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Distributed State Estimation in Digital Distribution
Networks Based on Proximal Atomic Coordination

Zhelin Liu, Shiyuan Gao, Peng Li, Senior Member, IEEE, Haoran Ji, Member, IEEE, Wei Xi,
Hao Yu, Member, IEEE, Jianzhong Wu, Member, IEEE, Chengshan Wang, Senior Member, IEEE

Abstract—With the emerging digitalization technologies rep-
resented by edge computing, distribution networks are gradually
transforming into digital distribution networks (DDNs). The re-
alization of edge computing drives the distributed operation of
DDNs, where multiple areas exchange boundary information
through edge computing devices. Benefitting from the data ac-
quisition and computing capacity of edge computing devices, it is
feasible to perform accurate and real-time state estimation on the
edge side. Aiming at the state perception with edge computing
devices in DDNSs, this paper proposes a distributed state estima-
tion (DSE) method based on the proximal atomic coordination
(PAC) algorithm. Firstly, based on convex relaxation optimization,
the state estimation model is converted into a positive semidefinite
programming model to solve the nonconvexity caused by nonlin-
ear measurements, which ensures the accuracy and convergence
of state estimation. Then, a DSE method based on the PAC algo-
rithm is proposed to exchange information of each area, which
reduces the computation time and realizes the efficient state es-
timation on the edge side. The model and the effectiveness of the
proposed method are numerically demonstrated on the modified
PG&E 69-node system and the test case from a practical pilot in
Guangzhou, China.

Index Terms—digital distribution networks (DDNs), distrib-
uted state estimation (DSE), semidefinite programming (SDP),
proximal atomic coordination (PAC).

NOMENCLATURE
Sets
N Set of all nodes in DDNs
L Set of all lines in DDNSs
N; Set of nodes connected to node i
Indices
i,J Index of nodes
ij Index of lines
k Index of areas
n Index of SCADA and AMI measurements
r Index of D-PMU measurements
l Index of zero injection nodes
Variables
v Nodal complex voltage
z Measurement value
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e Measurement error

R Measurement error covariance matrix

Oy Standard deviation of the n-th measurement

v; Nodal voltage magnitude at node i

|4 Complex voltage outer product

4 Measurement values of D-PMU

X Auxiliary variable for state estimation

Wi, Vi Primal variables of area k

[T Dual variables of area k

Parameters

N Number of all nodes

Z Number of zero injection nodes

S Number of SCADA and AMI measurements

P Number of D-PMU measurements

M Number of multi-source measurements, M =
S+P

K Number of areas

i Admittance of line ij

bf}’“"t Shunt susceptance of line ij

Y Nodal admittance matrix

Y; Admittance matrix related to node i

Y;; Admittance matrix related to line ij

HY, H? Active and reactive power injection measure-
ment matrix at node i

H?j! HS, Active and reactive power measurement matrix
of line ij

HY Voltage magnitude measurement matrix at node
i

H! | Line current magnitude measurement matrix of
line ij

HPMU Voltage phasor measurement matrix of D-PMU
at node I

HIMY Line current phasor measurement matrix of
D-PMU of line ij

W Rank of voltage outer product

D, Internal constraints of area k

Ji Coordination matrix of area k

T Iteration step

£ Predefined iteration tolerance

I. INTRODUCTION

ITH the development of advanced digitalization tech-
nologies including sensor measurements and edge
computing, traditional distribution networks are transforming
into digital distribution networks (DDNs) [1], [2]. To reduce
the data transmission burden caused by massive sensor meas-
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urements, edge computing devices integrating the functions of
data acquisition, storage, computing, and control are introduced
[3], [4]. Compared with conventional centralized operation, the
capacities on local monitoring, dispatching, and regulation of
edge computing devices make the distributed operation con-
venient and feasible in DDNS.

Benefitting from the data acquisition and computing, accu-
rate distributed state estimation (DSE) based on edge compu-
ting devices in realizing the monitoring and operation of DDN's
is becoming a trend [5], [6]. The edge computing devices gather
multi-source measurements from sensing terminals. The mul-
ti-source measurements in DDNs may consist of conventional
supervisory control and data acquisition (SCADA), advanced
metering infrastructure (AMI), and novel distribution phasor
measurement unit (D-PMU) [7], [8]. The differences in time
scale and accuracy among these multi-source measurements
pose challenges for the reliable convergence of state estimation.
On the other hand, with the high penetration of distributed
generators (DGs) [9], [10], the variability and uncertainty of
DDNs drive the demand for the real-time tracking of operating
states more essentially [11]. Thus, the fast convergence of DSE
with multi-source measurements is the main concern for the
state estimation problem in DDNs.

Owing to the introduction of edge computing devices, the
studies on state estimation in DDNs no longer treat the network
as a whole but divides it into multiple areas. The existing lit-
eratures focusing on the multi-area state estimation can be
summarized as hierarchical state estimation and distributed
state estimation. As for the hierarchical state estimation, there
exists a central coordinator which exploits the results of the
local estimators. Ref. [12] proposed a two-step estimator where
the results of local estimators were transferred to the central
coordinator, and then the voltage profile of the whole network
was obtained. Ref. [13] decomposed the nonlinear state esti-
mation process into the mode of local side and coordinator side,
which effectively reduced the amount of data transmission and
improved the computational efficiency of state estimation.
Different from the hierarchical architecture, distributed state
estimation is achieved through the cooperation of multiple
sub-area estimators without a central coordinator. Ref. [14]
proposed a distributed robust state estimation method based on
the alternating direction multiplier method (ADMM), which
obtained similar results to the centralized state estimation.
However, the amount of information exchanged by the mul-
ti-area is relatively challenging. Refs. [15] and [16] proposed
distributed state estimation methods based on a linearized
power flow model and weighted least squares (WLS). The
authors in [17] analyzed the impact brought by possible meas-
urements shared among different areas, which drove the design
of a new efficient WLS formulation and improved estimation
accuracy. Ref. [18] proposed a multi-area estimator based on
the overlapping zone approach, which executes local area state
estimation after each data exchange with the adjacent areas.

