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Gaussian random fields on non-separable Banach spaces

Yury Korolev* Jonas Latz' Carola-Bibiane Schonlieb*

Abstract

We study Gaussian random fields on certain Banach spaces and investigate conditions
for their existence. Our results apply inter alia to spaces of Radon measures and Holder
functions. In the former case, we are able to define Gaussian white noise on the space of
measures directly, avoiding, e.g., an embedding into a negative-order Sobolev space. In the
latter case, we demonstrate how Holder regularity of the samples is controlled by that of the
covariance kernel and, thus, show a connection to the Theorem of Kolmogorov-Chentsov.

Keywords: Gaussian measures, sample regularity, Radon measures, Holder spaces, Besov spaces,
tensor products of Banach spaces
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1 Introduction

Function-valued Gaussian random variables play a fundamental role in various fields of mathemat-
ics, e.g., non-parametric statistics HE], stochastic partial differential equations ﬂﬂ], and function
approximation @] We distinguish two kinds of function-valued Gaussian random variables: Gaus-
sian processes, which are families of Gaussian random variables with a (general) index set, and
Gaussian random fields, which are Gaussian random variables defined on certain structured func-
tion spaces, equipped with a space of continuous linear functionals. We give rigorous definitions
below. Which concept is used depends very much on the field of study: Gaussian processes are
well-understood in terms of classical regularity of samples and popular in certain applications,
e.g., data science. Gaussian random fields allow one to study random functions from a functional
analytic perspective, simplifying, e.g., the investigation of conditional distributions and stochastic
partial differential equations. So far, the Gaussian random field theory is mainly developed on
separable Hilbert spaces that often do not allow to study classical regularity of samples. In this
work, we aim at closing this gap between the two concepts through investigating Gaussian random
fields on certain Banach spaces. We prove their existence under assumptions on the covariance
operators and discuss their construction. In particular, we consider Holder spaces and spaces of
Radon measures. In the former, we are able to investigate classical regularity. From the latter, we
obtain a simple theory for Gaussian white noise.

Background. Let (Y, F,P) be the probability space on which we define random variables through-
out this work and €2 C R™ be some compact set. 6 is a function-valued Gaussian random variable,
say 6 is a randomised function of type f: 2 — R. We now give two different definitions, or really
frameworks, of such Gaussian random variables that are common in the literature.

We commence with the (Gaussian/stochastic) process viewpoint. Here, 0 := (0(x))zeq is a
collection of scalar random variables. That means, 6 is a random element in R®? := {f : Q — R}
equipped with the cylindrical o-algebra.
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Definition 1.1. Let m : Q — R be a function and ¢ : Q x @ — R be a continuous, symmetric,
positive semi-definite function. We refer to 6 as a Gaussian process with mean m and covariance
¢, if for any k € N:={1,2,...} and any set of points x1,...,xx € ), we have

0(z1) m(z1) c(xy, ) -+ oz, xk)
~N s ]

O(xy) m(xy) clxg, 1) -+ c(xg,xk)

where for appropriate m' € R¥ C' € R¥*¥ we use N(m',C") to denote multivariate Gaussian
distributions on (R*, BR¥).

One can show existence of such processes through the Kolmogorov extension theorem, see, e.g.,
Theorem 14.16 in [14]. Important properties of Gaussian processes are their regularity, especially
continuity and Holder continuity of the samples. To this end, first note that another stochastic
process 0 := (A(x))zeq is a modification of 0, if P(§(x) = 6(z)) = 1 for all z € Q. The Theorem of
Kolmogorov-Chentsov (e.g., Theorem 4.23 in [13]) discusses the existence of regular modifications
of a stochastic processes:

Theorem 1.2 (Kolmogorov—Chentsov). Let a,b,c > 0 be some constants such that
E[[|6(z) = 0] < clla — y|"*.
Then, there is a modification 6 of 0 that is a-Hélder continuous with a € (0,b/a).

Bogachev [4] gives the following definition of a Gaussian measure, which we refer to as the
(Gaussian) random field view point.

Definition 1.3. Let E be a locally convex space and F be a space containing continuous linear
functionals on E. Moreover, let (-,-)r g be the bilinear pairing of E and F. A random variable
0:Y — E is a Gaussian random field, if for any k € N and {1, ... 0 € F there are m' € R¥ and
C" € R¥** such that

(1,0)F
: ~ N(a, C). (1.1)

(U, 0)F,E
Remark 1.4. The Gaussian process viewpoint is essentially contained in the random field view
point, where E = R® and F containing point evaluations of functions in E. To simplify the

discussion, we still distinguish the two

As mentioned before, the Kolmogorov extension theorem gives us a simple way to show existence
of a Gaussian process with a certain covariance function. Showing existence of Gaussian random
fields is more involved: Indeed, Bogachev |4] discusses existence only in the case where E is a
separable Hilbert space and F 2 F is its (isomorphic) dual; see also Section

We have already mentioned advantages and disadvantages of the different view points. In this
article, we extend the treatment of Definition to the case where F is a Banach space, possibly
non-separable, that has a predual with a basis, and F C E* is contained in the dual of E. Our
results apply inter alia to spaces of Radon measures and Holder continuous functions. By study-
ing Gaussian random fields on Holder spaces we hope to close the gap in between the theories
of Gaussian random fields and Gaussian processes by allowing us to study classical regularity of
function-valued Gaussian random variables on a structured space without the necessity of contin-
uous versions. Gaussian random fields on Radon spaces gives us a very simple and natural path
to the definition of Gaussian white noise.



Selected previous work. Regularity of Gaussian random variables on function spaces has been
an extensive field of study. For further reading, we refer to the works by Adler [1, [2] and Potthoff
[20-22]. From an application point of view, we refer to the books by Sullivan [30] and Lord,
Powell, and Shardlow [17]. Gaussian white noise has no spatial correlation and fits neither into
the setting of Definition [T nor the seperable Hilbert space setting in Definition [[3l It is treated
as a ‘generalised random field’ and, e.g., discussed in the book by Kuo [16].

Our contributions. Our main contributions are as follows

e we define Gaussian random fields on dual Banach spaces, bridging the gap between the
Gaussian process and Gaussian random field point of view;

e we study random fields on Holder spaces and show how Holder regularity of the samples is
controlled by the Holder regularity of the covariance kernel;

e we study random fields on the space of Radon measures and define white noise on the space
of measures.

