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ALMOST-SURE GROWTH RATE OF GENERALIZED RANDOM FIBONACCI
SEQUENCES

ELISE JANVRESSE, BENOIT RITTAUD, THIERRY DE LA RUE

ABSTRACT. We study the generalized random Fibonacci sequences defined by their first non-
negative terms and for n > 1, Fp42 = AFnh41 £ F, (linear case) and ﬁn+2 = ‘)\ﬁn+1 + ﬁn\
(non-linear case), where each + sign is independent and either + with probability p or — with
probability 1 —p (0 < p < 1). Our main result is that, when \ is of the form A\, = 2 cos(w/k)
for some integer k > 3, the exponential growth of F, for 0 < p < 1, and of F, for 1/k<p<1,
is almost surely positive and given by

oo
/ log x dvy, ,(z),
0

where p is an explicit function of p depending on the case we consider, taking values in [0, 1],
and vy, is an explicit probability distribution on R defined inductively on generalized Stern-
Brocot intervals. We also provide an integral formula for 0 < p < 1 in the easier case A > 2.
Finally, we study the variations of the exponent as a function of p.

1. INTRODUCTION

Random Fibonacci sequences have been defined by Viswanath by F; = F5 = 1 and the random
recurrence Fj, 1o = F, 41 + F,,, where the & sign is given by tossing a balanced coin. In [Ell], he
proved that

V|F,| — 1.13198824... as.

and the logarithm of the limit is given by an integral expression involving a measure defined on
Stern-Brocot intervals. Rittaud [} studied the exponential growth of E(|F,|): it is given by an
explicit algebraic number of degree 3, which turns out to be strictly larger than the almost-sure
exponential growth obtained by Viswanath. In [H], Viswanath’s result has been generalized to the
case of an unbalanced coin and to the so-called non-linear case Fy, o = |Fy,+1 £ F,|. Observe that
this latter case reduces to the linear recurrence when the + sign is given by tossing a balanced
coin.

A further generalization consists in fixing two real numbers, A and 3, and considering the
recurrence relation Fy, o = Ay, 41 + 8F, (or F,42 = [A\F,,41 = 8F,|), where the =+ sign is chosen
by tossing a balanced (or unbalanced) coin. By considering the modified sequence G,, := F,,/3"/2,
which satisfies G, 12 = %GHH + G, we can always reduce to the case § = 1. The purpose of

this article is thus to generalize the results presented in [E] on the almost-sure exponential growth
to random Fibonacci sequences with a multiplicative coefficient: (F,)n>1 and (F,)n>1, defined
inductively by their first two positive terms F; = F; = a, 5, = F5 = b and for all n > 1,

(1) Foio=AFp 1 £ F, (linear case),

(2) ﬁn+2 = |)\ﬁn+1 + ﬁn| (non-linear case),

where each + sign is independent and either + with probability p or — with probability 1 — p
(0 < p <1). We are not yet able to solve this problem in full generality. If A > 2, the linear
and non-linear cases are essentially the same, and the study of the almost-sure growth rate can
easily be handled (Theorem ) The situation A < 2 is much more difficult. However, the
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method developed in [E] can be extended in a surprisingly elegant way to a countable family of
N’s, namely when A is of the form A\, = 2cos(n/k) for some integer k& > 3. The simplest case
A3 = 1 corresponds to classical random Fibonacci sequences studied in [E] The link made in [E]
and @] between random Fibonacci sequences and continued fraction expansion remains valid for
A = 2cos(m/k) and corresponds to so-called Rosen continued fractions, a notion introduced by
Rosen in [E] These values )y are the only ones strictly smaller than 2 for which the group (called
Hecke group) of transformations of the hyperbolic half plane H? generated by the transformations
z+—— —1/z and z — z 4+ X is discrete.

In the linear case, the random Fibonacci sequence is given by a product of random i.i.d. ma-
trices, and the classical way to investigate the exponential growth is to apply Furstenberg’s for-
mula [E] This is the method used by Viswanath, and the difficulty lies in the determination of
Furstenberg’s invariant measure. In the non-linear case, the involved matrices are no more i.i.d.,
and the standard theory does not apply. Our argument is completely different and relies on some
reduction process which will be developed in details in the linear case. Surprisingly, our method
works easier in the non-linear case, for which we only outline the main steps.

Our main results are the following.

Theorem 1.1. Let A = A\, = 2cos(w/k), for some integer k > 3.

For any p € [0,1], there exists an explicit probability distribution vy, , on R, defined inductively
on generalized Stern-Brocot intervals (see Section @ and Figure ﬂ), which gives the exponential
growth of random Fibonacci sequences:

e Linear case: Fix Fy > 0 and F» > 0. For p = 0, the sequence (|F,|) is periodic with
period k. For any p €]0,1],

1 oo
—log |Fn| —— Ypa, = / log x dvy ,(x) > 0
n n— oo 0

almost-surely, where

pi= YT

and pg is the unique positive solution of
. k—1
<1 - pi) —1-x
p+(1—p
e Non-linear case: For p €|1/k,1] and any choice of F; > 0 and Fy > 0,

1 . " o
—log F), —— 5, :/ log x dvy, ,(x) > 0
n n—o00 0

almost-surely, where

p:="/1-pr

and pg is, for p < 1, the unique positive solution of
bz k-1
l—-— =1—-x.
( (1-p)+ px)

The behavior of (F,,) when p < 1/k strongly depends on the choice of the initial values. This

(Forp=1,pr=1.)

phenomenon was not perceived in [ﬂ], in which the initial values were set to }~7'1 = F5 = 1. However,
we have the general result:

Theorem 1.2. Let A = \;, = 2cos(n/k), for some integer k > 3. In the non-linear case, for

0 < p < 1/k, there exists almost-surely a bounded subsequence (F, ;) of (F,) with density (1—kp).

The bounded subsequence in Theorem @ satisfies F,,, , = |)\ﬁnj - ﬁnj71| for any j, which

corresponds to the non-linear case for p = 0. We therefore concentrate on this case in Section @
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FIGURE 1. The measure v , on generalized Stern-Brocot intervals of rank 1 and
2 in the case k = 4 (A\y = v/2). The normalizing constant Z is given by 1+ p+ p2.
The endpoints of the intervals are specified by their v/2-continued fraction expan-
sion.

and provide necessary and sufficient conditions for (ﬁn) to be ultimately periodic (see Proposi-
tion @) Moreover, we prove that ﬁn may decrease exponentially fast to 0, but that the exponent
depends on the ratio Fy/F}.

The critical value 1/k in the non-linear case is to be compared with the results obtained in
the study of B[F,] (see H]): it is proved that E[F,] increases exponentially fast as soon as
p>(2—A)/4.

When A > 2, the linear case and the non-linear case are essentially the same. The study of the
exponential growth of the sequence (F},) is much simpler, and we obtain the following result.

Theorem 1.3. Let A > 2 and 0 < p < 1. For any choice of F} > 0 and F5 > 0,
1 o0
—log |F| —— vpa = logx dppA(z) >0 a.s.,
n n—oo 0

A+ VA2 —4

where [y » Is an explicit probability measure supported on [B, A+ %} , with B := >

(see Section [f and Figure ).

Road map. The detailed proof of Theorem [L.1] in the linear case is given in Sections HJ: Sec-
tion E explains the reduction process on which our method relies. In Section , we introduce the
generalized Stern-Brocot intervals in connection with the expansion of real numbers in Rosen con-
tinued fractions, which enables us to study the reduced sequence associated to (F},). In Section E,
we come back to the original sequence (F},), and, using a coupling argument, we prove that its
exponential growth is given by the integral formula. Then we prove the positivity of the integral
in Section E

The proof for the non-linear case, p > 1/k, works with the same arguments (in fact it is even
easier), and the minor changes are given at the beginning of Section ﬁ The end of this section is
devoted to the proof of Theorem @

The proof of Theorem [I.g (for A > 2) is given in Section [J.

