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Tuza famously conjectured in 1981 that in a graph without k£ + 1 edge-disjoint triangles, it suffices to delete at most
2k edges to obtain a triangle-free graph. The conjecture holds for graphs with small treewidth or small maximum
average degree, including planar graphs. However, for dense graphs that are neither cliques nor 4-colourable, only
asymptotic results are known. Here, we confirm the conjecture for threshold graphs, i.e. graphs that are both split
graphs and cographs, and for co-chain graphs with both sides of the same size divisible by 4.

Keywords: Tuza’s conjecture, packing, covering, threshold graphs, co-chain graphs

1 Introduction

If we can “pack” at most k disjoint objects of some type in a given graph, how many elements do we
need to “cover” all appearances of such an object in the graph? Erdds and Pdsa famously proved that
if a graph contains at most k pairwise vertex-disjoint cycles, then there is a set of at most f(k) vertices
that intersects every cycle [8]. While the exact best value of function f is yet unknown, the asymptotic
behaviour was recently determined to be f(k) = ©(klogk) [5].

In this paper, we focus on edge-disjoint triangles; we refer the interested reader to [16] for a dynamic
survey on other objects. For a graph G, we call every family of pairwise edge-disjoint triangles a triangle
packing, and every subset of edges intersecting all triangles in G a triangle hitting. We denote by u(G)
the maximum size of a triangle packing in G, and by 7(G) the minimum size of a triangle hitting in
G. Trivially, there is a set of at most 3u(G) edges that intersect every triangle. We are concerned with
improving that bound, following Tuza’s conjecture from 1981.
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Conjecture 1 (Tuza [17]). For any graph G it holds 7(G) < 2u(G).

Conjecture 1, if true, is tight for K4 and K5. Gluing together copies of K4 and K5 along vertices, it is
easy to build an infinite family of connected graphs for which Conjecture 1 is tight. However, for larger
cliques, it is known that the ratio 7(K,)/u(XK,) tends to 3/2 as p increases [9]. In addition, Haxell and
Rodl [11] proved that 7(G) < 2u(G) + o(]V(G)|?) for any graph G, meaning Conjecture 1 is asymp-
totically true when 7(G) is quadratic with respect to |V(G)|. Those seem to indicate that Conjecture 1
should be easier for dense graphs than for sparse graphs. Conversely, it is asymptotically tight in some
classes of dense graphs [2]. If we focus on hereditary graph classes (i.e. classes that contain every induced
subgraph of a graph in the class), the conjecture has only been confirmed for a few graph classes. Those
classes include most notably graphs of treewidth at most 6 [4], 4-colourable graphs [1], and graphs with
maximum average degree less than 7 [15].

A good candidate for an interesting dense hereditary graph class is the class of split graphs, i.e. graphs
whose vertex set can be partitioned into two sets: one that induces a clique, the other inducing an indepen-
dent set. However, Conjecture 1 remains a real challenge even when restricted to split graphs. Another
good candidate for an interesting dense hereditary graph class is the class of cographs, i.e. graphs with
no induced path on four vertices. As an initial step, we focus on graphs that are both split graphs and
cographs, i.e. threshold graphs. While this may seem like a small step, it is arguably the first dense
hereditary superclass of cliques where the conjecture is confirmed.

Theorem 1. If G is a threshold graph, then 7(G) < 2u(QG).

In the latter part of the paper, we show that similar tools with more involved analysis can be used
to verify Conjecture 1 also for specific co-chain graphs. A graph G is a co-chain graph (or sometimes
alternatively called co-difference graph) if its vertex set can be partitioned into two sets K; and K5 such
that G[K] and G[K3] are cliques and there is an ordering ¢y, . . ., ¢,, on the vertices of /; and an ordering
dy,...,d,, on the vertices of Ky with N[c;11] C N|¢;] forall 1 < i < n and N[d;] C Nld;1] for all
1 <i < m. Wecall (K1, K3) aco-chain representation of G. We say that G is an even balanced co-chain
graph if additionally K} and K> are of the same size that is divisible by four.