Structure of the paper. The paper is organised as follows. In Section 2] we outline the
random field view point for Hilbert-space valued random variables following [4]. Then we present
a generalisation of this framework to random variables with values in a dual Banach space. This
is the topic of Section [Bl In Section [ we discuss some spaces where the theory can be applied.
Section 1] is concerned with sampling Radon measures. Here we show, for example, how white
noise can be defined on the space of measures. In Section[d.2] we consider sampling Holder functions
and obtain results on the regularity of samples generated by exponential covariance kernels. In
Section 3] we briefly discuss how sampling continuous functions may fit into this framework.
Necessary results about tensor products of Banach spaces are collected in Appendix [Al

Notation. Generic Banach spaces will be denoted by E or F'. The injective and projective tensor
products will be denoted by E &, F and E &, F, respectively. Symmetric products will be denoted
by @:SE and QA@ZE We will use (X,d) or simply X for a metric space with metric d. All our
metric spaces are assumed compact. If 0 < a < 1 and (X, d) is a metric space, we will denote by
X the space (X, d®), which is, of course, also a metric space. We will use 2 C R™ for a domain in
R™, which will be assumed compact. The Borel o-algebra on {2 will be denoted by BS2. We will use
x, 2z’ € Q) for spatial variables, f,g: Q — R for generic functions and p,v: BQ — R or BQY — F for
generic measures. The space of Lipschitz functions on 2 will be denoted by Lip(€2). The subspace
of functions vanishing at a basepoint will be Lipy(£2). Its predual Arens-Eells space [32] will be
denoted by AE(Q). We will use M(2) for the space of scalar-valued Radon measures, (2, E)
for the space of F-valued measures, and (2, E) for the space of E-valued measures with the
Radon-Nikodym property. The Banach space where we would like to sample will be called U. Its
dual will be denoted by U*. We will also assume that U has a predual, U®. We will assume that
this predual has a basis. The elements of these spaces will be 1,1’ € U®, u,v’ € U, and v,v’' € U*.
By the Banach-Alaoglu theorem, the weak* topology on bounded sets in U is metrisable. We will
use the symbol A,(+,-) to denote this “weak* metric”. The completion of U with respect to this
metric will be denoted by U,. Samples will be denoted by 6. A covariance kernel will be denoted
by ¢ and we will assume that ¢ € GA@,S,U . This kernel corresponds to a nuclear covariance operator
C: U® — U. The standard normal distribution will be denoted by N(0, 1) and a scalar sample from
it by £ ~ N(0,1).

2 Gaussian random fields on Hilbert spaces
We outline the basic Hilbert space setting following |4]. For illustrative purposes, we will restrict

ourselves to the case H = L?({2), where ) C R" is a compact set. Let ¢ € C(Q x Q) be a covariance
kernel, i.e. a continuous, symmetric, and positive semidefinite function 2 x @ — R. We consider



the following integral operator C : L2(Q) — L*(Q)

Cf:= A f(z)e(x,)dz, fe L), (2.1)

which is by definition self-adjoint and positive semidefinite. It can also be shown that it is nuclear.

Definition 2.1 (Nuclear operators on Hilbert spaces). Let E be a separable Hilbert space and
N: E — E a compact positive semidefinite self-adjoint operator with eigenvalues {\;}ien C Ry.
The operator N is called nuclear if

INIw =3 X <o

Theorem 2.2 (Mercer’s theorem, [19]). Let Q C RY be compact and c: Q x Q — R be continu-
ous, symmetric and positive-semidefinite. Then the operator defined in ([Z1)) admits the following
etgendecomposition

Cf= Z fa 901 L2 Pis

where (p;)52, is an orthonormal basis of L2( )y Ai =0 and (p,¢") 2 = [ ()¢ (x)dx is the
scalar product in L*(Q)). Moreover, we have that

ZZl A < 00,

hence, C is a nuclear operator L*(Q2) — L?(£).

We can use the eigendecomposition of the covariance operator from Theorem to obtain a
(zero-mean) Gaussian random field on H by letting

0:=> " NG (2.2)

where &1,&, ... ~ N(0, 1) are independent and identically distributed. The following result shows
that if C is nuclear then the samples (2.2)) are in H almost surely.

Proposition 2.3. Let &1,&,,... ~N(0,1) be independent and identically distributed and {\;};en C
Ry such that Y .2 \; < co. Let 0 be as defined in (22). Then almost surely § € H.

Proof. Since {p;};en are orthonormal, we have
2 9] 2
ol =3 A 23

Note that we have Y ;o A; < 0o and > .- A? < oo by assumption. Then, we study

ST -,

We have E[X\; (€2 — 1)] = 0 and Var()\;(§2 — 1)) = 2A2, for i € N. Thus, by [3, Thm. 22.6], the
series D21 A\;(&2 — 1) converges almost surely. On the other hand, we can write the sum (23] as
Yoo  Xi(€2 — 1)+ >3-, A, which is now the sum of two almost surely finite series. Thus, ([2.3)) is
almost surely finite itself. O

The covariance operator C can be identified with the following bilinear form.

Proposition 2.4 (|4]). For any f,g € L*(Q) one has
(f:Cq) =Eo((f,0) s (9,0) 1r)- (2.4)

Proof. A short computation gives

Ba((F0 0.0)) = Ea (1557, Woeior), (07, W 650, )
= ZzlEe (N (f, i) i (9, 0i) 1)



Characterisation via tensor products. It is also possible to discuss Theorem 2.2]in the lan-
guage of topological tensor products. Since all Hilbert spaces have the approximation property [23],
using Theorem[A.7one can see that the covariance operator C is nuclear if and only if the associated
bilinear form

(f,9) — f(@)g(y)e(z,y) dz dy
QxQ

has a finite projective norm. Somewhat abusing notation, we will use the letter ¢ both for the
covariance kernel and this bilinear form. If the covariance kernel is symmetric, we have that

ce @, LAQ). (2.5)

is necessary and sufficient for the nuclearity of C. Theorem 2.2l gives a sufficient condition for this.
It is also helpful to rewrite (2.I)) in the language of the inner product on L?(€2)

Cf(zx):= (f,c(-,x)), feL*Q), z€Q, (2.6)

where (-, -) denotes the inner product on L?(f2) and the equality holds almost everywhere. In the
sequel we will also use the notation (-,-) for the duality pairing between Banach spaces, sometimes
using subscripts to specify these spaces.