In Section @, we study the variations of v, x and 7, » with p. Conjectures concerning variations
with A\ are given in Section @

Connections with Embree-Trefethen’s paper @], who study a slight modification of our linear
random Fibonacci sequences when p = 1/2; are discussed in Section E
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2. REDUCTION: THE LINEAR CASE

The sequence (Fy,)p>1 can be coded by a sequence (X,,),>3 of i.i.d. random variables taking
values in the alphabet {R, L} with probability (p,1 — p). Each R corresponds to choosing the +
sign and each L corresponds to choosing the — sign, so that both can be interpreted as the right
multiplication of (Fj,—1, F},) by one of the following matrices:

(3) L:= <(1) ;) and  R:= <(1) i)

According to the context, we will interpret any finite sequence of R’s and L’s as the corresponding
product of matrices. Therefore, for all n > 3,

(Frne1,Fp) = (F1, F5)X3... X,,.

Our method relies on a reduction process of the sequence (X,,) based on some relations satisfied
by the matrices R and L. Recalling the definition of A\ = 2cos(n/k), we can write the matrix L
as the product P~'DP, where

i /k 0 1 i [k 1 _,—in/k iw/k
_ (€ ,_ € -1 _ e e
D= ( 0 ei“/k)  Pi= (1 e”/k) » and P70 = 2isin(w/k) ( 1 —1 ) ’

As a consequence, we get that for any integer 7,

; 1 ginUZUT i IT
4 )= K :
) sin(7/k) ( sin 4° sin % ’

< 1 sin L7 sin Uthm
) RI) = ——— K K )
5) sin(m/k) <sin (JJrkl)” sin (j+k2)7r
In particular, for j = k — 1 we get the following relations satisfied by R and L, on which is based
our reduction process:

(6) RLF ! = ((1) 01) , RL*'R=-L and RLF'L=-R.

Moreover, LF = —1d.

We deduce from (E) that, in products of R’s and L’s, we can suppress all patterns RLF™!
provided we flip the next letter. This will only affect the sign of the resulting matrix.

To formalize the reduction process, we associate to each finite sequence z = xz3...x, €
{R,L}"% a (generally) shorter word Red(x) = y3---y; by the following induction. If n = 3,
ys = x3. If n > 3, Red(z3...x,) is deduced from Red(z3...2x,—1) in two steps.

Step 1: Add one letter (R or L, see below) to the end of Red(xs...25-1).

Step 2: If the new word ends with the suffix RLF~!, remove this suffix.

The letter which is added in step 1 depends on what happened when constructing Red(zs ... z,—1):

e If Red(zs...x,—1) was simply obtained by appending one letter, we add x,, to the end of
Red(z3...2p-1).

e Otherwise, we had removed the suffix RL*~! when constructing Red(x3...25—1); we then
add T, to the end of Red(x3...2, 1), where R := L and L := R.

Example: Let = RLRLLLRLL and k = 4. Then, the reduced sequence is given by Red(x) = R.

Observe that by construction, Red(x) never contains the pattern RL¥~!. Let us introduce the
reduced random Fibonacci sequence (F)) defined by

(FT F:;) = (Fl,Fg)Red(Xan)

n—1»
Note that we have F,, = £F] for all n. From now on, we will therefore concentrate our study
on the reduced sequence Red(Xs...X,). We will denote its length by j(n) and its last letter by
Y (n).
The proof of Lemma 2.1 in [ﬂ] can be directly adapted to prove the following lemma.
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Lemma 2.1. We denote by |W|gr the number of R’s in the word W. We have

(7) |Red(X3...X,)|p —— 4+ a.s.
In particular, the length j(n) of Red(Xs ... X)) satisfies
j(n) —— 4. a.s.

2.1. Survival probability of an R. We say that the last letter of Red(X5...X,,) survives if,
for all m > n, j(m) > j(n). In other words, this letter survives if it is never removed during
the subsequent steps of the reduction. By construction, the survival of the last letter Y'(n) of
Red(Xs5...X,) only depends on its own value and the future X, 11, X,42.... Let

PR = IP(Y(n) survives ’Y(n) = R has been appended at time n)

A consequence of Lemma is that pr > 0. We now want to express pr as a function of p.

Observe that Y (n) = R survives if and only if, after the subsequent steps of the reduction, it
is followed by L/R where 0 < j < k — 2, and the latter R survives. Recall that the probability of
appending an R after a deletion of the pattern RL*~! is 1 — p, whereas it is equal to p if it does
not follow a deletion. Assume that Y'(n) = R has been appended at time n. We want to compute
the probability for this R to survive and to be followed by L' R (0 < j < k—2) after the reduction.
This happens with probability

>0
deletions survives
p; = P | R be followed by ([RT]L) ([R...]L) B R

J times

= [Q=-p+p> Q-pr)1-p"'p| pY>_(1-pr)(1-p) pr
0>1 >0

_ (1 __ PpR )] PPR
p+(Q—ppr/) p+ (1 —-ppr

Writing pr = 25;02 p;, we get that pg is a solution of the equation

_ o pr 1/(k—1)
(8) g(x) =0, where g(z) =1— —————(1—1) .

p+(1—p

Observe that ¢g(0) = 0, and that g is strictly convex. Therefore there exists at most one z > 0
satisfying g(z) = 0, and it follows that pg is the unique positive solution of ().

2.2. Distribution law of surviving letters. A consequence of Lemma @ is that the sequence
of surviving letters
(Sj)jzg = nlLII()lo Red(X3 .. Xn)

is well defined and can be written as the concatenation of a certain number s > 0 of starting L’s,
followed by infinitely many blocks:

S182...=L°B1Bsy...

where s > 0 and, for all £ > 1, B, € {R,RL,..., RL*=2}. This block decomposition will play a
central role in our analysis.
We deduce from Section the probability distribution of this sequence of blocks:
Lemma 2.2. The blocks (Bg)¢>1 are i.i.d. with common distribution law P, defined as follows
, o
(9) ]Pp(Bl :RLJ)::W, OSJSk—Q,
Zmzo pm
PPR . . .. .
and pg Is the unique positive solution of (E)

h S D o o L
wherer p+(1—ppr
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In [}, where the case k = 3 was studied, we used the parameter a = 1/(1 + p) instead of p.
Observe that p = ((1 =)+ (1 —pr) (1 - p)e_lp) can be interpreted as the probability

that the sequence of surviving letters starts with an L. Since an R does not survive if it is followed
by k —1 L’s, this explains why the probability 1 — pg that an R does not survive is equal to p*~ 1.

Proof. Observe that the event E,, :=“Y (n) = R has been appended at time n and survives” is the
intersection of the two events “Y(n) = R has been appended at time n”, which is measurable with
respect to o(X;, ¢ < n), and “If Y(n) = R has been appended at time n, then this R survives”,
which is measurable with respect to o(X;, ¢ > n). It follows that, conditioned on E,,, o(X;, i < n)
and o(X;, ¢ > n) remain independent. Thus the blocks in the sequence of surviving letters appear
independently, and their distribution is given by

. ] J
P,(By = RL) =1L = 2

k—2 ?

3. ROSEN CONTINUED FRACTIONS AND GENERALIZED STERN-BROCOT INTERVALS

3.1. The quotient Markov chain. For ¢ > 1, let us denote by n; the time when the /-th
surviving R is appended, and set

FT
Q= il >,

T
n[+172

Q¢ is the quotient of the last two terms once the /-th definitive block of the reduced sequence has
been written. Observe that the right-product action of blocks B € {R, RL,..., RL¥=2} acts on
the quotient F"/F"_, in the following way: For 0 < j < k — 2, for any (a,b) € R* x R, if we set

(a’',b') := (a,b)RL?, then
v - b
—=flofol=]),
a a

where fo(q) := A+ 1/q and f(q) :== X\ — 1/q. For short, we will denote by f; the function f7 o fo.
Observe that f; is an homographic function associated to the matrix RL7 in the following way:

B+dq

To the matrix <3 ﬁ) corresponds the homographic function g — = -

0

It follows from Lemma that (Q¢)¢>1 is a real-valued Markov chain with probability transi-
tions .
P

PQu1=fidIQe=q) =——=—, 0<j<k-2
Zmzopm

3.2. Generalized Stern-Brocot intervals and the measure v ,. Let us define subintervals
of R: for 0 <j <k —2, set I; := f;([0,400]). These intervals are of the form
I; = [bj+1,bj], where by = 400, by =\ = f0(+00) = fl(O), bjr1 = f(b]) = fj(-i-OO) = fj-',—l(o)-

1 0

Observe that by_1 = fr_1(0) = 0 since RL¥~! = (0 .

