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1 Introduction

In this paper we investigate the propagation of singularities in a nonlinear parabolic equa-
tion with strong absorption when the absorption potential is strongly degenerate following
some curve in the (z,t) space. As a very simplified model, we assume that the heat con-
duction is constant but the absorption of the media depends stronly of the characteristic of
the media. More precisely we suppose that the temperature u is governed by the following
equation

Ou — Au+ h(z,t)u?P =0 in Qr :=RY x (0,T) (1.1)

where p > 1 and h € C(Qp). We suppose that h(z,t) > 0 except when (x,t) belongs to
some space-time curve I' given by

P = (1(r) = (e, 7)) < 7 € (0,71} (12)
where v € C%1([0,1]) with 7(0) = 0 and ¢(7) > 0 for 7 € (0, 7). If there holds

/T/ h(z,t)E(z,t)drdt < oo (1.3)
0 JBgr

we first show that, for any k > 0, there exists a unique solution wuy of ([.I)) such that
ug(.,0) = kdp. Furthermore the mapping k — wy is increasing. Because h is continuous
and positive outside I', we shall show that the set of solutions {uy} remains locally bounded
in Qr \ I". Therefore uy T us and ue, is a solution of ) in Q7 \ I'. Then either the
singularity of the solution issued from the point (0,0) can propagate along I' (at least
partially), or it remains localized at (0,0). More precisely we show



Theorem A. Assume «y is C! and t'(7) > 0 for any 7 € (0,T]. The following dichotomy
of phenomena occurs

(1) either us(x,t) < oo for all (z,t) € Qr,

(i1) or there exists 19 € (0,T] such that

limsup ueo(z,t) =00 Y(y,s) €I,0<s <. (1.4)
(,t)=(,5)

We first prove that the singularity does not propagate from a point where ¢(7) is
decreasing. We prove

Theorem B. Assume that v is C1 and t'(1) < 0 for all T € (10, T) for some 70 > 0. Then
Uso Temains locally bounded in Qr \ v((10,T]).

Due to this fact we shall assume first that the ¢ variable is increasing along I, in such
a case we can assume that 7 is a function of ¢ and, up to a change of parameter, that 7 = ¢
and
I ={(z(t),t): t €[0,T]}, (1.5)
where v € C%1(0, T satisfies 7(0) = 0. In order the singularity to propagate along I, h
must be very flat near this curve I'. If we define the parabolic distance between (x,t) and
I by
A (,0);T) = inf{d, (2, £); (9, 5)) : (3,5) € T, < t}

where d, (z,t); (y,s) = |z —y| + vt — s, for t > s and write

)

where £ is a positive nonincreasing function. In the next result we shows that propagation
of singularity along I" occurs

Theorem C. Assume t — x(t) belongs to I/Vli’coo [0,00) and

lim inf t24(t) > 0. (1.6)

t—0
Then lim 4 1) _(y,s)) Uoo (T, 1) = 00 for all (y,s) € T.
The last section is devoted to the case where the curve of degeneracy I is a straight
line contained in the initial plan. We set doo((,t),T) = max{y/t,2'} if dist (z,T') = 2’
and we write

Up to a rotation, we can suppose that I' is the z7 axis and denote z = (x1,2’) the
component in R x R¥~1 Then we prove the following

Theorem D. Assume

lim inf t24(t) > 0. (1.7)
t—0

Then 1im g ) (y,,0)) Uoo (T, 1) = 00 for all y1 € R.



Even if this model is a very simplified version of the heat propagation in a fissured
absorbing media, it gives interesting insight of the propagation phenomenon which can
occur. It is also a starting point for studying other type of propagation of singularities in
nonlinear diffusion equations. In a forthcoming article we shall consider the case where
the degeneracy line is a surface in RY x [0, 00) with only one contact point with ¢t = 0 at
(0,0).

2 Preliminaries and basic estimates

Through out this section we assume that h € C(RY x [0,00)) is nonnegative. Since F(z,t)
is a supersolution for ([L.1)), the following result holds [L0, Theorem 6.12]

Proposition 2.1 Assume q > 1 and ([L.3) holds. Then for any k > 0 there exists a unique
u=mug € C(Qr\ {(0,0)}) N LY(Qr), such that hlu|? € LY (Qr), satisfying

//Q (—udi¢ — AC + h(z, t)|u|? ul)dz dt = kC(0,0) (2.1)

for all ¢ € C*Y(Qr) which vanishes att =T.