Another useful equivalent way of writing (2.I]) and (Z.6) is using pairings with elements of L?

(f.Cg) = (f{g.c(a)) = (c.f @5 9), fog€L?(9), (2.7)

where the last pairing is between the bilinear form ¢ and the tensor f ®, g. Since ¢ is symmetric,
we use the symmetric product f ®; g.

3 Gaussian random fields on dual Banach spaces

In this section, we will discuss how the framework of Section [2 can be extended to (possibly,
non-separable) Banach spaces that have a predual which possesses a basis.

3.1 General theory

Let U be a Banach space and U® a predual of U. We will assume that U has the approximation
property and U has a basis. In order to retain the structure of (2.6]) and also ensure that the
image of the covariance operator C is in U, the domain of C should be either U* or U°. We
are particularly interested in non-reflexive spaces, in which case the predual usually has ‘nicer’
properties than the dual. Hence, we will consider C: U® — U.

Let ¢ be a bilinear form on U, which we will also refer to as the covariance kernel. We
generalise (27) and define the covariance operator as follows

C: (n',Cn) :=(c,n@sn')y, n,n €U, (3.1)

where the second pairing is between the bilinear form ¢ and the tensor n ®, 7'
The following result is a consequence of Theorem [A T3]

Proposition 3.1. Suppose that U has the approximation property. Then the covariance operator
C:U® = U as defined in BI) is symmetric and nuclear if and only if

ce®, U. (3.2)

In this case, there exists a sequence {p;}ien C U satisfying ||il| =1 for all i such that

oo

Cn=3 _ Nneidyeyei, neU (3:3)

and Y21 |\ < oo. In addition, C is positive semidefinite if X\; = 0 for all i.



Now we can define a Gaussian random field over U analogously to (2.2)

0:=> " NG (3.4)

where & ~ N(0,1) are i.i.d. It is important to note that, in general, we will not be able to show
that 6 € U with probability 1, but only that the sum (34 converges weakly-* with probability 1.

Proposition 3.2. Let &1,8&,... ~ N(0,1) be independent and identically distributed and {\;}ien C
Ry such that Y .o \; < co. Let 0 be as defined in (34). Then, for any n € U®, we have

‘<7779>U°,U‘ <0
with probability 1.

Proof. We can write
<777 6‘>U°,U = <77a Zi:l )\3/2§i(pi> o, = Z 1/251 77 (pi>U<>7U .

Then we have EIN/*; (1. @iy ] = 0 and Var\*6 (0. 00y o) = M (n.00)ge o < Al
Moreover, Y o2, Ai||n||#+ < oo, by assumption. Hence, by [3, Thm. 22.6], we have ’(n, 9>U°,U’ < oo
with probability 1.

Let {n;}:en be a countable dense system in U®. The weak™® topology on the unit ball of U can
be metrised by the following metric |7, Thm. V.5.1]

Z 5, 7717 - />|
= T (g — )]

where B; > 0 are some coefficients such that Zil B: = 1. If {n;}ien are normalised, we can use
the following equivalent metric

A (u,u') = ZZl Bi [{niyu —u')]. (3.5)

We denote by U, be the completion of U with respect to the metric (3.5). It can be turned into a
normed space by defining

lullo. == Au(w,0) = 3" Bi |l

Theorem 3.3. Let &1,&2,... ~ N(0,1) be independent and identically distributed and {\;}ien C
Ry such that Y .o \; < co. Let 0 be as defined in (3.4). Then 6 € U, with probability 1.

Proof. Consider the unit ball Bye and the following probability measure on Byeo

K= ZZl ﬂ’ianiv

where {n;};cn is a countable dense and normalised system in U® and ;s are positive and sum up
to 1. From Proposition B2l we know that for any n € U?, ‘(17,6‘>U<> U‘ < oo with probability 1.
Taking the expectation over u, we get that

1800 = >0 [, B)e ] = B | 00| < 0
with probability 1. O

1/

If the covariance operator is not only nuclear, but 1/2-nuclear, i.e. > ;2 A ? < 00, the we can

even ensure that § € U with probability 1.



Proposition 3.4. Let &1,8&,... ~ N(0,1) be independent and identically distributed and {\;}ien C
Ry such that Y .2, )\3/2 < o0o. Let 0 be as defined in BA). Then almost surely 6 € U.

Proof. Since {p; }ien are normalised, the Cauchy-Schwarz inequality yields

ol <> A2 lel (3.6)

We study the sum Y .2, )\3/2 (|§l| - \/2/7r). Note that here

B[N (16l - v2/r)] =0, var (N (16l - v2/7)) = Ailr = 2)/m,

where by assumption, Y ;°; A;(m — 2)/m < co. Thus, by [3, Thm. 22.6], > 7, )\3/2 (|§Z| - «/2/#)

is finite with probability 1. Moreover, by assumption, we have > -, )\g / 22 /m < oo, giving us
pya /\i/2 |€;] < oo with probability 1.
O

Finally, as in the Hilbert space setting, there is a natural bilinear form associated with the
covariance operator.

Proposition 3.5. The covariance operator C can be identified with the following bilinear form

(', Codye = Bo (0, 0)po v (1, O)pre ), 1’ € U, (3.7)
Proof. Let n,nm' € U°. Then,
/ o 00 /24 ’ [eS) 12,
Eq((n, 9>U<>,U (n 79>U<>,U) = [y <<77a Zi:l A; gsz>U<>,U <77 ’ijl /\j §J¢J>UO7U)
Zizl ijl Ef()‘zl/2)‘]1/2§z€] <777 (pi>U<>7U <77I, (pj>UQ7U)
Zi:l Eg()‘l <777 SOi>U°,U <77/, S0j>U°,U)

oo
<77’, Yo Al eigey %>U<>,U ={.Cn)yop -

3.2 Finding the tensor decomposition

Let {n; }ien be a basis of U® and {u;};eny C U the corresponding coefficient functionals satisfying
7:]] = [Jwill = 1. Then, by Theorem [A.15] the system {n;) ®s 1;(k) }ren, Where the sequence of
indices {i(k), j(k) }xen corresponds to the ordering (A7), is a basis in @)zs U® and {u;() ®sj(x) fren
are the corresponding coefficient functionals [10].