>. Therefore, (I;)o<;j<k—2 is a subdivi-

sion of [0, +00].
More generally, we set

Ly gorje = fir 0 fiz 00 f3,([0,+00]),  V(j1,js- .-, Je) € {0,... .k — 2}~
For any ¢ > 1, this gives a subdivision .#(£) of [0, 4+oc] since
k—2

Jje=0

When k = 3 (A = 1), this procedure provides subdivisions of [0, +00] into Stern-Brocot intervals.

Lemma 3.1. The o-algebra generated by .# (£) increases to the Borel o-algebra on R..
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We postpone the proof of this lemma to the next section.

Observe that for any ¢ € Ry, P(Qs € I}, jr....;,|Q0 = q) pi1t i

= W Therefore, the proba—

bility measure vy, on R defined by
it
k—2
(>0 pm)t
is invariant for the Markov chain (Q¢). The fact that vy , is the unique invariant probability for
this Markov chain comes from the following lemma.

Vkop (L ja,eje) +=

Lemma 3.2. There exists almost surely Ly > 0 such that for all ¢ > L, Q¢ > 0.

Proof. For any g € R\ {0}, either fo(q) >0, or f1(q) = X —1/fo(q) > 0. Hence, for any ¢ > 0,

P(Qry1 > 0[Qe = q) > k%m
0

It follows that P(V¢ > 0, Q¢ < 0) = 0, and since Q¢ > 0 = Q41 > 0, the lemma is proved. O

To a given finite sequence of blocks (RL’),...,(RL), we associate the generalized Stern-
Brocot interval I;, j, .. ;. If we extend the sequence of blocks leftwards, we get smaller and
smaller intervals. Adding infinitely many blocks, we get in the limit a single point corresponding
to the intersection of the intervals, which follows the law vy, ,.

3.3. Link with Rosen continued fractions. Recall (see [[J]) that, since 1 < A < 2, any real
number ¢ can be written as

1

q=apA+
a1+
Ly

1
an)\—i—_

where (ap)n>0 is a finite or infinite sequence, with a,, € Z\ {0} for n > 1. This expression will
be denoted by [ag, ..., an,...|r. It is called a A-Rosen continued fraction expansion of ¢, and is
not unique in general. When A = 1 (i.e. for k = 3), we recover generalized continued fraction
expansion in which partial quotients are positive or negative integers.

Observe that the function f; are easily expressed in terms of Rosen continued fraction expansion.
The Rosen continued fraction expansion of f;(¢) is the concatenation of (j+1) alternated £1 with
the expansion of +¢ according to the parity of j:

[1,-1,1,...,1,a0,...,Gn, .. ]x if j is even
N— —
(j+1) terms
10 i(lagy - -y apn, ... = oo
,—1,1,....,—1,—ap,...,—an,...Jx 1 7 1s odd.
( ) f]([O ]/\) 1 1.1 1 f dd
N———

(j+1) terms

For any ¢ > 1, let &(£) be the set of endpoints of the subdivision .#(¢). The finite elements of
&(1) can be written as

by =f;(0)=[1,-1,1,...,£1]y V1<j<k-1.
j terms
In particular for j = k — 1 we get a finite expansion of by_; = 0. Moreover, by ),
bp = fo(0) =00 =[1,1,—-1,1,...,+1]x.
k—1 terms

Tterating ([L0]), we see that for all £ > 1, the elements of &(¢) can be written as a finite A-Rosen
continued fraction with coefficients in {—1,1}.

Proposition 3.3. The set | J,~, & of all endpoints of generalized Stern-Brocot intervals is the set
of all nonnegative real numbers admitting a finite \-Rosen continued fraction expansion.
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The proof uses the two following lemmas

Lemma 3.4.

1
()= — " YO0<j<k-2
f]( ) fkfgfj(l/l') J
Proof. From (f]), we get
_ Al 1
RLk 2= <1 0) ) hence fk*?(x) = )\+$

Therefore, fr—2(1/x) = 1/ fo(z) and the statement is true for j = 0. Assume now that the result
is true for j > 0. We have

1 1 1 1
fi xz)\——:)\—f_;(—):)\—fof__»(—): ,
J+1( ) f](:c) k—2—j T k—3—j T fk737j (%)
so the result is proved by induction. O

Lemma 3.5. For any ¢ > 1, the set &({) of endpoints of the subdivision .%({) is invariant by
x +— 1/x. Moreover, the largest finite element of &(¢) is ¢\ and the smallest positive one is 1/(\.

Proof. Recall that the elements of &(1) are of the form b; = f;_1(c0) = f;(0), and the largest
finite endpoint is b = A. Hence, the result for £ =1 is a direct consequence of Lemma @
Assume now that the result is true for ¢ > 1. Consider b € &(¢ + 1) \ &(¢). There exists
0<j<k—2and¥ € &) such that b = f;(b'). Since 1/’ is also in &(¢), we see from Lemma .4
that 1/b = fr_2—;(1/V) € &+ 1). Hence & (¢ + 1) is invariant by = — 1/x. Now, since fy is
decreasing, the largest finite endpoint of &(£+1) is fo(1/¢)\) = (¢ + 1)\, and the smallest positive
endpoint of #(£+1)is 1/(£+ 1)\ O

Proof of Proposition . The set of nonnegative real numbers admitting a finite A-Rosen contin-
ued fraction expansion is the smallest subset of R4 containing 0 which is invariant under x — 1/x
and x — x + . By Lemma @, the set | J,~, &/ is invariant under z — 1/x. Moreover, it is also
invariant by = — fr_2(z) = 1/(x + )\), and contains by_; = 0. O

Remark 3.6. The preceding proposition generalizes the well-known fact that the endpoints of
Stern-Brocot intervals are the rational numbers, that is real numbers admitting a finite continued
fraction expansion.

Proof of Lemma m This is a direct consequence of Proposition @ and the fact that the set of
numbers admitting a finite A-Rosen continued fraction expansion is dense in R for any A < 2 (see

B)- O

4. COUPLING WITH A TWO-SIDED STATIONARY PROCESS

If |F41/F,| was a stationary sequence with distribution vy ,, then a direct application of the
ergodic theorem would give the convergence stated in Theorem @ The purpose of this section
is to prove via a coupling argument that everything goes as if it was the case. For this, we embed
the sequence (X,,),>3 in a doubly-infinite i.i.d. sequence (X)nez with X,, = X for all n > 3.
We define the reduction of (X*)_oo<j<n, which gives a left-infinite sequence of i.i.d. blocks, and
denote by g}, the corresponding limit point, which follows the law v ,. We will see that for n large
enough, the last £ blocks of Red(Xs...X,) and Red((X*)_oc<j<n) are the same. Therefore, the
quotient g, := F'"/F"_, is well-approximated by ¢, and an application of the ergodic theorem to
q;, will give the announced result.

4.1. Reduction of a left-infinite sequence. We will define the reduction of a left-infinite i.i.d.
sequence (X*)° by considering the successive reduced sequence Red(X*,, ... X{).

Proposition 4.1. For all { > 1, there exists almost surely N({) such that the last ¢ blocks of
Red(X*,, ... X() are the same for any n > N ().



ALMOST-SURE GROWTH RATE OF GENERALIZED RANDOM FIBONACCI SEQUENCES 9

0

This allows us to define almost surely the reduction of a left-infinite i.i.d. sequence (X*)?

the left-infinite sequence of blocks obtained in the limit of Red(X*,, ... X) as n — oo.

Let us call excursion any finite sequence wy . .. w,, of R’s and L’s such that Red(w ... w,,) = 0.
We say that a sequence is proper if its reduction process does not end with a deletion. This means
that the next letter is not flipped during the reduction.

The proof of the proposition will be derived from the following lemmas.

as

Lemma 4.2. If there exists n > 0 such that X* ... X*, is not proper, then X{ is preceded by a
unique excursion.

Proof. We first prove that an excursion can never be a suffix of a strictly larger excursion. Let
W = Wi RW' be an excursion, with RW’ another excursion. Then WL = Wi RW'L = +R and
RW'L = £R, which implies that W; = +1d. It follows that Red(W;) = <i01 i01> Observe
that Red(;) cannot start with L’s since Red(W; RW') = (). Therefore, it is a concatenation of
s blocks, corresponding to some function fj, o--- f; which cannot be 2 — £z unless s = 0. But
s = 0 means that Red(WW;) = 0, so Red(W) = Red(LW’) = ), which is impossible.