More generaly, if 4 € 9(RY) and v € M(RY x (0,T)) are two positive bounded
measures, the solution v = v, of

ov—Av=v in RY x [0,7)
{ v(.,,0) =p in RY, (22)
is expressed by
v (at) = — / e~ ey /it g0y | / oo / e~ ey /4(t=5) gy (1)) ds
wSO Y T AtV Jo P ] n(t — )V Jan yias:
(2.3)

Actually, by direct adaptation to the parabolic case of [I(, Theorem 4.2], combined with
[0, Theorem 6.12], one can proves that, for any bounded Radon measures z on RY x (0, o)
and v on RY which satisfy

// vz, t)dzdt < oo (2.4)
Qr

where ps and v4 are the singular parts (with respect to respective Lebesgue measures) p
and v respectively, there exists a unique weak solution u to problem

{ O — Au+ h(t,z)|u/"tu = v in RY x [0,7) (2.5)

u(.,0) =p  inRY,

The next result is an adaptation of Brezis-Friedman a priori estimate [[[].



Proposition 2.2 Let Q = Q) := Br(a) x (to,t1) for some a € RN t; >ty > 0 and
r > 0 and assume 8 = min{h(x,t) : (x,t) € Q} > 0. Then any solution of ([.1) in Q
satisfies

) < =0 (L1 Y eneo o)
“E - B \t—ty  (r—|r—al)? “ ' '

for some C = C(N,q) > 0.

Proof. The maximal solution of the parabolic equation ' 4+ Sy? = 0 on 0, 00) is expressed

b
Y L\ YD
yJVI(t) - <m> . (2.7)

By Keller-Osserman estimate, the maximal solution v,, of —Av + Blul?"'u = 0 in B,,

satisfies
1 1/(g—1)
w0 <€ (572 p) 25

in B,. Since y,,(t —to) +v,,(z — a) is a supersolution of ([.T) in @ which blows up on the

parabolic boundary, an easy approxition argument (just replacing r by {r,} T r and ¢y by

{t,} | to ) leads us to (R.6). O

Proposition 2.3 Let 0 < 1o < 711, 0 < tg < t; and © := O, = Q" \ Qf, for
some a € RN and assume 8 = min{h(x,t) : (z,t) € O} > 0. Then any solution of (I.1])
in Qpt, such that |u(z,to)| < p for x € By, (a) satisfies

C

‘u(xatl)’ < pt (,8(7”1 _ ro)Z)l/(qfl)

Va € By, (a), (2.9)

for some C = C(N,q) > 0.

Proof. Let b € RN such that [b — a] = ™™ and vy the maximal solution of —Av +
Blul?tu =0 in By vy (b). Then
2

C
vp(x) < = b’))2/(q*1) Vz € B%(b).

. . . . O-"0b . .
Since vps + p is a super solution of ([.1]) in Q4, 7, =~ which dominates u at t = ¢ and for

. 200 . .
|z —b| = ©57, it follows that u(z,t) < vp(x,t) +pin Q7 . In particular, if x = b,
we get

C
(5 ()

This estimate is valid for any b € RY with [b— a| = % Since v is a subsolution of the
heat equation in Q,%}, (B-9) follows by the maximum principle. O

to,t1?

u(b,t) < p+



The previous estimates are based upon constructions of supersolutions in cylinders. In
the next result we construct estimates in tubular neighborhood of T'. If ¢(7) is increasing,
we can take 7 =t and

I'=~([0,T]) :={((t),t) : t € [0, T} (2.10)
Proposition 2.4 Assume T is C' and parametrized byt as in (R.10), and for ¢ > 0 denote

e

Ts® :={(z,t) : 0<t < T, |z —x(t)] < s}.