Theorem 2. If G is an even balanced co-chain graph, then 7(G) < 2u(QG).

Theorem 2 can be seen as a very first step towards attacking Conjecture 1 on (mixed) unit interval graphs
as those graphs can be modelled as a concatenation of co-chain graphs. That is, vertices of graph G are
partitioned into r cliques C1,. .., C; where each (C;, C;;1) induce a co-chain graph and G contains no
other edges; see [12, 13] for more details. The simplest object for further study might be a k-path, which
can be viewed as a concatenation of well-structured same-sized co-chain graphs.

Finally, it is worth mentioning that Conjecture 1 is known to hold as soon as we consider multi-
packing [6], and in particular it holds in its fractional relaxation [14]. Another angle of attack consists of
lowering the bound of 3 step by step for all graphs. The best, and in fact only, such bound is slightly under
2.87[10].

1.1 Preliminaries

All graphs in this paper are undirected and simple. Let G = (V, E)) be a graph. By the size of a graph G
(alt. |G|), we always mean the number of its vertices. For all v € V the set N(v) = {u | {u,v} € E}is
called the neighbourhood of v and N[v] := N (v) U {v} is its closed neighbourhood. A matching in G is
a set of edges M C E such that every vertex of G is incident to at most one edge of M. A vertex v € V
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is complete to A C V,v ¢ A if v is adjacent to all vertices in A. Disjoint sets A, B C V are complete to
each other if ' contains all edges between A and B. Any omitted definitions can be found in the book by
Diestel [7].

Let us first recall the following well-known property (chromatic index of a clique).

Lemma 3. The edge set of a clique K on k vertices can be decomposed into k edge disjoint maximal
matchings for k odd and k — 1 edge disjoint maximal matchings for k even.

Proof: If k is even, we may identify the vertices of K with the set {0, 1, ..., k—1} and consider matchings
M; ={{0,i}} U {{a,b} |a#b, ab#0, a+b=2i (modk—1)}

for 1 < ¢ < k — 1. These matchings are edge disjoint and cover the entire edge set of K (cf. Fig. 1).
Removing any vertex (along with all incident edges) yields a desired matching decomposition into & — 1

matchings of the edge set of the clique of £ — 1 vertices. [
1 1
2 2
0 5 5
3 3
4 4

Fig. 1: The decomposition of edges of a 6-vertex clique into 5 matchings and the corresponding decom-
position of a 5-vertex clique.

A graph G = (V,E) isastarif V = {¢,s1,...,s1} and E = {{¢,s;}|]1 < i < k}; the vertex c is
called the center vertex of the star. A graph G is a complete split graph if its vertex set can be partitioned
into sets K and S, such that S is independent, K induces a clique, and K and S are complete to each
other.

The following lemma describes how to pack triangles in complete split graphs. As it is very central to
our proofs later, we include a proof here.

Lemma 4 ([9]). Let K be a clique, S an independent set such that they are complete to each other and
|K| = |S| = k. Then we can find an (optimal) triangle packing TP of size (g) such that:

1. It uses all edges from K and each triangle in TP contains exactly one edge from K.

2. If k is odd, the remaining edges (not used in TP) create a matching between K and S, otherwise
they create a star with its center vertex in S. Moreover, we can choose the unused matching and the
center vertex of the unused star arbitrarily.
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Proof: Consider a graph G composed of a clique K’ complete to an independent set S’ with |K'| = k
and |S’| = k — 1, where k is even. By Lemma 3, K can be decomposed into k& — 1 edge disjoint (perfect)
matchings of size ¥/2. Each such matching fully joined to a different vertex in S’ yields a family of %/2
edge disjoint triangles (see Fig. 2). The collection of all £ — 1 such joins is a decomposition of the entire
edge set of G into triangles.

