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INEQUALITIES AND BOUNDS FOR THE EIGENVALUES OF
THE SUB-LAPLACIAN ON A STRICTLY PSEUDOCONVEX CR
MANIFOLD

AMINE ARIBI AND AHMAD EL SOUFI

ABsTRACT. We establish inequalities for the eigenvalues of the sub-Laplace
operator associated with a pseudo-Hermitian structure on a strictly pseu-
doconvex CR manifold. Our inequalities extend those obtained by Niu
and Zhang [26] for the Dirichlet eigenvalues of the sub-Laplacian on a
bounded domain in the Heisenberg group and are in the spirit of the well
known Payne-Pdlya-Weinberger and Yang universal inequalities.

1. INTRODUCTION

The sub-Laplacian A, associated with a pseudo-Hermitian structure on a
strictly pseudoconvex CR manifold M is prototypical of a class of subel-
liptic operators which appear naturally in several geometric situations that
could be gathered under the concept of “Heisenberg manifolds”. The recent
work of Ponge [29] provides a detailed discussion and a fairly compre-
hensive presentation of the spectral properties of such operators, including
Weyl asymptotic formulae and heat kernel expansions.

The sub-Laplacian A, plays a fundamental role in CR geometry, similar
to that played by the Laplace-Beltrami operator in Riemannian geometry
(e.g., CR Yamabe problem). Several works published in recent years are
devoted to the study of this operator and the investigation of its spectral
properties, see for instance [3, 4, 5, 8, 17, 24, 26, 29]. In particular, it is

1

known that A, is subelliptic of order 3 that is for each x € M, there exist a

neighborhood U C M and a constant C > 0 such that, ¥ u € C7(U),

el < CU=Ap + D), )2

This a priori estimate leads to the proof of the hypoellipticity of A, and the
discreteness of its spectrum when M is a closed manifold (see [3, 5, 25]).
Since the pioneering work of Greenleaf [17], many recent contributions
aim to extend to the CR context some of the spectral geometric results es-
tablished in the Riemannian setting such as Li-Yau or Lichnerowicz-Obata
inequalities (see, for example, [3, 4, 8, 24]). It is worth noticing that the
determination of the eigenvalues of the sub-Laplacian on the standard CR
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2 AMINE ARIBI AND AHMAD EL SOUFI

sphere S***! remains an open problem, except likely for n = 1 according to
[28].

In this article, we focus on finding bounds on the eigenvalues in the same
vein as Payne-Pdlya-Weinberger universal inequalities [27]. These inequal-
ities, established in the 1950’s for the eigenvalues of the Dirichlet Laplacian
in a bounded domain of the Euclidean space R”, were first stated as follows:

for every k > 1,
4 (1<
ﬂk+1—ﬂkﬁz{zzﬂi}, (1.1)

i=1

before being improved by several authors (see for instance [1, 23, 30]). For
example, the following inequality due to Yang [30] implies (1.1) :

k k

4
Z(/lkﬂ — ) < p Z Ai( A1 — ). (1.2)
e P

Extensions of universal inequalities to bounded domains in Riemannian
manifolds other than the Euclidean space have also been obtained. Let
us mention, for example, the following Yang’s type inequality obtained by
Ashbaugh [1] for domains of the unit sphere S c R"*! (see also [10]):

k k
4 n?
D et = 4 < = D (At = Wi + ). (1.3)
i=1 n i=1 4

It is a remarkable fact that the equality holds for every k in this last in-
equality when the A; are the eigenvalues of the Laplace-Beltrami operator
on the whole sphere. This fact was observed by El Soufi, Harrell and Ilias in
their paper [16] where inequality (1.3), as well as many other inequalities in
the literature, are recovered as particular cases of the following inequality
which applies to the eigenvalues of the Laplace-Beltrami operator of any
n-dimensional compact Riemannian manifold M, with Dirichlet boundary
conditions if OM + 0,

k k

4 1
§ (A1 — ) < — § (st — D) + =1 H|%), (1.4)
=1 n i=1 4

where H is the mean curvature vector field of any isometric immersion of
M into a Euclidean space R"*”. Notice that inequality (1.4) had also been
found independently by Chen and Cheng [9] for the Dirichlet eigenvalues
on a bounded domain of a Riemannian manifold.

Niu and Zhang [26] were certainly the first to address this issue for subel-
liptic operators. They obtained Payne-Pdlya-Weinberger and Hile-Protter
type inequalities for the Dirichlet eigenvalues of the sub-Laplacian on a
bounded domain of the Heisenberg group H" of real dimension 2n + 1. The
following Yang type inequality has been obtained in this context in [16] as
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an improvement of Niu-Zhang results:

k k
2
D Wt = 40* < = 3 A = ). (1.5)
i=1 i=1

In what follows (see Corollary 4.1 below), we will prove that inequality
(1.5) remains valid for any strictly pseudoconvex CR manifold M of real
dimension 2n + 1 provided it admits a Riemannian submersion over an open
set of R?" which is constant along the characteristic curves of M (i.e. the
integral curves of the Reeb vector field). Of course, the standard projection
H" — R satisfies these assumptions.

As for the CR sphere S?"*! and domains of $?"*!, we will obtain the
following inequality (Corollary 3.1):

k k

2
> (Aot = )" <2 (At = )i + 1),
i=1 n i=1

which is sharp for k = 1.

All these results are actually particular cases of a more general result
(Theorem 3.1) that we establish in Section 3 for an arbitrary strictly pseu-
doconvex CR manifold M of real dimension 2n+ 1 endowed with a compat-
ible pseudo-Hermitian structure 6. Indeed, we prove that the eigenvalues of
the sub-Laplacian A, in a bounded domain 2 ¢ M, with Dirichlet boundary
conditions if Q # M, satisfy inequalities of the form (see Theorem 3.1 for
a complete statement): for every integer kK > 1 and every p € R,

k k

2 _ 1
D (i = 4 < TEBLEN Gy e IR, (16

i=1 i=1

21 < 1
A <0+H=> L+ —||H 2 1.7
i < ( +n>k;1 + - IH DI (1.7)

and
2 1 2 )
Ak (1 + ;)k"/h +7 (I+ ;)k" = 1 IHy (N, (1.8)

where f is any C? semi-isometric map from (M, ) to a Euclidean space R”,
and where H,(f) is a vector field defined similarly to the tension vector field
in the Riemannian case (see Section 2 for definitions).

Besides the CR sphere and Heisenberg groups, many other cases in which
one has an explicit expression for ||H,(f)||. are given in a series of corol-
laries in Section 4.

In Section 5 we prove that the inequalities (1.6), (1.7) and (1.8) remain
true when f is a semi-isometric map from (M, 6) to a Heisenberg group
H™ which sends the horizontal distribution of M into that of H”. This can
also be seen as a generalization of what was known about the Dirichlet
eigenvalues of the sub-Laplacian in a bounded domain of the Heisenberg
group, since the identity map of H" obviously satisfies Hy(Iy») = 0.
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When M is compact without boundary, one has 4; = 0 and the inequality
(1.8) leads to a relationship between the eigenvalues A, of the sub-Laplacian
of (M, 0) and the invariant H,(f) of any semi-isometric map f from (M, 6)
to a Euclidean space. For the first positive eigenvalue A,, we even have the
following inequality :

1 2
M) < 5 fM () (1.9)

where V(M, 0) is the volume of (M, #). Section 6 deals with these Reilly
type inequalities and the characterization of equality cases. For example,
we show that the equality holds in (1.9) if and only if f(M) is contained in

2n
A2(=Ap)

a sphere S"7!(r) of radius r =
from M to S™'(r).

