is:
M(slack) (Eh . z(prev)) _ fhwfl/Q]_N)w,U(k).

Let L' denote the approximation of L™! from (3.8), maintained and computable with a Dy-

NAMICSC data structure. We define
P, =WY/2BL 'B"TW'/2 = w2B0@ ... 1~ ... OB w2,

then Py, ~ps Py, and Range(lsw) = Range(P,,) by definition. Hence, this suffices as our approx-
imate slack projection matrix.

Using Section 3.2.3, we can write
P,o) = W2BIOT ... [p(n=DT z(prev) (3.11)

where z(Prev) = TIIO-1 ... TIOBTW/2p(*) at the end of IPM step k, as defined in the previous
section. The remaining matrix multiplication on the left in (3.11) can indeed be represented by a
tree operator M on the tree 7. Intuitively, observe that each I1() operates on level i of 7 and can
be decomposed to be written in terms of the nodes at level i. Furthermore, the II()’s are applied
in order of descending level in 7. Finally, at the leaf level, W1/2B maps vectors on vertices to
vectors on edges. In Section 3.7, we present the exact tree operator and its correctness proof. With

it, we have

I'Swv(k) _ Wl/ZMZ(preV) )

We set M©®12k) t6 be W1/2M, which is also a valid tree operator.

Now, we state the full data structure for maintaining slack.

Theorem 3.2.7 (Slack maintenance). Given a modified planar graph G with m edges and its

separator tree T with height n, the randomized data structure MAINTAINSLACK (Algorithm 19)
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implicitly maintains the slack solution s undergoing IPM changes, and explicitly maintains its
approzimation s, and supports the following procedures with high probability against an adaptive

adversary:

o INITIALIZE(G, s(init) « R 4y ¢ R™ ) € RZy,ep > 0,€ > 0): Given a graph G, initial solution
s(mit) initial direction v, initial weights w, target step accuracy ep and target approzimation
init)

accuracy €, preprocess in O(meP_,Q) time, and set the representations s + s and T + s.

o REWEIGHT(w € RZ,, given implicitly as a set of changed weights): Set the current weights

to w in 6(61;2\/ mK) time, where K is the number of coordinates changed in w.

o MovVE(a € R,v € R™ given implicitly as a set of changed coordinates): Implicitly update
s s+ aW 2P v for some Py, with ||(Pyw — Pw)v|2 < nd llv]ly, and P,v € Range(B).

The total runtime is 6(61;2\/ mK) where K is the number of coordinates changed in v.

o APPROXIMATE() — R™: Return the vector 3 such that ||[WY%(3 — 8)||ec < € for the current

weight w and the current vector s.

« Exact() — R™: Output the current vector s in O(md—2) time.

Suppose a||v||a < B for some B for all calls to MOVE. Suppose in each step, REWEIGHT, MOVE and
APPROXIMATE are called in order. Let K denote the total number of coordinates changed in v and
w between the (k — 1)-th and k-th REWEIGHT and MOVE calls. Then at the k-th APPROXIMATE

call,

(

e the data structure first sets S, sek_l) for all coordinates e where w, changed in the last

REWEIGHT, then sets S, < st for O(Ny, o 226 (8Y210g% m) coordinates e, where Uy, is the

€

largest integer ¢ with k =0 mod 2¢ when k # 0 and £y = 0.

o The amortized time for the k-th APPROXIMATE call is 6(61;2 \/m(K + N9t ))-

3.2.6 Flow projection

Similar to slack, we want to use a MAINTAINREP data structure to implicitly maintain the flow

solution f throughout the IPM, and use a MAINTAINAPPROX data structure to explicitly maintain
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the approximate flow solution f. For the overview, we focus on the non-trivial part of the flow
update at every step given by
1 1 1/2%
fr— fH+hrwi2p v

To use MAINTAINREP, it remains to define a suitable tree operator M#°%) g0 that at IPM step k,

the update in MAINTAINREP is the correct IPM flow update; that is:
WI/Zf){w,U — M(ﬂow)z(prev)‘

Rather than finding an explicit f’;v as we did for slack, observe it suffices to find some weighted
flow fm P.,v satisfying BTWI/Qf: BTW1/2y. (We use the term “weighted flow” to mean it is

obtained by multiplying the edge weights W to some valid flow.) Then the IPM update becomes
hW/2P! v = hW1/2f

Hence, our goal is to write wi/2 f = M#ow) 5 (Prev) fo1 an appropriate weighted flow f .

Let us define demands on vertices by d df BTW1/2y, Unwrapping the definition of P,,, we
see that the condition of f ~ Pyv is actually f ~ W12BL~'d. The second condition says f
is a weighted flow routing demand d. Suppose we had f = WY2BL 4 exactly, then we see
immediately that the second condition is satisfied with BT W1/2 f =BTWBL!d = d. To realize
the approximation, we make use of the approximation of L~! from (3.8). Hence, one important
fact about our construction is that when the Schur complements are exact, our flow f agrees with
the true electrical flow routing the demand.

In constructing f to route the demand d, we show that f can be written as Mz(®™") where
M is a tree operator on the tree 7, and z(®P™¥) is from MAINTAINREP, and in fact correspond
to electric potentials. Here we explain what M captures intuitively. For simplicity, let z denote
o (prev)

The first step is recognizing a decomposition of d using the separator tree, such that we have

a demand term d) for each node H € T. Furthermore, d#) = L(H)z|FH, for the Laplacian L)
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supported on the region H maintained by DYNAMICSC. This decomposition allows us to route each
demand d) by electric flows using only the corresponding region H, rather than the entire graph.
The recursive nature of the decomposition allows us to bound the overall runtime. To show that
the resulting flow f indeed is close to the electric flow, one key insight is that the decomposed
demands are orthogonal (Lemma 3.8.10). Hence, routing them separately by electrical flows gives
a good approximation to the true electrical flow of the whole demand (Theorem 3.8.3).

Let us illustrate this partially using the two-layer decomposition scheme from Section 3.2.2:
Suppose we have a demand term d that is non-zero only on vertices of C'. Then, observe that

L 0 I 0

z = d

0 Sc(L,C)! —LerLpy 1
Looking at the sub-vector indexed by C on both sides, we have that

Sc(L,C)z=d

where we abuse the notation to extend Sc(L, C) from C x C to [n] x [n] by padding zeros. Using
(3.6), we have
(Se(L{H],C) + Se(L[Ha],C) ) z = d

This gives a decomposition of the demand d into demand terms gc(L[Hz}, C)z for i = 1,2. Crucially,
cach demand Sc(L[H;], C)z is supported on the vertices of the region H;, and we can route the flow
on the corresponding region only. In a O(logn)-level decomposition, we recursively decompose the
demand further based on the sub-regions according to the separator tree 7. This guarantees that
f; is the electric flow on the subgraph H; that satisfies the demand Sc(L[H;], C)z. Finally, we will
let the output be f: Zfi. By construction, this fsatisﬁes BTW1/2f: d =B TW!/2y.

In Section 3.8, we show that this recursive operation can be realized using a tree operator. We

then present the full proof for Theorem 3.2.8 below, and implement the data structure.

Theorem 3.2.8 (Flow maintenance). Given a modified planar graph G with m edges and its sepa-

rator tree T with height n, the randomized data structure MAINTAINFLOW (Algorithm 20) implicitly
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maintains the flow solution f undergoing IPM changes, and explicitly maintains its approximation

f, and supports the following procedures with high probability against an adaptive adversary:

o INITIALIZE(G, Fnit) ¢ R™ 4 € R™ w € RZy,ep > 0,€ > 0): Given a graph G, initial
solution FMY)  ingtial direction v, initial weights w, target step accuracy ep, and target
approximation accuracy €, preprocess in 6(me§2) time and set the internal representation

f < £ and f < f.

o REWEIGHT(w € RY,, given implicitly as a set of changed weights): Set the current weights to

w in 6(652\/ mK) time, where K is the number of coordinates changed in w.

o MoVE(a € R,v € R™ given implicitly as a set of changed coordinates): Implicitly update
f — f+ oWy — aW2P, v for some Plv, where |Plv — Pyolla < Ond) |||y and
BTWUQISQUU = BTW'2v. The runtime is 6(6;‘,2\/7%[(), where K is the number of coordi-

nates changed in v.

o APPROXIMATE() — R™: Output the vector f such that ||[W=Y2(f — f)|lec < € for the current

weight w and the current vector f.
« Exact() = R™: Output the current vector f in O(md~2) time.

Suppose a||v||a < B for some B for all calls to MOVE. Suppose in each step, REWEIGHT, MOVE and
APPROXIMATE are called in order. Let K denote the total number of coordinates changed in v and
w between the (k — 1)-th and k-th REWEIGHT and MOVE calls. Then at the k-th APPROXIMATE

call,

o the data structure first sets f, < _fe(kfl) for all coordinates e where we changed in the last

REWEIGHT, then sets f, < fe(k) for O(Ny, def 2%@(2)2 logZm) coordinates e, where Uy, is the

largest integer ¢ with k =0 mod 2¢ when k # 0 and £y = 0.

o The amortized time for the k-th APPROXIMATE call is 6(61;2 \/m(K + N o))
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3.2.7 Main proof

We are now ready to prove our main result. Algorithm 12 presents the implementation of RIPM

Algorithm 11 using our data structures.

Algorithm 12 Implementation of Robust Interior Point Method

1: procedure CENTERINGIMPL(B, ¢, f, s, tstart, tend)

2 G: graph on n vertices and m edges with incidence matrix B

3: S, F: data structures for slack and flow maintenance > Theorems 3.2.7 and 3.2.8
1 oY A Y 64log(256m2)

5 t 4 tstart, f < F, 8 8, L+ t, W V2p(f)! > variable initialization
6:  v; < sinh(ME(F,3);) for all i € [n]

> data structure initialization
F.INITALIZE(G, f,v,W,§ = O(a/logm),€ =) > choose § so nd < a in Theorem 3.2.7
S.INITALIZE(G, T 's,v, W,d = O(a/logm), e = a) > and O(nd) < a in Theorem 3.2.8
while ¢ > to.q do

10: t < max{(1 — %)t, tend }

11: Update h = —a/|| cosh(MY!(f,3)) ]2 > v as defined in (3.2)
12: Update the diagonal weight matrix W = V2¢(f) ™!

13: F.REWEIGHT (W) > update the implicit representation of f with new weights
14: S.REWEIGHT(W) > update the implicit representation of s with new weights
15: v; + sinh(\My!(f,8);) for all i where f; or 3; has changed > update direction v
16: > Py & WI/2B(BTWB) 'BTW!/2
17: F.MOoVE(h,v) > Update f « f +hW'/2p — hW/2f with f =~ Pyv
18: S.MovE(h,v) > Update s < s + thW /23 with § ~ P,v
19: f < F.APPROXIMATE() > Maintain f such that |[W=Y2(f — f)|lee < a
20: 5 <+ tS.APPROXIMATE() > Maintain 3 such that |[W2(5 — s)| s < fa
21: if |t — t| > ot then

22: s « tS.Exacr()

23: t+t

24: S.INITALIZE(G, T 's,v, W,§ = O(a/logm), e = a)

25: end if

26: end while

27: return (F.ExacT(),tS.EXACT())
28: end procedure

We first prove a lemma about how many coordinates change in w and v in each step. This is

useful for bounding the complexity of each iteration.

Lemma 3.2.9. When updating w and v at the (k + 1)-th step of the CENTERINGIMPL algorithm,

w and v change in O(22%—1 log? m + 2%% log? m) coordinates, where { is the largest integer £ with
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k=0 mod 2°.

Proof. Since both w and v are an entry-wise function of f,5 and 7, we need to examine these
variables. First,  changes every O(y/m) steps, and when 7 changes, every coordinate of w and v
changes. Over the entire CENTERINGIMPL run, ¢ changes 6(1) number of times, so we may incur
an additive 6(m) term overall, and assume ¢ does not change for the rest of the analysis.

By Theorem 3.2.1, we have h||v|s = O(;=2-) at all steps. So we apply Theorem 3.2.7 and

logm
Theorem 3.2.8 both with parameters 8 = O(loglm) and e =a = ®(log1m)' We use their conclusions

in the following argument. Let the superscript (k) denote the variable at the end of the k-th step.
(k)

By definition, w®**Y is an entry-wise function of T(k), and recursively, f ~ is an entry-wise
function of w®). We first prove inductively that at step k, O(2%% log? m) coordinates of f change
to £*) where £*) is the exact solution, and there are no other changes. This allows us to conclude
that w1 differ from w® on O(22% log? m) coordinates.

In the base case at step k = 1, because w(?) is equal to the initial weights w©®, only 0(2%1 log? m)
coordinates f, change to fél). Suppose at step k, a set S of O(22 log? m) coordinates of f change;
that is, f|s is updated to f*)|g, and there are no other changes. Then at step k + 1, by defini-

(k+1)

tion, w differ from w®) exactly on S, and in turn, f(kﬂ)lg is set to f(*)|g again (Line 20

of Algorithm 17). In other words, there is no change from this operation. Then, O(2%%+1 log?m)
additional coordinates f, change to fe(kﬂ).

Now, we bound the change in s: Theorem 3.2.7 guarantees that in the k-th step, there are
O(22% log? m)+ D coordinates in S that change, where D is the number of changes between w1
and w®) and is equal to O(22%~11og? m) as shown above.

(k+1)

Finally, v is an entry-wise function of ?(k) and 3, so we conclude that v*+1) and v®*)

differ on at most O(2%% log® m) + 2 - O(22%11og? m) coordinates. O

Theorem 3.2.10 (Main result). Let G = (V, E) be a directed planar graph with n vertices and
m edges. Assume that the demands d, edge capacities w and costs ¢ are all integers and bounded
by M in absolute value. Then there is an algorithm that computes a minimum cost flow satisfying

demand d in O(nlog M) expected time.
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Proof. The proof is structured as follows. We first write the minimum cost flow problem as a linear
program of the form (3.1). We prove the linear program has an interior point and is bounded, so to
satisfy the assumptions in Theorem 3.2.1. Then, we implement the IPM algorithm using the data
structures from Sections 3.2.3 to 3.2.6. Finally, we bound the cost of each operations of the data
structures.

To write down the min-cost flow problem as a linear program of the form (3.1), we add extra
vertices s and t. Let d be the demand vector of the min-cost flow problem. For every vertex v with
d, < 0, we add a directed edge from s to v with capacity —d, and cost 0. For every vertex v with
d, > 0, we add a directed edge from v to t with capacity d, and cost 0. Then, we add a directed
edge from t to s with capacity 4nM and cost —4nM. The modified graph is no longer planar but
it has only two extra vertices s and t.

The cost and capacity on the ¢ — s edge is chosen such that the minimum cost flow problem
on the original graph is equivalent to the minimum cost circulation on this new graph. Namely, if
the minimum cost circulation in this new graph satisfies all the demand d,,, then this circulation
(ignoring the flow on the new edges) is the minimum cost flow in the original graph.

Since Theorem 3.2.1 requires an interior point in the polytope, we first remove all directed edges
e through which no flow from s to ¢ can pass. To do this, we simply check, for every directed edge
e = (v1,v2), if s can reach vy and if vy can reach t. This can be done in O(m) time by a BFS
from s and a reverse BFS from ¢. With this preprocessing, we write the minimum cost circulation
problem as the following linear program

min cneW)Tf
BT f:(), K“eWSfSu“eW

new

where B is the signed incidence matrix of the new graph, ¢"°V is the new cost vector (with cost on

new

extra edges), and £V, u"*" are the new capacity constraints. If an edge e has only one direction, we

set £2°V = 0 and u(enew) = U, otherwise, we orient the edge arbitrarily and set —€.°% = ul" = wu,.
Now, we bound the parameters L, R,r in Theorem 3.2.1. Clearly, L = ||c"*V||2 = O(Mm) and

R = ||u™™ — £*Y||s = O(Mm). To bound r, we prove that there is an “interior” flow f in the

polytope F. We construct this f by f = > g f£© where f(¢) is a circulation passing through
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edges e and (t,s) with flow value 1/(4m). All such circulations exist because of the removal
preprocessing. This f satisfies the capacity constraints because all capacities are at least 1. This
shows r > ﬁ.

The RIPM in Theorem 3.2.1 runs the subroutine CENTERING twice. In the first run, the
constraint matrix is the incidence matrix of a new underlying graph, constructed by making three
copies of each edge in the original graph G. Since copying edges does not affect planarity, and
our data structures allow for duplicate edges, we use the implementation given in CENTERINGIMPL
(Algorithm 12) for both runs.

By the guarantees of Theorem 3.2.7 and Theorem 3.2.8, we correctly maintain s and f at every
step in CENTERINGIMPL, and the requirements on f and s for the RIPM are satisfied. Hence,
Theorem 3.2.1 shows that we can find a circulation f such that (¢"*%)" f < OPT — % by setting
€= W for some large constant C' in Algorithm 11. Note that f, when restricted to the original
graph, is almost a flow routing the required demand with flow value off by at most ﬁ This is
because sending extra k units of fractional flow from s to t gives extra negative cost < —knM.
Now we can round f to an integral flow f™ with same or better flow value using no more than
O(m) time [kang2015flow]. Since " is integral with flow value at least the total demand minus
%, f" routes the demand completely. Again, since f™ is integral with cost at most OPT — %, fint
must have the minimum cost.

Finally, we bound the runtime of one call to CENTERINGIMPL. We initialize the data structures
for flow and slack by INITIALIZE. Here, the data structures are given the first IPM step direction
v for preprocessing; the actual step is taken in the first iteration of the main while-loop. At each
step of CENTERINGIMPL, we perform the implicit update of f and s using MOVE; we update W
in the data structures using REWEIGHT; and we construct the explicit approximations f and 3
using APPROXIMATE; each in the respective flow and slack data structures. We return the true
(f,s) by ExacT. The total cost of CENTERINGIMPL is dominated by MOVE, REWEIGHT, and
APPROXIMATE.

Since we call MOVE, REWEIGHT and APPROXIMATE in order in each step and the runtime for

MOoVE, REWEIGHT are both dominated by the runtime for APPROXIMATE, it suffices to bound the
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runtime for APPROXIMATE only. Theorem 3.2.1 guarantees that there are T'= O(y/mlog nlog(nM))
total APPROXIMATE calls. Lemma 3.2.9 shows that at the k-th call, the number of coordinates

changed in w and v is bounded by K def

O(2%11og? m + 22~ log? m), where /}, is the largest
integer ¢ with £k = 0 mod 2¢, or equivalently, the number of trailing zeros in the binary representa-
tion of k. Theorem 3.2.1 further guarantees we can apply Theorem 3.2.7 and Theorem 3.2.8 with

parameter 5 = O(1/logm), which in turn shows the amortized time for the k-th call is

0072\ /m(K + Ny_yn))-

def
where N, =

22% (3 /a)? log? m = O(2%% log? m), where o = O(1/logm) and ep = O(1/logm) are
defined in CENTERINGIMPL.

Observe that K + N,_,¢, = O(N,_y¢, ). Now, summing over all T calls, the total time is

T T
O(v/mlogm) m = O(v/mlog®m) > 9 tk—2tk)
k=1 k=1

T T
= O(vmlog®m) > 2% [k — 2% = k'],
=1 k=1
where we use [-] for the indicator function, i.e., [k — 2% = k'] = 1 if k — 2% = k/ is true and 0

otherwise. As there are only log T different powers of 2 in [1,77], the count Y, <p<p[k — 2% = K]

is bounded by O(log T') for any k' € {1,...,T}. Then the above expression is
T
= O(vmlog?mlogT) > 2%
k=1

Since £ is the number of trailing zeros on k, it can be at most log T for k < T. We again rearrange
the summation by possible values of £/, and note that there are at most 7/2*! numbers between

1 and T" with ¢ trailing zeros, so
T logT . .
> 2w =320 T/2 = O(Tlog T).
=0

k'=1

So the overall runtime is O(y/mT logmlog? T). Combined with Theorem 3.2.1’s guarantee of
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T = O(y/mlognlog(nM)), we conclude the overall runtime is O(mlog M). O

3.3 Preliminaries

We assume all matrices and vectors in an expression have matching dimensions. That is, we will
trivially pad matrices and vectors with zeros when necessary. This abuse of notation is unfortunately

unavoidable as we will be considering lots of submatrices and subvectors.

General Notations. An event holds with high probability if it holds with probability at least
1 — n¢ for arbitrarily large constant c. The choice of ¢ affects guarantees by constant factors.

We use boldface lowercase variables to denote vectors, and boldface uppercase variables to
denote matrices. We use ||v||2 to denote the 2-norm of vector v and ||v||m to denote v' Mw. For
any vector v and scalar x, we define v + = to be the vector obtained by adding = to each coordinate
of v and similarly v — x to be the vector obtained by subtracting x from each coordinate of v. We
use O for all-zero vectors and matrices where dimensions are determined by context. We use 14
for the vector with value 1 on coordinates in A and 0 everywhere else. We use I for the identity
matrix and Ig for the identity matrix in RS>, For any vector € RS, x|c denotes the sub-vector
of & supported on C' C S; more specifically, x|c € RS, where &; = 0 for all i ¢ C.

For any matrix M € RA*B_ we use the convention that Mc¢ p denotes the sub-matrix of M
supported on C' x D where C C A and D C B. When M is not symmetric and only one subscript
is specified, as in M p, this denotes the sub-matrix of M supported on A x D. To keep notations
simple, M~! will denote the inverse of M if it is an invertible matrix and the Moore-Penrose
pseudo-inverse otherwise.

For two positive semi-definite matrices L; and Lo, we write L; = Lo if e7'L; < Ly < 'Ly,
where A < B means B — A is positive semi-definite. Similarly we define >; and <; for scalars,

that is, x <; y if etz <y < ela.