Removing any vertex u from K yields a balanced graph with both sides of odd size, in which edges not
packed into triangles (participating in triangles whose vertex u got removed) create a matching between
K’ — w and S’. On the other hand, by adding a single vertex v to S’, we get a balanced graph with both
sides of even size, in which unpacked edges form a star (with v being its center vertex). O

( = )
e ‘e
[ J
o
°
|
( ]
K S K S
[ J
P —
-

Fig. 2: Full joins of matchings in ' with vertices in .S as families of triangles.

Corollary 5. Let K be a clique and S an independent set such that they are complete to each other.

(a) If|S| < |K

, then we can find a triangle packing of size |S| - | 1K1/2].

(b) If|S| > | K|, then we can find a triangle packing of size (lgl).

Proof: If |S| < | K|, we take arbitrary | S| edge-disjoint maximal matchings in ' whose existence follows
from Lemma 3 and assign them to different vertices in S. The full join of each such pair consists of | %1/2]
edge-disjoint triangles.

If |S| > | K|, we can derive the statement from Lemma 4: it is enough to take any | K|-element subset
S’ of S. O

We say that we pack edges of K with vertices of S when we use triangle packings from Corollary 5.
The following lemma describes tightly how many edge-disjoint triangles can be packed in a clique.

Lemma 6 ([9]). The optimal triangle packing for K, withn = 6x + 1,0 < i < 5 is ((3)*’“)/3 where k is
the number of not covered edges and

e k=0fori=1,3,
o k=4fori=25,
s k=75 fori=0,2
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s k=%+1fori=4

Observe, that we can always hit all the triangles in a clique by leaving a bipartite graph with partitions
of as equal size as possible and removing the rest. Therefore, the optimal triangle hitting in a clique
consists of at most half the edges.

2 Threshold graphs

A graph G = (V, E) is a threshold graph if its vertex set can be partitioned into two sets K = {c1,...,cx}
and S = {uq,...,us} such that G[K] is a clique and G[S] is an independent set in G, and Nc;y1] C
Nle;) forall 1 <4 < kand N(u;) € N(ujq1) forall 1 < i < s. We identify K with the clique G[K]
and say G = (K U S, F) is a threshold graph with given threshold representation (K, S).

The threshold representation of a threshold graph may not be unique. We prove that it can be chosen
such that the clique contains a vertex which is not adjacent to any vertex of the independent set.

Lemma 7. For every threshold graph G = (V, E) there exists a threshold representation (K, S) such
that there is a vertex v € K with N(v) NS = (.

Proof: We fix a threshold representation (K, S) of G. Suppose for all v € K holds N(v) NS # . Then,
since G is a threshold graph, there is a vertex w € S such that N(w) = K. We obtain a new threshold
representation (K’,S") of G with K’ := K U {w} and S’ :== S\ {w}. Since S is an independent set, w
has no neighbours in S’. O

We can now prove that Conjecture 1 holds for all threshold graphs.

Proof of Theorem 1: Let G = (K U S, E) be a threshold graph with K = {c;,...,cx} and S =
{u1,...,us} such that N(ck) NS = (). By Lemma 7, such a representation exists. Let r € {1,...,s}
be chosen minimal such that {ci,..., ¢/} € N(u,) and let X be the subset {u,,...,us} of S (see

Fig. 3). Note that X is complete to the set {c1, ..., ¢/ }. We distinguish two cases, based on the parity
Cl1 ® e Ui
Cc2 @
® Ur—1
Cri/2] o e, ] S
K ____________
Clr/a]+1 @ : X
o o Uy
Ck—1 ®
e

Fig. 3: The structure of threshold graph G.

of k. First, we focus on the case that % is even. In this case we consider two cliques K, and Ky, of
equal size, induced by vertices {ci, ..., ck/z} and {ck/QH, ..., Ck}, respectively.

We construct a triangle packing TP of GG using Corollary 5 as follows: we pack the edges of K}t with
vertices in Kyop, and the edges of Ko, with vertices in X (see Fig. 4(a)).
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) s 2
K
X
~—
-
o Ck T(G)
-« * " J
(a) triangle packing (b) triangle hitting

Fig. 4: The (a) triangle packing and (b) triangle hitting providing the bounds for | X| > /2.