These Reilly type results are also extended to maps f from (M, 6) to a
Heisenberg group H” which sends the horizontal distribution of M into that
of H” (see Theorem 6.2).

The last part of the paper deals with Carnot groups which constitute a
natural generalization of Heisenberg groups. A Carnot group is equipped
with a natural operator called “horizontal Laplacian”. We give PPW and
Yang type inequalities for the eigenvalues of the horizontal Laplacian in
terms of the rank of the horizontal distribution of the group.

and f is a pseudo-harmonic map

Acknowledgments. The authors would like to warmly thank S. Dragomir,
N. Gamara, R. Petit and A. Zeghib for useful discussions.

2. PRELIMINARIES

Let M be an orientable CR manifold of CR dimension n. This means
that M is an orientable manifold of real dimension 2n + 1 equipped with a
pair (H(M), J), where H(M) is a subbundle of the tangent bundle 7M of
real rank 2n (often called Levi distribution) and J is an integrable complex
structure on H(M). The integrability condition for J means that, VX, Y €
T(H(M)),

[X,Y]-[JX,JY] € T(H(M))
and
VX, Y]+ [X,JY]=J (X, Y] - [JX,JY]).

Since M is orientable, there exists a nonzero 1-form 6 € I'(T*M) such that
Ker = H(M). Such a 1-form, called pseudo-Hermitian structure on M,
is of course not unique. Actually, the set of pseudo-Hermitian structures
that are compatible with the CR-structure of M consists in all the forms f6
where f is a smooth nowhere zero function on M.

To each pseudo-Hermitian structure 6 we associate its Levi form G4 de-
fined on H(M) by

Go(X,Y) = —dO(JX, Y) = 6([JX, Y])
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(note that a factor % is sometimes put before df so that in the case of the
sphere S?"*! ¢ C™*!, the Webster metric defined below coincides with the
standard metric).

The integrability of J implies that G4 is symmetric and J-invariant. The
CR manifold M is said to be strictly pseudoconvex if the Levi form Gy
of a compatible pseudo-Hermitian structure 6 is either positive definite or
negative definite. Of course, this condition does not depend on the choice
of 6. It implies that the distribution H(M) is far from being integrable.

In all the sequel, a pair (M, 8) will be called strictly pseudoconvex CR
manifold if M is a strictly pseudoconvex CR manifold endowed with a com-
patible pseudo-Hermitian structure € with positive definite Levi form. The
structure 6 is then a contact form which induces on M the following volume
form |

ﬂg = W 6N (d@) .
We will denote by V(M, 6) the volume of M with respect to .

A pseudo-Hermitian structure 6 on a strictly pseudoconvex CR manifold
determines a vector field &, often called characteristic direction or Reeb vec-
tor field of 0, defined to be the unique tangent vector field on M satisfying
0(&) = 1 and £]d6 = 0. Therefore, L0 = 0 and [H(M), &] € H(M).

The Tanaka-Webster connection of a strictly pseudoconvex CR manifold
(M, 0) is the unique affine connection V on TM satisfying the following
conditions :

(1) V8 =0, Vd6 = 0 and VJ = 0 (hence the distribution H(M) and the
vector field ¢ are parallel for V)
(2) The Torsion Ty of V is such that, VX, Y € H(M),

Tv(X,Y) = —0(X, Y]é and Tv(&, JX) = —JTy(& X) € H(M).

Basic examples : Standard models for CR manifolds are given by the

Heisenberg group and real hypersurfaces of complex manifolds. The Heisen-
berg group will be discussed in Section 5. If M is an orientable real hyper-

surface of C"*!, then the sub-bundle H(M) defined as the orthogonal com-

plement of Jv in 7'M, where v is a unit normal vector field and J is the stan-

dard complex structure of C"*!, is stable by J. The pair (H(M), J) endows

M with a CR-structure whose compatible pseudo-Hermitian structures are

represented by

0(X) = —%(X, Jv),

where (, ) is the standard inner product in C"*!'. A straightforward calcula-
tion gives

Gy(X,X) = % (B(X,X)+ B(JX, JX)),

where B is the second fundamental form of the hypersurface. Thus, M
is strictly pseudoconvex if and only if the J-invariant part of its second
fundamental form is positive definite on H(M).
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Since the second fundamental form of the sphere $*"*! ¢ C"*! coincides
with the standard inner product, the above construction endows S*'*! with
a strictly pseudoconvex CR structure whose Levi form is nothing but the

restriction of the standard inner product to the horizontal bundle H (82”“)

where, for every x € S**!, H, (82””) is the orthogonal complement in C"*!
of the complex line passing through x.

Sub-Laplacian : A Strictly pseudoconvex CR manifold (M, 6) is equipped
with a natural second order differential operator A, commonly known as the
“sub-Laplacian”. This operator is defined in terms of the Tanaka-Webster
connection V by:

Apu = traceg,Vdu.

Given a local Gg-orthonormal frame {X|, ..., X,,} of H(M), one has

2n 2n
Ay = D UK+ Xi - u = (Ve X)) = D (T V", X,
i=1 i=1
where VAu € H(M) is the horizontal gradient of u defined by, VX € H(M),
X - u = Gy(X,Vu). Integration by parts yields for every compactly sup-
ported smooth function u on M,

f ubpu 9o = — f IV ulg, 9.
M M

When (M, 6) is strictly pseudoconvex, the Levi form Gy extends to a Rie-
mannian metric g, on M, sometimes called the Webster metric, so that the
decomposition TM = H(M) & R¢ is orthogonal and the vector & has unit
length, thatis, V X, Y € TM,

gi(X. Y) = Go(X", Y") + 00X)6(Y),

where X! = nyX is the projection of X on H(M) with respect to the de-
composition TM = H(M) @ R¢. Notice that the Riemannian volume form
associated to gy coincides with ¢y (see [7, Lemma 1]). On the other hand,
the Levi-Civita connection V& of (M, gy) is related to the Tanaka-Webster
connection V by the following identities (see for instance [13, p.38]): for
every pair X, Y of horizontal vector fields, VyY = (Vi" Y)” and, moreover,

1 1
V?X — VfX = EJX , V?gjf - fo = V?g}f = (EJ + T)X,

1
VY — VxY = _«EJ +1D)X,Y),,¢ and V?f =V£=0,

where 7 : H(M) — H(M) is the traceless symmetric (1,1)-tensor defined
by 7X = Ty(£,X) = VX — [£,X]. Notice that 7 = 0 if and only if £ is a
Killing vector field w.r.t. the metric g, (and then the metric gy is a Sasakian
metric on M).
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If we denote by div,, the divergence with respect to the metric gy, one
easily gets

Apu = divy, V7u, 2.1)

which immediately leads to the following relationship, known as Green-
leaf’s formula:

A=A, - &
where A,, is the Laplace-Beltrami operator of (M, gy).
Levi tension vector field : Let (M, 0) be a strictly pseudoconvex CR man-
ifold of dimension 2n + 1 and let (N, #) be a Riemannian manifold. The

energy density of a smooth f : (M, 68) — (N, h) with respect to horizontal
directions is defined at a point x € M by