Since, by Theorem [A.T4], the projective product @iSU is isometrically embedded into (@2 U°)*

and c € @ZSU , it can be expanded in the weak-* sense as follows

oo

c= Zk:l <77i(k) Qs Mj(k)> C> Ui(k) Os Uj(r) =: Zk:l Ci(k)j(k) Wilk) @s Uj(k) weakly-*. (3.8)
Treating the pairing (3] as the pairing between QA@:S U*® and (@;SUQ)*, we get
<77lac77>U<>,U = Zk:l Ci(k)j (k) <77 ®@s 1, Ui(k) Qs Uj(k)>

1 oo
5 Dy Cimi) () (' gy ) + (i) (' g ) -

This can be also written as follows

e M, Uj(k)) Wi(k) T T Wik) ) Wik
Cn= Zkzlci(k)j(k)< ) Uit 5 (i) i weakly-*. (3.9)




To obtain a diagonal representation (3.3) of the covariance operator C, we need to find a
biorthogonal system {7;, C7}; }ien satisfying ||7;]] = 1 such that

S [Call if i = j,
<77i7cnj>Uo)U = ’
0 otherwise.

In other words, we need to biorthogonalise the basis {n; };cn with respect to the symmetric positive
semidefinite operator C, which can be done using Gram-Schmidt biorthogonalisation (e.g., [15]).

Letting
Cn; -
@i = ——— and \; := [|C7}]l,
1C7al

we obtain the desired representation ([B.3]).

4 Relevant spaces

In this section, we apply the above framework to two particular non-separable spaces, the space of
Radon measures and the space of Holder continuous functions.

4.1 Sampling Radon measures

We let U = M() be the space of Radon measures on (£2, BS2), where 2 is compact, and U® = C(2),
the space of continuous functions on €.

By [23, Thm. 5.25], the covariance operator C can be written using a representing measure
c € M(Q, M(Q)), where M(Q, M()) is the space of vector-valued with values in M (Q)

Cf:/QfdceM(Q), feow), (4.1)

The following result holds [23, Prop. 5.30].

Theorem 4.1. The operator C defined above is nuclear if and only if its representing measure c
has the Radon-Nikodym property, i.e. ¢ € M1 (Q, M(Q)). In this case

ICllx = llcllom-

By Theorem we have that 90, (Q, M(Q)) = M(Q) &, M(Q), hence this is just another way
of writing ([B.2).

The Radon-Nikodym property can be ensured by construction. Let v € P(Q2) be a probability
measure on ) and g € LL(D, M(Q)) a Bochner integrable function. Then

de:=gdv € M (2, M(Q)) (4.2)

has the Radon-Nikodym property and ||C||x = ||g]|z1-
There are many ways to construct a basis in C'(2). For a cube = [0,1]", we mention the
basis of Faber—Schauder functions |25], see also |24]. Let

1—lz|, ze][-1,1],

U(x) = (4.3)

0 otherwise

be the distance function of the interval [—1,1]. Consider the following dyadic system on the
interval [0, 1]

.....



and let .
Z = {7’ = (7'17'_.77-71) c D": T; € U ODj and 320 s.t. Tig € Dk}
j=

That is, k is the highest resolution in Dj}. For any multi-index 7 € D} define

frlw) =TT 0@ @i = 7)), @ = (o1, ma) € 0,1)". (4.4)

By |24, Prop. 7.1], the system {f;}repn is a basis in C([0,1]™). Tt is, in fact, a system of wavelets
whose mother wavelet is the distance function ([@3]). This basis will play an important role in
Section [£.2], where we will consider sampling in Lipschitz and Holder spaces.

The coefficient functionals corresponding to this basis are as follows [24, Prop. 7.1]. Let
e=(e1,..,en) € {-1,1}", 7= (711, ..., Tn) € D} and 7° = (7, ..., 75), where

T+¢&; 27k, T; € Dk,
k—1
Tis Ti EUJ‘:O Dj.

The coefficient functionals {j;}repn C M(2) corresponding to the basis functions ([£4) are

or, T € Dg,

Hr = _n ) n (4.5)
2 Z (57-—57-6), TeU_j:l Dj7

ee{—-1,1}»

where §, is the Dirac measure at x € . Hence, the coefficient functionals correspond to either
point evaluations or differences of point evaluations.
We now consider some examples for Gaussian measures on the space of Radon measures.

Example 4.2 (Gaussian covariance). A very widely used covariance operator for Gaussian mea-
sures is the so-called Gaussian (or square-exponential) covariance C, which is usually defined by

1
erw) = [ swen (3o an
Q
In the terms of this section, we can write it in the following way. Let p be the Lebesgue measure
on (D, BD) and let g € L,,(D, M(Q)) be given by
D> zw— k-N(zIdg)(-N D),

for some constant k > 0. Hence, the measure-valued density g can be written as a Gaussian
measure truncated on § multiplied by a prefactor with variable mean.

The samples of the Gaussian measure with Gaussian covariance are highly regular and, thus,
may not be the best example for sampling a Radon measure. Instead, we can consider the following
example, which gives a definition of Gaussian white noise on the space of Radon measures.

Example 4.3 (Gaussian white noise). Let u € M(Q) be a positive, finite measure on Q. We
consider the covariance kernel ¢ € M1 (L, M(Q)), where ¢ is given by

BQ x BQS (A, B) — (AN B).

When testing the corresponding operator with predual functions n1,ms € U®, of course, we obtain

<7727C771>U01U=/771772d/i-
Q

One can easily see that ¢ satisfies the Radon-Nikodym property, by setting v := p and
g:=(Q3wr— (BQ> A §,(4))).

If either § is countable and p is the counting measure or ) contains an open set and p is the
n-dimensional Lebesgue measure, we refer to a random field with covariance kernel ¢ as Gaussian
white noise. Otherwise, we speak of spatially inhomogeneous Gaussian white noise. Gaussian
white noise can also be defined on other function spaces, see [16].



4.2 Sampling Holder functions

We start this section by recalling some facts from the theory of Lipschitz spaces. Let (X, d) or
simply X be a compact metric space of diameter at most 2. Let Lip(X) C C(X) be the space of
Lipschitz continuous functions X — R equipped with the following norm

[flleip = max{][| flloo, L(f)},

where ||+ || is the supremum norm and

L(f) = sup |f((E) — f($/)|

z,x'€X d(I,I/)

is the Lipschitz constant of f. If 0 < « < 1 then the space Lip(X®) is the space of a-Holder
continuous functions on X with respect to the original metric d (as well as the space of Lipschitz
functions with respect to d*).