If | X| > g, then TP is a triangle packing of size 2(ké2). On the other hand, a triangle hitting of size
(kgl) can be obtained by taking all edges from K except those incident to ¢ (see Fig. 4(b)). Thus, we
obtain a lower bound on the triangle packing and an upper bound on the triangle hitting yielding:

T(G)S(k;1)=k;2'(k—1)él€;2-k=4<k§)§2M(G)-

If | X| < &, then TP is of size at least

(222 (2) e 5-3)

On the other hand, the edges inside Ko, and inside Kot together with all edges between S and Ky ot
build a triangle hitting of G (cf. Fig. 5(b)) of size at most

() ()

Indeed, recall that ¢ does not have any neighbours in .S, therefore we have at most | X| (g — 1) edges
between X and K3, and by definition of X, there are no vertices in K34 having neighbours in S \ X.
Thus, we again obtain a lower bound on the triangle packing and an upper bound on the triangle hitting

yielding:
G < 2(’“@ FIX| (’; - 1) _ 2('“22) +21x]| (i - ;) < 21(G).

We are left with the case that £ is odd. We consider the cliques Ko, and Ko induced by sets
{e1, ..o ey} and {corayjapa, - - -, Cr ), Tespectively.

Again, we look at the size of X and in case it is large, we can derive a similar argument as in the
previous case, using Corollary 5. More precisely, assume that | X| > % Then we pack the edges of

(k41)/2
2

Kot Into ((k;)/ 2) triangles with vertices in K,p, and the edges of Koy into ( ) triangles with
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) s 3
Ktop
I~— T """
)
X
Kbot —
o Ck 7(G)
(a) triangle packing (b) triangle hitting

Fig. 5: The (a) triangle packing and (b) triangle hitting providing the bounds when | X | < /2.

vertices in X . Together, this gives a triangle packing of size

k+1 k-1 2
- T e W Y
2 2 4
The triangle hitting again consists of all edges from K except those adjacent to ¢y, therefore has size
(kgl) (recall Fig. 4). These two bounds together yield:

2
o= (")) =5 w-n < B e

It remains to consider the case | X| < % In order to find a triangle packing, we define K7, and K}

to be induced by {c1, ..., cw-1),} and {cur1)/s, - - -, Ci }, respectively (so K{,, = Kiop \ {cu+1)2} is

of size % and K, = Kpot U {Cr+1),} is of size %). We build a triangle packing analogously to

<k+1>/2J Ck=l oy E-1

before, using Corollary 5. The edges of K7, can be packed into | —; 5= = % triangles

with vertices in K{,,,. Moreover, min{|X| - [57L], ("7,7*)} > |X|%52 edges of K{,, can be packed

into triangles with vertices in X (see Fig. 6(a)). This gives a triangle packing of size at least

k—1 k-1 k—3
_ — 4+ | X —.
2 4 +1X] 4
To find a triangle hitting, we again consider the partition of K into K., and Kyo.. We take all edges
inside Kyop, and inside Kot together with all edges between .S and Ky, (see Fig. 6(b)). Again, recall
that ¢, € Kyt does not have any neighbours in S, and there are no vertices in K}, having neighbours
in S\ X. Thus, this yields a triangle hitting of size at most.

k+1 k=1 k—3
2 2 X|—.
(3)+(3) 5
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Therefore, we obtain the following which concludes the proof:

o= (3 )+ ()t

(k—1)° 3 k—1 k—1

k — k—3
= —_— —_— —_— 7< .
X =2 21X < 20(6)

2

(a) triangle packing (b) triangle hitting

Fig. 6: In (a) the triangle packing and in (b) the triangle hitting providing the bounds for | K| odd and
| X| < (k+1)/2.

