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GESTION DU CONTENU

•Classification des éléments du
site
•Gestion des éléments du site
Web

Données utilisées : éléments de
contenu, taxonomie, thésaurus

FOUILLE DU WEB

•Analyse des documents consultés
(“web usage mining”)
•Analyse du contenu du site (“web
content mining”)

Données utilisées : base de connais-
sances, historique, profil d’utilisateur

Journal d’accès
aux pages (“Logs”)

Serveur Web

Module de
publication du site

Module de
recommandations

interface
utilisateur

Partie de l’application “en ligne” Partie de l’application “hors ligne”
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∑
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√

√

√

√
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∑
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i
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√

√

√

√
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∑

i=1

(xi − yi)2
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`�0�$'4J<s4�87:87T">�0&$7*-$7:A<v2(T%8�W`87T">�R(0&$3.($5:$3W',;:4JG&.(87T%$7T1k@69V 6(:FT%8'4%$�>�6�0&,=4\G&kA6$_K

������� � � � � k�Jrk�M?k�� <?@ m >w@ m :hg m @>= C �
D >O<%,;29,;0&,=4\G&$?.�V 6(:FT%8'4%$�>�6F.(8'4JG�4\:$50P>bW�>OE',;:F.(,;:A<d4%,;:@<]G=:A<%$7T%W',;:(:$'W7<%8'4v4%$'4]. G���87T%$7:A<%41W',;*Z29,\4">�:@<%4(K

D $'4d2(TJG=:W7G=2K>�0&$'41<%,;29,;0&,=4\G&$'4d4%,;:@<+>�6F:,;*UR(T%$S.($ 9/�

➠
iOk lnm c : C;e c C : g
D >M<%,;29,;0&,=4\G&$�>�G=:4JG1k@6$t0&$/2(0P>;W'$7*-$7:A<t.($'4-.(,;:(:8'$'4q.>�:4-0&$/T%8'4%$�>�6�:$�4J6(G=V�$7:A<t>�6W76(: ,;T%. T%$
2K>�TJ<JG&W76(0=G&$7T(K 0b$7<J<%$3<%,;29,;0&,=4\G&$3$'4J<+W�>�T">;W7<%87TJG&4J<JG&kA6$S.($'4]T%8'4%$�>�6JI�>;.�Z�o,HW3,�5F0qVu>�TJTJG=V�8'$U$7<10&$3.(872K>�TJ<
4J<%,@W"oK>;4J<JG&k@6$3.($'4]*p>;W%o(G=:$'4+:$529$7TJ*-$7<J<%$7:A<12K>;41.($?*p>�G=:A<%$7:(G=T+6(:$34J<JTJ6W7<J6(T%$ p�I($_K

➠ �B=�< 8 M @ F @ l c m c : C;e c C :hg
D $[T%8'4%$�>�6 $'4J<FW',;:4%<JG=<J68E.($[2(0=64JG&$76(T%474\T%,;6(29$'4F:,;: 4%<JTJ6W7<J6(T%8'4FT%$70=G&8'4�$7:@<JT%$E$76JI 4%$70&,;: 6(:$
<%,;2�,;0&,=4\G&$O4J<JTJ6W7<J6(T%8'$_KdL1:N$�I $7*Z2(0&$O.�V 6(<JG=0=G&4">�<JG&,;:[.($UW'$7<J<%$O4%,;0=6(<JG&,;:M$'4J<10&$ST%8'4%$�>�6n*ZG&4v$7:n2(0P>;W'$
2K>�T Nv:A6(<%$70=0P>UkA6K>�:.Z.($'4 Rb4J6(29$7TJ2K>�G=T%4wTbMY4%,;:A<c>��J,;6(<%8'4(H\G=04^Vu>h4\G=<�.�V 6(:$d4J<JTJ6W7<J6(T%$1o(G&87T">�T%W%o(G&k@6$_K

➠ � k : c @ F @ l c m c : Cfe c C :hg/�,;64t0&$'4s2K>�G=T%4/4%,;:A<tT%$70=G&8'4/$7:@<JT%$[$76JI�4%$70&,;: 6(:$N0&,=4\G&kA6$M.�Vu>h4�$7:W'$7*-$7:A<�2(T%8'.(8�p:(G&$_K�0b$70=0&$�ZLW7G
4(Vu>�2(2(0=G&kA6$a4\0&,;RK>�0&$7*-$7:@<O>�6MT%8'4%$�>�69K /�,;6(< MN$'4J<52K>�T*W`>�G=<%$7*-$7:@<U,;T%.(,;:(:8Z$7<5T">�:�4�8_H�W%oK>;k@6$Y2K>�G=T
4">�G=<f2(T%8'W7G&4%87*-$7:@<_,�5O4%$�<JT%,;6(V�$�W"oK>;kA6$b.(,;:(:8'$
T%$'W"o$7T%W%o8'$_K 0 V)$'4J<i0&$
W�>;4�2K>�Ti$�I $7*Z2(0&$b. 6U4	M 4J<"o7*-$
0$�	��
�+>�<J:K>;4">��bM��Jy_H��+>�<J:K>;4">��bM �_2\>�� K

0��'4]<JT��;G&4dW�>�<%8�4��;TJG��'4����������������=4! ��#"	"���$%�	"%W%o'&(�*)��+ �"�&#�#"	"+,(T-�.)bp�4!,(T�� 9JK x�K
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	��

������
��� $���������������� � �!��"!$#%��&('*)+',� � $���������������� � � � $��������*�������
L2��MON 9JK x 7 E� �� &�-��($%���#"	�����������=4! ��#"

E V ,�$ � �� $%� ���/. ,'��)�$ )���M �+ �0%,'�_H �1-��� �"+2�-+ �"o�-��#"�����-+� �(�+���($ � �����  �� &�-��($32( ���-42#�#"������ �����=4! ��#"(KJ` � "(V )h4! �
��� �.)�.!)����(,5-	� �^M��($�$'� � ,62#� ��782( ��($%� ��� ��� ,'"92#��,5-+�:2<;'�(�  $ [=2#�>0 ,� 9W ��,5-+$� ��,�$'� )����5-�� I  �*)��+ ���$ � ,
�  .)�� o(�1-���� ,?-�&#" � )�, ]�H ��� �.)-�  �"+�1-+  @�,��+ ���$ ���#" ����4A-�&#" �(� � ,?2 N/782( ��($ � ���r4A-���,�� �(� �($%�(K=F ��,5- ���#" ��&�p'$�  -(H
2#��$'"+ ���&�-���$'" ,�$ 4A- )��5;'�

G(V,E)
)�.��B2

V = v1, v2, . . . , vn
�qV�($'"��(�C@���� ���#"�$�N�,'��" �(�

E ⊆ V × V
2#�(� ,� 

���#"�)�-D2#"(K�L	$'�	)�-D2	�($%�1-��	,�$*$�N�,'�
vi

�(�
vj

"���- ) $'����&
eij

H ��� "��!-+���90%,'�
E(V ) = {eij |vi, vj ∈ V }

K � �� �
,�$ $�N�,'�

vi
H "���$E.��� �"+ $ )h4��

Ni
�#"+�C2#��� � �!"�& ��� �qV�($'"��(�?@����*���#" $�N�,'��" )�,30 ,'�(�

vi
�#"+� �   -��B2(���(� �($ �

2#��$�$'�B2(��&_K

F @HG l < c < k3l �JILK!M=N�OQPRPTSUO5V
vi WYXCZ [ P5\ [�]8^�_�[ V [ \`PTSUO5V�\CaDK!P5\�N=MbN=O5c!PdN�\�K!P6e�K!Mf\$MbPTc�g [h[ \�NUVQibj�P3MLklcAm>n

Ni = {vj |eij ∈ E}
[ 9JK x�]

V�cAP5\ _�[ aDc!\�V Z OoPpg!m1c$kdq [ V!Mbm�MrgHi�stM _ k [ OlN/i�g�c _ [�]8[ PTNvu�N=m [ VHibj�P3M+aDK ]h]8[ i�N�c!PdN _DZ [ P5\ [�]�^�_ [ V [ \hPTSUOlV!\
\�MbN=O3i$\xwyOQP [ V!Mf\�N�c!PTa [ OQPdMbN�c!Mbm [ V [ vi

\�KAMbN _DZ [ P3\ [�]8^�_�[ {vj |D(i, j) = 1} W D(i, j)
i�N�c!PdN _ cEV!Mf\�N�c!PLa [

] MbP3M ] O ]z[ PdN=m [ V [ OA{CklK!MbPdNb\
i [ N

j
V [ V W

F}| G l�~ c ~ k3l ���UP�c$kHk [�_b_ [ V [ g!mDi
ki

V Z OQP�PLSUOlV
vi _�[ PTK ]8^ m [ V Z i _ i ]8[ PdNb\U�BO [ aDK ] klK!m�N [ \�KAP�e�K!Mf\$MbPTc�g [�W

ki = |Ni| � 9l�&D��

• �  �"+�1-+  @�,��+ ���$ ���#" �����A-�&#" �')�$'" ���v�A- )��5;'�
� �#" �  �� &�-��($%��" � � �5�(���#" "���$ ��2#��� � )�- )�@����#" "��(����$ �.)��  �"+�1-+  @�,��+ ���$

P (k)
���#" �����A-�&#"

k
���#" $3��,'��"

� ,�-�&#"�� )�,��o� �	�����A-�&��Y� ,�$ $3��,'��2#�!-1-��#"+� ��$'�x� "���$ $'���C@5-������92#��$�$'���  ���$'"�� � )�$'" ���92 )�" �!�  �
�#"+��� )� � ,�$'� �  �� &�-��($32#� �($%�1-�� ���#"�2#��$�$'���  ���$'" �($%�1- )�$ ���#" �(� "��!-+� )�$%���#"��!���(,l� �5-��!@ )�@� �  ��&#"

Pin(k)�(�
Pout(k)

� ��,5-1-���$%�v-��#"+� �B2(�+  .��(� �($%�C�(�1-�� �5-+ �"��#"��($R2#��� �����A� �4�'$ �Y�  � � ,'"+�1-���-`2#�>2#��$32#�(��� ���
�����A-�&A� �5-��($'��$'" ��������(� ����� �Y� ,�$'�	� )����4� ��@�2#��� ���!-+� )�$ � ���#" �  ��($'"�;H� ����-+����� ���A�H� � $'���C@5-������
�  ��($'"�"��!-+� )�$%��"��T2A��#"+�v�*�   -�� ���� $ � )�$%�v.���-�"��Y� )�,��1-��#"	� )����#"��d2#�!-1-��#"+� ��$'� )�, �����A-�& " �!-+� )�$%���L� �
�����A-�&��($%�1- )�$ ���#"+�U0%, )�$ �t� � ,�  $'�  �0 ,'& � )�- ���-$'���C@5-������-�  ��($'" � ��-+� �(�+� )�$%��� ���(��,� �" ,�$'��)�,��1-��
� )����A�'�Y� )�-1-+  .�&#� "+,5- �.) � )����`2#��$32#��-+$'&#�A�

•
0 )���2(,�� � ,�2#� ��782( ��($%��������� ,'"�2#��,5-+��2<;'�(�  $
0���2#� ��782( ��($ � � �#"�,5-�� �.) ��� ,'">2#��,5-+��� �  �"+� )�$32#� " &(� )�- )�$%� ���(,l� $3��,'��"���� � �#"+� � �����($�$'& "+,5-
����($'"��(�?@���� ���#"9-�&#"�,�� � )���"	�!@����($ ,'"�����,5-v2D; )!0 ,'� � )�  -�� � �!"�"+  @����A�L���&B0%, )��+ ���$ � 9l� ���-����-+� �(�����

�:9 F>�� :9
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2 )���2(,�����-�2#�(�+���U.!)����(,5-���� )4.!)����(,5- ���

C2
n

��" �� � ����$'���C@5-�� ���U2#���C@� $ )� �" ��$'" ����� &(��&(� �($ ��" � )�-+�  
n

�  $'�  �0 ,'� ����$'���C@5-�� ����� )�� ���`2#��$�$'���  ���$'"��

L =
1

C2
n

∑

i,j∈V

D(i, j) � 9l� ���

•
0 )���2(,�� � ,�2#� ��782( ��($%�����v�A-���,����(� �($ �
0��	"��B2#��$'��2B�/782( ��($%��� ��-+� �(� ��� � �#"+,5-���- ��� � )�,l� ���4�A-���,�� �(� �($%� � ,��A- )��5;'�A��� ��,5-�,�$ $3��,'�
vi

�  ��2#�!-1-��#"�����$'� )�, - )���� �!-+� �($%�1-�� ��� $'���?@5-��*����� )�� ��� �  ��($'" ���  �"�� )�$%��" �($%�1-�� ���#" � �(�?@5-��#"
��� "���$R.��� �"+ $ )���� �(����� $'���C@5-�� �*)��  � ,�� ��� �  ��($'"�� �!"�"+  @����#"����	$6.��� �"� $ )����>2#��� � �!"�& ���

ki$3��,'��"���) ,�$ $'���C@5-�� �*)��  �*)�� ���:2#��$�$'���  ���$'" &��%)����
ki(ki − 1)

�

Ci =
|E(Ni)|

ki(ki − 1)
� 9l� �A�

� )�$'"	���`2 )�" �Y� ,�$p�A- )��5;'� $'��$�� �   -+  ��&A�
eij = eji

��� $'���C@5-�� �*)��  � ,�� ��� �  ��($'"��#"+� ����$32 &��%)��
� ki(ki−1)

2

�l� �:2#� ��782( ��($%� ���/�A-���,�� �(� �($%� � ,x-�&#"�� )�,
C
�#"+���!@����($ , �($ � �����($�$ )�$ � ���#"t.!)����(,5-�"

���#"
Ci

�!@����($ ,'�#"-� ��,5-�2D; )!0 ,'� $3��,'� � , �A- )��5;'� � �B0%, )��+ ���$ 9l�% ����

C =
1

|V |

∑

vi∈V

Ci � 9l�% ��

0��(�+��� ��&��'$� �+ ���$ ���(,����(�1-�� &(���($'� ,'� ����� )OE#��$?���5-��($'�l-�� �($C2#��� ����� ���#" )�-D2#"�.!)�� ,'&#"�� � 2D;��  ����
 � 2D;��  ���	��
��
�5-���� �!"�� ,�$'�/� �!-+� ,��.)��+ ���$6@ )�"�&#� "+,5- �.) � �#"�,5-�� ��� "+ �  �.)�-+ ��& �($ �1-�� ���(,l� $3��,'��"��

γw
v =

1

kv(kv − 1)

∑

w∈Γ(v)

sim(v, w)|{u ∈ Γ(v) : (w, v) ∈ E}| � 9l����

)�.��B2
7 Γ(v) = {u ∈ V \{v} : (v, u) ∈ E}

���#"-$3��,'��"	)�,l�50%,'�(��"
v
�#"+�42#��$�$'�B2(��&A�

7 kv = |Γ(v)|
�.) � )� � ��� � , .��� �"+ $ )����A�

� � $'���?@5-�� �*)��  � ,�� ��� �  ��($'"�� �!"�"+  @����#"��')�$'"����C.��� �"� $ )���� ���
v
�#"+�����

kv(kv − 1)
�')�$'"����

2 )��l-����Y� ,�$��A- )��5;'���   -+  ��&��!� ,�$ �*)��  � ,�� ��� ���(,l��2#��$�$'���  ���$'"����(,��t�(�1-���&(� )�@��  ��($ �1-������(,l�
� )�  -�"�� �  

Γv = 0
� )�,32(,�$ ���#":.��� �"+ $'" ���

v
$�� ) ����2#��$�$'���  ���$ )B.��B2 ,�$ )�,��1-�� ���#":.��� �"+ $'"�� �  

Γv = 1
������,'" ���#"+.��� �"� $'" "���$ �  $%����-D2#��$�$'�B2(��&#"��($%�1-�� �(,l� �

��������(� ����� $%,�� &�-+ �0 ,'�C2( �� )��5-D�#" ����-+� �(� �Y�  � � ,'"��1-���--���`2 )���2(,�� ���`2#�#"�2B�/782( ��($%��"��

V = {v1, v2, v3, v4} E =

{

(v1, v2), (v2, v3), (v2, v4), (v3, v5), (v4, v1)
(v4, v2), (v4, v3), (v4, v5), (v5, v3), (v5, v4)

}

� $ 2#��$'"+ ���&�- )�$ �*��� $3��,'�
v4

��$ �!@��+ ��($%� ���x.��� �"+ $ )����
Γ(v4) = {v1, v2, v3, v5}

0 ,� ) ,�$'� � )� � ���
kv4

= |Γ(v4)| = 4
�

��
-F>�� :9
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L��DMON�9l�&D 7 �����(� ����� ���v�A- )��5;'� ����,5- ���:2 )���2(,�� ���:2#� ��782( ��($ ��"

γv4
=

1

4(4− 1)

∑

w∈{v1,v2,v3,v5}

|{u ∈ {v1, v2, v3, v5} : (w, u) ∈ E}|

=
1

12
(|{(v1, v2)}| + |{(v2, v3)}|+ |{(v3, v5)}|+ |{(v5, v3)}|)

=
1

3
= 0.33

γw
v4

=
1

4(4− 1)

∑

w∈{v1,v2,v3,v5}

sim(v, w)|{u ∈ {v1, v2, v3, v5} : (w, u) ∈ E}|

=
1

12
(0.9× |{(v1, v2)}|+ 0.3× |{(v2, v3)}|+ 0.3× |{(v3, v5)}| + 0.8× |{(v5, v3)}|)

=
2.3

12
= 0.19

�	��,'"��5-�&#"��($ ����$'"42( �� ���#"�"���,'"�,�$'�/- )��� ���� &(�+,'���������1-��� �" � � �5�(���#" �����  �"+�1-+  @�,��+ ���$� )���& )�����  -��A��" )�$'"
&B2<;'�(� ��� ��� "D2 )������=-��#���5� �(� ���(�+ � � ��$'��� ��� "+�*)�� ��� �!-+�����5���
� � ���B2(���(,5-  $%��&�-��#"�" & � ��,5-1- )p2#��$'"+,�� ����-
���#"��1- )B.!)�,l� ����� )�- )�@���"+ 
!�	� @ ��-+� � ��� ����,5- ,�$'��&(�+,'������� ,'"+2#��� �����(��� ��������,����#" ���#" �5-����5-+ �&(��&#"-���v2#�#"
� � �5�(���#"��

������� � ��� ����� | =�� � = M � =! �" ~$# | �&%('�� =�)+*," F.- |  0/1" #	��2,3
� �#"�-�&#"�� )�,l� )���& )�����  -��#" ��$%� &(��&������5-��(�  ���- � � �5�(��� �  �" )�, � �� $%���A� ���#"+� ��I�� ��-��54!" �(� �	�($H�  50%,� ��($

� �ED � ��$ � &(��& ���#" �5-��(�  ���-�"U� &(�+,'�  ���- �.) �  �"+�1-+  @�,��+ ���$ ���#" �����A-�&#"��')�$'" ,�$��A- )��5;'��)���& )�����  -��A�H� )`-��B2#�(�+���
�Y� ,�$ �A- )��5;'� )���& )�����  -�� �#"�� "+ � �����6  ��"+,l7 � ��� �5-��($'�l-�� ,�$ �($'"��(�?@���� ���

n
$3��,'��" �(� �Y� )��+��,�����-

���#"�2#��$�$'���  ���$'" �($%�1-���2#�#" $3��,'��" ��� �*)�$� ���-�� )���& )�����  -��A� � �(����$ �.) ���� ,��+ �  �"�&#� � ��,5-�����,5.���-+$'��-82#�(�
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round(I, t)
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TTL(I)

�
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ρ(x)

α = 0
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ρ(x) = 0.9e−αx
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x

f(x)

a bc

2
b−a

Ô#ÕoÖ#×��F� � '#"%$'&%(*),+-$'&/.102.10*&%3,+4)657.10981:6$E��;(�1+4<4+4)657.10=<>;�<-$'+�),:,+>;?&J�@<-0

�
&�+4&A),:6$A.CB1+-3D;?&A)E),:6$'+-3F&%$'B1G0*<4<-0H3FG@;?:,+>;(�1<-0H3
Tmin, Tmax

0*)
Tmod

8I$'B1:F(6J�;E�AB%0/(H$K0 �F(*+-0*&�)K��&%$'B%3
$E�1)60*&%$'&%3L<-0H3M<-$'+-3N3,B1+4G@;?&�)60H3 á















T f
n ∼ Triang(T f

min, T f
mod, T

f
max)

T b
n ∼ Triang(T b

min, T b
mod, T

b
max)

T c
n ∼ Triang(T c

min, T c
mod, T

c
max)

T a
n ∼ Triang(T a

min, T a
mod, T

a
max)

O �%&P.10=8Q$'B1G$'+4:R3K�S;UTQ:D;?&%(DJ1+4:V.102<>; (H$'&�),:D;?+4&A)607)60*W 8I$':60*<4<-0X.CB1:D;?&A)L<-0H3R3,+4W7B1<>;?),+-$'&%3K��(H0H3L(Cø��F(*+-0*&A)
36$'&A)X0 Û 81:,+4WY5H37<-0H3XB1&%370*& � $'&%(*),+-$'&Z.10H3[;?B1),:60H3K���V$'B%3�;\G$'&%378I$'B1:X(H0*<>; � ;?+4)2B1&Z(H0*:,)D;?+4&]&%$'W$�1:60#.10
(DJ%$'+ Û 81:65\;?<>;(�1<-0H3 á

➠
<>;!<-$'+N.10^.C+-3,),:,+6�1B1),+-$'&_0H36)Y(H$'&%3,+-.10*:65H0/.%;?&%3F<-0^(\;'3 8�;?:,),+-(*B1<4+-0*:E$��_0*<4<-0^0H3,)Y31éKWY5*),:,+L��B%0)�`.1$'&%(
Tmax + Tmin = 2Tmod

➠
<-0H3R;(�0*&�)63L$E�I5*+-36360*&A)N)6$'B%3��[<>;�W,à*WY02<-$'+�.10981:6$E��;(�1+4<4+4)65)��.1$'&%(

T b ' T f

➠
<>;�G@;?<-0*B1:NWY$K.%;?<-02.109<��S;'(*),+4GK+4)657.10H3L;(�0*&A)63

T f
mod

360*:,)R.109)60*W 8%3L.109:65 � 5*:60*&%(H0
�
&#81:60*W +-0*:M<4+-0*B��C&%$'B%3a+4&�),:6$K.CB1+-36$'&%3M.10*B Û (Cø��F(*+-0*&A)63

kc 0*) ka 8Q0*:,WY0*),)D;?&A)N:60H3,8I0H(*),+4G0*WY0*&�)L.��b0 Û ï
81:,+4WY0*:

T c
mod

0*)
T a

mod

0*& � $'&%(*),+-$'&#.10
T f

mod

�=úR&c;?B1),:60V(H$A0 �F(*+-0*&A)
γ
8I0*:,WY0*)�.10V.15��%&1+4:�<��b5*)D;?<-0*WY0*&A)N.10

<>;�<-$'+�0*)N.1$'&%(2<��b5H(\;?:,)L0*&�),:607<-09WY$A.1020*)MB1&%07.10H3��Q$':,&%0H3��1W +4&1+4W7B1Wd$'BeWF; Û +4WXB1W��


















T f
n ∼ Triang((1− γ)T f

mode, T
f
mode, (1 + γ)T f

mode)

T b
n ∼ Triang((1− γ)T f

mode, T
f
mode, (1 + γ)T f

mode)

T c
n ∼ Triang((kc − γ)T f

mode, k
cT f

mode, (k
c + γ)T f

mode)

T a
n ∼ Triang((ka − γ)T f

mode, k
aT f

mode, (k
a + γ)T f

mode)

��;X.FéA&�;?W +L�AB%0��5*&%5*:D;?<-09.CB#31éC3,)B�*WY0L0H3,)a.1$'&%(;�@<-$E��;?<-0*WY0*&�)N.15��%&1+-0V8�;?:�<-0H3�8�;?:D;?W,�*),:60H3M3,B1+4G@;?&�)63 á

➠ T f
mod

á P$K.10=.10=<>;�8I5*:,+-$A.102.��S;'(*),+4GK+4)652.10H3L;(�0*&A)63K�%f$'B1:L<-0=:��'<-02.10 � ;'(*)60*B1:L.��b5H(6J%0*<4<-0X.10=)60*W 8%3

➠ kc
á �R;?),+-$ 0*&�),:607<>;�8Q5*:,+-$K.102.��S;'(*),+4GK+4)652.CB��0H3,),+-$'&1&�;?+4:60X.10=(H$'&1&%0 Û +-$'&P0*)L(H0*<4<-02.10H3L;(�0*&A)63

➠ ka
á �R;?),+-$ 0*&A),:602<>;�8I5*:,+-$A.107.��S;'(*),+4GA+4)652.CBP(\;?:,&%0*)L.��S;'.C:60H36360H3N0*)R(H0*<4<-02.10H3L;(�0*&�)63

➠ γ
á "�;'(*)60*B1:R.��b5*)D;?<-0*WY0*&A)V.109<>; <-$'+�.%;?&%3N<��b5H(6J%0*<4<-0X.109)60*W 8%3

úL&%0a(H$'&A),:D;?+4&�)60V3,B18181<-5*WY0*&�)D;?+4:60R0H3,)�+4W 8Q$@365H0M0*&Y(H$'&%36+-.15*:D;?&�)��AB�� +4<%0H3,)
&%5H(H0H363D;?+4:60M.10aWY0*),),:60]� �,$'B1:
<-0N(\;?:,&%0*)�.��S;'.C:60H36360H3a;HG@;?&�)a.10M:60?��;?:6.10*:a3,+%<-0H3`(H$'&1&%0 Û +-$'&%3a;HG0H(R<-0MG$'+-3,+4&�;(�0R8Q0*B1G0*&A)�à*),:60L$'81),+4W +-3D5H0H3K�* 0*),)602(H$'&A),:D;?+4&�)60X81:60*&%.e<>; � $':,WY02.109<�� +4&%5?��;?<4+4)6573,B1+4G@;?&�)60 á

1 ≤ ka ≤ kc �
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�*m �*m¤n ��w�z\u| ��� � � ��x ���Ft-|~t � �}� ��z �\t ��� 
dw�uD| � � �aw��

�\�S;'(*),+4GK+4)65F.10H3 � $'B1:,W +-373D0 :65H3,B1WY0F;?B].15*81<>;'(H0*WY0*&�)[.�� B1&%0Y+4& � $':,WF;?),+-$'&�� * J�;E�AB%0 � $'+-3$�AB��b0*<4<-0Y0H3,)
;'(*),+4G0)��<>; � $'B1:,W +�8Q0*B1)R36$'+4)L0H363D;Ké0*:R.10=),:6$'B1G0*:VB1&^8�;?+4:RG0*:63N<-0H3B�AB%0*<-3R;?818I$':,)60*:L<�� +4& � $':,WF;?),+-$'&ë�AB%0*<4<-0
),+-0*&A)�36$'+4)a0*&c81:60*&%.C:60RB1&%0V.10N<>; � $'&%0V.��S;?),)60*&�)60=3,+Q0*<4<-0R0H3,)�<4+6�1:60)�=��0R36)D;?),B1)�.10R<>; � $'B1:,W +I0H3,)`:65?�@<-5V8�;?:
B1&%09G@;?:,+>;(�1<-0G�I$A$'<-5H0*&1&%0

busy
�AB1+�0H3,)L;�GK:D;?+��AB�;?&%.^0*<4<-02; 0*&^(6J�;?:1�07B1&%0=+4& � $':,WF;?),+-$'&��

�  � � � � 	 � ��	��}á O (*),+4GA+4)652.�� B1&%0����
	�����
����� � � � 	 � 	���

����� ���
����� � � � � � � ��� ��  � ��� � � ������ � �!
destination← "$#&%�#('*)�+(#(",) �,-(. ) �
��-

()/
���

dest 6= −1
	 � 	��0

�
&AG$Ké0*:
I
�

destination1
busy← false2

	 � �3
	  � 	4

round(I)← round(I) + 15
���

round(I) = TTL(I)
	 �
	 ��76

#�8&8 . '�# � I�9�
busy ← false�7!