T T
For 1> 171y >ry >0 we set n = min {h(x,t) (z,t) € TEO \T;;O } Then there exists a
constant C' depending on ¢ := max{|z'(t)| : 0 <t < T} such that if

C -

w(z,0) <m+ ——— Vo € Bri+r (2(0)), (2.11)

(7“1 — To)ﬁ 2
then

1

mqfl >F CQ —_—

u(x,t) < +— Vt € [0, T] and x € Brj+rg (x(t
@0 < (s = 0.7) )

(2.12)

Proof. Consider the change of space variable z = y + x(¢) and u(z,t) = v(y,t). Then v
satisfies

O — Av + (2(t), Vv) + h(y + z(t),t)v? =0 in Qu'ir)- (2.13)
Thus

0w — Av —¢|Vo| +nv? <0 in Qg?t’&l,).
In the ball B, —r, (2) where 2| = 247 It is standard easy to construct a radial function
2
1) satisfying
—AY — | VY| +nyp? >0 in Bri—ry (2) (2.14)
2

under the form ,

pat
(07~ |y — 22)7T
where p = 250 and C' = C(N, ¢, ¢,n). Therefore

Yy)=C

b(z) = <

2
pa=t  (r1—ro)iT

The solution ¢,, = ¢ of
¢ +n¢?=0  on(0,7)
{ 6(0) =m > 0 (2.15)



is expressed by

omt) = (1 + n(;n —q_ll)mq—lt> "

Consequently, the function ¢p,(t) + ¢(y) is a supersolution for (R.13) in ngt’z} which

domintates v at ¢t = 0 and on the lateral boundary. Therefore it is larger than v and in
particular

0(21) < bmalt) + (). (2.16)

Consequently
w(z,t) < () +9(z) VYt (0,T) and |o — 2(t)] = %ﬂ (2.17)
We derive (2.19) by the maximum principle. O

3 Geometric obstruction to propagation

We assume that h vanishes on a continuous curve I' € RY x [0, T') defined by parametri-
sation

I'={y(t) := (2(r),¢(r) : 7 € [0, T1} (3.1)
issued from (0,0) (i.e. z(0),¢(0) = (0,0) with ¢(r) > 0 if 7 € (0,7). and 7 — (1) is
Lipschitz with no self intersection, which means that 7+ ~(7) is one to one.

Proof of Theorem A. Since t' is continuous and increasing, we apply Proposition .4 with
0 replaced by 79, we set tg = t(79) and write I' under the form (R.10). If we assume that

limsup wu(z,t) < oo,
(@)= (2(to) to)

there exists 71 > 0 and p > 0 such that u(x,ty) < p if © € B, (z(tp)). Then, for
0 < ro < 71 there exists m > 0 such that (R.10) is verified. Thus (R.13) holds. This implies
that the blow-up set of u along I' is empty if ¢ > . ]

Proof of Theorem B. The proof is based upon the same ideas than in Theorem A above
except that we only study the part of I" between 79 and T, where ¢'(7) < 0. Let to = t(79)
and t* = t(T'). We parametrized I' by ¢ between t* and ty, thus

V([ro, T]) = {({t, 2(1)) : t* <t < to}.

For s > 0 and t* < ¢’ < t(, we set Tgi* = {(z,t) : t* <t <ty |lz—z(t)] < 5} then, for t* <

t1 < to, there exists r1 > 0 and 7 € (79, T') such that ¢; = ¢(m) and I'N Trlt* = ([, TY)).

If t* = 0, then u(z,t*) =0 for |z — z(t*)| < ry. If t* > 0, then h(z,t) > 0 in the cylinder
812;*1(25*)’ thus there exists § > 0 such that inf{h(:v,t) (x,t) € er’ } = (3. Up to

replacing r; by some 7 > 71 such that T'N er’ = (), we obtain that us(z,t*) < u for

2



all z € B, (z(t*)) from Proposition P.3. In both cases uo(z,t*) is bounded in B, (z(t*)).

Replacing (0,7) by (t*,t1)) in Proposition .4}, it follows that us, remains bounded in
o
r1tro

Qr 2\ ', the proof follows. 0

for some 0 < r9 < ry. Since t; < tg is arbitrary and u., is locally bounded in

In the next case the monotonicity of 7+ t(7) is replaced by a boz-assumption.

Proposition 3.1 Assume that v is continuous and there exists a € RN, rog > 0 and
70 € (0,T) such that +(T') < t(r0) and ([0, T]) C Bry(a) x [t(T),t(r0)]. Then uco is
bounded in By,(a) x [t(T),t(10)].