If e € X is a distinguished base point (that is, X is a pointed metric space), then the subspace
of all functions that vanish at e is denoted by

Lipg(X) == {f € Lip(X): f(€) = 0},

An equivalent norm on Lip, is given by the Lipschitz constant

| fllLip, = L(f)-
The next result shows that Lip spaces can be thought of as a certain special case of Lip, spaces.

Theorem 4.4 (|32, Prop. 2.13]). Let (X,d) be a complete metric space whose diameter is at
most 2 and let X¢ be a pointed metric space consisting of X together with, as base point, a new

element {e}
X¢:=XU{e}

and a new metric d' such that d'(z,2') = d(z,2") for all x,2’ € X and d'(z,e) =1 for all z € X.
Then Lip(X,d) can be naturally identified with Lipy(X*®,d’).

Lipschitz spaces are always dual spaces, and in many cases the predual is unique. Our case
where the underlying metric space has finite diameter is one of such cases [32, Sec. 3.4].

The predual of Lip(X) is known as the Arens-Eells space or the Lipschitz-free space and can
be seen as the completion of the space of zero-mean Radon measures M (X) with respect to the
Kantorovich-Rubinstein norm

lallr = sup{ [ i L0, ) <1, o < 1}.
X

Another expression for this norm and more details can be found in [32, Ch. 3].
Weak* convergence in Lip(X) can be characterised as follows.

Theorem 4.5 (|32, Thm. 2.37 and Prop. 2.39]). Let X be a pointed metric space of finite diam-
eter. Then on bounded sets in Lip(X) its weak* topology coincides with the topology of pointwise
convergence. If X is compact, then it also coincides with the topology of uniform convergence.

For 0 < a < 1, we denote by X* the space (X,d%). It can be easily seen that Lip(X®) is
the space of a-Holder functions on X with respect to the original metric d. Since X has a finite
diameter, Lip(X®) C Lip(X®') for 0 < o < o/ < 1.

The space Lip(X®), 0 < a < 1, has a second predual known as the little Lipschitz space
lip(X™) |32, Ch. 4], which consists of Lipschitz functions f € Lip(X®) such that

o ’
sup M —0 asd—0. (4.6)
z,x'€X da(x7 T )
0<d(z,z’)<§
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Such functions are called locally flat. For o = 1, constants are the only functions satisfying this

condition. For 0 < o < 1 many functions satisfy this condition; for example, all piecewise linear

functions on the interval [0, 1] are locally flat. The norm in lip(X®) coincides with that of Lip(X ).
The following result holds.

Theorem 4.6 ([32, Thm. 8.49]). Suppose that there exists a bi-Lipschitz embedding of the met-
ric space X into R™ for some n. Then the spaces lip(X®), BE(X*) and Lip(X*) are linearly
homeomorphic to the sequence spaces co, £* and €, respectively.

Remark 4.7. In particular, Theorem [{-0] implies that both lip(X®) and E(X®) have bases, and
all three spaces have the metric approzimation property (perhaps, upon switching to an equivalent
norm).

4.2.1 Holder functions on a unit cube

If X =[0,1]™ equipped with the Euclidean metric, then by [24, Prop. 7.1] (see also [5]), Faber-
—Schauder functions [@4]) form a basis of lip(X*), while @3] are the corresponding coefficient
functionals. Note that as written in (£4)), Faber-Schauder functions are normalised in C([0,1]™)
but not in lip(X?).

Each function ¢ ~— 1(2%¢) is linear on the intervals [-27%, 0] and [0,27*] and zero outside these
intervals, hence we have the following estimate for its norm in lip([0,27%]%), where a € (0, 1),

K 260 —t] i e _ ook
192" Mipo,2-5jey = SUP  ————5 =2 sup |t'—t] =~ =29
t,t’€[0,27F] |t —t| t,t’€[0,27F]
Due to the product structure of ([@4]) we have that
HfTHlip(X"‘) :20¢k7 TEDZa

where £ is the highest resolution in Dj}. Thus, the renormalised Faber-Schauder functions are
given by

Fr(z) =270k H; $(2F (@i — 7)), TEDY, x=(x1,....70) € [0,1]" (4.7)

and the renormalised coefficient functionals by

Or, T e Dg,
(b = oo e D7. 4.8
H gok=n SN (§— G, TGszlD;?, T k (4.8)
ce{—1,1}"
We have the following

Proposition 4.8. Let f € Lip(X®) and f. and jir as defined in @&T) and @X), respectively.

Then
=" fir f) fr weakly-* in Lip(X®), (4.9)

which by Theorem [{.0] is equivalent to uniform convergence. If, in addition, f € lip(X®), the
convergence is in the Lipschitz norm.

Proof. The second statement is trivial, since we already know that { fT}T is a basis in lip(X“) and
{fi+}+ are the corresponding coefficient functionals. By [12, Thm. 5.21], the system {j.}, is a
basis of span{ji-}-. It is easy to see that the system {fi,}, is dense in E(X*)

Spﬁ{ﬂr}‘r = E(Xa)a

hence {fir} is a basis of B(X®), whose coefficient functionals are given by {f;}». Therefore, for
any 7 € A(X) and any f € Lip(X*) we have

£y = (3 (nFe)iin £y =32 (nfe) Girs f) = (Y2 e £ i)

which proves ([@9]). O
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We now turn to the projective tensor product Lip(X®) R Lip(X®). Using the canonical
identification of Lip(X* x X“) with the space of vector-valued functions Lip(X“; Lip(X %)) as well
as the identification Lip(X;Lip(X*)) = L(E(X“),Lip(X*)) (e.g., [9]), we get that

Lip(X?) @, Lip(X®) = N(HE(X®),Lip(X%))
C  L(H(X),Lip(X®)) = Lip(X % Lip(X®)) = Lip(X® x X%).

It is well known that Holder spaces are isomorphic to certain Besov spaces |31]. More precisely,
Lip(X® x X%) = B, (X x X).

Therefore, Lip(X®) &, Lip(X®) C B, (X x X). A concrete description of the projective product
does not seem to be known, but the following result provides a subspace.