1

1 2n
ev(f)x = 5tracec,maf ), = 5 ) X,
i=1

where {X1, ..., X5,} is a local Gy-orthonormal frame of H(M). According to
[6, Theorem 3.1], the first variation of the energy functional

Ey(f) = f/‘w ep(f)
is determined by the vector, that we will call “Levi tension” of f,
Hy(f) = traceg,By,
where B is the vector valued 2-form on H(M) given by
Br(X.Y) = Vidf(Y) - df(VxY),

V/ is the connection induced on the bundle f~!TN by the Levi-Civita con-
nection of (N, k), and V is the Tanaka-Webster connection of (M, 6). That
1s,

2n
Hy(f) = ) Vi df(X) - df(VxX).
i=1

Mappings with H,(f) = 0 are called pseudo-harmonic by Barletta, Dragomir
and Urakawa [6]. In the case where (N, h) is the standard R™, it is clear that

Hy(f) = (Qpfis s Bp fin)- 2.2

Since VxY = (V¥ V)" = V¥Y — <(%J + T) X, Y>G ¢ for every pair (X, Y) of
horizontal vector fields, one has

,Bf(X, Y)= Bf(X, Y)+ <(%J + T)X, Y> df€)
Go

and

Hy(f) = H(f) = B;(£,6) = H(f) - VLd[f(€)
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where B¢(X,Y) = V{(df(Y) - df(V)g("Y) and H(f) = trace,, B/ is the tension
vector field (see [14]). In the particular case where f is an isometric immer-
sion from (M, gy) to (N, h), By coincides with the second fundamental form
of f and H(f) coincides with its mean curvature vector.

For the natural inclusion j : S**! < C™! of $**!, the form ; is given
by, Bi(X,Y) = = (X, Y)cun X+ (JX, Y)cunt JX, where X is the position vector
field (here v(x) = —¥ and £(x) = 2JX). Thus,

Hy(j) = —2n %, 2.3)

In the sequel we will focus on maps f : (M,0) — (N, h) that preserve
lengths in the horizontal directions as well as the orthogonality between
H(M) and &, thatis, VX € H(M),

ldf (Xl = 1Xlg, — and  (df(X),df(E))n =0,
which also amounts to f*h = g,+ (u— 1)6* for some nonnegative function u
on M. For convenience, such a map will be termed semi-isometric. Notice
that the dimension of the target manifold N should be at least 2n. When
the dimension of N is 2n, then a semi-isometric map f : (M,0) — (N, h)
is noting but a Riemannian submersion satisfying df(¢) = 0. Important

examples are given by the standard projection from the Heisenberg group
H" to R*" and the Hopf fibration $***! — CP".

Lemma 2.1. Let (M, 0) be a strictly pseudoconvex CR manifold and let
(N, h) be a Riemannian manifold. If f : (M,0) — (N, h) is a C* semi-
isometric map, then the form [y takes its values in the orthogonal com-
plement of df(H(M)). In particular, the vector Hy(f) is orthogonal to
df(H(M)).

Proof. Let X,Y and Z be three horizontal vector fields. Since the Levi-
Civita connection of (N, h) is torsionless, one has Vf(d f(Y) - Vj;d f(X) =
df([X,Y]). From the properties of the torsion of the Tanaka-Webster con-
nection V, one has VyY — Vy X = [X, Y]”. Thus,

BrX,Y) = Bp(¥. X) = 0([X, YD f(&).
Since d f (&) is orthogonal to d f(H(M)), we deduce the following symmetry
property:

BrX,Y),df (D) = B, X),df (). (2.4)
On the other hand, we have,
Z-df(X),df(Y)n=2Z-(X,Y)g, (2.5)

Since Gy is parallel with respect to the Tanaka-Webster connection V and h
is parallel with respect to the Levi-Civita connection V", one gets

Z Adf(X), df (V) = (VLdf(X), df (V) + {df(X), VLdf (V)
and
Z-(X, V), = (VX Y)g, +(X,Vs¥)q,
df(VX),df (V) + (df(X),df (VX))
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where the last equality comes from the fact that VX and VY are horizontal.
Replacing into (2.5) we obtain

(VLdf(X) = df(VX),df (X)) + (VLdf(Y) = df(V,Y),df (X)), = 0.
Therefore, V X, Y,Z € HM),

BHZ,X),df (X)) + B(Z,Y),df (X)), = 0. (2.6)
Taking X = Y in (2.6) we obtain, V X, Z € H(M),
BAZ,X),df(X)m = 0. (2.7)

Now, taking Z = X in (2.6) and using (2.4) and (2.7), we get, V X,Y €
H(M),

BrX,X),df(¥Y)), = 0.
The symmetry property (2.4) enables us to conclude. 0

A direct consequence of Lemma 2.1 is the following

Corollary 2.1. If f : (M,6) — (N, h) is a Riemannian submersion from a
strictly pseudoconvex CR manifold (M, 6) to a Riemannian manifold (N, h)
with df(§) = 0, then By = 0 and H,(f) = 0.

3. EIGENVALUES OF THE SUBLAPLACIAN AND SEMI-ISOMETRIC MAPS INTO
EUCLIDEAN SPACES

Let (M, 0) be a strictly pseudoconvex CR manifold and let 2 be a bounded
(relatively compact) domain of M. In the case where M is a closed man-
ifold, we allow Q to be equal to the whole of M. We are interested in
Schrodinger-type operator —A, + V where V is a function on Q. We assume
in all the sequel that the spectrum of —A;, + V in Q, with Dirichlet boundary
conditions if 9Q # 0, is discrete and bounded from below. We will always
denote by {4,};>1 the non decreasing sequence of eigenvalues of —A;, + V
and by {u;};>; a complete orthonormal family of eigenfunctions in Q with
(_Ab + V)l/l] = /ljl/lj

Theorem 3.1. Let (M, 0) be a strictly pseudoconvex CR manifold of real
dimension 2n+1 and let f : (M, 6) — R™ be a semi-isometric C*> map. The
sequence of eigenvalues {A;} >, of the Schrodinger-type operator —A, +V
in a bounded domain Q C M, with Dirichlet boundary conditions if Q # M,
satisfies for every k > 1 and p € R,

k k
max{2, p} _ 1
D =4y < 22BN - ) 2Dy G
i=1 n i=1 4

with

D, = fg (Hy (PR - 4V) i 3.
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Moreover, if V is bounded below on Q, then for every k > 1,

A <(1+2)1Zk:/1+1D 3.2)
k+1 = n k - i 21’1 0 .
and
2 1 2
A (1 + kv Ay + = ((1 + —)kn — I)Doo (3.3)
n 4 n

with Do, = supg (IHb(f)thm - 4V).