Proof. There exist 15 < 79 and 8 > 0 such that y([r,T]) C By (a) x [t(T),t(79)] and

min %@,t) (z,t) € @:Elg)(jt(m)} = (. Therefore the conclusion follows from Proposi-

tion . O

In the next case we show that non-propagation of singularities may occur even if
T +— t(7) is increasing after some 79, provided there is a local maximum in (0, 7). We put

PTO - 7([07 TO])

Theorem 3.2 Let v be C' and +/(1) # 0 on [0,T]. Assume there exist Tg > 0, a € RY
and r > 0 such that t(1) < t(19) on [0,70], T — t(7) is decreasing on (19,79 + 0) for some

§ >0, v((10,T]) € Q¥ I'ry N QY = {~(70)} and for any 7 € (10, T}, |x(7) —a| < r.
Then us is locally bounded in Q \ T'7,, where 'z, := ([0, 70]).

Proof. Since t(71) is decreasing on (79, 79+ 9), for any 7 € (19, 70+ 0), the set of 7 € (11, T
such that t(o) < t(m) for all o € (71,7) is not empty. Its upper bound 77 is less or
equal to T and ¢(7]) = min{t(m),t(T)}. If lim. -, t(7]) = ¢(T'), then t(19) = t(T), the
boz-assumption holds and the conclusion follows from Proposition Bl If ¢(T") > t(m),
then t(m) = t(ry) < ¢(T) for any 7 € (70,70 + 0). Since lim, - t(71) = t(7p) and =
is continuous with ~((79,7]) C Q?;ﬁi" , there some fixed constants A > 0 and p > 0 such
that z(7) € By(x(m1)), for any 7 € [r1,T] verifying ¢(7) < ¢(71) + A. This means that
the part of I' starting from ~(7;) for which ¢(7) belongs to (¢(71),%(71) + A) remains in
B,(x(11)). Moreover we can assume that t(71)+ X > t(79). By restricting p, we can assume
that B,(x(1)) C B,(a). Since ug(x,t(r1) is uniformly bounded when z € B,(x(71)), it
follows from Proposition R.J that for any p' € (0,p), uj remains uniformly bounded in

Qt(Tl ),t(Tl )+)\

o o(r) . Moreover, for any compact subset K € B;/(azn), there holds

C

ug(z, (1) + A) < W,

where 8 = min{h(z,t) : (z,t) € K x [t(11),t(m1) + A]}. Iterating this construction, we
can construct a finite number of cylinders QZ(,TCIJJF] At(r)+G+DA containing I" and in which
ug remains uniformly bounded. Since local uniform boundedness holds also outside such

cylinders, the proof follows. O



Remark. In full generality we conjecture that if v is C! with 4/(7) # 0 and there exists
70 € (0,T) such that ¢(7) admits a local strict maximum on the right at 7y € (0,7'), then
Uso 1s locally bounded Q7 \ I's,.

4 Propagation of singularities in the space

In this section, we assume that the degeneracy curve I' is parametrized by the variable

t € [0,T] and defined by (R.10) with |z(¢)| > 0 if ¢ > 0. We denote by
dp[(z,t),(y,s)] =z —y|+Vt—s ift>s

the parabolic distance and we assume that h(x,t) depends on d,[(z,t),I'] under the fol-
lowing form

h(z,t) = e~ Udpl@t).L]) (4.1)
where ¢ € C([0,00)) is positive, nonincreasing and lim,_, ¢(r) = oco. For € > 0, we recall

T
TE Y denotes the e -spherical tubular neighborhood of I between ¢t = 0 and ¢t = T defined

by ;
THO = {(z,t) € Qr : |z — 2(t)| < €} (4.2)

T
The basis of T 0, in RY x {0}, is the ball B.. Since d,,[(z,1),T] < [z—z(t)], d,[(z,t),T] < €
T
in 7, 0 and l(e) < (d,[(x,t),T]). Then, us is bounded from below in I'c by the solution
Ve of
T
Ove — Ave + e U = in 0
ve =0 in &PTEOT (4.3)
Ve = 000y in B,
where

0,0 = {(z,t) : |z — 2(t)] = €}

T
is the lateral parabolic boundary of Ter 9. The formal aspect comes from the fact that the
existence of v, has to be proved.