Proposition 4.9. Let g € BY (X x X). Then g € Lip(X®) &x Lip(X®).
Proof. Similarly to (£9), we have the following expansion for any g € Lip(X® x X®)
9= Afir ®fu,9) fr ® fi weakly-* in Lip(X® x X*). (4.10)
Since || fr @ follx = I/~ llLipll fellLip = 1, we have
lglle < 1fir © fir, g)| < o0, (4.11)
where we applied Holder’s inequality to (I0I). .
Up to a multiplication by (1 — ), the functions f, are atoms of the Besov space Bf(X) in

the sense of |31, Def. 2.17] (with p = 1 and s = ¢ = «; see also Remark 2.14 in the same book).
Therefore, (A.IT)) is equivalent to the condition g € Bf'; (X x X). O

4.2.2 Exponential covariance kernels

We consider the following family of exponential kernels on a the unit cube X =[0,1]"

, 7d2a(m,m/) 7HI7I/H2O‘
colz, ') :=¢ T =e¢ z, O<axl, (4.12)
where d* := || — 2/||* defines a metric. The kernels (£12) are Gaussian kernels on metric spaces

X% :=(X,d*). The kernels (£12)) are symmetric and, by |26, Cor. 3|, positive definite. Further-
more, the following result holds.

Proposition 4.10. Let X = [0,1]" and ¢o: X X X = R, 0 < a < 1, a family of functions as
defined in ([EI2). Then

(1) co € Lip(X* x X®) for all 0 < a < 1 and ¢ € lip(X? x X7) for all 0 < v < «;
(i5) co ¢ Lip(XP x XB) for any a < B < 1 and cq ¢ lip(X® x X*).
Proof. A proof can be found in Appendix [Bl O

Corollary 4.11. Combining this result with Proposition [{.8, we conclude that the following series
converges in the v-Holder norm for any 0 < v < «

Ca = Z . (fir @ fig, ca) fr @ fi  strongly in lip(X7 x X7).
T7
Next we shall investigate whether the kernels (12]) satisfy the assumptions of Proposition [£.9
Proposition 4.12. The kernels (£12) satisfy
ca € B (X xX), 0<7v<a,

and co & BY (X x X).

12



Proof. We use the formula |31, Def. 9.12] (see also Remarks 9.13 and 9.27 in the same book).
Since ¢, € Lip(X® x X%), we obtain the following estimate for modulus of continuity of ¢,

w(ca,t) = sup / |ca(x 4+ h,2" + 1) — co(x,2")| do da’
IRt/ X x X

< sup / C||(h,h")||* dz dz’ = Ct*
l(h,h)IISE S X x X

for some C' > 0. Now we get

1 1
_ dt _1-
leallsg, = lealor + [ #7w(en ) < leallir+C [ o1 ar
’ 0 0
c

= lealler + —,
a—7

which is finite for any v < a. If ¥ = a, the integral diverges and, since ¢, ¢ Lip(X? x X?) for any
B > «, we conclude that ||co¢HB§x1 = 00. 0

Combining Propositiond.I2]and Proposition[d9with the results of Section 3.1l we conclude that
exponential covariance kernels ¢, defined in [ZI2)) produce samples that are y-Holder continuous
for all v € (0, ).

Remark 4.13. Let Q C R. For a = 1/2, the kernel (£12) is the exponential covariance kernel
_le—s']

cl/g(x,x’) =e z , which describes the covariance of a stationary Ornstein—Uhlenbeck pro-
cess. Using Theorem [I.2, one can show that a path of an Ornstein—Uhlenbeck process admits a
modification that is v-Hélder continuous for v € (0,1/2), which is in agreement with our result.

4.3 A note on sampling continuous functions

In this section, we briefly discuss how sampling in the space of continuous functions fits into the
framework presented above.

Let U = C(Q), where  C R" is compact, and ¢ € @isC(Q) a covariance kernel. Since C(12)
does not have a predual, we need to choose U* as the domain of the the covariance operator. By
Theorem [A7] we have that N'(U*,U) = U** ®,U C U** @,U**. To retain the symmetry of the
covariance kernel ¢, we therefore need to consider it as an element of larger space, ¢ € @;s C**(Q).
As a result, the covariance operator will act as C: U* — U**. In accordance with this, we need to
modify (B as follows

C: (v ,Cv) = (c,v®s0"), v €U, (4.13)

where the second pairing is between the bilinear form ¢ and the tensor v ® v'.
From now on, we proceed similarly to Section Since ¢ € ®iSC’(Q) C C(02 x Q), we can
expand the covariance kernel in the basis of Faber-Schauder functions (£4)

c= Z” (Cptr @ ) fr @ fi strongly in C(Q x Q),

where p; ; are the coefficient functionals from (£.5). Proceeding as in SectionB.2] we can diagonalise
this tensor representation and obtain Gaussian samples 6 as in ([34]).

Remark 4.14. We emphasise that samples obtained in this way will not necessarily lie in C(£2).
Indeed, by Theorem [33 the sum BAl) converges only weakly-* in C**(Q) (with probability 1). A
representation theorem for C**([0,1]) can be found in [18].

5 Outlook

We finish with a few open questions and possible directions for future research.
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Second preduals. First, we go back to Section Here, we have encountered a situation
where the space U = Lip(£2) has a second predual, the little Lipschitz space. The same happens
in Section with U = C**(Q). A natural question is now, whether it is it possible in this case
to strengthen Proposition [3.2] and Theorem B.3] and show that § € U with probability 1.

Random fields with jumps. In this work we have focused on Gaussian measures and the
generalisation to other probability distributions is interesting. Of special interest are random
samples with jumps, e.g. piecewise continuous or piecewise constant samples where the subdomains
on which the sampled functions are continuous/constant are also random. Chada et al. [6], for
instance, discuss Cauchy random fields. It would be highly interesting to study such non-Gaussian
random fields on, e.g., spaces of functions of bounded variation.

Conditioning. Gaussian processes are of particular interest in Bayesian statistics and data sci-
ence as it is possible in linear settings to determine conditional mean and covariance in closed
form. Scovel and Owhadi [27] have studied the conditioning of Gaussian random fields on Hilbert
spaces. A natural next goal is to generalise their theory to our setting of Banach spaces.
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A A few facts about tensor products of Banach spaces

Our approach relies on tensor products of Banach spaces. We will briefly recall some important
definitions and facts. In our exposition, we will follow [23] and [g].

Let F and F be Banach spaces. By F ® F we denote the algebraic tensor product of F and
F, i.e. the space of linear functionals on the space of bilinear forms on E x F. For every e € F,
f € F we denote by e ® f the following functional

(e® [)(A) = (A e f):= Ale, f),

where A is an arbitrary bilinear form on E x F. A typical tensor in £ ® F' has the form
w = Zi:l /\iei X fi7 (Al)

where e; € E and f; € F satisfy |le;|| = ||fill| =1, =1,...,n, and \; are scalars.
There are many ways, in which the tensor product E® F' can inherit the Banach space structure
of F and F, giving rise to different topological tensor products. We will need the following one.