Observe first that, if X is not flipped during the reduction of Xi(n_l) ... X5 but is flipped
during the reduction of X* ...X{, then X* is an R which is removed during the reduction
process of X* ...X{. In particular, this is true if we choose n to be the smallest integer such
that X is flipped during the reduction of X*,, ... X5. Therefore there exists 0 < j < n such
that X* ... X* G+1) is an excursion. If 7 = 0 we are done; otherwise the same observation proves
that X*, is an L which is flipped during the reduction process of X*, ... X* . Therefore, Xj is
flipped during the reduction of RXj(jfl) ... X{, but not during the reduction of X*, ... X{ for any
¢ < j—1. Tterating the same argument finitely many times proves that Red(X* ... X*)=0. O

> Pw) <l

w excursions

Lemma 4.3.

Proof. Xy is an R which does not survive during the reduction process if and only if it is the
beginning of an excursion. By considering the longest such excursion, we get
pi—pr)= > P)|(l-ppr+pl
w excursions
Hence,

(11) Y Pw)= (11)—(117)7;:219 <1.

w excursions

We deduce from the two preceding lemmas:

Corollary 4.4. There is a positive probability that for all n > 0 the sequence X*, ... X*, be
proper.

Proof of Proposition @ We deduce from Corollary Q that with probability 1 there exist infin-
itely many j’s such that

e X*,is an R which survives in the reduction of X~ ... X¢;

e X*,...X*, ;isproper for all n > j.
For such j, the contribution of X*,... X to Red(X*,, ... X{) is the same for any n > j. O

The same argument allows us to define almost surely Red((X*)" ) for all n € Z, which is
a left-infinite sequence of blocks. Observe that we can associate to each letter of this sequence
of blocks the time ¢t < n at which it was appended. We number the blocks by defining B as
the rightmost block whose initial R was appended at some time t < 0. For n > 0, we have
Red((X*)" ) = ... B, By By ... B}, where 0 < L(n) < n. The random number L(n) evolves

in the same way as the number of R’s in Red(X3...X,). By Lemma P.I], L(n) — +00 as n — oo
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almost surely. As a consequence, for any j € Z the block B is well-defined and constant for
all large enough n. We denote by B; the limit of B}'. The concatenation of these blocks can be
viewed as the reduction of the whole sequence (X*)T2°. The same arguments as those given in
Section E prove that the blocks B; are i.i.d. with common distribution law P .

It is remarkable that the same result holds if we consider only the blocks in the reduction of
(X)2 e
Proposition 4.5. The sequence Red((X*)° ) is a left-infinite concatenation of i.i.d. blocks with
common distribution law P ,.

Proof. Observe that Red((X*) ) = Red((X*)E_ ) where L < 0 is the (random) index of the

last letter not removed in the reduction process of (X*)° __. For any ¢ < 0, we have L = ¢ if and

only if (X*)% _ is proper and (X*)¢ 1 is an excursion. For any bounded measurable function f,

since E[f(Red((X*)%..)) | (X*)“, is proper| does not depend on ¢, we have
B[f(Red((X")2 )]

_ ZIP(L — ) B[f(Red((X*)..0)) | L =]

ZIP [f(Red((X*)20)) ’ (X*)% . is proper, (X*)¢,, is an excursion]

ZIP [F(Red((X*)"..)) | (X*)", is proper]

= [f(Red(( )_OO)) ‘ (X*)(ioo is proper].
This also implies that the law of Red((X*)% ) is neither changed when conditioned on the fact
that (X*)?  is not proper.
Assume that (X*)Y _ is proper. The fact that the blocks of Red((X*)? ) will not be sub-
sequently modified in the reduction process of (X*)=_ only depends on (X*)7°. Therefore,
E[f(Red((X*)° ) ’ (X*)% is proper] is equal to

E[f(Red((X*)? ) | (X*)? is proper and blocks of Red((X*)? ) are definitive].

The same equality holds if we replace “proper” with “not proper”. Hence, the law of Red((X*)° )
is the same as the law of Red((X*)% ) conditioned on the fact that blocks of Red((X*)% ) are
definitive. But we know that definitive blocks are i.i.d. with common distribution law IP,.

4.2. Quotient associated to a left-infinite sequence. Let n be a fixed integer. For m > 0, we
decompose Red((X*);,—m<i<n) into blocks By, ..., By = (RL’*), ..., (RL), to which we associate
the generalized Stern-Brocot interval I;, ;,,... ;. If we let m go to infinity, the preceding section
shows that this sequence of intervals converges almost surely to a point ¢). By Proposition @
q;, follows the law vy, ,.

Since (q;;) is an ergodic stationary process, and log(+) is in L' (v, ,), the ergodic theorem implies

N
1
(12) N g log g m/}R loggdvy,,(q) almost surely.
—1 +

The last step in the proof of the main theorem is to compare the quotient ¢, = F, /F,_, with ¢;.

Proposition 4.6.

N
1 *
N Z’log @, — log |gnl| e 0 almost surely.
n=3
We call extremal the leftmost and rightmost intervals of .7 (£).

Lemma 4.7.

S¢:=  sup sup |logq* — logq| P~ 0
Ies()  aqq el
Inot extremal
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Proof. Fix ¢ > 0, and choose an integer M > 1/e. By Lemma EI, since log(-) is uniformly
continuous on [1/M X, M \], we have for ¢ large enough

sup sup |logq™ —logq| < e.
Ies(t) qq €l
IC[1/MX,MA]

If I € .7 ({) is a non-extremal interval included in [0, 1/MA] or in [M A, +00], there exists an integer
j € [M,¢] such that T C [1/(j + 1)\, 1/4A] or I C [(§ + 1)\, jA]. Hence,

)+ 1 1
sup |logq™ —logq| < log (i) < log (1 + —) <e.
a,q* €l J M

Proof of Proposition IE For any j € 7, we define the following event FE;:
e X7 is an R which survives in the reduction of (X});>;;
e X/...X7 , is proper for all i < j.
Observe that if F; holds for some j > 3, then for all n > j,
Red(X3...X,) = Red(Xs3...X,;_1) Red(X;...X,)
and  Red((X*)".) = Red((X*)}) Red(X]...X}).
Hence, since X; ... X;, = X7... X7, they give rise in both reductions to the same blocks, the first

one being definitive. Since each E; holds with the same positive probability, the ergodic theorem
yields

o)

(13) %Jz_; 1g, — P(E3) >0 almost surely,

hence the number of definitive blocks of Red(X3s ... X,,) and of Red((X™*)™ ) which coincide grows
almost surely linearly with n as n goes to oo (these definitive blocks may be followed by some
additional blocks which also coincide).

Recall the definition of L given in Lemma @ and observe that for n > nr_, g, > 0. Observe
also that, by definition of I;, j, . j,, if ¢ and ¢* are two positive real numbers, f;, o fj, o---o f;,(q)
and fj, o fj, o---o fj,(¢*) belong to the same interval of .#(¢).

From (ﬁ), we deduce that, almost surely, for n large enough, at least L ++/n definitive blocks
of Red(X5...X,) and of Red((X*)™ ) coincide (possibly followed by some additional blocks

")
o0
which also coincide). This ensures that ¢, and ¢ belong to the same interval of the subdivision

J(V/n).

By Lemma @, it remains to check that, almost surely, there exist only finitely many n’s such
that ¢ belongs to an extremal interval of the subdivision .#(y/n). But this is a direct application
of Borel-Cantelli Lemma, observing that the measure v, , of an extremal interval of .# () decreases
exponentially fast with £. O

We now conclude the section by the proof of the convergence to the integral given in Theo-
rem [L1], linear case: Since F,, = +F7, we can write n~ " log|F,| as

1 1 & Ll .
~log| I+~ loga; + ~» _ (loglg;| —logg;)
=3 =3

and the convergence follows using Proposition @ and )

5. POSITIVITY OF THE INTEGRAL

We now turn to the proof of the positivity of v, x,. It relies on the following lemma, whose
proof is postponed.

Lemma 5.1. Fix 0 < p < 1. For any t > 0,
(14) Ay i= vk, ([t,00)) = vk, ([0,1/1]) 2 0.