Graphs and Trees. We define modified planar graph to mean a graph obtained from a planar
graph by adding 2 new vertices s, ¢ and any number of edges incident to the new vertices. We allow

distinguishable parallel edges in our graphs. We assume the input graph is connected.
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We use n for the number of vertices and m for the number of edges in the input graph. We will
use w for the vector of edge weights in a graph. We define W as the diagonal matrix diag(w).

We define L = BTWB be the Laplacian matrix associated with an undirected graph G with
non-negative edge weights W. We at times use a graph and its Laplacian interchangeably. For a
subgraph H C G, we use L[H] to denote the weighted Laplacian on H, and B[H] to denote the
incidence matrix of H.

For a tree T, we write H € T to mean H is a node in 7. We write Ty to mean the complete
subtree of T rooted at H. We say a node A is an ancestor of H if H is in the subtree rooted at A,
and H # A.

The level of a node in a tree is defined so that leaf nodes have level 0, and the root has level
7, where 7 is the height of the tree. For interior nodes, the level is the length of the longest path
from the node to a leaf. By this definition, note that the level of a node and its child can differ by
more than 1.

For binary tree data structures, we assume there is constant time access to each node.

IPM data structures. When we discuss the data structures in the context of the IPM, step
0 means the initialization step. For k > 0, step k means the k-th iteration of the while-loop in
CENTERING (Algorithms 11 and 12); that is, it is the k-th time we update the current solutions.
For any vector or matrix @ used in the IPM, we use *) to denote the value of  at the end of the
k-th step.

In all procedures in these data structures, we assume inputs are given by the set of changed
coordinates and their values, compared to the previous input. Similarly, we output a vector by
the set of changed coordinates and their values, compared to the previous output. This can be
implemented by checking memory for changes.

We use SMALLCAPS to denote function names and data structure classes, and typewriterFont
to denote an instantiation of a data structure.

We say a data structure B extends A in the object-oriented sense. Inside data structure B, we
directly access functions and variables of A when the context is clear, or use the keyword super.

In the data structure where we write L™!a for some Laplacian L and vector a, we imply the
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use of an SDD-solver as a black box in nearly-linear time:

Theorem 3.3.1 ([JambulapatiS21, 13]). There is a randomized algorithm which is an e-approzimate

Laplacian system solver for the any input n-vertex m-edge graph and € € (0,1) and has the following

runtime O(mpoly(loglogn)log(1/e)).

3.4 Nested dissection and approximate Schur complements

This section lays the foundation for a recursive decomposition of the input graph. Our goal is to
set up the machinery necessary for approximating P, def w1/ 2B(BTWB) 'BT W2 as needed
in the robust IPM. In particular, we are interested in the weighted Laplacian matrix L < BTWB.

We begin with a discussion of nested dissection and the associated Schur complements.

3.4.1 Cholesky decomposition and Schur complement

Let G be a weighted graph. Consider the partition of vertices in GG into two subsets C' and F' =

V(G)\ C called boundary and interior vertices. This partitions L into four blocks:

Lrr Lrpc
L=

Ler Leoc

Definition 3.4.1 (Block Cholesky decomposition). The block Cholesky decomposition of a symmetric
L with blocks indexed by F' and C defined as above is:

I 0 L 0 I (Lpp) 'Lrc
L RF (Lrr)"Lrc | (3.12)
LC’F(LRF)_I I 0 SC(L,C) 0 I

The middle matrix in the decomposition is a block-diagonal matrix with blocks indexed by F

and C, with the lower-right block being:

Definition 3.4.2 (Schur complement). The Schur complement Sc(L, C') of L onto C'is the Laplacian

matrix resulting from a partial symmetric Gaussian elimination on L. Formally,

Sc(L,C) = Leo — Lo pLp pLipc.

175



It is known that Sc(L,(C) is the Laplacian of another graph with vertex set C. We further
use the convention that if H is a subgraph of G and V(H) C C, then Sc(H,C) simply means

Sc(H,C NV (H)). Graph theoretically, the Schur complement has the following interpretation:

Lemma 3.4.3. Let V(G) = {v1,...,v,}. Let C = V(G) —vi. Let w;i; denote the weight of edge
vivj. Then

Sc(L,C) =G[C] + H,

where G[C] is the subgraph of G induced on the vertex set S, and H is the graph on S with edges
v;vj where i,j € N(v1), and wi; = wi;wij/wr, where wy is the total weight of edges incident to vy

in G. Note that on the right hand side, we use a graph to mean its Laplacian. ]

Taking Schur complement is an associative operation. Furthermore, it commutes with edge
deletion, and more generally, edge weight deletion. Finally, for our purposes, it can be decomposed

under certain special circumstances.
Lemma 3.4.4. If X CY C V(G), then Sc(Sc(L,Y ), X) = Sc(L, X). O

Lemma 3.4.5. Let w, denote the weight of edge e in G. Suppose C C V(G), and H is a subgraph
of G on the vertex set C with edge weights w., < w, for all edges in G[C]. Let L’ denote the
Laplacian of H. Then, Sc(L — L',C) = Sc(L,C) — L. O

Lemma 3.4.6. Let L be the Laplacian of graph G with the decomposition L = Ly + Lo, where L
1s a Laplacian supported on the vertex set Vi and Lo on Va. Furthermore, suppose V1NV C C for

some vertex set C C V(G). Then

Sc(L,C) = Sc(L1,CnN Vi) + Sc(Lz, C N V).
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Proof. We have

SC(L,C) = SC(Ll + LQ,C)

= Sc(Sc(Ly + Lo, C U V3), C)

= Sc(Sc(Ly,C U Va) + Lo, O) (by Lemma 3.4.5)
= Sc(Sc(L1,C) + Lo, C) (since (CUV2)N VL CC)
= Sc(L;,C) + Sc(Lg, C), (by Lemma 3.4.5)
= Sc(L;,CN Vi) 4 Sc(Lg, C N V3) (since L; is supported on V; for i = 1,2)
as desired. ]

3.4.2 Separator tree

In the overview, we briefly gave the intuition for a 2-level partition of the input graph; here we extend

it to a recursive partitioning scheme with O(logn)-levels. We begin with the formal definitions.
Definition 3.4.7 (Separable graph). A graph G = (V, E) is a-separable if there exists two constants
¢ > 0and b € (0,1) such that every nonempty subgraph H = (V(H) C V,E(H) C FE) with
|E(H)| > 2 of G can be partitioned into Hy and Ha such that

« E(H\)UE(Hs) =E(H), E(H\)NE(Hy) =0,

« [V(H) NV (H)| < c[|E(H)*],

e |E(H;)| <blE(H)|, fori=1,2.
We call S(H) o V(Hi) NV (H3) the balanced vertex separator of H.

It is known that any planar graph is 1/2-separable.

Remark 3.4.8. As we discussed in Section 3.2.7, our LP formulation for the IPM uses a modified
planar graph which is the original planar graph with two additional vertices and O(n) additional
edges incident to them. By adding two vertices and edges incident to them to a planar graph, the

modified graph is also 1/2-separable with the constant ¢ in Definition 3.4.7 increased by 2.
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We apply nested dissection recursively to each region using balanced vertex separators, until
the regions are of constant size. The resulting hierarchical structure can be represented by a tree

T, which is known as the separator tree of G:

Definition 3.4.9 (Separator tree 7). Let G be a modified planar graph. A separator tree 7 is a
binary tree whose nodes represent subgraphs of GG such that the children of each node H form a
balanced partition of H.

Formally, each node of 7T is a region (edge-induced subgraph) H of G; we denote this by
H € T. At a node H, we store subsets of vertices 0(H),S(H),Fg C V(H), where 0(H) is the
set of boundary vertices that are incident to vertices outside H in G; S(H) is the balanced vertex
separator of H; and Fyy is the set of eliminated vertices at H. Concretely, the nodes and associated

vertex sets are defined recursively in a top-down way as follows:

1. The root of T is the node H = G, with 9(H) = () and Fg = S(H).

2. A non-leaf node H € 7T has exactly two children D1, Dy € T that form an edge-disjoint
partition of H in Definition 3.4.7, and their vertex sets intersect on the balanced separator
S(H) of H. Dy and Dy does not have any isolated vertex. Define 9(D;) = (0(H) U S(H)) N
V(Dy), and similarly 9(Dy) = (0(H) U S(H)) NV (Ds2). Define Fip = S(H) \ 0(H).

3. If a region H contains a constant number of edges, then we stop the recursion and H becomes
a leaf node. Further, we define S(H) = () and Fy = V(H)\ d(H). Note that by construction,

each edge of GG is contained in a unique leaf node.

Let n(H) denote the height of node H which is defined as the maximum number of edges on a
tree path from H to one of its descendants. n(H) = 0 if H is a leaf. Note that the height difference
between a parent and child node could be greater than one. Let 1 denote the height of 7 which is

defined as the maximum height of nodes in 7. We say H is at level i if n(H) = i.
Observation 3.4.10. Using the above definition, {Fyg : H € T} partitions the vertex set V(G).

Observation 3.4.11. Suppose H is a node in T with children D1 and Dy. We have 0D, U0Dy =
OH U Fy.
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Observation 3.4.12. Suppose H is a node in T. Then O(H) C Ugpcestor A of HFA-

Fakcharoenphol and Rao [160] gave an algorithm that computes the separator tree for any

planar graph.

Theorem 3.4.13 (Separator tree construction [160]). Given a planar graph G, there is an algorithm

that computes a separator tree T of G of height n = O(logn) in O(nlogn) time.

For computing the separator tree 7 of a modified planar graph, we may apply their method
to the original planar graph to get the separator 7', and add the two new vertices s,t to Fg at
the root node G, and to the boundary sets (H) at every non-root node H. The additional edges
incident to s,t can be recursively partitioned from a node to its children, which increases the height

of 7 by O(logn). Thus, we have the following corollary:

Corollary 3.4.14 (Separator tree construction for modified planar graph). Given a modified planar
graph G, there is an algorithm that computes a separator tree T of G of height n = O(logn) in

O(nlogn) time.

To discuss the structures in the separator tree, we define the following terms:

Definition 3.4.15. Let T (i) be the subset of nodes in 7 at level i. For a node H, let Ty be the
subtree of 7 rooted at H. Let Py (H) be the set nodes on the path from H to the root of T,

including H. Given a set of nodes H = {H : H € T}, define

Pr(H) = |J Pr(H).
HeH

Finally, we partition these nodes by their level in T, and use Py (H, i) to denote all the nodes
in Pr(#H) at level i in T.

Fakcharoenphol and Rao [160, Section 3.5] showed that for a set H of K nodes in T', the total
number of boundary vertices from the nodes in Pr(H) is O(vV'mK). However, their claim is not
stated as a result we can cite here. We provide a simple, self-contained proof in Section 3.10 of a

slightly weaker bound that in addition requires bounding the number of separator vertices.
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Lemma 3.4.16. Let G be a modified planar graph with separator tree T. Let H be a set of K

nodes in T . Then

N |8(H)| + |Fu| < O(VmK).

HePr(H)

3.4.3 Approximating L~! using the separator tree

For a height-n separator tree, we generalize the sets C' and F' from the block Cholesky decomposition
((3.12)) to a sequence of sets Cy,...,Cy, and Fy, ..., F;, based on T.
Definition 3.4.17 (C;, F;). Let T be the separator tree from Corollary 3.4.14. For all 0 < i < 7,
we define F; = Uyer(;) Fr to be the vertices eliminated at level . For all 0 < i <, we define
c;i=U HET (i) O(H) to be the vertices remaining after eliminating vertices in F;. We define C'_1 to
be V(G).

By Observation 3.4.10, F; is the disjoint union of Fy over all nodes H at level ¢ in the separator
tree. Fy,...,F, partitions V(G). By the definition of 9(H) and Fp, we know F; = C;_1 \ C; for
all 0 <1 <. It follows that V(G) =C_1 D Cy D --- D Cy_1 D Cp =0 and C; = U;»; F}.

Now, the decomposition from (3.12) can be extended and inverted as follows:

SC(L7 C_l)F()’FOil 0 0
L' =pOT. .. y0-DT 0 0 =D O (3.13)
0 0 SC(L7 Cn_l)Fan_l

where the u(i)’s are upper triangular matrices with
“(i) =I- SC(L, Ci—l)Csz‘ (SC(Lv Ci—l)FmFi)_l )

where we assume all matrices are n X n by padding zeroes when required. To efficiently compute

parts of L™!, we use approximate Schur complements instead of exact ones in (3.13).

Definition 3.4.18 (Approximate Schur Complement). Let G be a weighted graph with Laplacian

L, and let C be a set of boundary vertices in G. We say that a Laplacian matrix é?:(L7 C) € REO*C
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is an e-approzimate Schur complement of L onto C' if Sc(L, C) ~ Sc(L, C), where we use = to

mean an ef-spectral approximation.

Definition 3.4.19 (L™)). Let § > 0. For each H € T, let L)) be a Laplacian on the vertex set
Fy UOH such that

LY a5 Sc(L[H],0(H) U Fy).

We show how to compute and maintain L) in the next subsection.

Here, we define the necessary approximate matrices and show how to approximate L',

Definition 3.4.20 (IT®, X(H), f‘) To approximate (9, we define

oo =1- Y x®), (3.14)
HeT (i)
where
_ (#) N\
XM =Lyl (L) (3.15)

for each H € T.

To approximate the block diagonal matrix in (3.13), we define

H —1
2_HET(0) (LEJ‘H),FH) 0 0
I'= 0 0
H —1

Theorem 3.4.21 (L~! approximation). Suppose for each H € T, we have a Laplacian L)
satisfying
LUD w5 Sc(L[H],0(H) U Fy).
Then, we have
Lt Rps mOT . =T prpt-1 .. ) (3.16)
def )

= Yrere L
def

Note that L%) F, = 2 HET() ng{{ Fyy, 18 a block-diagonal matrix with blocks indexed by H €

Proof. Let C;, F; be defined for each i according to Definition 3.4.17. Let L®
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T (i), since F; is a disjoint union over Fiy for H € T (4), and only L") is supported on Fy. Hence,
@ ' (H) \7!
LFI‘Z‘,FZ' - ZHET(’L) (LFH,FH> :

Recall that the regions in 7 (i) partition the graph G. Furthermore, the intersection of H, H' €

7 (i) is on their boundary, which is contained in C; C C;_;. Thus, we apply Lemma 3.4.6 to get

Sc(L,Ci—1) = Y Sc(L[H],Ci-1 NV (H))
HeT (3.17)
5 Y. Sc(L[H|,0HUFy)= Y LU =10,
HET(Z) HeT(3)

Now, we prove inductively that

[ (1.0 7! ]
(LS r) O 0 0
L~y TIOT .o p—DT 0 - 4 0 . 0 ..., (3.18)
0 0 (L%;ll)sz—l) 0
A\ —1
o 0 0 (L) |

When i = 0, we have the approximation trivially as L(®) = L
For general i, we factor L( in (3.18) recursively using Cholesky decomposition. L@ is supported

on C;_1, and we can partition C;_1 = F; U C;. Then,

: I 0 L} 0 I (L(l_) )1 @
L(Z) — F“Fl F’LvFl F“Cz . (3.19)
L¢) g (L )t 1 0 Sc(LW,C) || o I

For the Schur complement term in the factorization, we have

Sc(LY, C;) ~i5 Se(Sc(L, Ci-1), Cy) (by (3.17))
= Sc(L, ;) (by transitivity of Schur complements)
~s L. (by (3.17))

So we can use L) in place of the Schur complement term, and the equality becomes an approxi-
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mation with factor (i 4+ 1)J. Furthermore, in (3.19), we can rewrite

i H H
L(C'B,Fi = Z L(Cia)Fi = Z L(aH{FH'
HeT (%) HeT(3)

Plugging the inverse of (3.19) into (3.18), we get the correct recursive approximation.
Finally, we note that at the n-th level, Lg}{ P = L™ since C, = 0. So we have the overall

expression. ]

3.4.4 Recursive Schur complements on separator tree

In this section, we prove Theorem 3.2.4 which maintains approximate Schur complements onto the
boundary vertices of each node H in 7.

We use the following result as a black-box for computing sparse approximate Schur complements:

Lemma 3.4.22 (APPROXSCHUR procedure [122]). Let L be the weighted Laplacian of a graph
with n vertices and m edges, and let C' be a subset of boundary vertices of the graph. Let v =
1/n? be the error tolerance. Given approzimation parameter € € (0,1/2), there is an algorithm
APPROXSCHUR(L, C,¢€) that computes and outputs a e-approrimate Schur complement §:(L,C)

that satisfies the following properties with probability at least 1 — ~:
1. The graph corresponding to Sc(L,C) has O(e~2|C|log(n/7)) edges.
2. The total running time is O(mlog®(n/vy) + ¢ 2nlog*(n/v)).

First, we prove the correctness and runtime of APPROXSCHURNODE(H). We say APPROX-
SCHURNODE(H) runs correctly on a node H at level 7 in T, if at the end of the procedure, the

following properties are satisfied:
« L®) is the Laplacian of a graph on vertices d(H) U Fyr with O(672|0(H) U Fi|) edges,
o LUD ~;_ 15 Sc(L[H],0(H) U Fg),

e Sc(LH) 9(H)) ~i5 Sc(L[H],d(H)), and the graph is on d(H) with O(5-2|d(H)]|) edges.
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Algorithm 13 Data structure to maintain dynamic approximate Schur complements

1: data structure DyNaMICSC

2: private: member

3: Graph G with incidence matrix B

4 w € R™ W € R™*": Weight vector and diagonal weight matrix, used interchangeably
5 6 > 0: Overall approximation factor

6: 0 > 0: Fast Schur complement approximation factor

T: T: Separator tree of height 1. Every node H of T stores:

8 Fy, 0(H): Interior and boundary vertices of region H

9 L) ¢ R™*™: Laplacian supported on Fyy U O(H)

10: Sc(LH) 9(H)) € R™*™: §-approximate Schur complement of L(*)
11:

12: procedure INITIALIZE(G, w € R™, § > 0)

13: B < incidence matrix of G

14: T + separator tree of GG of height 1 constructed by Theorem 3.4.13
15: d«0/(n+1)

16: w <— w

17: fori=0,...,ndo

18: for each node H at level i in T do
19: APPROXSCHURNODE(H)

20: end for

21: end for

22: end procedure

23:

24: procedure REWEIGHT (w(™") € R™)

25: H < set of leaf nodes in T that contain each edge e whose weight is updated
26: w — wew)

27: P7(H) < set of all ancestor nodes of H in 7 and H
28: fori=0,...,ndo

29: for each node H at level i in Py (H) do
30: APPROXSCHURNODE(H)

31: end for

32: end for

33: end procedure

34:

35: procedure APPROXSCHURNODE(H € T)
36: if H is a leaf node then

37: > B[H] is the incidence matrix for the induced subgraph H with edge set E(H)

38: L) « (B[H])"W p()B[H]

39: Sc(LUD 9(H)) + ArPrOXSCHUR(LU 9(H), ) > Lemma 3.4.22
40: else

41: Let D1, Do be the children of H

42: L) « Sc(L(PV,8(D1)) + Sc(L(P2), a(Dy))

43: Sc(LUD 9(H)) + ArPrOXScHUR(LUD 9(H), )

44: end if
45: end procedure
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Lemma 3.4.23. Suppose L(P) and é?:(L(D),a(D)) are computed correctly for all descendants D

of H, then APPROXSCHURNODE(H ) runs correctly.

Proof. When H is a leaf, the proof is trivial. L) is set to the exact Laplacian matrix of the induced
subgraph H of constant size. Sc(LH), d(H)) é-approximates Sc(LUD, 9(H)) = Sc(L[H],d(H)) by
Lemma 3.4.22.

Otherwise, suppose H is at level ¢ with children D; and Dy. By construction of the separa-
tor tree and Observation 3.4.11, we have 0D U 0Dy = 0H U Fy. For each j = 1,2, we know
inductively §C(L(Dj),8(Dj)) has 6(5‘2]8(Dj)|) edges. Since we define LU7) to be the sum, it has
O(672(|o(Dy)] + |8(D2)])) = O(62|0(H) U Fy|) edges, and is supported on vertices 9H U Fyr, so
we have the first correctness property.

Inductively, we know Sc(L(P3), 9(Dj)) ~(i—1)s Sc(L[D;],9(D;)) for both j = 1,2. (The height

of D; may or may not equal to ¢ — 1 but it is guaranteed to be no more than ¢ — 1.) Then

LUD = Sc(L™PV, §(Dy)) + Sc(LP2) a(Dy))
~(i-1)s S¢(L[D1],0(D1)) + Sc(L[Ds], 0(D2))
= Sc(L[D1], (0(H) U Fiy) N V(D1)) + Sc(L[Do], (O(H) U Fir) N V(D2))

(by construction of the separator tree, 0D; = (0H U Fg) NV (D;) for j =1,2)

= Sc(L[H],0H U Fpg), (by Lemma 3.4.6)

so we have the second correctness property.

Line 43 returns Sc(L®), 8(H)) with O(6~2|0(H)|) edges by Lemma 3.4.22. Also,

Sc(LYD 9(H)) ~ Sc(LUD o(H))
~(i-1)5 Sc(Sc(L[H],0H U Fy), d(H))

= Sc(L[H],0H), (by Lemma 3.4.4)

giving us the third correctness property. ]
Lemma 3.4.24. The runtime of APPROXSCHURNODE(H) is O(6~2|0(H) U Fy|).
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Proof. When H is a leaf node, computing L!) = L[H] takes time proportional to |H| = 0H U Fy.

Computing Sc(LE), 0H) takes O(6~2|H|) time by Lemma 3.4.22.

(H)

Otherwise, when H has children Dy, Dy, computing L\*) requires accessing é::(L(DJ' ), 0D;) for

j = 1,2 and summing them together, in time O(|0D;| + |0Ds|) = O(|0H U Fy|). Then, computing
Sc(L) 9H) take O(6~2|0H U F|) by Lemma 3.4.22. O
Next, we prove the overall data structure correctness and runtime:

Theorem 3.2.4 (Schur complements maintenance). Given a modified planar graph G with m edges
and its separator tree T with height n = O(logm), the deterministic data structure DYNAMICSC
(Algorithm 13) maintains the edge weights w from the IPM, and at every node H € T, maintains
two vertex sets Fry and O(H), and two Laplacians L) gnd §:(L(H),8H U Fy) dependent on w.