In addition to the estimation accuracy and computation
speed, the convergence of state estimation with edge computing
devices should also be considered. To realize the fast conver-
gence of state estimation, Gauss-Newton iterative method [19]

is widely applied. Since the inherent nonconvexity in state
estimation problem, the solution may fall into the local opti-
mum and exist convergence issues [20]. Moreover, the basic
WLS estimator gives a larger weight to the zero injection con-
straints, and the significant difference in weight leads to the
“ill-conditioned” gain matrix, resulting in the poor convergence
of state estimation [21].

Further considering that the computing resources of edge
computing devices are limited, it is essential to reduce the
complexity of distributed algorithms. To reduce the amount of
data interaction, Ref. [22] proposed a novel distributed convex
optimization framework of proximal atomic coordination
(PAC). It could achieve linear convergence when the objective
function is convex, which showed great potential in computa-
tional efficiency. Ref. [23] further proposed a retail market
based on the PAC algorithm for optimally managing and
scheduling distributed energy resources, which reduced local
computational effort and enhanced privacy. Therefore, this
paper proposes a PAC algorithm-based distributed state esti-
mation method in DDNSs. Firstly, the state estimation model is
convexly relaxed for the multi-source measurements in each
area and converted into a semidefinite programming (SDP)
[24] model to solve the nonconvexity caused by nonlinear
measurements, which can ensure the convergence of state es-
timation. The coordination between multiple areas is imple-
mented with the PAC algorithm to ensure the efficient and
accurate solution of the distributed state estimation in DDNS.

The distributed state estimation framework of DDNs is
shown in Fig. 1. In the sensing measurement layer, the sensing
terminals collect multi-source measurements from SCADA,
AMI, and D-PMU. Once the multi-source measurements are
obtained, the sensing terminals transmit them to the edge
computing layer by communication networks, such as wired
optical fiber and wireless 5G, to support advanced applications
including state estimation with edge computing devices. The
edge computing layer provides a targeted solution for the
acquisition and utilization of collected measurements. The edge
computing device performs state estimation and exchanges
information with other edge computing devices based on the
PAC algorithm and lays a more flexible operation foundation
for large-scale DDNs.

The contnbutlons of this paper are summarized as follows:
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Fig. 1. Distributed state estimation framework of DDNs.



1) To reduce the computational complexity of state estima-
tion with edge computing devices, an efficient DSE method
based on the PAC algorithm is proposed. Each area carries out
local state estimation independently and interacts boundary
information with its neighbors. Compared with the ADMM
algorithm, the PAC algorithm exhibits a strictly sublinear
convergence in iteration complexity, which results in better
estimation accuracy and computational efficiency, and shows
the potential for deployment in edge computing devices.

2) In each area, an SDP-based state estimation model con-
sidering the multi-source measurements in DDNs is improved.
Based on convex relaxation optimization, the state estimation
model is transformed into an SDP model, which integrates the
nonlinear conventional measurements and the linear D-PMU
measurements. It guarantees the effectiveness and convergence
of the state estimation in DDNSs.

The remaining parts of this paper are organized as follows.
Section II introduces the SDP-based state estimation modeling
of DDNSs. In Section III, a distributed state estimation method
based on the PAC algorithm is proposed. Case studies and
analysis are given in Section IV. The conclusion is drawn in
Section V.

II. SDP-BASED STATE ESTIMATION OF DIGITAL DISTRIBUTION
NETWORKS

Considering the multi-source measurements collected by
sensing terminals of edge computing devices, the state estima-
tion model is converted into an SDP model based on convex
relaxation optimization.

A. Formulation of State Estimation Problem

Consider a distribution network {, L}, nodes denoted by
the set V' :={1,2,..., N} and lines denoted by the set L :=

{£i;1i,j € NV}. Generally, the voltages v = {v; £6;|i € N} of
all nodes in the networks are selected as the state variables. The
mathematical relationship of state estimation is described as

z=h(w)+e (1)
where h(v) = [h;(v); h,(V);...; hyy(v)] is the nonlinear
function of measurements z with respect to voltage v. The
measurement error covariance matrix R can be expressed as
R = cov(e) = diag{a?,...0%,...,05}.

The multi-source measurements collected by sensing ter-
minals are typically as follows: 1) Real-time measurements,
including the conventional SCADA and novel D-PMU meas-
urements. 2) Pseudo measurements, which are constructed
from AMI data or load forecasting data. 3) Virtual measure-
ments, which consist of zero power injections at the switching
station nodes. In addition, the DGs are equivalent to the power
injection at the associated nodes. In this paper, we adopt the AC
power flow model [25] to describe the nonlinear function h(v).

P +ijQ; = v, Zje]\fi(yijvj)* )
where P; and Q; are the active and reactive power injection at
node i, respectively; (-)* denotes the conjugate of element “”.

Based on the WLS objective function, considering the mul-
ti-source measurements and zero injection constraints of DDNs,
the state estimation model is described as

f(v) = min[z - h(W)]"R[z— h(v)] Ga)

s.t.e(v) =0 (3b)
where c(v) = [¢;(V); c,(V);...; c;(V)] is the zero injection
constraints; (-)T denotes the transposition of element *-”.
Model (3) is usually solved by Gauss-Newton method, which
can converge quickly, while is with some limitations: 1) The
method is sensitive to the initial value, and it is difficult to
converge to the global optimum if the initial value is improp-
erly selected [26]. 2) Due to the existence of zero injection
constraints, when the node injection power is relatively larger
than other nodes of the networks, it will bring numerical sta-
bility issues and deteriorate the convergence [27].

B. SDP-based State Estimation

With the AC power flow model, the multi-source measure-
ments are nonlinearly related to the state variables, which leads
to the nonlinearity of the objective function. Ref. [24] con-
structs the linear relationship of the conventional SCADA and
AMI measurements with respect to the state variables based on
convex relaxation method, then model (3) is transformed into
an SDP model. Similarly, the complex voltages of all nodes are
selected as the state variables in this paper, and the voltage
outer product is defined as follows.
Vi)

Vzvvﬂz[ 4)

vlv}kvl
vyVi VyUy
where (-)¥ denotes the complex-conjugate transposition of
element “”.

To reformulate all types of measurements z linearly with
respect to V, admittance matrices are defined firstly.

