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The survival probability of a critical
multi-type branching process in i.i.d.
random environment

E. Le Page (), M. Peigné () & C. Pham ()

Abstract
Conditioned on the generating functions of offspring distribution, we study the asymp-
totic behaviour of the probability of non-extinction of a critical multi-type Galton-Watson
process in i.i.d. random environments by using limits theorems for products of positive
random matrices. Under some certain assumptions, the survival probability is proportional

to 1/y/n.

Keywords: multi-type branching process, survival probability, random environment, prod-
uct of matrices, critical case.
AMS classification 60J80, 60F17, 60K37.

1 Introduction and main results

Many researchers study the behaviour of critical branching processes in random en-
vironment. In 1999, under some strongly restricted conditions, Dyakonova [2] studied
the multi-type case using the similar tools of one-type case. In 2002, Geiger achieved an
important result for critical one-type case in random i.i.d. environment, see [4]. In the
present work, we propose a variation of Dyakonova’s result by imitating the approach of
Geiger and Kersting [5].

Fix an integer p > 2 and denote RP the set of p-dimensional column vectors with real
coordinates ; for any column vector z = (z;)i1<i<p € RP, we denote Z the row vector
Z:=(x1,...,2p). Let 1 be the column vector of R? where all coordinates equal 1. We fix
a basis {e;,1 <i < p} in RP and denote |.| the corresponding L; norm. Denote NP the set
of all p-dimensional column vectors whose components are non-negative integers. We also
consider the general linear semi -group ST of p x p matrices with non-negative coefficients.
We endow ST with the Lj-norm denoted also by |.|.

The multi-type Galton-Watson process is a temporally homogeneous vector Markov
process Zy, Z1, Zn,. .., Whose states are column vectors in NP. We always assume that Z,
is non-random. For any 1 <i < p, the i-th component Z, (i) of Z,, may be interpreted as
the number of objects of type i in the n-th generation.

We con81der a family {f¢ : £ € R} of multi-variate probability generating functions

Je(s) = (fg (5))1<i<p where

fgl Z p(l
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with
Loa=(0); ENP s =(5;);,0<s;<1fori=1,...,pand s* =s{"...57;

2. pg) () = pg)(al, ..., 0p) is the probability that an object of type 4 in environment

¢ has o children of type 1,...,a, children of type p.

Let £ = {£{,,n=0,1,...} be a sequence of real valued i.i.d. random variables de-
fined on a probability space (€, F,P). The Galton-Watson process with p types of
particles in a random environment & describes the evolution of a particle population
Zn = (Zp(1),...,Zy(p)) for n=0,1,....

We assume that for £ € R and i = 1,...,p, if &, = &, then each of the Z;(n) parti-
cles of type i, existing at time n produces offspring in accordance with the p-dimensional
generating function fél) (s) independently of the reproduction of other particles of all types.

If Zy = e; then Z; has the generating function:
CHORDIFAORS
aeNP

In general, if Z,, = (a1,...,qp), then Z, 4 is the sum of oy +. ..+, independent ran-

(

dom vectors where «; particles of type ¢ have the generating function ffi) fori=1,...,p.
It is obvious that if Z, = 0, then Z,,;,1 = 0.

Denote f, = fe, . By the above descriptions, (written in equation 2.1 in [10]) for any
5=(5);,0<5; <1

E [SZ"‘Z(), s Don1,s fo, ey fn—l] = fn_l(S)Z”_l

which yields (lemma 2.1 in [10])

B (52§ fuot| = B[220 = 6, for o fut] = S5 (f1Fuoa(5)-0)):

(4)

In particular, the probability of non-extinction qni at generation n given the environment
1675 fs e fa i
af) = P(Zy A Ol fa)
= 1= fg (ilefam1(0))) = & = fo(f1(fu-1(0)..0))), (1)

so that
Elq?] = B[P(Zn # O£, ..., 1) = P(Zy # 01 Z0 = e).