Moreover, there exists t > 1 such that the above inequality is strict.
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Using Fubini’s theorem, we obtain that ~, 1, is equal to
00 o) 1
/ logzdvy,,(x) = / log x dvy, ,(x) — / log(1/z) dvy, ,(x)
0 1 0
| vatiet oondu = [ wnp(io.e i
0 0

which is positive if 0 < p < 1 by Lemma Ell Thus, vp,», > 0 for any p > 0. This ends the proof
of Theorem , linear case.

Proof of Lemma lﬂ By Lemma @, it is enough to prove the lemma when ¢ is the endpoint of
an interval of the subdivision .#(¢). This is done by induction on £. Obviously, Ag = A, = 0.
When ¢ =1 and ¢ =2, if t # 0, 00, it can be written as f;(b;) for 0 < j<k—2and 0 <i<k—2,
and we get 1/t = fr_o_;(bp_1_;) (see LemmaB.4). Setting Z := Zf gp we have

Jj—1 j—1

p* P 20
ZV}CW s+1, ))—f—l/kp([t,b 27 7V}€7p Ob 7

M
N|bv
Nlb
H Mw

Therefore,

-1 C k—2 k—2 _9_i k—2—
SN A ) S At i«
s=0 Z Z s=1 Z s=k—1—j Z Z s=0 Z
j—1 k—2—1i
- p_&(l pk—l—a)+ (pz‘+j pk—2—J) Z P
s=0 Z Z s=0 Z

ZAt>Zp P = PP = pM).

Observe that (1—pF=177) = (1—p) S¥2277 p* and that 1 — p% = (1+ p?)(1—p) Y272} p*. Hence,

j—1 k—2—
ZN > (1-p)Y p° ( >

s=0 s=0

J

p*— P J(1+p7)>

which is positive as soon as j < k — 2. The quantity A, is invariant when ¢ is replaced by 1/¢, so
we also get the desired result for j =k — 2.

Assume ([4) is true for any endpoint of intervals of the subdivision .#(5), j < £ — 1. Let t
be an endpoint of an interval of .#(¢); then there exists an interval [t1,%2] of & ( — 2) such that
t € [t1,t2]. We can write

Vip ([t,00)) = i, ([t2,00)) + vk, ([t1; E2]) vk, ([; 00))
and vy, ([0,1/1]) = vi,p ([0, 1/82]) + v, ([1/t2,1/t1]) v ([0, 1/u])

for some endpoint v of an interval of #(2). If vy , ([t1,t2]) > v, ([1/t2,1/t1]), we get the result
since ([I4) holds for u, and t,. Otherwise, we can write A, as

Ary = vkp ([t1st2]) + vk p ([1/t2, 1/01]) + vip ([E1, E2]) vk p ([, 00)) = vk ([1/t2,1/82]) vk ([0, 1/0])
which is greater than
Atl + Vk,p ([tl, tg]) Au Z 0.
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Remark 5.2. We can also define the probability measure vy, for p = 1. (When k = 3, this
is related to Minkowski’s Question Mark Function, see ]) It is straightforward to check that
Vi1 ([t,00)) — vi,1 ([0,1/t]) = 0 for all t > 0, which yields

/ log z dvy 1 (z) = 0.
0

6. REDUCTION: THE NON-LINEAR CASE

In the non-linear case, where ﬁn+2 = |Aﬁn+1 + ﬁn|, the sequence (ﬁn)nZI can also be coded
by the sequence (X),>3 of i.i.d. random variables taking values in the alphabet {R, L} with
probability (p,1 — p). Each R corresponds to choosing the + sign and can be interpreted as the
right multiplication of (ﬁn_l, ﬁn) by the matrix R defined in (). Each L corresponds to choosing
the — sign but the interpretation in terms of matrices is slighty different, since we have to take into

account the absolute value: X, 41 = L corresponds either to the right multiplication of (Fj,—1, F},)

by L if (F,—_1, F,,)L has nonnegative entries, or to the multiplication by

(15) L= ((1) &) .

Observe that for all 0 < j < k — 2, the matrix RL? has nonnegative entries (see (f])), whereas

1 (10
RL =lo -1
L’s as the right multiplication by the matrix L, whereas the (k — 1)-th L corresponds to the
multiplication by L’. Moreover, RL¥"2L' = Id, so we can remove all patterns RL*~! in the
process (X,,).

We thus associate to x3 ...z, the word I/{—E(/i(acg ... Tp), which is obtained by the same reduction
as Red(zs ... x,), except that the letter added in Step 1 is always x;. We have

. Therefore, if X; = R is followed by some L’s, we interpret the first (k — 2)

(Fo_1,F,) = (Fy, F)Red(zs . .. ).

Since the reduction process is even easier in the non-linear case, we will not give all the details
but only insist on the differences with the linear case. The first difference is that the survival
probability of an R is positive only if p > 1/k.

Lemma 6.1. For p > 1/k, the number of R’s in 1?6?1(X3 ... X,,) satisfies
Red(Xs ... X,)|g —— +o0 a.s.

and the survival probability pg is for p < 1 the unique solution in |0, 1] of

» k—1
(16) g(x) =0, where g(z):=(1-2x) <1 + - x) —-1.

Ifp <1/k, pr = 0.

Proof. Since each deletion of an R goes with the deletion of (k — 1) L’s, if p > 1/k, the law of
large numbers ensures that the number of remaining R’s goes to infinity. If p < 1/k, there only
remains L’s, so pr = 0.

Doing the same computations as in Section , we obtain that, for all 0 < j < k — 2, the
probability p; for an R to be followed by L’ R after the subsequent steps of the reduction is

(1—p)ppr
(1—p+ppr)i+t

Since pr = 25;02 pj, we get that pg is solution of g(z) = 0. Observe that §(0) = 0, g(1) = —1,
g'(0) > 0 for p > 1/k and g’ vanishes at most once on R.. Hence, for p > 1/k, pg is the unique
solution of g(x) = 0 in ]0,1]. For p = 1/k, §’(0) = 0 and the unique nonnegative solution is
PR = 0. O

pj =
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6.1. Case p > 1/k. As in the linear case, the sequence of surviving letters
(S;)j>3 = lim Red(Xs...X,)

is well defined for p > 1/k, and can be written as the concatenation of a certain number s > 0 of
starting L’s and of blocks:

S182...=L°B1Bs...
where for all £ > 1, B, € {R,RL, ..., RL’“_Q}. These blocks appear with the same distribution
P, as in the linear case, but with a different parameter p.

Lemma 6.2. In the non-linear case, for p > 1/k, the blocks (By)¢>1 are iid. with common
distribution law P, defined by (B), where p :== *Y/T— pr and pg is given by Lemma 1]

As in Section , we can embed the sequence (X,),>3 in a doubly-infinite i.i.d. sequence
(X )nez with X,, = X for all n > 3. We define the reduction of (X*)_so<j<n by considering the
successive I?e?i(Xn_ N ... X,). The analog of Proposition @ is easier to prove than in the linear
case since the deletion of a pattern RLF~! does not affect the next letter. The end of the proof is
similar.

6.2. Case p < 1/k. Since in this case the survival probability of an R is pg = 0, the reduced
sequence f{al(Xgo) contains only L’s. We consider the subsequence (ﬁn]) where n; is the time
when the j-th L is appended to the reduced sequence. This subsequence satisfies, for any j,
ﬁnHl = |)\ﬁnj — ﬁnj,l [, which corresponds to the non-linear case for p = 0.

Therefore, we first concentrate on the deterministic sequence ﬁn_l,_l = |)\Fvn — ﬁn_1|, with given
nonnegative initial values ﬁo and F.

Eropositign 6@. For any choice of ﬁo > 0 and ﬁl > 0, the sequence defined inductively by
Foy1 = |\F,, — F,,—1] is bounded.

Lemma @ in the next section gives a proof of this proposition for the specific case A = 2 cos 7w/ k.
We give here another proof based on a geometrical interpretation, which can be applied for any
0< A<

The key argument relies on the following observation: Let 6 be such that A = 2 cosf. Fix two
points Py, Py on a circle centered at the origin O, such that the oriented angle (OPy, OP;) equals
0. Let P> be the image of P, by the rotation of angle # and center O. Then the respective abscissae
g, ©1 and xo of Py, P and P, satisfy xo = Axy — xg. We can then geometrically interpret the
sequence (ﬁn) as the successive abscissae of points in the plane.