— z.2T
Y, =88 Y

Y= (bisjhunt +yi;) &l — vii§i&]
where {§;|i=1,2,..,N} is the standard basis in
N-dimensional space. The measurement matrices of SCADA
and AMI measurements are defined as follows.

o)

HY =5 (Yi+Y]), HY =S (¥ =¥ (62)
L ]
H}; = E(yij +Yh), HS‘ = ];(Yij - Y (6b)
1
HY =&, Hj; = Eyijyg' (6¢0)

Based on the measurement matrices in (6), conventional
measurements can be linearly represented by the voltage outer
product. Distinct from the SCADA and AMI measurements,
the novel high-precision D-PMU measurements are linearly
related to the state variables. It is supposed that when a D-PMU
is deployed at node i, the voltage phasor measurement at node i
and the current phasor measurement of line £;; connected with
node i are available. Therefore, the measurement matrices of
D-PMU can be expressed as follows.

H™ = ol'o,
H'™" = 0@,
where @; is the nodal voltage phasor measurement matrix
related to node i, which is a diagonal matrix; diij is the line

)

current phasor measurement matrix related to line ij. @; and



®;; are both linearly related to the complex voltage state var-
iables.

With the measurement matrices described above, the state
estimation model considering the multi-source measurements
in DDNSs is transformed to the following equations [28].

. 1
fOLV.v)=min¥Fo, 5 xn +

) (8a)
f=1§[TF(HrPMUV) - 2R(§V @, v)]
Xn z, — Tr(H,V)

st [zn —Tr(H,V) 1 ] 70, (8b)

n=1,..,5
Tr(HV)=0,l=1,..,Z (8¢)

V v

[UH 1] =0 (8d)
rank(V) = 1 (8e)

where H,, and HPMV depend on the measurement type and are
determined by (6) and (7), respectively; rank(-) represents the
rank of matrix “”; R(-) represents the real part of element “”;
x€RS is the auxiliary variable; constraint (8c) is the zero in-
jection constraints; constraints (8d) and (8e) ensure that the
voltage outer product is positive semidefinite and has a unique
solution.

Due to the nonconvexity of rank-1 constraint (8e), it is usu-
ally relaxed when performing the convex state estimation
problem. However, it is difficult to measure the voltage mag-
nitude of all nodes in DDNs and the measurement accuracy
varies significantly, only the high-rank solution V' can be ob-
tained for (8). The voltage vector v can be recovered from the
high-rank solution V' based on eigenvalue decomposition [24].

V' =39_ 1,0,V )
where w is the rank of V'; 4, and v, are the a-th eigenvalue
and eigenvector, respectively. Select the largest eigenvector v,
as the rank-1 solution of (8), the estimated voltage satisfying

the accuracy requirements can be obtained, which will be ver-
ified in Section IV.

III. PAC-BASED DISTRIBUTED STATE ESTIMATION

Considering the digitization transformation of distribution
networks, this section defines the control area of edge compu-
ting devices, then a distributed state estimation method based
on the PAC algorithm is proposed. The consistency and con-
vergence of estimation results in multiple areas are guaranteed
by the interaction of boundary information.

A. Area Division with Edge Computing Devices

The edge computing devices in all areas integrate infor-
mation collection, analysis, storage and calculation, which can
be used for situation awareness of large-scale DDNs. A rea-
sonable area division scheme can reduce computational com-
plexity and communication burden of DDNs. Existing studies
have proposed some methods for the area division of distribu-
tion networks [29], [30], which can be applied in this paper.
Therefore, the area division of DDNs is not the focus of this
paper, and the following assumptions are considered.

(as.1) The division of areas is based on the actual topology
or geographical location. The number of nodes in
each area shall be as consistent as possible, to mini-
mize the total execution time of state estimation.
The network {JV, L} of each area has a tree topology.
The adjacent areas are non overlapped and connected
by lines. The parameters of these lines and the
measurements on these lines are shared by adjacent
areas.

To implement the proposed DSE method in DDNs, the fol-
lowing conditions need to be satisfied.

(cond.1) Each area contains only one edge computing de-
vice, which collects multi-source measurements
from sensing terminals. The measurement config-
uration ensures the observability of each area.

(cond.2) The data interaction of adjacent edge computing
devices is realized by reliable peer-to-peer com-
munication, e.g. the wireless 5G networks, which
satisfies the ever-increasing demands of maxim-
izing throughput and minimizing latency.

The proposed method is carried out in a distributed manner
without any control center. Measurements on the shared
branches can be used to obtain the equivalent power injection
of adjacent areas, which increases the measurement redun-
dancy. In addition, the PAC algorithm interacts with boundary
information including phase angle reference, which can achieve
a consistent phase angle of the whole network. The next sub-
section will present the DSE method based on the PAC algo-
rithm.

B. PAC-based DSE Method in DDNs

Based on the area division previously, consider a multi-area
DDN {JV, L} consisting of K edge computing devices. Sup-
pose that S, conventional measurements and P, D-PMU
measurements aggregated at area k are concatenated in z,,, and
obey the model (10).

z, = h(vy) + e,

(as.2)
(as.3)

(10)
where h;, is the nonlinear measurement function of area k.
Then the centralized SDP model (8) is recast to distributed form.
The state estimation is carried out independently in each area,
and only the state in the area is estimated. For any area k, the
state estimation model is as follows.

. 1
fXe Vi, Vi) = min Zflkle'Xk,n +
X VieVk Ok.n (1 1a)
P, 1
Zrilg [Tr(HE,IXIUVk) - ZR((E,r‘bk,‘rvk)]
Xien Zgn — Tr(Hk,nd)
s.t. =0,
Zin — Tr(Hy V) 1 (11b)
n= 1, . ’Sk
Tr(H,V,) =0,l=1,..,Z, (11c)
Vi vy
?
[vg 1170 (114d)
V,=V, (11e)

where V), represents the voltage outer product of area k, and
(11e) indicates that the voltage outer product of each area shall
be consistent with the whole network.



However, the distributed state estimation model is not fully
decomposed due to (11e). Specifically, there are measurements
at boundary nodes and power coupling between adjacent areas.
The atomic decomposition profile is adopted to render the
problem decomposable, which is embodied in the following
form.