It supports the following procedures:

o INITIALIZE(G,w € RZ;,0 > 0): Given a graph G, initial weights w, projection matriz ap-

proximation accuracy &, preprocess in 6(6‘2771) time.

o REWEIGHT(w € RZ, given implicitly as a set of changed coordinates): Update the weights to
w, and update the relevant Schur complements in 6(5‘2\/ mK) time, where K is the number

of coordinates changed in w.

If H is the set of leaf nodes in T that contain an edge whose weight is updated, then L) and

Sc(LUD 9(H)) are updated only for nodes H € Pr(H).
e Access to Laplacian L) at any node H € T in time O (6 2|0H U Fy|).
« Access to Laplacian Sc(L) 0(H)) at any node H € T in time O (6~ 2|0H]).

Furthermore, the L) ’s maintained by the data structure satisfy
LU w5 Sc(L[H],0(H) U Fy), (3.9)
for all H € T with high probability. The Sc(LU), O0(H))’s maintained satisfy

Sc(LUD 9(H)) ~s Sc(L[H],d(H)) (3.10)
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for all H € T with high probability.

Proof of Theorem 3.2.4. Because we set 6 <— d/(n+1) in INITIALIZE, combined with Lemma 3.4.23,

we conclude that for each H € T,
LY 5 Sc(L[H],(H) U Fy)

and

Sc(LUD 9(H)) ~4 Sc(L[H],0(H)).

We next prove the correctness and runtime of INITIALIZE. Computing the separator tree costs
O(nlogn) time by Theorem 3.4.13. Because APPROXSCHURNODE(H) is called in increasing order
of level of H, each APPROXSCHURNODE(H) runs correctly and stores the initial value of L) by
Lemma 3.4.23. The runtime of INITIALIZE is bounded by running APPROXSCHURNODE on each
node, i.e:

O(672 Y |0(H) U Fy|) = O(6~2m) = O(6*m).
HeT

Where we bound the sum using Lemma 3.4.16 with K = O(m), since T has O(m) nodes in total.

The proof for REWEIGHT is similar to INITIALIZE. Let K be the number of coordinates changed
in w. Then Pr(H) contains all the regions with an edge with weight update. For each node H
not in Py (H), no edge in H has a modified weight, and in this case, we do not need to update
L) For the nodes that do require updates, since APPROXSCHURNODE(H) is called in increasing
order of level of H, we can prove inductively that all APPROXSCHURNODE(H) for H € Pr(H) run
correctly. The time spent is bounded by O(6~2 > Hepy) |0(H) U Fi|). By Lemma 3.4.16, this is
further bounded by O(6~2vmK).

For accessing L(®) and Sc(LH), §(H)), we simply return the stored values. The time required
is proportional to the size of L) and évc(L(H), O0(H)) respectively, by the correctness properties

of these Laplacians, we get the correct size and therefore the runtime. ]

187



3.5 Maintaining the implicit representation

In this section, we give a general data structure MAINTAINREP.

At a high level, MAINTAINREP implicitly maintains a vector & throughout the IPM, by explicitly
maintaining vector y, and implicitly maintaining a tree operator M and vector z, with « def y+Mz.
MAINTAINREP supports the IPM operations MOVE and REWEIGHT as follows: To move in step

k) and

k with direction v® and step size a®), the data structure computes some z®* from v
updates  + = + M(a®z(*)), To reweight with new weights w®") (which does not change
the value of ), the data structure computes M (new) using w®%) | ypdates M < M®eW)  and
updates y to offset the change in Mz. In Section 3.5.1, we define z(*) and show how to maintain
z = Zle 2() efficiently. In Section 3.5.2, we define tree operators. Finally in Section 3.5.3, we
implement MAINTAINREP for a general tree operator M.

Our goal is for this data structure to maintain the updates to the slack and flow solutions at
every IPM step. Recall at step k, we want to update the slack solution by ThW?/ 2P, v and
the partial flow solution by AW~/ 215;,1)('“). In later sections, we define specific tree operators
MGlack) and MEBow) 5o that the slack and flow updates can be written as M%) (zp2(F)) and
M(ﬁow)(hz(k)) respectively. This then allows us to use two copies of MAINTAINREP to maintain
the solutions throughout the IPM.

To start, recall the information stored in the DYNAMICSC data structure: at every node H we

(1) In the previous section, we defined matrices I' and II()’s as functions of the

have Laplacian L
L(1)’s, in order to approximate L™!. MAINTAINREP will contain a copy of the DYNaAMICSC data

structure; therefore, the remainder of this section will freely refer to T and IIO, ... L=,

3.5.1 Maintaining the intermediate vector z

We define a partial computation at each step of the IPM, which will be shared by both the slack

and flow solutions:

Definition 3.5.1 (). At the k-th step of the IPM, let v*) be the step direction. Let d def
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BT WY2y*) Define 2(¥) to be the partial computation
PORCE S [CEV § (UF) (3.20)

Observe that this is a partial projection: If we apply WY/2BIIOT ... TI0-DT to 2% then by
Theorem 3.4.21, the result is an approximation to Pv*).

We first show how to multiply LI ... IO to a vector efficiently. The main idea is to take
advantage of the hierarchical structure of the separator tree 7 in a bottom-up fashion. If d is a
sparse vector with only K non-zero entries, then we can apply the operator while avoiding exploring

parts of 7 that are guaranteed to contain zero values.

Lemma 3.5.2. Given a vectord € R", let H O {H € T :d|p, # 0} and suppose |H| = K. Then
the procedure PARTIALPROJECT(d, H) in the MAINTAINZ data structure (Algorithm 14) returns the

vector

where the ITIW’s and & are from the DYNAMICSC data structure in MAINTAINZ.
The procedure runs in 5(61_)2\/mK) time, and u|r, is non-zero for at most O(K) nodes H €

Pr(H).

Proof. First, we consider the runtime. We remark that the creation of vector w is for readability;
the procedure can in fact be computed using d in-place.

The bottleneck of PARTIALPROJECT is Line 24. For each H € Py (H), recall from Theorem 3.2.4
that LU is supported on the vertex set Fyy U @(H) and has O(6~2|Fy U d(H)|) edges. Hence,
(L%II)’FH)_lu\FH can be computed by an exact Laplacian solver in O(6~2|Fy U 8(H)|) time, and
the subsequent left-multiplying by Léﬁz[)’ F,y also takes O(672|Fy U d(H)|) time. Finally, we can
add the resulting vector to w in time linear in the sparsity. Summing this over all H € Py (H), we

get that the total runtime is O(6~2v/mK) by Lemma 3.4.16.

To show the correctness of PARTIALPROJECT, we have the following claim:
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Algorithm 14 Data structure to maintain the intermediate vector z, Part 1

1: data structure MAINTAINZ

2: private: member

3 G: input graph G with incidence matrix B

4 T separator tree of G of height n

5: c € R, z(prev) Z(sum) ¢ Rn: coefficient and vectors to be maintained

6 u € R™: vector to be maintained such that w = I~V ... IIOBTWuy
7 v € R™: direction vector from the current iteration

8

9

w € R™: weight vector > we sometimes also use W & diag(w)
: dynamicSC: an instance of DYNAMICSC struct > gives read access to L) for H € T
10:
11: procedure INITIALIZE(G,v € R™, w € RZ;,§ > 0)
12: W W, Vv
13: dynamicSC.INITIALIZE(G, w, §)
14: < PARTIALPROJECT(BT W1/20)
15: 2(Prev) Ty
16: 2t 0
17: c+0
18: end procedure
19:
20: procedure PARTIALPROJECT(d € R",H ={H € T :d|p, # 0})
21: > if H is not given in the argument, then it takes the default value above
22: u<d
23: for ¢ from 0 to n — 1 do
24 w e w— Y pepy o0 Loy Uiy )~ ulpy
25: end for
26: return v
27: end procedure
28:

29: procedure INVERSEPARTIALPROJECT(u € R", H)
30: for ¢ from n —1 to 0 do

H H _
31: U U+ D gep, (i) Lg(l){),FH (L%H{FH) Yulgy,
32: end for
33: d+—u
34: return d

35: end procedure
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Claim 3.5.3. Let u(~Y) = d be the value of w in PARTIALPROJECT(d, H) before the first double

for-loop. Let u' be the value of w after iteration i of the outer loop (Line 23) for 0 <i <n. Then
w =119 ... 11O 4.

Furthermore, u®|r,, # 0 only if H € Pr(H).

Proof. We prove the claim by induction. For ¢ = —1, we are given u(*1)| ry = d|F, # 0 exactly
for all H € H C Pr(H).

For i + 1, we have, by inductive hypothesis and definition of II(?),

DT . 110 g = I+ @

= (I— Z X(H)) ul.
HeT(i+1)
Since X(H) ¢ RIHE)*Fu and u|p, # 0 only if H € Py(H), the summation above can be taken

over the smaller set 7 (i + 1) N Pr(H) e Pr(H,i+ 1), giving

—ul® _ Z X(H)U(i)|FH-
HePr(H,i+1)
This is exactly what is computed as u after iteration ¢ of the outer loop at Line 23. Hence, this is
equal to w01 by definition.

For the sparsity condition, we note that if u(iﬂ)\ Fl, differs from u(i)| Fy, at a node H', then
it was changed by a term in the summation above, and so we must have Fyr N OH # () for some
H € Py(H,i+1). By construction of the separator tree, this occurs only if H' is an ancestor of H,
which implies H' € P7(#H). Combined with the inductive hypothesis, we have that w1 |r, # 0

only if H € Pr(H). O

Setting « = n — 1 in the above claim immediately shows that at the end of the first double
for-loop in PARTIALPROJECT, we have u = IT—1 ... TIMWIIO) g,

Finally, to complete the sparsity argument, we have |H| = K, and consequently |Pr(H)| =

191



O(K -n) = 6(K ). Combined with the claim, we get the overall sparsity guarantee. O

For the correctness of our data structure, we will need a more specific structural property of

PARTIALPROJECT:

Lemma 3.5.4. Let H be any subset of nodes in T. Let Hy, ..., H. be any permutation of all nodes

from Pr(H) such that if H; is an ancestor of Hj, then i < j. Then
PARTIALPROJECT(d, M) = (I — X)) (1 - XH))g,

Proof. First, we observe that I—X ) and I-X() are commutative if H; and H ;j are not ancestor-
descendants. The reason is that X(#)X () = 0, since X(Hi) ¢ RIHI*Fu; - and Fy N 9(H;) # 0
only if H; is an ancestor of H;.

From the proof of Claim 3.5.3, we observe that iteration ¢ of the for-loop in PARTIALPROJECT

applies the operator

I- Y xW= I @-x),

HePr(H,i) HePr(H,i)
where the equality follows from expanding the RHS and applying the property X#)X(H;) — .

Thus, we have a stricter version of the claim:

PARTIALPROJECT(d, H) = (I — XUy (1 — XU,

where Hy,..., H, is any permutation of Py (#) such that nodes at lower levels come later. Then
we apply commutativity to allow Hi,..., H, to be any permutation such that if H; is an ancestor
of Hj then i < j. O

Next, we show there is a procedure that reverses PARTIALPROJECT using select nodes of 7.

Lemma 3.5.5. Given a set of K nodes H in T and a vector w, INVERSEPARTIALPROJECT(u, H)

in the MAINTAINZ data structure (Algorithm 14) is a procedure that returns d such that
d=1+XE)) (14 X))y,
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where Hy, ..., H, is any permutation of all nodes from P (H) such that if H; is an ancestor of Hj,

then i < j. The procedure Tuns in 6(61;2\/ mK) time, where K = |H]|.

Proof. Intuitively, observe that INVERSEPARTIALPROJECT is reversing all the operations in PAR-
TIALPROJECT. The runtime analysis is analogous to PARTIALPROJECT. The proof of the equation
is also analogous to PARTIALPROJECT. We first observe that iteration ¢ of the for-loop applies the

operator

I+ Y xW= T @+xU)

HePr(H,i) HePr(H,)

Then by commutativity as in Lemma 3.5.4, we have

d=1+XHE)) (14 XHE)y,

where Hy,..., H, is any permutation of Py (#) such that nodes at lower levels come later. Then
we apply commutativity to allow Hy,..., H, to be any permutation such that if H; is an ancestor
of Hj; then i < j. O

Finally, we have the data structure for maintaining a vector z dependent on v throughout the

IPM. For one IPM step, there is one call to REWEIGHT followed by one call to MOVE.

Theorem 3.5.6 (Maintain intermediate vector z). Given a modified planar graph G with n vertices
and m edges and its separator tree T with height n, the deterministic data structure MAINTAINZ

(Algorithm 14) maintains the following variables correctly at the end of each IPM step:

the dynamic edge weights w is and current step direction v from the IPM
o a DYNAMICSC data structure on T based on the current edge weights w

e scalar ¢ and vectors z(PreV) Z(5U) “which together represent z = cz(PreV) 4 Z(5um) e that

at the end of IPM step k,
k
z=> 2. (3.21)
i=1

o 2P gaisfies z(Prev) = TIIO-D ... TIOBTWY/2y,
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Algorithm 14 Data structure to maintain the intermediate vector z, Part 2

36: procedure REWEIGHT (w (") € R7,)

37 w — wew)

38: ‘H <+ set of leaf nodes in T that contain all the edges of G whose weight has changed

39:  Au < PARTIALPROJECT(BT (WeW)1/2 _ W1/2)q))

40: u <+ u+ Au

41: d < INVERSEPARTIALPROJECT (u, H) > revert projection with old weights
42: dynamicSC.REWEIGHT (w (")) > update LU1)’s to use the new weights
43: > specifically, LU?) changes for each H € Pr(H)
44: u < PARTIALPROJECT(d, H) > apply projection with new weights
45: y « zPrev) > backup copy of z(Prev)
46: for H in Pr(H) do

47 20 [ e (L) o )l

48: end for

49: Zlsum) o plsum) _ o (Z(Prev) _ ) > update 2(5"™) to maintain the invariant
50: end procedure

51:

52: procedure MovE(a € R, v®") € R™)

53: Av  vPeW) _ gy

54: v — vew)

55:  Au < PARTIALPROJECT(BTW/2A0)

56: u— u+ Au

57: y — zPrev) > backup copy of z(Prev)
58: for H in Pr(H) do

s 2P, o (L) ) Ml

60: end for 7

61: (sum) o o (sum) _ .. (Z(prev) _ ,y)

62: c<—cta

63: end procedure
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The data structure supports the following procedures:

INITIALIZE(G, separator tree T,v € R™, w € RYy,ep > 0): Given a graph G, its separator
tree T, initial step direction v, initial weights w, and target projection matriz accuracy ep,

preprocess in O(62m) time and initialize z = 0.

REWEIGHT(w € RY, given implicitly as a set of changed coordinates): Update the current
weight to w and update DYNAMICSC, and update the representation of z. The procedure runs
n 6(61;2\/7%[() total time, where K is the number of coordinates updated in w. There are

most O(K) nodes H € T for which z®*¥)|p. and 25" | are updated.

MovE(a € R, v € R"™ given implicitly as a set of changed coordinates): Update the current
direction to v, and set z < z + oI ... TIOBTWY 24 with the correct representation.
The procedure runs in 6(61;2\/ mK) time, where K is the number of coordinates changed in

v compared to the previous IPM step.

Proof. If MOVE is implemented correctly, then by the definition of the update to z, the invariant

in (3.21) is correctly maintained.

For the runtime analysis, recall {Fy : H € T} partition the vertex set of G. Therefore v has K

non-zero entries, then d 4 BTW1/29 has O(K) non-zero entries, and consequently d|p, # 0 for

O(K) nodes H. There are O(m) total nodes in the separator tree 7.

We maintain a vector w with the invariant v = I~V ... TIOBTW'/2y. We now prove the

correctness and runtime of each procedure separately.

Initialize: By the guarantee of Lemma 3.5.2, at the end of INITIALIZE, we have

and

uw=T0"D.. . 1OBTW!/2y

2erev) _ o — TIIO-D .. 1OBTW/24.

Since ¢ and z®"™) are initialized to zero, we have z = cz(Prev) 4 z(sum) — g,
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We initialize the DyNAMICSC data structure in @(6~2m) time. There is no sparsity guarantee
for v, but the call to PARTIALPROJECT takes at most O(6~2m) time because of the size of 7. To
calculate T'u, we solve a Laplacian system (L%Z)’ FH)*lu] ryy in time O(JLUD]) for each node H.
The total time is O(6~2m) as well by |[LUD| = O (672|Fy Ud(H)|) from Theorem 3.2.4 and by
Lemma 3.4.16.

Move: Let v,u be the variables at the start of MOVE, and let v/, 4’ denote them at the end.
Similarly, let z = cz(Prev) 4 Z(sum) denote z and the respective variables at the start of MOVE, and
let 2/ = /z(Pev)’ 4 2(sum)’ qenote these variables at the end.

First, after Line 56, we have

u =u+ Au
=Y. TIOBTWY2(v + Av)

=ma.. mOBTW/2y/

where the second equality follows from the guarantee of PARTIALPROJECT and the guarantee from
the previous IPM step. By Lemma 3.5.2, u’ is updated only on Fy where H € Py(H). Thus,
to update 2’ — T/ we only need to update z(pre")/| ry for H € Pr(H), which happens on
Line 59. Observe that the update in value to z(P*¥) is cancelled out by the update in 2" at

Line 61, so that the value of z does not change overall up to that point. But we have
y = Cz(prev)/ + z(sum)/ — wal—-[(nfl) . 'H(O)BTWUQ’U/ + Z(sum)/'

Then in Line 62, incrementing ¢ by « represents increasing the value of z by az(pre")/, which is
exactly the desired update.

For the runtime, first note nnz(Av) = K. So PARTIALPROJECT runs in O(6~2v/mK) time by
Lemma 3.5.2. Line 59 takes 6(5‘2m) time in total by Theorem 3.2.4 and Lemma 3.4.16. The

remaining operations in the procedure are adding vectors with bounded sparsity.
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Reweight: Let w(©d denote the weight vector immediately before this procedure is called, and
w®™%) is the new weight passed in as an argument.

Let T’ and II®) denote these matrices defined using the old weights, and let I’ and II®' denote
the matrices using the new weights. Similarly let w be the state of the vector at the start of the
procedure call and u’ at the end.

In REWEIGHT, we do not change the value of z, but rather update z(P*) and 2" so that at

the end of the procedure,

z(prev) _ f\/H(n—l)’ . H(O)’BTW(new)l/Qv’

so that we maintain the invariant claimed in the theorem statement.

To see that the value of z does not change at the end of the procedure, observe that we modify
z(PrY) quring the procedure, and cancel all the changes to z(P*) by updating z®"™) appropriately
at the last line (Line 49).

Immediately before Line 40, the algorithm invariant guarantees
w=T10"D ... OB Tweld1/2,

By Lemma 3.5.2,
Au =110V ... 110BT (Vv(HeW)l/2 — W(Old)1/2) .

Therefore, after executing Line 40, we have
uu+ Au=T0"D . [IOBTWEew1/2,,

Next, we need to update u to reflect the changes to T, I, Updating these matrices is done via
dynamicSC. However, calling PARTIALPROJECT(BT W®eW)1/24)) afterwards is too costly if done
directly, since the argument is a dense vector. To circumvent this problem, we make the key obser-
vation that the change to w is restricted to a subcollection of nodes on 7 (in fact a connected subtree

containing the root), and it suffices to partially reverse and reapply the operator rrae-b...mm0.
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Intuitively, INVERSEPARTIALPROJECT revert all computations in PARTIALPROJECT that are re-
lated to the changes to W.

Let Hy,...,H; be a permutation of all nodes in 7, such that the nodes in Py (#) is a prefix
of the permutation, and it satisfies that for any node H; with descendant Hj;, ¢ < j. Then by

Lemma 3.5.4, after executing Line 40, we have

u = PARTIALPROJECT(BT WeW)1/ 245 T

= (I—XH)) (1 - XE)HBTWhew1/2y (3.22)

Let » = |Py(H)|. Then INVERSEPARTIALPROJECT(u,H) on Line 41 returns d by Lemma 3.5.5

satisfying
d=1+XE)) | (1+XHE )y,
Plugging in u from (3.22), we have
d=I+XHE)) (14+ X)) I XHE)) (1 XHE)BTWEeW1/2,
We use the fact that each T — X(H3) is nonsingular and has inverse I + X9 to get
d=(1- X))y (1 XH)HBTWnew1/2y

We then call dynamicSC.REWEIGHT, which updates L) and in turn X9 for precisely all
nodes in Pr(H) = {Hy,...,H,}. Let X" denote the matrix after reweight. Next, we call

PARTIALPROJECT again. Let us denote it by PARTIALPROJECT™™) to emphasize that it runs
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with new weights. This gives

u' = PARTIALPROJECT™Y) (d, H)
= (I— XY (1-XU))g
=@ —XE)y (1= XED Y1 = XEr)y (1= XH)YBTWRew)1/2,,
= (I — XUy (1 - XHE) )BT wWmew)/2y (since X)) = X(H:) for all i > r)

= PARTIALPROJECT("™) (BT Wew)1/2y Ty,

Because u'|p,, is updated on H € Pr(H), and L) is updated on H € P7(H) by Theorem 3.2.4,
running Line 47 on H € Py (#H) correctly sets P

For the runtime, the first call to PARTIALPROJECT has a vector with O(K) sparsity as the
argument, and therefore runs in O(6~2v/mK). Next, we know |H| = O(K). The call to INVERSEP-
ARTIALPROJECT and the subsequent call to PARTIALPROJECT both have H as an argument, so
they run in O(6~2y/mK). The DynamicSC.REWEIGHT call runs in O(6~2v/mK). Updating z(Prv)
(Line 47) takes O(6~2y/mK) time in total by Theorem 3.2.4 and Lemma 3.4.16. And finally we

sum) i the same time.

can update z(
We remark that although INVERSEPARTIALPROJECT returns a vector d that is not necessarily
sparse, and we then assign u < PARTIALPROJECT(d, ), this is for readability. d is in fact an

intermediate state of w, on which we perform in-place operations. O

3.5.2 Tree operator

At IPM step k, our goal is to write the slack update f’wv(k) as M(lack) 2(k) anq similarly, write
the partial flow update f’;,,v(’ﬂ approximately as M®%) 2(%) where z(*) is defined in the previous
subsection, and M®2K) and M®W) are linear operators that are efficiently maintainable between
IPM steps.