Definition A.1 (Projective tensor product). Let E and F be Banach spaces and E ® F their
algebraic tensor product. For every tensor w € E® F let

7(w) = inf {Z;l [Ail tw= Z:;l Aie; ® fl} ,

be the projective norm of w, where the infimum is taken over all possible representations of w in
the form (AT)). The completion of E @ F with respect to this norm is called the projective tensor
product of E and F and denoted by

E ®,F.

Definition A.2 (Injective tensor product). Let E and F be Banach spaces and E ® F their
algebraic tensor product. For every tensor w € E ® F' let

e(w) := sup{‘ZLl Xilei, €Y (fi, f*)| : e € Bps, f* € BF*}7

satisfy |le;|| = || fill = 1 be the injective norm of w, where w =Y ;| \ie; @ f; is any representation
of w and Bg+, Bp« are the unit balls in E* and F*, respectively. The completion of E ® F with
respect to this norm is called the injective tensor product of F and F and denoted by

E®.F.
The following result gives a useful representation of the elements of a projective tensor product.

Theorem A.3 (|23, Prop. 2.8]). Let E and F be Banach spaces. Letw € E @,F. Then there exist
sequences {e;}ien C E and {fi}ien C F satisfying ||le;|| = || fi]| = 1 such that w = Y ;2 Nie; @ f;

and " -
7(w) = inf {Zizl [Xi] cw= Zi:l € ® fi} ,
where the infimum is taken over all possible representations of w.
To every bilinear form A on E x F corresponds a linear operator A: E — F* defined as follows
(f,Ae)y = Ale, f), e€E, feF.

Hence, one can also speak of tensor products in terms of linear operators. If E* is a dual space,
then under certain conditions the projective tensor product E* ®,F can be identified with the
space of nuclear operators N'(E, F).
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Definition A.4 (Nuclear operators on Banach spaces). Let E and F be Banach spaces. An
operator N: E — F is called nuclear if it can be written in the following form

Ne = Zi:l Xile ey fi, e€E, (A.2)
where {e] }ien C E* and {fi}ien C F satisfy |lef]| = || fil| = 1 and {\i}ien C R. The nuclear norm
of N is given by

|N|a := inf{||A]|n: Na = Zi:l Xi(z,el) fi Vo € E}, (A.3)

where the infimum is taken over all representations of the form (A2).

Definition A.5 (Approximation property). Let E be a Banach space. If for any compact set
K C FE and every € > 0 there exists a finite rank operator S: E — E such that for every e € K
it holds that ||e — Se|| < e, then E is said to have the approximation property. If, in addition,
IS|| < 1 then E is said to have the metric approzimation property.

Example A.6. The spaces C(K) (continuous functions on a compact K ), M(K) (Radon measures
on K ), sequence spaces £F for 1 < p < oo, Lebesgue spaces LP(u) for 1 < p < oo have the metric
approximation property [23]. All Banach spaces with a basis can be equipped with an equivalent
norm, under which they will have the metric approximation property.

Theorem A.7 ([23, Cor. 4.8]). Let E and F be Banach spaces. If either E* or F has the
approximation property, then

N(E,F) = E* @,F.

If E and F possess bases, then the tensor products E @, F and E ®,. F naturally inherit them.
Let {e;}ien and {f;},en be the bases of E' and F', respectively. Let us order the tensor products
e; ® f; as shown in the following diagram (see |10, 23])

e1® fi €1 ® fa €1 ® f3
T T
e®fi = e®f es® f3
1 ) (A1)
e3®fi — es®fs — e3Qf3 e3 ® fa

T
ea®fi = e®fs = eu®fs = es®fs

This ordering is called the square ordering and can be written s follows

e1® f1, 2@ f1, 2@ fa, 1 ® fo, e3® f1, e3® fa, e3® f3, 2@ f3, ...

Theorem A.8 ([23, Prop. 4.25]). Let E and I be Banach spaces with bases {€;}icn and {f;};en,
respectively. Then the sequence e; @ f; with square ordering is a basis for both E ®F and E®, F,
and is referred to as the tensor product basis.

Let M(2, E) denote the space of vector measures on §2 with values in E. For every u € IMM(Q, E),
let
lul, (D) := sup {Z}_l 1(Di) | {D1, ..., Dn} is a partition of D} ., DeBQ,

denote the variation of u. The norm on M(L, E), referred to as the variation norm, is given by

l[allon = [uly (€2).

Definition A.9 (Radon-Nikodym property). Let E be a Banach space. A measure u € M(Q, E)
is said to have the Radon-Nikodym property if 1 has bounded variation and there exists a Bochner-
integrable function g: Q@ — E with respect to |u|, called the Radon-Nikodym derivative %, such
that

M(D)z/gd|u| VD e BQ.
D
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Let 94 (Q, E) C M(Q, E) be the subspace of all measures with the Radon-Nikodym property.
By [23, Lem. 5.21], MM, (Q, F) is complete under the variation norm.

Theorem A.10 (|23, Thm. 5.22]). Let E be a Banach space. Then the projective tensor product
M(R) @, E is isometrically isomorphic to the Banach space My (Q, E) of vector measures with the
Radon-Nikodym property

M(Q) @ FE =9 (Q, E).

Now we turn to symmetric tensor products. We will follow [§]. Consider symmetric bilinear
forms on E x E, i.e. such that A(e,e’) = A(€’,e) for all e,e’ € E. The algebraic dual of this space
is called the symmetric tensor product of E with itself and will be denoted by

®2,SE.

Every element w € ®%°F has the following representation
w= Zi:l Aie; ® e; (A5)

where e; € E satisfies |le;]| =1, 7 € N, and A; are scalars.

The symmetric projective product ® .E and symmetric injective product ® JE are defined
analogously to Definitions [A1] and [A2

The following representation holds.

Theorem A.11 (|8 Prop. 2.2]). Let E be a Banach space and w € ®:5E Then there exists a
sequence {e;}ien C E satisfying ||le;|| = 1 such that w = > ;2 Aie; @ e; and

7s(w) = inf {Zzl Ai] s w = Zzl Aie; @ ei} ,

where the infimum is taken over all possible representations of w.