D=(LC,S,0,T) (12)
where:
L= {LJ-, VjEeK } represents the set of own atomic variables in
each atom, that is, the state variables V, of area k;
C ={(;,Vj € K} represents the set of constraints for each
atom's own atomic variables, that is, the zero injection con-
straints of area k;
S ={S;,Vj € K} represents the objective function of each at-

om, that is, the objective function f, (V}) of area k;

0 = {0;,Vj € K} represents the external atomic variables of
each atom, that is, the boundary information V,; of area k, and
the corresponding rows and columns of the voltage outer
product of area [ adjacent to area k;

T = {TJ-,Vj EK },T] = L;U0; = V), represents all optimization
variables for each atom, that is, the equivalent state variables
V), of area k (including state variables of this area and neigh-
boring areas).

For the DDNSs, each area k corresponds to an atom. There-
fore, by using the atomic decomposition profile (12), the PAC
algorithm decouples the global optimization into each atomic
optimization. Based on the atomic partition described in (12),
the atomized state estimation problem is formulated as follows.

fvi) = min fe (Vi) (13a)
k

s.tD.V, =0 (13b)

JVi=0 (13¢)

where V), represents the atomic optimization variables includ-
ing its own variables and external variables; f, (V) represents
the objective function with respect to the atomic variables;
equation (13b) represents the zero injection constraints (11c)
and positive semidefinite constraints (11d) related to the volt-
age outer product; equation (13c) represents the boundary
constraints (11e) of the voltage outer product.

Since the optimization variables in (13) is a matrix, the co-
ordination constraint matrix J, is extended to a
three-dimensional tensor form. J, is the incidence matrix rep-
resented by a directed graph, which represents the coordination
between atoms and ensures the consistency of boundary solu-
tions of each atom. Each row of J is the arrangement of all
atomic variables of each atom, and each column is the ar-
rangement of all external variables of each atom. The matrix
elements are described as follows.

—1, ifiis owned and j is external
1, ifj is owned and i is external
0, otherwise

So far, the atomized DSE problem (13) has been modeled,
and will be solved by the PAC algorithm. Firstly, each area
forms a Lagrange function for

Jij= (14)

L (Vip i Vi) = [ (Vi) + D Vi + Vi Vi, (15)
where u;, v, are Lagrange multipliers corresponding to in-
ternal constraints and interval coordination constraints for area
k, respectively. Adding l,-regularization term and penalty term
to p, and v,, which is shown as follows.

Lo Vi, o V) = fi (V) + BED, Vi, + V), V) +

1w i 16
S IVi = Vill3 (10

where p is a constant step pre-allocated to all areas; V, is the
theoretical optimum which is usually selected as the last itera-
tion result; fi;, and ¥, are Lagrange multipliers considering
l,-regularization constraints.

B = wi + pyDy Vi,
Vi = v + V)iV

Then apply the prox-linear approach of [31] to (16) and ob-
tain the PAC-based DSE algorithm.

an

Vilt+1] = al‘gn'}in{ﬁk(vﬁaﬁk [z], Vi [tD} (18)
k

pilt + 11 = p[t] + pyi D V[T + 1] (19a)

Ailt+ 1] = [t + 11 + pp[t + 11D, Vi [T+ 1]  (19b)

Vvilt + 1] = v [7] + pyi i Vit + 1] (19¢)

V[t + 1] = v [t + 1] + pP [z + 1 Vi [t + 1] (194d)

where y, is the over relaxation term of area k, which is
time-varying in the update of dual variables fi, and ¥,. The
prox-linear approach is utilized to ensure parallel computation
of primal steps (19a) and (19c).

The primal and dual variables are initialized according to the
following equations.

m[0] = Pl’kijkv;c[o]
f1,.[0] = p[0] + p7,[0]D, Vi [0]
Vi [0] = pyiJ i Vi [0]

Vi [0] = v, [0] + p7,[01], V7 [0]

C. Coordination of Edge Computing Devices

(20)

In DDN:ss, the edge computing devices need to communicate
with the adjacent devices to achieve coordination. However,
the objective function, constraints, measurements, and primal
variables of the PAC algorithm are not shared among atoms,
only a preserved dual variable V) is exchanged. The dual
variable ¥, essentially contains the boundary information
between atoms and realizes the uniform convergence of each
area by the coordination matrix J,. The exchange of dual
variable ¥, is for the following two reasons: a) V¥, contains the
boundary information, which will be added in the Lagrange
function (18) of the next PAC iteration together with the dual
variable [i;; b) ¥, is the “preserved” dual variable, which
means each area cannot recover the “true” primal variable v,
through the “preserved” Lagrange multiplier ¥, and the same
to the internal information V. This ensures the boundary
constraints (13c) will work fairly and effectively.

The parameter iteration is illustrated in Fig. 2. It can be seen
that each area firstly updates the Lagrange multiplier v,



according to (19c¢), then updates the Lagrange multiplier V,,
according to (19d) and broadcasts ¥, to all neighbors. The edge
computing devices can adopt 5G communication networks
which can have the data capacity of more than 1 Gb/s and
support 1-ms latency, and reduce the communication delay
greatly [32]. Since the interval of state estimation is usually at a
minute level, the impact of the communication delay on state
estimation can be negligible and the timeliness of state
estimation will be guaranteed. Until all areas are updated, the
new Lagrange multiplier ¥, is incorporated into the objective
function (18) for the next optimization. The sublinear
convergence of the PAC algorithm ensures that the voltage
converges to the global optimum.
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Fig. 2. Parameter iteration of the PAC-based DSE algorithm.

It can be seen that the iteration update structure in (19) ex-
hibits symmetry between the primal and dual variables, which
means the primal and dual variables (u, ii;) and (v, V) are
updated simultaneously. The structure of parameter iteration is
similar to the accelerated gradient method [33], where dual
variables i, and v, are accelerated and the primal variables
Uy and v, are still in the usual way. Different from other algo-
rithms, the PAC algorithm only needs to exchange dual varia-
bles and leads to a strictly sublinear convergence in iteration,
which reduces the computational complexity. In addition, the
primal variables cannot be recovered through the dual variables,
which effectively realizes the privacy preserving and infor-
mation security of edge computing devices.