Applying this result to the standard CR sphere whose standard embed-
ding j : §**' — C"' satisfies [H,(j)},., = 4n” (see (2.3)), we get the
following

Corollary 3.1. Let Q be a domain in the standard CR sphere S***' c C'!,
The eigenvalues of the operator —A, + V in Q, with Dirichlet boundary
conditions if Q # S, satisfy, for every k > 1 and p € R,

k k
max{2, p} _
D e =) < === (g = )7 (4 + 0 - T)
i=1 i=1

with T; = fQ Vui¥q. Moreover, if V is bounded below on Q, then, for every
k>1,

21 < 2
< ——E ' S
Aks1 _(1+n)k . A +2n nnfllfv

and

2
Dot < (1+ D)k, + C(n, k, V)
n
with C(n, k, V) = ((1 + 2)k» — 1) (n* — infq V).

Theorem 3.1 also applies to the Heisenberg group H" endowed with its
standard CR structure. The corresponding sub-Laplacian is nothing but the
operator Ag» = % > jgn(Xf. + Yj?) (see section 5 for details). Since the stan-
dard projection H* — R?* is semi-isometric (up to a dilation, see (5.3)
below) with zero Levi-tension (see Corollary 2.1), Theorem 3.1 leads to the
following corollary which improves the results by Niu-Zhang [26] and El
Soufi-Harrell-Ilias [16].

Corollary 3.2. Let Q be a domain in the Heisenberg group H". The eigen-
values of the operator —A, + V in Q, with Dirichlet boundary conditions,
satisfy, for everyk > 1 and p € R,

k k
max{2, p} _
D e =) < === (e - ) (- T)
i=1 i=1
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with T; = fQ Vui¥q. Moreover, if V is bounded below on Q, then, for every
k>1,

21 <& 2
A S(1+;)z;ﬂi—zlgfv

and

2 2
Aot < (1+ ki A, — ((1 + )k — 1)1an.
n n Q

The proof of Theorem 3.1 relies on a general result of algebraic nature
using commutators. The use of this approach in obtaining bounds for eigen-
values is now fairly prevalent. Pioneering works in this direction are due to
Harrell, alone or with collaborators (see [16, 18, 19, 20, 21, 22]). For our
purpose, we will use the following version that can be found in a recent
paper by Ashbaugh and Hermi [2] (see inequality (26) of Corollary 3 and
inequality (46) of Corollary 8 in [2]).

Lemma 3.1. Let A : D ¢ ‘H — H be a self-adjoint operator defined on a
dense domain D which is semibounded below and has a discrete spectrum
A <A+ <A, <. Let B: A(D) — H be a symmetric operator which
leaves D invariant. Denoting by {u;};>1 a complete orthonormal family of
eigenvectors of A with Au; = A;u;, we have, for every k > 1 and p € R,

k k
> (et = ) (1A, Blu, By < max{1, 5} D" (e = )" 1A, Bl

i=1 i=1

Proof of Theorem 3.1. Let f : (M,0) — R™ be a semi-isometric map and
let fi, ..., fn be its Euclidean components. For each a = 1, ..., m, we denote
by f. the multiplication operator naturally associated with f,. Let us start
by the calculation of {[-A, + V, folu;i, fou;);» and [|[-A, + V,fa]uilli2. One
has,

[_Ab +V, fa]ui = _Ab(faui) + fa(Abui)
—(Apfo)ui = 2V £, V)6,

Thus,

1
=Dy + V, folus, fori)> = — fg fa<Abfa>u?—5 fg (VI 2V Ul yG,. (3.4)

Here and in the sequel, all the integrals over M are calculated with respect
to the volume form ¥, or, equivalently, the Riemannian volume element in-
duced by the Webster metric g,. The integration over the eventual boundary
is calculated with respect to the Riemannian metric induced on 0Q2 by the
Webster metric gy. Integration by parts leads to (see (2.1))

f VI YRy, = - f Anf20d + f T2,
Q Q oM
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where v is the unit normal vector to the boundary with respect to the Webster
metric gy. Since u; vanishes on 0Q2 when 0Q # (), we get

f VIV, = - f (ApfDu;
Q Q

-2 [f fa(Abfa)uiz + f |VHfd|égu12] .
Q Q
Substituting in (3.4) we obtain

<[_Ab + V,fa]ui, faui>L2 = f |VHfd|éeulz'
Q

Thus
S Ul + V. fult, fayz = > f VA i
a=1 Q

a=1
Now, since f preserves the Levi-form, one has with respect to a Gy-orthonormal
frame {e;} of H,(M),

m m 2n 2n  m
DIVIAE, = D (Vi fedd, = >0 Y (Ve
a=1 a=1 i=1 i=1 a=1

2n 2n
Dl = ) ledg, = 2n.
i=1 i=1

Therefore,
D UMy + Vi fults, futidiz = 2n f u} =2n. (3.5)
a=1 Q

On the other hand, we have

=y + V. fulud? f (Anfodus + 209" fo, Vi), )
Q

[t +a [ 0,
Q Q

> f Ao fu )V f, Vi),
Q

+

Using (2.2), we get

Y, [ @ = [ ik
Q Q

a=1

Using the isometry property of f with respect to horizontal directions, we
get

DV VTG, = D (Vfa Vg, = > df(V )R
a=1 a=1 a=1

A f(V u)len = IV uilg,



EIGENVALUES OF THE SUB-LAPLACE OPERATOR 13

> f (V" fo, Vi, = f V7, = 4 - f Vi,
Q Q Q

a=1

Thus,

Finally, denoting by {E,} the standard basis of R and using Lemma 2.1,
we get,

PRI R
— Jo

<ZAbfa Q,waa,w’u Y6, Bz
). dFOT e =

Using all these facts, we get

o=t Vesitult, = (- [ vt [ 6o
a=1

Applying Lemma 3.1 with A = —A, + V and B = f,, summing up with
respect to @ = 1,...,m, and using (3.5) and (3.6), we get the inequality
(3.1).

To prove the inequality (3.2), we consider the quadratic relation that we
derive from (3.1) after replacing p by 2 and D; by D, thatis, V k > 1,
k k

) 2 D,
2 A =) <2 3 (et = )i+ =) (3.7)

i=1 i=1
which leads to

1 2 1
Ay = (@ + )Mk + 5D )+ (1+ =)Qi + DoM< 0

with M = ¢ Zi: A and Oy = E Zi: ! /l?. Using Cauchy-Schwarz inequality
M} < Oy, we get

1 20, 1
Ay =l (@+ = )Mk + 5D w)+ (1 + )M + 5-DuMi <0
which can also be written as follows:

2 1
(a1 — My) (/lk+l -1+ =-)M; - _Doo) <0.
n 2n

Since A1 — M is clearly nonnegative, we get A < (1 + %)M,< + 2—1,1Doo
which proves (3.2).

Now, if we set A; := A; + %Doo, then the inequality (3.7) reads

k k
_ _ 2 _ _ _
2 @t =10* < = 3 (At = WA,
1 1

Following Cheng and Yang’s argument [11, Theorem 2.1 and Corollary
2.1], we obtain

2
/lk_,_] < (1 + )/l k"
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which gives immediately the last inequality of the theorem. O

4. APPLICATIONS TO RIEMANNIAN SUBMERSIONS OVER SUBMANIFOLDS OF THE
EUCLIDEAN SPACE

Let (M, 0) be a strictly pseudoconvex CR manifold and let f : (M,0) —» N
be a Riemannian submersion over a Riemannian manifold N of dimension
2n. The manifold N admits infinitely many isometric immersions into Eu-
clidean spaces. For every integer m > 2n we denote by 7 (N, R™) the set of
all C? isometric immersions from N to the m-dimensional Euclidean space
R™. Thanks to the Nash embedding theorem, the set U, (N, R™) is never
empty, which motivates the introduction of the following invariant :

H®(N) = inf IIH($)llo
¢EU,,1€N](N,R”‘)

where H(¢) stands for the mean curvature vector field of ¢.