	�����/
	 � ��:0

	 � ��71
	  � 	��2

���<; � � � � ������� � ��=��� �� ��>� � � ���7? � ������ �� � � � 	���  ���� 3
busy← @ �(.
ACB*- 8 �
�$D. ) �
��-

()��4
	 � ���5

úL& ;?<6�$':,+4),J1WY0P81:6$E��;(�1+4<4+-3,)60/8Q0*:,WY0*)F.10P(6J%$'+-3,+4:���B%0*<4<-0P360*:D; <>;!.10H3,),+4&�;?),+-$'&
nj
8�;?:,W +L<-0H3F8�;?+4:63

.CB G$'+-3,+4&�;(�0
Vi(t)

��B��b0*W 81:,B1&A)60*:D;c<>; � $'B1:,W +�� * 0*)9;?<6�$':,+4),J1WY0[360X(H$'W 8Q$@360�.10X81<4B%3,+-0*B1:6395*)D;?8Q0H39�AB1+
(H$'W WY0*&%(H0*&A)�8�;?:�<-0N),:,+Q.10N<��b0*&%360*W[�1<-0R.10H3�G$'+-3,+4&%3�0*&E.10*B Û �@:6$'B18I0H3�360*<-$'&c3K� +4<-3`3D$'&�)a$��F&%$'& � ;281:,+-$':,+¤�
+4&A)60*:60H36365H398�;?:=<�� +4& � $':,WF;?),+-$'&î�c.C+ TQB%360*:K����0X:65H36B1<4)D;?)2.10 (H0�(*<>;'3D360*WY0*&�)70H36)V<>;c(*:65\;?),+-$'& .�� B1&M�@:6$'B18I0
.10H3M8�;?+4:63N+4&�)60*:60H36365H3

Vi(I, t)
0*)L.�� B1&P;?B1),:60G�@:6$'B18I02.1098�;?+4:63N&%$'&e+4&A)65*:60H36365H3

Vi(I, t)
�

Vi(I, t) = {nj ∈ Vi(t) | s(τi←j(t), τ(I)) ≥ smin}
� �F�6Ù��

Vi(I, t) = {nj ∈ Vi(t) | nj /∈ Vi(I, t)}
� �F� 
 �

��$':63N.102(H0*),)6070H3,),+4WF;?),+-$'&��%<>; � $'B1:,W +�WY0*);� �,$'B1:MB1&%0=WY5*WY$'+4:60X(*+4:6(*B1<>;?+4:602(H$'&�)60*&�;?&A)R<-0H3L:65H3,B1<4)D;?)63
.��b5*G@;?<4B�;?),+-$'&%3X.10H3�(H$'&1&%0 Û +-$'&%3K� ��$'B1:X<>;/(H$'&1&%0 Û +-$'&�.10

ni
G0*:63

nj
(H0*),)60FWY5*WY$'+4:60F8I$':,)60Y<-0F&%$'W .10

Ei←j(t)
� A +��X<>;X36B1+4)60V.109<>;�(*<>;'3636+P��(\;?),+-$'&^.109<>; � $'B1:,W +��K<-098�;?+4:

nj
0H3,)M.%;?&%3M<-0N�@:6$'B18I0

Vi(I, t)
�%;?<-$':63

<>;#G@;?<-0*B1:TÙE360*:D;e0*&1:60?�@+-3,),:65H0E.%;?&%37(H0*),)60YWY5*WY$'+4:60)� Ü=;?&%32<-0Y(\;'3X(H$'&�),:D;?+4:60)��<>;#G@;?<-0*B1:��e0H3,)7+4&%36(*:,+4)60)�
úR&%0 � $'+-32<-0 :65H3,B1<4)D;?)70*&1:60?�@+-3,),:65)��<-0 (*B1:6360*B1:X.10[<>;eWY5*WY$'+4:60F0H3,)2.15*81<>;'(H5FG0*:632<>;#(\;'360Y36B1+4G';?&A)60 � G$'+4:
���@B1:60 �F�YüI���

Ù)Ù0S$û�ÙKü#S
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� � � � �� � � � � � �

� )��,*,-/)��

Ô#ÕoÖ�×��F�Yü '�� Û 0*W 81<-02.�� B1&%0=WY5*WY$'+4:60
Ei←j(t)

(H$'&�)60*&�;?&A)	�[5*G@;?<4B�;?),+-$'&%3N8I$@3,+4),+4G0H3N3,B1:[Ù 


* 0*),)60a+4& � $':,WF;?),+-$'&F8�;?:
<>;93,B1+4)60aB1),+4<4+-365H3�;µ�%&F.��b5*G@;?<4B%0*:
<�� B1),+4<4+4)65N.�� B1&%0M(H$'&1&%0 Û +-$'&Y<-$':63�.CB[81:6$A(H0H3D3,B%3
.109WY$K.C+P��(\;?),+-$'&P.CBeG$'+-3,+4&�;(�0)�

úL&%0M36),:D;?)65?�@+-0MGA+-3 ;?&�)��=$'81),+4W +-360*:`<-0H3 �%B Û 8I$'B1:,:D;?+4)�;?<-$':63�(H$'&%36),+4),B%0*:`0*&Y<>;9365*<-0H(*),+-$'&F.�� B1&E.10H3
8�;?+4:63
8�;?:,W +�(H0*B Û .CB[�@:6$'B18Q0

Vi(I, t)
� * 0`36$'&�)�0*&70 TI0*)�0*B Û �AB1+�36$'&A) � ���7� � ��� <-0H3�81<4B%3�+4&A)65*:60H36365H3K� æ :K�\(H0�(DJ%$'+ Û

&%0=8I0*:,WY0*)L8�;'3V.��b0*&�GK+-3D;(�0*:R<��b0 Û 81<-$':D;?),+-$'&!.10=<��b0H3,8�;'(H0X.CB/G$'+-3,+4&�;(�0��AB1+�3K�S;HGI�*:60X8I$'B1:,)D;?&�)L&%5H(H0H3D3D;?+4:60
.%;?&%37<��b$'81),+L��B%0E.10 ),:6$'B1G0*:X.10 &%$'B1G0\;?B Û 8�;?+4:63��s�AB1+`360 (H$'&1&%0H(*)60*:K� úL&Z(H$'W 81:6$'W +-3X.1$'+4)�.1$'&%(,à*),:60
),:6$'B1G5E0*&�),:60E<��b0*&�G$'+aG0*:637.10H3X8�;?+4:63X.1$'&A)�$'&]0H3,)7(H$'&F��;?&A)[.%;?&%3X<�� +4&�)65*:Bà*)�8I$':,)65Y8I$'B1:7<�� +4& � $':,WF;?),+-$'&
0*)R<-0H3R81:,+-3D0H3R.10�(H$'&�)D;'(*)2;HG0H([.��S;?B1),:60H39�AB1+�360*W[�1<-0*&�)9WY$'+4&%3V+4&�)60*:60H363D5H3K���V$'B%3=;HG$'&%39(6J%$'+-36+�.10�.1$')60*:
<-0H3 � $'B1:,W +-3=.�� B1&%0[&%$'),+-$'&�.10�<4+6�1:60Y;?:1�1+4),:60)��úR&%0 � $'+-3V<-0H39.C+ TI5*:60*&A)60H32.10H3,),+4&�;?),+-$'&%3=:65*8�;?:,),+-0H370*&�.10*B Û
�@:6$'B18I0H3K��<>; � $'B1:,W +�),+4:60â�#81+4<-0F$'B � ;'(H0F8Q$'B1:7.15H(*+-.10*:�3,+�B1&%0E(H$'&1&%0 Û +-$'&].CBõ�@:6$'B18I0

Vi(I, t)
$'B B1&%0

.10=36$'&P$'818Q$@365
Vi(I, t)

.1$'+4)Nà*),:602(6J%$'+-36+-0)� * 0*),)60=81+L�H(H020H36)]�1+>;?+-365H0 á <>; 81:6$E��;(�1+4<4+4)657.102(DJ%$'+-3,+4:NB1&^8�;?+4:
.10

Vi(I, t)
0H3,)R8�;?:D;?WY0*),:65H0��YB1&%07G@;?<-0*B1:

η
��úL&%0 � $'B1:,W +�8I0*B1)R5?��;?<-0*WY0*&�)2.15H(*+-.10*:9.10X&%028�;'3N��B1+4),)60*:

<-09&1+-.^0*&^$'81)D;?&A)L8I$'B1:N<>;[.C+4:60H(*),+-$'&
ni
� * 0H(*+�8I0*:,WY0*)L.109��;?:6.10*:NB1&%0=+4& � $':,WF;?),+-$'& ;?Be&1+-./0*)R;?),)60*&%.C:60

�AB%0=(H0*<4<-0�ï (*+�36098I5*:,+4WY0=81<4B1)��')��AB%0=.10=<>;[.C+ TIB%360*:��AB�;?&%.e<-09G$'+-3,+4&�;(�0=&%023�� éF+4&�)65*:60H3D36028�;'3K�

� <�0H3,)[5?��;?<-0*WY0*&�) 81:65 � 5*:D;(�1<-0)��8I$'B1: $'81),+4W +-360*:[<-0��%B Û ��.��b5*GA+4)60*:&�AB%0F<-0H3�WY0H363D;(�0E&��b0 T�0H(*),B%0*&�)Y.10
8�;?:6(H$'B1:63�(?éK(*<4+L�AB%0L0*&A),:60L<-0H3`8�;?+4:63K� * �b0H36)`<>;=:D;?+-3D$'&E.10N<>;281:65H360*&%(H0L.10L<>;=WY5*WY$'+4:60

vus(I, t)
;'3636$K(*+-5H0;�

(DJ�;E��B%09+4& � $':,WF;?),+-$'&
I
�FúL&#8�;?+4:M:60H(H0*G@;?&�)NB1&%0V+4& � $':,WF;?),+-$'&^G@;X3��S;�� $'B1)60*:]��(H0*),)609<4+-3,)609��B1+�0H3,)M0*& � ;?+4)K�

(H$'W WY0E<-0F36$'&A)X<-0H3�(H$'W 81)60*B1:63[.��b5*G';?<4B�;?),+-$'&���B1&%0EWY5*WY$'+4:60#(*+4:6(*B1<>;?+4:60)����;/)D;?+4<4<-0c.10E(H0*),)60EWY5*WY$'+4:60
8I0*:,WY0*)V.10[.15��%&1+4:9B1&�&%$'W$�1:60�W +4&1+4WF;?<�.10X&%$A0H.13G�c(H$'&%3,B1<4)60*:2;HG@;?&�)=.10�8Q$'B1G$'+4:9:60*)6$'B1:,&%0*:=3,B1:VB1&%0
360H(H$'&%.10 � $'+-3R3,B1:VB1& 8�;?+4:V.15��B�YGK+-3,+4)65)� ��0*<*��B�� +4<4<4B%36),:65X8�;?:V<-0�36(H5*&�;?:,+-$'&!.107<>;,���@B1:60 �F�YÝF�Q+4<�8Q0*B1)Nà*),:60
0*&/0 T�0*)N&%5H(H0H363 ;?+4:60���B�� B1&%07+4& � $':,WF;?),+-$'& 36$'+4)N:60*&AG$Ké5H0��[B1&/8�;?+4:��AB1+�<��S; .15��B�[:60 �*B%0�;µ�%&ã��B%07(H0*<4<-07(*+
81B1+-363D0R;?),)60*+4&%.C:609.10N&%$'B1G0\;?B Û ;?:,:,+4G';?&A)63K����)D;?&�)M.1$'&1&%5;�AB%0R<-0H3`+4& � $':,WF;?),+-$'&%3�&%0R36$'&A)�8�;'3�.CB181<4+L�AB%5H0H3
WF;?+-3M),:D;?&%3 � 0*:65H0H3R.�� B1&e8�;?+4:;�[<��S;?B1),:60)�%.10H3N36+4),B�;?),+-$'&%3L.10G�1<-$K(\;(�0=8I0*B1G0*&�)L360981:6$K.CB1+4:60)�

ni nj

�

¥L¦�§
ni

´µÌ!³�°·©_±K³Q(±(© °·±�«P¬3®�¯]¦3³�°Y¬�±�¥P®�©��
Æ�®�ÌdªR©d±C³�Ìd©*Æ(¦3®�¶Y©�¸1¦3®R®�Ì

�
§!Á��¤¶=´�Ìd¸d°·´µ©

´�©*¶6Ï ©_±�Î�¬BÊ?©_® Ä
nj

ni nj

�

¥6¿E§
nj

®�©��d¬²°�³�¶6Ï °Y±µ«¢¬²®�¯]¦3³�°Y¬²±9©_³�©d±µ®�©��
Ã²°YªV³R®�©�ÍCµ©

ni

©d±;©dªV³�¶6Ï Ì_¯�©_³R³�©dµ®

ni nj

nk

�

¥6¸1§�À�±�±µ¬�µÎ?©1¦²\Æ(¦²°�®
nk

ªR©�¸d¬�±µ±(©d¸_³�©
Ä

ni

Á	�J³a¦²±C³�´�¬�±(±µÌ�ÍC(©[¶6Ï °Y±�«P¬²®�¯]¦
�
³�°Y¬²±�©dªV³�¯]¦3°·±C³�©d±(¦²±C³JªR°�³�(Ì_©QªRµ®

nj

©!³
ÍCDÏ ©_¶·¶Y©�±(©�Æ)©_µ³=®�©_Î?©d±(°�®=ªRµ®

ni

É
nk

±(©
Æ)¬²µ®R®a¦�¶·¦�®�©_¸d©dÎ?¬²°Y®

Ô#ÕoÖ�×��F�YÝ ' A (H5*&�;?:,+-$E(H$'&%.CB1+-3D;?&�)9��B1&%023,+4),B�;?),+-$'&/.10G�1<-$K(\;(�0=8I$'B1:MB1&%0=+4& � $':,WF;?),+-$'&
�R$'B%3=;?B1:,+-$'&%3=81B!0*&AGA+-3D;(�0*:=.��S;?B1),:60H3236),:D;?)65?�@+-0H398Q$'B1:98�;?<4<4+-0*:$�c(H0�81:6$E�1<L�*WY0)� �
&!8�;?:,),+-(*B1<4+-0*:K�I<-0H3

;?<6�$':,+4),J1WY0H3
.��S;?&A),+Pï 0*&�),:6$'81+-0L0*)
.10��5*&%5*:D;?),+-$'&F.10�.CB181<4+-(\;?)D;'3�36$'&�)
.10H3,),+4&%5H3��9;?B1)6$':,+-360*:
.10�)60*<-3�:60*)6$'B1:63
$'B$�#�5*&%5*:60*:�.10H3�(H$'81+-0H3�8Q$'B1:�<4+4W +4)60*:�<-0H3�:,+-3B�AB%0H3�.10�360�),:6$'B1G0*:�.%;?&%3�(H0��0*&1:60`.10�3,+4),B�;?),+-$'&����V$'B%3�;\G$'&%3

Ù)Ù?Ø�û�ÙKü#S
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81:65 � 5*:65X(H0*),)60�36$'<4B1),+-$'&!.102WY5*WY$'+4:60�<4+4W +4)65H0�8I$'B1:V.10*B Û :D;?+-3D$'&%3 á <>;Y81:60*W +L�*:60[0H3,)9�AB��b0*<4<-07&�� +4W 81<4+L�AB%0
8�;'3`<>;2W +-360R0*&F81<>;'(H0V.�� B1&c;?<6�$':,+4),J1WY0V8�;?:,),+-(*B1<4+-0*:M.10]�0H3,),+-$'&#.10N:60*&AG$'+-3a$'BE.10]�0H36),+-$'&c.10R.CB181<4+-(\;?)D;F�
��;F360H(H$'&%.10�0H3,);�AB%07<-0X36(H5*&�;?:,+-$c(H$'&%3,+-.15*:657&%0�360781<>;'(H078�;'3R)6$'B1)9� � ;?+4)9.%;?&%3V.10H3R(H$'&%.C+4),+-$'&%3=0 Û ;'(*)60H3
.10 <�� B1),+4<4+-3 ;?),+-$'&Z.10 � � O "#� �
& 0 T�0*)K��+4<`3D0 8Q0*B1)[��B%0 <�� +4& � $':,WF;?),+-$'&����1+-0*&î�AB%0 :60H3,)D;?&�)�3,B1:2<-0 8�;?+4:

nj81B1+-363D0[� &%$'B1G0\;?B�:65\;?8�;?:D;µä-),:60[36$'B%3R<>; � $':,WY0X.�� B1&�.1$'BJ�1<-0�0*)Nà*),:60X5*W +-3607G0*:63
ni
� � <�3,B��Y)V8Q$'B1:V(H0*<>;

�AB%0�<�� B1),+4<4+-3D;?)60*B1:73,+4),B%5 3,B1:=<>;cWF;'(DJ1+4&%0
nk

(H$'&%36B1<4)60[<�� +4& � $':,WF;?),+-$'&]0*&���B%0H3,),+-$'&�� * 0*),)60 (H$'&%36B1<4)D;?),+-$'&
0*&A),:D;?+4&%0X;?<-$':63M<>;��5*&%5*:D;?),+-$'& .10=(H0*),)60=&%$'B1G0*<4<-02+4& � $':,WF;?),+-$'&��

��;F<4+-3,)60[.10H3R8�;?+4:639.15��B�EGA+-3,+4)65H0H3V0H3,)9B1),+4<4+-365H0X8Q$'B1:=.15��%&1+4:9<-0H390*&%360*W$�1<-0H3
V good

i (I, t)
0*)

V bad
i (I, t).10H3N.C+-36),+4&�;?),+-$'&%3N8I$'B1G';?&A)�à*),:602365*<-0H(*),+-$'&1&%5H0H3N�[B1&e+4&%3,)D;?&�)

t
�18I$'B1:MB1&%0=+4& � $':,WF;?),+-$'&

I
�

V good
i (I, t) = Vi(I, t) \ vus(I, t)

� �F��SI�

V bad
i (I, t) = Vi(I, t) \ vus(I, t)

� �F� Ø�

* J�;E��B%0M.10H36),+4&�;?),+-$'&Y8Q$')60*&A),+-0*<4<-0L360�G$'+4)`;?),),:,+6�1B%5MB1&%0N81:6$E��;(�1+4<4+4)65
P send

i→j (I, t)
.���à*),:60M(DJ%$'+-3,+-0)� A 0*<-$'&

<-0=(*<>;'363D0*WY0*&�)L.102(H0*),)607.10H3,),+4&�;?),+-$'&��%),:6$'+-3N(\;'3L.C+ TI5*:60*&A)63L8I0*B1G0*&�)L3D0981:65H360*&�)60*: á
Ù)�

nj ∈ V good
i (I, t)

á ��0e8�;?+4:c0H3,)Y8I$')60*&�),+-0*<4<-0*WY0*&A)c+4&A)60*:60H36365)��360H3F(DJ�;?&%(H0H3E.���à*),:60P(6J%$'+-3,+V360*:6$'&�)
.��S;?B1)D;?&�)L81<4B%3 � $':,)60��AB%0=3D;[3,+4W +4<>;?:,+4)65X;HG0H(2<�� +4& � $':,WF;?),+-$'&P3D0*:D;[5*<-0*G5H0�D


 �
nj ∈ V bad

i (I, t)
á � <Q3K�S;(�@+4)a.�� B1&#8�;?+4:�� ��������7� &%$'&E+4&A)60*:60H363659�AB1+I;?B1:D;�;?B1)D;?&�)N.10V(6J�;?&%(H0H3M.���à*),:60

(6J%$'+-3,+��AB%09<-0H3L;?B1),:60H3L8�;?+4:63L.10
V bad

i (I, t)
�

SF� ��$'B1:
nj = ni

�(\;'3`$��Y<>; � $'B1:,W +�.15H(*+-.10R.10M:60H3,)60*:`36B1:
81<>;'(H0)�&%$'B%3`(H$'&%36+-.15*:60*:6$'&%3��AB%0M<-0H3 � $'B1:,W +
$'&�)�B1&%0M(H0*:,)D;?+4&%0M81:65H.C+-368Q$@3,+4),+-$'&

n+ �V:60H36)60*:�3,B1:
81<>;'(H0)����;?:`0 Û 0*W 81<-0)�8Q$'B1:
n+ = 5

B1&%0 � $'B1:,W +
;?B1:D; � � $'+-3N81<4B%3V.107(DJ�;?&%(H0H39.107:60H3,)60*:9�Y36$'&/&1+-./81<4B1)��')N��B%0X.1073607:60*&%.C:607G0*:63RB1&/8�;?+4:V(*<>;'36365
.%;?&%3

V bad
i (I, t)

�
��; 81:6$E��;(�1+4<4+4)65

P send
i→j (I, t)

81:60*&%.�.1$'&%(#),:6$'+-3 G@;?<-0*B1:63Y.C+ T�5*:60*&�)60H3F3D0*<-$'&
j
� �R0H3,)60*:Y;?B &1+-.�0*)D;?&�)

(H$'&%3,+-.10*:65�(H$'W WY0�5C��B1+4G@;?<-0*&�)G�Y365*<-0H(*),+-$'&1&%0*:9B1& 8�;?+4:L&%$'& +4&�)65*:60H363D578I$'B1:R.10H3,),+4&�;?),+-$'&��Q<-078�;?:D;?W,�*),:60
n+ 0H3,)MB1),+4<4+-3652.%;?&%3L<>; � $':,WXB1<>;?),+-$'&P.10H3N(\;'3 nj ∈ V bad

i (I, t)
0*)

nj = ni

á

P send
i→j (I, t) =















































η
s(τi←j(t), τ(I))
∑

z∈V
good
i (I,t)

s(τi←z(t), τ(I))

3,+
nj ∈ V good

i (I, t),

(

1− ηδ
(

|V good
i (I, t)| > 0

)) 1

|V bad
i (I, t)| + 1 + n+

3,+
nj ∈ V bad

i (I, t)

(

1− ηδ
(

|V good
i (I, t)| > 0

)) 1 + n+

|V bad
i (I, t)| + 1 + n+

3,+
i = j

� �F� �I�

Ü=;?&%3 <-0^(\;'3F$��
V good

i (I, t)
0H3,)YGK+-.10)�`;?B%(*B1& (DJ%$'+ Û &��b0H3,)Y&%5H(H0H363 ;?+4:60^(\;?:F+4<N&��b0 Û +-3,)60��AB�� B1& 360*B1<

�@:6$'B18I0)� * 0H(*+K0 Û 81<4+L�AB%0�<>;N81:65H360*&%(H0�.CB�31éKW$�I$'<-0�.10 �9:6$'&%0H(��0*:
δ(·)

�AB1+G@;?B1)�Ù���B�;?&%.7<��b0 Û 81:60H3636+-$'&[�AB�� +4<
(H$'&A),+-0*&�)�0H36)�G5*:,+P��5H0L0*) �=.%;?&%3`<-0H3`;?B1),:60H3`(\;'3��I��0N(\;'3`+4&�G0*:6360)�$��

V bad
i (I, t)

&%0M8Q$@3D0a8�;'3`.10M81:6$E�1<L�*WY0
81B1+-3B�AB%0[<>;#.10H3,),+4&�;?),+-$'& .10��I$'B%(*<>;(�0

ni
0H3,)=)6$'B��,$'B1:63=81:65H360*&�)60)��Ü9;?&%32<-0 (\;'32$��

|V bad
i (I, t)| = 0

��<>;
.C+4:60H(*),+-$'&

ni
;�B1&%0=81:6$E��;(�1+4<4+4)65X5?��;?<-0$�

1− η
.���à*),:602(6J%$'+-3,+-0)�

úL&%0 � $'+-3V(H0H3R81:6$E��;(�1+4<4+4)65H3=(\;?<-(*B1<-5H0H3K�QB1&%07G@;?:,+>;(�1<-0�;?<-5\;?)6$'+4:60[0H3,)RB1),+4<4+-365H0�0*)R<�� B1&%0�.10H39.10H3,),+4&�;?),+-$'&
0H3,)N3D5*<-0H(*),+-$'&1&%5H0=8Q$'B1:L),:D;?&%3,WY0*),),:602<-098�;E�AB%0*)K�
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�*m �*m�� � �Qu �\t �ë� �	���\uDt � �µt � L ���(t 	��µw�z\uM�\t � ��� 
dw�u| � ����w ���

�\�S;'(*),+4GK+4)65e.CB�(\;?:,&%0*)F.��S;'.C:60H36360e(H$'&%3,+-36)60e0*&]B1&%0#W +-3D0���� $'B1: .10H3 +4& � $':,WF;?),+-$'&%3Y(H$'&%(H0*:,&�;?&�)E<-0H3
8�;?+4:63R(H$'&1&�B%3K� * 0*),)602W +-360�� �,$'B1:V;[B1& .1$'BJ�1<-07$E���,0H(*),+ ��á ;'(*),B�;?<4+-360*:V<-0H3NG@;?<-0*B1:63R.10=:60H(H$'W WF;?&%.%;?),+-$'&
(H$'&%(H0*:,&�;?&A)7<-0H398�;?+4:632(H$'&1&AB%370*)2.15H(H$'B1GK:,+4:7.10[&%$'B1G0\;?B Û 8�;?+4:63[�{��B1+�360[(H$'&1&%0H(*)60*:K��úL&�WY0H363D;(�0[G@;
8I$'B1:V(H0*<>;�à*),:60[0*&�G$�é5,�F.10H3,),+4&�;?),+-$'& .10X)6$'B%3V<-0H3V8�;?+4:63V(H$'&1&%0H(*)65H3�� * 07WY0H363 ;(�07&%0[(H$'&�),+-0*&A)7;?B%(*B1&%0
+4& � $':,WF;?),+-$'&[8�;?:,),+-(*B1<4+L�*:60�36+K(H0�&��b0H3,)�<-0`&%$'W .10�36$'&X5*WY0*),)60*B1:K�)��0H3�:65*8I$'&%360H3*�L(H0H3�WY0H363D;(�0H3
;?:,:,+4G0*:6$'&A)
8�;?:M<>; 36B1+4)60)�1.10=WF;?&1+L�*:607;'31éK&%(6J1:6$'&%0)�

�  � � � � 	 � ��	�� á O (*),+4GA+4)652.CB������&� #�"�"
	 �&���
� � �� ����� � � � �

nj ∈ Vj(t)
� ��

���<; ��� ��� �� � ���� 7? � �C� �� �? ���  ��� ��� ����� 
 � ��� � ���!
"$# -���� 	��(#�� 	 #(",) (j)/

	 � �0

* J�;E��B%0a8�;?+4:`:60H(H0*G';?&A)�B1&YWY0H363D;(�0M.10NW +-360]� � $'B1:�.10M(\;?:,&%0*)�.��S;'.C:60H36360a:65*8I$'&%.Y0*& :60H(H$'W WF;?&%.%;?&�)
� 3D$'&P5*WY0*),)60*B1:VB1&P.10H3R8�;?+4:63R.10X36$'&^G$'+-3,+4&�;(�0)� �
<4B%3R81:65H(*+-365*WY0*&�)K�I(H$'&%3,+-.15*:6$'&%3V<-07(\;'3R.�� B1&P8�;?+4:

nj:60 �H0*G@;?&�)��=B1&E+4&%3,)D;?&�)
t
B1&%0V.10*WF;?&%.10V5*WF;?&�;?&�)M.10

ni
� * 0L8�;?+4:�.C+-3,8I$@360R.�� B1&E(H0*:,)D;?+4&cG$'+-3,+4&�;(�0

Vj(t)8�;?:,W +�<-0C��B%0*<Q+4<�G@;2(DJ%$'+-3,+4:�B1&E8�;?+4:#�2:60H(H$'W WF;?&%.10*:]�
ni
�D��;����@B1:60 �F�6Ù �2:60*81:65H360*&�)60VB1&%0RGAB%0L8�;?:,),+-0*<4<-0