In this section, we define a general class of operators called tree operators and show how to
efficiently compute and maintain them. In later sections, we show that M®2%) and MEW) can be

defined as tree operators.
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We begin with the formal definitions. Recall for a tree 7 and node H € T, we use Ty to denote

the subtree rooted at H.

Definition 3.5.7 (Tree operator). Suppose T is a rooted tree with constant degree. Let each node
H € T be associated with two sets V(H) and Fy C V(H). Let each leaf node H € T be further
associated with a non-empty set E(H) of constant size, where the E(H)’s are pairwise disjoint

over all leaf nodes. For a non-leaf node H, define F(H) & Uleat De1y; £(D).  Finally, define

o E(G)Ueat geT E(H) and V e V(G) =Uper V(H), where G is the root node of 7.

Let each node H with parent P be associated with a linear edge operator Mg p) : RV(P)
RY (), In addition, let each leaf node H be associated with a constant-time computable linear leaf
operator Jp : RVH) — REMH)  We extend all these operators trivially to RV and R¥ respectively,
in order to have matching dimensions overall. When a edge or leaf operator is not given, we assume
it to be 0.

For a path H; — H; def (Hy, ..., Hy), where each H; is the parent of H;,_; and H; is a leaf node

(call these tree paths), we define

MH1<—Ht = M(Hl,Hg)M(H27H3) T M(Ht,th)'

If t = 1, then My, z, 2 I.

We define the tree operator M : RV +— RE supported on T to be

def
M = > JuMpg alp,. (3.23)

leaf H, node A: HET

We always maintain a tree operator implicitly by maintaining
{Jg :leaf H} U{My p): edge (H, P)} U{Fp : node H}.

Remark 3.5.8. Although we define the tree operator in general and hope it will find applications in
other problems, we have used suggestive names in the definition to suit our min-cost flow setting.

In particular, our tree operators will be supported on the separator tree 7. For each node H, the
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sets V(H), Fi, E(H) associated with the tree operator are, respectively, 0H U Fy of region H,
the eliminated vertices Fy of region H, and the edge set of region H, all from the separator tree

construction.

To maintain M using the tree efficiently, we also need some partial operators:

Definition 3.5.9 (M) M(H)). For notational convenience, define Tz to be the subtree of T rooted
at H.
We define the subtree operator M) : V(H) — E(H) at each node H to be

M S 3 Mp g (3.24)
leaf DeTy
We also define the partial sum
M) <5 MO (3.25)
DeTy

We state a straightforward corollary based on the definitions without proof.

Corollary 3.5.10. For any node H € T,
M= > MD1y, =MO),
HeT

where G is the root node of T .

Furthermore, if H has with children D1, Do, then
M = MPIM p, gy + MPIMp, 1. (3.26)

We define the complexity of a tree operator to be parameterized by the number of tree edges.

Definition 3.5.11 (Complexity of tree operator). Let M be a tree operator on tree 7. We say
M has complexity function T, if for any & > 0, for any set S of k distinct edges in 7 and any
families of vectors {u. : e € S} and {v. : e € S}, the total cost of computing {u M, : e € S} and
{M_.v, : e € S} is bounded by T'(k).

Without loss of generality, we may assume 7'(0) = 0, T'(k) > k, and T is concave.
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We can show the structure of a tree operator by the procedure CoMPUTEMZ(M, 2z) to compute
Mz. Intuitively, z is given as input to each node H. The edge operators are concatenated in the

order of tree paths from H to a leaf, but we apply them level-wise in descending order.

Algorithm 15 Compute Mz for a tree operator M

1. procedure COMPUTEMZ(M, z)

2 H < set of all nodes H in T such that My p) or Jg is nonzero

3 Pr(H) < set of H and all ancestor nodes of H in T

4: vy < 0 for each H € T > sparse vectors for intermediate computations
5: for each node H € Pr(H) do

6 v < Ip,z = z|p, > apply the I, part of the operator
7 end for

8 for each node H € Py (H) by decreasing level do

9: Let P be the parent of H
10: vy < vg + Mg pyvp > apply Mg p) as we move from P to H
11: end for
12: for each leaf node H € Pr(H) do
13: x|y < Juvn > apply the leaf operator
14: end for
15: return x

16: end procedure

Corollary 3.5.12. Suppose M : RV — RF is a tree operator on tree T with complexity T, where
V| =n and |E| = m. Then for z € RV, ExacTt(M, z) outputs Mz in O(T(K)) = O(T(m)) time

where K is the total number of non-zero edge and leaf operators in M.

Proof. Note only non-zero edge and leaf operators contribute to Mz. We omit the proof of cor-
rectness as it is simply an application of the definition.

Since E = Ulear pE(D), and each E(D) has constant size, we know there are at most O(m)
leaves in 7. Hence, there are O(m) edges in 7, and K = O(m). Since we define each leaf operator
to be constant time computable, applying Jg for leaves in Py (H) costs O(K) time in total. The
bottleneck of the procedure is to apply the edge operator M, to some vector exactly once for each

edge e in T the time cost is O(T(K)) by definition of the operator complexity. O
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3.5.3

Proof of Theorem 3.2.5

Finally, we give the data structure for maintaining an implicit representation of the form y +

Mz throughout the IPM. For an instantiation of this data structure, there is exactly one call to

INITIALIZE at the very beginning, and one call to Exact at the very end. Otherwise, each step

of the IPM consists of one call to REWEIGHT followed by one call to MOVE. Note that this data

structure extends MAINTAINZ in the object-oriented programming sense.

Theorem 3.2.5 (Implicit representation maintenance). Given a modified planar graph G with

n vertices and m edges, and its separator tree T with height n, the deterministic data structure

MAINTAINREP (Algorithm 16) maintains the following variables correctly at the end of every IPM

step:

the dynamic edge weights w and step direction v from the current IPM step,
a DYNAMICSC data structure on T based on the current edge weights w,

an implicitly represented tree operator M supported on T with complexity T(K ), computable

using information from DyYNAMICSC,

scalar ¢ and vectors z(Pre¥) | z(5W) which together represent z = czPre¥) 4 (W) - guch that

at the end of step k,

k
2= a0,
=1

where o) is the step size a given in MOVE for step i,
z(prev) Satisﬁes z(prev) — f‘]‘[(ﬂ—l) e H(O)BTW1/2’U;

an offset vector y which together with M, z represent x = y + Mz, such that after step k,

k
=1
(init)

where x is an initial value from INITIALIZE, and M is the state of M after step i.

The data structure supports the following procedures:
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o INITIALIZE(G, T, M,v € R™, w € R, (") € R™ ep > 0): Given a graph G, its separator
tree T, a tree operator M supported on T with complexity T, initial step direction v, ini-
(init)

tial weights w, initial vector x , and target projection matriz accuracy €p, preprocess in

O(672m +T(m)) time and set & < (),

o REWEIGHT(w € RYZ, given implicitly as a set of changed coordinates): Update the weights to
w. Update the implicit representation of x without changing its value, so that all the variables

in the data structure are based on the new weights.

The procedure runs in O(ep>v/mK + T(K)) total time, where K is an upper bound on the
number of coordinates changed in w and the number of leaf or edge operators changed in M.

There are most O(K) nodes H € T for which 2P| g, and 25" | are updated.

e MovE(a € R, v € R" given implicitly as a set of changed coordinates): Update the cur-
rent direction to v, and then z(P™Y) to maintain the claimed invariant. Update the implicit

representation of x to reflect the following change in value:
x — x + M(azPe),

The procedure runs in 6(61;2\/ mK) time, where K is the number of coordinates changed in

v compared to the previous IPM step.

« Exact(): Output the current ezact value of & = y 4+ Mz in O(T(m)) time.

Proof. First, we discuss how M is stored in the data structure: Recall M is represented implicitly by
a collection of edge operators and leaf operators on the separator tree T, so that each edge operator
is stored at a corresponding node of 7, and each leaf operator is stored at a corresponding leaf
node of 7. However, the data structure does not store any edge or leaf operator matrix explicitly.
We make a key assumption that each edge and leaf operator is computable using O(1)-number
of L) matrices from DyNAMICSC. This will be true for the slack and flow operators we define.

As a result, to store an edge or leaf operator at a node, we simply store pointers to the matrices
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Algorithm 16 Implicit representation maintenance

. data structure MAINTAINREP extends MAINTAINZ
: private: member

1
2
3
4
5:
6
7
8
9

T separator tree
y € R™: offset vector
M: instructions to compute the tree operator M € R™*™

>z = cz(Prev) 4 Z(5um) maintained by MAINTAINZ, accessable in this data structure
: > DynamicSC: an accessable instance of DYNAMICSC maintained by MAINTAINZ

: procedure INITIALIZE(G, T, M, v € R™, w € RZ,, zit) ¢ R™ 5 > )
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:

M+~M > initialize the instructions to compute M
Super.INITIALIZE(G, T,v € R™, w € RZ;,0 > 0) > initialize z
y x(init)

end procedure

procedure REWEIGHT (w ("))
Let M) represent the current tree operator M
Super. REWEIGHT (w (%)) > update representation of z and DynamicSC
> M is updated as a result of reweight in DynamicSC
AM + M — M(eld) > AM is represented implicitly
y < y — COMPUTEMZ(AM, cz(Prev) 4 z(sum)) > Algorithm 15
end procedure

procedure MovE(a, v(®e"))
Super. MOVE(a, v(®%))
end procedure

procedure ExAcT()
return y + COMPUTEMz(M, cz(PreV) 4 z(sum)) > Algorithm 15
end procedure
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from DYNAMICSC required in the definition, and an O(1)-sized instruction for how to compute the
operator. The computation time is proportional to the size of the matrices in the definitions, but
crucially the instructions have only O(1)-size.

Now, we prove the correctness and runtime of each procedure separately. Observe that the
invariants claimed in the theorem are maintained correctly if each procedure is implemented cor-

rectly.

Initialize: Line 12 sets y « (™) and Super.INITIALIZE sets z < 0. So we have = y + Mz
at the end of initialization. Furthermore, the initialization of z correctly sets z(®P*¥) in terms of v.
By Theorem 3.5.6, Super.INITIALIZE takes 6(5_2771) time. Storing the implicit representation

of M takes O(m) time.

Reweight: By Theorem 3.5.6, Super. REWEIGHT updates its current weight and DynamicSC, and
updates z(P*) correspondingly to maintain the invariant, while not changing the value of z. Be-
cause M is stored by instructions, no explicit update to M is required. Line 20 updates y to zero
out the changes to Mz.

The instructions for computing AM require the Laplacians from DynamicSC before and after
the update in Line 17. For this, we monitor the updates of dynamicSC and stores the old and new
values. The runtime of this is bounded by the runtime of updating dynamicSC, which is in turn
included in the runtime for Super. REWEIGHT.

Let K upper bound the number of coordinates changed in w and the number of edge and leaf
operators changed in M. Then Super.REWEIGHT takes O(6~2v/mK) time, and EXACT(AM, z)
takes O(T(K)) time. Thurs, the total runtime is O(6~2vmK + T(m)).

Move: The runtime and correctness follow from Theorem 3.5.6.

Exact: CoMPUTEMZ computes Mz correctly in O(7'(m)) time by Corollary 3.5.12. Adding the
result to y takes O(m) time and gives the correct value of * = y + Mz. Thus, EXACT returns «

in O(T(m)) time. O
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3.6 Maintaining vector approximation

Recall at every step of the IPM, we want to maintain approximate vectors s, f so that
W 2(F—p)| <o and |[W's-s)| <&
oo o

for some additive error tolerances ¢ and §'.

In the previous section, we showed how to maintain some vector « implicitly as def y+ Mz
throughout the IPM, where x should represent s or part of f. In this section, we give a data
structure to efficiently maintain an approximate vector @ to the & from MAINTAINREP, so that at
every IPM step,

o<

o0

where D is a dynamic diagonal scaling matrix. (It will be W~ for the flow or W for the slack.)

In Section 3.6.1, we reduce the problem of maintaining = to detecting coordinates in x with large
changes. In Section 3.6.2, we detect coordinates of & with large changes using a sampling technique
on a binary tree, where Johnson-Lindenstrauss sketches of subvectors of & are maintained at each
node the tree. In Section 3.6.3, we show how to compute and maintain the necessary collection
of JL-sketches on the separator tree 7; in particular, we do this efficiently with only an implicit
representation of . Finally, we put the three parts together to prove Theorem 3.2.6.

We use the superscript (¥) to denote the variable at the end of the k-th step of the IPM; that
is, D®) and *) are D and « at the end of the k-th step. Step 0 is the state of the data structure

immediately after initialization.

3.6.1 Reduction to change detection

In this subsection, we show that in order to maintain an approximation  to some vector x, it
suffices to detect coordinates of @ that change a lot.

Here, we make use of dyadic intervals, and at step k£ of the IPM, for each ¢ such that k£ =
(k)

0 mod 2, we find the set I ék) that contains all coordinates ¢ of & such that ;" changed significantly
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(k—2)

compared to x; , that is, compared to 2¢ steps ago. Formally:

Definition 3.6.1. At step k of the IPM, for each ¢ such that k& = 0 mod 2¢, we define
(k) def . k) Lk k—2¢ 0
"V (i e ] yDY [ - af )\ZW
and %; has not been updated since the (k — 2°)-th step}.

-2

i for

We say that Z; has not been updated since the (k — 2°)-th step if Egj) =T; and Dg) = DZ(

j >k —2% ie. & was not updated by Line 20 or Line 29 in the (k — 2+ 1),..., (i — 1)-th steps.

We show how to find the sets [, é’“) with high probability in the next subsection. Assuming the
correct implementation, we have the following data structure for maintaining the desired approxi-

mation x:

Lemma 3.6.2 (Approximate Vector Maintenance). Suppose FINDLARGECOORDINATES(() is a
procedure in ABSTRACTMAINTAINAPPROX that correctly computes the set Ig(k) at the k-th step.
Then the deterministic data structure ABSTRACTMAINTAINAPPROX in Algorithm 17 maintains an

approzimation T of x with the following procedures:

o INITIALIZE(T ,x € R, D € RU™, p >0, 6 > 0): Initialize the data structure at step 0 with
tree T, initial vector x, initial diagonal scaling matriz D, target additive approximation error

0, and success probability 1 — p.

. APPROXIMATE(a:(neW) e R™, D(ew) ¢ RZ;™): Increment the step counter and update vector

x and diagonal scaling matriz D. Output a vector T such that |DY?(x — T)||o < & for the

latest © and D.

Furthermore, if ||a3(k) — w(k_l)HD(k) < B for all k, then at the k-th step, the data structure first

(k—1
%

updates T; +— « ) for the coordinates i with Dz(f) #* Dl(f_l), then updates ®T; <+ wgk) for

O(2%*(5/6)?1og? m) coordinates, where £y, is the largest integer £ with k = 0 mod 2°.

Remark 3.6.3. In our problem setting of maintaining approximate flows and slacks, we do not have

full access to the exact vector. The algorithms in the next two subsections however will refer to
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Algorithm 17 Data structure ABSTRACTMAINTAINAPPROX, Part 1

1: data structure ABSTRACTMAINTAINAPPROX
2: private : member

3: T constant-degree rooted tree with height n and m leaves > leaf ¢ corresponds to x;
w O(n?log( %)): sketch dimension

® ~ N(0, L)w*m: JL-sketch matrix

6 > 0: additive approximation error

k: current IPM step

x € R™: current valid approximate vector

{x0) e ]Rm}g?zoz list of previous inputs

10: {D0U) e Rmxm}§§:0: list of previous diagonal scaling matrices
11:

12: procedure INITIALIZE(T,z € R™, D € R ™, p > 0,0 > 0)
13: T+ T, 0, k<0

14: T+ 2,20 « 2, DO D

15: sample ® ~ N(0, 1)wxm

16: end procedure

17:

18: procedure APPROXIMATE(z("*W) € R™, D®eW) ¢ R7' ™)
190k« k41, )  grew) DK  ploew)

20: & + x" " for all i such that D = DY

%

21 I+

22: for all 0 < ¢ < [logm] such that k¥ = 0 mod 2¢ do

23: Iék) < FINDLARGECOORDINATES(/)

24: T« r1ur

25: end for

26:  if k=0 mod 2/°8™] then

27: I+ [m] > Update Z in full every 2/°8™1 steps
28: end if

29: xT; — a:l(k) foralli e I

30: return T

31: end procedure
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the exact vector « for readability and modularity. We observe that access to x is limited to two
types: accessing the JL-sketches of specific subvectors, and accessing exact coordinates and other
specific subvectors of sufficiently small size. In later sections, we show how to implement these

oracle accesses to x.

Proof of Lemma 3.6.2. We first prove the correctness of APPROXIMATE in ABSTRACTMAINTAINAPPROX.
(k")
R

() iq

i

Fix some coordinate i € [m] and fix some IPM step k. Suppose the latest update to T; is T; < x
This may happen in Line 29 at step &’ or in Line 20 at step &'+ 1. In both case, we have that D

the same for all k > d > k' and that ¢ is not in the set Ilgd) returned by FINDLARGECOORDINATES

E+1) _

for all k > d > K. (In the former case, we further have DZ(-Z Dl(lk " but this is not required in

the proof.) Since we set T +— x every 2Mlogm] gteps by Line 27, we have k — 2Mlogml < 1/ < k. Using
dyadic intervals, we can write k¥’ = kg < k1 < kg < -+- < ks = k such that kjy1 — k; is a power of

2, kjy1 — kj; divides kjy1, and |s| < 2 [logm]. Hence, we have that

s—1
(ks) _ (ko) _ wz(ks) _ :Bz(ﬁo) _ Z($(kj+1) _ :I:Z(kj)).

?
J=0

We know that Dl(fl) is the same for all k > d > k’. By the guarantees of FINDLARGECOORDINATES,

we have
[o®) o Ri) )y ey (Ris) (k) g
Dn‘)"a’i T = =Dy Y — |SW
for all 0 < j < s. ( Summing over all j =0,1,...,s — 1 gives

VD |2 2 <4

Hence, we have [|DY?(z — Z)||o0o < 0.

k—1) k)

Next, we bound the number of coordinates changed from to = Fix some ¢ with
k = 0 mod 2¢. For any i € Iék), we know DEZ) =D for all j > k — 2% because Z; did not change

1
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in the meanwhile. By definition of [, ék)

\/Dgf Z ]+1 | > \/ zz ‘m Ek 2£ | > L

Pl 2 [logm]

, we have

Using D(J ) = 1(»1») for all j > k — 2¢ again, the above inequality yields

< |2¢ Z DJH) JH) — 2V, (by Cauchy-Schwarz)

1

Squaring and summing over all ¢ € ék) gives

I < D]Jrl) ]Jrl) (])2
o(Zoe s ¥ ~a)

1€I(k)-7 k—2¢

<§: Z D(J-H J+1) Z(j)‘Z

7,_1] k—2t

<27,
where we use ||zU+) — ac(j)HD<j+1) < B at the end. Hence, we have
1] = 0(2%(8/6) log? m).

Recall this expression is for a fixed £. At the k-th step, summing over all ¢ with & = 0 mod 2¢, we

have that the total number of coordinates changed, excluding those induced by a change in D, is

L
S| = 0(22%(8/6) 1og? m).
=0
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3.6.2 From change detection to sketch maintenance

Now we discuss the implementation of FINDLARGECOORDINATES(?) to find the set Ilgk) in Line 23

of Algorithm 17. We accomplish this by repeatedly sampling a coordinate i with probability

(k—2%) ‘2

proportional to Dgf ). ]mfk) —x; , among all coordinates 7 where ®; has not been updated since

2¢ steps ago. With high probability, we can find all i € I ék) in this way efficiently. To implement
the sampling procedure, we make use of a data structure based on segment trees [17]| along with

sketching based on the Johnson-Lindenstrauss lemma.

def

1/2
Formally, we define the vector ¢ € R™ where q; = k) /

2

=0

i

DZ( (zcgk) —x ) if &; has not been
updated after the k& — 2-th step, and ¢; = 0 otherwise. Our goal is precisely to find all large
coordinates of q.

Let T be a constant-degree rooted tree with m leaves, where leaf i represents coordinate q;. For
each node u € T, we define E(u) C [m] to be set of indices of leaves in the subtree rooted at u. We
make a random descent down 7T, in order to sample a coordinate ¢ with probability proportional to
g?. At a node u, for each child u of u, the total probability of the leaves under v’ is given precisely

2
. We can estimate this by the Johnson-Lindenstrauss lemma using a sketching matrix

by HQIE(U')
®. Then we randomly move from « down to child «’ with probability proportional to the estimated
value. To tolerate the estimation error, when reaching some leaf node representing coordinate i,
we accept with probability proportional to the ratio between the exact probability of ¢ and the

estimated probability of 7. If i is rejected, we repeat the process from the root again independently.

Lemma 3.6.4. Assume that |t — 2®)|| 56y < B for all IPM steps k. Let p < 1 be any
given failure probability, and let N ey 0(22(3/6)%1og? mlog(m/p)) be the number of samples Algo-
rithm 17 takes. Then with probability > 1 — p, during the k-th call of APPROXIMATE, Algorithm 17
finds the set I[E’“) correctly. Furthermore, the while-loop in Line 40 happens only O(1) times in

expectation per sample.