For the sake of simplicity we assume that 1 <p <1+ %, the case p > 1+ % needing
a simple adaptation of the type which is developed in the proof of Theorem D-Case 2.

We consider the following change of variable © = y + z(¢) and ve(x,t) = 0c(y,t). Then
e satisfies in QB¢ := B, x (0,7)

Oyte — At + (2 ()| Vi) + e M3 =0 in QF
%e=0 ind,QP (4.4)
Ue = 0dg in B..
In particular u(z(a), @) > ve(x(a), @) = (0, ). We set

we(x,t) = 62/(”*1)eié(e)/(pfl)f)g(ex, e2t),



and x(t) = e 'z(e?t). Then w, satisfies

Oiwe — Aw, + <xé(t)’vwe> +wf =0 in Q 27

we =20 in (%Qe_% (4.5)
we = 000y in Bi,
and for any a > 0
Uso(z(r), @) > 2/ P11, (0, 2a). (4.6)
Therefore, the problem is reduced to showing that
li_)n% e 2/ =1 )/ (=), (0,6 20) = 0. (4.7)
We associate the following parabolic equation
0w — Av + (B(t)| Vo) + 0P =0 in Q5
v=0 ind,Q% (4.8)
v(y,0) =vy in Bj.
Existence of solution is classical when 3 € L3 ([0,00)) (see [H], [H)).
Proposition 4.1 Let 5 € L;5([0,00)). Then the following estimates holds
lo(, )l g2 < e [lo(., 0)]l 2 (4.9)
where Ao is the first eigenvalue of —A in By, and, for some C = C(N) > 0,
(Dl g < Cmin{t=/4, e fo(., 0)] 2 (4.10)

Proof. Since for any continuous function r — g(r) = G'(r), we have

| Ganwagtors = [ (3096wt = - [ G divptde o

Bl Bl

we have
d d
21—/ vidr + [ |VolPde <0= — [ vidx < —2)\0/ vid.
dt B B dt B B

Thus (L.9) follows. Furthermore, for any q > 1,

1 d v |q+1d:n—|— 4q

VoldtD/2| 4z < 0,

it follows that ¢ +— |[v(.,t)|| 41 is decaying. Therefore, using Gagliardo-Nirenberg esti-
mate,

Dol + 4qC e,

Lq+1 L(@+1)N/(N-2) < 0.



10

We assume N > 3, the cases N = 1,2 needing a simple modification. Thus, for any

t>s>0,
49C(t — s) +1
? lo(., )||q (¢+1)N/(N—2) = <|lv(.,s )||qu+1-

By a standard use of Moser iterative scheeme, we derive
—N/4
lo(s )l oo < CEN0(,0)]] 2 (4.11)
Consequently, for any 0 < s < t, we have

[o(, )l g < Ot = 8)" N o, 8)]l 2
< C(t—s) N0 o[, 0)|| 2 -

Noting that, if t > N/4\g,
min{(t — )"V 4e2050 < 5 < t} = N/ (4Ng /N )V et

we derive ([.10). O

Proposition 4.2 Let Q be a bounded open domain in RY, B € RN and Lg the operator
v —Av + (B|Vv). Then the spectrum of Lg in H0() is the given by

2
o(Lg) = { 'i' oY= J(Lo)} (4.12)

Proof. Put v(z) = ez {Blz) w(x). Then
— e3Bl2) (¢ w
Vou(z) = e2 ( w+ 5 B)

_ (Bl W
Av(z) = e2 Aw + (B|Vw) + w

Thus
L !ﬁ .
Lgv = e300 [ _Aw + Zap ), (4.13)
and the proof follows. O

In the sequel we denote by Ag the first eigenvalue of Lg, thus A\g = A\g + ‘67 If g is
a corresponding positive eigenfunction, then

Ya(a) = e2 Py (2)

where 1) is a positive first eigenfunction of —A in H'9(Q)



11

Proposition 4.3 Under the assumptions of Proposition [[.3 and for p > 1, we denote by
v be the solution of