.CBe:65H360\;?BP(H$'&%3,+-.10*:65)�

ni nj

τj←i(t) τj←k(t)

Vj(t) \ {ni}

Ô#Õ¤Ö#×��F�6Ù � ' �`;?:,+>;(�1<-0H3R0*&A),:D;?&�)V0*& � 0*B^<-$':63L.109<>;[:60H(H$'W WF;?&%.%;?),+-$'&

��0 (6J%$'+ Û 0H3,)2;?<-5\;?)6$'+4:60Y0*)2.15*8I0*&%. .�� B1& 36(H$':60 .10[:60H(H$'W WF;?&%.%;?),+-$'&�� ��$'B1:7(6J�;'(*B1&].10H39G$'+-3,+4&���(H0
36(H$':60e0H36)Y(\;?<-(*B1<-5^(H$'W WY0^5*)D;?&�)F<>;�3,+4W +4<>;?:,+4)65^0*&�),:60/<>;�(H$'&1&%0 Û +-$'&�� O B1& +4&%3,)D;?&A)

t
��<-0e3D(H$':60e.10e<>;

:60H(H$'W WF;?&%.%;?),+-$'& .CB 8�;?+4:
nj
8I$'B1:c<>;Z(H$'&1&%0 Û +-$'&

i, k
0H36)E&%$')65

Rj
i→k(t)

����0P8�;?+4:
ni
&%0/8I$'B1G';?&A)

5*GK+-.10*W WY0*&�)R8�;'3]à*),:60=:60H(H$'W WF;?&%.15[��<4B1+�W,à*WY0)�1<-0236(H$':60=.102(H0=.10*:,&1+-0*:R&��b0H3,)M8�;'3N(\;?<-(*B1<-5)�

Rj
i→k(t) = sim(τj←i(t), τj←k(t)), nk ∈ Vj(t) \ {ni}

� �F�YÞI�

A 0*<-$'&e<-0936(H$':60)�1(6J�;E�AB%09G$'+-3,+4&ã��B1&%0V81:6$E��;(�1+4<4+4)65281<4B%3M$'BeWY$'+4&%3a+4W 8I$':,)D;?&�)60X.���à*),:609:60H(H$'W WF;?&%.15)�
��$'B1:,��B%0c<-0c8�;?+4:

nj
:60H(H$'W WF;?&%.10ã�

ni
.10#360#(H$'&1&%0H(*)60*:F;?B 8�;?+4:

nk

��(H0*),)60#81:6$E��;(�1+4<4+4)65e0H3,)[&%$')65H0
P recom

j→i (k, t)
���
<4<-070H3,)N.15��%&1+-07;?+4&%3,+ á

P recom
j→i (k, t) =

Rj
i→k(t)

∑

nl∈Vj(t)\{ni}

Rj
i→l(t)

, nk ∈ Vj(t) \ {ni}
� �F� �)�

úL&%0 � $'+-3$�AB%0[<-0 8�;?+4:
nj
;e0 T�0H(*),B%5Y36$'& (DJ%$'+ Û ��+4<�(H$'W 8Q$@360YB1& WY0H363D;(�0Y.10Y:65*8Q$'&%360T��B�� +4<`0*&AG$'+-0

�
ni
� * 0�WY0H363 ;(�0 (H$'&A),+-0*&�)^<-0H3e(H$K$':6.1$'&1&%5H0H3^.CB 8�;?+4:#:60H(H$'W WF;?&%.15 ;?+4&%3,+G�AB%0P<-0�36(H$':60!;'363D$A(*+-5 �

(H0*),)60/:60H(H$'W WF;?&%.%;?),+-$'&�� A B1:E:65H(H0*81),+-$'& .10P(H0/WY0H363D;(�0)�
ni
WY0*){� � $'B1:c36$'&_(\;?:,&%0*)#.��S;'.C:60H36360H3K� A +

<-0[8�;?+4:2+4&%.C+L�AB%5Y&��b5*)D;?+4)78�;'37(H$'&1&�B���+4<`0H3,)=81:65\;?<>;(�1<-0*WY0*&A)[;��,$'B1)65E;?B (\;?:,&%0*)K� �
B1+-32<-0 &%$'B1G0\;?B]36(H$':60

Ù)ÙKÞ$û�ÙKü#S
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0H3,)X0*&1:60?�@+-3,),:65)� � <`360F8Q0*B1)$�AB%0 <>;^&%$'B1G0*<4<-0FG@;?<-0*B1:X36$'+4)7+4& � 5*:,+-0*B1:60â�e<>;#81:65H(H0H.10*&A)60)��;?B��AB%0*<�(\;'3X(H0*<>;
+4&%.C+L�AB%0*:D;[B1&^(6J�;?&J�0*WY0*&A)=.10H3N(H0*&�),:60H3R.�� +4&�)Bà*:60*)R3D$'+4)L.10=(H0=8�;?+4:K�%36$'+4)N.10

ni
)60*<��AB%098Q0*:��*B/8�;?:

ni
�

�*m �*m � �Mt ������w ����� �auItî��t �Fw ���\t � �aw���� �����-u ���� � ���aw��ö��t � �Fw ���\t � �aw����

��0H3�(H$'&1&%0 Û +-$'&%3a.CBc&1+-.F8I0*B1G0*&�)#à*),:60V;�� B%3,)65H0H3a;µ�%&c.10R<-0L.15*81<>;'(H0*:aG0*:63�B1&EWY0*+4<4<-0*B1:a0*W 81<>;'(H0*WY0*&�)
.%;?&%3�<-0N:65H360\;?B�����$'B1:M3D;\G$'+4:�36+%B1&%0R(H$'&1&%0 Û +-$'&#.1$'+4)�à*),:60R(H$'B18Q5H0V$'BF&%$'&��A<-0N8�;?+4:�5*G';?<4B%0V36$'&FB1),+4<4+4)65V0*&
360]��;'3D;?&�)�3,B1:�<-0L(H$'&A)60*&�B#.CBE(H$'W 81)60*B1:a.��b5*G';?<4B�;?),+-$'&c:60*W 81<4+�8�;?:�<-0H3 � $'B1:,W +-3K�D��0L(6J%$'+ Û .�� B1&E&%$'B1G0\;?B
8�;?+4:28�;?:,W +�<��b0*&%360*W$�1<-0c.10F(H0*B Û (H$'&1&AB%3�3D0&��;'360,�AB�;?&%.î�#<4B1+�3,B1:2<-0 )D;?B Û .10Y:60H(H$'W WF;?&%.%;?),+-$'&%�AB1+
0*&Z;/5*)65 � ;?+4)K� * 0*),)60c3,),:D;?)65?�@+-0F.10E(6J%$'+ Û 360 :D;?8181:6$K(6J%0c.10F(H0���B1+�0H3,)X0*&AGA+-3D;(�5E.%;?&%37<-0H37:65H360\;?B Û .10
:65 � 5*:60*&�)63�;HG0H( <>;c&%$'),+-$'& .10 3D$A(*+>;(�1+4<4+4)65�� ��B �#Sµßa����;#81:,+4&%(*+48�;?<-0F.C+ T�5*:60*&%(H0Y360 36+4),B%0Y;?B!&1+4G0\;?B .10 <>;
3,+6�@&1+P��(\;?),+-$'&e.10V(H0936(H$':60)� O <-$':63#��B%0V.%;?&%3�<-0H3�:65H360\;?B Û .10R:65 � 5*:60*&A)63a<>;736$K(*+>;(�1+4<4+4)65V+4&%.C+L��B%0R<>;�(\;?8�;'(*+4)65
�AB��S; B1& 8�;?+4:�� � $'B1:,&1+4:9.10[�I$'&1&%0H3R0 Û 8Q0*:,),+-3D0H3K��(H0*)V+4&%.C+-(\;?)60*B1:9),:D;'.CB1+4)9+-(*+�<>;F:60H(H$'W WF;?&%.%;?),+-$'&���B1+
;
5*)65 � ;?+4)602.10=(H0=8�;?+4:N8�;?:MB1& ;?B1),:60=WY0*W$�1:60X.CBe:65H360\;?B��

* J�;E��B%0`8�;?+4:�;NB1&7WF; Û +4W7B1W .10
Vmax

(H$'&1&%0 Û +-$'& ;?B1)6$':,+-365H0H3K�(Ü90
81<4B%3K� <-0�&%$'W$�1:60a.10�360H3�(H$'&1&%0 Û +-$'&
0H3,)�5?��;?<-0*WY0*&�)#�Q$':,&%5L8�;?:`B1&EW +4&1+4W7B1W

Vmin
� ��$'B1:a3K�S;'363,B1:60*:���B%0M<>;2G';?<-0*B1:�WF; Û +4W7B1W 0H3,)�:60H3,8I0H(*)65H0)�

B1&%07&%$'B1G0*<4<-0X(H$'&1&%0 Û +-$'&P8I0*B1);à*),:60781:65H(H0H.15H0X.107<>;Y3,B18181:60H3D3,+-$'&P.107<>; WY$'+4&%3VB1),+4<-028�;?:,W +�(H0*<4<-0H3R.15��B�
5*)D;(�1<4+-0H3K� O �%&E.10���;?:D;?&�),+4:�<-0N:60H3,8I0H(*)`.CBEW +4&1+4W7B1W

Vmin
�)6$'B1)60R.15H(H$'&1&%0 Û +-$'&c.1$'+4) � ;?+4:60M<��b$E��� 0*)�.�� B1&%0

.10*WF;?&%.107;?B/8�;?+4:N.C+-3,)D;?&�)K� * 0=.10*:,&1+-0*:R;'(H(H0*81)607.10=(H$'B18I0*:N<>;[(H$'&1&%0 Û +-$'&/3,+�<>;[)D;?+4<4<-0=.1023D$'&eG$'+-3,+4&�;(�0
0H3,)=3,),:,+-(*)60*WY0*&A)73,B18I5*:,+-0*B1:60 ;?B!W +4&1+4W7B1W ;?B1)6$':,+-365)���V$'B%39&%$'B%3981<>;��H$'&%3=+-(*+
.%;?&%39B1& (\;'.C:60[+-.15\;?<�$��
<-0H3[8�;?+4:63[&%0#)6$'W[�Q0*&A) �,;?WF;?+-3 0*& 8�;?&1&%0)��úR&%0e.15H(H$'&1&%0 Û +-$'&�0H3,)Y.1$'&%(#&%5H(H0H363D;?+4:60*WY0*&A)Y81:65H(H5H.15H0^.10
(H0*),)60e.10*WF;?&%.10^.��S;?B1)6$':,+-3 ;?),+-$'&��\Ü=;?&%3 B1&�0*&�GK+4:6$'&1&%0*WY0*&�)E+4&%3,)D;(�1<-0)�
B1&%0#81:6$K(H5H.CB1:60e.10#G5*:,+P��(\;?),+-$'&
8I5*:,+-$A.C+L�AB%0e.10H3F(H$'&1&%0 Û +-$'&%3E;'(H(H$'W 8�;(�@&%5H0 .�� B1&%0/;?B1),:60P.10#:65*8�;?:D;?),+-$'& 360*:D;?+-0*&A)Y&%5H(H0H363D;?+4:60 ;µ�%& .10
��;?:D;?&A),+4:L<-09:60H3,8I0H(*)N.10H3]�I$':,&%0H3N(H$'&%(H0*:,&�;?&�)R<>;[)D;?+4<4<-02.CBeG$'+-3,+4&�;(�0)�

�  � � � � 	 � ��	���á O (*),+4GA+4)652.CB����
-�- #(',) ���
- "
	 .�-(. @(# �
� � � � � 
 � � 	� �  � 
 ���  ���  � 
 ��� ������ ���"� ����
' . % ' 	 %�# �� ' ��� #("!
pair ← � � .
A�� #&# ���$� �, � 	/
���

pair 6= −1
	 �
	 �0

���
|Vi(t)| = Vmax

	 �
	 �1
����� ���� 
 ��� �� 
 � �� ��� � � �  ��� � � � � ���2

	 � �3
���
|Vi(t)| < Vmax

	 �
	 �4
���<; � � � � ����  �  
 � � �� 
 � 	� �

pair
���5

	 � ���6
	 � ��9�

��; � $'&%(*),+-$'&����,���	 ) #  ' �
� # (\;?<-(*B1<-0a<-0a36(H$':60a.�� B1),+4<4+4)65M.10H3�(H$'&1&%0 Û +-$'&%3K� * 0*),)60�B1),+4<4+4)65M0H3,)
.15��%&1+-0a8�;?:<-0V&%$'W$�1:607.10=.10*:,&1+L�*:60H3��Q$'&1&%0H3L5*G';?<4B�;?),+-$'&%3]�AB%0V<>;[(H$'&1&%0 Û +-$'&/;�:60 �*B^(H$'W 8�;?:D;?),+4G0*WY0*&A)9;?B#&%$'W[�1:60
)6$')D;?<�.��b5*G@;?<4B�;?),+-$'&%3N81:,+-3D0H3N0*&/(H$'W 81)60)� ��$'B1:L<>;[(H$'&1&%0 Û +-$'&

i, j
��(H0236(H$':60=0H3,)M&%$')65

Ui→j(t)
�

Ui→j(t) =
nombre de 1 dans Ei→j(t)

taille de Ei→j(t)

� �F�YüI�
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�
&^8�;?:,)D;?&A)L.102(H0*),)60=B1),+4<4+4)65)�1B1&P36(H$':60
Sdrop 0H3,)R;?),),:,+6�1B%5$�[(DJ�;E��B%0X(H$'&1&%0 Û +-$'&��

Sdrop
i→j (t) = − log

(

Ui→j(t) + ε

1 + ε

)

, ∀nj ∈ Vi(t)
� �F�YÝI�

O G0H(
ε
B1& � ;'(*)60*B1:
&%$'&Y&AB1<181:6$A(DJ%0N.10 �F���
)D;?&�)�.1$'&1&%5���B%0

Sdrop ∈ [0,− log
(

ε
ε+1

)

]
�?(H0a8�;?:D;?W,�*),:60

ε
.15��%&1+4)�<>;9G@;?<-0*B1:`WF; Û +4W7B1W .10H3�36(H$':60H3`$E�1)60*&AB%3K����$'B1:�<��b0*&%360*W$�1<-0V.10H3`3,+4WXB1<>;?),+-$'&%3K�A&%$'B%3�;\G$'&%3\� Û 5

ε = 0.01
� Ü90H3=)60H3,)63X;\G0H(F.C+ T�5*:60*&�)60H3�G@;?<-0*B1:637$'&�)XWY$'&�),:65â��B%0Y<�� +4&��%B%0*&%(H0F.10F(H0Y8�;?:D;?W,�*),:60F&��b5*)D;?+4)

�AB%09),:B�H3M<4+4W +4)65H0)�

úL& ;?B1),:60 8�;?:D;?W,�*),:60
β
8I0*:,WY0*)#.10ã� Û 0*:E<-0P&1+4G0\;?B .�� B1),+4<4+4)65PW +4&1+4WXB1W .�� B1&%0�(H$'&1&%0 Û +-$'&�� ��;?:

0 Û 0*W 81<-0)��0*& � Û ;?&�)
β = 0.1

��)6$'B1)60H3X<-0H37(H$'&1&%0 Û +-$'&%3�)60*<4<-0H3$�AB%0
Sdrop

i→j (t) ≤ 0.1
3D0*:6$'&�)[3,B%36(H0*81),+6�1<-0H3

.���à*),:60Y36B18181:,+4WY5H0H3K� A +�<��b$'& +4&�)60*:,81:60*)60c(H0*),)60YG@;?<-0*B1:K��(H0*<>;#:60*GK+-0*&�)��^.C+4:60T�AB�� B1&%0Y(H$'&1&%0 Û +-$'&Z&��S;Cé�;?&A)
8�;'3M:60 �*B/81<4B%3N.10$Ý���� .��b5*G@;?<4B�;?),+-$'&%3N8I$@3,+4),+4G0H3N0H3,)N(H$'&%36+-.10*:65H07(H$'W WY025*)D;?&A)L+4&�B1),+4<-0)�

��$'B1:M(DJ�;E��B%09(H$'&1&%0 Û +-$'&
i, j
.CBcG$'+-3,+4&�;(�0)�KB1&%0L81:6$E��;(�1+4<4+4)65=.10V.15H(H$'&1&%0 Û +-$'&

P drop
i→j (t)

0H3,)�(\;?<-(*B1<-5H0
0*& � $'&%(*),+-$'&/.CB/36(H$':60=0*)R.109<�� B1),+4<4+4)65X;?),),:,+6�1B%5H07;?B^G$'+-36+4& á

P drop
i→j (t) =



















S
drop
i→j (t)

∑

nk∈V
′

i (t)

Sdrop
i→k (t)

+ �
Ui→j(t) ≤ β

0
+ �

Ui→j(t) > β

� �F�6Ù �I�

O G0H(
V

′

i (t) = {nj ∈ Vi(t) | Ui→j(t) ≤ β}
<��b0*&%360*W$�1<-0V.10H3
8�;?+4:63�.CBYG$'+-3,+4&�;(�0H3�+-.10*&%.C+4),+P��5H3�(H$'W WY0

5*)D;?&A)N+4&�B1),+4<-0*WY0*&A)V(H$'&1&%0H(*)65H3K�

�,+�� � 25:8 � 8 �������B4	��
 
 2 4 ��� 8 ����� � � 6B4 > 2��
���

* J�;���B%0M5*<-5*WY0*&A)`.C+-3,8I$@360a.10M36$'& � 0*BY.10a8�;?:D;?W��*),:60H3��'&%$'B%3�0*&Y.C:60H3636$'&%3��'(*+Pï .10H363D$'B%3��'B1&��1:60���:D;?818I0*<
0*&e<-0H3��@:6$'B18�;?&A)R360*<-$'&/<>;�8�;?:,),+-07.CB^31éC3,)��*WY0=(H$'&%(H0*:,&%5 á

➠
��5*:,+-$K.10H3L.��S;'(*),+4GK+4)65H3
'

Tmode

á �`(6J%0*<4<-07.109)60*W 8%3
'

γ
á "�;'(*)60*B1:V.��b5*)D;?<-0*WY0*&�)R.102<>;�<-$'+�),:,+>;?&��@<-0

'
ka

á ��5*:,+-$A.102:60*<>;?),+4G07.109<��S;'(*),+4GK+4)657.CB^(\;?:,&%0*)L.��S;'.C:60H363D0
'

kc
á ��5*:,+-$K.10=:60*<>;?),+4G0X.109<��S;'(*),+4GA+4)65X.CB �0H3,),+-$'&1&�;?+4:607.102(H$'&1&%0 Û +-$'&%3

➠
�=0H3,),+-$'&1&�;?+4:602.102(H$'&1&%0 Û +-$'&%3
'

Vmin

á ��;?+4<4<-07W +4&1+4W7B1Wd.CB^G$'+-3,+4&�;!�0
'

Vmax

á ��;?+4<4<-0=WF; Û +4WXB1W .CB^G$'+-36+4&�;!�0
'

ε
á �L5"�@B1<>;?),+-$'& .CB^(\;?<-(*B1<�.10H3N36(H$':60H3

'
β
á úL),+4<4+4)652W +4&1+4W7B1W .�� B1&%07(H$'&1&%0 Û +-$'&

'
|E|

á ��;?+4<4<-07.10=<>;�WY5*WY$'+4:6028I$'B1:M<-0H3N5*G@;?<4B�;?),+-$'&%3

➠
Ü95*8 �')N.10H3M81J%5*:6$'WY$'&%0H3
'

α
á �R5"�@<>;!�02.10=<>;�:D;?81+-.C+4)657.10=.15H(*:6$'+-3D360*WY0*&�)

'
ρmax

á ��;?B Û .10=.15*8 �')NWF; Û +4W7B1W

Ù)ÙKü$û�ÙKü#S
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'
TTL

á ÜVB1:65H02.10=GK+-0=.�� B1&%0=+4& ��$':,WF;?),+-$'&

➠
"�$'B1:,W +-3R;?:,),+ � (*+-0*<4<-0H3
'���0=&%$'W �1:60X.10 ��$'B1:,W +-3
'

η
á * $K0 �F(*+-0*&�)V.10=<4+ �1:607;?: �1+4),:60

'
smin

á � &�)65*:Bà*)NW +4&1+4WXB1W .�� B1&%07(H$'&1&%0 Û +-$'&
'

n+ á ��0*&%.%;?&%(H0X(\;'3 ;?&1+ �*:60

➠
�a$')
'��R$'W �1:607.10=(H$'81+-0H3L(*:65H0H3L8Q$'B1:N(DJ�;���B%02+4& � $':,WF;?),+-$'&

➠
� & ��$':,WF;?),+-$'&%3
' ��;?+4<4<-07.102<>;�WY5*WY$'+4:607.10H3M8�;?+4:63MGK+-3,+4)65H3

* 0*<>;N:60*81:65H3D0*&�)60aB1&�)6$')D;?<C.10NÙKüL8�;?:D;?W��*),:60H3�� * 0*:,)D;?+4&%3�.��b0*&�),:60M0*B Û � )60*<-3 �AB%0`<-0
ε
�?$'&�)�B1&%0�+4&��%B%0*&%(H0

&%5"�@<4+ �0\;!�1<-0��*Ü��S;?B1),:60#36$'&�)[+4W 8I$@365H378�;?:[.10H3[(H$'&�),:D;?+4&A)60H3Y0 Û )65*:,+-0*B1:60H3 0*)�&%0E8Q0*B1G0*&A)[.1$'&%(c8�;'3�à*),:60
;�� B%3,)65H0H3�� O � &Z.10F:65H.CB1+4:60F<-0F&%$'W �1:60#.10Y8�;?:D;?W��*),:60H3�:60H3,)D;?&A)63	�^:65"�@<-0*:���&%$'B%3X81:6$'8I$@36$'&%3X.1$'&%(FB1&%0
5*),B%.10 8I$':,)D;?&�)�3,B1:=<��b0*&%(\;'.C:60*WY0*&�) .�� B1& (H0*:,)D;?+4& &%$'W �1:60c.10 G';?:,+>;!�1<-0H3�;?<-5\;?)6$'+4:60H3X; � & .10YWY0*),),:60F0*&
5*GK+-.10*&%(H02.10H3M:60*<>;?),+-$'&%3R0*&�),:602<-0H3L.C+ TI5*:60*&A)63N8�;?:D;?W��*),:60H3��

��$'B1:M<��b0*&%3D0*W �1<-02.10H3N(\;?<-(*B1<-3��AB1+�3,B1+4G0*&A)��10*)L; � &^.10R&%098�;'3a&%$'B%3N81<>;'(H0*:N.%;?&%3aB1&^(\;'3a8�;?:,),+-(*B1<4+-0*:��
&%$'B%3N(H$'&%36+-.15*:60*:6$'&%3��AB%0

{

|V good
i (I, t)| > 0
|V bad

i (I, t)| > 0

�
)D;?&�)#.1$'&1&%5 �AB%0
Vmin ≤ |V

good
i (I, t)| + |V bad

i (I, t)| ≤ Vmax
�
+4<R0H3,)E8Q$@3D3,+ �1<-0^.10/.15H.CB1+4:60PB1&

0*&%(\;'.C:60*WY0*&A)R.10
|V bad

i (I, t)|
0*)
|V good

i (I, t)|
á

{

1 ≤ |V good
i (I, t)| ≤ Vmax − 1

1 ≤ |V bad
i (I, t)| ≤ Vmax − 1


 ���6Ù)Ù�

* 0H3N5 �AB�;?),+-$'&%3N+4W 8I$@360*&�)N<-$��@+ �AB%0*WY0*&�) ��B%0
Vmin ≥ 2

�
��;[81:6$���;!�1+4<4+4)65X8Q$'B1:RB1&%0 ��$'B1:,W +

f
.107.15H(*+-.10*:V.10=:60H3,)60*:R36B1:N81<>;'(H0

k
��$'+-3L(H$'&%3D5H(*B1),+4G0H3R3607.15 � &1+4)

(H$'W WY0X<-0H3V81:6$A.CB1+4)9.10H3L81:6$���;!�1+4<4+4)65H3=.10 ��;?+4:60X(H0�(6J%$'+ Û �E(6J�;'(*B1&%0[.10H3
k
;'(*),+-$'&%3�����0�WY$'WY0*&�)=$�� <>;

��$'B1:,W +
f
0 T�0H(*),B%0R3 ;=81:60*W + �*:609;'(*),+-$'&c0H3,)�&%$')65

t0(f)
����0H3a;?B1),:60H3`+4&%36)D;?&�)63a$��F<>; � $'B1:,W +I;!�@+4)�8I0*B1G0*&�)

à*),:60R(\;?<-(*B1<-5H3�0*&#;�� $'B1)D;?&A)��7(H0N)60*W 8%3�+4&1+4),+>;?<�<-0R.15*<>;?+�0*&�),:60V.10*B Û ;'(*),+-$'&%3
T (f, n)

á <>; ��$'B1:,W + ��0*:D;236$'&
360H(H$'&%.P(6J%$'+ Û ;?BP)60*W 8%3

t0(f) + T (f, 1)
��81B1+-3R<-02),:6$'+-36+ �*WY0	�

t0(f) + T (f, 1) + T (f, 2)
0*)V;?+4&%3,+ ��B%0

3,B1+4)60 � B%3���B �S;?Be(DJ%$'+ Û
n∗
;?Bc)60*W 8%3

t0(f) +
∑n∗(f)

n=1 T (f, n)
� �
&e3,B1818I$@3D;?&�)��AB%09(H0H(*+I3D0L81:6$K.CB1+4)N0*&�),:60

<-0H3L;'(*),+-$'&%3
a
0*)

b


b− a + 1 = k

����$'&/$��1),+-0*&�)
ξk

ξk =

b
∏

n=a

(1− ηδ(|V good
i (I, t)| > 0))

1 + n+

|V bad
i (I, t0(f) +

∑n
l=1 T (f, l))|+ 1 + n+


 ���6Ù 
 �

* J�;���B%0�8�;?+4:=WF;?+4&A),+-0*&�)7<-0�&%$'W �1:60Y.10[360H39G$'+-3,+4&%3=0*&�),:60F.10*B Û G@;?<-0*B1:63
Vmin

0*)
Vmax

� * 0H(*+
&%$'B%3
8I0*:,WY0*)=.10X.15 � &1+4:=B1& +4&�)60*:,G@;?<4<-0 .10�G';?<-0*B1:63V8I$'B1:V<��b0*&%3D0*W �1<-0 .10H3VG$'+-3,+4&%39&%$'&�+4&�)60*:60H363D5H3��Q<��S;�� $'B1)=.10
<>;�G@;?<-0*B1:$Ù98I0*:,WY0*),)D;?&�)R.10281:60*&%.C:6020*&/(H$'W 81)60=<>;[(H$'&1&%0 Û +-$'&P.10 �I$'B%(*<>;!�0 á

1 ≤ |V bad
i (I, t0(f) +

n
∑

l=1

T (f, l))| ≤ Vmax − 1

Ù)ÙKÝ$û�ÙKü#S
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36$'+4)N5"��;?<-0*WY0*&A)

2 + n+ ≤ |V bad
i (I, t0(f) +

n
∑

l=1

T (f, l))|+ 1 + n+ ≤ Vmax + n+

0*)N.1$'&%(

1 + n+

Vmax + n+
≤

1 + n+

|V bad
i (I, t0(f) +

∑n
l=1 T (f, l))|+ 1 + n+

≤
1 + n+

2 + n+

0*)��%5*)D;?&A)V.1$'&1&%5 ��B%0
1 − ηδ(|V good

i (I, t)| > 0) ∈ {1− η, 1}
��&%$'B%3R$��1)60*&%$'&%3 � &�;?<-0*WY0*&�)V<�� +4&%5"��;?<4+4)65

3,B1+4G@;?&�)60 á
(

(1− η)(1 + n+)

Vmax + n+

)k

≤ ξk ≤

(

1 + n+

2 + n+

)k 
 ���6Ù0S �

� �b0 �F(\;'(*+4)65N.10a<>;V.C+ TIB%3,+-$'&Y.10H3�+4& � $':,WF;?),+-$'&%3`0H3,)�.C+-(*)65H0a81:,+4&%(*+48�;?<-0*WY0*&�)�8�;?:
<>;L<-$'+%.10�),:D;?&%3,W +-3D3,+-$'&
P send

i→j (I, t)
� A +�(H0*<4<-0�ï (*+�0H3,)N81:6$K(6J%07.10�� ��;?B%(*B1&/),:D;?&%3 � 0*:,)R&%02360*:D;Y0 T�0H(*),B%57;?<-$':63 ��B � � <�� +4&�G0*:6360 ��8Q$'B1:

B1&%0FG';?<-0*B1:[.10}Ù ��)6$'B%3X<-0H378�;?+4:63[360*:6$'&A)�31éC3,)65*WF;?),+ �AB%0*WY0*&�)[+4&%$'&%.15H3 
 è�� � �9��� � ê � � ��0H3�8�;?:D;?W��*),:60H3
0*&A),:D;?&�)20*&�� 0*B .%;?&%3R<-0�(\;?<-(*B1<
.10X(H0*),)60�81:6$���;!�1+4<4+4)65[36$'&A)

smin, n+, Vmin, Vmax
;?&%.