Proof. The proof is similar to Lemma 6.17 in [163]. We include it for completeness. For a set S of
indices, let Ig be the m x m diagonal matrix that is one on S and zero otherwise.

We first prove that Line 47 breaks with probability at least i. By the choice of w, Johnson—
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Algorithm 17 Data structure ABSTRACTMAINTAINAPPROX, Part 2

32: procedure FINDLARGECOORDINATES(/)

33:
34:

35:
36:
37:
38:
39:
40:
41:
42:
43:

44:
45:
46:
47:
48:
49:
50:
51:

> D and q are symbolic definitions
> D: diagonal matrix such that

= _ Dgf) if Z; has not been updated after the (k — 2¢)-th step
“ 0 otherwise.

> q def ﬁ1/2(m(’“) — m(k_ﬂ)) > vector to sample coordinates from

I+ 0 > set of candidate coordinates
for N ¢ 0(2%(8/6)?1og? mlog(m/p)) iterations do
> Sample coordinate ¢ of ¢ w.p. proportional to ql-2 by random descent down 7 to a leaf
while true do
u <= root(T), py <1
while w is not a leaf node do
Sample a child v/ of u with probability

2

7y def ||‘1)E(u’)q||2
Plem ) = 1@ nal3
child v of u Ewn4l2

> let P gy def ®Ip(,) for each node u

Py pu - Pu — )
U —
end while )
. . def
break with probability paccept = Hq\E(u)H /(2-py. - || ®q|3)
end while
I+ TUE(u)
end for
. . 6
return {i € [ : q;, > W}'

52: end procedure
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Lindenstrauss lemma shows that || ® g ,)qll3 = (1 + %)HI pw4ll3 for all u € T with probability at

least 1 — p. Therefore, the probability we move from a node u to its child node v’ is given by

1 I / 2 1 | / 2
Plu— o) = <1i) ew)alls - (11) | E(u)QH;
30/ 3w is a child of u 1LE@W") 43 3/ Mewalls

Hence, the probability the walk ends at a leaf u € T is given by

2
1\" |[I,ql2 1 |lale
o= (e g) —<1i>’7H <u2>H ~
3n)  llal3 3n" 43

Now, paccept 01 Line 47 is at least

2 2

el |alew laly 1

accept — 2 = 2 = 1 9 = i
2-pu-|Pq e 2. (14 =)@ 4

weli®alls =y %)nll @\é” || ®q|2 (14 3;)71@qll3
2
On the other hand, we have that paccept < % < 1 and hence this is a valid probability.
3n 2

Next, we note that u is accepted on Line 47 with probability

Jalo]

PacceptPu = W

2
Since ||[®q||3 remains the same in all iterations, this probability is proportional to Hq! E(“)H .
Since the algorithm repeats when wu is rejected, on Line 49, u is chosen with probability exactly

lalec] /14l

Now, we want to show the output set is exactly {i € [n] : |g;| > m}. Let S denote the set
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of indices where Z did not update between the (k — 2¢)-th step and the current k-th step. Then

Y4
lgllz = [[Ls(DW)! /(@) —2*=2)],

k—1

Yo I (DE) 2@ — 20)],
i=k—2¢

k—1
_ Z ||IS(D(2'+1))1/2(:B(1'+1) - :B(z))”?

i=k—2¢

k—1

< Z ||(D(i+1))1/2(m(i+l) - w(z))Hz

i=k—2¢

IN

<23,

where we used ISD(”U = ISD(k), because ®; changes whenever D;; changes at a step. Hence,

2
each leaf u is sampled with probability at least Hq\ E(“)H /(2¢B)2. If |q;| > and i € E(u)

__6
2[logm]?’

for a leaf node u, then the coordinate ¢ is not in I with probability at most

N

- HQ\E(u) i 1

N
IR (l 2242(3/5)2 [log m12> =

3=

by our choice of N. Hence, all i with |g;| > m lies in I with probability at least 1 — p. This
proves that the output set is exactly [ ék) with probability at least 1 — p. O

Remark 3.6.5. In Algorithm 17, we only need to compute ||® g, q||3 for O(N) many nodes u € T.
Furthermore, the randomness of the sketch is not leaked and we can use the same random sketch ®
throughout the algorithm. This allows us to efficiently maintain ® g, q for each u € T throughout
the TPM.

3.6.3 Sketch maintenance

In FINDLARGECOORDINATES in the previous subsection, we assumed the existence of a constant
degree tree T, and for the dynamic vector g, the ability to access ®(,)q at each node u € T and
q| g at each leaf node u € 7(0).

In this section, we consider when the required tree is the separator tree 7 of the overall input
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graph, and the vector q is of the form ¢ = y+ Mz, where M is a tree operator supported on T, and
each of y, M, z undergo changes at every IPM step. We present a data structure that implements

two features efficiently on 7
o access (y + Mz)|gm) at every leaf node H, where E(H) & Range(Jg).

o access ®py)(y + Mz) at every node H, where ® g is ® restricted to columns given by

def
E(H) = UleafDETH E(D)

Remark 3.6.6. As seen in the pseudocode, sketches for y and Mz can be maintained separately.
We collected them together to represent x as a whole for simplicity.
First, we present some lemmas about the structure of the expression Mz which will help us to

implement the requirements above. For any node H € T, let Ty be the subtree of T rooted at H.

Lemma 3.6.7. At any leaf node H € T(0), we have

(Mz2)|gm) = Z JuMpyalp,z = Jglp, z + Z JaMpyalp, 2.
A:HETY ancestor A of H

Proof. Recall from the definition of the tree operator that Range(Jy) are disjoint. So to get
(Mz)| E(H), it suffices to only consider the terms corresponding to the leaf H in the expression
(3.23) for M; this gives the first equality. The second equality simply splits the sum into two parts.

(We do not consider a node to be its own ancestor.) O

Lemma 3.6.8. At any node H € T, we have

®ppMz = @MH) z + @M N My 4lp, 2.
ancestor A of H

Intuitively, the lemma shows that the sketch of Mz restricted to E(H) can be split into two
parts. The first part involves some sum over all nodes in 7Tz, ie. descendants of H and H itself,

and the second part involves a sum over all ancestors of H.

Proof. First, note that since ® is restricted to E(H), it suffices to consider the terms in the sum

for M that map into to E(H). In particular, this is the set of leaf nodes T in the subtree rooted
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at H.

PpmMz=® > Y JpMpc.alp,z.
leaf DETHy A:DETH

The right hand side involves a sum over the set {(D, A) : D € Ty is a leaf node, D € T4}. Observe

that (D, A) is in this set if and only if A € Ty or A is an ancestor of H. Hence, the summation

can be written as

Z Z JDMDHHIFHZ—F Z Z JDMD&AIFAZ:.
leaf D € Ty A€Ty leaf D € Tz ancestor A of H

The first term is precisely M(#)z. For the second term, we can use the fact that A is an ancestor

of H to expand Mp. 4 = Mp. gyMpg. 4. Then, the second term is

Z Z JpMp. gMp, alp, 2z
leaf D € Ty ancestor A of H

= Z JpMp. ( Z MH<—AIFAZ>

leaf D € Ty ancestor A of H

=MH) ( > MH(—AIFAZ> ;

ancestor A of H

by definition of M), O

Lemma 3.6.9. Let T be a rooted tree with height n supporting tree operator M with complexity
T. Let w = O(n? log(%)) be as defined in Algorithm 17, and let ® € RY*™ be a JL-sketch matriz.
Then MAINTAINSKETCH (Algorithm 18) is a data structure that maintains ®(y + Mz), as y, M

and z undergo changes in the IPM. The data structure supports the following procedures:

o INITIALIZE(rooted tree T, ® € RY*™ tree operator M) ¢ Rmxn  (init) o Rn 4 (init) o

7

R™): Initialize the data structure with tree operator M <« M) - ond vectors z « z(mit)

(init)

Yy , and compute the initial sketches in O(w - m) time.

. UPDATE(M(“eW),z(“eW),y(new)): Update M < M@eW) -z o znew) g o 9 0ew) gnd all the

necessary sketches in O(w - T'(n - |S|)) time, where S is the set of all nodes H where one of
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Algorithm 18 Data structure for maintaining ®(y + Mz), Part 1

1: data structure MAINTAINSKETCH
2: private : member

3: T : rooted constant degree tree, where at every node H, there is

4: &M | : sketch of partial tree operator

5: ®MH) z | : sketched vector > This gives Mz at the root
6: Py|pm) | ¢ sketched subvector of y

7 P c RY*™ : JL-sketch matrix

8: M : tree operator on T

9: z € R" : vector z

10: y € R" : vector y > M, z, y are pointers to read-only memory
11:

12: procedure INITIALIZE(rooted tree T, ® € R¥*™ tree operator M, z, y)
13: PP, T« T

14: ‘@M(H)‘%O,‘{)th—a Py|p) |« Oforall He T

15: UppATE(M, z,y, V(T))
16: end procedure

17:

18: procedure UPDATE(M(HQW), z(new),y(new),S 4 set of nodes admitting changes)
190 M M@eW) |z ¢ z(new) gy g (new)

20: for H € Py (S) by increasing node level do

21: if H is a leaf then

22: eMHA) | &Iy

23: dMH) 2 | (I)JHZ|FH

24: Qy|pm) | < PYlEm)

25: else

26: SM | i D of 1 M(D,H)

2T ‘ PM )2 ‘ « ‘ M) ‘Z‘FH + 2 child D of Hm

28: QY| p(m) | < XZenild D of 1| PY|E(D)

29: end if

30: end for

31: end procedure

32:

33: procedure SUMANCESTORS(H € T)

34: if UPDATE has not been called since the last call to SUMANCESTORS(H ) then
35: return the result of the last SUMANCESTORS(H)

36: end if

37: if H is the root then return 0

38: end if

39: return My p)(2|r, + SUMANCESTORS(P)) > P is the parent of H

40: end procedure
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Algorithm 18 Data structure for maintaining ®(y + Mz), part 2

41: procedure ESTIMATE(H € T)
42: Let u be the result of SUMANCESTORS(H )

13 return | ®MD by | Mz + Py|pm)
44: end procedure

45:

46: procedure QUERY(leaf H € T)

4T: return y|gg) + Ju(2|F,; + SUMANCESTORS(H))
48: end procedure

Mg py, Iu, 2| Fy» Yl E(H) i updated.
o SUMANCESTORS(H € T): Return 3_ cestor A of H Mu+ALR, 2.
o EsTIMATE(H € T): Return ® gy (y + Mz).
o QUERY(H € T): Return (y + Mz)|g)-

If we call QUERY on N nodes, the total runtime is O(w - T(nN)).

If we call ESTIMATE along a sampling path (by which we mean starting at the root, calling
estimate at both children of a node, and then recursively descending to one child until reaching a
leaf), and then we call QUERY on the resulting leaf, and we repeat this N times with no updates

during the process, then the total runtime of these calls is O(w - T(nN)).

Proof. First, we note that each edge operator M, should be stored implicitly. In particular, it
suffices to only support the operation of computing u "M, and M,z for any vectors u and .

We prove the running time and correctness for each procedure.

Initialize: It sets the sketches to 0 in O(w - m) time. It then calls UPDATE with the initial M,
z, Yy, and updates the sketches everywhere on 7. By the runtime and correctness of UPDATE, this

step is correct and runs in O(w - T(m)) time.

Update(M (W) znew) gnew)y.  [ot S denote the set of nodes admitting changes as defined in
the theorem statement. If a node H is not in S and it has no descendants in S, then by definition,

M) and M#H) z are not affected by the updates in M and z. Similarly, in this case, Y|p(m) is not
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affected by the updates to y. Hence, it suffices to update the sketches only at all nodes in Py (S).
We update the nodes from the bottom level of the tree upwards, so that when we’re at a node H,
all the sketches at its descendant nodes are correct. Hence, by definition, the sketch at H is also
correct.

To compute the runtime, first note |Pr(S)| = O(n|S]), since for each node H € S, the set
includes all the O(7n) nodes on the path from H to the root. For each leaf node H € Pr(S), we can
compute its sketches in constant time. For each non-leaf node H € § with children Dy, D5, Line 26
multiplies each row of dMP1) | with M p, m), each row of with M(p, gy, and sums the
results. For a fixed row number, the total time over all H € P7(S) is bounded by O(T'(|P7(S)|))-
So the total time for Line 26 in the procedure is O(w - T'(n|S|)).

Line 27 multiply each row of m with a vector and then performs a constant number of
additions of O(w)-length vectors. Since | @MW) | is computed for all H € T(|P7(S)|) in O(w -
T'(n|S|)) total time, this runtime must also be a bound on the number of total non-zero entries.
Since each m is used once in Line 27 for a matrix-vector multiplication, the total runtime
over all H is also O(w - T'(n|S])). Lastly, the vector additions across all H takes O(w - n|S|) time.

Line 28 adds two vectors of length w. This is not the bottleneck.

SumAncestors(H): At the root, there are no ancestors, hence we return the zero matrix. When

H is not the root, suppose P is the parent of H. Then we can recursively write

Z Mpualp,z =My p (IFPZ + Z MP<—AIFAZ> :

ancestor A of H ancestor A of P

The procedure implements the right hand side, and is therefore correct.

Estimate and Query: Their correctness follow from Lemmas 3.6.7 and 3.6.8, and the correctness

of | ®y| g () | maintained by UPDATE.

Overall Estimate and Query time along N sampling paths: We show that if we call
ESTIMATE along N sampling paths each from the root to a leaf, and we call QUERY on the leaves,

the overall cost for these calls is O(w - T'(nN)):
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Suppose the set of nodes visited is given by H, then |H| < nN. Since there is no update, and
ESTIMATE is called for a node only after it is called for its parent, we know that SUMANCESTORS(H)
is called exactly once for each H € H. Each SUMANCESTOR(H ) multiplies a unique edge operator
My py with a vector. Hence, the total runtime of SUMANCESTORS is T'(|#H|[). Furthermore, the
total number of non-zero entries of the return values of these SUMANCESTORS is also O(T'(|H|))-

Finally, each QUERY applies a constant-time operator Jz to the output of a unique SUMANCES-
TORS call, so the overall runtime is certainly bounded by O(T(|H]|)). Adding a constant-sized
Y| g(m) can be done efficiently. Similarly, each ESTIMATE multiplies with the output of a
unique SUMANCESTORS call. This can be computed as w-many vectors each multiplied with the
SUMANCESTORS output. Then two vectors of length w are added. Summing over all H € H, the

overall runtime is O(w - T(|H]|)) = O(w - T(nN)).

Query time on N leaves: Since this is a subset of the work described above, the runtime must

also be bounded by O(w - T'(nN)).

3.6.4 Proof of Theorem 3.2.6

We combine the previous three subsections for the overall approximation procedure. It is essentially
ABSTRACTMAINTAINAPPROX in Algorithm 17, with the abstractions replaced by a data structure

implementation. We did not provide the corresponding pseudocode.

Theorem 3.2.6 (Approximate vector maintenance with tree operator). Given a constant degree
tree T with height n that supports tree operator M with complexity T', there is a randomized data
structure MAINTAINAPPROX that takes as input the dynamic variables M, ¢, z(prev) o (sum) y,D at
every IPM step, and maintains the approximation T to x def y+Mz=y+M(c- z(Prev) 4 z(sum))

satisfying HDl/Q(aL‘ — f)H < 4. It supports the following procedures:
o0

o INITIALIZE(tree T, tree operator M, c € R, z(Prev) ¢ R% z(5um) ¢ R 4 ¢ R™ D ¢ R, p >

0,6 > 0): Initialize the data structure with initial vector & = y + M(czPr¥) 4 zum),
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diagonal scaling matriz D, target approximation accuracy 6, success probability 1 — p, in

O(mn? 1ogmlog(%)) time. Initialize T <+ .

o APPROXIMATE(M, c,z(pre"),z(sum),y,D): Update the internal variables to their new itera-
tions as given. Then output a vector & such that |DY?(x — Z)||ec < & for the current vector

x and the current diagonal scaling D.

Suppose ||xF+1) — w(k)||D(k+1) < B for all k, where D®) and £®) are the D and x at the k-th call
to APPROXIMATE. Then, for the k-th call to APPROXIMATE, we have
_ (k—1) . o (k) (k—1)
e the data structure first updates T; < x; for the coordinates © with D;;” # D, /, then
def

updates T; < ccz(»k) for O(Ny, = 22%(B/6)?1og? m) coordinates, where {y, is the largest integer

¢ with k = 0 mod 2¢.

e The amortized time cost of APPROXIMATE 1s
2 m
©(n 10g(;) logm) - T (1 - (Ny_ger, +1S1)),

where S is the set of nodes H where either My py, Ju, z(pre")|FH, or z(sum)\FH changed, or

where Yo or D¢ changed for some edge e in H, compared to the (k — 1)-th step.

Proof. The data structure ABSTRACTMAINTAINAPPROX in Algorithm 17 performs the correct
vector approximation maintenance, however, it is not completely implemented. MAINTAINAP-
PROX simply replaces the abstractions with a concrete implementation using the data structure
MAINTAINSKETCH from Algorithm 18.

First, for notation purposes, let z e, (prev) + 26U and let @ def y + Mz, so that at step k,
APPROXIMATE procedure has ) (in implicit form) as input, and return Z.

Let £ € {1,...,0(logm)}. We define a new dynamic vector xy symbolically, which is represented
at each step k for k > 2¢ by

ZBék) déf yék) + Mgk)zék),

where the new tree operator My at step k is given by
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. Mgk)(H’P) = diag <ME];I),P)> ME?;?) for each child-parent edge (H, P) in T,

. Jgk)H = Dg(u) B {Jg) JEL];_QZ)] for each leaf node H € T,

where D is the diagonal matrix defined in FINDLARGECOORDINATES, with D;; = D) at step k

if Z; has not been updated after step k — 2¢, and zero otherwise.
— T
At step k, the vector yy is given by yék) = Dl/2 (y(k) — y(k_ﬂ)), and zy by z§k) def [z(k) z(k_ﬂ)} .

Then, at each step k with & > 2¢, we have

NCRCICIRVICHE (3.27)

— (D"%y® + DY/2M®)20) — (D22 4 DA 26-29)

Note this is precisely the vector g for a fixed ¢ in FINDLARGECOORDINATES in Algorithm 17. It
is straightforward to see that M, indeed satisfies the definition of a tree operator. Furthermore,
M, has the same complexity as M. MAINTAINAPPROX will contain O(logm) copies of the MAIN-
TAINSKETCH data structures in total, where the ¢-th copy sketches x; as it changes throughout the
IPM algorithm.

We now describe each procedure in words, and then prove their correctness and runtime.

Initialize(7, M, c, z(prev) o (sum) y,D,p,0): This procedure implements the initialization of AB-
STRACTMAINTAINAPPROX, where the dynamic vector @ to be approximated is represented by
x y + M(cz(Prev) 4 z(um)y - The initialization steps described in Algorithm 17 takes O(wm)
time. Let ® denote the JL-sketching matrix.

We initialize two copies of the MAINTAINSKETCH data structure, ox_cur and ox_prev. At step
k, ox_cur will maintain sketches of ®z*), and ox_prev will maintain sketches of ®xF~1). (The
latter is initialized at step 1, but we consider it as part of initialization.)

In addition, for each 0 < ¢ < O(m), we initialize a copy sketchy of MAINTAINSKETCH. These

are needed for the implementation of FINDLARGECOORDINATES(/) in APPROXIMATE. Specifically,

at step k = 2¢ of the IPM, we initialize sketchy by calling sketchy. INITIALIZE(T , ®, Mgk), zlgk), yék)).
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(Although this occurs at step k > 0, we charge its runtime according to its function as part of ini-
tialization.)
The total initialization time is O(wmlogm) = O(mn? logmlog(%)) by Lemma 3.6.9. By the

existing pseudocode in Algorithm 17, it correctly initializes T < .

(new)

z(sum) (new) 7

Approximate(M(neW), c(new) o (prev) ymew) D(new)): This procedure implements
APPROXIMATE in Algorithm 17. We consider when the current step is k below.

First, we update the sketch data structures sketchy for each ¢ by calling sketchy;. UPDATE.
Recall at step k, sketchy, maintains sketches for the vector mgk) = 51/2(93(’“) - :B(k_ﬂ)), although
the actual representation in sketch, of the vector x, is given by x;, = y, + Myz; as defined in
(3.27).

Next, we execute the pseudocode given in APPROXIMATE in Algorithm 17:

To update T, to mgk_l) for a single coordinate (Line 20 of Algorithm 17), we find the leaf node
H containing the edge e, and call ox_prev.QUERY(H). This returns the subvector a:(kfl)\E(H),
from which we can make the assignment to .. To update T, to wgk) for single coordinates (Line 29
of Algorithm 17), we do the same as above, except using the data structure ox_cur.

In the subroutine FINDLARGECOORDINATES(/), the vector q defined in the pseudocode is ex-
actly xék). We get the value of ®(,)q at a node u by calling sketchy. ESTIMATE(u), and we get

the value of q|g(,) at a leaf node u by calling sketch;. QUERY (u).

Number of coordinates changed in Z during Approximate. In Line 20 of APPROX-
IMATE in Algorithm 17, * is updated in every coordinate e where D, differs compared to the
previous step.

Next, the procedure collect a set of coordinates for which we update T, by calling FIND-
LARGECOORDINATES(?) for each 0 < ¢ < ¢, where ¢ is defined to be the number of trailing
zeros in the binary representation of k. (These are exactly the values of ¢ such that £k = 0
mod 2¢). In each call of FINDLARGECOORDINATES(Y), There are O(2%(n/8)?log? mlog(m/p))
iterations of the outer for-loop, and O(1) iterations of the inner while-loop by the assumption of

|2®+1) — £®)|| i1 < B and Lemma 3.6.4. Each iteration of the while-loop adds a O(1) sized set
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to the collection I of candidate coordinates. So overall, FINDLARGECOORDINATES(/) returns a set
of size O(2%(n/8)?log? mlog(m/p)). Summing up over all calls of FINDLARGECOORDINATES, the

total size of the set of coordinates to update is

def

Ly,
Ni =3 0(2%(8/6)* 1og> mlog(m/p)) = O(2* (8/5)* log* m). (3.28)

£=0

We define ¢y = Ny = 0 for convenience.