Remark A.12. By /8 Prop 2.3], the symmetric projective product @isE is a complemented
subspace of the “full” projective product E &, E.

Similarly as the full projective product can be identified with the space of nuclear operators,
the symmetric projective product can be identified with a subspace of this space.

Theorem A.13 (similar to |8, Prop. 4.3]). Let E be a Banach space and suppose that its dual
E* has the approximation property. Then the symmetric projective tensor product ®fTSE* can be
identified with the following subspace of the space of nuclear operators N'(E, E*)

N*(E,E*) == {N € N(E,E*): Ne = Zzl X (e,el) e, e€E}, (A.6)

79
where {e} }ien C E* is some sequence that satisfies |le|| =1 and >_7 ;|\ < oo.
A nuclear operator N € N¥(E, E*) is called positive semidefinite if
(e,Ne)pp- =20, e€EFE.

It is clear that N € N¥(FE, E*) is positive semidefinite if and only if the expansion coefficients \;
in (AZ6) satisfy A; > 0 for all n.

Theorem A.14 (|8, Thm. 4.6]). Let E be a Banach space such that its dual E* has the metric
approzimation property. Then the following embedding

&r, B < (B2,B)

18 a metric injection.
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Let e ®, €’ denote the symmetric tensor product of e, ¢’ € F

1
e®ge = §(e®e’+e'®e).

If {e;}ien is a basis in E then a basis in @ZE and @zE is obtained with the following ordering
of the symmetric tensor products e; ®; e;, compare with (A)

e1 ®ep
e Rg €1 — e X eg
e3®s€1 — €e3Qs€2 — es3 X es

g Qs — e1Qs€2 — e41RQg€3 —

Theorem A.15 ([10]). Let {e;}ien be a basis of a Banach space E. Then the sequence e; ®s e;
with the above ordering is a basis for both @isE and @st

B Proof of Proposition 4.10

Proof. (i) Fix y € X and consider the function z + cq(x,y). The following estimate holds for
any z, 2’ € X such that d(z,y) < d(z',y)
@2 (wy) _ o—d* (' )

@) ] o @@ ) - ()

e @) (1 e—(d“u',y)—d“(m,y)))

e~ @D (@2 (2! y) — d*(x, y))

20
e (A (@ y) + d* (2, 9))(d (2, y) — d¥(x,y))
e @D (2! y) + d* (2, y))d* (z,2),

NOINN

where in the second line we used the inequality e — 1 > ¢ valid for all t € R, and in the last
line we use the reverse triangle inequality with respect to the metric d*. Proceeding similarly
in the case d(2’,y) < d(z,y), we get

‘e—d%‘(w,y) _ e—d2°‘(m',y) < e—(min{d(w,y),d(m/,y)})%‘ (da(.%'/,y) + da(.%',y))da (JI,.’IJ/). (Bl)

Dividing this estimate by d*(x, z") we get

’e—dm(p,y) — e )

su < su e—(min{d(w7y),d(w',y)})2a 4o LL'/, +da z, <Ca,
p,p’gX da(fE,{E/) w,w/EX ( ( y) ( y))

where the constant ¢, depends of the diameter of X. Hence, c,(-,y) € Lip(X?®). Similarly,
dividing (B.) by d”(z,2’) with 0 < v < a, we get

o2 (@y) _ o d** (' y) . ]
< emmmldle d D™ (@7(a! ) + d° (,y))d 7 1) = 0

d¥(x,a’)

as d(z,z") — 0. Therefore, co(-,y) € lip(X7) for all 0 < v < .

Using the canonical identification of Lip(X* x X¢) with the space of vector-valued Lip-
schitz functions Lip(X*, Lip(X®)) and repeating the computations with appropriate minor
modifications, we obtain the claim.
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(i) Fixy € X and let z, 2’ € X be such that d(z', y) < d(x,y) and d*(x,y) = d*(z,2")+d*(2,y)
(that is, 2 lies on a d*-geodesic connecting x and y). Then

@ y) _ md (@) efd“(m,y)}efw“(m',y)fd“(m,y))_1}
= @) (e—<d2ﬂ<wzy>—d2ﬂ<w,y>> . 1)

e—dz"‘(myy)(dm(g;, y) — d** (2, y))
e @ (@ (2, y) + d (2, y)) (d° (2, y) — d* (', y)).

WV

Dividing both sides by d’(z,2), a < 8 < 1, we get
-2 (@ y) _ o=d®* (2,)

dP(x,x')

da(xvy) — da(x/v y)
dP(x, )

d*(xz,z")

dP(x,x’)’

> e @D (@ (2, y) + 4O (2 y))

= @V (2, y) + do (2, y))

Consider two sequences {p, z,, }nen C X such that d(x,,y) — 0 while d(z),,v) < d(xn,y)
and d*(zp,y) = d*(xn, z,)+d*(z),,y). That is, z,, z), — y along the d*-geodesic connecting
z and y. Then we have

e—d**(0y) _ ¢=d**(0"y)

o d* (2, z),)

> li —d? (Tn,y) 4o " 4o / ny Ly

p,il’ler dﬁ(a;, I/) Hvrzlesl\lllp (e ( (x 7y) + (xm y))dﬁ(xn,x;)
= oo

for a < B < 1. Hence, co(-,y) ¢ Lip(X?). Similarly, taking 8 = «, we get

—d**(p,y) —d**(p'y)
e L ' /
d*(zy, x),

do(zy, x!,

2a
sup > limsup (ed @) (d* (2, y) + d* (2],

pﬁp’ex dB(JI,.’II/) = neN ( ( n y) ( n y))
0<d(p,p’)<$

= ¢4 >0 forall§d>0,

where the constant ¢, depends of the diameter of X. Therefore, ¢, (-, y) ¢ lip(X®).

Using the canonical identification of Lip(X® x X %) with Lip(X“, Lip(X®)), we extend this
to the function ¢, (-, ), which completes the proof.
O

Remark B.1. One can see from the proof that the result actually holds for any metric space X
(which has to be path-connected for the second statement).

Corollary B.2. As a corollary, we get the following estimate valid for all x,2',y € X and any
O0<ax<l

. e*dza(iﬂy) _e*dza(Il,y)
(d*(a',y) + d* (ar,y))e- (XLl AT

do(z,z")
< (da(z[;/7 y) + da(l‘, y))e—(min{d(m,y),d(m/,y)})%"
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