η
� ��0H3 �AB%0*< �AB%0H3

5 �AB�;?),+-$'&%3 ��B1+�3,B1+4G0*&�)98I0*:,WY0*),)60*&�)=<>;FW +-360�0*& 5*GK+-.10*&%(H0[.�� B1&�0*&%3D0*W �1<-0[.107:60*<>;?),+-$'&%3=0 Û +-3,)D;?&A)90*&A),:60
0*<4<-0H3�� ��:6$'+-3L(\;'3N0 Û +-3,)60*&A)N8Q$'B1:L<-0=(\;?<-(*B1<�.10

P send
i→j (I, t)

á

•
A +

nj ∈ V good
i (I, t)

&%$'B%3L;\G$'&%3

P send
i→j (I, t)

∣

∣

∣

nj∈V
good
i (I,t)

= η
s(τi←j(t), τ(I))
∑

z∈V
good
i (I,t)

s(τi←z(t), τ(I))

$':��C5*)D;?&�)M.1$'&1&%5 �AB%0
nj ∈ V good

i (I, t)
�K&%$'B%3�3 ;HG$'&%3��AB%0

smin ≤ s(τi←j(t), τ(I)) ≤ 1
�Ü9$'&%( á

η
smin

|V good
i (I, t)|

≤ P send
i→j (I, t)

∣

∣

∣

nj∈V
good
i (I,t)

≤ η
1

|V good
i (I, t)|smin

0*& � & �H81B1+-3 ��B%0
2 ≤ |V good

i (I, t)|+|V bad
i (I, t)| ≤ Vmax

&%$'B%3�.15H.CB1+-36$'&%3 ��B%0
1 ≤ |V good

i (I, t)| ≤
Vmax − 1

0*)L;!�Q$'B1),+-3D36$'&%3 �[<��b0*&%(\;'.C:60*WY0*&A)V3,B1+4G@;?&�) á

η
smin

Vmax − 1
≤ P send

i→j (I, t)
∣

∣

∣

nj∈V
good
i (I,t)

≤ η
1

smin


 ���6Ù?Ø �

•
A +

nj ∈ V bad
i (I, t)

&%$'B%3R;HG$'&%3

P send
i→j (I, t)

∣

∣

∣

nj∈V bad
i (I,t)

= (1− η)
1

|V bad
i (I, t)|+ 1 + n+

.CB ��;?+4) �AB%0
1 ≤ |V bad

i (I, t)| ≤ Vmax − 1
�1&%$'B%3L5*)D;!�1<4+-3636$'&%3��AB%0 á

(1− η)
1

Vmax + n+
≤ P send

i→j (I, t)
∣

∣

∣

nj∈V bad
i (I,t)

≤ (1− η)
1

2 + n+


 ���6Ù � �

(H0 �AB1+�&%$'B%3N.1$'&1&%0=<��b0*&%(\;'.C:60*WY0*&A)R8I$'B1:N<-0=360H(H$'&%./(\;'3N.10 � �@B1:60��

Ù 
 �$û�ÙKü#S
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•
"�+4&�;?<-0*WY0*&�)���8Q$'B1:M<-0=(\;'3R$��

ni = nj
�CB1&^:D;?+-36$'&1&%0*WY0*&A)R3,+4W +4<>;?+4:6078Q0*:,WY0*)N.��b5*)D;!�1<4+4: ��B%0 á

(1− η)
1 + n+

Vmax + n+
≤ P send

i→i (I, t) ≤ (1− η)
1 + n+

2 + n+


 ���6ÙKÞ �

� � +4&%5"��;?<4+4)65 ���6Ù?Øe0H3,)V.15 � &1+-0�8�;?:V<��b0*&%360*W �1<-0[.10XG';?<-0*B1:63
{smin, η, Vmax}

� * 0*<4<-0H3=.�� +4&%.C+-(H0H3 ���6Ù �c0*)
���6ÙKÞF8Q0*B1G0*&A)Gà*),:60X(\;?<-(*B1<-5H0H32;\G0H(7<��b0*&%360*W �1<-0 .1078�;?:D;?W��*),:60H3

{, n+, η, Vmax}
��� �b5 �AB�;?),+-$'& ���6Ù0SY8I0*B1)

0*<4<-0F;?B%3D3,+�à*),:60Y.15 � &1+-0E0*& B1),+4<4+-3D;?&�)[(H0 W,à*WY0E0*&%360*W �1<-0E.10 8�;?:D;?W��*),:60H3X0*)X<-0 &%$'W �1:60E.10��I$'B%(*<>;!�0H3
k
�AB%0^<��b$'& .15H3,+4:60 5*G';?<4B%5�� ��0H3cG@;?<-0*B1:63E.10H3c8�;?:D;?W��*),:60H3

Vmin
0*)

Vmax
.15*8I0*&%.10*&�)e.10 (H$'&�),:D;?+4&�)60H3

0 Û )65*:,+-0*B1:60H3 
 <4+4W +4)D;?),+-$'&].10���;?&%.10 8�;'363D;?&A)60 ��81:65���5*:60*&%(H0F.10 <�� B1),+4<4+-3D;?)60*B1:��
. . .
� � �R$'B%37;\G$'&%37GKB �AB � +4<

��;?<4<>;?+4)���B%0
Vmin

36$'+4)�3,B18I5*:,+-0*B1: � 
 8I$'B1: �AB%0�<-0H3�5 �AB�;?),+-$'&%3
81B1+-36360*&A)\à*),:60a.15 � &1+-0H3��
Vmax

360*:D;V3,B1818I$@365
;Ké�;?&�)LB1&%09G@;?<-0*B1:L(H$'&%3,)D;?&A)60 � �JÛ 5H02;?B/.15*WF;?:,:D;!�07.10 � � O "�0*)L3,B18I5*:,+-0*B1:60 �

Vmin = 2
�

�
& :60*),+4:D;?&A)
Vmax

.10H3�0*&%360*W �1<-0H3[.10E8�;?:D;?W��*),:60H3[.10 ��� O " �/;�� B%3,)60*:���+4<�&%$'B%3�;?818�;?:D;µä-)���B%0F<-0H3
5 �AB�;?),+-$'&%3 ���6Ù0S � ���6Ù?Ø �����6Ù �R0*) ���6ÙKÞR8I0*B1G0*&�)�à*),:60�)6$')D;?<-0*WY0*&�)�.15 � &1+-0H3
0*&[(6J%$'+-363 ;?&�)
<-0H3�G';?<-0*B1:63�.10

smin
�

n+ 0*) η
0*)�(H0*B Û 3D$'+4)�0*&X(H$'&%36+-.15*:D;?&�)
<>;M8�;?+4:60

{n+, η}
$'B
{smin, η}

� * 0H3�8�;?:D;?W��*),:60H3�$'&�)�B1&%0`+4&��%B%0*&%(H0
.C+4:60H(*)60�3,B1:L<-0X)D;?B Û .10�.C+ TQB%3,+-$'&�.10H3R+4& � $':,WF;?),+-$'&%3 �AB1+�360*:D;Y81:D;?),+ ��B%5�� ��0H3R+4&%5"��;?<4+4)65H0H3=5*)D;!�1<4+-0H3V&%$'B%3
8I0*:,WY0*),)60*&�)L.107(H$'&%(*<4B1:6023,B1:M<-0 ��;?+4) ��B%0

η
360*:D;�B1&%09G';?:,+>;!�1<-0X;Cé�;?&�)RB1&%09+4&��%B%0*&%(H0 �@<-$���;?<-07;?B%3D3,+	�1+-0*&

.%;?&%3`<-0L(\;'3�.10N<>;=.C+ TIB%3,+-$'&FG0*:63�.10H3�8�;?+4:63`8I$')60*&�),+-0*<4<-0*WY0*&A)�+4&A)65*:60H36365H3 ��B%0R.%;?&%3`<-0R(\;'3`(H$'&A),:D;?+4:60��=úR&%0
��$'+-39(H0*<4B1+Pï (*+ �JÛ 5 �Q<-0[(6J%$'+ Û .�� B1&%0[G@;?<-0*B1:=.10

smin
0*)=.10

n+ 8I0*:,WY0*),),:D;c:60H3,8I0H(*),+4G0*WY0*&�)2.��S;�� B%3,)60*:9<-0H3
0*&AG$'+-3NG0*:63M<�� B1&%02$'B/<��S;?B1),:602.10=(H0H3L(\;?)65"�$':,+-0H3R.10=8�;?+4:63��

�,+ � � 6 0; � : �5>?6 0
�R$'B%3e;\G$'&%3#+-(*+R81:65H360*&A)65�<>; G0*:636+-$'& è � &�;?<-0�ê�.10 <��S;?< �$':,+4),J1WY0!.10 .C+ TQB%36+-$'& .�� +4& ��$':,WF;?),+-$'& 0*)

.10PWY$A.C+ � (\;?),+-$'& .CB :65H360\;?B B1),+4<4+-365P.%;?&%3 ��� O " � * 0*),)60 81:65H360*&�)D;?),+-$'& �Vù1)c36B1+4GA+-0 .10/)60H36)63FG5*:,+ � ;?&A)
<-0H3F8Q0*: ��$':,WF;?&%(H0H3#.10^<��b$'B1),+4<9.%;?&%3E<-0P(\;'.C:60P.��S;?8181<4+-(\;?),+-$'& 8I$'B1:F<-0 �AB%0*<R+4<V5*)D;?+4)c(H$'& �*B ��(H0*<4B1+R.10P<>;
(*+4:6(*B1<>;?),+-$'&�.�� +4& � $':,WF;?),+-$'&%390*&A),:6078�;?+4:63���ÜVB1:D;?&�)V<>;Y(H$'&%(H0*81),+-$'&�.10 ��� O " ��.��S;?B1),:60H3VWY$A.15*<4+-3D;?),+-$'&�.CB
31éC3,)��*WY0=$'&A)NGABe<-0 �,$'B1:L0*)��10*&^8�;?:,),+-(*B1<4+-0*:���<-0H3N.10*B Û G';?:,+>;?&A)60H3R3,B1+4G@;?&�)60H3L$'&�)R5*)65=5*),B%.C+-5H0H3 á

• � � �
��� ��� � 	 � � � ��� ��� 	  	�� � � ��� � ���* 0*),)60�81:60*W + �*:60aG@;?:,+>;?&�)60a3,B18181:,+4WY0a<>;LWY5*WY$'+4:60N;'3636$K(*+-5H0�;?B Û +4& ��$':,WF;?),+-$'&%3��AB1+C(*+4:6(*B1<-0*&A)�.%;?&%3
<-0L:65H360\;?B � �
&c:60*W 81<>;'(H0*WY0*&�)��C0*)a; � &E.��b5*GK+4)60*:�<-0H3�0*&�G$'+-3�W7B1<4),+481<-0H3��K(6J�;��AB%0�� $'B1:,W +�WY5*WY$':,+-360
<-0H3N.10*:,&1+-0*:63N8�;?+4:63L;?B ��B%0*<-3L0*<4<-02;[0*&�G$Ké57B1&%09+4& � $':,WF;?),+-$'&%3�"����;?<-0*WY0*&�)��Q.%;?&%3N(H09WY$K.��*<-0 �C<-0H3
��$'B1:,W +-3N.CB181<4+ �AB%0*&�)N<�� +4& ��$':,WF;?),+-$'&/0*&�G$�é5H0�� O Be<4+-0*B^.10V),:D;?&%3 � 0*:60*:L<>;7G0*:636+-$'& ��B �b0*<4<-0H3N$'&A)L0*&
(DJ�;?: �0 ��0*<4<-0H3N0*& ��$'&�)R.10H3N.CB181<4+-(\;?)D;'3��AB1+�36$'&A)N5*W +-3NG0*:63M<-0H3N.10H36),+4&�;?)D;?+4:60H3R(DJ%$'+-3,+-3��* J�;��AB%0 ��$'B1:,W +�.C+-3,8Q$@3D0V.�� B1&%0 � $'&%0=.109WY5*WY$'+4:60�� ��$':63��AB%0=<�� B1&%0=.��b0*<4<-0=81:60*&%.e0*&^(DJ�;?: �0=B1&%0
+4& ��$':,WF;?),+-$'& �F.C+ TQB%3D0*:���(H0*),)602WY5*WY$'+4:60�0H3,)NGK+-.15H07.10H3R.1$'&1&%5H0H3 ��B �b0*<4<-078Q$'B1G@;?+4)N81:65H(H5H.10*WY0*&�)
(H$'&A)60*&1+4:�� �
<4<-0P0H36)E8�;?:c<>; 36B1+4)60/B1),+4<4+-365H0�.�� B1& ��;��H$'& 3,+4W +4<>;?+4:60 �!<>; WY5*WY$'+4:60!;'3636$K(*+-5H0 ;?B Û
+4& ��$':,WF;?),+-$'&%3N)60*<4<-0 �AB%0=81:65H360*&A)65H07;?B Û 360H(*),+-$'&%3M81:65H(H5H.10*&A)60H3��

• � � �� � � 	 ��� � � 	 � ��� ��� 	   	���	 � � � � � 	 ����� � �* $'&A),:D;?+4:60*WY0*&�)Y;?B!WY$A.��*<-0E;'(*),B%0*<`$��!<-0��0H3,),+-$'&1&�;?+4:60Y.10F(H$'&1&%0 Û +-$'& &%0F360���;'360��AB%0 3,B1:=<-0H3
36(H$':60H3e.10 :60H(H$'W WF;?&%.%;?),+-$'&%3 � $':,WXB1<-5H3e8�;?:#<-0H3#G$'+-3,+4&%3^; � & .10 ��;?+4:60�36$'& (6J%$'+ Û 8�;?:,W +=<-0H3
(H$'&1&%0 Û +-$'&%3N8I$@363,+ �1<-0 � 5*)D;!�1<4+4:��

Ù 
 Ù;û�ÙKü#S



�����������
	
�������������	�����������������������������������	�� �!�����	�

úR&%02;?B1),:60=G0*:63,+-$'&/.109<��S;?< �$':,+4),J1WY0�360V81:6$'8I$@3602.10=.1$'&1&%0*:R;?B �0H36),+-$'&1&�;?+4:602.102(H$'&1&%0 Û +-$'&%3N<-0
(DJ%$'+ Û .��b5*G@;?<4B%0*:2<4B1+Pï�W,à*WY0 <-0H3=(H$'&1&%0 Û +-$'&%3�� ��$'B1:7(H0 ��;?+4:60 �I<-0H3=5*G@;?<4B�;?),+-$'&%3236$'&A)=B1),+4<4+-365H0 �c<>;
81<>;'(H02.CBP36(H$':60=.10=:60H(H$'W WF;?&%.%;?),+-$'& �

�R$'B%3V)60*:,W +4&%0*:6$'&%3=(H0[(6J�;?81+4),:60 36B1:RB1&�)D;!�1<-0\;?B�:65H(\;?81+4),B1<>;?),+ �a.10H3VG@;?:,+>;!�1<-0H39<-0H3V81<4B%39+4W 8Q$':,)D;?&A)60H3
8I$'B1:M<-0 � $'&%(*),+-$'&1&%0*WY0*&A)V.10 ��� O "��

� � 	 � 	 ��� � � 	�� � � 	 ��� �
smin

A 0*B1+4<CW +4&1+4W7B1W .10a3,+4W +4<>;?:,+4)65a0*&�),:60�<-0H3�),:D;'(H0H3�.10�81J%5*:6$'WY$'&%0H3�8I$'B1:�(H$'&%3,+-.15*:60*:���B � B1&
8�;?+4:L0H3,)M+4&A)65*:60H36365

n+ � W 8I$':,)D;?&%(H07.109<>; 8Q$@3636+ �1+4<4+4)65=.10=:60H3,)60*:L;?B^&1+-.e.%;?&%3L<-0=(6J%$'+ Û .�� B1&%02.10H3,),+4&�;?),+-$'&
η

* $A0 �F(*+-0*&A)R.10=<4+ �1:607;?: �1+4),:60
����� × ���6Ù ' ��;?:D;?W��*),:60H3R:65"�@+-363D;?&A)N<-02(H$'W 8I$':,)60*WY0*&�)V.10H3���$'B1:,W +-3

� � 	 � 	 ��� � � 	�� � � 	 ��� �
I

úL&%0=+4& ��$':,WF;?),+-$'&
τ(I)

��:D;'(H07.10=81J%5*:6$'WY$'&%0H3V;'3636$K(*+-5H0 �[B1&%09+4& ��$':,WF;?),+-$'&
I

round(I)
�V$'W �1:607.10=.15*81<>;'(H0*WY0*&A)63 
 :6$'B1&%. �a.10*81B1+-3N<>; (*:65\;?),+-$'&P.10=<�� +4& � $':,WF;?),+-$'&

I

vus(I, t)
��+-3,)607.10H3N.10*:,&1+-0*:63N8�;?+4:63LGA+-3,+4)65H3N8�;?:

I
� B%3���B � ��<�� +4&%36)D;?&�)

t

������× ��� 
 ' �V$')D;?),+-$'&%3N:60*<>;?),+4G0H3 ��<>; .15 � &1+4),+-$'&/.10H3N+4& ��$':,WF;?),+-$'&%3

� � 	 � 	 ��� � � 	�� � � 	 ��� �
τi→j(t)

��:D;'(H09.10N81J%5*:6$'WY$'&%0H3M;'3636$K(*+-5H0 �2B1&%0L(H$'&1&%0 Û +-$'&c.10
ni
G0*:63

nj
� æ &c:60*WF;?:���B%0*:D; ��B%0

<-0H3L.10*B Û &%$')D;?),+-$'&%3
τi→j(t)

0*)
τj←i(t)

36$'&�)R5 ��B1+4G@;?<-0*&�)60H3

I
úL&%0=+4& ��$':,WF;?),+-$'&

Vi(t)
� �b0*&%360*W �1<-0�.10H3M8�;?+4:63L;?B �AB%0*<-3

ni
0H3,)N(H$'&1&%0H(*)65	��<�� +4&%3,)D;?&�)

t

 ������ 36$'&^G$'+-36+4&�;!�0�

Vi(I, t)
A $'B%3R0*&%360*W �1<-0X.10

Vi(t)
+4&�)60*:60H363D5=8�;?:NB1&%0=+4& ��$':,WF;?),+-$'&

I

Vi(I, t)
A $'B%3R0*&%360*W �1<-0X.10

Vi(t)
&%$'&Fï�+4&�)60*:60H363D528�;?:NB1&%09+4& ��$':,WF;?),+-$'&

I

τ(I)
��:D;'(H07.10=81J%5*:6$'WY$'&%0H3V;'3636$K(*+-5H0 �[B1&%09+4& ��$':,WF;?),+-$'&

I

round(I)
�V$'W �1:607.10=.15*81<>;'(H0*WY0*&A)63 
 :6$'B1&%. �a.10*81B1+-3N<>; (*:65\;?),+-$'&P.10=<�� +4& � $':,WF;?),+-$'&

I

����� ×�����S ' �R$')D;?),+-$'&%3L:60*<>;?),+4G0H3 ��<>; .15 � &1+4),+-$'& .CBe:65H360\;?B

	 � ��
 � 
 �  � 	
	 � 	 � � � ��� 	 ��� �
P send

i→j (I, t)
�
:6$���;!�1+4<4+4)65�.109),:D;?&%3 � 0*:60*:

I
.CB^8�;?+4:

ni
;?Be8�;?+4:

nj
�[<�� +4&%3,)D;?&A)

t

P drop
i→j (t)

�
:6$���;!�1+4<4+4)65�.10=(H$'B18Q0*:L<>;[(H$'&1&%0 Û +-$'& .CBe8�;?+4:
ni
;?B^8�;?+4:

nj
��<�� +4&%36)D;?&�)

t

P recom
i→j (k, t)

�
:6$���;!�1+4<4+4)65X8Q$'B1: �AB � ��<�� +4&%3,)D;?&�)
t
�
ni
:60H(H$'W WF;?&%.10 �

nj
<>;[(H$'&1&%0 Û +-$'& �

nk

����� × ��� Ø 'âÜ95 � &1+4),+-$'&%3L.10H3M81:6$���;!�1+4<4+4)65H3R:60*<>;?),+4G0H3R;?B Û (H$'&1&%0 Û +-$'&%3

��0N(DJ�;?81+4),:60 �AB1+�3,B1+4)`0H36)`(H$'&%3D;'(*:65 �9<>;=G';?<4+-.%;?),+-$'&#.10N(H0*),)60L;?:6(DJ1+4)60H(*),B1:60R8�;?:`<�� +4&�)60*:,WY5H.C+>;?+4:609.�� B1&%0
365*:,+-0=.102)60H3,)63M0 Û 8I5*:,+4WY0*&�)D;?B Û �

Ù 
 
 û�ÙKü#S



� �������	��
� �

� ��� � � ��� � � "��	� ��
� ����� ��� �	� ���	�����  �� "�� �

% &(' )

* 0 (6J�;?81+4),:60 0H3,)=(H$'&%3D;'(*:65 �E<��b5*),B%.10 .10H398Q0*: ��$':,WF;?&%(H0H3=.10�<>;E81<>;?)60�� $':,WY0���� O " �
��0H3N3,B �,0*)63���B1+"!c36$'&�)N36B%(H(H0H363,+4G0*WY0*&�)9;!�Q$':6.15H3M3D$'&�)N<�� +4W 81<-5*WY0*&A)D;?),+-$'& .10H3N;?< �$$#
:,+4),J1WY0H3`81:65H360*&A)65H3�;?Bc(6J�;?81+4),:60R81:65H(H5H.10*&�)��A<>;=(*:65\;?),+-$'&#.10H3"�,0*B&% .10L.1$'&1&%5H0H3�;?+4&%3,+
��B%0=<-0H3L3,+4W7B1<>;?),+-$'&%3R0 TI0H(*),B%5H0H3��

'F+.- /1032547698:<;=25>?630
� �b5*),B%.10#0(%K8I5*:,+4WY0*&�)D;?<-0#81:65H3D0*&�)65H0c+-(*+�(H$'W 8I$@365H0#.10c.10*B&% 8�;?:,),+-0H3�� ��;/81:60*W + �*:60c(H$'&%(H0*:,&%0#<>;/:60(#

(DJ%0*:6(6J%0!.10PG';?<-0*B1:63#$'81),+4WF;?<-0H3e8I$'B1:E<-0H3c8�;?:D;?W��*),:60H3e.10)��� O "��+*L),+4<4+-3 ;?&�)e(H0H3cG';?<-0*B1:63���<>;Z360H(H$'&%.10
8�;?:,),+-020H36)N(H$'&%3D;'(*:65H0 ��B1&%02(H$'W 8�;?:D;?+-36$'& .10=8I0*: � $':,WF;?&%(H0H3M8�;?:L:D;?818Q$':,) ��B1&%07.C+ TQB%3,+-$'& ;?<-5\;?)6$'+4:60��

��;#&%$'),+-$'& .��b$'81),+4WF;?<4+4)65H3�0H3,)=+-(*+ �c:60*<>;?),+4GK+-360*:28�;?:7:D;?818Q$':,)X;?BZ(H$'&%.C+4),+-$'&%3X.10[)60H3,)63�",
& 0 T�0*)���<-0H3
&%$'W �1:60*B&%/8�;?:D;?W��*),:60H3=.102<��S;?< �$':,+4),J1WY0Y;?+4&%3,+ ��B%07<�� +4&&-%B%0*&%(H0 � $':,)60�.102<��S;?<-5\;?)6$'+4:60 
 � :65 ��B%0*&%(H0�.��S;'(*),+.#
G@;?),+-$'& .10H3=.C+ TI5*:60*&A)637(H$'W 8I$@3D;?&�)63 �V&%0[8Q0*:,WY0*),)60*&A)28�;'32.10 3,)D;?),B%0*:236B1:2.10H39G';?<-0*B1:632$'81),+4WF;?<-0H3X.%;?&%3
)6$'B%3M<-0H3L(\;'3N.10 � �@B1:60��

'F+0/ /�
�13254 
76�0 2��B25>?6 0 886 � /&9 �
�R$'B%3F(H$'W WY0*&%(H0*:6$'&%3E(H0e(DJ�;?81+4),:60^8�;?:��AB%0*< ��B%0H3 WY$')63E(H$'&%(H0*:,&�;?&�)E<�� +4W 81<-5*WY0*&�)D;?),+-$'& .10:��� O "��

;VB1:D;?&�)R<-0H3N.10*B&%e81:60*W + �*:60H3V;?&1&%5H0H3R.10=),:D;HG@;?B&%��1<-0H3L0 T�$':,)63N$'&�)V0*B^8I$'B1:L$��&� 0H(*),+ �
<>;�:65\;?<4+-3D;?),+-$'& .�� B1&
< 81:6$A.CB1+4) � &1+>=E;\G0H(V<�� +-.15H0=.10L8I$'B1G$'+4:M0 TI0H(*),B%0*:M.10H3a)60H3,)63a.�� B1),+4<4+4)659.10V<>;281<>;?)60���$':,WY02;?B181:��H3M.�� B1),+4<4+.#
3D;?)60*B1:63�>,
&^8�;?:,),+-0	�Y(\;?B%3602.10H3R(6J%$'+.%^)60H(DJ1&1+ ��B%0H3 ��B1+�$'&�)R5*)65 ��;?+4)63 � (H02WY$'WY0*&A)L< � ��(H0*),)60781:60*W + �*:60
+4W 81<-5*WY0*&A)D;?),+-$'& ;�5*)65#W +-360e.10e(@?')65P;?B 81:6$ � )F.�� B1&_;?B1),:60#B1),+4<4+-3D;?&A)FB1&�3,+4WXB1<>;?)60*B1:E.��b5*G5*&%0*WY0*&�)63
.C+-36(*:60*)63�

ACB S



���`�`�����
	
������������`�!��������	
���Y� �`�Q�`���Z����������������������	�� �!�����	�
	*m�
*m� ��������������������! #"%$&�('��*)+��,����&�+'�-.'��*�/ 0'��1�2���+�435��76�8&,��� 0$09:������.;