Changes to sketching data structures. Let S} denote the set of nodes H, where one of
(when applicable) My py, J, z(prev)| Fps 2 (sum)| Fy» YFy, Dpem) changes during step k. (They
are entirely induced by changes in v and w at step k.) We store S (k) for each step.

For each /¢, the diagonal matrix D is the same as D, except D;; is temporarily zeroed out for
2¢ steps after Z; changes at a step. Thus, the number of coordinate changes to D at step k is the
number of changes to D, plus Ni_; + N;,_o¢: Ni_; entries are zeroed out because of updates to x;
in step k — 1. The N,_o¢ entries that were zeroed out in step k — 2¢ + 1 because of the update to
T; in step k — 2¢ are back.

Hence, at step k, the updates to sketch, are induced by updates to D, and the updates to x at
step k, and at step k— 2¢. The updates to the two @ terms are restricted to the nodes Sk=29 5k

in T for Algorithm 18. Updates to ox_cur and ox_prev can be similarly analyzed.

Runtime of Approximate. First, we consider the time to update each sketchy: At step k,
the analysis above combined with Lemma 3.6.9 show that sketch,. UPDATE with new iterations of

the appropriate variables run in time

O (w1 (n- (8P| +|SE2)| + Np oy + Ny_y0)))

<w-0(T(- (ISW]+ Ny + Nyge))) +w- 0 (T - |S*29))
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where we use the concavity of 7. The second term can be charged to step k — 2¢. Thus, the

amortized time cost for sketchy.UPDATE at step k is
w-O(T(n - (ISM] + Ne—y + Ny_yer)))-

Summing over all 0 < ¢ < O(logm) for the different copies of sketchy, we get an extra O(logm)
factor in the overall update time.

Similarly, we can update ox_prev and ox_cur in the same amortized time.

Next, we consider the runtime for Line 20 in Algorithm 17: The number of coordinate ac-
cesses to x* 1) is |{i : Dgf) - Dgffl) #+ 0} = O(S™®). Each coordinate is computed by calling
ox_cur.QUERY, and by Lemma 3.6.9, the total time for these updates is w - O(T(n - |S®¥)]).

Finally, we analyze the remainder of the procedure, which consists of FINDLARGECOORDI-
NATES(¢) for each 0 < ¢ < ¢} and the subsequent updates to entries of &: For each FIND-
LARGECOORDINATES(/) call, by Lemma 3.6.4, Ny, & 0(2%(B/6)?1og? mlog(m/p)) sampling
paths are explored in the sketch, data structure, where each sampling path correspond to one
iteration of the while-loop. We calculate [® g H)ach% at a node H in the sampling path us-
ing sketchy.ESTIMATE(H), and at a leaf node H using sketchy.QUERY(H). The total time is
w-O(T(n- Nie)) by Lemma 3.6.9. To update a coordinate i € E(H) that was identified to be
large, we can refer to the output of sketchy.QUERY(H) from the sampling step.

Summing over each 0 < ¢ </, we see that the total time for the FINDLARGECOORDINATES

calls and the subsequent updates fo T is

Ly
S w-O(T(n- Niy)) = w-O(T(n - Np)),
=0

where Ny, is the number of coordinates that are updated in & as shown in (3.28).
Combined with the update times, we conclude that the total amortized cost of APPROXIMATE
at step k is

(@

@(772 log P )logm) - T(n- (|S(k)| + Ni—1+ Ny o))
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Observe that Nj_1 = Ni_g0 and Ny_o¢ are both bounded by O(N, _,¢, ): When £ # £}, the number
of trailing zeros in k — 2¢ is no more than £;. When ¢ = ¢}, the number of trailing zeros of k — 2%

is £;,_5¢, - In both cases, £, _o¢ < £._5¢,. So we have the desired overall runtime. O]

3.7 Slack projection

In this section, we define the slack tree operator as required to use MAINTAINREP. We then give

the full slack maintenance data structure.

3.7.1 Tree operator for slack

The full slack update at IPM step k with step direction v*) and step size th is
s+ s+ W12P, (tho®),

where we require Py, & Py, and P,o® € Range(W'/2B).
Let L' denote the approximation of L~! from (3.8), maintained and computable with a Dy-

NAMICSC data structure. If we define
P, = WY2BL'B"TW2 = w2Brn@T ... q-VTrpt-b ... 1O Twi/2,

then Py, ~ns Pw, and Range(P,,) = Range(Py,) by definition, where n and § are parameters
in DYNAMICSC. Hence, this suffices as our approximate slack projection matrix. In order to use
MAINTAINREP to maintain s throughout the IPM, it remains to define a slack tree operator M(slack)
so that

W1/2P k) = \p(slack) (k).

where z® < Tro-1 ... OBTW/24®) at IPM step k. We proceed by defining a tree operator
M satisfying P,o®) = Mz®). Namely, we show that M ©fwW12BIOT ... TI-DT s indeed a
tree operator. Then we set M®lack) df w12,

For the remainder of the section, we abuse notation and use z to mean z*) for one IPM step k.
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Definition 3.7.1 (Slack projection tree operator). Let 7 be the separator tree from data structure
DyNAMICSC, with Laplacians L&) and Sc(L(#), 9H) at each node H € T. We use B[H] to denote
the adjacency matrix of G restricted to the region.

For a node H € T, define V(H) and Fp required by the tree operator as 0(H) U Fr and Fpy
from the separator tree construction respectively. Note the slightly confusing fact that V(H) is not
the set of vertices in region H of the input graph G, unless H is a leaf node. Suppose node H has

parent P, then define the tree edge operator My py : RV(P) sy RVH) ag:

def H -1 _(H
Mr.p) = Loy — (Liry ) Lo = onur, — X7, (3.29)

where X is defined in (3.15).
At cach leaf node H of T, define the leaf operator Jy = W/2B[H].

The remainder of this section proves the correctness of the tree operator.

Lemma 3.7.2. Let M be the tree operator as defined in Definition 3.7.1. We have
Mz = W2BIHOT ... ig(—DT 5

We begin with a few observations about the II()’s:

Observation 3.7.3. For any 0 < i <, and for any vector x, we have OO e =z + y;, where y;

is a vector supported on F; = Ugcr(iyF'n. Extending this observation, for 0 <i < j <m,
H(Z)T e H(j_l)—l—x =x + Y,

where y is a vector supported on F; U ---UFj_1 = Upi<ymy<jFu. Furthermore, if x is supported
on Fy for n(A) = j, then y is supported on Uget, Fr.
The following helper lemma describes a sequence of edge operators from a node to a leaf.

Lemma 3.7.4. For any leaf node H € T, and a node A with H € Ty (A is an ancestor of H or
H itself), we have

My azlp, = Logop, TOT .. IO~ VT 2| (3.30)
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Proof. For simplicity of notation, let V(H) “onur 7 for a node H.

To start, observe that for a node A at level n(A), we have TI®z|p, = 2|g, for all i > n(A). So
it suffices to prove

Let the path from leaf H up to node A in 7 be denoted (Hy def H Hy, ..., H; def A), for some

t <n(A). We will prove by induction for k decreasing from ¢ to 0:

My, AZ|p, = IV(Hk)H("(H’“))TH(”(Hk)+1)T e H("(A)_l)Tz]FA. (3.31)
For the base case of H; = A, we have My, az|r, = z|r, = Ly (g, 2|F,-
For the inductive step at Hy, we first apply induction hypothesis for Hy1 to get

MHk+1<—AZ|FA = IV(Hk+1)H(n(Hk+1))T . H(W(A)_I)TZ|FA. (332)

Multiplying by the edge operator Mg, ) on both sides gives

Hyq1

My, caz|p, = M(Hk,HkH)IV(HkH)H(n(HHI))T .. H(W(A)*l)Tz’FA. (3.33)

Recall the edge operator My, g, . ) maps vectors supported on V(Hy41) to vectors supported on
V(Hj) and zeros otherwise. So we can drop the Ly (#,,,) term in the right hand side. Let def
I Her))T H(”(A)*l)Tz\FA. Now, by the definition of the edge operator, the above equation

becomes

M eazlry = Ty, — XNz (3.34)

On the other hand, we have

Ty g1 TN L EOis) =0T g — g TIOCIDT (TO0+DT e =D )

= Ty (g7, TR T (2 4 y),
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where y is a vector supported on UFR for nodes R at levels n(Hy) + 1,--- ,n(Hgi1) — 1 by Obser-
vation 3.7.3. In particular, y is zero on Fp, . Also, y is zero on 0Hjy, since by Observation 3.4.12,
OHy C Upncestor A’ of i, F'ar, and ancestors of Hy, are at level n(Hg1) or higher. Then y is zero on

V(Hy) = 0Hy U F,, and the right hand side is
— (IV(H;c) _ X(Hk-)—r)w’

where we apply the definition of IIH)T and expand the left-multiplication by Iy (m,)-

Combining with (3.34) and substituting back the definition of &, we get

My, Az|p, = IV(Hk)H(n(Hk))T e H(U(A)_l)TZ|FA-
which completes the induction.

O

To prove Lemma 3.7.2, we apply the leaf operators to the result of the previous lemma and sum

over all nodes and leaf nodes.

Proof of Lemma 3.7.2. Let H be a leaf node. We sum (3.30) over all A with H € T4 to get

Z My, az|r, = lonur, Z H(O)T'-'H(”’l)Tz]FA
A:HETy A:HETH

= IBHUFHH(O)T LTI,

)

where we relax the sum in the right hand side to be over all nodes in 7, since by Observation 3.7.3,
for any A with H ¢ T4, we simply have IaHupHH(O)T e H("_l)Tz|FA = 0. Next, we apply the leaf

operator J; = W/2B[H] to both sides to get
S IuMpecazlp, = WYB[HLyyup, IO . 1T DTz,
A:HETA

Since B[H] is zero on columns supported on V(G) \ (0H U Fy), we can simply drop the Ippup, in
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the right hand side.
Finally, we sum up the equation above over all leaf nodes. The left hand side is precisely the

definition of Mz. Recall the regions of the leaf nodes partition the original graph G, so we have

>y JHMHHAz\FA:W1/2( 3 B[H]) mOT ... h-1T,

HeT(0)A:HETYy HeT(0)

Mz = W2BIHOT ... ig(n-DT .

We now examine the slack tree operator complexity.

Lemma 3.7.5. The complezity of the slack tree operator as defined in Definition 3.8.1 is T'(k) =
6(\/ mk-6~2), where § is the Schur complement approzimation factor from data structure DyNAM-

1cSC.

Proof. Let M(p p) be a tree edge operator. Applying M(p py = Iyp) — (L%?,FD)_I L%?,B(D) to
the left or right consists of three steps which are applying Iy(p), applying LEU‘[[),), a(D) and solving for
LEV?,FD'U = b for some vectors v and b. Each of the three steps costs time O(§=2|0(D) U Fp|) by
Lemma 3.4.22 and Theorem 3.3.1.

For any leaf node H, H has a constant number of edges, and it takes constant time to compute
Jru for any vector w. The number of vertices may be larger but the nonzeros of J; = W/2B[H]

only depends on the number of edges. To bound the total cost over k distinct edges, we apply

Lemma 3.4.16, which then gives the claimed complexity. O

3.7.2 Proof of Theorem 3.2.7

Finally, we give the full data structure for maintaining the slack solution.
The tree operator M defined in Definition 3.7.1 satisfies Mz®) = P,v® at step &, by the
definition of z*). To support the proper update s < s + fhW‘lﬂf’w'v(k), we define M(lack) &f

W—1/2M and note it is also a tree operator:
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Lemma 3.7.6. Suppose M is a tree operator supported on T with complexity T(K). Let D be
a diagonal matriz in REXE where E = Uleaf e E(H). Then DM can be represented by a tree

operator with complexity T(K).

Proof. Suppose M € RFXV | For any vector z € RY, DMz = D(Mz). Thus, to compute DMz,
we may first compute Mz and then multiply the i-th entry of Mz with D; ;. This can be achieved
by defining a new tree operator M’ with leaf operators J' such that Jy; = Dp) pm)Jn and
M’( HP) = My, p)- The size of each leaf operator remains constant. All edge operators do not

change from M. Thus, the new operator M’ has the same complexity as M. ]

With the lemma above, we can use MAINTAINREP (Algorithm 16) to maintain the implicit
representation of s and Theorem 3.2.6 to maintain an approximate vector $§ as required in Algo-
rithm 12. A single IPM step calls the procedures REWEIGHT, MOVE, APPROXIMATE in this order
once. Note that we reinitialize the data structure when ¢ changes, so within each instantiation,

may assume ¢ = 1 by scaling. ¢ changes only O(1) times in the IPM.

Theorem 3.2.7 (Slack maintenance). Given a modified planar graph G with m edges and its
separator tree T with height n, the randomized data structure MAINTAINSLACK (Algorithm 19)
implicitly maintains the slack solution s undergoing IPM changes, and explicitly maintains its
approzimation s, and supports the following procedures with high probability against an adaptive

adversary:

o INITIALIZE(G, sinit) ¢ RM 4 e R™ w € RZy,ep > 0,€ > 0): Given a graph G, initial solution

s(mit) " initial direction v, initial weights w, target step accuracy ep and target approrimation

accuracy €, preprocess in O(m61§2) time, and set the representations s < s gnd T « s.

o REWEIGHT(w € R, given implicitly as a set of changed weights): Set the current weights

to w in 6(61;2\/ mK) time, where K is the number of coordinates changed in w.

o MovVE(a € R,v € R™ given implicitly as a set of changed coordinates): Implicitly update
s+ s+ aW 2P, v for some Py, with ||(Pyw — Pw)v|2 < nd llv|ly, and P,v € Range(B).

The total runtime is 6(61;2\/ mK) where K is the number of coordinates changed in v.
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Algorithm 19 Slack Maintenance, Main Algorithm

1
2

3:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:

data structure MAINTAINSLACK extends MAINTAINREP
private: member
MAINTAINREP maintainRep: data structure to implicitly maintain

s =y + W 2M(czPre) 4 zlsum)),

> M is defined by Definition 3.7.1
MAINTAINAPPROX bar_s: data structure to maintain approximation 3 to s (Theorem 3.2.6)

procedure INITIALIZE(G, s(Y) € R™ v € R™, w € RT,, 6 > 0,€ > 0)
Build the separator tree 7 by Theorem 3.4.13
maintainRep.INITIALIZE(G, T, W~1/2M, v, w, s(1%) §) > initialize s < s(init)
bar_s.INITIALIZE(Wfl/QM, ¢, z(Prev) g(sum) y,W,n75,€) b initialize 3 approximating s
end procedure

procedure REWEIGHT (w (") € R7,)
maintainRep. REWEIGHT (w (V)
end procedure

procedure MOVE(a, vmew) ¢ R™)
maintainRep.MOVE(q, v(new))
end procedure

procedure APPROXIMATE( )
> the variables in the argument are accessed from maintainRep
return 5 = bar_s. APPROXIMATE(W ~1/2M, ¢, z(Prev) | z(sum) o W)
end procedure

procedure ExXACT( )
return maintainRep.EXACT()
end procedure
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o APPROXIMATE() — R™: Return the vector 3 such that |W2(3 — s)||oe < € for the current

weight w and the current vector s.
« Exact() — R™: Output the current vector s in O(md—2) time.

Suppose a||v||a < B for some 8 for all calls to MOVE. Suppose in each step, REWEIGHT, MOVE and
APPROXIMATE are called in order. Let K denote the total number of coordinates changed in v and
w between the (k — 1)-th and k-th REWEIGHT and MOVE calls. Then at the k-th APPROXIMATE

call,

(

o the data structure first sets S, < sek_l) for all coordinates e where w, changed in the last

REWEIGHT, then sets S, < st for O(Ny, o 226 (8Y210g% m) coordinates e, where Uy, is the

€

largest integer ¢ with k =0 mod 2¢ when k # 0 and £y = 0.

o The amortized time for the k-th APPROXIMATE call is 6(61_)2 \/m(K + Ni_o0.))-

Proof of Theorem 3.2.7. We prove the runtime and correctness of each procedure separately.

Recall by Lemma 3.7.4, the tree operator M has complexity T(K) = O(6~2vVmK).

Initialize: By the initialization of maintainRep (Theorem 3.2.5), the implicit representation of
s in maintainRep is correct and s = s("%) By the initialization of approx, § is set to s to start.
Initialization of maintainRep takes O(md~2) time by Theorem 3.2.5, and the initialization of

slackSketch takes O(m) time by Theorem 3.2.6.

Reweight: In REWEIGHT, the value of s does not change, but all the variables in MaintainRep

are updated to depend on the new weights. The correctness and runtime follow from Theorem 3.2.5.

Move: maintainRep.MoVE(a,v®)) updates the implicit representation of s by

S+ s+ W 2Maz®,
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By the definition of the slack projection tree operator M and Lemma 3.7.2, this is equivalent to
the update

s s+ aW_l/Qﬁwv(k),

where P, = W1/2BI©O) ... I~ DI ... TIOBTW/2. By Theorem 3.4.21, |Pay — Pay|lop <
nd. From the definition, Range(W/2P,,) C Range(B).

k—1)

By the guarantees of maintainRep, if v®) differs from v on K coordinates, then the runtime

is O(672v/mK). Furthermore, zP") and z("™ change on Fy for at most O(K) nodes in 7.

Approximate: The returned vector 3 satisfies ||[W1/2(3 — 5)||oo < € by the guarantee of

bar_s.APPROXIMATE from Theorem 3.2.6.

Exact: The runtime and correctness directly follow from the guarantee of maintainRep.EXACT
given in Theorem 3.2.5.
Finally, we have the following lemma about the runtime for APPROXIMATE. Let 5(*) denote the

returned approximate vector at step k.

Lemma 3.7.7. Suppose al|v|2 < S for some B for all calls to MOVE. Let K denote the total
number of coordinates changed in v and w between the k — 1-th and k-th REWEIGHT and MOVE

calls. Then at the k-th APPROXIMATE call,

e The data structure first sets S, sék_l) for all coordinates e where w. changed in the last

REWEIGHT, then sets S, < st for O(Ny, o 22 (8)210g% m) coordinates e, where Uy, is the

€

largest integer ¢ with k =0 mod 2¢ when k # 0 and £y = 0.

e The amortized time for the k-th APPROXIMATE call is O(ep” \/m(K + Ni_o0.))-

Proof. Since § is maintained by bar_s, we apply Theorem 3.2.6 with = s and diagonal matrix

D = W. We need to prove ||z¥) — 2#=1||5,) < O(B) for all k first. The constant factor in O(3)
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does not affect the guarantees in Theorem 3.2.6. The left-hand side is

k k—1 Bywk) 125 (k
o) - sG=0) = Hox A ] (by MoVE)
opnt
2
< (1+ né)a(k)nv(k)ng (by the assumption that af|v|2 < 5)

< 28.

Where the second last step follows from [Py, — Pyllop < nd and the fact that Py, is an orthogonal
projection. Now, we can apply Theorem 3.2.6 to conclude that at each step k, bar_s. APPROXIMATE

first sets S, <« sék_l) for all coordinates e where w, changed in the last REWEIGHT, then set

Se — s for O(Ng, o

2”’@(@)2 log? m) coordinates e, where £, is the largest integer ¢ with k = 0
mod 2¢ when k # 0 and £y = 0.

For the second point, MOVE updates z®'¥) and 2" on Fyy for 6([( ) different nodes H € T
by Theorem 3.2.5. REWEIGHT then updates z(P¥) and 2" on Fyy for O(K) different nodes, and
updates the tree operator W—1/2M on 6(K ) different edge and leaf operators. In turn, it updates
y on E(H) for 5([( ) leaf nodes H. Now, we apply Theorem 3.2.6 and the complexity of the tree

operator to conclude the desired amortized runtime. O

O]

3.8 Flow projection

In this section, we define the flow tree operator as required to use MAINTAINREP. We then give
the full flow maintenance data structure.
During the IPM, we maintain f def f — f by maintaining the two terms separately. For IPM

step k with direction v®) and step size h, we update them as follows:

Fe Fohwi/zp),

e £+ awl2P o),
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where P/, v*) satisfies Hf’;ufv(k) - Pw'v(”“)H2 <e Hv(k)Hz for some factor €, and BT W1/2P] v(*) =
BTW!/2¢(®) We will include the initial value of f in f

Maintaining f is straightforward; in the following section, we focus on f.

3.8.1 Tree operator for flow

We hope to use MAINTAINREP to maintain f+ throughout the IPM. In order to do so, it remains

to define a flow tree operator M%) so that

W/2P/ (k) — N(fow) (k)

) ©f prp-1) L TOBTWL/203%) . We

where ].521,1; satisfies the constraints mentioned above, and z(*
will define a flow projection tree operator M so that fd:d Mo %) satisfies Hf— PwvH2 < OMo) [|v]|y
and BTWY/2f = BTW/2p(®) | This means it is feasible to set P, o) = f. Then, we define

def

M (flow) W_1/2M.

For the remainder of the section, we abuse notation and use z to mean z*) for one IPM step k.

Definition 3.8.1 (Flow projection tree operator). Let 7 be the separator tree from data structure
DyNaMICSC, with Laplacians L) and Sc(L®), 9H) at cach node H € T. We use B[H] to denote
the adjacency matrix of G restricted to the region.

To define the flow projection tree operator M, we proceed as follows: The tree operator is
supported on the tree 7. For a node H € T with parent P, define the tree edge operator Mg p)
as:

M p,p) = (LUD)1Sc(LD), o). (3.35)

At each node H, we let Fly in the tree operator be the set Fly of eliminated vertices defined in
the separator tree. At each leaf node H of T, we have the leaf operator Jy = W/2B[H].