Ov — Av + (B|Vv) + 0P =0 in Q51
v=20 in 9,Q5 (4.14)
v(y,0) = vy in By.
where vo € L?(By) is nonnegative. Then there exists some ¢ = c(vg) > 0 such that

lim (., t) = ey (4.15)

t—o00

uniformly in Bj.
Proof. We write v(z,t) = ez () w(z,t), thus (.14) turns into

8P,

drw — Aw + + et T Blelyp = 0. (4.16)

The proof of [B, Th 3.1] applies easily and the result follows. O

Proposition 4.4 Assume 3 € W,2°([0,00)). For 7 > 1, we set sup; <<, |B(t)| = Br

loc

and sup;<,<, |B'(t)| = d-. va is the solution of ([.§) where vg € L?(B1) is nonnegative,
we denote o(T) = sup {e el OIS Ya,t) : (z,t) € By x [1,7’]}. Then if v(.,1) satisfies
1o < wv(., 1), there holds

2
v, ) > cre Qo FHF oD o) (1) € By x [1,7] (4.17)

Proof. Let w(z,t) = e‘éwt)‘x)v(x,t). Then

2
dw — Aw + <’ﬁ‘ </3 |z) 4 e 7 BW) P 1> w = 0. (4.18)
Since |z| < 1 there holds in B; x [1,7]
BOP 1, L(B(®]a) yp-1 B2 o
LaA PN <4 . .
1 +2<5()|>+62 Sty tor (4.19)
Therefore
,82
Ow — Aw + < + 5 + O’T> w>0 in By x[1,7] (4.20)

B2 | sy
Since (z,t) — ef(AOjLTJF%JFUT)(t*l)?/)O(x) satisfies the equation associated to ([£20), ([17)
follows. O

Proof of Theorem C. Step 1: Initialization of the blow-up. With our previous notations,
B(t) = Be(t) = 2.(t) = e’ (e*t) and B.(t) = 32" (€>*t). Since 2/ is locally bounded, it follows



12

by Hopf lemma that there exists ¢; > 0 such that w(., 1) > c11p. We take 7 = ¢ 2a where
« > 0 is fixed. Then

By = sup{lex’(®t)| : 1 <t < e %a} = esup{|2/(t)] : €2 <t < a},

6, = sup{|€8z”(*t)| : 1 <t < e 2a} = Esup{|z”(t)| : £ <t < a}.

Therefore I
e rTertw (0, 2a) > ¢ie Dy (0) (4.21)
e A e 2 mes M) (g B (4.22)
€) = p_lne P— 0 1 5 or ) .

Since liminf. g €?f(€) > 0 there exists ag > 0 such that for any 0 < a < ag, there holds
lim¢_,9 A(e) = oo. This implies

Uoo (), ) = 00 V0<a<ap. (4.23)

Step 2: Propagation. In order to prove that the blow-up propagates along I' we have
replace t =0 by t = a < ag. We claim that

/ Uoo (T, a)dT = 00 Vo > 0. (4.24)
Bo (z())

Actually, it is sufficient to prove the result with ¢ = € and with u., replaced by v.. Then

2 e

/ ve(z, a)dx :/ Ve(z, )dx = eN_FeP—l/ we(w, e 2a)dz (4.25)
Be(x(a) Be Bi

Using (4.17), (f.21)) we have

2 U9
N plepl/ we(z, e 2a)dr > e’ @ | yo(z)d
Bl Bl

where “) g2
2 € a
A(e) = (N — 1 _ Ty ZT — 4.2
@=-Zomer 1 (Ge Zati o) s )
Thus lim,_,g A’(¢) = oo for any « < ap. This implies the claim.
Step 3: End of the proof. For k > 0, we denote by u, 15 the solution of
Ou — Au+ h(z,t)uP =0 in RY x (a, 00)
N (4.27)
u(., Ck) = k5$(a) in R,
We claim that
Uoo (T, 1)) > Uq ks(T, 1) V(z,t) € RN x [, 00). (4.28)

We fix k > 0, then for any o > 0, there exists m = m(o) > 0 such that

/ min{m, ue(x, @) }dr = k.
Bo (z(a))
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Furthermore lim,_,o m (o) = co. Let uq o be the solution of