Lemma 6.4 (Existence of the circle). Let § €]0, w[. For any choice of (z,z") € R3 \ {(0,0)}, their
exist a unique R > 0 and two points M and M’, with respective abscissae x and ', lying on the
circle with radius R centered at the origin, such that the oriented angle (OM,OM'") equals 6.

Proof. Assume that x > 0. We have to show the existence of a unique R and a unique t €
| = w/2,7/2[ (which represents the argument of M) such that

Rcost =z and Rcos(t+0) =21

This is equivalent to
/!

Rcost=x and cosf —tant sin@zx—,
T

which obviously has a unique solution since sin 6 # 0.
If 2 = 0, the unique solution is clearly R = a’/cos(f — 7/2) and t = —7/2.
Remark: Since 1 > 0, we have t + 6 < 7/2. O

Proof of Proposition . At step n, we interpret ﬁn+1 in the following way: Applying the lemma
with x = ﬁn,l and 2’ = ﬁn, we find a circle of radius R,, > 0 centered at the origin and two
points M and M’ on this circle with abscissae z and /. Consider the image of M’ by the rotation
of angle # and center O. If its abscissa is nonnegative, it is equal to ﬁnﬂ, and we will have
Ry,+1 = R,,. Otherwise, we have to apply also the symmetry with respect to the origin to get a
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[k

Fn+2 ﬁn-{—l ﬁn—l fn

FIGURE 2. R, = R, is the radius of the largest circle, and R, ;2 is the radius
of the smallest.

point with abscissa ﬁnﬂ. The circle at step n + 1 may then have a different radius, but we now
show that the radius always decreases (see Figure f).

Indeed, denoting by « the argument of M’, we have in the latter case 7/2 — 0 < a < 7/2,
ﬁn = R, cosa and ﬁn+1 = R,cos(a+ 0+ m) > 0. At step n + 1, we apply the lemma with
x = R, cosaand 2’ = R, cos(a+ 60+ ). From the proof of the lemma, if E,=0 (i.e. if a=17/2),
Rpi1 = Rpcos(a+ 0+ m)/cos(0 —m/2) = Ry,. If F, > 0, we have R,11 = R, cosa/ cost, where
t is given by
cos(a+ 6 + )

= —(cosf — tan av sin ).
cos

cosf —tant sinf =

We deduce from the preceding formula that tan¢+tana = 2 cos6/sin 6 > 0, which implies ¢t > —av.
On the other hand, as noticed at the end of the proof of the preceding lemma, ¢ + 6 < 7/2, hence
t < a.. Therefore, cosa < cost and R,11 < R,.

Since ﬁn < R, < R; for all n, the proposition is proved. O

We come back to the specific case A = 2 cos7/k.

Proposition 6.5. Let (F,) be inductively defined by Fn41 = |AF, — Fn_1| and its two first
positive terms. The following properties are equivalent:

(1) Fy/F, admits a finite A-continued fraction expansion.

(2) The sequence (F,,) is ultimately periodic.
(3) There exists n such that F,, = 0.

Proof. We easily see from the proof of Proposition @ that (2) and (3) are equivalent. We now

prove that (3) implies (1) by induction on the smallest n such that F,, = 0. If F, = 0, then
[NFy — Fo| = 0, and we get Fy/Fy = A. Let n > 2 be the smallest n such that F,, = 0. By the
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induction hypothesis, F / F, admits a finite A-continued fraction expansion. Therefore,

o e
Fy Fi/F,
admits a finite A-continued fraction expansion.

It remains to prove that (1) implies (3). We know from Proposition B.3 that all positive real
numbers that admit a finite A-continued fraction expansion are endpoints of generalized Stern-
Brocot intervals, hence by ([0), can be written as [1,a1,...,a;]x with a; = +1 for any i and
such that we never see more than (k — 1) alternated +1 in a row. We call such an expansion a
standard expansion. Conversely, all real numbers that admit a standard expansion are endpoints
of generalized Stern-Brocot intervals, hence are nonnegative. Assume (1) is true. If Fy/Fy = (1],
then F2 = 0. Otherwise, let [1,a1,...,a;]x be a standard expansion of FO/F1 Then,

F 1

_ == = = ‘[al, .. .,aj])\}.

F,  |\— Fy/Fy|
Ifa; =1, then [a1,...,a;j]x > 0and it is equal to ﬁl/ﬁg. Otherwise, ﬁl/ﬁg = [—a1, —az,...,—a;]x.
In both cases, we obtain a standard expansion of Fy/F5 of smaller size. The result is proved by
induction on j. O

Remark 6.6. In general, if Fy / Fy does not admit a finite A-continued fraction expansion, (Fy)
decreases exponentially fast to 0. However, the exponent depends on the ratio Fy/F}.

We exhibit two examples of such behavior.

Let ¢ := (A + VA2 +4)/2 be the fixed point of fo. Start with Fy/F, = g. Then, by a
straightforward induction, we get that for all n > 0, E, = q_"ﬁo.

Start now with Fy/F;, = ¢, where ¢ is the fixed point of fi. Then, we easily get that for all
n >0, Fo, = (q'fo(q'))_"ﬁo and Fby, g = ﬁgn/q'. The exponent is thus 1/4/¢’ fo(¢'), which is
different from 1/q: For k = 3, ¢ = ¢ (the golden ratio) and /¢’ fo(¢') = V¢

Proof of Theorem [[.]. We have seen that the subsequence (ﬁnj), where nj is the time when the
J-th L is appended to the reduced sequence, satisfies, I, |)\F — Fnj .| for any j. From
Proposition [f.3, this subsequence is bounded. Moreover, we can write n; = j+kd,;, where d; is the

number of R’s up to time n;. By the law of large numbers, d;/n; — p, and we get j/n; — 1 —kp.
This achieves the proof of Theorem @ (]

7. CASE A > 2

The case A > 2 (p > 0) is even easier to study since there is no reduction process.

Observe that the linear and the non-linear case are essentially the same. Indeed, in the non-
linear case, P(Fp1/F, > 1|F,_1,F,) > p and if F,,.1/F, > 1, then Fn+2/Fn+1 > 1. Therefore,
with probability 1, there exists Ny such that for all n > Ny, the quotients Fn+1 / F,, are larger
than 1. Moreover, for n > N4, there is no need to take the absolute value and the sequence
behaves like in the linear case. We thus concentrate on the linear case.

We now fix A > 2. The sequence of quotients Q,, := F,/F, 1 is a real-valued Markov chain
with probability transitions

P (Quit = fa(@)|Q@u=a) =p and P (Qui1=f2(@)|Q@u=0)=1-p,

where fr(q) ;= A+ 1/q and fr(q) :=X—1/q.

A+VA2—4
Let B := % € [1, A] be the largest fixed point of f;,. Note that we have P(Q,1+1 >

A@r) > min(p,1—p) for any n > 2 and, again, if Q,, > B, then Q,,+1 > B. Thus, with probability
1, there exists N4 such that for all n > N, the quotients @,, are larger than B. Without loss of
generality, we can henceforth assume that the initial values a and b are such that Q2 > B.
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We inductively define sub-intervals of R indexed by finite sequences of R’s and L’s:

Ir := fr([B,d]) = {)\,)\—i— é} and I, := f([B,o0]) = [B, A,

and for any finite sequence X in {R, L}*,
IXR = fR(IX) and IXL = fL(IX)
Obviously, all these intervals are included in [B S A+ %]

Lemma 7.1. Let W and W' be two finite words in {R, L}*.

o If W is a suffix of W', then Iy C Iy;
e If neither W is a suffix of W' nor W' is a suffix of W, then Iy and Iy have disjoint
interiors.