Before we give intuition and formally prove the correctness of the flow tree operator, we examine
its complexity.
Lemma 3.8.2. The complexity of the flow tree operator as defined in Definition 3.8.1 is T'(k) =

6(\/ mk - §72), where § is the overall approzimation factor from data structure DyNAMICSC.
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Proof. Let My py be a tree edge operator. Note that it is a symmetric matrix. For any leaf node
H, H has a constant number of edges, and it takes constant time to compute Jgu for any vector
w. The number of vertices may be larger but the nonzeros of Jy = W'/2B[H] only depends on
the number of edges.

If H is not a leaf node, then Mg pyu consists of multiplying with évC(L(H ),0H) and solving
the Laplacian system L)), By Lemma 3.4.22 and Theorem 3.3.1, this can be done in O(5~2- |0 H]|)
time. To bound the total cost over k distinct edges, we apply Lemma 3.4.16, which gives the

claimed complexity. O

Theorem 3.8.3. Let v € R™, and let z = rIe—b ... TIOBTWY2y. Let M be the flow pro-
jection tree operator from Definition 3.8.1. Suppose § = O(1/logm) is the overall approximation
factor from DYNAMICSC. Then f f M2 satisfies B"W!2f = BTWY2y and Hf—PwvH2 <
O0o) ||vll,-

The remainder of the section is dedicated to proving this theorem.

Fix v for the remainder of this section. Let d % BTW/2y € R™; since it is supported on the
vertices of G and its entries sum to 0, it is a demand vector. In the first part of the proof, we show

def

that froutes the demand d. Let f* € P,v = WY/2BL™1d. In the second part of the proof, we

show that f is close to f*. Finally, a remark about terminology:

Remark 3.8.4. If B is the incidence matrix of a graph, then any vector of the form Bz is a flow by
definition. Often in this section, we have vectors of the form W/2Bx. In this case, we refer to it

as a weighted flow. We say a weighted flow f routes a demand d if (W1/2B)Tf =d.

We proceed with a series of lemmas and their intuition, before tying them together in the overall

proof at the end of the section.

Lemma 3.8.5. Let z = TTI-D ... TIOBTWY/2y be as given in Theorem 3.8.3. For each node

H e T, let z|p, be the sub-vector of z supported on the vertices Fy, and define the demand

) def LYz k..

Then d = 3 yer d.
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Proof. In the proof, note that all I are n x n matrices, and we implicitly pad all vectors with
the necessary zeros to match the dimensions. For example, z|r, below should be viewed as an

n-dimensional vector supported on Fpg. Define

X — Z X (H)

We have

) —1
n”=1-x0 = Z Ld(H ), Fr ( SP«“?,FH) .
HeT(

Suppose H is at level 7 of 7. We have

dﬂﬁ:@g%JAHMAXHHmH@d

— @, e L OO, (3.36)

where we use the fact Im(X)) 0 Fyy = () if n(H’) > i. From this expression for z|r,,, we have

def
d) = L 2|

H H
= L(%I’I),FHZ‘FH + L%H),FH'Z|FH

= XD @Y. a0y, + @Y. mOa®d)| e,

where the last line follows from (3.36). By padding zeros to XH)  we can write the equation above

as

d) = X0 . pMn©g 4+ qae-b... H(I)H(O)d)\FH.
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Now, computing the sum, we have

n

Zd(H):z Z XE -1 .10 d+Z Z - ... (I)H(O)d)\FH

HeT =0 HeT (i) =0 HeT (3)

U
= (Z X @Opi-1 .. -H(I)H(O)d> N 5 (OB § () § (OF (Fy partition V(G))

=0
1
= ( 1‘[(z mé-u .. .H(l)H(O)d) N 5 (U OB § () § (OF
=d, (telescoping sum)
completing our proof. O

Next, we examine the feasibility of f . To begin, we introduce a decomposition of f based on

the decomposition of d, and prove its feasibility.
Definition 3.8.6. Let M) be the flow tree operator supported on the tree Ty € F (Defini-

tion 3.5.9). We define the flow fU7) LV (o M 2|k, .

Lemma 3.8.7. We have that (WI/QB)Tf(H) = d") . In other words, the weighted flow )

routes the demand d") using the edges of the original graph G.

Proof. We will first show inductively that for each H € T, we have BTW1/2M ) = L,(H),
In the base case, if H is a leaf node of T, then Fp is a tree with root H and a single leaf node
under it. Then M) = W1/2B[H]. Tt follows that
BTwl/ZM(H) _ BTW1/2W1/2B[H] _ L(H)

)

by definition of L) for a leaf H of T.
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In the other case, H is not a leaf node of 7. Let D1, Dy be the two children of H. Then

BTwl/QM(H) — BTW1/2 (M(Dl)M(Dl,H) + M(D2)M(D2,H))
— L(Dl)M(Dl,H) + L(DQ)M(DQ,H) (by induction)
= LPY(LIPD) IS¢ (LPY, aDy) + LP (LP2))~18¢(LP2) §Dy)
= Sc(LPV,8D;) + Sc(LP?),0D,)

= LU,
Finally, we conclude that BTW1/2f(H) = BTW1/2M(H)2]FH = L(H)ZFH = d) | where the
last inequality follows by definition of d(). O
We observe an orthogonality property of the flows, which will become useful later:

Lemma 3.8.8. For any nodes H, H' at the same level in T, Range(MU)) and Range(MU)) are

disjoint. Consequently, the flows f(H) and f(H/) are orthogonal.

Proof. Recall leaves of T correspond to pairwise edge-disjoint, constant-sized regions of the original
graph G. Since H and H' are at the same level in 7, we know T and T+ have disjoint sets of leaves.
The range of M) is supported on edges in the regions given by leaves of Ty, and analogously for

the range of M), O

Next, we set up the tools for bounding H f — Py

5 involving an energy analysis drawing
inspiration from electric flow routing. We begin with the canonical definitions and properties of

electric-flow energy.

Definition 3.8.9. Let W1/2B be the edge-weighted incidence matrix of some graph G, and let

def

L % BTWB be the Laplacian. Let d %

= Lz be a demand and f be any weighted flow that routes
d; that is, (W'/?2B)T f = d. Then we say HfH% is the energy of the flow f.
There is a unique energy-minimizing flow f* routing the demand d on G. From the study of

electric flows, we know f* = WY2BL~!d. Hence, we can refer to its energy as the energy of the
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demand d on the graph of L, given by

d  min |fIP=d" B"WB) 'd=d L 'd=z"Lz. (3.37)

 (W'/2B)T f=d

We want to understanding how the energy changes when, instead of routing d using the edges of
G, we use edges of some other graphs related to G. In particular, we are interested in the operations

of graph decompositions and taking Schur complements. It turns out the energy behaves nicely:

Lemma 3.8.10. Suppose G is a weighted graph that can be decomposed into weighted subgraphs
G1,Gs. That is, if L is the Laplacian of G, and LY is the Laplacian of Gi, then L = L) + L3,
Suppose d 4 1,2 is a demand on the vertices of G. Then if we decompose d = dV) + d? | where

d®) = LOz, then the energies are related as:
fu(d) = &L (d(l)) + &1 (d(2)).
Proof. We have, by definition,

Epon(dP) + ELe(d?) = 2TLWz 4+ 2TL3) 2
=2z'Lz

= &(d).

O]

The following lemma shows if G’ is a graph derived from G by taking Schur complement on a
subset of the vertices C, and d is a demand supported on C, then the flow routing d on G will

have lower energy than the flow routing d on G’.

Lemma 3.8.11. Suppose G is a weighted graph with Laplacian L. Let C be a subset of vertices
of G. Let L = §:(L,C) be an e-approzimate Schur complement. Then for the demand d = L'z

supported on C,
En(d) <. &v(d).
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Proof. We have, by definition,

EL(l'z) =2"L'L7'L/2
< 2"L'Sc(L,0) L'z (since Sc(L,C) < L)
~z L'L7'L/2

=& (L2).

O]

For any H € T, we know FH) routes dH) using the original graph G. Furthermore, we know
the graph of L) is related to G using the graph operations considered above. Suppose f(H)* is

the energy-minimizing flow routing d¥) on the graph of L), Then we want to relate the energies

of f(H) and f(H)*:

Lemma 3.8.12. Let H be a node at level i in T. Given any z, let d CLH) 2 be a demand. Then
the weighted flow f L MO satisfies || £l <is Epn (d).

ST

f(H)H2 <is Egom (A1),

Consequently,
Proof. We proceed by induction. In the base case, H is a leaf node, and we have

[M2] = =T (BLE)TWBIH]z = 2Lz = £ ().

Suppose H is at level ¢ > 0 in 7, with children D; and D9 at level at most i — 1. Then

],
2

= | (MPIMp, ) + MPIMp, 1)) 2]

243



Since Range(M(P1)) and Range(M(P2)) are orthogonal, we have

= [MP M 2]+ MO M 2]
<(i-ns Enon (LM (p, 1)2) + Epion (LPIMp, 1)2)
(by inductive hypothesis with z = M(p, z)z)
= Eywy (LOVLPD) ST, 0(D1))z) + Egon (LD (LPD) ! Se(LP2), (D))2)
<6 E5(Lon o(Dy))

= Epum (L),

(Se(L,a(D1))2) + Eg,p0m ooy,

(Se(LP2), 0(D,))z)
where the last two inequalities follow from Lemmas 3.8.10 and 3.8.11. O

Next, we want to relate the energy of routing d*!) on the graph G and the energy on the graph
of LU,

Lemma 3.8.13. For a node H at level i in T,

En(d™)) x5 Epom (d).

O
Proof. For one direction, we have
g (dH)) = g TLUD ™! gl
~s d ' Sc(L[H]|, 8(H) U Fyy)~Ld®) (by Theorem 3.2.4)
< d™M -1t (since Sc(L, C) 3 L)
= &L(d).

In the other direction, we note that f(H) is a weighted flow routing d!) on G. By Lemma 3.8.12

and the definition of energy,

Eu(d ™) < | £~ Egon (d).
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We need to further bound the sum of energies:

Lemma 3.8.14. We have the following approximation of the energy of d on graph G:
Z SL(H) (d(H)) %n(g 8L(d)
HeT

Proof. We need the following matrix multiplication property: For any matrices A, B, D,

A1l o A B A1l o0 A1l o
= . (3.38)
0 0 BT D 0 0 0 0

Recall in our setting, all matrices are padded with zeros so that their dimension is n x n, and

vectors padded with zeros so their dimension is n.

Define 8 L § (OIS § (80) § (UF e simplicity. Recall z e Frae- .. mOBTW /2y, We
can write
" -1
iy = (L0,) '8
Then,

Epan () = 27| p, L 2|,
AT (rE 'y (yEH) 7!
=6" (Li)r,) L (Ler,) 8

_ g7 (L%?,FH)flﬂ' (by (3.38))
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Summing over all H € T, we get

3 e (dP)y =" S Ly, )78

HeT HeT
T T T H - -
—dTaOT .. - [Z(L%H)yFH) 11 o ...110g
H
~ps d Ld
= &L(d).
where the last second step follows by Theorem 3.4.21. O

Lastly, the following lemma shows that our weighted flow f routing d can be orthogonally

decomposed in terms of the unique energy minimizer £*, which in turn allows us to bound || f— £*||2.

Lemma 3.8.15. Let L be a weighted Laplacian as above, and let d be a demand. Let f* =
W1I/2BL~1d be the weighted electric flow routing d attaining the minimum energy &r(d). For any
other weighted flow f satisfying BTWY2f = d, if | f||2 < EL(d), then

IF = £713 < (e = D115
Proof. Observe that
f*T(f_ ) = dTL—lBTWI/Q(J?_ ) =d L Yd—-d) =o.
Hence, we have an orthogonal decomposition of f :
IFIE = 17713 + 11F — £*113-

It follows that

If = F 12 < (e —=1)- |1£7)5.
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Finally, we put all the lemmas together for the overall proof that f is the desired weighted flow.

Proof of Theorem 3.8.3. We first decompose d = 3 o7 d) according to Lemma 3.8.5. By defi-

nition of the flow tree operator,

fdefM def Z M(H)Z‘FH _ Z f(H)

HeT HeT

where f( ) def M(H)z\ Fy Toutes demand d") by Lemma 3.8.7. Hence,

(W2B)T f = Z wL2B)T fU) — Z dH) —
HeT HeT
meaning f is feasible for routing d on G.
For each demand term d), let fU* be the weighted flow on G that attains the minimum
energy &r(d®) for routing it. By Definition 3.8.9 , f* = W/2BL~1d(). Recall £* & P,v =
W1/2BL~1d. Hence,

— Z f(H)*

HeT

By Lemma 3.8.13, we know if H is at level 7 in 7, then f(H) satisfies

|7 <is Epon (@) is (™) = | 70 (3.39)

This shows that in the flow tree operator, the output f (H) of each tree operator M) is close to
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the natural corresponding term f®# ). Finally, we bound the overall approximation error:

2

\f-r

2 _ F(H) _ p(H)x

2 HFET (f d ) 2

< (5 fgm - o))
HeT 2

23S @ e

i=0 HeT ()

n
<> 3T (€ - 1)eP e (d)
=0

HeT (i)

< e N g(d)
HeT

= O(nd) || £*11%,
which concludes the overall proof.

3.8.2 Proof of Theorem 3.2.8

(by Lemma 3.8.15 and (3.39))

(by Lemma 3.8.13)

(by Lemma 3.8.14)

Finally, we present the overall flow maintenance data structure. It is analogous to slack, except

during each MOVE operation, there is an additional term of aW/2y.

Theorem 3.2.8 (Flow maintenance). Given a modified planar graph G with m edges and its sepa-

rator tree T with height n, the randomized data structure MAINTAINFLOW (Algorithm 20) implicitly

maintains the flow solution f undergoing IPM changes, and explicitly maintains its approximation

f, and supports the following procedures with high probability against an adaptive adversary:

o INITIALIZE(G, f(") € R™ v € R™, w € RZy,ep > 0,€ > 0): Given a graph G, initial

solution FMY)  initial direction v, initial weights w, target step accuracy ep, and target

approximation accuracy €, preprocess in O(m61§2) time and set the internal representation

f < fit) gnd f « f.

o REWEIGHT(w € RY,, given implicitly as a set of changed weights): Set the current weights to

w in 6(6§2m) time, where K is the number of coordinates changed in w.
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e MoVE(a € R,v € R™ given implicitly as a set of changed coordinates): Implicitly update
f — f+aW' 2y — aW'/2P! v for some Plyv, where |[PLv — Pyolls < O(19) ||v], and
B W'/2P, v = BTW'2v. The runtime is O(ep>vVmK), where K is the number of coordi-

nates changed in v.

o APPROXIMATE() — R™: Qutput the vector f such that |[W=Y2(f — f)|lec < € for the current

weight w and the current vector f.
e Exact() — R™: Output the current vector f in O(md=2) time.

Suppose a||v||a < B for some B for all calls to MOVE. Suppose in each step, REWEIGHT, MOVE and
APPROXIMATE are called in order. Let K denote the total number of coordinates changed in v and
w between the (k — 1)-th and k-th REWEIGHT and MOVE calls. Then at the k-th APPROXIMATE

call,

o the data structure first sets f, < fe(k_l) for all coordinates e where w, changed in the last

REWEIGHT, then sets f, < fe(k) for O(Ny, o 22k (8Y2 1002 m) coordinates e, where €, is the

€

largest integer ¢ with k =0 mod 2¢ when k # 0 and £y = 0.

o The amortized time for the k-th APPROXIMATE call is 6(6132 \/m(K + Ni_o0))-

Proof of Theorem 3.2.8. We have the additional invariant that the IPM flow solution f can be

recovered in the data structure by the identity

f=f-r (3.40)
where f* is implicit maintained by maintainRep, and f is implicitly maintained by the identity
f = fo + cWo.

We prove the runtime and correctness of each procedure separately. Recall by Lemma 3.7.4,

the tree operator M has complexity T(K) = O(6~2vVmK).
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Algorithm 20 Flow Maintenance, Main Algorithm

1: data structure MAINTAINFLOW extends MAINTAINZ

2: private: member

3: w € R™: weight vector > we use the diagonal matrix W interchangeably
4 v € R™: direction vector

5 MAINTAINREP maintainRep: data structure to implicitly maintain

fJ_ déf Y+ Wl/QM(Cz(prev) + z(surn)).

> M is defined by Definition 3.8.1
6: c € R, fo € R™: scalar and vector to implicitly maintain

fdéffo+5'Wv.

T: MAINTAINAPPROX bar_f: data structure to maintain approximation f to f (Theorem 3.2.6)
8:
9: procedure INITIALIZE(G, f") ¢ R™ v € R™ w € RZ,,6 > 0,€ > 0)
10: Build the separator tree 7 by Theorem 3.4.13
11:  maintainRep.INITIALIZE(G, T, W'/2M, v, w, 0, §) > initialize f1 < 0
12: W W,V v
13- 0+ 0, fy « flinit) > initialize f « f(nit)
14:  bar_f.INITIALIZE(—WY/2M, ¢, z(Prev) z(sum) g 4 £ 4 5. Wo, WL n=5 )
15: > initialize f « f(nit)
16: end procedure
17:
18: procedure REWEIGHT (w("*V) € R7)
19: maintainRep. REWEIGHT (w("*V))
20: Aw — w®W) —
21: w — wev)

2. fo < fo— A(AW)Y/2y
23: end procedure

24:

25: procedure MovE(a, v(™") € R™)
26: maintainRep.MOVE(a, v(®"))
27 Av — vev) _ g

28: v vrew)

2. fo < fo—cW2Aw

30: cCCcta

31: end procedure

32:

33: procedure APPROXIMATE( )

34: > the variables in the argument are accessed from maintainRep

35: return bar_f.APPROXIMATE(—WI/QM, ¢, z(Prev) glsum) oy fo +¢-Wo, W1
36: end procedure

37:

38: procedure Exacr()

39: ft« maintainRep.EXACT()

40: return (fy+¢- Wo) — f+ 250

41: end procedure




Initialize: By the initialization of maintainRep (Theorem 3.2.5), the implicit representation of

f* in maintainRep is correct and f+ = 0. We then set j?déf fo + eWwo = fnit)  So overall, we

have f def f—i— ft = fit) By the initialization of approx, f is set to f = £ to start.
Initialization of maintainRep takes O(md—2) time by Theorem 3.2.5, and the initialization of

approx takes O(m) time by Theorem 3.2.6.

Reweight: The change to the representation in f is correct via maintainRep in exactly the
same manner as the proof for the slack solution. For the representation of j? , the change in value
caused by the update to w is subtracted from the fo term, so that the representation is updated

while the overall value remains the same.

Move: This is similar to the proof for the slack solution. maintainRep.MoVE(a,v®)) updates

the implicit representation of f by
Ft— fH+W2Maz®),

where M is the flow projection tree operator defined in Definition 3.8.1. By Lemma 3.7.2, this is
equivalent to the update

fte ft+awl2f,

where Hf— Pw'v(k’)H2 < 0O(nd) va(k)H2 and BTW/2f = BTW/2p(*) by Theorem 3.8.3.
For the f term, let fé,E’,v’ be the state of fg,E and v at the start of the procedure, and

similarly let f’ be the state of f at the start. At the end of the procedure, we have
FYf+eWo = £, — WY2Au + (@ + a)Wo = £, + WY + aW 2y = F + oW/ 2y,
so we have the correct update f(— f+ aW1/2y. Combined with f1, the update to f is
f— f+aW 2y —aqW/2f,

By Theorem 3.2.5, if v(®) differs from v* =1 on K coordinates, then the runtime of maintainRep is
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O(62y/mK). Furthermore, zP*¥) and z(") change on Fy for at most O(K) nodes in 7. Up-

dating f takes O(K) time where K < O(m), giving us the overall claimed runtime.

Approximate: By the guarantee of bar_f.APPROXIMATE from Theorem 3.2.6, the returned
vector satisfies |[W—1/2 (? —(f - fl)) loe < € where f and f1 are maintained in the current

data structure.

Exact: The runtime and correctness follow from the guarantee of maintainRep.EXACT given in
Theorem 3.2.5 and the invariant that f = f— ft.
Finally, we have the following lemma about the runtime for APPROXIMATE. Let f(k) denote

the returned approximate vector at step k.

Lemma 3.8.16. Suppose a||v||a < S for some B for all calls to MOVE. Let K denote the total
number of coordinates changed in v and w between the k — 1-th and k-th REWEIGHT and MOVE

calls. Then at the k-th APPROXIMATE call,

o The data structure first sets f, fe(k_l) for all coordinates e where w. changed in the last

REWEIGHT, then sets f, < fék) for O(Ny, o 226k (8Y2 1002 m) coordinates e, where €, is the

€

largest integer ¢ with k =0 mod 2¢ when k # 0 and £y = 0.

o The amortized time for the k-th APPROXIMATE call is 6(652 \/m(K + Ni_o0.))-

Proof. The proof is similar to the one for slack. Since f is maintained by bar_f, we apply Theo-
rem 3.2.6 with = f and diagonal matrix D = W1, We need to prove ||z®) —2*=1| 5w < O(B)
for all k first. The constant factor in O(f) does not affect the guarantees in Theorem 3.2.6. The

left-hand side is

I £ g = [ i Mows)
< [t Ms ]+ a0
< (24 018))a® ™) ||, (by the assumption that alv|jy < 3)

< 3p.
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Now, we can apply the conclusions from Theorem 3.2.6 to get that at the k-th step, the data

structure first sets f, « fe(k_l)

for all coordinates e where w, changed in the last REWEIGHT, then
sets f, < fe(k) for O(Ny def 2%’9(%)2 logZ m) coordinates e, where £}, is the largest integer ¢ with
k=0 mod 2° when k # 0 and £y = 0.