Theorem 4.1. Let (M, ) be a strictly pseudoconvex CR manifold of real
dimension 2n + 1 and let f : (M,0) — N be a Riemannian submersion
over a Riemannian manifold of dimension 2n such that df(§) = 0. The
eigenvalues of the operator —A, + V in a bounded domain Q C M, with
Dirichlet boundary conditions if Q # M, satisfy for every k > 1 and p € R,

k k
Z (A1 — ) < M Z (Ags1 — /l,-)”_l(/l,- + lH”‘C(N)2 -T) 4.1)
n 4

i=1 i=1

with T; = fQ Vui¥q. Moreover, if V is bounded below on Q, then, for every
k>1,

21 < 1 2
A <1 +3= > 4+ —H“(N)? = ZinfV 4.2
k+1_<+n>k; + 2 HU“(NY ~ ~in (42)
and 5
Dot <(1+ )i d, +C (4.3)
n

with C = ((1 + 2kn — 1) (LH“(N)? — infq V).

Proof. Let ¢ : N — R™ be any isometric immersion. It is straightforward
to check that the map f = ¢ o f : (M,0) — R™ is semi-isometric and that,
VX,Y e HM),

BiX,Y) = dp(By(X,Y)) + By(df(X),df(Y)) = By(df(X),df(Y)),

where B, stands for the second fundamental form of ¢ and where the last
equality follows from Corollary 2.1. Now, from the assumptions on f, the
differential of f induces, for each x € M, an isometry between H,(M) and
TyyN. Thus, if X;,---,X,, is a local orthonormal frame of H(M), then
df(Xy),---,df(Xy,) is also an orthonormal frame of TN. This leads to the
equality

Hy(f) = H($).
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Therefore, it suffices to apply Theorem 3.1 to f and then take the infimum
with respect to ¢ to finish the proof.
O

For example, when N is an open set of R*" or, more generally, a minimal
submanifold in R™, then H**“(N) = 0 and the Theorem above gives a class
of pseudoconvex CR manifolds including domains of the Heisenberg group,
for which the following holds :

Corollary 4.1. Let (M, 0) be a strictly pseudoconvex CR manifold of real
dimension 2n + 1 which admits a Riemannian submersion f : (M,0) — N
over a minimal submanifold N of dimension 2n of R™ such that df(¢) =

The eigenvalues of the operator —A, +V in a bounded domain Q@ C M, with
Dirichlet boundary conditions if Q # M, satisfy for every k > 1 and p € R,

k
max{2, _
Z (e =2y < ZEXEPVS Oy -y @)
i=1 i=1

with T; = fQ Vui¥q. Moreover, if V is bounded below on Q, then for every
k>1,

21 ¢ 2
L S (14 2)- ;A,. ~~infV (4.5)
and
2 1 2 1 .
Qiwt < (1 + Dknd, - ((1 + )k — 1)1an. (4.6)
n n Q

The natural embedding j: § — R2*! of the sphere into the Euclidean
space satisfies |H(j)[?,,., = 4n>. Thus, Theorem 4.1 leads to the following

R2n+1

Corollary 4.2. Let (M, 0) be a strictly pseudoconvex CR manifold of real
dimension 2n + 1. Assume that (M, 0) admits a Riemannian submersion f :
(M,0) — D c S* over a domain D of the standard sphere with df(¢) =

The eigenvalues of the operator —A\, +V in a bounded domain Q C M, with
Dirichlet boundary conditions if Q # M, satisfy for every k > 1 and p € R,

k k
max{2, _
3 (st - 4y < BEEPENY Gy e - T
i=1 i=1

with T; = fQ Vufﬂg. Moreover, if V is bounded below on ), then for every
k>1,

2.1 ¢ 2.
At < (1 + ;)%;/l,-+2n— ~infV
and
e < (1 +%)k711/11 +C

with C(n, k, V) = ((1+ 2)k» — 1) (n* - infq V).
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In the particular case of a manifold M without boundary that satisfies the
assumptions of Corollary 4.2, one has, with V = 0, 1,(-A,) = 0,

/12(—Ab) <2n
and, for every k > 1,
st (=Ap) < n(n + 2)kn — n?.

We denote by FP™ the m-dimensional real projective space if F = R, the
complex projective space of real dimension 2m if F = C, and the quater-
nionic projective space of real dimension 4m if F = Q. The manifold FP™
carries a natural metric so that the Hopf fibration 7 : S%+D=1 c Fr+l
FP™ is a Riemannian fibration, where dr = dimg F.

Let H,1(F) = {A € M, (F) | A* := A = A} be the vector space of
(m + 1) X (m + 1) Hermitian matrices with coefficients in FF, that we endow
with the inner product

1
(A,B) = Etrace(A B).

The map ¢ : SEm+D-1 c pr+l — ¢, .| (F) given by

Izl Z0Z1 ccc Z0Zm

_ 2 —

21 21 e 2%

wo = |2 Bl
ZmZO ZmZ] e |Zl‘i’l|2

induces through the Hopf fibration an isometric embedding ¢ from FP™ into
H,.+1(F). Moreover, ¢(FP™) is a minimal submanifold of the hypersphere

S (# 1 ) of H,,.1 (F) of radius  [5-2 centered at —L-_ One deduces

m+17 2(m+1)

that the mean curvature H(¢) satisfies
\H($)]* = 2m(m + 1)dz.

Therefore, H““(FP™)* < 2m(m + l)dé and Theorem 4.1 leads to the follow-
ing

Corollary 4.3. Let (M, 0) be a strictly pseudoconvex CR manifold of real
dimension 2n+ 1 which admits a Riemannian submersion f : (M,0) — D C
EP™ over a domain of the projective space FEP™ of real dimension 2n (i.e.
m = 2n/dg) with df(€) = 0. The eigenvalues of the operator —A, + 'V in

a bounded domain Q C M, with Dirichlet boundary conditions if Q # M,
satisfy for every k > 1 and p € R,

k k
2 ]
3 (st - 4 < BB PESY G Ay nn + de) - T)
n

i=1 i=1

with T; = fQ Vu?d. Moreover, if V is bounded below on Q, then for every
k>1,

k
21 2.
Dot < (1 + ;)E;ai+2(zn+dp)— ~infv
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and

2
A1 £+ )k +C
n

with C(n, k, V) = ((1 + 2)k» — 1) (n(2n + dz) — infq V).

5. EIGENVALUES OF THE SUB-LAPLACIAN AND SEMI-ISOMETRIC MAPS INTO
HEISENBERG GROUPS

A model for the Heisenberg group is given by H” = R*"*! = C" x R
endowed with the group law

(Z,0)-(w,8) = (z+w, t+ s+ 2Im{z,w)),

where (z,7) = (z',....,2% 1), (w,s) = (W', .., w"s) € C" XR, and (z,w) =
Di<m /W’ is the standard complex scalar product in C”. A natural basis
of the corresponding Lie algebra is given by the family of left-invariant
vector fields {Xi, ..., X, Y1, ..., Y,,, T} that coincides with the standard basis
of R¥"*! at the origin. Thatis, T = £ and, Vj < m,

0 0 0 0

Yj ——ZXJ'E.