D. Implementation of Distributed State Estimation

This subsection describes the procedures of deploying and
implementing the PAC-based DSE algorithm on edge compu-
ting devices in detail. The flow chart of the proposed DSE
method is shown in Fig. 3.

Firstly, each area contains only one edge computing device,
and each edge computing device obtains the network topology
parameters and multi-source measurements from sensing
terminals. The topology analysis in the area is carried out to
determine the state variables V.. Then, the PAC-based DSE
model (13) in DDNs is formulated. When finishing one-step
optimization (18), the preserved boundary information v, is
exchanged with the adjacent devices to update the state
variables V} . If the maximum voltage deviation among all
areas is less than the convergence threshold, output the
estimation results and the DSE is completed. If not, update the
estimation parameters and the next-step optimization is carried
out.

Note that the objective function (8a) is still a weighted least
squares cost function. After solving the PAC-based DSE of
each area, the well-developed method of bad data

identification, such as the largest normalized residual method
[34], can still be applied based on the analysis of measurement
residuals. Some artificial intelligence methods, such as the
generative adversarial networks [35], can also eliminate bad
data before state estimation.

During the execution of the DSE in DDNs, the SDP model is
used to ensure convergence in each area, and the PAC algo-
rithm is utilized for coordination between areas. Based on the
edge computing devices in DDNSs, the proposed DSE realizes
the accurate state perception and lays the foundation for ad-
vanced applications on the edge side of distribution networks.

| Input parameter information of DDNs |
v
| Topology analysis to determine the state variables V- |

v
| Obtain measurements.and.of the area |

v
Form measurement matrix ' and

zero-injection constraint matrix

Establish the SDP state estimation model (13) by
minimizing the deviations between the
measurement values and the estimated values

Optimize to solve the voltage outer product V, |<—

v
Interact the boundary infonnation'
with neighboring areas

by eigenvalue decomposition

hether the voltage deviation

|

|

|

|

|

|

: Calculate voltage vector v,
|

|

|

| atisfying the requireme
|

| Output state estimation results |

End

Fig. 3. Flow chart of the proposed distributed state estimation in DDNs.

IV. CASE STUDIES AND ANALYSIS

In this section, the proposed DSE method is firstly tested on
the modified PG&E 69-node system [36]. The system is
divided into six areas according to the topology, that is, six edge
computing devices are deployed. Different area divisions will
not affect the applicability of the proposed method. The
topology, sensing terminals configuration, and areas are shown
in Fig. 4. The system consists of 68 lines with a rated voltage
level of 12.66 kV. The total active power and reactive power
demands are 3715 kW and 2300 kVAr, respectively. Ten PVs
are integrated at nodes 3, 14, 19, 27, 34, 38, 43, 49, 55 and 62,
whose capacity is 300 kWp. Each area contains at least one DG
and the penetration of DG reaches 80%. All load nodes are
monitored with AMI measurements, and some nodes and lines
are monitored with SCADA and D-PMU measurements. In
addition, the system contains 20 zero injection nodes. The true
value is simulated based on OpenDSS [37], and the meas-
urement value is generated by adding the random measure-



ment noise of Gaussian distribution to the real value. The
measurement noise standard deviations of AMI, SCADA, and
D-PMU are 5%, 1%, and 0.1%, respectively. D-PMUs are
installed to improve the measurement redundancy and moni-
tor important nodes.

To verify the effectiveness of the proposed method in this
paper, the solution (Scheme V) is compared with other four
methods (Schemes I —1V), which are described as follows:

Scheme I: the true value is obtained from OpenDSS;

Scheme II: the traditional Gauss-Newton method is utilized
to solve the centralized state estimation in DDNSs;

Scheme III: the SDP method in Section II is utilized to
solve the centralized state estimation in DDNSs;

Scheme IV: the SDP-based ADMM method in Ref. [28] is
utilized to solve the distributed state estimation in DDNSs;

Scheme V: the SDP-based PAC method in Section III is
utilized to solve the distributed state estimation in DDNSs.

Q
45 46 |

37 38 39 40 41 42 43 44

;__36 !

@ DG node

D-PMU i
i

| == Line current phasor
Nodal voltage magnitude
Line power

Fig. 4. Structure of the modified PG&E 69-node system.

The proposed method is implemented in MATLAB R2020a.
All numerical experiments are carried out with SDPT3 4.0
solver [38] in CVX [39] on an Intel Core i7 @ 3.20GHz
desktop with 16GB RAM.

A. Convergence Analysis

To evaluate the convergence of the proposed DSE method,
100 tests are carried out in four schemes. Table I gives the
comparison of the convergence ratio. The definition of con-
vergence is that the iterations are less than 50 times under a
given convergence threshold. For example, the second and
third columns in the table are the convergence times of the
Gauss-Newton method with the threshold of 1x107 and 1x10°C,
respectively, and there are 92 and 78 times of convergence in
100 tests, respectively.

TABLEI
COMPARISON OF CONVERGENCE FOR THE PG&E 69-NODE SYSTEM

Scheme Scheme II  Scheme I Scheme IV~ Scheme V
£ 1x10° 1x10°¢ - 1x1031x10° 1x107 1x10°
Convergence
) 78 100 100 100 100 100
Ratio(%)

It can be seen that in Scheme II there are 8 times of
non-convergence with the convergence threshold of 1x10~ and
22 times with the convergence threshold of 1x10%. When
solving the centralized state estimation with the Gauss-Newton
method, the load level at Node 61 is much heavier than that of

other nodes. The gain matrix appears “ill-conditioned”, and the
numerical stability is reduced, resulting in the non-convergence
of the iteration. Distinct from Scheme II, the converged sce-
narios in Scheme III means that the gap between the primal and
dual objectives falls within the threshold of 1x10%. The results
in Scheme III indicate that by solving the convex optimization
of (8), the SDP method obtains feasible solutions without
convergence problem. Simlarly, there is also no convergence
problem in Scheme IV and V, which fully illustrates the effec-
tiveness of the proposed DSE method, and supports the opera-
tion and regulation of DDNs.