For the second point, MOVE updates z®'¥) and 2" on Fy for 6([( ) different nodes H € T
by Theorem 3.2.5. REWEIGHT then updates z®™") and 26" on Fpy for O(K) different nodes,
and updates the tree operator W~1/2M on 6(K ) different edge and leaf operators. In turn, it
updates y on E(H) for O(K) leaf nodes H. The changes of f cause O(K) changes to the vector
-y + fo + ¢ - Wwo, which is the parameter y of Theorem 3.2.6. Now, we apply Theorem 3.2.6 and

the complexity of the tree operator to conclude the desired amortized runtime. O

O]

3.9 Min-cost flow for separable graphs

In this section, we extend our result to a-separable graphs.

Corollary 3.1.2 (Separable min-cost flow). Let C be an a-separable graph class such that we can
compute a balanced separator for any graph in C with m edges in s(m) time for some convex function
s. Given a graph G € C with n vertices and m edges, integer demands d, edge capacities u and
costs ¢, all bounded by M 1in absolute value, there is an algorithm that computes a minimum cost

flow on G satisfying demand d in O((m +m"/>*®)log M + s(m)) expected time.

The change in running time essentially comes from the parameters of the separator tree which
we shall discuss in Section 3.9.1. We then calculate the total running time and prove Corollary 3.1.2

in Section 3.9.2.

3.9.1 Separator tree for separable graphs

Since our algorithm only exploits the separable property of the planar graphs, it can be applied to

other separable graphs directly and yields different running times. Similar to the planar case, by
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adding two extra vertices to any a-separable graph, it is still a-separable with the constant ¢ in
Definition 3.4.7 increased by 2.

Recall the definition of separable graphs:
Definition 3.4.7 (Separable graph). A graph G = (V| E) is a-separable if there exists two constants
¢ > 0and b € (0,1) such that every nonempty subgraph H = (V(H) C V,E(H) C FE) with

|E(H)| > 2 of G can be partitioned into Hy and Hj such that
« E(Hy)U E(Hy) = E(H), E(Hy) 1 E(Hy) =0,
« [V(Hy) NV(H2)| < c[|E(H)|*],
o |E(H;)| <blE(H)|, fori=1,2.

We call S(H) o V(H1) NV (H2) the balanced vertex separator of H.

We define a separator tree T for an a-separable graph G in the same way as for a planar graph.

Definition 3.9.1 (Separator tree 7T for a-separable graph). Let G be an a-separable graph. A
separator tree 7 is a binary tree whose nodes represent subgraphs of G such that the children of
each node H form a balanced partition of H.

Formally, each node of T is a region (edge-induced subgraph) H of G; we denote this by
H € T. At a node H, we store subsets of vertices 0(H),S(H),Fg C V(H), where 0(H) is the
set of boundary vertices that are incident to vertices outside H in G; S(H) is the balanced vertex
separator of H; and Fyy is the set of eliminated vertices at H. Concretely, the nodes and associated

vertex sets are defined recursively in a top-down way as follows:

1. The root of 7T is the node H = G, with 9(H) = () and Fyg = S(H).

2. A non-leaf node H € T has exactly two children D1, Dy € T that form an edge-disjoint
partition of H, and their vertex sets intersect on the balanced separator S(H) of H. Define
d(Dy) = (0(H) U S(H)) NnV(Dy), and similarly 9(D2) = (0(H) U S(H)) N V(D). Define
Fg=S(H)\0(H).
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3. If a region H contains a constant number of edges, then we stop the recursion and H becomes
a leaf node. Further, we define S(H) = () and Fy = V(H)\ 9(H). Note that by construction,

each edge of G is contained in a unique leaf node.

Let n(H) denote the height of node H which is defined as the maximum number of edges on a
tree path from H to one of its descendants. n(H) = 0 if H is a leaf. Note that the height difference
between a parent and child node could be greater than one. Let 7 denote the height of 7 which is

defined as the maximum height of nodes in 7. We say H is at level i if n(H) = 1.

The only two differences between the separator trees for planar and a-separable graphs are their
construction time and update time (for k-sparse updates). For the planar case, these are bounded
by Theorem 3.4.13 and Lemma 3.4.16 respectively. We shall prove their analogs Lemma 3.9.2 and
Lemma 3.9.3.

[162] showed that the separator tree can be constructed in O(s(n)logn) time for any class
of 1/2-separable graphs where s(n) is the time for computing the separator. The proof can be
naturally extended to a-separable graphs. We include the extended proofs in Section 3.10 for

completeness.

Lemma 3.9.2. Let C be an a-separable class such that we can compute a balanced separator for any
graph in C with n vertices and m edges in s(m) time for some convex function s(m) > m. Given an

a-separable graph, there is an algorithm that computes a separator tree T in O(s(m)logm) time.

Note that s(-) does not depend on n because we may assume the graph is connected so that
n = O0(m).

We then prove the update time. Same as the planar case, we define P7(H) to be the set of all
ancestors of H in the separator tree and Py () to be the union of Pr(H) for all H € H. Then we

have the following bound:

Lemma 3.9.3. Let G be an a-separable graph with separator tree T. Let H be a set of K nodes
inT. Then

> |O(H)| +[S(H)| < O(K'~*m®).
HePr(H)
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By setting a as 1/2, we get Lemma 3.4.16 for planar graphs as a corollary.

3.9.2 Proof of running time

In this section, we prove Corollary 3.1.2. The data structures (except for the construction of the
separator tree) will use exactly the same pseudocode as for the planar case. Thus, the correctness
can be proven in the same way. We prove the runtimes only.

For the planar case, after constructing the separator tree by Theorem 3.4.13, Lemma 3.4.16 is the
lemma that interacts with other parts of the algorithm. For a-separable graphs, we first construct
the separator tree in O(s(m)logm) time by Lemma 3.9.2. Then we propagate the change in runtime
(O(vVmK) from Lemma 3.4.16 to O(m®K~®) from Lemma 3.9.3) to all the data structures and
to the complexity T'(-) of the flow and slack tree operators.

We first propagate the change to the implicit representation maintenance data structure, which

is the common component for maintaining the flow and the slack vectors.

Theorem 3.9.4. Given an «-separable graph G with n vertices and m edges, and its separator
tree T with height n, the deterministic data structure MAINTAINREP (Algorithm 16) maintains the

following variables correctly at the end of every IPM step:

the dynamic edge weights w and step direction v from the current IPM step,
e a DYNAMICSC data structure on T based on the current edge weights w,

o an implicitly represented tree operator M supported on T with complezity T'(K), computable

using information from DyYNAMICSC,

o scalar ¢ and vectors z(PreV) (W) unich together represent z = cz(PreV) 4 Z(GUM) - gych that

at the end of step k,

k
2= a2,
=1

where o) is the step size a given in MOVE for step i,

o 2(Pr) gatisfies z(Prev) = TIIO-D ... IIOBTW/2y,
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e an offset vector y which together with M, z represent * = y + Mz, such that after step k,

k
i=1
where ™Y is an initial value from INITIALIZE, and M is the state of M after step i.

The data structure supports the following procedures:

o INITIALIZE(G, T, M,v € R™, w € R, (") € R™ ep > 0): Given a graph G, its separator
tree T, a tree operator M supported on T with complexity T, initial step direction v, ini-
(init)

tial weights w, initial vector x , and target projection matriz accuracy €p, preprocess in

O(62m + T(m)) time and set & « (M),

e REWEIGHT(w € RZ, given implicitly as a set of changed coordinates): Update the weights

(new)

to w . Update the implicit representation of * without changing its value, so that all the

variables in the data structure are based on the new weights.

The procedure runs in O(ep? K'=*m® + T(K)) total time, where K is an upper bound on the
number of coordinates changed in w and the number of leaf or edge operators changed in M.

There are most O(K) nodes H € T for which 2P| g, and 25" |, are updated.

o MovE(a € R, v € R" given implicitly as a set of changed coordinates): Update the cur-
rent direction to v, and then z(P*) to maintain the claimed invariant. Update the implicit

representation of x to reflect the following change in value:

T — @ + M(azP).
The procedure runs in 6(€§2K1_°‘m°‘) time, where K is the number of coordinates changed
in v compared to the previous IPM step.

« Exact(): Output the current ezact value of x = y + Mz in O(T(m)) time.

Proof. The bottlenecks of MOVE is PARTIALPROJECT. For each H € Py (H), recall from Theo-

rem 3.2.4 that L) is supported on the vertex set Fiy Ud(H) and has O(6~2|Fy; U d(H)|) edges.
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Hence, (L%I{{ FH)_1u| Fyy can be computed by an exact Laplacian solver in O(672|Fy U d(H)|)
time, and the subsequent left-multiplying by Lg@L F,, also takes O(672|Fy U O(H)|) time. By
Lemma 3.9.3, PARTIALPROJECT takes O(6 2K~ *m®) time. MOVE also runs in O(§~2K~*m®)
time.

REWEIGHT calls PARTIALPROJECT and REVERSEPARTIALPROJECT for O(1) times and COM-
PUTEMZ once. REVERSEPARTIALPROJECT costs the same as PARTIALPROJECT. The runtime of
CoMPUTEMZ is still bounded by the complexity of the tree operator, O(T'(K)). Thus, PARTIAL-
PROJECT takes O(672K1~*m®) time. MOVE also runs in O(§ 2K1~*m® + T(K)) time.

Runtimes of other procedures and correctness follow from the same argument as in the proof

for Theorem 3.2.5. OJ

Then we may use Theorem 3.9.4 and Theorem 3.2.6 to maintain vectors f, s, with the updated

complexity of the operators.

Lemma 3.9.5. For any a-separable graph G with separator tree T, the flow and slack operators

defined in Definitions 3.8.1 and 3.7.1 both have complezity T(K) = O(62K'~*m®).

Proof. The leaf operators of both the flow and slack tree operators has constant size. Let My p)
be a tree edge operator. Note that it is a symmetric matrix. For the slack operator, Applying

-1
Mp,py = Iyp) — (L%?FD) LEV?,&(D) to the left or right consists of three steps which are applying

Is(p), applying L%?ﬁ( D) and solving for L%?} F, = b for some vectors v and b. For the flow

operator, Mg pyu consists of multiplying with §:(L(H ), 0H ) and solving the Laplacian system
LU,

Each of the steps costs time O(672|0(D) U Fp|) by Lemma 3.4.22 and Theorem 3.3.1. To bound
the total cost over K distinct edges, we apply Lemma 3.9.3 instead of Lemma 3.4.16, which gives

the claimed complexity. O

We then have the following lemmas for maintaining the flow and slack vectors:

Theorem 3.9.6 (Slack maintenance for a-separable graphs). Given a modified planar graph G
with n vertices and m edges, and its separator tree T with height n, the randomized data struc-

ture MAINTAINSLACK (Algorithm 19) implicitly maintains the slack solution s undergoing IPM
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changes, and explicitly maintains its approrimation s, and supports the following procedures with

high probability against an adaptive adversary:

o INITIALIZE(G, s(init) ¢ R 4y ¢ R™ 4 € RZy,ep > 0,€ > 0): Given a graph G, initial solution

s(init), initial direction v, initial weights w, target step accuracy ep and target approximation

accuracy €, preprocess in O(mef,Q) time, and set the representations s + s gnd T « s.

o REWEIGHT(w € R, given implicitly as a set of changed weights): Set the current weights

to w in 5(652K1*ama) time, where K is the number of coordinates changed in w.

o MoVE(t € R,v € R™ given implicitly as a set of changed coordinates): Implicitly update
5 < 8 +tW12P v for some Py with ||(Py — Poy)vlla < 76 |v]ly, and Py € Range(B).

The total runtime is 6(61§2K1_0‘m°‘) where K is the number of coordinates changed in v.

o APPROXIMATE() — R™: Return the vector 3 such that |WY2(3 — s)||oe < € for the current

weight w and the current vector s.
« Exact() — R™: Qutput the current vector s in O(md~2) time.

Suppose t|v|la < B for some [ for all calls to MOVE. Suppose in each step, REWEIGHT, MOVE and
APPROXIMATE are called in order. Let K denote the total number of coordinates changed in v and
w between the (k — 1)-th and k-th REWEIGHT and MOVE calls. Then at the k-th APPROXIMATE

call,

(

o the data structure first sets S, <+ sek_l) for all coordinates e where w, changed in the last
REWEIGHT, then sets 5, < 83" for O(Ny, & 226:(8)210g2 m) coordinates e, where (, is the

€

largest integer ¢ with k =0 mod 2¢ when k # 0 and £y = 0.
e The amortized time for the k-th APPROXIMATE call is O(ep>(m®(K + Ny o0)1 7).

Proof. Because T'(m) = O(6~2m) (Lemma 3.9.5), the runtime of INITIALIZE is still O(6~2m) by
Theorem 3.9.4 and Theorem 3.2.6. The runtime of REWEIGHT, MOVE, and EXACT follow from
the guarantees of Theorem 3.9.4. The runtime of APPROXIMATE follows from Theorem 3.2.6 with

T(K) = O(K'7*m®%) (Lemma 3.9.5). O
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Theorem 3.9.7 (Flow maintenance for a-separable graphs). Given a a-separable graph G with n
vertices and m edges, and its separator tree T with height n, the randomized data structure MAIN-
TAINFLOw (Algorithm 20) implicitly maintains the flow solution f undergoing IPM changes, and
explicitly maintains its approximation f, and supports the following procedures with high probability

against an adaptive adversary:

o INITIALIZE(G, f(") € R™ v € R™, w € RZ,ep > 0,€ > 0): Given a graph G, initial
solution U0 initial direction v, initial weights w, target step accuracy ep, and target

approximation accuracy €, preprocess in O(meEZ) time and set the internal representation

f fUit) gngd f « f.

o REWEIGHT(w € RY,, given implicitly as a set of changed weights): Set the current weights to

w in 6(6§2a) time, where K is the number of coordinates changed in w.

o MovVE(t € R,v € R™ given implicitly as a set of changed coordinates): Implicitly update
f — f+tWY29 — tW2P, v for some Pl v, where |[Plv — Pyvla < O0d) v, and
B W'2P, v = BTW'2y. The runtime is O(ep>K'~*m®), where K is the number of

coordinates changed in v.

o APPROXIMATE() — R™: Qutput the vector f such that |[W=2(f — f)|lec < € for the current

weight w and the current vector f.

« Exact() — R™: Output the current vector f in O(md~2) time.

Suppose t||v]le < B for some B for all calls to MOVE. Suppose in each step, REWEIGHT, MOVE and
APPROXIMATE are called in order. Let K denote the total number of coordinates changed in v and
w between the (k — 1)-th and k-th REWEIGHT and MOVE calls. Then at the k-th APPROXIMATE
call,

o the data structure first sets f, <+ fe(k_l) for all coordinates e where w, changed in the last

REWEIGHT, then sets f, < fe(k) for O(Ny, ey 22k (8Y2 1002 m) coordinates e, where €, is the

€

largest integer ¢ with k =0 mod 2¢ when k # 0 and £y = 0.
o The amortized time for the k-th APPROXIMATE call is 5(652(ma(K + N, _00,)' 7).
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The proof is the same as Theorem 3.9.6.

Finally, we can prove Corollary 3.1.2.

Proof of Corollary 3.1.2. The correctness is exactly the same as the proof for Theorem 3.1.1.
For the runtime, we use the data structure runtimes given in Theorem 3.9.6 and Theorem 3.9.7.
We may assume a > 1/2 because otherwise the graph is 1/2-separable and the runtime follows

from Theorem 3.1.1. The amortized time for the k-th IPM step is
O(5m® (K + Ny_ye, ) ™).

where N, & of 92t (B/a)?log® m = O(22% log? m), where a = O(1/logm) and ep = O(1/logm) are
defined in CENTERINGIMPL.

Observe that K 4+ N, _o¢, = O(N,_o¢, ). Now, summing over all T steps, the total time is

T T
O(m®logm) Z i ote )% = O(m™log? m) Z 9?(1= st
k=1 k=1
T
= O(m” logm2221“ZkZ — 2% = k],
k'=1 k=1
T
= O(m®log?mlogT) Z 92(1—a)ls (3.41)
k=1

Without 1 — « in the exponent, recall from the planar case that
logT

T
Yoot = 3" 2. 7/2 = O(Tlog T).
=0

k'=1
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The summation from (3.41) is

T T
222(1 Z 2Zk 2—2«
k=1 k=1

2—2a

T 20-1 , 1/(2—2a)
22«
(Z 11/(2a-1) ) <§ : ((sz) ) ) (by Holder’s Inquality)
k=1 k

=1

IN

_ (T2a L(Tlog T)* Qa)
= O(y/mlog MlogT),

where we use T'= O(y/mlognlog(nM)) from Theorem 3.2.1. So the runtime for CENTERINGIMPL

is O(m!/**1og M). By Lemma 3.9.2, the overall runtime is O(m'/2+log M + s(m)). O

3.10 Omitted Proofs

Lemma 3.4.16. Let G be a modified planar graph with separator tree T. Let H be a set of K
nodes in T. Then

S |O(H)| + |Fu| < O(VmK),

HePr(H)

Proof. Note that Fy is always a subset of S(H). We will instead prove

> [0H)| +|S(H)| < O(VmK).

HePr(H)

First, we decompose the quantity we want to bound by levels in T:

Y. loHE)| +|S(H \—Z Y. )] +[S(H)). (3.42)

HePr(H) 1=0 HePy(H,i)

We first bound 3 yep, (2,4 [0(H)| 4+ [S(H)| for a fixed i. Our main observation is that we can

bound the total number of boundary vertices of nodes at level ¢ by the number of boundary and
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separator vertices of nodes at level (i 4+ 1). Formally, our key claim is the following

Y. o)< T (oHN+2SH)). (3.43)

HePr(H,i) H'ePyr(H,i+1)

Without loss of generality, we may assume that if node H is included in the left hand sum, then
its sibling is included as well. Next, recall by the definition of 7, for siblings Hi, Ho with parent

H’, their boundaries are defined as
O(H); = (S(H')UO(H")) NV (H;) = (S(H') NV (H;)) U (0H"\ S(H')) NV (H;)),

for i = 1,2. Furthermore, V(H;) UV (Hz) = V(H). Another crucial observation is that a vertex

from O(H)' exists in both H; and Hj if and only if that vertex belongs to the separator S(H’).

0(H1)| + [0(Hy)| < [S(H')| + [(0(H) \ S(H")) NV (Hy)| + |SH')| + [(0(H') \ S(H')) NV (Hy)|

< |0(H")| + 2|S(H")|. (3.44)

By summing (3.44) over all pairs of siblings in Py (H, i), we get (3.43). By repeatedly apply-

ing (3.43) until we reach the root at height 1, we have

n
> ojeei<2 Y Y s (3.45)

HePr(H,i) Jj=i+1 H'€Pr(H.j)

Summing over all the levels in 7, we have

n n
Yoo > (aE)+ISHE)) <2 G+ Y |SH) (by (3.45))
i=0 HEP7(H,i) j=0 H'ePr(H.5)
n
<2 (G+1) Y [E(H')], (3.46)
i=0 H'€Pr(H.j)

where ¢ is the constant such that |S(H')| < ¢ (\E(H’)|)1/2 in the definition of being 1/2-separable.

Furthermore, the set of ancestors of H at level j has size |Pr(H,j)| < |H| = K. Applying the
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Cauchy-Schwarz inequality, we get that

. 1/2
> (o) +|sH 2_: PT”HJ)!( > !E(H')\)

HePr(H) H'ePr(H.j)

. 1/2
ZJ+1 ( > IE(H’)!>

H'ePr(H.5)

where the final inequality follows from the fact that nodes at the same level form an edge partition

of G. As n = O(logm), the lemma follows. O

Lemma 3.9.2. Let C be an a-separable class such that we can compute a balanced separator for any
graph in C with n vertices and m edges in s(m) time for some convez function s(m) > m. Given an

a-separable graph, there is an algorithm that computes a separator tree T in O(s(m)logm) time.

Proof. First, we let G be the root node of 7(G). Let Gy and G2 be the two disjoint components
of G obtained after the removal of the vertices in S(G). We define the children c¢;(G), c2(G) of G
as follows: V(c;(G)) = V(G;) US(G) and E(c;(G)) = E(G;), for i = 1,2. Edges connecting some
vertex in G; and another vertex in S(G) are added to E(c;(G)). For each edge connecting two
vertices in S(G), we append it to E(c1(G)) or E(ca(G)), whichever has less edges. By construction,
property 2 in the definition of 7(G) holds. We continue by repeatedly splitting each child c;(G)
that has at least one edge in the same way as we did for G, whenever possible. There are O(m)
components, each containing exactly 1 edge. The components containing exactly 1 edge form the
leaf nodes of T(G). Note that the height of 7(G) is bounded by O(logm) = O(logm) as for any
child H' of a node H, |E(H")| < b|E(H)|.

The running time of the algorithm is bounded by the total time to construct the separator for
all nodes in the tree. Because the tree has height O(logm) and nodes with the same depth does

not share any edge, the sum of edges over all tree nodes is O(mlogm). Since s(m) is convex, the
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algorithm runs in no more than O(s(m)logm) time.

O]

Lemma 3.9.3. Let G be an a-separable graph with separator tree T. Let H be a set of K nodes
inT. Then

> o) +|S(H)| < O(K'~*m®).

HePr(H)

Proof. Using the separator tree, we have (3.46) in exactly the same way as for the planar case.

n
> (o) +[SH Z > [E(H)]

HePr(H) H’ePT(HJ)

Applying Hélder’s Inequality instead of Cauchy-Schwarz for the planar case, we get

M:

<2

(7 + DIPr(H I a-( > \E(H’)!)

H'ePr(H.5)

Il
o

J

IN
l\)
Mz

Il
o

(J+1>K1a'( > \E(H’)!)

J H'ePr(H,j5)

< 2Ky ( - \E(H’w)

§=0 \H'ePr(#.j)

§ O(U2K1_ama),

where the final inequality follows from the fact that nodes at the same level form an edge partition

of G. As n = O(logm), the lemma follows. O
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