X, -
dy;

=2 oy, 2,
I, Vg

The Levi distribution H(H™) is spanned by the vector fields {X}, Y;}<,,. The
complex sub-bundle 7'° of TH" ® C spanned by

o ._o0 1 . .

is such that H(H") = Re (Tl’0 @ 70! ) with

_ o . o0 1 . .
TO’1 = span{Zj = a_Zj _leE = E(Xj-l-le), ] = l,m}
This endows H(H™) with an almost complex structure J (so that 710 =
ker(J—i) and T%! = ker(J+i)) which is actually integrable since [Z;, Z;] = 0
for all j, k < m. Moreover, we have for all j <m, JX; =Y.
The standard pseudo-Hermitian structure on H™ is

Oun = dt +1 ) (JdZ) - Fd2)) =dt +2 ) (Wdy - yldx)),  (5.1)
= =

whose differential is dfy» = 2i Z;le dz/ A dz’/ and characteristic direction
isT = gt Since, for all j < m and k < m, one has [X;, Y] = —40 3T and
[Xj, Xi] = [Y;, Y] = O, the Levi form Gy,,, on H(H™) satisfies

Go,n (X, Xy) = Gg, (Y, Y) = 46 3 and Go..(X;, Y) = 0.

We will denote by gy~ the corresponding Webster metric.
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For a vector W € T, ,H", if we denote by {vi, wy, ..., v,, w,, s} its compo-
nents with respect to the standard basis of RZ"* e,

then
0

W = Z(Vij + Wij) + {S + ZZWJ'XJ' — ijj}a
i J

DX+ wiY)) + O (W)T. (5.2)
J

Hence, the coordinates of W with respect to the basis (Xi, Y1, ..., X, Vi, T)

of T, nH™, are {vi, wi, ..., Vp, Wy, Bgm(W)}. Thus,

gen(W,W) = 4 (0% +wh) + On(W)? (5.3)
J
= AW, — 45" + Gan(W)*. (5.4)
In particular, if W is horizontal, then gg»(W, W) = 4|W|R2m+l — 452,

Theorem 5.1. Let (M, 0) be a strictly pseudoconvex CR manifold of dimen-
sion2n+ 1 and let f : M — H" be a C? semi-isometric map satisfying
df(H(M)) € HMH™). Then the eigenvalues of the operator —A, + V in any
bounded domain Q0 C M, with Dirichlet boundary conditions if Q # M,
satisfy for everyk>1and p € R,

k
max{2, _ 1
Z (A1 — A )p p Z (Apr1 — /li)p 1(/11' + ZDi) (5.5)
i=1 i=1

with
D; = f (1H, (Pl — 4V) 12 0.
Q
Moreover, if V is bounded below on M, then for every k > 1,

21 < 1
L <0 +5=N" 1+ —D,, .
k+1_(+n>k;,+zn (5.6)
and
2 1 2
Aot < (1+ ki, + —((1 + )k — 1)1)00 (5.7)
n 4 n

with Do, = supg (|Hb(f)|]12.ﬂm - 4V)-

In the particular case where (M, 0) is the Heisenberg group H" endowed
with the standard CR structure, this theorem provides an alternative way to
derive Corollary 3.2

The following observation will be crucial for the proof of Theorem 5.1.
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Proposition 5.1. Let (M, 0) be a strictly pseudoconvex CR manifold and let
f : (M0 — H"~C"xXR
x = f) = Fi(x), ..., Fu(x), a(x))
be a C* map such that df(H(M)) c H{H™). Then

Hy(f) = D (BopiX;+ A Y))
j=1

where ¢i(x) = ReF j(x) and y j(x) = ImF j(x).
In particular, H,(f) is a horizontal vector field and

() =4 > [(Asg ) + (A1

j=1
Proof. One has, for any vector W € TM,

df(W) =" (de,(W)X; + dy;(W)Y;) + Odf(W)T.
j=1
For W e HIM), df(W) € HH™) and, then,

m

df (W)=Y (de(W)X; +dy;(W)Y;). (5.8)
=1
Let {e;} be a local orthonormal frame of H(M), then
Brleise) = Vidf(e) — df(V,e).
Since e; and V,,e; are horizontal and that d f(H(M)) c H(H™), we have

Brlei e = ) Vi(dgenX;+dy ey = > [de)(Ve)X; +dy(Vee)Y)]
j=1 j=1

with
Vf(dSoj(e DX;) = e;-dei(e)X; +dpje; )Vdf(g)
and
VI@yi(e)Y)) = e - d(e)Y; + dyr(e)V ., Y.
Therefore,
Brlei,e) = Z [ei ~dyj(e) — d‘Pj(Ve,-ei)] X;+ Z [ei ~dysj(e;) — d'J’j(Ve,-ei)] Y;
J=1 j=1

INgE

[d%(e )Vdf(e \Xj + dij(e; )Vdf(e) ] (5.9)

Il
—_

J
Recall that the Levi-Civita connection of H” is such that

Hm Hnl Hm
VXka:VYk Yj:VT T:O,
Vi Y;==26u5iT, Vy T =2Y, V,T=-2X,
Vy X; =26u5T, Vi Xe=2Y,, V7 Y=-2X:.
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Thus,
V?}}ei)Xj = Z(dsﬁk(ei)vxkxj + dy(e;)Vy X))
X

dy(e)Vy,X; = 2dysj(e)T.

and
VirenYs = —2dgj(e)T.
Replacing into (5.9) and summing up with respect to i, we get
2n  m
D> (lei- desten) — dg(VoeIX; + le; - dyrjle) — dy(Voe1Y)
1

i=1 j=

Hy(f)

= (A X + Ao
=1

O
Proof of Theorem 5.1. As in the proof of Theorem 3.1, we will use the com-
ponents of the map f as multiplication operators. Let us write f(x) =
(F1(x), ..., Fp(x), a(x)) € C"xR and Fj(x) = ¢;(x)+iyj(x). The main differ-
ence with respect to the Euclidean case is that here, only the C" components
of f come in. All along this proof we will use the fact that, VW € H,.(M),
the vector d f(W) is horizontal and (see (5.8))

df W)k =4 > (1de (WP + ldy (W) (5.10)
=1
Repeating the same calculations as in the proof of the Theorem 3.1, we get

D=2+ Vil e+ ([=Ap + Vs, gru)o

=1
= > f (IV7,f2, + V7 2 Y.
e

Let {¢;} be a Gy-orthonormal basis of H,.(M), then

m 2n

DUV VTR, = > Y (Vg e, + (Vg e,

J=1 j=1 i=1

2n m

= Z Z(V‘Pj, €i>é9 +(Vy;, ei)ég
i=1 j=1
2n 2m

= 3 S deten? + dusen®)

i=1 j=1

2n
1 5 n
= Z ; |df(el)|Hm = 5.
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Thus,

D= + Vool sz + ([=Ap + Vol b = 5. (S.11)
j=1
On the other hand,
I[-Ap + Vgiludl2, = fg (Avgus + 25", V), )
fQ (Dpp))ui +4 fg (V9 Vi u)g,

+ zf(AbSDijH(Pj, Vi),
Q

We have a similar formula for ||[-A, + V, :,l/j]u,-||iz. Since V7u; € H(M), one
has

D (Vo Vg, + (VM Ve,

j=1
= D 1de (V) + dy(Vu;))
j=1
1 H,  \2 1 H 2
= Jf (V) = 719" uilg,
Therefore,

m 1
Do (VP Vg, + (V) = o | IV,
o Yo 4 Jo

1
= —(4,— | Vu?.
= f,v)