3 Even balanced co-chain graphs

In this section we prove Theorem 2. To this end let G be an even balanced co-chain graph and (K75, K>)
its co-chain representation. Recall that K1 and K5 are of same size which is divisible by 4, for the rest of
the section let | K| = | K| = 2¢ for £ even. We identify K and K5 with the cliques G[K;] and G[K3].
See Fig. 7 for an illustration.

We prove that Tuza’s conjecture holds for this graph class.

Proof of Theorem 2: Note that in the case £ = 2 we get an 8-vertex graph which is either a clique, or
has average degree less than 7, so this case is covered by [15]. Therefore in the following we assume that
>4,

Similarly to threshold graphs, we use K fOP, KPet for the top and the bottom half of K, respectively,
and similarly K;Op, Kb°t for the top and the bottom half of K. Let X; C K, Xo C Ko be the sets
defined as follows: ¢ € X if K¥°* C N|c], and d € X if K}°® C NJ[d]. See Fig. 7 for an illustration.
We denote x; = | X | and 25 = | X5|. By definition, 21 > £ implies that the set X; 2 K{Op is complete to
Ké"’t. Consequently, x5 > £. Similarly, x5 > ¢ implies x1 > £. Therefore, 1 > /¢ if and only if zo > /.
We assume without loss of generality throughout the entire proof that z1 > xo. We split the analysis into
two main cases.
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top top
Kl KQ
X
Xo
bot bot
Kl KQ

Fig. 7: An example of an even balanced co-chain graph with ¢ = 4 (omitting the edges inside the cliques
K 1 and K 2).

3.1 Thecase xy,1, < /{

In this case X; C KIOP and X5 C K»°t. Suppose there is an edge cd with ¢ € K; \ X; and d € K;Op,
then ¢ is adjacent to all the vertices in K5° and so ¢ € X, which yields a contradiction. Similarly, there
are no edges between KP° and K, \ X,. In particular, there are no edges between K5°° and KDt

We choose a triangle hitting TH obtained by taking all edges within K[°P, K3°P, KP°t, and K}°t, as
well as edges between X; and K5°!, and between X5 and K '{c’p as illustrated in Fig. 8. Observe now that
in the graph G — TH vertices in X; only have neighbours in the independent set K2°t U K. ;OP, vertices in
K;°"\ X, only have neighbours in the independent set K}°* U K5° \ X5, while vertices in KP° only

have neighbours in the independent set K for’ U Xo. Therefore the set TH is indeed a triangle hitting of G.

(r N) (r 3)
to to
K K°°
1 2
|\ J (& J
e N e p
bot bot
K7 K;
\\ )) k\ ))

Fig. 8: The triangle hitting used in the case x1, xo < /.

Therefore,

7(G) < |TH| = 4(5) +lxy + bry — ;179 = 4<£

2) +lxy + (0 — zq)xs.

Indeed, we note that we counted edges between X; and X5 once in term ¢x; and once in term {x5 which
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we compensate by subtracting the last term x;x5.

Let us now create a sufficiently large triangle packing. First, we pack all edges of KP°' with vertices
in K}°P and also all edges of K5° with vertices in Kb°t; we denote the set of these triangles by A (see
Fig. 9(a)). By Lemma 4, A contains 2(}) triangles. Observe that 2|A| — |TH| = —fz1 — (£ — z71)22.
First, we sort out the single case where x; = ¢, and, in consequence, x5 = ¢ by definition of X; and X
together with the assumption that zo < /4.

3.1.1 The subcase x1 = x5 =/

In this case, [TH| = 4(%) + 2. As K{°® U K} is a clique, by Lemma 6 we can pack at least

3 ((2;) —(— 1) triangles in it. Together with A, we obtain a triangle packing TP. If £ > 5, then

2TP — TH > % ((2;) —f— 1) — 02 = % (62 — 40 — 2) > 0. If £ = 4, Lemma 6 gives us a stronger
bound without the term —2, leading to 2TP — TH > 1 (¢2 — 4¢) = 0. Both cases imply 2,(G) > 7(G).