B. Accuracy Analysis

The estimation accuracy of all nodes in all areas is evaluated.
The solution of the estimation accuracy in Schemes II, III, IV,
and V is compared. Two indices are selected for the estimation
accuracy analysis.

Magnitude Error (ME) = e=ruel 5 10004
true

2y
Phase Angle Error (PAE) = |6, — Oyl

Table II and Fig. 5 show the average estimation error of
voltage magnitude and phase angle. It can be seen from Table II
that the centralized state estimation in Scheme II has the highest
estimation accuracy, that is, the smallest voltage magnitude and
phase angle error. Scheme III obtains the second-highest esti-
mation accuracy; the decrease in the estimation accuracy re-
sults from the rank-1 constraint relaxation and the eigenvalue
decomposition of the high-rank solution in comparison with
Scheme II. Ref. [24] can further improve the accuracy through
the convex iterative method, but it will bring a massive com-
putational burden.

TABLETI

COMPARISON OF STATE ESTIMATION ERRORS FOR
THE PG&E 69-NODE SYSTEM

Area Index Scheme II Scheme III Scheme IV Scheme V
| Average ME(%)  0.0075 0.0795 0.1342 0.1097
Average PAE(°)  0.0008 0.0017 0.0044 0.0029
) Average ME(%)  0.0082 0.0751 0.1251 0.1051
Average PAE(°)  0.0009 0.0004 0.0053 0.0030
Average ME(%)  0.0088 0.0735 0.1234 0.1034
: Average PAE(°)  0.0004 0.0002 0.0008 0.0003
Average ME(%)  0.0067 0.0914 0.1425 0.1221
! Average PAE(°)  0.0017 0.0125 0.0165 0.0145
Average ME(%)  0.0140 0.1209 0.1762 0.1564
: Average PAE(°)  0.0021 0.0057 0.0097 0.0077
Average ME(%)  0.0048 0.0669 0.1181 0.0976
0 Average PAE(°)  0.0045 0.0254 0.0294 0.0274

Distributed methods in Scheme IV and V cannot achieve the
accuracy of centralized methods naturally. The cost of paral-
lelization is the addition of coordination constraints to be sat-
isfied for each area, which ensures global consistency and the
error between areas is unavoidable for distributed algorithms.
The estimation accuracy of Scheme V is slightly worse than



that of Scheme III, which is mainly caused by the consistency
constraints between areas. Scheme IV has the worst estimation
accuracy. The estimation accuracy of distributed methods is
less than that of centralized methods.

However, compared with the ADMM-based method in
Scheme IV, the PAC-based method in Scheme V reflects the
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Fig. 5. Comparison of state estimation results for the PG&E 69-node system.

Fig. 6 shows the comparison of iteration error at Node 9.
Node 9 is the boundary node of Area 1. The results show that
the PAC algorithm slightly outperforms the ADMM algorithm
on the consistency metric by achieving a lower error, while
both are comparable in the feasibility metric.

C. Computational Efficiency Analysis

The rapid variation in the operating state of DDNs resulting
from the variability and uncertainty of DGs puts forward higher
requirements for the computation time of state estimation. To
test the computation time of the proposed DSE method, the
edge computing devices are simulated on the upper computer,
which will be further tested on the actual edge computing de-
vices in the future. Table III lists the computation time of state
estimation with different schemes.

In particular, this paper does not consider the impact of
communication delay of each edge computing device, and the
computation time only includes optimization time for edge
computing devices. The SDP method in Scheme III, which
takes 16.7756s, is the most time-consuming due to solving the
large-scale complex variable matrix. The computation time will
further increase in larger-scale DDNs. In Scheme IV and V,
each area performs state estimation independently, and the
computation time is determined by the area that takes the
longest time, which greatly reduces the computation time. In

advantages in estimation accuracy, which can provide more
accurate operating states for advanced applications. The
average estimation errors of nodal voltage magnitude in
Scheme V are less than 0.5%, which meets the accuracy
requirements of practical applications.
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(d) Comparison of estimation errors of nodal voltage phase angle.

Scheme V, since Area 1 has more nodes than other areas, Area
1 takes the longest computation time (2.1826s) compared to all
other areas. Other areas have the same scale and the computa-
tion time is close to each other. It can be seen from Table III
that the computation time of the proposed DSE method is re-
duced from 16.7756s to 2.1826s, which greatly improves the
computational efficiency of state estimation. In addition, due to
the sublinear convergence, the PAC algorithm has superior
iteration complexity. As can be seen from Fig. 6, the PAC
algorithm converges after 10 iterations, while the ADMM
algorithm converges after 13 iterations, which shows that the
PAC algorithm has more advantages in convergence. The
proposed method shows the potential for deployment in edge
computing devices and reduces the computational burden.
TABLE III
COMPARISON OF COMPUTATION TIME FOR THE PG&E 69-NODE SYSTEM

Area Scheme I Scheme IV Scheme V

Area 1 2.3590s 2.1826s

Area 2 1.7369s 1.3263s

Computation ~ Area 3 1.3494s 1.0548s
) 16.7756s

time Area 4 1.6512s 1.1593s

Area 5 1.8309s 1.5421s

Area 6 1.5907s 1.3427s
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Fig. 6. Comparison of iteration error at Node 9.
D. Adaptability Analysis

To illustrate the feasibility of the DSE in DDNs, the case
from a practical pilot in Guangzhou, China is adopted. It is
assumed that three edge computing devices are deployed in the
system, which is determined by the geographical location. The
system consists of 52 lines, with a rated voltage level of 10 kV,
and the total active power and reactive power demands are
8790 kW and 1786 kVAr, respectively. The topology, sensing
terminals configuration, and areas are shown in Fig. 7. The
measurement values generated by simulation and scheme set-
tings are similar to those in the previous subsection, which are
not illustrated here.