* 0*),)60#81:60*W + �*:60#+4W 81<-5*WY0*&�)D;?),+-$'& ;�5*)65 ��;?+4)60e;HG0H(e<-0 < �
:D;'(*),+-(\;?< ,�%C),:D;'(*),+-$'& ;?&%.=<L0*8I$':,) ��;?&&#
�@B�;!�0 = 
 � ,+< � �?> � � <�3��S;!�@+4)2.�� B1&!<>;?&���;!�0Y.10Y81:6$��@:D;?W WF;?),+-$'&Z360*W +.#�+4&A)60*:,81:65*)65��1+-0*& (H$'&1&AB .10H37;'. #
W +4&1+-3,),:D;?)60*B1:63L.10V35!K3,)��*WY0H3a(\;?:aJ�;!�1+4),B%0*<4<-0*WY0*&�)R:60*&%(H$'&�),:65=.%;?&%3a<-09(\;'.C:60=.10V<>;X:65\;?<4+-3D;?),+-$'&^.10936(*:,+481)63
8I$'B1:N<��S;'.CW +4&1+-3,),:D;?),+-$'&!.1073D0*:,G0*B1:63�� ��0H3R;?)6$'B1)639.10 ��,0< �]36$'&�)93D; ��;'(*B1<4)65H0	� ),:D;?+4)60*:V.10H3V(6J�;1@-&%0H39.10
(\;?:D;'(*)��*:60H3 
 (H0 �BA1)2.��S;?+4<4<-0*B1:63=8I$'B1:9(H0*<>; �AB � +4<�;c5*)65[+4&�G0*&�)65�2;?+4&%3,+ ��B%0[3D;E<-5"�0*:60*)65 0*)23D;E8I$':,)D;!�1+4<4+4)65
81B1+-3��AB � +4<�3,BDCY)L.10=.C+-368Q$@360*:N.�� B1&/+4&�)65*:,81:65*)60*B1:V8Q$'B1:M8I$'B1G$'+4:L0(%15H(*B1)60*:N<-0H3L36(*:,+481)63�

� �b$��&�,0H(*),+ ��.10�<>;E:65\;?<4+-3D;?),+-$'&!5*)D;?+4)=<>;FW +-3D0X0*&�81<>;'(H0[.�� B1& 0*&�GK+4:6$'&1&%0*WY0*&�)7.C+4)=.10 < 81:6$K.CB%(*),+-$'& = �
8I$'B1G';?&A)�E*),:60�.15*81<-$ !5�0*)�)60H3,)65�;?B181:��H3�.10H3�B1),+4<4+-3 ;?)60*B1:63�8I$')60*&�),+-0*<-3�� * 0�(6J%$'+.%X;M5*)65���;?+4)�(H$'&A),:60�<>;a<-$��@+ �AB%0
J�;!�1+4),B%0*<4<-0 .10 .15*G0*<-$'818I0*WY0*&�) ��B1+�G0*B1) �AB%0X<-0H3=5*)D;?8I0H32.10�<>;c:65\;?<4+-3D;?),+-$'& 36$'+-0*&A)���.%;?&%32(H0*)2$':6.C:60 �I<>;
(H$'&%(H0*81),+-$'& ��<>;^3,+4WXB1<>;?),+-$'&Z0*)2<-0H37)60H3,)63281B1+-37<�� +4W 81<-5*WY0*&�)D;?),+-$'& � &�;?<-0F0*)2<>;^.C+-3,),:,+ �1B1),+-$'&�;?B181:��H3X.10H3
B1),+4<4+-3D;?)60*B1:63����;Y:D;?+-36$'&!0*&!0H3,)V<>;Y&�;?),B1:60�WFE*WY0[.CB�81:6$A.CB1+4)9.15*G0*<-$'818I5 0*)V.10[36$'&�(*:,+4)��*:60[.10 �AB�;?<4+4)65
;'363D$A(*+-5�� � �b$��&� 0H(*),+ �[.10 � � O " 0H3,)c.10 ��$'B1:,&1+4:#B1& 36B1818Q$':,) ��;'(*+4<4+4)D;?&A)#<-0/),:D;\G';?+4<=.10H3cB1),+4<4+-3D;?)60*B1:63e0*&
3��b$K(H(*B18�;?&�) �=<-0*B1:�81<>;'(H0V.10H3`)?G'(DJ%0H3M.10N8�;?:,)D;!�09.10H3`+4& ��$':,WF;?),+-$'&%3a0*)�.10L<>;2W +-3D0L0*&c81<>;'(H0R.�� B1&E:65H360\;?B
36$K(*+>;?<���;'365=3,B1:L<-0*B1:63N(H0*&�),:60H3V.�� +4&�)65*:HE*)63�� ��02(*:,+4)��*:602.10 ��B�;?<4+4)652.�� B1&/)60*<�$'B1),+4<�0H3,)N<>;[3D;?),+-3 ��;'(*),+-$'& �AB%0
<�� B1),+4<4+-3D;?)60*B1:RGA+-3 �[GA+-3L.10H3N:65H3,B1<4)D;?)63R$��1)60*&�B%3��Q;?B^:60"��;?:6./.10=<��b0 T�$':,) �AB � +4<�.10*GK:D; ��$'B1:,&1+4:N8Q$'B1:LB1),+4<4+-360*:
<��b$'B1),+4<�0*)M.10H3a:60H3636$'B1:6(H0H3NWF;'(6J1+4&%0 �AB1+�;?B1:6$'&�)L5*)659B1),+4<4+-365H0H3� � �b5*G';?<4B�;?),+-$'&/.�� B1&e)60*<�(*:,+4)��*:609&%098I0*B1)M360
��;?+4:60 ��B%098�;?:R.10H3M)60H3,)63N0*&/36+4),B�;?),+-$'& �%0*&eB1),+4<4+-3D;?&�)RB1&^81:6$K.CB1+4) � &�;?<4+-365��

�R$'B%3�;\G$'&%3�;?+4&%3,+1$'81)65M8I$'B1:
B1&Y.15*G0*<-$'818I0*WY0*&�)�0*&%(DJ�;1@-&�;?&�)�(H$'&%(H0*81),+-$'&F0*)
+4W 81<-5*WY0*&�)D;?),+-$'& � &�;?<-0
81B1+-3R)60H3,)63V0*)LG@;?<4+-.%;?),+-$'&%3��JI�;?+-3V(H0*),)60X3,),:D;?)65"�@+-0X&%0�3��b0H3,)L8�;'39;HG0*:65H0[3D;?),+-3 ��;?+-3D;?&A)60 ��&%$'B%3R:60*GK+-0*&%.C:6$'&%3
3,B1:N(H098I$'+4&�)R.%;?&%3N<>;�8�;?:,),+-0 �1+4<>;?&/.107(H0*),)602360H(*),+-$'& �

K B%0*< ��B%0H3N8Q$'+4&A)63L(\;?:D;'(*)65*:,+-3D;?&A)R(H0*),)60=+4W 81<-5*WY0*&A)D;?),+-$'&�3D$'&�)L(*+.# ;?81:��H3R.15*)D;?+4<4<-5H3
• LNM�OQP 	 M�R:S�TVUDTXW�YJS � R[Z 	 P 	 M\R[S�TVZ^]_YJS*ZNTXW`TXa�TXW � Z � R 	 L � ���0H3=5*<-5*WY0*&A)63=(H$'&%3,),+4),B1),+ ��3=.103� � O " $'&A)95*)65�+4W 81<-5*WY0*&A)65H3236$'B%3V<>; � $':,WY0[.10�(H$'W 8Q$@3D;?&A)6320*&
),+4:D;?&A)R81:6$ � )V.10H3L$'B1),+4<-3V.102(H$'&%(H0*81),+-$'& ��$'B1:,&1+-3R8�;?: �&b , 
 ��0*:,<+b �&�,0H(*) ,
&�GK+4:6$'&1WY0*&�) � �"�cb ,
0H3,)LB1&%0281<>;?)60���$':,WY028I0*:,WY0*),)D;?&�)V<>; (*:65\;?),+-$'& 0*& ��,+< �].10=81:6$��@:D;?W WY0H3VW7B1<4),+.#�)?G'(DJ%0H3V81+4<-$')65H3
8�;?:NB1&^35!K3,)��*WY0=5*G5*&%0*WY0*&A),+-0*< �
;90*B&% (H$'W 8Q$@3D;?&A)63`3,B18181<-5*WY0*&A)D;?+4:60H3�$'&A)�5*)65N; �,$'B1)65H3 �=(H0*B&% .15H(*:,+4)�;?BY(6J�;?81+4),:60L81:65H(H5H.10*&�)�� ��0
81:60*W +-0*:�0H3,)�B1&7360*:,G0*B1:�5H(H$'B1)D;?&A)�<-0H3�:60 �ABdE*)60H3�81:6$ G0*&�;?&�)�.10
<�� +4&�)60*: ��;'(H0 �@:D;?81J1+ �AB%0�.10�(H$'&A),:5?'<-0��
� <
8Q0*:,WY0*)	�e(H0*),)60 +4&�)60*: ��;'(H0F.10 (H$'W WF;?&%.10*:[.C+4G0*:6360H32$'8I5*:D;?),+-$'&%32)60*<4<-0H3 ��B%0[<-0Y:60H.15*WF;?:,:D;!�0
$'B <��S;?:,:HE*)=.CBP81:6$��@:D;?W WY0�� ��0�360H(H$'&%.�0H3,)LB1&�(*<4+-0*&�)=360X(H$'&1&%0H(*)D;?&�) �F<�� +4&�)60*: ��;'(H0[.10X(H$'&A),:5?'<-0
.107<��b5*)D;?)R.CB^:65H360\;?B � * 0*<4B1+.# (*+ ��$'B1:,&1+4) �[<�� +4&A)60*: ��;'(H0X<-0H3L.1$'&1&%5H0H3V.1$'&�)V0*<4<-0X;��I0H36$'+4&/3D0*<-$'&^B1&%0
3,),:D;?)65"�@+-07.10=(H$'W W7B1&1+-(\;?),+-$'&�.10=) !K8Q0 < 81B%3,J =�eC8I5*:,+-$A.C+ �AB%0*WY0*&�)���<-098�;?+4: �5*& �*:60=B1&e8�;��AB%0*)
(H$'&A)60*&�;?&�)V)6$'B1)60H3N<-0H3N.1$'&1&%5H0H3LB1),+4<-0H3N0*)N<��b0*&�G$'+-0X0*&^.C+4:60H(*),+-$'&P.CB/3D0*:,G0*B1:��

• fhg 	 UDTXW�YJS �0i a�S�RjW�S�TVR[g � Uk]�R � g�UkO�l�W�m�a�R � Rn]�Y�S�TVg F P�R � aoZ � ZNTVp:M�R*R&%0`81:60*W + �*:60�+4&A)60*: ��;'(H0N;L5*)65�:65\;?<4+-3D5H0�; � & .10�(H$'&�),:5?'<-0*:
<��S;'(*),+4GK+4)65�.10H3���� O "�3 
 G$'+4: � �@B1:60rq��ts� �
u 0*<4<-0(# (*+�0H3,)9(\;?8�;!�1<-0X.10X3607(H$'&1&%0H(*)60*: � B1&�(H0*:,)D;?+4& &%$'W �1:60[.�� +4&%3,)D;?&%(H0H39.102<>;Y81<>;?)60�� $':,WY0[0*)
.10P:65H(*B18Q5*:60*:#.10H3#.1$'&1&%5H0H3#(H$'&%(H0*:,&�;?&�)e<��b5*)D;?)#.10H3F8�;?+4:63�� ��0H3 ��$'&%(*),+-$'&1&�;?<4+4)65H3 � $'B1:,&1+-0H3c8�;?:
<��S;?8181<4+-(\;?),+-$'& 3D$'&�) <>;PGA+-36B�;?<4+-3D;?),+-$'&�.10c<>;/)6$'8I$'<-$��@+-0e.CB�:65H360\;?B ��<>; (H$'&%3,B1<4)D;?),+-$'& .10H3 3,)6$K( �C3
.�� +4& ��$':,WF;?),+-$'&%3�.1$'&A)�.C+-3,8I$@360*&A)�<-0H3
8�;?+4:63�;?+4&%36+ ��B%0M<-0*B1:`G$'+-3,+4&�;!�0�� ��0N3D$'B1:,+4:60 ��B �S;?: �I$':60*&�)�<-0H3
GK+-3D;!�0H3V3,+4),B%5H3 �Y<>; 81<>;'(H0�.10H3L&dv9B%.13V),:D;'.CB1+-360*&A)9GA+-3,B%0*<4<-0*WY0*&A)R<>;FG@;?<-0*B1:R.CB�(*:,+4)��*:60X.10X3D;?),+-30#
��;'(*),+-$'&e.CBc8�;?+4:��&�
<4B%3M(H0*),)6093D;?),+-3 ��;'(*),+-$'&#0H3,) �@:D;?&%.10 
 81:6$A(DJ%0=.10ws���K81<4B%3�<-0VGA+-3D;!�0R:60*81:65H360*&A)65
0H3,)N3D$'B1:,+>;?&�)��

x ;�;1;�: 2�71BHF
:6A3B�C1y�z1{}|�~1��{}|*����� K}�*� {r� Q&� �}� ��� |�{ M3Q1Q3R

s B���� sV�#S
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������������`�!��������	
���Y���`�Q�`���Z����������������������	�� �!�������

�	��
	��q��ts ' � &�)60*: ��;'(H0 �@:D;?81J1+ �AB%02(H$'&�),:5?'<>;?&A)R<��S;'(*),+4GK+4)657.10 � � O "�.%;?&%3L3D;�G0*:63,+-$'&^0*& ��,+< �

��;Y360H(H$'&%.10=+4&�)60*: ��;'(H070H36)N(H0*<4<-0 � $'B�;?&A)L<-09:5?'<-02.102)65*<-5H(H$'W WF;?&%.10	�[.C+-3,)D;?&%(H0X.10H3���� O "�3 
 G$'+4:
� �@B1:60 q�� B � ��K0H3���$'&%(*),+-$'&1&�;?<4+4)65H3V3D02:65H3,B1WY0*&A) �Y<��b0(%C5H(*B1),+-$'&!.107(H$'W WF;?&%.10H390*)V<��S;1CF(6J�;!�0[.10
WY0H363 ;!�0H3�0*&AG$C!5H3�8�;?:`<-0H3`8�;?+4:63�� u �b0H3,)�(H0*),)60NWFE*WY0L+4&�)60*: ��;'(H0 �AB1+�0H3,)�5"��;?<-0*WY0*&�)aB1),+4<4+-365H0N8I$'B1:
<>;�(*:65\;?),+-$'&^.�� B1&e:65H360\;?B#GK+4:,),B%0*<I(H$'W 8I$@3659.10V81<4B%3,+-0*B1:63M&dv9B%.13�� u 0H3M.10*:,&1+-0*:63M36$'&A)L;?<-$':63M(*:65H5H3
3,B1:RB1&%07WFE*WY0XWF;'(6J1+4&%0[0*)VB1),+4<4+-360*&�)9.C+ T�5*:60*&�)6398I$':,)63R.10X(H$'W W7B1&1+-(\;?),+-$'& .10X<>;Y(\;?:,)60X:65H360\;?B
; � &/.1098I$'B1G$'+4:���$'&%(*),+-$'&1&%0*:L)6$'B%3M+4&%.15*8I0*&%.%;?W WY0*&�)93D;?&%3N3D0 ��E*&%0*:N<-0H3MB1&%3N<-0H3R;?B1),:60H3��

�	��
	�Jq�� B ' � &A)60*: ��;'(H0 �@:D;?81J1+ ��B%078Q0*:,WY0*),)D;?&A)R.10981+4<-$')60*: �[.C+-36)D;?&%(H0=B1&/$'Be81<4B%3,+-0*B1:63 ��� O "%3
u 0H3�.10*B&%781:6$��@:D;?W WY0H3�36$'&�)�0*B&%�;?B%3636+�5H(*:,+4)63�0*&3��,0< �#0*)�B1),+4<4+-360*&A)�<��b0*&%360*W �1<-0a.10`(H$'W 8I$@3D;?&A)63
�@:D;?81J1+ �AB%0H3��V) ��� 8�;?:N<�� +4&A)60*:,WY5H.C+>;?+4:60X.CB^WY$K.CB1<-0 �&) ����� �

• fhg��_UDTXW�YJS�� i a�S���g�R��0Y�SnO+Y�a�g#P�R�S�U ��W��JUDTVR[a*g WBS�TVR_g S*R�T"! � W�g�R � Y �$#Y"�+4:60�� $C%=0H36)�B1&781:6$$�,0*)
%LC�/9>'&)(32071B0F�* I3A&E0B)+37-,0A3B�CH7�* 8�71/�y:z1{�|�~���{}|*����� K��*� { M/.c� �}� ��� |�{ M3Q3Q1R

s B10h� sV�#S



���`�`�����
	
������������`�!��������	
���Y���`�Q�`���Z����������������������	�� �!�������
.10M&�;\GA+ ��;?)60*B1:�<4+ �1:60N.10M<>; ��$'&%.%;?),+-$'&^I $��H+4<4<>;���� �V$'B%3`;HG$'&%3�.15*G0*<-$'818Q5L8Q$'B1:`(H0a&�;\GA+ ��;?)60*B1:�B1&
�@:60 T�$'&/0 T�0H(*),B�;?&�)N<>;�:65H(*B18I5*:D;?),+-$'&P.�� +4& ��$':,WF;?),+-$'&/0*)R;'3636B1:D;?&�)M<-02.C+>;?<-$��@B%07;\G0H(=<-0H3N5*<-5*WY0*&A)63
.10Y(*+4:6(*B1<>;?),+-$'&�.10 <�� +4& ��$':,WF;?),+-$'&].10 ��� O "�� u 0��@:60 T�$'&Z0H3,)7B1& 0(%C0*W 81<-0E.10H3X;?8181<4+-(\;?),+-$'&%3�360
3,+4),B�;?&A)R;?B < &1+4G0\;?B/+4&A)60*: ��;'(H0 =e.10 ��� O "��

u 0*),)609+4W 81<-5*WY0*&�)D;?),+-$'& ���1+-0*& ��B%0 ��$'&%(*),+-$'&1&%0*<4<-0 �%&%0V81BnE*),:609B1),+4<4+-365H020�CF(\;'(H0*WY0*&A)V; � &^.��b0 T�0H(*),B%0*:
.10H3�3D5*:,+-0H3�.10M)60H3,)63�.10H3�;?< �$':,+4),J1WY0H3�����0a81:6$��1< �*WY0R360M3,+4),B�;?+4)`0H3D360*&�),+-0*<4<-0*WY0*&A)a;?B &1+4G0\;?Bc.10a<>;=(H$'&%(H0*8&#
),+-$'&F.CBE81:6$��@:D;?W WY0�� ,�)D;?&�)�+4&1+4),+>;?<-0*WY0*&�)a81:65*GABE8Q$'B1:`B1&E(\;'.C:60L.10L81:6$A.CB%(*),+-$'& ��)6$'B%3`<-0H3`8�;?+4:63`5*)D;?+-0*&A)
0(%15H(*B1)65H378�;?:�.10H3781:6$K(H0H363,B%3�365*8�;?:65H3XB1),+4<4+-3D;?&�)[.10H3X:60H3636$'B1:6(H0H3X:65H360\;?B 
 <-$K(\;?<-0H3 �28Q$'B1:�(H$'W W7B1&1+ �AB%0*:
0*&A),:60X0*B&% � ��0H3V(\;?8�;'(*+4)65H3R:65H360\;?B $'&A)R5*)65XB1& ��;'(*)60*B1:L<4+4W +4)D;?&A)VWF;?+-3V3,B1:,)6$'B1)R<>; :60*WY$'&�)65H0[.�� +4& ��$':,WF; #
),+-$'&%3=3,)D;'36),+ ��B%0H393,B1:9<��b0�CF(\;'(*+4)65 .CB!3 !C3,)��*WY0[3��b0H3,)2;HG0*:65H0[8�;?:,),+-(*B1<4+ �*:60*WY0*&A) ��;'3,),+-.C+-0*B%360[0*)=(H$ A1)60*B%360��
��5*:,+-$A.C+ �AB%0*WY0*&�)��K(6J�;��AB%0N8�;?+4:�.10*G';?+4)`(H$'&%36),+4),B%0*:�B1&YWY0H363D;!�0L(H$'&�)60*&�;?&�)�<-0H3
+4& ��$':,WF;?),+-$'&%3`&%5H(H0H3D3D;?+4:60H3
;?B&%F(\;?<-(*B1<-3�0*)`<��b0*&AG$C!0*: �=B1&c360*:,G0*B1:a0 TI0H(*),B�;?&A)�<��S;!�@:65"��;?),+-$'&e.10H3�:65H3,B1<4)D;?)63�� ��;2(*:65\;?),+-$'&e0*)`<>;7(*+4:6(*B&#
<>;?),+-$'&F.10M(H0H3`WY0H363D;!�0H3�5*)65NB1&%0L;'(*),+4GA+4)65L(H$'&%36$'W WF;?),:,+-(H0L.10M:60H3D36$'B1:6(H0H3 u ��* 0*)�:65H360\;?B � O W +.# (DJ%0*W +4&
.10E&%$@3[),:D;HG@;?B&%	��(H0*<4<-0(# (*+N; .1$'&%(#5*)65EW +-3D0c.10c(@?')65e; � & .10E8�;'3D360*: �PB1&%0#360H(H$'&%.10c+4W 81<-5*WY0*&�)D;?),+-$'&
81:65H360*&A)65H02(*+.# ;?81:��H3��

,
&�),:60/<>;!360H(H$'&%.10 ;?&1&%5H0^WF;?:��AB�;?&�)c<��S;?:,:HE*)E.CB .15*G0*<-$'818I0*WY0*&�)#.10/(H0*),)60e+4W 81<-5*WY0*&A)D;?),+-$'& 0*)Y<>;
�AB�;?),:,+ �*WY0FWF;?:��AB�;?&�) <>; � &�.10E(H0*),)60c),J �H360 ��<-0H3 ;?< �$':,+4),J1WY0H3Y;?B](Nv9B1:[.10 � � O " $'&A)[5*G$'<4B%5H3[0*)[360
36$'&A)�;?WY5*<4+-$':65H3�� O � &F.10NWY0*),),:60V0*&F81:6$K.CB%(*),+-$'& � � O " �@B1&%0V;'(*),B�;?<4+-3 ;?),+-$'&c.CBE81:6$��@:D;?W WY0R360*:D;?+4)�.1$'&%(
&%5H(H0H363 ;?+4:609WF;?+-3N<>;�81<4B%3 �@:6$@3D36098�;?:,),+-02.CB/.15*G0*<-$'818I0*WY0*&�)V0H3,)N.15 � � :65\;?<4+-365H0��

	*m�
*m`
 �\��$+)�'�����' ��-.8&���J-5'J���2��������� 35�H"%���� +'4 #"%$&�7��$�����  +'=� �- $0���������*�

� �b0*&%360*W �1<-0e.10E<>;PWY$K.15*<4+-3D;?),+-$'& ; 5*)65c+4W 81<-5*WY0*&�)65H0/36B1:XB1& 3,+4WXB1<>;?)60*B1:F.��b5*G5*&%0*WY0*&�)63E.C+-36(*:60*)63��
��0=36+4W7B1<>;?)60*B1:R0H36) bRW &%0*)5��� � �`;?: ��;�� B�� � � � +4&A)60*: ��;'(H0 �@:D;?81J1+ ��B%02.107(H0=3,+4W7B1<>;?)60*B1:V0H3,)MGA+-36+ �1<-023,B1:M<>;
� �@B1:60hq���S��

�	��
 �Jq���S
	 � &�)60*: ��;'(H0 �@:D;?81J1+ �AB%02.CB/3,+4WXB1<>;?)60*B1:
�L;�;1; *��A��0=1F�F1@ *,A3B�C�y_zX{}|�~���{}|*���}� K���� {�� � �}� ��� |�{ M3Q1Q3R
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��0H3��AB%0*< ��B%0H3a8I$'+4&�)63N36B1+4G';?&A)63 � $'B1:,&1+-363D0*&�)N.10H3a+4& ��$':,WF;?),+-$'&%3L3,B1:M(H0*),)609+4W 81<-5*WY0*&�)D;?),+-$'& 360*<-$'&#B1&%0

;?8181:6$K(6J%0236+4W +4<>;?+4:60 �[<>;�81:65H(H5H.10*&�)60 e

• LNM�OQP��[M�R:S�TVUDTXW�YJS ��R_Z �:P��[M�R:S�TVZF]�Y�S�ZNTXW`TXa�TXW � Z ��R 	 L � � *R&%09:60*81:65H360*&A)D;?),+-$'& �@:D;?81J1+ �AB%0
.10H3
5*<-5*WY0*&A)63�+4W 81<-5*WY0*&�)65H3`.%;?&%3�<-0�3,+4WXB1<>;?)60*B1:`0H3,)�GA+-3,+ �1<-0a3,B1:�<>; � �@B1:60 q�� � �2bR& !2:60*WF;?:��AB%0a<>;
81:65H360*&%(H07.�� B1&^:6$��Q$')N36B1:M<-0 ��B%0*<�&%$'B%3N:60*GA+-0*&%.C:6$'&%3L8�;?:N<>;[3,B1+4)60��>��;?:L36$'B%(*+-3N.109:D;?81+-.C+4)65X.%;?&%3
<>;e(*+4:6(*B1<>;?),+-$'&Z+4&�)60*:,&%0E.10H32WY0H363D;!�0H3�����B%0*< �AB%0H37;?WY5*&�;!�0*WY0*&�)63[$'&A)X5*)65���;?+4)63=8�;?:2:D;?818I$':,) �
<>;[.15 � &1+4),+-$'&^+4&1+4),+>;?<-0=.10 � � O "];?B^(DJ�;?81+4),:60=81:65H(H5H.10*&�)�� ,
&e8�;?:,),+-(*B1<4+-0*:��1<>;[(H$'&1&%0(%C+-$'&^.109)6$'B%3
<-0H3a5*<-5*WY0*&�)63R;?Bc&%$ !�;?B#8Q0*:,WY0*)M.10V:65H.CB1+4:60V<>;X.C+-36)D;?&%(H0V3D5*8�;?:D;?&�)M(6J�;��AB%0=5*<-5*WY0*&�) ��$'&%(*),+-$'&1&%0*<

 0*)L.1$'&%(2<-09)60*W 8%3L.10=(H$'W W7B1&1+-(\;?),+-$'&�<-$':63��AB � +4<�<-0*B1:L3��S;!�@+4)R.��b5H(6J�;?&��0*:R.10H3NWY0H363D;!�0H3 � �

�	��
	�Jq�� � 	 <L0*81:65H3D0*&�)D;?),+-$'&P.10H3L5*<-5*WY0*&�)63V.10 ��� O "]+4W 81<-5*WY0*&�)65H3V.%;?&%3N<-0=3,+4WXB1<>;?)60*B1:

• fhg��_UDTXW�YJS � i a�S U ��R[S�T g�Y 
 Y�T��'! 
 YdT #�� O+YJa*g P i WBS�� R[]2TXW�YJS � i W�S � YJg�M\UDTXW�YJS*Z ��;=81:60*W + �*:60+4W 81<-5*WY0*&A)D;?),+-$'&E0 T�0H(*),B%5H0M.10 ��� O "�;HG@;?+4)
8Q$'B1:
$��&�,0H(*),+ ��<>;VW +-360a0*&[)60H3,)`;HG0H(M.10H3�B1),+4<4+-3 ;?)60*B1:63��
;=;?&%39<-0 (\;'.C:60[.�� B1&%0 3,+4W7B1<>;?),+-$'& ��(H0H39B1),+4<4+-3D;?)60*B1:63=&%0 36$'&A)=81<4B%3=.C+-3,8Q$'&1+ �1<-0H3=0*)2.1$'+4G0*&A) E*),:60
:60*W 81<>;'(H5H3�� u 0�3D$'&�)�.1$'&%(M.10H3�:6$��I$') 
 $'B < �I$') = � ��B1+10 T�0H(*),B%0*&�)`.10�<�� +4& �,0H(*),+-$'&F.�� +4& ��$':,WF;?),+-$'&%3
.%;?&%3�<-0�3 !K36)��*WY0�; � &[.10�36+4W7B1<-0*:�<>;N81:65H3D0*&%(H0�.�� B1&[B1),+4<4+-3D;?)60*B1:��AB1+ �5*&%5*:60*:D;?+4)
.10H3�+4& ��$':,WF;?),+-$'&%3
.10 8�;?:,)X36$'& ;'(*),+4GA+4)65�� u J�;���B%0Y8�;?+4:7(H$'&�),+-0*&A)XB1& �I$')2.1$'&�)X<>; � :65 ��B%0*&%(H0Y.10 ��$'&%(*),+-$'&1&%0*WY0*&�)
0H3,)M+-.10*&A),+ ��B%0	�[(H0*<4<-02.10H3 ��$'B1:,W +-3��

• fhg��_UDTXW�YJS � i �:P��:M�R:S�TVZ �*Rj]�YJS�TVg��JP�R��0H3^+4& � $':,WF;?),+-$'&%3e81B��1<4+-5H0H3/36$'&�)^0(%C),:D;?+4)60H3^.�� B1& �,0*B .10!.1$'&1&%5H0H3/(6J�;?: �5 �@<-$���;?<-0*WY0*&A)/8�;?:
<-0!3,+4WXB1<>;?)60*B1:�� u �b0H3,)eB1& ;!�0*&A)^0(%K)60*:,&%0 ;?B&%���� O "%3 �AB1+ � �*:60!(H0 �,0*B .10!.1$'&1&%5H0H3� u 0*<4B1+.# (*+
+4W 81<-5*WY0*&A)60E.10*B&% ��$'&%(*),+-$'&%3 � � ' � � .�-���� =B,- 8 ���� . ) ���
-�0*) �D� ' � � % � "�# B*- 8 �
�$D. ) �
��- �AB%0 <-0H3
�I$')2;?818Q0*<4<-0*&A)7; � & .10X:65H(*B18I5*:60*:=B1&%0�+4& � $':,WF;?),+-$'& �E81B��1<4+-0*:�� ��;E81:60*W + �*:60Y.10[(H0H3 ��$'&%(*),+-$'&%3
8I0*:,WY0*)2.10[(6J%$'+-3,+4:=B1&!5*<-5*WY0*&�)�;?B J�;'3 ;?:6.�8�;?:,W +�<��b0*&%3D0*W �1<-0Y.10[(H0*B&%!.C+-3,8Q$'&1+ �1<-0H32;?<-$':63 �AB%0
<>; 3D0H(H$'&%.102:60*)6$'B1:,&%0X<��b5*<-5*WY0*&�)V<-0=81<4B%3N81:6$K(6J%0X.102(H0*<4B1+�8�;'363D520*&^8�;?:D;?W��*),:60�� *L&%0 ��$'+-3��AB � B1&
5*<-5*WY0*&A)R.CB��,0*B^.10=.1$'&1&%5H0 �[5*)652.1$'&1&%5 ��B1& �Q$')��1(H0*<4B1+.# (*+�0H3,)N:60*),+4:65��>*R&%0 � $'+-3���B%09<-0 �,0*B^.10
.1$'&1&%5H0H3R0H3,)MGA+-.10 ��(H0*<4B1+.# (*+�0H3,)M:60(#�:60*W 81<4+�;\G0H(=<��b0*&%360*W �1<-07.10H3L.1$'&1&%5H0H3R.10=.15*8�;?:,)��
*R&/360H(H$'&%.P5*<-5*WY0*&�)=.102(H$'&�),:5?'<-0�0 T�0H(*),B%07<��b0*&%360*W �1<-0X.10H3LWY0H3,B1:60H3V3,)D;?),+-3,),+ �AB%0H3N&%5H(H0H363D;?+4:60H3 �
<��b5*G@;?<4B�;?),+-$'&P.10H3M8I0*: ��$':,WF;?&%(H0H3L.CB/3 !C3,)��*WY0��
��02:65H360\;?B/.10H3���� O "%3L;?+4&%3,+ �AB%02(H0H3N.10*B&%e5*<-5*WY0*&�)63V0(%K)60*:,&%0H3R36$'&�)MGK+-3,+ �1<-0H3N36B1:M<>; � �@B1:60hq�� 0
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�	��
 ��q�� 0 	 <L0*81:65H3D0*&�)D;?),+-$'&�.�� B1& .10H3L:65H360\;?B&%/.102)60H3,)R.10 ��� O "_;?+4&%3,+ �AB%02.10H3V5*<-5*WY0*&�)6390(%K)60*:,&%0H3V.10
(H$'&A),:5?'<-0

u �b0H3,)
(H0*),)60N360H(H$'&%.10a+4W 81<-5*WY0*&A)D;?),+-$'& �AB1+1&%$'B%3�;V8Q0*:,W +%.��b0 T�0H(*),B%0*:
<��b0*&%360*W �1<-0L.10H3
)60H3,)63�81:65H360*&A)65H3
(*+.# ;?81:��H3��

'���� � 6����36	��
���84	6�� 
���� 6���������� 6

� ����� �������! #"%$��#&(')�!*+",�!*,",*�� � �#$&%��%�#$&% � � �.-/�.��0 �!*1* -/� " ��0  !�!*2*23546&,�!*�� ��'7�!*," ��0  !�!*,*23546&,� � � � 4)*%8 - *,�#&
� � $ � � �93/*,� � � �.-/�.��0 �!* � � 4 � � - &%:;35"%4 -/� * � 0  ,<93 � �=�#&>354 � *%4��?$�� � � $ � �@" - 8 - ' - �A4)�B4 � 46"%4C35')� � $D& 0 *,�E35$
8��#&%:F�#"%"23 � " � ��&,�#:G8.'646&+')�H E35& � �#" � �I3 � &,�!*,*2� � �!*J893546&,*135$ �.0 :;35&%&23!�=� � $K* !L*%"��#:F���

	NMPONM� Q ����'= +'  +�*�0�+��'��j "%��SR���,_-.���2����0�

�T�;U1VAW��!*%"� -/��� �A$.& 0;� � �X3/Y -/� �@*%46:Z$.')�#&Z'C3@8.& 0 *,� �  !� � � $ � $."%46'64)*235",�#$.&��  -/� 3/ #"%46[?46" 0 *,��& 0 *%$.:F�
��8.& -\� $.46&,�H$ � �H* 0 &%4)� � � 4 � � - &%:;35"%4 -/� *+ - &%&,�!*%8 -/��� 3 � " �Z$ � "%< �#:F��8935&%"%4) #$.'64)�#&�� \�#' -/� 'C3�: -\�.0 '64)*235"%4 -/�
� � ��� �1] �L !�!*^4 � � - &%:;35"%4 -/� * �.- 46[=� � " E#"%&,� � 4)*%8 -/� 4 �.')�!** - $�*^'C3 � - &%:F� � � $ � [=�! #",�#$.& � �([A35')�#$.&,*_& 0 �#'6')�!*��
u �#'6')�!*0#` #4T*2�#& -/� "4) #4T*%$.8.8 - * 0 �!* E#"%&,��')� �a&%$.46" � � $ � ��: -?�.0 '64)*b35"%4 -/� � :I � � �.-  #$.:F� � ",*��� 2<93��c$��H[A35')�#$.&
&,�#8.& 0 *,� � "23 � "'C3�8 -/���.0 &235"%4 -/�d� � $ � : - " #' 0 �(%L"%&23546" � $B -/� ",� � $e3/*,* -  #4 0 ��'�� 4 � � - &%:;35"%4 -/� 
%fag  2<9358.46"%&,�
h � B *%$.&�'C3K: -\�.0 '64)*235"%4 -/�D� �!*i4 � � - &%:;35"%4 -/� * � � � - $�*i*%$.8.8 - *,�#& -/� * 0 �c35')�#:F� � "G'C3 �.0 ��� 46"%4 -/�D� � $ �D� 4) (#
"%4 -/�.� 3546&,�� - :G:Z$ � �i'���� � *,�#: �.')� � $d& 0 *,�E35$K8j�#&%:F�#"%"23 � " � � � %L�#&'C3G"23546'6')� � �!*[=�! #",�#$.&,*� �T�!*��k�#$&% � �
�.-/�.��0 �!*1* -/� "�� 0#��0 & 0 *(35&%"%4 �  #4)�#'6')�#:F� � "H*,�#' -/� '��I35' � - &%46"%<.:F��4 ��� 4 �?$ 0 � � 3 �.� �(%.�!*��

, � $."%46'64)*b3 � ";$ � � � *,�#: �.')� � �B[A35')�#$.&,* � 4l� 0 &,� � ",�!*m8 - $.&m ,<93��?$��d8935&235:��#"%&,� � �d !�#"@35' � - &%46"%<.:F� �
��- $�*�8.& -\� $.4)* -/� * h �%�#$&% � � �.-/�.��0 �!*^eon=p?q?q=r?sLt/u.t\v=w/u���x.yLzcv{rcs.t/u.t\vAwAu��T|cwA}LtA~Lt/u.wA�csLt/u.t\v=w/u � u �#$&% #
 #4 - &%&,�!*%8 -/��� � � ">&,�!*%8��! #"%46[=�#:F� � " ��$ ��� 46[=�E35$ � � �.&%$.46" 0 �c35' ��'�� 4 � � - &%:;35"%4 -/� $."%46')� ��'C3�: - 46"%4 0K� �
'�� 4 � � - &%:;35"%4 -/� $."%46')�1�#"S$ � "%4)�#&,* � �+'�� 4 � � - &%:;35"%4 -/� $."%46')��� ���!*S[A35')�#$.&,* � �1 !�!*�8935&235:��#"%&,�!*_* -/� "S&,�#8 - &%" 0 �!*
� 3 � *_')�1"23!�.')�E35$/q��ts�� �T�!* �%�#$&% � � �.-/�.��0 �!*+35&%"%4 �  #4)�#')*J$."%46'64)* 0 *_* -/� " - :G8 - * 0 *��?8 - $.&J ,<93��?$�� �.- :;354 � � �
� � $ � �� !� � "2354 � � � � 4 � � - &%:;35"%4 -/� * � ��"23546'6')� 0 ��� u �#"%",��"23546'6')��&,�#8.& 0 *2� � ",��'C3 � 46:F� � *%4 -/��� �N'����!*%893/ !�S[=�! #" - &%4)�#'

s B � � sV� h



�����������	�	
����
�������
�
��������	����
���������
���
�������������
�������� 
��������
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R
n �&,�'6')�H8 - $.&%&23546"J8935&�(%.�#:G8.')�� - &%&,�!*%8 -/��� &,� ��$ �d� 4) #"%4 -/�.� 3546&,�

� �Fs � �F: - ",*+$."%46'64)* 0 *8 - $.&+$ � ��: -\�.0 '64)*235"%4 -/�e� ��" !\8�� � :I � �� -/� ",� � $�",�(%L"%$��#')*+� � *%$.8.8 - *b3 � " �?$��
')�!* � 4l� 0 &,� � ",�!*+[/35')�#$.&,* � �

τ(I)
 - &%&,�!*%8 -/��� � � " � � �!*��a& 0 �c$�� �  !�!* � �I358.8935&%46"%4 -/�e� �H: - ",*��

! R[a ��R���YJS�S��_R_Z ��"�#%$&#(' ��)+*%,�$&#%-/.0' ��13254646#(��26*%) � )7.8' �:9;#=<+� )7. >?90,�2@. ��90#(<+>?9;,:2@.
n=p\qcq=r?sLtAuLt\v=w/u � s � � 0 � s � s 0 s � s 0
xLy.z=v{r?sLtAuLt\v=w/u � s � � 0 � s � s 0 0 q
|cwA}Lt/~.t/u.wA�=s.t/u.t\vAwAu � s � � 0 � s � s 0 h 0

��������qBAts 	 �N35&235: 0 "%&23/C=� � �H'�DI35'EC - &%46"%<.:F� � �&C 0#��0 &235"%4 -/�e� � �.-/�.��0 �!*
FT�!*J8.& - 8.&%4 0 " 0 *1 -/�  !�#& � 3 � "+'C3i*,46:G46'C35&%46" 0 � � "%&,�H')�!* � 4l� 0 &,� � ",�!*4 �BG - &%:;35"%4 -/� *+* -/� "8.& 0 *,� � " 0 �!* � 3 � *

'C3�"23/H.')�hqBA�qBI9 !�!*J& 0 *%$.'6"235",*+* -/� " - H.",� � $�*(� � 358.8.'64KJ?$93 � "'C3 Ga- &%:�$.')�hqBAtsLA

Sim(Dx, Dy) =
1

|Dx|

∑

I∈Dx

(
∑

I
′∈Dy\{I}

s(τ(I), τ(I
′

))

|Dy \ {I}|

)

M qBAts3N

� - $.&_ ,<93+J?$��( E3/*,�LI=')�!*S[/35')�#$.&,* 4 ��� 4KJc$�� � "_'C3�*%46:G46'C35&%46" 0 : - !=� �.� �(� � "%&,�1$ � :F�#:OH.&,� � �+'C3� #'C3/*,*2�+� �
3/H�*, #4)*2*,���#"T" - $�*T')�!* 35$."%&,�!*T:F�#:OH.&,�!* � ��'C3J #'C3/*,*,��� ��- & �.-/�.��0 �!*7A3FT�"�k�#$ � � �.-/�.��0 �!*7�!*%"o[ - ' -/� "23546&,�#:F� � "
*%46:G8.'64)*,",�Z3QP ��� �Z8 - $.[ - 46&18.'6$�* G 3/ #46')�#:F� � " 0 "%$ � 4)�#&+')�Z - :G8 - &%",�#:F� � " � ��'�DI35'EC - &%46"%<.:F���#" 0 "23/H.'646& � �!*
 -/�  #'6$�*%4 -/� *1*%$.&J')�!*J& 0 *%$.'6"235",* - H.",� � $�*7A

D1 D2 D3 D4

D1
�BA � � �BA h	� �BA B B �BA B B

D2
�BA h	� �BA � � �BA B � �BA B B

D3
�BA B B �BA B � �BA � � �BA BAh

D4
�BA B B �BA B B �BA BAh �BA � �
R �TS?U(V � �TW=X7Y(Z[Y7\(]=Z

D1 D2 D3 D4

D1
�BA � � �BAtsVq �BA � h �BAts 0

D2
�BAtsVq �BA � � �BAts � �BA � �

D3
�BA � h �BAts � �BA � � �BA � 0

D4
�BAts 0 �BA � � �BA � 0 �BA �+^
Rt� S�_3`[aT\bW=X7Y=Z[Y[\(]=Z

D1 D2 D3 D4

D1
�BA � � �BA � h �BA � h �BA �2q

D2
�BA � h �BA �+^ �BA � � �BA �2q

D3
�BA � h �BA � � �BA �+^ �BA � �

D4
�BA �2q �BA �2q �BA � � �BA � �
R �bS�c(]%d3Y=e[Y(Z[]=f=X7Y(Z[Y7\(]=Z

�	��
	��qBA�q 	hg=�#$ � � �.-/�.��0 �!*

	NMPONM`
 i ��8 ������j*��' ���0���2�� ��'

F�3K" - 8 - ' - CA4)�m4 � 46"%4C35')� � $ & 0 *,�E35$ �!*%"�$."%46'64)* 0 �@3QP � � D 4 � 46"%4C35'64)*,�#&i')�!*i E35& � �#",* � DI3 � &,�!*,*,�!* � �!*�893546&,*7A
� $ �.0 :;35&%&23/C=� � � ��� �(] IL" - $�*')�!*+893546&,*+* -/� " �.0  -/�.� �! #" 0 *7A u �#"%",�Z" - 8 - ' - CA4)� � � �.0 P � 4)� �.-/�  Z893/*$ �
*, 2< 0 :;3 � �m -/�.� �(%L4 -/� 4 � 46"%4C35'^:;354)*�$ � *, ,< 0 :;3�8.& - H93/H.')�LA�F�DI35'EC - &%46"%<.:F� � �m&,�#:G8.'64)*,*23/C=� � $  E35& � �#"
� DI3 � &,�!*,*2���!*%" � 4)*%8 -/� 4EH.')�i� � 3 �.� �(%.�!* � �� !� �.-  #$.:F� � "7A"��' *3DI3/CA46" � ��'�DI35'EC - &%46"%<.:F�

β
� �� -/� *%"%&%$� #"%4 -/�

� ��& 0 *,�E35$&%B8��#"%46"J: -/��� ��k l 35"%",* ^ � � A
� 35& � 46[=�E35$ � �i*%"%&%$� #"%$.&235"%4 -/�  #& - 4)*,*23 � "7I ��- $�*( -/� *,4 �.0 & -/� * h " - 8 - ' - CA4)�!*�4 � 46"%4C35')�!* ej35' 0 35" - 46&,�LI�8��(#

"%46"F: -/��� �e�#"; #46&, #$.'C3546&,�LA u �#'6')�!*0#` #4 -/� " - H.",� � $��!*@� � 3 �k$�*%"23 � "m')�B8935&235:�m#"%&,�
p
� �B'�DI35'EC - &%46"%<.:F� � �

C 0#��0 &235"%4 -/� M [ - 46&J"23/H.')�E35$�qBA B N=A
s BL^h� sV� h
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��132598' ������9;#=';';#(' � -/.0#%90#b.0' �
� w	�=p�
ctA~���� B � B � �
|��t�
�
���y/~�
=� ��� B � B � �BA h
� t��?�Ly� ��� B � B � s
� w	�=p�
ctA~���� � � B � �
|��t�
�
���y/~�
=����� � � B � �BA h
� t��?�Ly����� � � B � s

��������qBA B 	 �N35&235: 0 "%&23/C=� � ��'�DI35'EC - &%46"%<.:F� � �&C 0#��0 &235"%4 -/��� ��& 0 *,�E35$&%

;H3 � *J')�!*J& 0 *,�E35$&% � � B �i:;3/ 2<.4 � �!*7I� !��* -/� " 0 893546&,* J?$.4T*,�#& -/� "4 � " 0 &,�!*,* 0 *8935&J$ � :FE#:F��*,$ �k�#"7A
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�	��
 ��qBA � 	 <1�#8.& 0 *,� � "235"%4 -/�e� $d -/� ",� � $�4 � 46"%4C35' � $d E35& � �#" � DI3 � &,�!*,*,�!* #�& 0 *2�E35$ B �
� - $.&+')�!*J& 0 *,�E35$&%87 � �i893546&,*7I. !� ��- :OH.&,�Z*,�#&23 � �^s �BA

s h � � sV� h



�����������	�	
����
�������
�
��������	����
���������
���
�������������
�������� 
��������

�

���

���

���

���

���

�

�
�
	

�
��
��
�
�
�

�


�
�

���

�
�

	

�

���

�
�

���

�
	

�

�
�

���

�

�
�
�

�
� �
� �

�
�

���



�

��

�
�

��	

���

R �TS+*[]-,(V�.=Y(e��1/

�

���

���

���

���

���

�

�
�
	

�
��
��
�
�
�

�


�
�

���

�
�

	

�

���

�
�

���

�
	

�

�
�

���

�

�
�
�

�
� �
� �

�
�

���



�

��

�
�

��	

���

Rt� S�c �/Y1.-.323`(e4.%f��1/

�

���

���

���

���

���

�

�
�
	

�
��
��
�
�
�

�


�
�

���

�
�

	

�

���

�
�

���

�
	

�

�
�

���

�

�
�
�

�
� �
� �

�
�

���



�

��

�
�

��	

���

R �bS5*7Y36[f7` ���1/

�	��
 ��qBA�� 	 <1�#8.& 0 *,� � "235"%4 -/�e� $d -/� ",� � $�4 � 46"%4C35' � $d E35& � �#" � DI3 � &,�!*,*,�!* #�& 0 *2�E35$ � �

s h s � sV� h
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'���� ��� ���36 �36�� 1��J�	��
���9� 6�� �86 2���� 2��
J��������
76

��� �1]  - :G8 - &%",��$ � H -/����- : H.&,� � ��8935&235:�m#"%&,�!*7A"* �  !�#&%"2354 ����- :OH.&,� � D�� � "%&,�G�#$&% -/� " 0 " 0 P % 0 *
35& H.46"%&23546&,�#:F� � " e ��- $�*m3![ -/� * P % 0

ρmin = 0.05
I
ρmax = 0.8

8 - $.&F&,�!*,8j�! #"%46[=�#:F� � ">*7DI3/*2*%$.&,�#& J?$��
 2<93+Jc$��(4 �BG - &%:;35"%4 -/� 'C354)*,*,�1$ � ��"%&23/ !�(:G4 � 46:;35')�Z358.&bm!*3![ - 46& 0 " 0 "%&23 � * G �#& 0 ���#"J8 - $.& 0 [\46",�#& � �(&%4)*bJ?$��#&
� ��8��#& � &,��')�!* �.-/�.��0 �!*N3/ ! #$.:Z$.' 0 �!*N3/*,* -  #4 0 �S35$&%H -/�.� �(%\4 -/� *3A�� - $�*�3![ -/� * 0 Cc35')�#:F� � " P % 0

TTL(I) = 5 !� Jc$.4j - &%&,�!*%8 -/��� 7H'C3 � $.& 0 � � �1[?4)�+:G4 � 46:Z$.: 8 - $.&�J?$�D $ � �4 �BG - &%:;35"%4 -/� * - 46"  -/� *%$.'6" 0 �18935&S" - $�* ')�!*
893546&,* � D $ � CA& - $.8��#:F� � "��#"

seen(I, t) = 1
� � * - &%",��J?$���*,�#$.'?')��&,�#" - $.& [=�#&,*T'�D�� � [ - !=�#$.&�* - 46"74 � ",�#& � 46" ' - &,*

� $> ,< - 4.% � �!* � �!*%"%4 � 35"%4 -/� * � D�� � [ - 4�A u <93+J?$��(* 0 &%4)� � �+& 0 *%$.'6"235",*J3 0 " 0 : - !=� �.��0 ��*%$.& B ���(% 0  #$."%4 -/� * � �
'�DI35'EC - &%46"%<.:F�Z3QP �d� ��& 0!� $.46&,��'�D 4 � -�$�� �  !� � �!*_8935&235:�m#"%&,�!*135' 0 35" - 46&,�!*1*%$.&_')�!*J8��#& Ga- &%:;3 �  !�!* - H�*2�#&%[ 0 �!*7A

� - $�*(3![ -/� *([\$ J?$�D $ � � G - 4)*
Vmax

P % 0 I9')�!*(35$."%&,�!*1'646:G46",�!*18 - $.&(')�!*8935&235:�m#"%&,�!*�* -/� " �.0 P � 4)�!*(8935&
'�D $ �D� �!*F - $.8.')�!*

{η, n+}
�#"
{η, smin}

A ��'J�!*%"G8 - *,*%4EH.')� � �@ ,<��#&, ,<��#& � �!*i[/35')�#$.&,* - 8."%46:;35')�!* � �@ !�!*
8935&235:�m#"%&,�!*F� � *%$.46[A3 � "G$ � �@8.& -  0!� $.&,�@8.& - CA&,�!*,*%46[=� -��

η
�!*,"i !�#'6$.4 J?$.4J*,�#&23 P % 0 � ��� �#& � 4)�#& 0 "23 � "

�.-/�.��0 *b3�8.& 0 *,� �  !� � 3 � *J')�!* � �#$&%B893546&,�!* -/� *,4 � �#& 0 �!*we
sLA8935&%"23 � " � D $ � ��[/35')�#$.& P %.��8 - $.&

η
�#"

n+ I. 2<��#&, ,<��#&($ � �H[/35')�#$.& - 8."%46:;35')�Z8 - $.& smin �B A8935&%"23 � " � D $ � ��[/35')�#$.& P %.��8 - $.&
η
�#"

smin
I� ,<��#&, 2<��#&+$ � �H[A35')�#$.& - 8."%46:;35')�H8 - $.&

n+ �h A8935&%"23 � " � D $ � ��[/35')�#$.& P %.��8 - $.&
n+ �#"

smin
I. ,<��#&, 2<��#&+$ � �H[A35')�#$.& - 8."%46:;35')�H8 - $.&

η
A

FT�d #&%46"bm#&,� 0 "%$ � 4 0 �!*%"F !�#'6$.4 � �!*F[A35')�#$.&,*m35"%",�#4 � ",�!*m8935&F')�!*m�!*%"%46:;35",�#$.&,* J?$93 ��� 8.'6$�*>35$� #$ � �d4 � #
G - &%:;35"%4 -/��� �@8��#$."^E#"%&,� 0  ,<93 � C 0 �e� � "%&,�B')�!*F893546&,*7A u D��!*%" 7 � 46&,� � m!* Jc$��B')�!*��%VAW�� -/� ">35&%&HE#" 0 ')�#$.&
8.& -\� $� #"%4 -/� �#" J?$��+')�!*^*%" -  ��L* � D 4 �BG - &%:;35"%4 -/� * 7 � 4l��$�*,�#&_* -/� "^[?4 � �!*3A u �!* [/35')�#$.&,*_* -/� " &,�#8 - &%" 0 �!* � 3 � *
� 46[=�#&,*_"23/H.')�E35$&% -�� $ �  -?� �H - $.')�#$.&J8��#&%:F�#" � D 4 � � � "%4 P9�#& Jc$��#'o')�(:F�#46'6')�#$.&& 0 *,$.'6"235" - H.",� � $�354 � *%4�J?$��
 !�#'6$.4��!*,"+* -/� 8.&,�#:G4)�#&(*%$.46[/3 � "7A u �!*"23/H.')�E35$&%d4 ��� 4KJ?$�� � " 0 Cc35')�#:F� � "&Jc$��#'7�!*%"')�H8935&235:�m#"%&,�� -/� *%4 � �#& 0
354 � *%4�J?$���'C3i[A35')�#$.& � DI35$."%&,�!*8935&235:�m#"%&,�!*(*%4o46'"!B3i'64)�#$�A F�3P CA$.&,�hqBA ^  -/� "%4)� � "($ � CA$.4 � � � �H')�! #"%$.&,�LA

� ��
	��qBA ^ 	 � ��� 4) E35"%4 -/� * � ��')�! #"%$.&,��8 - $.&J')�!*J"23/H.')�E35$&% � �H& 0 *%$.'6"235",*

	NM! �M� "���,�� -.�k�2,�� j�'  +'
smin

� P �i� D 0 "23/H.'646&�$ � �_[A35')�#$.& - 8."%46:;35')� � �
smin

I5 !�#"%",�_8.&,�#:G4Km#&,�J* 0 &%4)� � � ",�!*%",*N8.&,� ��� � �  -/� *,4 �.0 &235"%4 -/�
η = 0.8

�#"H$ � � � *,�#: H.')� � �G[/35')�#$.&,*Z8 - $.&
n+ A�FT�G8.&,�#:G4)�#& � �F !�!*H8935&235:�m#"%&,� �.0 P � 46"Z'C3@8.& 0=G 0 &,� �  !�

J?$�D 7H$ � � Ga- $.&%:G4 7� ,< - 4)*%46&J� � "%&,�(8935&%"%46&_� �>� 46&,�! #"%4 -/�B� D $ � 893546& 8 - ",� � "%4)�#'6')�#:F� � "4 � " 0 &,�!*2* 01- $ ��-/� A FT�
*,�! -/��� 8��#&%:F�#" � DI35$ CA:F� � ",�#&1')�!*J ,<93 �  !�!* � D - 8.",�#&J8 - $.&_'C3i* - '6$."%4 -/� &,�#[=� � 3 � " 7 � ��893/* J?$.46"%",�#&J')� � 4 �
� 3 � *J')�H E3/* -�� ')�H ,< - 4.%d3 0 " 0&G 3546" � �H*2�1&,� ��� &,� 7�$ �B� 4 �B��-/� 4 � " 0 &,�!*,* 0 A F�3i8 - *,*%4EH.46'646" 0H� �H 2< - 4)*%46& � �
&,�!*%",�#& � 3 � *+')� � 4 �K0 "23 � " �.0 8�� ��� 3 � ",� � �Z !�#'6')� � $� 2< - 4.% � $ CA& - $.8�� � ��893546&,* 7F -/� *%4 � �#&,�#&7Ij !�!* � �#$&%
8935&235:�m#"%&,�!** -/� "J'64 0 *7A � [=�! ($ �

n+ P %.�LI � 46:G4 � $��#& η
8j�#&%:F�#" � DI35$ CA:F� � ",�#&+'C3�8.& - H93/H.46'646" 0�� � G 3546&,��$ �

s h Bh� sV� h
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",�#'^ ,< - 4.% �#"�4 � [=�#&,*,�#:F� � "7A u D��!*%"�8 - $.&bJ?$ - 4 ��- $�*i3![ -/� * - 8." 0 8 - $.& P %L�#&�'�D $ � �#"������! #"%$��#& � �!*�",�!*%",*
� D 4 � -�$�� �  !�Z8 - $.& J?$��#'KJc$��!*[/35')�#$.&,* � ��'�DI35$."%&,�LA

� 35& �.0 P � 46"%4 -/� I
smin ∈ [0, 1]

A * � � � 4)*2 #&,�#"%4)*235"%4 -/�m� � !�#"S4 � ",�#&%[A35'6')�(3E[=�! $ � 893/* � �
0.1

354 � *%4�J?$��J'C3
*%$.8.8.&,�!*2*%4 -/��� �!*o[A35')�#$.&,*��(%L"%&HE#:F�!*T -/��� $.46"�7^",�!*%",�#&�')�!*o[/35')�#$.&,*

{0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}

fhg W`TVp_g�R �*R ��g�YJa*O+R[M\R[S�T
FT�_"235$&% � � CA& - $.8j�#:F� � " - H.",� � $>�!*%"N4 ��� 4KJc$ 0 8935&�'C3H* 0 &%4)� � �_"23/H.')�E35$&%^qBA h M 3BI H�I� 3N 8 - $.&�')�_& 0 *,�E35$ � �

B ��893546&,*^�#"�8935& ')�!*�"23/H.')�E35$&% qBA � M 3BI H�I� 3N�8 - $.&�')�& 0 *,�E35$ � � � ��:;3/ ,<.4 � �!*7A � P �;� �:F�#"%"%&,�1� � [/35')�#$.& ')�!*
& 0 *%$.'6"235",*3I/$ �  -?� �+ - :G8 - * 0J� � � �#$&%G - $.')�#$.&,*S8j�#&%:F�#" � �_&,�#8 0 &,�#&�'C3H8.'6$�* Ga- &%",�[/35')�#$.&S�#"�*b3�8.&,�#:G4Km#&,�
*%$.46[A3 � ",� � 3 � * ,<93+J?$��H'64EC � � � �!*+"23/H.')�E35$&% A
F�3� - :G8935&2354)* -/� � �!*G& 0 *%$.'6"235",*>� � "%&,�K')�!* � �#$&%D"23546'6')�!* � �K& 0 *,�E35$�8.$.4)*m� � "%&,�K 2<93/ #$ � � � �!*;"%& - 4)*

" - 8 - ' - CA4)�!*7I935:F� � � 7�'C3 Ga- &%:�$.'C35"%4 -/��� � � �#$&%B&,�#:;35&bJc$��!* C 0#��0 &235')�!*he
•
FT��893/*,*b3/C=� � D $ � & 0 *2�E35$ � � B � 7 � � :;3/ 2<.4 � �!* � DI3{�o�! #",��Jc$��e8��#$ ')�!*@& 0 *%$.'6"235",* - H.",� � $�*3A
b � - H�*,�#&%[=�> !�#8j� ��� 3 � "�$ �  !�#&%"2354 � < "23/*,*,�#:F� � " = � �!*Z[A35')�#$.&,* - 8."%46:;35')�!*�&,�#')�#[ 0 �!*3A u �! #4_*,�
&,�#:;35&bJ?$��H" - $."8935&%"%4) #$.'64Km#&,�#:F� � "�� �  - :G8935&23 � "1')�!* P CA$.&,�!* qBA B M 3�N_�#" qBA h M 3�N=A

•
FT�!*1[/35')�#$.&,* P � 35')�!* - H.",� � $��!*�[ -/� "� #& - 4)*,*23 � ",�!*(3E[=�! Z'�DI35$ CA:F� � "235"%4 -/� � $ H.&23/*,*b3/C=��4 � 46"%4C35' � �!*
 -/�.� �(%L4 -/� A u �G* -/� "�� � ���o�#"�')�!*�& 0 *,�E35$&% � t��\�\y� ���@�#" � t��?�Ly����� J?$.4N8j�#&%:F�#"%",� � " C 0#��0 &235')�(#
:F� � " � DI35"%",�#4 ��� &,��')�!* :F�#46'6')�#$.&,*_& 0 *%$.'6"235",*J35' - &,* Jc$�� � w��=p�
ct/~ ���i�#" � w��=p�
?t/~������ � G - $.& � 4)*,*,� � "
� �H: - 4 � * H -/� *7A

, � *,� G -  E35'64)*b3 � " *,$.&  !�8.&,�#:G4)�#&_3/*%8��! #"S46' �!*," �.-/�  +8 - *,*%4EH.')� � �+ -/�  #'6$.&,� Jc$�D�� � 8.& 0 *,� �  !� � D $ � & 0 *,�E35$
� �;"23546'6')�;46:G8 - &%"23 � ",�LIN46'^�!*%" �.-/�  m8.& 0=G 0 &23/H.')� � �> ,< - 4)*%46&�$ � �m[/35')�#$.& G 3546&,� � �

smin
3QP � � � G 3/ #46'646",�#&

'C3 � 4l��$�*%4 -/� � �!*Z4 �BG - &%:;35"%4 -/� *7A ?4 '�D -/�  - :G8935&,�m')�!*Z& 0 *,$.'6"235",*Z*,�#' -/� ')�!* � 4l� 0 &,� � ",* �k�#$&% � � �.-/�.��0 �!*
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u �! #4J�!*%"�[/35'C3/H.')�B35$�*,*,4�H.4)� �D� 3 � *�')�@ E3/* � �!*i& 0 *2�E35$&% � � B �d:;3/ 2<.4 � �!* M "23/H.')�E35$&%=qBAts ^ M 3BI H�I� 3N NJ?$��
8 - $.& !�#$&% 7 � ��893546&,* M "23/H.')�E35$&%/qBA B � M 3BI H�I� 3N N=A

u �! #4 4 ��� 4KJ?$�� Jc$��m' - &,* � �>'C3 � 4l��$�*%4 -/�D� �!*�4 �BGa- &%:;35"%4 -/� *7IN LD��!*%"�'C3�",� ��� 3 �  !� Jc$�D 7�$ � � Ga- $.&%:G4 7
&,�!*%",�#&�35$ � 4 � $ � � Ga- 4)*1')�� 2< - 4.% � ��8.&,� ��� &,��$ � � � 46&,�! #"%4 -/����-/� 4 � " 0 &,�!*,* 0 �Jc$.4�3G')��8.'6$�* Ga- &%"(46:G893/ #"
G 3/ !� 7�'C3 �.0  #4)*%4 -/�K� �H*2��&,� ��� &,�H[=�#&,*$ � 893546&4 � " 0 &,�!*,* 0�- $ ��-/� A

� �_ZXa�P`TVUDT * � � � �#& � 4Km#&,�� - :G8935&2354)* -/��� �!*& 0 *%$.'6"235",* ��- $�*J8��#&%:F�#" � �&P %.�#&J$ � �H[A35')�#$.&8 - $.& η
e
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Rt� S2��{3� z1{�z � ~1~���{ � _7`[aT\%W=X[Y=Z[Y7\(](Z
� �=' #=17, eta

� �#	 � ��� � �  � � � � � � � � � � ��� � � � � � �
�������!�.���� � � �1� � � ��� � ��� � � ���1 � ���' � ���'� � ���'� � ����� � ���N�
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/ ����+�+'0&�",&+�� �� � � �!� � � ��� � ����� � ���1 � ���1� � ���'� � ���'� � ���V� � ���N�

R �bS2��{3� z1{+z � ~�~"��{ � U(V � �TW=X7Y(Z[Y7\(]=Z
� �=' #=17, eta

� �#	 � ��� � �  � � � � � � � � � � ��� � � � � � �
�������!�.���� � � ��� � � ��� � � �"� � ���!	 � ����� � ���.� � ���.� � ����� � ���.�
��(")�*&+��",��� � � �" � � �"� � � �"� � � ��� � ����	 � ���!	 � ���'� � ���' � ���1
/ ����+�+'0&�",&+�� �� � � �1� � � ��� � ����	 � ���1 � ���' � ���.� � ���.� � ����� � ���'�

� �+� �JqBAtsV� 	 � � -�$�� �  !� � �
n+ *%$.&J'C3G[/35')�#$.& � $d - ��C; #4)� � " � �H8.&,�! #4)*%4 -/� 8 - $.&J$ � & 0 *,�E35$ � � � �i893546&,*

R �TS���{�� z1{Qz � ~1~���{ � c(]%d3Y=e[Y(Z[]=f=X7Y(Z[Y7\(]=Z
� �=' #=17, eta

� �#	 � ��� � �  � � � � � � � � � � ��� � � � � � �
�������!�.���! � � �'� � ���"� � � ��� � �  � � � �� � � "� � � '� � � �� � � "�
��(")�*&+��",��! � � �'� � ���V� � � ��� � �  � � � &	 � � "� � � � � � " � � �
/ ����+�+'0&�",&+����! � � �"� � ���"� � � ��� � � �	 � � �� � � '� � � "� � � 1� � � X�

Rt� S2��{3� z1{�z � ~1~���{ � _7`[aT\%W=X[Y=Z[Y7\(](Z
� �=' #=17, eta

� �#	 � ��� � �  � � � � � � � � � � ��� � � � � � �
�������!�.���! � � �'� � ���"� � � ��� � �  � � � &	 � � "� � � � � � " � � '�
��(")�*&+��",��! � � �'� � ���V� � � ��� � ���'� � � &	 � � �	 � � � � � " � � �
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R �bS2��{3� z1{+z � ~�~"��{ � U(V � �TW=X7Y(Z[Y7\(]=Z
� �=' #=17, eta

� �#	 � ��� � �  � � � � � � � � � � ��� � � � � � �
�������!�.���! � � �'� � ���V� � � ��� � �  � � � &	 � � "� � � � � � �� � � '�
��(")�*&+��",��! � � �'� � ���V� � � ��� � ���'� � � &	 � � "� � � "� � � " � � �
/ ����+�+'0&�",&+����! � � �'� � ���"� � � ��� � � �	 � � �� � � � � � '� � � �� � � "�

� �+� ��qBAts ^ 	 � � -�$�� �  !� � �
η
*,$.&J'C3i[/35')�#$.& � $� - ��C; #4)� � " � ��&2358.8��#'T8 - $.&J$ � & 0 *,�E35$ � � B �i893546&,*
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Rt� S2��{3� z1{�z � ~1~���{ � _7`[aT\%W=X[Y=Z[Y7\(](Z
� �=' #=17, eta

� �#	 � ��� � �  � � � � � � � � � � ��� � � � � � �
�������!�.���� � � �� � ���1� � � �X� � ���'� � � ��� � �  � � �  � � � &	 � � �	
��(")�*&+��",��� � � �� � ���1� � � �X� � ���"� � � ��� � ���'� � ���'� � � ��� � �  �
/ ����+�+'0&�",&+�� �� � � �� � ����� � � ��� � ���'� � � ��� � �  � � � �	 � � &	 � � �	

R �bS2��{3� z1{+z � ~�~"��{ � U(V � �TW=X7Y(Z[Y7\(]=Z
� �=' #=17, eta� �#	 � ��� � �  � � � � � � � � � � ��� � � � � � �
�������!�.���� � � �� � ���1� � � �X� � ���"� � � ��� � ���'� � � �	 � � &	 � � �	
��(")�*&+��",��� � � �"� � ���1� � � �X� � ���"� � � ��� � ���'� � �  � � � ��� � �  �
/ ����+�+'0&�",&+�� �� � � �� � ����� � � �X� � ���'� � � ��� � �  � � � �	 � � &	 � � �	

� �+� ��qBA B �
	 � � -�$�� �  !� � �
η
*,$.&J'C3i[/35')�#$.& � $� - ��C; #4)� � " � ��&2358.8��#'T8 - $.&J$ � & 0 *,�E35$ � � � �i893546&,*

•
"235$&% � �&CA& - $.8j�#:F� � "we

η ∈ {0.7, 0.9}

•
"235$&% � ��&2358.8��#'�e

η ∈ {0.7, 0.8, 0.9}
3![=�! � �!*_& 0 *%$.'6"235",* � $.: 0 &%4KJ?$��!**,� � *%4EH.')�#:F� � "4 � � � "%4KJ?$��!*

8 - $.&')�!*J",�!*%",*+�����! #"%$ 0 *7A

•
"235$&% � �m8.& 0  #4)*%4 -/� e

η ∈ {0.7, 0.8, 0.9}
3![=�! � �!*�& 0 *%$.'6"235",* � $.: 0 &%4KJ?$��!*G*,� � *%4EH.')�#:F� � "�4 � � � #

"%4KJ?$��!*J8 - $.&')�!*J",�!*%",*���o�! #"%$ 0 *7A
FT�( ,< - 4.%>*2� G 3546"^� � "%&,�

η = 0.9
�#"

η = 0.7
ABFT�(8.&,�#:G4)�#&^8��#&%:F�#" � DI35"%",�#4 ��� &,� � �1:F�#46'6')�#$.&,*_& 0 *,$.'6"235",*

8 - $.&Z')�!*�& 0 *,�E35$&% � � B �d:;3/ 2<.4 � �!*F35' - &,*OJ?$��F')�>*,�! -/��� & 0 CA'C3/C=�m -/� [?4)� � "�:G4)�#$D35$&% & 0 *,�E35$&% � � � �
893546&,*7A � P �d� � P %.�#& � �!*J8935&235:�m#"%&,�!* CA' - H935$&% � �!*%"%4 ��0 * 7i*3DI3{�j&23 �  2<.46& � ��*%$.8.8 - *%46"%4 -/� * -/�  !�#& � 3 � "+'C3
"23546'6')� � $B& 0 *2�E35$�I ��- $�*J8.& - 8 - * -/� * � D - 8.",�#&8 - $.&

η = 0.7
A

	NM! �M  ���� 9k$0� � ���*�

u �#"%",�H* 0 &%4)� � ��",�!*%",* 0 "23546" � �!*%"%4 ��0 � 7�"%& - $.[=�#&$ � � � *2�#: H.')� � ��[A35')�#$.&,* < 4 �.0 35')�!* =m8 - $.&J')�!*J8935&23 #
:�m#"%&,�!*

smin, n+, η
A , � G 354)*23 � "�[/35&%4)�#&�'C3H"23546'6')� � $G& 0 *,�E35$�IA')�J -/� ",� � $ � �_'�D�� � *,�#: H.')� � �!*�4 �BGa- &%:;35"%4 -/� *

$."%46'64)* 0 �!*_�#"_')�� -/� ",� � $B4 � 46"%4C35' � $B E35& � �#" � DI3 � &,�!*,*2�!* ��- $�*3E[ -/� *_8.$B -/�  #'6$.&,�(*,$.&^')�1& 0 CA'C3/C=�H*%$.46[A3 � " e
smin = 0.7

I
n+ = 5

�#"
η = 0.7

A

;��#$&%B #&%46"%4KJ?$��!*18j�#$.[=� � " E#"%&,� Ga- &%:�$.' 0 �!*�35$�&,�TCc35& ��� �� !�#"%",� 0 "%$ � � � �!*8935&235:�m#"%&,�!* e�'C3F8.&,�#:G4Km#&,�
 -/�  !�#& � 3 � " ')�1 ,< - 4.% � �!*�8935&235:�m#"%&,�!* 0 "%$ � 4 0 �!*^�#"S'C3H*2�! -/��� �')�+ 2< - 4.%m35& H.46"%&23546&,� � D $ �  !�#&%"2354 �;��- :OH.&,�
� ��[A35')�#$.&,*J8 - $.& � DI35$."%&,�!*8935&235:�m#"%&,�!*7A

?$.&1')�!* sV�m8935&235:�m#"%&,�!* J?$��� - :G8 - &%",��')��*5!\*%"bm#:F�LIj*,�#$.')*("%& - 4)* -/� " 0 " 0i0 "%$ � 4 0 *7A �`'N35$.&23546"H� � ���o�#"
8.$ E#"%&,�4 � " 0 &,�!*2*23 � " � D������! #"%$��#&^$ � �(* 0 &%4)� � �+",�!*%",* 3QP �>� � �.0 ",�#&%:G4 � �#&7I\8935& �(%.�#:G8.')�LIc')� ��- : H.&,�14 �.0 35'
� � G - $.&%:G4)*7Io'C3@"23546'6')� � �G'C3@: 0 : - 46&,�;3 � "%4.#X&,�#" - $.&i3/*,* -  #4 0 �F35$&%�4 �BG - &%:;35"%4 -/� * - $ � �  - &,�;'C3>"23546'6')� � �
'C3�: 0 : - 46&,�H$."%46'64)* 0 �H8 - $.& 0 [/35'6$��#&'C3 J?$935'646" 0�� $B[ - 4)*%4 � 3/C=�LA � - $.",�!*1 !�!*J[/35&%4C3/H.')�!*+*,��&,�#"%& - $.[=� � " � 3 � *
'�D $ ��- $e'�DI35$."%&,� � �!*�35'EC - &%46"%<.:F�!*�& 0 CA4)*,*23 � "H')� G -/�  #"%4 -/�.� �#:F� � " � � ��� �1] M  !�#'6$.4 � � � 4l�j$�*%4 -/� �#"� !�#'6$.4
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� �m: -?� 4 P9 E35"%4 -/��� �!*i -/�.� �(%L4 -/� *(N��#" -/� "i$ � 46:G893/ #" � 46&,�! #" - $ 4 ��� 46&,�! #"F*%$.&�')�!* � �#$&% AQI -?� 4 P9�#&i'C3
"23546'6')� � �m'C3K: 0 : - 46&,�@$."%46'64)* 0 �m8 - $.&�'�D 0 [/35'6$935"%4 -/��� �!*i -/�.� �(%L4 -/� *G4 � -�$��#&23e*%$.&�'C3 � ! � 35:G4KJc$�� � �>'C3
" - 8 - ' - CA4)� J?$.4�I 7G* -/� " - $.&7Ij35$.&23 � �!*& 0 8��#&, #$."%4 -/� *+*%$.&+')�!* ,< - 4.% � � � 46&,�! #"%4 -/� *(*7D - ��&23 � "135$&% G - $.&%:G4)*
� ��'�DI35'EC - &%46"%<.:F� � � � 4l�j$�*%4 -/� A � - $.&� !�#"%",� 0 "%$ � �LI ��- $�*�3E[ -/� * �.-/�  �.0  #4 �.0�� � ��- $�* G -  E35'64)*,�#&�*%$.&�$ �
*,�#$.' � �!* � �#$&%F35'EC - &%46"%<.:F�!*S�#"�*2�!*N8935&235:�m#"%&,�!*�8.&%4 �  #468935$&%�A ;($G8 - 4 � " � �_[?$�� � �_'�D $."%46'64)*235",�#$.&7Ic'�D 46:G893/ #"
� 46&,�! #" � �'�DI35'EC - &%46"%<.:F� � � � 4l��$�*%4 -/� �!*%"S$ � � M H -/�.� �3N� #46&, #$.'C35"%4 -/�@� �'�D 4 �BG - &%:;35"%4 -/�>� 3 � * ')�J& 0 *,�E35$�A F�3
" - 8 - ' - CA4)� � �F8��#&%:F�#" J?$93 � " 7B�#'6')� � �G8.& -\� $.46&,�F$ � �F E35&%",� � $ [ - 4)*%4 � 3/C=� Ga- $.& � 4)*,*b3 � " 7B'�D $."%46'64)*235",�#$.&
$ � �i[\4)*%4 -/� � �G* -/� & 0 *,�E35$ * -  #4C35'�A u D��!*%"H8 - $.&bJ?$ - 4�IT LD��!*%"H'�DI35'EC - &%46"%<.:F� � � � 4l��$�*%4 -/� J?$.4S3 0 " 0G0 "%$ � 4 0
3E[=�! �*,�!* h 8935&235:�m#"%&,�!*+8.&%4 �  #468935$&%

smin, n+, η
A

FT�!*�[A35')�#$.&,*�8.& 0 P % 0 �!*�'�D -/� " 0 " 0 � �  2<��#&, ,<93 � " 7 0 "23/H.'646& � �!*�'64)� � *S� � "%&,�+�#'6')�!*7A � 35&^�(%L�#:G8.')�LI
Vmax =

TTL
3QP � J?$��@'C3 � $.& 0 � � �@[?4)�>:;3 %L46:;35')� � D $ � �@4 �BG - &%:;35"%4 -/� * - 46" 0 Cc35')�87�'C3e"23546'6')�@:;3 %\46:;35')� � $

[ - 4)*%4 � 3/C=� � D $ � 893546&7A , � CA$.4)*,� � DI35$."%&,���(%L�#:G8.')�LI^'C3 "23546'6')� � ��'C3 : 0 : - 46&,��8 - $.&m'�D 0 [A35'6$935"%4 -/� � �!*
 -/�.� �(%L4 -/� *_�!*%" 0 Cc35')�H35$ ��- : H.&,� � � Ga- $.&%:G4)*J3QP �B� �18.&,� ��� &,�(� �  - :G8.",�H35$>:;3 %\46:�$.: s 0 [A35'6$935"%4 -/�
� �m ,<93+J?$�� G - $.&%:G4�A?FT�!*�[/35&%4C3/H.')�!* � D 0 "23 � "i893/*�'64 0 �!* 7 � DI35$."%&,�!*i* -/� " P % 0 �!* 7 � �!*�[/35')�#$.&,*i #&%46"%4KJ?$��!*
 - :G:F�� LD��!*,"o')�� E3/*o8 - $.&T'C3^: 0 : - 46&,� 3 � "%4.#X&,�#" - $.& � �!*o4 �BG - &%:;35"%4 -/� *�J?$.4=�!*%"�P % 0 � 7 s�3QP �Z� ��*2�N'646:G46",�#&�7
'�D 4 � ",�#& � 4) #"%4 -/�;� D $ � &,�#" - $.&�[=�#&,*N')� � �#& � 4)�#&��#:F�#"%",�#$.&7A \�#$.'L$ � : -\� m#')�^*,"235"%4)*%"%4KJc$��_ - :G8.')�#" � $G* !L*%"bm#:F�
8��#&%:F�#"%"%&23546" � DI358.8 - &%",�#&$ � ��4 �.0 ��8.'6$�*J8.& 0  #4)*,� � ��'�D 46:G893/ #" � �H !�!*J8935&235:�m#"%&,�!*+*%$.&J')�!*_8��#& G - &%:;3 �  !�!*
CA' - H935')�!*7A	F�D 46: H.&%4) E35"%4 -/� � �!* � �#$&%D35'EC - &%46"%<.:F�!* � � � 4l�j$�*%4 -/� �#" � DI3 �k$�*%",�#:F� � " � �@'C3�" - 8 - ' - CA4)� G 3546"
 !�#8�� ��� 3 � " � �1'C3� -/� *%"%&%$� #"%4 -/�d� D $ � ",�#'j: -\� m#')�($ � �("?G/ ,<���"%&bm!*_ - :G8.')�(%L� M � � *%$.8.8 - *23 � " J?$�D��#'6')��* - 46"
& 0 35'64)*23/H.')�3N=A u^- :G:F�m LD��!*,"�* - $.[=� � "Z')�; E3/*�' - &,* � �!* 0 "%$ � �!*Z*,$.&Z')�!*Z*5!\*%"bm#:F�!*8� B �?I ��- $�*i3![ -/� * - 8." 0
8 - $.&F$ � � 0 "%$ � �e3 % 0 �d*,$.&F'C3 *%46:�$.'C35"%4 -/� 3QP � � �d*%"235"%$��#&m*,$.&F')�!*F:F�#46'6')�#$.&,*m[/35')�#$.&,*;8 - $.&m !�#&%"2354 � *
8935&235:�m#"%&,�!* � $K* !L*%"bm#:F�H* - $�*J$ �  !�#&%"2354 �d��- :OH.&,� � D < !?8 - "%< m!*,�!*+ -/�  !�#& � 3 � "1')�!*135$."%&,�!*7A

� 0 3 � : - 4 � *3I� !�!*�& 0 *%$.'6"235",*Z8��#$.[=� � " E#"%&,�;*,$.8.8 - * 0 * C 0#��0 &235'64)*23/H.')�!* 7 � DI35$."%&,�!*� E3/* � �;& 0 *,�E35$&% - $
� � �.-/�.��0 �!*i� � ')�!*�'64C3 � " 7 � DI35$."%&,�!*i[/35&%4C3/H.')�!* - $ � � ')�!*�*%$.8.8 - *23 � " G 3/ #46')�#:F� � "i8935&235: 0 "%&23/H.')�!*G8935&
'�D $."%46'64)*235",�#$.&7A � 4 � *%4�I

smin = 0.7
&,�#[?4)� � " 7m ,< - 4)*,46&� !�Z8935&235:�m#"%&,�G - :G:F� 0 "23 � "H' 0 C�m#&,�#:F� � "H4 �BGa0 &%4)�#$.&

7Z'C3Z*,46:G46'C35&%46" 0 : - !=� �.� ��4 � "%&23/ #'C3/*,*2� � �!* 4 �BG - &%:;35"%4 -/� *_:G4)*,�!*_� �  #46&, #$.'C35"%4 -/� A ;�3 � *^')�� -/� ",�(%L",� � D $ � �
358.8.'64) E35"%4 -/� & 0 �#'6')�LI� !�#"%",�G4 �BGa- &%:;35"%4 -/� � �F*,�#&23>893/*� -/�.� $�� M 8 - $.&� !�#'C3BI�46' G 35$ � &23546"� E35') #$.')�#&�'C3@*%46:G4.#
'C35&%46" 0 � � "%&,�m" - $.",�!*�')�!*Z4 �BG - &%:;35"%4 -/� *�8.& -?� $.46",�!*�8935&Z')�!*�$."%46'64)*235",�#$.&,*(NZ:;354)*�*23B[A35')�#$.&�*,$.8.8 - * 0 �m8935&
'�D $."%46'64)*235",�#$.&�*,�#' -/� *,�!* �.0 *%46&,*7A u �#"%",�;[/35')�#$.&Z8 - $.&%&23546"i35$�*,*%40E#"%&,�;$."%46'64)* 0 �F8 - $.&