For the two remaining terms, we have thanks to Proposition 5.1 and the
identity (5.3),

m 1
Z f ((Ab¢j)2 + (Ablﬂj)Z) ulz = Z f |Hb(f)|ﬂ2_ﬂmlxll2
=1 ve o

and

> f (Ao V01, V)6, + Aoy V™, V7))
=1 Yo

1

1 o m
= 7 fg <Hb(f),sto,~(VHu?)X,- + Zdwj(vﬂuf)yjmm
J=1 Jj=1

1
T4 f (Hy(f), df (V"u7))sn = 0,
Q
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where the last equality follows from the fact that H,(f) is orthogonal to
df(H(M)) (Lemma 2.1). Finally,

1
Mﬁ»+u%mﬁﬁWFm+u¢mw;=&+ZJXWAMQ—VW%
Q
(5.12)
Applying Lemma 3.1 with A = —A, + V and B = ¢; then B = ¢;, summing
up with respect to j and using (5.11) and (5.12), we obtain the inequality
(5.5).
As in the proof of Theorem 3.1, we derive the inequalities (5.6) and (5.7)
from (5.5) with p = 2. O

6. REILLY TYPE INEQUALITIES FOR CR MANIFOLDS MAPPED INTO THE EUCLIDEAN
SPACE OR THE HEISENBERG GROUP

Let (M, 6) be a compact strictly pseudo-convex CR manifold. If f :
(M, 6) — R™ is a semi-isometric C*> map, then Theorem 3.1 (i.e. inequality
(3.1) withk =1 and p = 1) gives,

2 1
(=0 + V) < (1 + DA (=Dp + V) + — f (1H(Plgn — 4V ) ui.
n 2n Juy

When M is a compact manifold without boundary and V = 0, one has

A(=Ap) = 0 and u? = m. Therefore, the following Reilly type result

holds (see[15] for details about Reilly inequalities)

1 2
A&MSEWW&D%WW

This result can be obtained in an independent and simpler way, in the
spirit of Reilly’s proof, under weaker assumptions on f. Moreover, the
equality case can be characterized. Indeed, we first have the following

Theorem 6.1. Let (M, 6) be a compact strictly pseudoconvex CR manifold
of dimension 2n + 1 without boundary. For every C* map f : (M, ) — R™
one has

1
B-E) < 5 [ IR, ©.1)
M
where the equality holds if and only if the Euclidean components fi,. .., fu
of f satisfy —Apfo = A2(=Ap) (fa — ffa)for every @ < m.

Proof. Replacing if necessary f, by f, —f f» we can assume without loss of

generality that the Euclidean components fi, . .., f,, of f satisfy fM fa?e =0
so that, we have

/lz(—Ab)fijflVHfalég- (6.2)
M M

Summing up with respect to «, we get

L(—A stfmv”az.
2<wLmR M;|f@
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Denoting by {e€,} the standard basis of R and by {X;} a local orthonormal
frame of H(M), we observe that

2n 2n m
2ei(f) = Y dFDRa = D D (dF(X), €k
i=1 i=1 a=1
m 2n m
= D AR = Y VIR,
a=1 i=1 a=1
Therefore,
L(-Ay) fM |l < fM DV LIG, = 2E4(). (6.3)
a=1

On the other hand, we have

2 | |V”fa|ég)2:(i | faAbfar

a=1

" 2
= 5 Ap fo)€a )R
fM () ;< o)) ]

2
= f(f(X),Hb(f»Rm) Sflflfamleb(f)lfw
M M M

Combining with (6.3), we get

4E,(f)

» _ 2E(f) 2
4E,(f) SleHb(fNR’"

which gives the desired inequality.

Now, if we have, for every @ < m, —A,f, = A2(=Ap)fa, then Hy(f) =
Apfiseo s Apf) = —A2(=Ap)f and fM IHy(F)2n = Aa(=Ap)? fM |fI2.. On
the other hand, Ey(f) = [ Yo, V7 ful2, = (=Ap) [, |f12, which implies
that the equality holds in (6.1). Reciprocally, if the equality holds in (6.1)
for a nonconstant map f, then it also holds in (6.2) for each a. Thus, the

functions fi, ..., f,, belong to the A,(—Aj)-eigenspace of —A,. O

Ifamap f : (M, 0) — R™ preserves the metric with respect to horizontal
directions (i.e., |df(X)|g» = |X|¢, for any X € H(M)), then its energy density
ep(f) is constant equal to n and

Ey(f) =nV(M,0).

Inequality (6.1) becomes in this case

1 2
) S g fM () 64)

The characterization of the equality case is the last inequality requires the
following Takahashi’s type result.
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Lemma 6.1. Let (M, 60) be a strictly pseudoconvex CR manifold of dimen-
sion 2n + 1 and let f : (M, 0) — R™ be C? map.
i) Assume that f(M) is contained in a sphere S™'(r) of radius r cen-
tered at the origin. Then f is pseudo-harmonic from (M, 0) to S™'(r)
if and only if its Euclidean components f,. .., f,, satisfy, Va < m,

_Abfa = ,ufa
with it = %ep(f) € C*(M).
i1) Assume that f is semi-isometric. If the Euclidean components fi, ..., fi

of f satisfy, Va < m, =Apfy, = Af,, for some A € R, then f(M)
is contained in the sphere S"\(r) of radius r = \/2/11 and f is a

pseudo-harmonic map from (M, 6) to S™'(r). Conversely, if f(M)
is contained in a sphere S"~\(r) and if f is a pseudo-harmonic map
from (M, 0) to S™\(r), then, Vo < m, —Af, = %fa.

This lemma is to be compared with Example 5.3 of [6] in which a sign
mistake in Greenleaf’s formula led to an incorrect characterization of pseudo-
harmonic maps into spheres.

Proof of Lemma 6.1. 1) For convenience, let us write f = jo f where j :
S™!(r) — R™ is the standard embedding and f : M — S™'(r) is defined
by f(x) = f(x). It is straightforward to observe that, VX, Y € H(M),

Br(X,Y) = B{df(X),df(Y)) + djBr(X,Y))

where B (W, W) = —r%|W|%R,,,)? is the second fundamental form of the sphere
S™!(r). Taking the trace, we obtain
2ep(f) = . = 2e,(f) . =
() = -2 Fv ajir Py = 28 1 + aj .

Hence, if f is pseudo-harmonic from (M, 6) to S~ (r), then H,(f) = 0 and,
consequently, H,(f) = =242 f with Hy(f) = (Apfi, ..., Apfy) (see (2.2)).
Thus, Ya < m, _Abfa = r%eb(f)fa-

Reciprocally, if there exists a function u € C*(M) such that —A, f, = uf,
for every @ < m, then

0=A, [Z fj) ==2u ) f242 ) VLR, = -2ur + dey(f).
a=1 a=1 a=1

Hence, u = @, H,(f) = —@f and, then, H,(f) = 0, which means that
f is pseudo-harmonic from (M, 6) to S™~'(r).

ii) From the assumptions, one has H,(f) = —Af (see (2.2)). Since f is
semi-isometric, we know that H,(f) is orthogonal to df(H(M)) (Lemma
2.1). Therefore, Vx € M and VX € H, (M), one has {(f(x),df(X))gn = 0
which implies that the function x +— |f (x)|fw has zero derivative with respect
to all horizontal directions. Since the distribution H(M) is not integrable,
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this implies that |f (x)hém is constant on M, that is f(M) is contained in a
sphere S"~!(r) of radius r centered at the origin. The pseudo-harmonicity
of f from M into S"~!(r) then follows from (i). Moreover, one necessarily
has A = @ with e,(f) = n since f is semi-isometric. Thus, the radius of
the sphere is such that r* = 2.