As in the classical one-type case, the asymptotic behaviour of the quantity above
is controled by the mean of the offspring distributions. From now on, we assume that
the offspring distributions have finite first and second moments; the generating functions
fél),g € R,1 < i < p, are thus C?-functions on [0,1]? and we introduce



o1 (1)

of the vector-

1. the random mean matrices M, = (Me, (4,7))1<ij<p =

38j
Y]
valued random generating function f¢,(s) at s = 1, namely
or’ () arY ()
(981 o &sp
orP () arP (1)
(981 o &sp

where 1 = (1,...1)7.
O _ (gt 01,

2. the random Hessian matrices B! = (B (k,1))1<k,<p = (Wg@l(l)>kl’1 <i<p,

of the real-valued random generating function fg(,?(s) at s = 1.
The random variables M, and Béi) are i.i.d.. The common law of the Mg, is denoted
by p and for the sake of brevity, we write M,, instead of Mg, .

Let R,, and L, denote the right and the left product of random matrices My, k > 0,
respectively R, = MoM;...M,_yand L, = My, _1...My M.

1
By [3], if E(max(0,In|Mp|)) < +oo, then the sequence (— ln]Rn\> converges P-
n

n

almost surely to some constant limit 7 := lim —E[In|R,|]. Furthermore, by [10], if
n—+oo n

1 i
there exists a constant A > 0 such that 1 < Mg, (i,j) < Aand 0 < Bén)(k;,l) < A

P-almost surely for any 1 < i,7,k,l < p, then the process (Z,), extincts P-almost surely
if and only if 7 < 0.

In the present work, we will focus our attention on the so-called critical case, that is
m = 0, and precise the speed of extinction of the Galton-Watson process.

We define the cone C, the sphere SP~! and the space X respectively as follows:

C={i=(w1,...,7p) ERP: Vi=1,..,p, 2; >0},

SPl={3:2 €RP |z|=1},and X =CNSP~L.
The semi-group S+ acts on X by the projective action defined by: 7 - g = % for
rg
7 € X and g € ST. On the product space X x ST we define the function p by setting
p(Z,g) := log |2g| for (g,%) € X x S*. This function satisfies the cocycle property, namely

for any g,h € ST and 7 € X,

p(Z,gh) = p(T - g,h) + p(Z, g). (2)

Under conditions H1-H3 which are introduced below, there exists a unique p-invariant
measure v on X such that, for any continuous function ¢ on X,

Moreover, the upper Lyapunov exponent m defined above coincides with the quantity
Jscwe g+ P(Z, 9)u(dg)v(di) and is finite [1].



In the sequel, we first focus our attention to the class H of linear-fractional multi-
dimensional generating functions f¢ which contains functions of the form

1
Je(s) =1-— mMg(l —3),

where ¢ = (7¢, ..., 7¢) € RP with v¢ > 0.

Hypotheses H: the variables f¢ are H-valued and ¢ (resp. the distribution p of the M)
satisfies hypothesis HO (resp. H1-H5), with

HO. There exists a real positive number A such that % < 9 < A P-almost surely.

HI. There exists €g > 0 such that [ |g|®u(dg) < oc.

H2. (Strong irreducibility). The support of p acts strongly irreducibly on RP, i.e.
no proper finite union of subspaces of R? is invariant with respect to all elements of the
semi-group it generates.

H3. There exists a real positive number B such that, p-almost surely, for any and
i, 5, k,l € {1,....,p}:

L _MGj) _p
B = M(k,1) —

H4. The upper Lyapunov exponent of the distribution y is equal to 0.

H5. There exists 6 > 0 such that u{g € G |Vz € C, |z| =1, In|zg| >} > 0.

We now state the main result of this paper.

Theorem 1.1 Under hypotheses H, for any i € {1,...,p}, there exists a real number
Bi € (0,+00) such that
lim /nP(Z, # 0|Zy = e;) = B;.
n—-+4o00

When the f¢ are not assumed to be linear fractional generating functions, we have the
following weaker result:

Theorem 1.2 Assume that the f¢ are C?-functions on [0,1P such that

1. there exists A > 0 such that, for any i,k,l € {1,...,p}

g g
1)< A 1
8Skasl( ) - sy ( )7
N of" .
2. the distribution p of the Mg = ( 8; (1)) e satisfies hypotheses H1-Hb.
<i,j<p
Then, there exist real constants 0 < ¢; < ¢ < +00 such that, for any i € {1,...,p}, and
n>1
1 Cc2
— <P(Z 017y =¢;) < —. 3
\/ﬁ — ( n 7& | 0 el) — \/ﬁ ( )

In particular, under weaker assumptions than Kaplan [10], this theorem states that the
process (Zp)n>0 extincts P-a.s. in the critical case.