{ Ou — Au+ h(z,t)uP =0 in RY x (a, 00) (4.29)

u(., ) = min{m, teo (-, ) X, (40 in RV,

By the maximum principle teo > tUq ko in RY X (a,00). But min{m, Uoo (- &) }Xp_ (o))
converges to kd,(,) in the weak sense of measure when o — 0. By stability, since we
have assumed p < 1+ %, Ua ko — Ua ks locally uniformly in RN x (o, 00) (see [ e.g.).
Therefore ([.2§) follows. Since k is arbitrary, it follows

Uso(Z,1)) > Ug,c08(, 1) Y(z,t) € RN x [, 00). (4.30)

By Step 1, ug,oos(z(a+ ), a+ () is infinite for 0 < 8 < ap. This implies that ([.23) holds
for any 0 < a < 2qq. Iterating this process we conclude that us, blows-up on whole I’
and ([£.24) holds for any « € (0,T]. O

5 Propagation of singularities in the initial plane

In this section, we consider
O — Au+ h(z,t)uP =0 in Qo :=RY x (0, 00) (5.1)

where h € C(Q,,). We set & = (x1,...,2n5) = (v1,2') and we suppose that h(z,t) > 0
except when (x,t) belongs to some straight line I that we can assume to be the z; axis
in the plane t = 0. We set doo((x,1),T) = max{v/t, |2'|} and write h under the form

h(xz,t) = e~ doo(@til) (5.2)

where £ : (0,00) — (0,00) is continuous and nonincreasing with limit co at 0.

Proof of Theorem D. Case 1: 1 <p <1+ % For € > 0, we consider the ”tunnel” with
axis I defined by
T¢ = {(z,t) : 21 € R, (2',t) € B! x (0,€%)}

where B! is the ball in RN =1 with center 0 and radius e. Since £ is decreasing, there holds
O — Au—+e MOy? >0 in T..

Thus
Usody > Voody in Tea

where v = lim Vs, and vgs 1s the solution of
00d0 k—oo Vkédg ké

O — Av 4 e 1y =0 in T,
v = kdoy in R x B! (5.3)
v=20 in R x 0B..

We put
Voos(z, 1) = 672/(”*1)65(6)/(‘171)w(x/e, t/e2)
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Then w = w, satisfies

Ow — Aw+wP =0 in R x B] x(0,1)
w = 00dy in R x Bj (5.4)
w=0 in R x 9B,

We denote by W the solution of

oW — AW +W =0 in R x B x (0,1)
W(£1,¢,0) =9(&)e(¢')  mRx By (5.5)
W =0 in R x 9B x (0,1).

where ¢ is the first eigenfunction of —Ag in I/VO1 2 (B}) with maximum 1 and corresponding
eigenvalue A and ¥(£1) = cos(§1)x, (€1). Then

o I
-53]

2
e*|£1*4|2/47¢(<)dg_

w/2

—(A D)7 / w/
Wiewgvr) = OO |

AT

Since 0 < W < 1, W is a subsolution for the equation satisfied by w and there exists a > 0
and ¢ > 0 such that

we(&, T+ a) > cW(,T) V(z,t) € R x B} x (0,1).
Returning to vy, we derive
Voosy (, t+a€®) > ce 2/ PVl @=Dyy (/e t/€2) Y(z1,2',t) € Rx B! x(0,€?], (5.6)

which implies, with t = €2 and 2’/ = 0,

——1 w/2
Voo(1,0, (a4 1)e?) > 062/(1’1)6((6)/(‘11)%/ e*l$l/€*<\2/4¢(c)d€_ (5.7)

w/2
But
w/2 ) 0 o w/2 5
/ e~ T/ =Py () d¢ > e /% / e~ 12 (0)d¢ (5.8)
—7/2 —7/2
If we fix in particular |z1| < § where
220
|$1| <6 = ¢ (6),
q—1
we derive
lin(l)voo(:cl, 0,(a+1)€?) = oco. (5.9)
€E—

Furthermore this limit is uniform for 1 € [—¢', '], where ' < §. Furthermore the interval
[—¢',0'] does not shrink to {0} when € — 0, since it is assumed that

lim inf €2/(€) > 0. (5.10)

e—0
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Replacing [—4’, '] by [¢,30] and [—3d", —d'] and iterating, we conclude that

lim uoos, (21,0,t) > lim v (21,0,t) = oo. (5.11)
t—0 t—0

From this, it is easy to obtain that s, (2,t) = Uos, (0,2’,t) is independent of 21 and
coincide with U(2’,t) where U is the solution of