Proof. The first assertion is an easy consequence of the definition of Iy. To prove the second
one, consider the largest common suffix S of W and W’. Since LS and RS are suffix of W and
W', by the first assertion, it is enough to prove that I;s and Igs have disjoint interiors. This
can be shown by induction on the length of S, using the fact that fr and f; are monotonic on
[B, o). O

Lemma 7.2. Let (W;);>1 be a sequence of R’s and L’s. Then (<, Iw,..w, is reduced to a single
point. B

Proof. By Lemma EI, Iw, . \w,..w, C Iw,..w,. Since the intervals are compact and nonempty,
their intersection is nonempty. It remains to prove that their length goes to zero. First consider
the case A > 2. The derivatives of f;, and fr are of modulus less than 1/B? < 1. Therefore,
the length of Iy, w, is less than a constant times (1/B?)". Let us turn to the case A\ = 2.

Observe that I;; = [1, inl}, which is of length 1/j. Hence, if W, ...W; contains j consecutive
L’s, then I, . w, is included, for some r < n, in I iw, w, = fw, ©---o fw,(Ir;) which is of
length less than 1/j (recall that the derivatives of fr and fr are of modulus less than 1). On the

other hand, the derivatives of f;, o fr and fr o fr are of modulus less than 1/(2B +1)? = 1/9 on
[B, o0]. Therefore, considering the maximum number of consecutive L’s in W, ... W7, we obtain

SUPw,, ..w, |IWn,-..W1| —’nﬁoo 0. U
4/3 7/5 11/7 8/5 | 12/5 17/7" 13/5 8/3
1 1 1 f 1 1 1 f 1
I I I I I I I I
I I I I I I I I I
I I I I I I I I I
I I I I I I I I I
| o | | | o |
InLe ' IrLn | ' Irrr | ILrRL ! Irrr ! IRRR ! " IrLr ! ILLR

1-pp* (1-p)3p! (1-p)p* (1-p)°p

IRy, IR

(1—-p)? (I—pp

1 3/2 5/3 2 7/3 5/2 3
| | |
| | |
P 1-pp

Ir In

1—-p p
FIGURE 3. First stages of the construction of the measure /i, ».

We deduce from the preceding results the invariant measure of the Markov chain (Q,).
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Corollary 7.3. The unique invariant probability measure p, » of the Markov chain (Q,) =
(F,./F,—_1) is given by

(17) Hp (IW) = plW‘R(l _p)\W|L

for any finite word W in {R, L}*, where |W|g and |W | respectively denote the number of R’s
and L’sin W.

We can now conclude the proof of Theorem E by invoking a classical theorem about law of
large numbers for Markov chain (see e.g. [, Theorem 17.0.1).

Note that the explicit form of the invariant measure when p = 1/2 and A > 2 was already given
by Sire and Krapivsky [@}

8. VARIATIONS OF THE LYAPUNOV EXPONENTS
8.1. Variations with p.

Theorem 8.1. For any integer k > 3, the function p — 7, », is increasing and analytic on |1/k, 1],
and the function p — 7, x, is increasing and analytic on |0,1[. Moreover,

(18) ;E%'Y:D)\k = plirf}k Yo =0,
and

. L _ Ak + /A2 +4
(19) By = 71 = M o = T, = log <f’“> :

For any A > 2, the function p — 7,  is increasing and analytic on 0, 1].

The proof of the theorem relies on the following proposition, whose proof is postponed to the
end of the section.

Proposition 8.2. Let (X;) be a sequence of letters in the alphabet {R, L} and (X) be a sequence
of letters in the alphabet {R, L} obtained from (X;) by turning an L into an R. If A = A, for
some k > 3, then, in the non-linear case, any label ﬁn coded by the sequence (X;) is smaller than
the corresponding label ﬁ’l coded by (X]). If X > 2, and if F»/Fy > 1, any label F,, coded by the
sequence (X;) is smaller than the corresponding label F!, coded by (X}).

Proof of Theorem @ Let A = A\ for some integer k > 3. Let 1/k < p < p’ < 1. Let (X;)
(respectively (X)) be a sequence of i.i.d. random variables taking values in the alphabet {R, L}
with probability (p, 1 — p) (respectively (p’,1 —p’)). We can realize a coupling of (X;) and (X/)
such that for any ¢, X; = R implies X/ = R. From Proposition @, it follows that the label ﬁn
coded by (X;) is always smaller than the label ﬁ; coded by (X]). We get that

~ 1 ~ 1 ~ ~
Fp.a, = lim —log F,, < lim —log F, = 7,/ », .
n n

Therefore, p — 7p x, is a non-decreasing function on [1/k, 1].

Observe that p — ppg is non-decreasing in both (linear and non-linear) cases. Hence, the
function p : p — *+/1 —pgr is non-increasing in both cases. We conclude that p — ~,., is
non-decreasing on [0, 1].

Since yp,x, > 0 for 0 < p < 1, the upper Lyapunov exponent associated to the product of
random matrices is simple, and we know from [ﬂ] that 7,5, is an analytic function of p €]0,1],
thus it is increasing. Via the dependence on p which is an analytic function of p, we get that ¥, x,
is an analytic increasing function of p €]1/k, 1.

Now, observe that p — [ logzdvy () is continuous on [0,1] (as the uniform limit of con-
tinuous functions). When p goes to zero in the linear case (or p — 1/k in the non-linear case),
pr tends to 0 and p tends to 1. By continuity of the integral, we obtain (B) using Remark é
When p = 1, the deterministic sequence F,, = ﬁn grows exponentially fast, and the expression of
Y1), follows from elementary analysis.
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When A > 2 (we do not need to distinguish the linear case from the non-linear cases), the proof
is handled in the same way, using Proposition @ O

Proof of Proposition when X\ > 2. We let the reader check that in this case, for all s > 0 the
matrix RL® has nonnegative entries. Suppose the difference between (X;) and (X/) occurs at
level j. For any n > j, the sequence X ... X, can be decomposed into blocks of the form RL?,
s > 0, hence the product of matrices X; --- X,, has nonnegative entries. If n > j, we can thus
write F, as a linear combination with nonnegative coefficients: F), = C1F}_,+CoF]_;. Moreover,
F,=—-CiFj_o+CoF;_; = —ClFJ(_Q + CQF](_l, hence F,, < F! (since Fy/F; > 1, all F,,’s are

positive). O

The proof of Proposition @ when A = A\ uses three lemmas. The first one can be viewed as
a particular case when the sequence of R’s and L’s is reduced.

Lemma 8.3. Let A\ = \. Let a > 0,b >0, j1 > 0 and jo > 0 such that j;1 + 1+ jo < k — 2. If
(a',b') = (a,b)RL* RL7? and (a”, V") = (a,b)RL/* 132 then b’ > b".

Proof. For any ¢ € {0,...,j2}, set (z¢, 2¢41) := (a,b)RL* RLY, and (yg,yes1) := (a,b) RLIATIHE
Then the quotient x4 1 /2y lies in Iy (see Section E), whereas the quotient yei1/ye liesin I;, y140. It
follows that yet1/ye < xp41/2¢, and since xg = yo, we inductively get that for all £ € {0, ..., jo+1},
ye < x¢. The lemma is proved, observing that b’ = x;,11 and b” = y;,41. O

Lemma 8.4. Let A\ = )\,. Let (X;);>2 be a sequence of matrices in {R, L}, which does not
contain k — 1 consecutive L’s and such that Xo = R. Let o > 0, 1 > 0, and set inductively
(@i, wip1) == (xi—1,2;) Xip1. Then for any i > 0, x4y > x;.

Proof. If X;11 = R, this is just a repeated application of the following claim: If « > 0, b > 0,
0 <j<k—3,and if we set (a/,0') := (a,b)RL7, then &' > b. Indeed, by (), we have b/ >
bsin((j + 2)w/k)/sin(w/k) > b.

If X;41 = L, we first prove the lemma when the sequence X;;...X; ; contains only one
R: X;+; = R for some j € {2,...,k — 1}. We proceed by induction on j. If j = 2, then

(Tih—1, Tivk) = (vi—1,2;) LRL*=2. By (f]), the second column of RLF~2 is , thus ;4 = ;.

1
(0
Now, assume j > 2 and that we have proved the inequality up to j — 1. Since the sequence
of matrices starts with an R and does not contain k — 1 consecutive L’s, we have x;y1/x; € Iy
for some ¢ < k — j (see Section E) In particular, x;y1/2; > by—j. Now define i, ., by
(Tigr, iy giq) = (Tigh—1,2igr)L. We have i, /xivx € Ix—ji1, thus is bounded below by
br—;. Using the induction hypothesis xli+k+1 > xi+1, we conclude that z; 1, > ;.