Notations. Let ¢ > 0; we shall write f % g (or simply f =< g) when f(x) < cg(z) for any
value of x. The notation f = g (or simply f < g) means f % g % I



2 Preliminary concepts

From now on, we fix B > 1 and denote S = S(B) the semi-group generated by matrices
g =(gij)ij in ST satisfying the condition

B
Gij = 9k, for all1 < i,jakal < b-

2.1 Product of matrices with non-negative coefficients

We describe in this section some properties of the set S*. We first endow X with a
distance d which is a variant of the Hilbert metric; it is bounded on X and any element
g € ST acts on (X,d) as a contraction; we summarise here its construction and its major
properties.

For any z,y € X, we write
T

i =1,...,p such that yi>0}
Yi

m(z,y) = min{

and we set
d(z,y) = @(m(:ﬂ,y)m(y,x))

1—
where ¢ is the one-to-one function on [0, 1] defiend by ¢(s) := 1—+S For g € ST, set
s

c(g) :==sup{d(g - 2,9 -y) | x,y € X}.
We now present some crucial properties of d.

Proposition 2.1 The function d is a distance on X wich satisfies the following proper-
ties:

1. sup{d(z,y) | z,y € X} = 1.
2. for any g = (gij)i; € ST

- |9ij 9kl — Git ;|
c(g) = max ———————.
ig.k0€{1,...p} Gij gkl + GilGk;j

In particular, there exists k € [0,1) which depends on B such that ¢(g) < k < 1 for
any g € S(B).

3. d(g-x,g-y) <clg)d(x,y) <c(g) for any z,y € X and g € S(B).

4. c(gq") < c(g)e(qd’) for any g,¢9" € S(B).

The following lemma is crucial in the sequel to control the asymptotic behaviour of
the norm of products of matrices of S(B).

Lemma 2.2 Under hypothesis H3, for any g,h € S(B), and 1 <i,j,k, 1 <p
g(i,7) Bx2 g(k,1), obtained from [3]. (4)
In particular, there exist ¢ > 1 such that for any g € S(B) and for any Z,y € X,
L. |gz| < |g| and |39] < |g].
2. [ggz| = lgl.
3. |ghl = |gllhl.



2.2 Conditioned product of random matrices

Recall that (M,,),>0 is a sequence of i.i.d. matrices whose law p satisfies hypothese H and
R, = My...M,,—1 for n > 1. Consider the homogenous Markov chain (X,), on X, with
initial value Xg = Z € X, defined by

X,=2 -Ryp,n>1.

Its transition probability P is given by: for any & € X and any bounded Borel function
p: X =R,

Pe(@) = [ ol gutdy)

The chain (X,,),>0 has been the object of many studies, in particular there exists on X a
unique P-invariant probability measure v. Indeed, by Proposition 2.1, for any Z,7 € X,
one gets
d(Z - L,y - Ly) < K" (5)
so that supd(Z- L4k, @-Ly,) — 0 a.s. as n — +00; the sequence (Z- Ly, )p>0 thus converges
k>0

a.s. to some X-valued random variable Z. It follows that the Markov chain (Z - R,)p>0
converges in distribution to the law v of Z, which is the unique P-invariant probability
measure on X. Property 5 allows to prove that the restriction of P to some suitable space
of continuous functions from X to C is quasi-compact, which is a crucial ingredient to
study the asymptotic behavior of (Z - Ry,)n>0 ( [8], [1], [9]).

In the sequel, we deal with the random process (S,), defined by Sy = Sy(Z,a) :=
a,Sp, = Sp(Z,a) := a+In|ZR,|, where Z € X and a € R. Iterating the cocycle property
(2),the basic representation of S,,(Z,a) arrives:

n—1
Sp(Z,a) =a+1n|ZR,| :a—l—Zp(Xk,Mk). (6)
k=0
Let m,, = my,(z) := min(Sy(Z), ..., Sn(Z)) be the successive minima of the sequence

(Sn(Z))n and for @ > 0 denote m,(Z,a) := Pz 4[m, > 0]. Let us emphasize that for
any a € R the sequence (Xn, Sn)n is a Markov chain on X x R whose transition probability
P is defined by: for any (Z,a) € X x R and any bounded Borel function ¢ : X x R — C

Piti.a) = [ (- g.0+ pla.g)nlda).