O

Theorem 6.1 and Lemma 6.1 lead to the following

Corollary 6.1. Let (M, 0) be a compact strictly pseudoconvex CR manifold
of dimension 2n + 1 without boundary and let f : (M,0) — R™ be C?
semi-isometric map. Then

1 2
A(=Ap) < 2V (IL6) jﬁ; |Hp(f)lgm- (6.5)

Moreover, the equality holds in this inequality if and only if f(M) is con-

2n
A2(=Ap)

harmonic map from (M, 0) to the sphere S™ '(r).

tained in a sphere S™ ' (r) of radius r = and f is a pseudo-

Similarly, for CR manifolds mapped into the Heisenberg group, one has
the following

Theorem 6.2. Let (M, 0) be a compact strictly pseudoconvex CR manifold
of dimension 2n + 1 without boundary.

i)Let f : M — H"™ = R™ x R be any C* map satisfying df(H(M)) C
HMH™). Then

1
L-E < 5 [ HIOE.
M
where the equality holds if and only if the first 2m components fi, ..., fom

of f satisfy =My fo = (=) (fo — f £i) for every a < 2m.
ii) Let f : M — H™ be any C? semi-isometric map satisfying d f(H(M)) C

H(H™). Then
1
L(=Ap) € ————— | [Hp()m-
2(=Ap) < SVMLO) fwl ()i
Moreover, the equality holds in this last inequality if and only if f(M) is

contained in the product S*"~'(r)xR C H" withr = | 12(2_"%), andno fisa

pseudo-harmonic map from (M, 6) to the sphere S*"~'(r), where n : H" —
R is the standard projection.

Proof. i) Let f : M — H™ = R?" x R be a C? map satisfying d f(H(M)) C

H(H™) and set f := wo f : M —> R*" where 7 : H" — R?" is the standard
projection. One has, for every pair (X, ¥) of horizontal vectors,

BiX,Y) =B(df(X),df(Y)) + drn(Bs(X,Y)).
Since for any X € H(H™), |d7T(X)|I%&2m = zlL|X|]I2-H’" (see (5.3)) and dn(T) = 0,
one can easily check that 8, = 0 (Corollary 2.1) and, then, S(X,Y) =

dn(B¢(X,Y)). Thus, Hb(f) = dn(H,(f)) and, since H,(f) is horizontal
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(Proposition 5.1), |Hp( f)|R2'" = };|Hb( f)lfHI,,,. On the other hand, it is clear

that eb(f) = Zeb(f) and, then, Eb(f) = %Eb(f). Therefore, it suffices to
apply Theorem 6.1 to complete the proof of the first part of the theorem.

ii) Assume now that the map f is semi-isometric. Using the assumption that
f preserves horizontality, i.e., d f(H(M)) € H(H™), one checks that the map
2mo f is also semi-isometric. Applying Corollary 6.1 to the latter we easily
deduce what is stated in part (ii) of the theorem.

O

7. E1GENVALUES OF THE HOR1ZONTAL LAPLACIAN ON A CARNOT GROUP

A Carnot group of step r is a connected, simply connected, nilpotent Lie
group G whose Lie algebra g admits a stratification

g:V1€B...€BVr

sothat [V|,V;]=V,, j=1,.,r=T1and [V, V;] CVy;, j=1,..,r, with
Vi = {0} for k > r. We also assume that g carries a scalar product (, ), for
which the subspaces V; are mutually orthogonal. The layer V; generates the
whole g and induces a sub-bundle HG of TG of rank d; = dim V, that we
call the horizontal bundle of the Carnot group. The Heisenberg group H¢ is
the simplest example of a Carnot group of step 2.

Foreachi < r, let {e’i, cee e;_} be an orthonormal basis of V; and denote
by {Xli R Xiz-} the system of left invariant vector fields that coincides with
{eﬂ Sttt eil,} at the identity element of G. We consider the Riemannian met-

ric g on G with respect to which the family {X], - - - ,X[IJl s X, X )
constitute an orthonormal frame for 7G. The corresponding Levi-Civita
connection V induces a connection V7 on HG that we call “horizontal con-
nection” : If X and Y are smooth sections of HG, then Vg Y = n5VyY,
where y : TG — HG is the orthogonal projection. The horizontal Lapla-
cian Ay is then defined for every C? function on G by

Apu := tracey V7 du = inl : (Xi1 : u),
i<d;
where the last equality follows from the fact that VH Xj =0 forany i, j=
1...d,. The operator Ay is a hypoelliptic operator of Hormander type.
Theorem 7.1. Let G be a Carnot group and let Q2 be a bounded domain in
G. Let V be a function on S so that the operator —Ay + V, with Dirichlet

boundary conditions if Q # G, admits a purely discrete spectrum {A;} ;s
which is bounded from below. Then, for every k > 1 and p € R,

: maxi4, 2p a
D (A = ) < D et = 4 (= T,
i=1

i=1
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where d is the rank of the horizontal distribution HG, T; = fQ Vul.zv(; and
Vi is the Riemannian volume element associated with gg. Moreover, if V is
bounded below on Q, then for every k > 1,

4\1 < 4
Ais1 S(1+3)z;/l,—gl?2fv
and

4\ -
As1 < (1 + E)kﬁ/ll - C(d, k)ilglsz

with C(d, k) = (1 + ki - 1.

Proof. Let {ey,...,e;} be an orthonormal basis of the subspace V; and de-
note by {Xj, -, X;} the system of left invariant vector fields that coincides
with {ey, ..., ey} at the identity element of G. Since the group G is nilpo-
tent, the exponential map exp : ¢ — G is a global diffeomorphism. We
can define, for each i < d, a smooth map x; : G — R by

. -1 ,
xi(g) = <exp (2), e,>g.
These functions satisfy (see [12, Proposition 5.7]), Vi, j =1, ....m
Xj-x,-:6,~j and AHXI' =0.

Again, we apply Lemma 3.1 withA = -Ag+Vand B = x,, 1 < a <
m. We need to deal with the calculation of ([—Ay + V, x,lu;, x,u;);» and
I[-Ag +V, xa]u,-lliz, where {u;};>; a complete orthonormal family of eigen-
functions with (—A, + V)u; = A;u;. We have after a straightforward calcula-
tion :

[_AH + V,xa]ui = —ZXQ © U

Integrating by parts we get

[ mmn=14 [ (%d)u =2 [, =4 [w=-L

Thus,
d

d
Z ([=Au + V, xolui, xquid2 = =2 Z f (Xo - u;) xou; = d.
a=1 a=1 Q

On the other hand, we have

d
Zn AH+anu||Lz=4Zf|xa-u,-|2:4ui—n)
Q

a=1

Putting these identities in Lemma 3.1, we obtain the first inequality of the
theorem.

The rest of the proof is identical to that of Theorem 3.1.
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