η
eo8.'6$�*Z'�D $."%46'64)*b35",�#$.&

�.0 *%46&,� - H.",� � 46& � D 4 �BG - &%:;35"%4 -/� *_ #4EH.' 0 �!*7I?: - 4 � *S'�D - $."%46' � D������! #"%$��#&23 � � � 4l�j$�*%4 -/� [=�#&,* � �!* 893546&,*^*%$�*, !�#8&#
"%4EH.')� � D�� � [ - !=�#& � �!*_4 �BG - &%:;35"%4 -/� *J8j�#$@4 � " 0 &,�!*,*23 � ",�!*+� � &,�#" - $.&7A

n+ 8��#$." J?$93 � " 7�'6$.4 E#"%&,� P % 0(0 Cc35'57
'C3�"23546'6')�H:;3 %L46:Z$.: � $B[ - 4)*%4 � 3/C=�

Vmax
A

� - $.&>'�D $."%46'64)*235",�#$.&7I_ !�!*m& 0 CA'C3/C=�!*m8 - $.&%&2354)� � " E#"%&,��8.& 0 *,� � " 0 *@* - $�*m'C3 G - &%:F� � ��'�D 4 � ",�#& G 3/ !� � ��'C3
P CA$.&,�hqBAts �BA �`'T�!*,"46:G8 - &%"23 � " � � ��- ",�#&+4) #4 J?$�D 46' � D��!*%"" - $ � - $.&,*893/* J?$��!*%"%4 -/� 8 - $.&'�D $."%46'64)*235",�#$.& � D 4 � #
� 4KJ?$��#&1*,�!*( !� � "%&,�!* � D 4 � " 0 &HE#"�3QP �e� �� -/� *%"%46"%$��#&�$ � 8.& - P�'N:;354)* � ��*%8 0  #4 P9�#& � �!*('646:G46",�!*18 - $.&('�D - $."%46'
� �H #46&, #$.'C35"%4 -/�e� �H'�D 4 �BGa- &%:;35"%4 -/� A

'���� � 
�
�1��J�	����9
+� ����6�� ���36 �����m� �9�,
� ��254�� �j
�%� 6

F�DI35'EC - &%46"%<.:F� � �i #46&, #$.'C35"%4 -/� � D 4 �BG - &%:;35"%4 -/� *�8.& - 8 - * 0i� 3 � * ��� �1] 3m8 - $.& - H&�%�! #"%4 G $ � � � 4l��$�*%4 -/�
35$." -/��- :F�e�#"m* 0 ')�! #"%46[=� � D 4 �BGa- &%:;35"%4 -/� * � 3 � *;$ � & 0 *,�E35$�� B �	8.$.& ��-/� *%"%&%$� #"%$.& 0 A+;DI358.&bm!*> !� J?$��
��- $�*�3![ -/� *([\$e35$�35$K8 - 4 � " h A h AtsLA B � $e ,<9358.46"%&,��8.& 0  0!� � � "7I�'C3; #46&, #$.'C35"%4 -/��� D 4 �BGa- &%:;35"%4 -/� * � 3 � *( !�!*
& 0 *,�E35$&%��!*%" C 0#��0 &235')�#:F� � "i3/*,*,$.& 0 �G*,�#' -/� $ � 35'EC - &%46"%<.:F�m35' 0 35" - 46&,� � �i:;35&, ,<�� - $ � � � 4l�j$�*,4 -/� A u �!*
35'EC - &%46"%<.:F�!*�8��#$.[=� � " � 3 � *H !�#&%"2354 � *H E3/*�*,�OH93/*,�#&(*,$.& � �!* �.-/�.��0 �!*�' -  E35')�!*7A � - $.& ��� �1] Ij !��* -/� "�')�!*

s �:^h� sV� h
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�	��
	��qBAts �
	 ] � � E#"%&,� � ��& 0 CA'C3/C=� � � � � �(] M �!*bJc$.4)*2*,�3N

"%&23/ !�!*1'C354)*,* 0 �!*18935&1')�!*("%&23 � * G �#&%",*18.& 0  0!� � � ",* J?$.4 * -/� "1$."%46'64)* 0 �!*+8 - $.& CA$.4 � �#&(')�!* Ga- $.&%:G4)* � 3 � *(')�#$.&,*
 2< - 4.% A

� - $�*+8.& - 8 - * -/� *1 #4.#�358.&bm!*1$ � �Z - :G8935&2354)* -/� 3![=�! �$ � � � 4l��$�*%4 -/� 35' 0 35" - 46&,�LA u �#'6')�(#` #4 46'6'6$�*%"%&,��')�� E3/*
-�� ')�!* G - $.&%:G4)* � DI35$.&2354)� � "J893/* 7 � 4)*%8 - *%46"%4 -/�  !�!*S"%&23/ !�!*^')�#$.&^8j�#&%:F�#"%"23 � " � D - 8."%46:G4)*2�#&^')�#$.&^"%&23 � * G �#&%",*7A
;H3 � *F !�B E3/*G8935&%"%4) #$.'64)�#&7IS" - $�*G')�!*G893546&,* � $ [ - 4)*%4 � 3/C=�B8 - $.&%& -/� " 0 J?$.46893/H.& - H93/H.')�#:F� � " E#"%&,�B ,< - 4)*,4)*
 - :G:F� � �!*%"%4 � 35"%4 -/� A�F�3�8.& - H93/H.46'646" 0@� �;"%&23 � *%:G4)*2*%4 -/�

P rand
i→j (I, t)

 - &%&,�!*%8 -/��� 3 � ",�@$."%46'64)*,�m'C3d:FE#:F�
G - &%:Z$.'C35"%4 -/� Jc$��

P send
i→j (I, t)

M �[J?$935"%4 -/� 0 A 0 N(:;354)*Z� �  -/� *%4 �.0 &23 � "Jc$��G" - $�*Z')�!*H893546&,* -/� "�&,�!Y#$ $ � �
:;35$.[A354)*,� 0 [A35'6$935"%4 -/��� ��'C3i8935&%" � ��'C3 Ga- $.&%:G4 M

Vi(t) = V bad
i (I, t)

N=A

P send
i→j (I, t)

∣

∣

∣

V bad
i (I,t)=Vi(t)

=























1

|Vi(t)|+ 1 + n+

*%4
nj ∈ Vi(t)

1 + n+

|Vi(t)|+ 1 + n+

*%4
i = j

M qBA B N

� P �@� � � �+893/*^4 � -�$�� �  !�#&J')�( ,< - 4.%m&,�#[=� � 3 � " 7 � �(893/* J?$.46"%",�#& ')� � 4 � I ��- $�*^ -/� *,4 �.0 &,�#& -/� *J8 - $.&^'C3
� 4l��$�*%4 -/� 35' 0 35" - 46&,�J?$��

n+ = 0
A u �J?$.4�I P � 35')�#:F� � "7I

P rand
i→j (I, t)

 - :G:F� 0 "23 � " 0 Cc35')� 7;'�D 4 � [=�#&,*2� � �
'C3�"23546'6')� � $K[ - 4)*%4 � 3/C=�H8.'6$�* sH8 - $.&J" - $�*J')�!* 2< - 4.%d8 - *2*%4EH.')�!* M �[Jc$935"%4 -/� qBA h N=A

∀nj ∈ Vi(t) ∪ {ni} , P rand
i→j (I, t) =

1

|Vi(t)|+ 1

M qBA h N

F�D $."%46'64)*235"%4 -/� � �i'�DI35' 0 35" - 46&,� � �F -/�  !�#& � � Jc$��i'C3>8935&%"%4)� � 4l�j$�*%4 -/� � �F'�D 4 �BGa- &%:;35"%4 -/� � ����� �(] A u �
J?$.4S*%4EC � 4 P9� Jc$��;')�!* G - $.&%:G4)*� -/� "%4 � $��#& -/� " � D 0 [/35'6$��#&�')�!*�893546&,*�:;354)*OJ?$��; !�#"i3![\4)* � D�� � "%&,�#&23K893/*�� �
 - :G8.",�;' - &,* � $  E35') #$.' � �F'C3d8.& - H93/H.46'646" 0@� �; ,< - 4.% � �;'C3 � �!*%"%4 � 35"%4 -/� A u �!*�3E[?4)*�*,�#& -/� "�$."%46'64)* 0 *�8935&
'�DI35'EC - &%46"%<.:F� � ��: -?� 4 P9 E35"%4 -/�e� ! � 35:G4KJ?$�� � $d& 0 *,�E35$B&,�!*," 0 4 �  ,<93 � C 0 A
FT�!*N& 0 *%$.'6"235",* � �_ !�#"%",�_ - :G8935&2354)* -/� * -/� "�&2358.8 - &%" 0 *�*%$.& ')�!*?P CA$.&,�!*+qBAts2sJ�#"�qBAts B ALFT�!*� -/��� 46"%4 -/� * � �

",�!*%",* * -/� " ')�!*�:FE#:F�!*�Jc$��8 - $.&^ !�#$&% � �!*,"%4 ��0 *^35$&%G& 0 CA'C3/C=�!* � �!*S8935&235:�m#"%&,�!* e
Vmax = 4

I
Vmin = 2

�#"
')�!*J& 0 *,$.'6"235",*8.& 0 *,� � " 0 *1* -/� "$ � �H: - !=� �.� � - H.",� � $���*%$.& B �G�(% 0  #$."%4 -/� * � $K8.& - CA&235:G:F�LA�FT�!* CA&2358.<��!*
&,�#8.& 0 *,� � ",� � "� ,<93/ #$ � '�D 0 [ - '6$."%4 -/� � D $ � � �!*H #&%46"bm#&,�!*H8 - $.&H')�!* � �#$&%�* - '6$."%4 -/� *�� ��� �(]�� - $�� 35' 0 35" - 46&,� �
3E[=�! K� � 3/H�*, #4)*,*,�!*;')�d",�#:G8�* 0  - $.' 0 8�� ��� 3 � ">'C3 *%46:�$.'C35"%4 -/� �#">� � - & �.-/�.��0 ��'C3�[A35')�#$.& � $  #&%46"bm#&,�LA

s 0 � � sV� h
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F�3F -/��� 46"%4 -/��� DI35&%&HE#" � �Z'C3G*%46:�$.'C35"%4 -/��0 "23 � "1'�DI3/H�*,� �  !� � D 4 �BG - &%:;35"%4 -/� * 7 G 3546&,�� #46&, #$.')�#&7I�')�!*+:F�!*%$.&,�!*
� ��*,��",�#&%:G4 � � � "H893/* ��0  !�!*,*b3546&,�#:F� � "�35$�:FE#:F��: - :F� � "7A u D��!*%"('C3G&2354)* -/� 8 - $.&1'C3+J?$��#'6')��')�!*1 - $.& H��!*
&,�#8.& 0 *,� � "235"%46[=�!* � �_'�D $ � � - $G'�DI35$."%&,� � �!*�* - '6$."%4 -/� * � �J* -/� "�8935& G - 4)*�893/* �.0 P � 4)�!* *%$.&N')�_:FE#:F�_4 � ",�#&%[A35')�LA
F�3 P CA$.&,�nqBAts2sB -/� "%4)� � ";')�!* � �#$&% 8.&,�#:G4Km#&,�!*;* 0 &%4)�!* � �@",�!*%",*G -/�  !�#& � 3 � "F')�!*G& 0 *,�E35$&% � t	�?�\y�����

�#"�|��t�
�
���y/~�
A����� A FT� �%�#$ � � �.-/�.��0 �!*Z$."%46'64)* 0 �!*%"
datasetbruit

A � - $�* ��- $�*�8.'C3/Y -/� *i354 � *%4 � 3 � * � �!*
 -/��� 46"%4 -/� *m8.& - H93/H.')�!*>8 - $.&F$ � *, 0#� 35&%4 - � D $."%46'64)*b35"%4 -/� � � ��� �(] A�* � & 0 *,�E35$ � � � ��8��#&,* -/�.� �!* J?$.4
*,�G -/�.� 354)*2*,� � "�* - 46"�8935&�')� H.4C354)* � �G&,�#'C35"%4 -/� *�� � "%&,�;�#$&% M |�9t�
�
��.yA~�
A����� N - $ *23 � *Z35$� #$ � �;&,�#'C35"%4 -/�
4 � 46"%4C35')� M � t��\�\y����� N_�#" J?$.4T* -/� "�35:F� ��0 �!* 7 G 3546&,�H #46&, #$.')�#& � �!*+4 �BGa- &%:;35"%4 -/� * �.-/� "+')�!*1*%$ �%�#",*J8j�#$.[=� � "
*,�1 ,<��#[A35$� ,<��#& M

datasetbruit

N=A , �  - :G8935&23 � "J')�!*�P CA$.&,�!*#qBAts2s M 3�N �#" qBAts2s M 3�N ��- $�*_&,�#:;35&bJ?$ -/� * Jc$��1')�
 -/� ",� � $@4 � 46"%4C35' � $> E35& � �#" � DI3 � &,�!*,*2�!* � D 4 � -�$��1893/* *,$.&�')�!*S& 0 *,$.'6"235",* � �+&2358.8j�#'�A �`'�358.8935&231@)" 0 Cc35')�#:F� � "
J?$�� ��� �1] 8��#&%:F�#" � �d& 0  #$.8 0 &,�#&>8.'6$�*F&2358.4 � �#:F� � "@�#">� � 8.'6$�* CA&23 ��� � J?$93 � "%46" 0e� �!*F4 �BG - &%:;35"%4 -/� *
4 � " 0 &,�!*,*23 � ",�!*3A�FT�!* P CA$.&,�!* qBAts2s M  3NJ�#" qBAts2s M � N135"%",�!*%",� � " J?$��� !�#"%",��& 0  #$.8 0 &235"%4 -/� 8.'6$�*46:G8 - &%"23 � ",� � �
*7D����o�! #"%$��_893/*S35$ �.0 "%&%4)�#:F� � " � �_'C3(8.& 0  #4)*%4 -/� CA' - H935')� � $;*%" -  ���& 0  #$.8j�#& 0 A ?$.&� !�!*	CA&2358.<��!* 0 Cc35')�#:F� � "7I
46'N358.8935&231@)" J?$���')�!*1& 0 *%$.'6"235",* � �Z* -/� "1893/*(*,� � *%4EH.')�!*�35$� 2<93 � C=�#:F� � " � �Z& 0 *,�E35$�4 � 46"%4C35'N !� J?$.4�",� ��� 7
8.& - $.[=�#&'�D���C; E3/ #46" 0�� �H'�DI35'EC - &%46"%<.:F� � ��: -?� 4 P9 E35"%4 -/�e� $d& 0 *,�E35$�A>;H3 � *J')�!* � �#$&%d E3/*7I. !�#'6$.4.#` #4N3 � 358.",�
')�!*  -/�.� �(%\4 -/� * � � G 3/Y -/� 7 - H.",� � 46& ')�!*S:FE#:F�!*S8��#& Ga- &%:;3 �  !�!*J35$ � 46[=�E35$ � $;&2358.8��#' �#" � �'C3�8.& 0  #4)*%4 -/� A
F�3  - :G8935&2354)* -/� � �!* CA&2358.<��!* qBAts2s M �3N;�#" qBAts2s M G NG: -/� "%&,��Jc$��� !�#"@3 �k$�*%",�#:F� � "> -/��� $.46" 7 'C3 :G4)*,�
� � 8.'C3/ !� � � � �#$&% " - 8 - ' - CA4)�!* � 4l� 0 &,� � ",�!*7A , � � ��",� � 3 � "B893/*@ - :G8.",� � ��'C3 [/35')�#$.&@*%4 � CA$.'64Km#&,� 35$
35')� � " - $.&,* � $>",�#:G8�* B � � �Z*,$.&S'C3 P CA$.&,� qBAts2s M �3N=I -/� &,�#:;35&bJ?$���*%49'C3 � 4l�j$�*,4 -/� �!*%" G 3546",�(� � $."%46'64)*b3 � "_')�!*
4 �BG - &%:;35"%4 -/� *('C354)*,* 0 �!*18935&(')�!*18.< 0 & - : -/� �!*�$ � "235$&% � � CA& - $.8��#:F� � "H*%"23/H.')� � �

35%
�!*%"(&2358.4 � �#:F� � "

35"%",�#4 � "7A � '�D - 8.8 - * 0 I�' - &,*bJ?$���'C3 � 4l��$�*%4 -/� �!*%"135' 0 35" - 46&,��')�!* 0 [A35'6$935"%4 -/� * � �!* Ga- $.&%:G4)*1* -/� " G 35$�*,* 0 �!*+�#"
 -/��� $.4)*,� � " 7�'C3i #& 0 35"%4 -/�e� ��" - 8 - ' - CA4)�!* � �H: - 4 ��� &,� J?$935'646" 0 A
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H.'Km#:F�!* � �i #'C3/*,*,4 P9 E35"%4 -/� ��-/� *%$.8��#&%[?4)* 0 �i�#" � D 0 J?$.46'64EH.&23/C=� � �G ,<935& C=�!* � �G E35') #$.' � 3 � *H$ � & 0 *,�E35$ � �
:;3/ 2<.4 � �!*7A

	NM�	NM� � ��� � � ���c9D�������*�!�0���(� $+8 'd,2)+���1��'

F�3B #& 0 35"%4 -/� � �!* CA& - $.8j�!* � 3 � *H')�G& 0 *,�E35$ 8j�#$."Z*3DI358.8935&,� � ",�#& 7B$ � �;3/ #"%4 -/� � �F #'C3/*,*,4 P9 E35"%4 -/� ��-/�
*%$.8��#&%[\4)* 0 �LA u D��!*%"�� � 8935&%"23 � " � � !�J -/� *%"235"�Jc$�� ��- $�*S�!*%"�[=� � $m'�D 4 �.0 � � D 0 "%$ � 4)�#&S'�D $."%46'64)*235"%4 -/�>� � ��� �1]
8 - $.& !�&C=� � &,� � ��8.& - H.'Km#:F�LA

;H3 � *G !�B -/� ",�(%L",�LI�46' � D��!*%"G8.'6$�*�J?$��!*%"%4 -/�D� � G 3546&,�B #46&, #$.')�#& � �!*G4 �BG - &%:;35"%4 -/� *F� � "%&,�B$ �  !�#&%"2354 �
��- :OH.&,� � D $."%46'64)*235",�#$.&,*>:;354)*m46'1*7DI3/CA46" � �d&,�TCA& - $.8��#&>$ �  !�#&%"2354 � ��- : H.&,� � D 4 �BGa- &%:;35"%4 -/� *@*,�#' -/� � �!*
"%< 0 :;35"%4KJ?$��!*F8.& -  ,<��!*7A u �#&%"2354 � �!*m3 � 358."235"%4 -/� *> -/�  !�#8."%$��#'6')�!*>354 � *%4 J?$�DI35'EC - &%46"%<.:G4KJ?$��!* -/� " � AoE#"%&,�
358.8 - &%" 0 �!* 7���� �(] 3QP ��� ��8.&,� ��� &,��� �  - :G8.",�� !�#"%",� � 4l� 0 &,� �  !� � DI358.8.& -  ,<�� e

	 ')�!* �%V=W�* -/� " � �!* Ga- $.& � 4)*2*,�#$.&,*�J?$.4 35'646:F� � ",� � " ')�+ #'C3/*,*%4 P9�#$.& � D 4 �BG - &%:;35"%4 -/� * 8.$.4)* 0 �!* � 3 � *S'C3&H93/*,�
� � �.-/�.��0 �!* 7m #'C3/*2*%4 P9�#&7A FT�#$.&,*�8.$ H.'64) E35"%4 -/� * � ��"%&23 � $.4)*,� � "H8.'6$�* � �� !� � "%&,� � D 4 � " 0 &HE#"�:;354)*($ � �
 !�#&%"2354 � ��8.& - %\46:G46" 0 C 0!- CA&2358.<.4KJc$���� � "%&,�H')�!* 0 ' 0 :F� � ",* C 0#��0 & 0 * M [ - 46& �.0 "23546')*+ #4.#�358.&bm!*=N

�	 ')�!*?CA& - $.8j�#:F� � ",*������! #"%$ 0 * 8935&N')��C=�!*%"%4 -/�.� 3546&,� � �^ -/�.� �(%L4 -/� * "%&23 � $.4)*,� � " � �!* '64)� � * � � 8.& - %L46:G46" 0
� � "%&,�1')�!*S8.$ H.'64) E35"%4 -/� *_���o�! #"%$ 0 �!*S8935& ')�!*�H - "7A * � � -/�.� �(%L4 -/� � � "%&,� � �#$&%F893546&,* "%&23 � $.46" �.-/�  1')�
G 3546" J?$�D 46')*J8.$ H.'64)� � " � �!*J4 �BG - &%:;35"%4 -/� *8.& - [=� � 3 � " � D $ � ��:FE#:F� � -/� � � 3 � *J'�D��!*%893/ !� � � �.-/�.��0 �!*7A

FT� Ga-/�  #"%4 -/�.� �#:F� � " � �!* H - " � 3 � *G !�!*i -/��� 46"%4 -/� *F�!*,"�&,�#8.& 0 *2� � " 0 8935&i'C3 P CA$.&,�nqBAts h �#"i4 ��� 4KJ?$ 0
� 3 � *J'�DI35'EC - &%46"%<.:F� � A
� P���Y�g W`TXl*M\R � e �  #"%46[?46" 0�� $��.y/u
W�� I0 � V �
	����� � TXl�R:S� �������

V � � � ��� � f�� � W � � 	�� � � W � ��� W ���
�
� � � � 	

��� 
I ← ! z�"$# � t��?�Ly�&% �('Ly/~��t/u z/y	�

())
I0 ← I*

R:S��+
R:P�ZVR,

I ← ! z�"$#.-�
cy\v=w/%��('\yA~	9t/u9zAy��
(I0)

0
R:S��1
i← 02 3 l�WBP�R i 6= nbDuplicats �*Y�54 , � [ - !=�#&1$ � �� - 8.4)� � �

I
35$ ;H35"23 I�3 � 3/C=�#&�6�

i← i + 1�7 
R:S���5)
� - $.&cE#"%&,�+� � 3 �.0 Jc$935"%4 -/� 3![=�! + !� Ga-/�  #"%4 -/�.� �#:F� � "7I\'C3�:F�!*%$.&,� � �1*%46:G46'C35&%46" 0 �k$�*bJ?$�D 7�' - &,*�$."%46'64)* 0 �13

0 " 0 &,�#:G8.'C3/ 0 �Z8935&1$ � ��:F�!*%$.&,� � � � 4)*%"23 �  !���#$� #'64 � 4Km �.� �LA u^-/� "%&23546&,�#:F� � "Z35$e - *%4 � $�* J?$.4T8j�#&%:F�#" � �
:F�!*%$.&,�#&S$ � �!*%893/ !�+3 � CA$.'C3546&,�LIc !�#"%",� � 4)*%"23 �  !�J8��#&%:F�#" � D 0 [A35'6$��#&�'C3 � 4)*%"23 �  !�* 0 8935&23 � " � �#$&% 0 ' 0 :F� � ",*3A
� - $.& � �#$&%B[=�! #",�#$.&,*

A = {ai} ∈ R
n �#"

B = {bi} ∈ R
n I. !�#'6')�(#` #47*,� G - &%:Z$.')�Z354 � *,40e

Distance(A,B) =

√

√

√

√

n
∑

i=1

(ai − bi)2
M qBA � N
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FT�J #&%46"bm#&,� � � �.0  #4)*,4 -/�F� �!* Ga- $.&%:G4)*^3('6$.4935$�*,*%4 � AFE#"%&,�+3 � 358." 0 3QP �F� �J8 - $.[ - 46&�8.&,� ��� &,�1� �  - :G8.",�

'C3 � 35"%$.&,� ��-/� H - & ��0 � � �G'C3 � 4)*%"23 �  !�LA , � ���o�#"7I�35' - &,* J?$��
Sim(A,B) ∈ [0, 1]

I
Distance(A,B) ∈

[0, Dmax]
3![=�! 

Dmax
'C3�8.'6$�* CA&23 ��� � � 4)*,"23 �  !� - H�*,�#&%[A3/H.')� � 3 � *J'�D��!*%893/ !� � � �.-/�.��0 �!*7A

Vi(I, t) = {nj ∈ Vi(t) | s(τi←j(t), τ(I)) ≤ (1− smin) ∗Dmax}
M qBA 0 N

Vi(I, t) = {nj ∈ Vi(t) | nj /∈ Vi(I, t)}
M qBA�q�N

� - $.& J?$�D $ � 893546&_* - 46"S4 � " 0 &,�!*,* 0 46' G 35$."^35' - &,*�Jc$��+'C3H"%&23/ !� � �8.< 0 & - : -/� �!*J3/*,* -  #4 0 � 7Z*23� -/�.� �(%L4 -/�
*,��"%& - $.[=� � 3 � *$ �  !�#&, #')� � �H&23@! -/�

(1− smin) ∗Dmax
 !� � "%& 0 *%$.&+ !�#'6')� � �H'�D 4 �BG - &%:;35"%4 -/� 7 �.0 8.'C3/ !�#&

M [ - 46& P CA$.&,�hqBAts � A ?4
smin = 0

'C3i -/��� 46"%4 -/� *,�#&23 J?$��('C3 � 4)*%"23 �  !��* - 46"J4 �BG 0 &%4)�#$.&,� - $ 0 Cc35')� 7
Dmax

�#"
�.-/�  H*,�#&23G" - $ � - $.&,*J[ 0 &%4 P 0 �LA�� - $�*8.& 0 *,�#&%[ -/� *1354 � *%46'C3F*%4EC � 4 P9 E35"%4 -/�K� �

smin
A

�	��
	��qBAts � 	 ,	%L�#:G8.')� � �H*,�#')�! #"%4 -/�K� D $ � � � �!*%"%4 � 35"%4 -/�

* � ��* 0 &%4)��4 � 46"%4C35')� � ��",�!*%"�3 0 " 0 �����! #"%$ 0 ��*%$.&('C3BI9"%&bm!*( #'C3/*,*%4KJ?$��LI�H93/*,� � � �.-/�.��0 � < �`&%4)* =�A u �#'6')�(#
 #4(*,�K - :G8 - *,� � � s 0 � � � "%& 0 �!*7I & 0 8935&%"%4)�!* � � G 3/Y -/� 0 Cc35')�K� � h  #'C3/*2*,�!*7A�F��!*�P CA$.&,�!* qBAts 0 IcqBAtsVq �#"
qBAts � : -/� "%&,� � ";')� CA&2358.<�� - H.",� � $ 358.&bm!*;*%"23/H.46'64)*235"%4 -/� � $�* !L*%"bm#:F�LA u <93+J?$��B - $.')�#$.&; - &%&,�!*%8 -/��� 7
$ �  !� � "%&,� � D 4 � " 0 &HE#" � 4l� 0 &,� � " � $ � v�$ � �#" �.-/�  �4 ��� 4KJc$���$ � � � �!*m"%& - 4)*m #'C3/*2*,�!* � D 46&%4)*3A�F�3 � 35"%$.&,�
8.& 0 '646:G4 � 3546&,� � �H !�!*& 0 *%$.'6"235",* � ��8��#&%:F�#"893/* � �H -/�  #'6$.&,��*%$.&J'�D����T3/ #46" 0�- $ ��-/�d� ��'C3�: 0 "%< -\� �H:;354)*
'�D -/� &,�#:;35&bJc$�� ��0 3 � : - 4 � * J?$�� � �!*�&,�TCA& - $.8��#:F� � ",* � �> - $.')�#$.&,*G*%46:G46'C3546&,�!*G358.8935&2354)*,*,� � "i*,$.&� !�!* h
CA&2358.<��!*7A�FT� � �#& � 4)�#&7I+qBAts � IN: -/� "%&,�B� � 8935&%"%4) #$.'64)�#&F$ �  E3/*G�(%\"%&bm#:F� - $D$ � * - $�*CA&2358.<�� � � � v�$ � *
4 � " 0 &,�!*,* 0 *J8935&')��:FE#:F��*%$ �%�#"+3�8.$/E#"%&,��4)* - ' 0�� $B&,�!*%",� � $B& 0 *,�E35$�A
F�3 H93/*2� ��&%4)*S*,� E35&23/ #" 0 &%4)*2�+8935& '�D�� �  ,<��#[�E#"%&,�#:F� � " � � � �#$&% � �*,�!*^ #'C3/*,*,�!*3A � ' - &,*�Jc$��+'�D $ � � � D�� � "%&,�

�#'6')���!*%"8935& G 3546",�#:F� � "H* 0 8935& 0 �LI ')�!* � �#$&%�35$."%&,�!* -/� "(8.'6$�*%4)�#$.&,*+8 - 4 � ",*( - :G:Z$ � *&J?$.4�8��#$.[=� � "(:F�#"%"%&,�
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