.
)
(a) set A of triangles (b) set B of triangles
e prer— e N s N s N
S S
| G | (]
N J \ J N J § @ J

(c) set C' of triangles (d) set D of triangles

Fig. 9: Triangles in (a) A, (b) B, (¢) C, and (d) D in the case x1,z2 < /.

3.1.2 The subcase xi, x5 < {

Now, we consider the remaining case where x; < ¢, and, in consequence, xo < /.
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We choose a triangle packing TP as follows (see Fig. 9). We take the set A of triangles as defined
before. Recall that 2| A| — |[TH| = —¢x; — (£ — x1)x2. We create a set B of triangles by packing edges of
K. 5"“ with vertices in X;. By Corollary 5(a) and as x; < ¢, B is of size £/2 - x1. We create another set of
triangles C' by packing edges of X; with vertices of K {Op \ X;. Next, let D be the set of triangles created
by packing edges of KfoP \ X1 with vertices in X5. It is clear that all triangles in TP = AU BUC U D
are mutually edge-disjoint, therefore TP is indeed a triangle packing.

Let us first settle the case that x; is even. As 2(|A| + |B|) — |TH| = —(¢ — 1)z if 21 < ¢, it remains
to show that 2 |TP \ (AU B)| = 2(|C| + |D|) > (£ — x1)xa.

If { — 21 > x5, then 2|D| = (¢ — x1)x2 by Corollary 5(a). So, assume that £ — x1 < x5. Consequently,
¢ —x1 <z and thus £/2 < xq. If 21 = £/2, then, by z1 > xo > £/2, we have x5 = ¢/2 as well. Thus,
as £ > 4,2(|C| + |D]) — (£ — x1)zs = 4("}%) — 2/4 = £({ —4)/4 > 0. For { —z; < a1 we get
2|C| = 21(£ — x1) > x2(¢ — x1). Therefore, we always have 2|C U D| > (¢ — x1)x2 for even 21, and
s0 2u(G) > 2TP > TH > 7(G).

In case x; is odd, we add one additional triangle to our triangle packing as follows. Note that if there is
no edge between K P and K5°t, then all edges between K°P and K5°” hit all triangles between K and
K, therefore taking these edges instead of edges between K {Op and KY°! creates a triangle hitting TH’
of size at most 4(2) + 21/ as all the edges between K f(’p and K. ;°P have one endpoint in X;. As z1 < /£,
we obtain 2,4(G) > 2(]A| + |B|) > |TH'| > 7(G). Thus we can assume that there is at least one edge uv
with v € KP°t and v € K¥°t.

Note in particular that v € X5 as every edge between K P°t and K»°! has one endpoint in X5. Observe
that [ K{°" \ X;| = £ — x is odd, so there exists an unpacked matching between K[° \ X; and X (not
containing edges used in triangles from set D). Indeed, each maximal matching in K f(’p \ X constructed
according to Lemma 3 omits a different vertex u; € K fOP \ X7, so after the matching is fully joined with
a vertex us € Xa, as in Corollary 5, the edge ujus remains unpacked. A collection of all such edges
gives the desired matching. Let w € K fOP \ X be a vertex such that wv is an edge of the mentioned
unpacked matching. Finally, as £ is even, a star with center in K foP is not used in any triangle in A, by
Lemma 4. Note that the center of this star can be chosen arbitrarily among vertices of K fOp by Lemma 4;
let us choose w to be the center. Therefore, uvw is a triangle which is edge-disjoint with every triangle in
AU BUC UD and we may set TP°% = TP U {uvw} for odd ;.