Finally, assume that the sequence X,y ...X;yx starts with an L and contains several R’s.
Turning the last R into an L, we can apply Lemma @ to compare x;4 with the case where there
is one less R, and prove the result by induction on the number of R’s. O

Lemma 8.5. Let A = ). Let ﬁn be inductively defined by Fvo > 0, ﬁl > (0 and ﬁn_l,_l =
IANF,, — F,,_1| for any n > 1. Then for any n > 0, F,,1x < F,.

Proof. For n <0, let G,, :== ﬁ,n > 0. Then, for any n < —1, we have

(anlaGn)L if )\ﬁn > ﬁnfla

Gn7 Gn =
( +) {(Gnl, G,)R otherwise.

Moreover, we can assume that the sequence of matrices in {R, L} corresponding to (G,,) never
701 . Thus, if we had
k — 1 consecutive L’s, we could find n such that —G, -1 = G,4r—1, which is possible only if
Gp-1 = Gpir—1 = 0. But if such a situation occurs we can always turn the first L into an
R without changing the sequence (because (0,G,)R = (0,G,)L). The result is thus a direct
application of Lemma @ O

contains k — 1 consecutive L’s. Indeed, the second column of LF~1 is
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Proof of Proposition when A = \;. Suppose the difference between (X;) and (X!) occurs at

2

level j. We decompose (X;);>; as LL"Y and (X})i>; as RL"Y, where 0 < r < 400 and Y =
(Y:)i>j+r41 1s a sequence of letters in the alphabet {R, L} such that Yj;,41 = R.

Suppose first that, after the difference, all letters are L's (Y = 0). Let ji € {0,...,k — 2} be
such that FJ 1/ F € I;,. Without loss of generality, we can assume that the sequences (XZ-) and
(X]) are reduced before thelr first difference. Then, X; j, ... X; 1 =X} ; ,...X} | = RLJ".

By Lemma @, ff}urs j+s for all 0 < s < jo, where jo :=k —3 — j1.

Now, by Lemma @ forall 1+ jy, < s < k-2, Fj+s > Fj+5 &, which is equal to FJrS &
since s < k. On the other hand, when s = j; + 1, we have Fﬂ 1k = FHMJrl
X} o1+ Xjije1 = RLF1 Moreover, by Lemma B3, F > Fl, forall14j, < s <k—2.
We thus get that FJJFS > F’JrS forall jo +1<s<k-—2.

Ifs>k—1, reducmg the pattern RL*~! in the sequence (X,)i>;, we have ﬁj+s = FJJrS &

because

]Jrs k

which is larger than F j+s by Lemma @

Suppose now that the suffix Y is reduced. The above argument shows that all labels up to
7 + r are well-ordered: In particular, F; Yir—1 < F! J— and Fjy, < F Since Y is reduced,
we can write, for any n > j + 7, (Fn,FnH) = (Fj+r,1,F]+T)Y]+T+1 Yn+17 where each Y] is
interpreted as the corresponding matrix (the same equality is valid if we replace F by F’ ). The
product Y41 - Ypq1 can be decomposed into blocks of the form RLe with 0 < ¢ < k — 2,
which are matrices with nonnegative entries. Therefore, for any n > j +r, the label F,, is a linear
combination of F} j+r—1 and F; Gt s with nonnegative coefficients. Moreover, it is also true with the
same coefficients if we replace F by F’. We conclude that F, < ﬁ’l

In the general case, we make all possible reductions on Y. We are left either with a reduced
sequence or with a sequence of L’s, which are the two situations we have already studied. (I

Remark 8.6. In [E], a formula for the derivative of 7, 1 with respect to p was given, involving the
product measure v3 , ® vz ,. We do not know whether this formula can be generalized to other
k’s.

8.2. Variations with \. For p = 1, the deterministic sequence F,, = ﬁn grows exponentially fast,

and we have in that case
- A+VA2+4
YA =, = log —

which is increasing with A.
We conjecture that, when p is fixed, v, 1, and 7, \, are increasing with k, and that ~,  is
increasing with A for A > 2 (see Figure ).

9. CONNECTIONS WITH EMBREE-TREFETHEN’S PAPER

9.1. Positivity of the Lyapunov exponent. We have proved that the largest Lyapunov expo-
nent corresponding to the linear A\-random Fibonacci sequence is positive for all p. In [E], Embree
and Trefethen study a slight modification of our linear random Fibonacci sequence when p = 1/2.
To be exact, they study the random sequence x,,+1 = =, + Sx,_1, which by a simple rescaling
gives our linear A-random Fibonacci sequence where A = 1/1/ (see our introduction). However,
the exponential growth is not preserved by this rescaling. More precisely, the exponential growth
o(8) = lim |z,,|'/™ of Embree and Trefethen’s sequence satisfies

logo(B) = v1/2.0 — log A.
In particular, () < 1 if and only if 71 /2 » < log A, which according to the simulations described
in their paper happens for § < §* ~ 0.70258 ... (which corresponds to A > 1.19303...).
By Theorem @, the function p +— 7, is continuous and increasing from 0 to v;,x > log A.
Hence there exists a unique p*(A) € [0,1] such that, for p < p*, 7,x < logA and for p > p*,
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FIGURE 4. The value of 7, ) (linear case, left) and 7, » (non-linear case, right)
for A = A\, k = 3,4,5,10, A = 2 (bold), A = 2.05, 2.1, 2.5 and 3. Numerical
computations support the conjecture that v, » and 7, » are increasing with A.

Yp,a > log A, According to [E], for A = 1 we have p* < 1/2, and for A = A\ (k > 4) and A > 2,
p*>1/2.
For A > 2, we can indeed prove that 71 /5y < logA: By Jensen’s inequality, we have

A+1/B
Y1721 < log / rdpyjan |,
B

which is equal to log A by symmetry of the measure ;5 ».
For A = 1, we know that 7,1 > 0 for all p > 0 thus p* = 0. When A = X\, k > 4, numerical
computations of the integral confirm that p* > 1/2, but we do not know how to prove it.

9.2. Sign-flip frequency. Embree and Trefethen introduce the sign-flip frequency as the propor-
tion of values n such that F,, F, 1 < 0, and give (without proof) the estimate 2= A/ VA=A {51 this
frequency, as A — 2, A < 2.

Note that, for A > 2, there are no sign change as soon as n is large enough, and the sign-flip
frequency is zero.

For A\ = ), recall that for n large enough, the sign of the reduced sequence (F) is constant
(see Lemma B.9). Moreover, by (f) and the fact that for all 0 < j < k — 2 the matrix RL7 has
nonnegative entries (see (f)), the product F, FT changes sign if and only if a pattern RL*! is
removed. Thus, the sign-flip frequency is equal to the frequency of deletions in the reduction
process.

Note that we have to make sure that this frequency indeed exists. This can be seen by consider-
ing the reduction of the left-infinite i.i.d. sequence (X*)° __ (Section [E.1]), since for n large enough,
deletions in the reduction process of (X)4 occur at the same times as in the reduction process of
(X*)™ . In the latter case, the ergodic theorem ensures that the frequency o of deletions exists
and is equal to the probability that (X*)® _ be not proper. By Lemma @, (X*)2  is not proper
—r—1

— 00

if and only if there exists a unique ¢ > 0 such that (X*)?, is an excursion, and (X*)
Thus,

is proper.

o= Y Pw)(l-o).
By ([0, we get that the sign-flip frequency is equal to
_ p(1 —pr)
p+ (1 =p)pr +p(1 —pr)
Now, for a fixed p €]0, 1[, we would like to obtain an estimate for o as k — oc. First, observe
that pr = pr(k) — 1 as k — oo. Indeed, recalling the expression of the function g given by (E),

(20) o =0(Ak,p)
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for any = €]0,1[, we have g(x) < 0 for k large enough, which implies pg > 2. Then, since pgr
satisfies

pp e

R

1-pr= (1—7) :
p+(1—-ppr

we get that pr — 1 exponentially fast with k. Using this estimation in the above equation,
elementary computations lead to

1—PRkN(1—Pﬁ_P
— 00

Thus,

10.
11.

o(Ae,p) ~ p(1—p)*".
k—oo
For p = 1/2, this proves the estimate provided in [E] in the special case A = \.
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