U — AU + e~ tmax{Vile'Myr = in (0,00) x RV—1
U = 0ody in RV—1 (5.12)
Case 2: p>1+ % We write h under the form
ha.t) = (max{VE, |o'|}) e~ TomaxtVol) (5.13)

where {(s) = £(s) —yIns and vy > N(p — 1) —2. Then v > 0, ([[.3) is satisfied and for any
k > 0 there exists a unique solution v = vgs to

O — Av + e~H© (max{v/t, l2'[})7 P =0 in T,
v=kéy inRxDB (5.14)
v=20 in R x 0B..

Furthermore s (z,t) > voos in Te. We set
Voos(x, 1) = e~ GTN/ =D O/ @Dy (1 /¢ 1 /€),

and w = w, satisfies

Orw — Aw + (max{\/7, |¢'|})T wP =0 in R x B} x (0,1)
w = 00dy in R x B} (5.15)
w =0 in R x 0B] x (0,1).

We denote by W the solution of

0,W — AW + (max{y/7,|¢'|})"W =0 in R x B} x (0,1)
W(&,¢,0) =¢(&)o(¢)  mRxBj (5.16)
W =0 in R x 9B} x (0,1).

where 1 and ¢ are as in the first case. This equation admits a separable solution W (&, 1) =

Wi (&, )W'(E', T) where

O W' — AgW' + (max{y/7,[¢'|})" W' =0 in B} x (0,1)
WI(,0)=¢()  inB (5.17)
W =0 in 9B} x (0,1),
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d
an oWy — 8;,;1;,;1 Wi+ Wy =0 in R x (0, 1) £ 18
W1(&,0) =¢(&)  inR (5.18)
Thus ,
! = M " —|é1—¢|? /4T
Wi ==t [ Y(QC.

The exact expression of W' is not simple but since (max{,/7,|¢'|})” < 1 in B] x (0,1),
there holds (D) 2
—(A+1)T ! ™
Wie g r) > A& | et imyac,
At —7/2
From this point, and since (f.10) holds with ¢ replaced by [77 the proof is the same as in
Case 1. ]

References

[1] Brezis H, Friedman A. : Nonlinear parabolic equations involving measures as initial
coinditions, J. Math. Pures Appl.. 62, 73-97 (1983).

[2] Brezis H, Peletier L. A., Terman D. : A very singular solution of the heat equation
with absorption, Arch. Rat. Mech. Anal. 95, 185-206 (1986).

[3] Gmira A., Véron L. : Asymptotic behaviour of the solution of a semilinear parabolic
equation, Monat. fiir Math. 94, 299-311 (1982).

[4] Friedman A. : Partial differential equations of parabolic type, Prentice-Hall,
Inc., Englewood Cliffs, N.J., xiv+347 pp. (1964).

[5] Ladyshenskaya O., Solonnikov V. A., Ural’Ceva N. : Linear and quasilinear equa-
tions of parabolic type, Translations of Math. Monographs, Vol. 23 Amer. Math.
Soc., Providence, R.I., xi+648 pp (1967).

[6] Marcus M., Véron L.. : The initial trace of positive solutions of semilinear parabolic
equations, Comm. Part. Diff. Equ. 24, 1445-1499 (1999).

[7] Marcus M., Véron L.. : Initial trace of positive solutions to semilinear parabolic
inequalities, Adv. Nonlinear Studies 2, 395-436 (2002).

[8] Shishkov A., Véron L. : The balance between diffusion and absorption in semilinear
parabolic equations, Rend. Lincei, Mat. Appl. 18, 59-96 (2007).

[9] Shishkov A., Véron L. : Singular solutions of some nonlinear parabolic equations with
spatially inhomogeneous absorption, Calc. Var. & Part. Diff. Equ. 33, 343-375
(2008).

[10] Véron L. : Singularities of Second Order Quasilinear Equations, Pitman Re-
search Notes in Math. 353, Addison Wesley Longman (1996).