Recall that 2(]A| + |B|) — |TH| = —(¢ — x1)xz2. Similarly as before, we need to prove that

bot
1

9 TPOdd\(AUB)‘ — 2(|C’| + |D| +1) > (5*%1)932.

If ¢ — 21 < o, then again ¢ — 21 < z; and thus ¢/2 < zy. The case £/2 = x; can be handled
exactly as in the even case. So assume further / — x; < =z, then using Corollary 5 we obtain
2(|C1+|D)) = (xl—l)(f—x1)+2(f3x1) =(x1—-1)(l—x1)+{l—21)(l—21—1) = (b—x1)({—2).
Consequently, 2(|C|+|D|+1) — ({—x1)xs = 24+ (£ —x1)({—2—x2). Observe that, for 25 < {—2,
we already get (¢ — x1)(¢ — 2 — x2) > 0. We have 2y = £ — 1 because z is odd and ¢ is even. For
xg = f—1,wehave x; = {—1because z2 < 1 < {. Thus 24+({—z1)({—2—z3) = 2+1-(—1) > 0.
Therefore, we obtain 2 (|C| + |[D| + 1) > (£ — x1)zs.
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If £ — 21 > a9, then 2|D| = (¢ — 21 — 1)ag = (£ — x1)x2 — 2. Hence in this case, D alone does
not suffice as it is missing x5 triangles. We therefore need 2 |C| + 2 > z2. We use Corollary 5 to
analyse the size of C'.

Ifz) </l —ap,then2|C|+2 -2 > 21(21 — 1) —22+2> (22— 1)2+1>1asay(z; — 1) >
1‘2(.%‘2 —1). Ifx, > E—xl,then,2|C|+2—x2 = (.1‘1 —1)(£—I1)—$2+2 >r1—29+12>1,
as £ —x1 > 1 and z1 > x5. So in both cases we obtain 2 |C| + 2 > x5 + 1 > xs.

We conclude that 2,(G) > 2TP°% > TH > 7(G).

3.2 Thecasex, >/¢andxzy >/

(r N) (r )
top top
Kl K2
(& J (. J
B s N
bot bot
K7 K,
\\ )) k\ ))

Fig. 10: The triangle hitting used in the case z; > ¢ and zo > /.

We choose a triangle hitting TH obtained by taking all edges within K[°°, KP°t, K5°® and Kbt as
well as edges between K;°° and K5°t and between KP° and K3 (cf. Fig. 10). The graph G — TH is
bipartite, thus TH is indeed a triangle hitting in G. We have

TH| = 4@ + 0 4 |E(K™, KY) | < 36° = 204 (a1 — O) (2 — 0).

We choose a triangle packing TP as follows. Pack all edges of K3°P with vertices of K5°t, all edges
of K{° with vertices in K5°* and all edges of K " with vertices in K}°P. This gives a set A’ of 3(%)
triangles (see Fig. 11(a)). By the second part of Lemma 4 there exists v € KEOt such that edges between
v and K% U K1°P are not used in A’. Additionally, define a set B’ of triangles obtained by packing
edges from K%° with vertices of X; N KD (see Fig. 11(b)). Then |B’| = £(z1 — ¢) if 71 # 2¢ and
|B'| = (S) (by Corollary 5(b)) if 1 = 2¢. Finally, let C’ be the set of triangles using v and any maximal
matching between K|°P and X N K5°P (see Fig. 11(c)). Since K;°P is complete to X5 N K3°P, we obtain
|C'| = xg — €. Ttis clear that TP = A’ U B’ U C' is a triangle packing.

If 1 < 24, then

2|TP| — |TH| > 30(¢ — 1) + £(xy — £) +2(xg — £) — 302 + 20 — (z1 — £) (z2 — £)
=(x1—L—1)(20 —x3) + 29— £>0.

The last inequality follows as z; > ¢ + 1.
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N
),
(a) set A’ of triangles (b) set B’ of triangles
(, O ( 1\
Ktop
1 : Xo N K5OP
N
0
. J & J
(c) set C’ of triangles
Fig. 11: Triangles in (a) A’, (b) B’, and (¢) C" in the case x1 > £ and x5 > /.
If x1 = 24, then we similarly get
2(TP| — |TH| > 36(£ — 1) +£(£ — 1) + 2(zg — £) — 30> + 20 — £ (x5 — {)
={—-2)(20—1x)>0.
We conclude that indeed 2u(G) > 7(G). O
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