Table IV shows the state estimation results of the practical
pilot in Guangzhou. Different from the PG&E 69-node system,
the load of this system is at the same level, thus there is no
convergence problem in all four schemes. As it can be observed,
Scheme II still maintains the minimum estimation error, and
Scheme III remains at the same level, which is similar to the
previous tests. The estimation error of Scheme V is less than
that of Scheme IV. For the estimation results of all areas, Area 2
provides the best local estimation as it has relatively more
voltage magnitude measurements, which improves the estima-
tion accuracy of distributed state estimation. With the increased
number of multi-source measurements, the benefits of the
proposed DSE method will be significantly enhanced. In addi-
tion, when a certain area needs more accurate monitoring (in-
cluding DGs, for example), it is necessary to improve the

measurement redundancy of this area, which will reduce the
total configuration cost. The proposed DSE method provides a
promising solution to the state perception in the digitalized
transformation of DDNGs.

1' @ Nodal voltage phasor
—— Line current phasor
Nodal voltage magnitude
Line power
—— Line current

D-PMU

SCADA

Fig. 7. Structure of the practical pilot in Guangzhou

TABLE IV
COMPARISON OF STATE ESTIMATION ERRORS FOR THE PRACTICAL PILOT IN
GUANGZHOU
Area Index Scheme I Scheme IIT Scheme IV Scheme V
| Average ME(%)  0.1437 0.1729 0.2486 0.2253
Average PAE(°)  0.0048 0.0239 0.0294 0.0282
) Average ME(%)  0.0622 0.1312 0.3014 0.2120
Average PAE(°)  0.0023 0.0086 0.0140 0.0130
; Average ME(%)  0.3456 0.4906 0.4397 0.4396
Average PAE(°)  0.0098 0.1122 0.1183 0.1172

V. CONCLUSIONS

With the development of digital technologies, the number of
edge computing devices promotes the intelligent and digital-
ized transformation of distribution networks. The introduction
of edge computing devices makes the multi-area state estima-
tion possible in DDNs. Aiming at the convergence and com-
putational efficiency in state perception of multi-area DDNs,
this paper proposes a DSE method based on the PAC algorithm.
In each area, the state estimation model is converted into an
SDP model with convex relaxation technology, which solves
the nonconvexity caused by nonlinear measurements. By in-
teracting boundary information with neighbors, the coordina-
tion of state estimation among multiple areas is realized. The
case studies and analysis are carried out on the modified PG&E
69-node system and the test case from a practical pilot in
Guangzhou, China. The effective solution of state estimation is
realized on the edge side, which improves the state perception
ability of DDNSs, and lays foundations for advanced application
requirements. In the future, to further deal with the uncertainty
and volatility of DGs, the massive historical measurement data
will be considered. One of the extensions is to establish a da-
ta-driven based state estimation model to enhance the real-time
situation awareness of multi-area DDNs.

REFERENCES

[1] Z. Tao et al., “A survey of virtual machine management in edge compu-
ting,” Proc. IEEE, vol. 107, no. 8, pp. 1482-1499, Aug. 2019.

[2] D. Della Giustina, M. Pau, P. A. Pegoraro, F. Ponci and S. Sulis, “Elec-
trical distribution system state estimation: Measurement issues and chal-
lenges,” IEEE Trans. Instrum. Meas., vol. 17, no. 6, pp. 36-42, Dec. 2014.

[3] Y. Liu, M. Peng, G. Shou, Y. Chen and S. Chen, “Toward edge intelli-
gence: Multiaccess edge computing for 5G and Internet of Things,” IEEE
Internet Things J., vol. 7, no. 8, pp. 6722-6747, Aug. 2020.



(4]

[5]

(6]

(8]

91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

C. Feng, Y. Wang, Q. Chen, Y. Ding, G. Strbac and C. Kang, “Smart grid
encounters edge computing: Opportunities and applications,” Adv. Appl.
Energy, vol. 1, Feb. 2021, Art. no. 100006.

M. Mao, J. Xu, Z. Wu, Q. Hu and X. Dou, “A multiarea state estimation
for distribution networks under mixed measurement environment,” IEEE
Trans. Ind. Informat., vol. 18, no. 6, pp. 3620-3629, Jun. 2022.

V. K. Singh, B. V. Suryakiran, A. Verma and T. S. Bhatti, “Modelling of a
renewable energy-based AC interconnected rural microgrid system for
the provision of uninterrupted power supply,” IET Energy Syst. Integr.,
vol. 3, no. 2, pp. 172-183, Jun. 2021.

R. Ferrero, P. A. Pegoraro and S. Toscani, “Dynamic synchrophasor
estimation by extended kalman filter,” IEEE Trans. Instrum. Meas., vol.
69, no. 7, pp. 4818-4826, Jul. 2020.

P. Castello, R. Ferrero, P. A. Pegoraro and S. Toscani, “Effect of unbal-
ance on positive-sequence synchrophasor, frequency, and ROCOF esti-
mations,” IEEE Trans. Instrum. Meas., vol. 67, no. 5, pp. 1036-1046,
May 2018.

C. Dang, X. Wang, C. Shao and X. Wang, “Distributed generation plan-
ning for diversified participants in demand response to promote renewa-
ble energy integration,” J. Modern Power Syst. Clean Energy, vol. 7, no.
6, pp. 1559-1572, Nov. 2019.

Y. Huo et al., “Data-driven adaptive operation of soft open points in
active distribution networks,” IEEE Trans. Ind. Informat., vol. 17, no. 12,
pp- 8230-8242, Dec. 2021.

F. Aminifar, M. Shahidehpour, M. Fotuhi-Firuzabad and S. Kamalinia,
“Power system dynamic state estimation with synchronized phasor
measurements,” [EEE Trans. Instrum. Meas., vol. 63, no. 2, pp. 352-363,
Feb. 2014.

L. De Alvaro Garcia and S. Grenard, “Scalable distribution state estima-
tion approach for distribution management systems,” 201/ 2nd IEEE PES
International Conference and Exhibition on Innovative Smart Grid
Technologies (ISGT), pp. 1-6, Dec. 2011.

A. Gomez-Exposito and A. de la Villa Jaen, “Two-level state estimation
with local measurement pre-processing,” IEEE Trans. Power Syst., vol.
24, no. 2, pp. 676-684, May 2009.

V. Kekatos and G. B. Giannakis, “Distributed robust power system state
estimation,” IEEE Trans. Power Syst., vol. 28, no. 2, pp. 1617-1626, May
2013.

S. Kar, G. Hug, J. Mohammadi, and J. M. Moura, “Distributed state
estimation and energy management in smart grids: A consensus innova-
tions approach,” IEEE J. Sel. Topics Signal Process., vol. 8, no. 6, pp.
1022-1038, Dec. 2014.

X. Zhou, Z. Liu, Y. Guo, C. Zhao, J. Huang and L. Chen, “Gradient-based
multi-area distribution system state estimation,” IEEE Trans. Smart Grid,
vol. 11, no. 6, pp. 5325-5338, Nov. 2020.

M. Pau, F. Ponci, A. Monti, S. Sulis, C. Muscas and P. A. Pegoraro, “An
efficient and accurate solution for distribution system state estimation
with multiarea architecture,” IEEE Trans. Instrum. Meas., vol. 66, no. 5,
pp. 910-919, May 2017.

N. Nusrat, P. Lopatka, M. R. Irving, G. A. Taylor, S. Salvini and D. C. H.
Wallom, “An overlapping zone-based state estimation method for dis-
tribution systems,” IEEE Trans. Smart Grid, vol. 6, no. 4, pp. 2126-2133,
Jul. 2015.

Y. Chen, J. Ma, P. Zhang, F. Liu and S. Mei, “Robust state estimator
based on maximum exponential absolute value,” IEEE Trans. Smart
Grid, vol. 8, no. 4, pp. 1537-1544, Jul. 2017.

J. Zhao, L. Mili and R. C. Pires, “Statistical and numerical robust state
estimator for heavily loaded power systems,” IEEE Trans. Power Syst.,
vol. 33, no. 6, pp. 6904-6914, Nov. 2018.

F. V. Lima, M. R. Rajamani, T. A. Soderstrom and J. B. Rawlings,
“Covariance and state estimation of weakly observable systems: Appli-
cation to polymerization processes,” IEEE Trans. Control Syst. Technol.,
vol. 21, no. 4, pp. 1249-1257, Jul. 2013.

J. J. Romvary, G. Ferro, R. Haider and A. M. Annaswamy, “A proximal
atomic coordination algorithm for distributed optimization,” IEEE Trans.
Autom. Control, vol. 67, no. 2, pp. 646-661, Feb. 2022.

R. Haider, S. Baros, Y. Wasa, J. Romvary, K. Uchida and A. M. An-
naswamy, “Toward a retail market for distribution grids,” IEEE Trans.
Smart Grid, vol. 11, no. 6, pp. 4891-4905, Nov. 2020.

[24]

[25]

(27]

(28]

[29

(30]

(31]

[32]

[33]

[36]

(371

(38]

[39]

10

Y. Yao, X. Liu, D. Zhao and Z. Li, “Distribution system state estimation:
A semidefinite programming approach,” IEEE Trans. Smart Grid, vol.
10, no. 4, pp. 4369-4378, Jul. 2019.

Y. Liu, Z. Li, Q. H. Wu and H. Zhang, “Real-time dispatchable region of
renewable generation constrained by reactive power and voltage profiles
in AC power networks,” CSEE J. Power Energy Syst., vol. 6, no. 3, pp.
528-536, Sep. 2020.

A. K. Ghosh, D. L. Lubkeman, M. J. Downey and R. H. Jones, “Distri-
bution circuit state estimation using a probabilistic approach,” IEEE
Trans. Power Syst., vol. 12, no. 1, pp. 45-51, Feb. 1997.

A. S. Zamzam, X. Fu, and N. D. Sidiropoulos, “Data-driven learn-
ing-based optimization for distribution system state estimation,” [EEE
Trans. Power Syst., vol. 34, no. 6, pp. 4796-4805, Nov. 2019.

H. Zhu and G. B. Giannakis, “Power system nonlinear state estimation
using distributed semidefinite programming,” IEEE J. Sel. Topics Signal
Process., vol. 8, no. 6, pp. 1039-1050, Dec. 2014.

Z.Zhao et al., “Optimal placement of PMUs and communication links for
distributed state estimation in distribution networks,” Appl. Energy, vol.
256, Dec. 2019, Art. no. 113963.

C. Muscas, M. Pau, P. A. Pegoraro, S. Sulis, F. Ponci and A. Monti,
“Multiarea distribution system state estimation,” IEEE Trans. Instrum.
Meas., vol. 64, no. 5, pp. 1140-1148, May 2015.

G. Chen and M. Teboulle, “A proximal-based decomposition method for
convex minimization problems”, Math. Progr., vol. 64, pp. 81-101, Mar.
1994.

L. Lin, X. Liao, H. Jin and P. Li, “Computation offloading toward edge
computing,” Proc. IEEE, vol. 107, no. 8, pp. 1584-1607, Aug. 2019.

M. L Florea and S. A. Vorobyov, “An accelerated composite gradient
method for large-scale composite objective problems,” [EEE Trans.
Signal Process., vol. 67, no. 2, pp. 444-459, Jan. 2019.

A. Abur and A. G. Exposito, Power System State Estimation: Theory and
Implementation. Boca Raton, FL, USA: CRC Press, 2004.

Y. Li, Y. Wang and S. Hu, “Online generative adversary network based
measurement recovery in false data injection attacks: A cyber-physical
approach,” IEEE Trans. Ind. Informat., vol. 16, no. 3, pp. 2031-2043,
Mar. 2020.

M. E. Baran and F. F. Wu, “Optimal capacitor placement on radial dis-
tribution systems,” IEEE Trans. Power Del., vol. 4, no. 1, pp. 725-734,
Jan. 1989.

R. C. Dugan, Reference Guide for The Open Distribution System Simu-
lator (OpenDSS), Elect. Power Res. Inst., Palo Alto, CA, USA, 2016.

R. H. Titiinci, K. C. Toh and M. J. Todd, “Solving semidefi-
nite-quadratic-linear programs using SDPT3,” Math. Program., vol. 95,
no. 2, pp. 189-217, Feb. 2003.

M. Grant and S. Boyd, “CVX: Matlab software for disciplined convex
programming,” Apr. 2011, [Online]. Available: http://cvxr.com/cvx/.