We denote ﬁ+ the restriction of P to X x R} defined by: for a > 0 and any 7 € X

ﬁJr((j’a)’ ) = 1X><]R*+(')P((j’ a)’ )

From now on, fix a > 0 and denote by 7 the first time the random process (S,,), becomes
non-positive:
7:=min{n >1: S, <0}

For any z € X and a > 0, let us denote Pz, the probability measure on (Q2, F,P)
conditioned to the event [Xy = #,S5y = a] and Ez, the corresponding expectation; we
omit the index @ when a = 0 and denote Pz the corresponding probability.

We now present a general result concerning the behavior of the tail distribution of the
random variable 7; we refer to [6] in the case of product of random invertible matrices



and under general suitable conditions we do not present here. The statement below is
given in the case of products of matrices with non-negative coefficients, it is not a direct
consequence of [6] but the proof is the same, we postpone the sketch of its main steps in
the Appendix.

Under hypotheses H1-H5, the function h : X x R — R} defined by

h(z,a) = lim E;q[Sy;T > n] (7)

n—-400

is P,—Harmonic, namely Ez o [h(X1,51);7 > 1] = h(Z,a) for any £ € X and a > 0.
Furthermore, there exists ¢ > 0 such that

vz e X,Va>0 hZ,a) <c(1+a) (8)
and the function a — h(Z,a) is increasing on R .

The tail of the distribution of 7 is given by the following theorem; the relation wu,, ~ v,

. U
defines lim —= =1.
n—-+oo Un

Theorem 2.3 Assume hypotheses H1-H5. For any @ € X and a > 0,

Pso(m >n) ~ h(Z,a) asn — oo, 9)

oV2mn
where 0 > 0 is the variance of the Markov walk (Sy)n, given in [6]. Moreover, there

exists a constant ¢ > 0 such that for any T € X, a >0 andn >0
VnPzo(T >n) <c(l+a). (10)

Remark. The fact that ¢ > 0 is a direct consequence of hypotheses H2 and H5 (which
implies in particular that the semi-group generated by the support of x is unbounded);
see [1], chap 6, Lemmas 5.2 and 5.3 and section 8 for the details.

3 Proof of Theorem 1.1

3.1 Expression of non-extinction probability

For any 0 < k <n and 7 € X, set Ry, := My...M,,_1 and Ry, := I otherwise. Let
Yin(2) := Ry p - ; the sequence (Y}, n(x)), converges P-almost surely to some limit Y},
which does not depend on z, see [3]. Hypothesis H and (1) yield

S 1AMy M a1 S My My a1 44 ]
éiRnl :

Indeed, recall that f¢(s) are linear-fractional generating functions, it is obvious that

Mo(1 — fi(-.-fn-1(s5)--.))
1+ 9(1 = fi(-. fa—1(s)...))
Mo M (1 — fo(..-fn=1(5)---))
1+ 5%Mo(1 = fa(- fa—1(s)-.)) + 1 (L = fa(oo fa—1(s)-.))

MQ...Mn,1(1 — S)

1 — fo(f1(-fr-1(s)...))

1+ ’S/QMl...Mnfl(]_ — S) + ’ﬁ/le...Mnfl(]. — S) + ...+ ’?nfl(]_ — S)

7



(%)

Substituting s = 0, the expression of ¢’ arrives.
In other words, since we have &; Ry Ry ,1 = ¢; My ... M,_11 for any 1 < k < n, we may

write
n—1 -
(@ = 1 VieYit1n
" €iltnl = EiRLYkt1n
- nzl S — (11)
éanl =0 éiRkYk—f—l,n

In the sequel, we prove that the sequence (qg))n>1 converges almost surely to a finite

quantity qgi,) given by

+oo
1N~ Tk 12

with respect to a new probability measure ]/I\Di-@ introduced in the following subsection
(Lemma 3.2).

3.2 Construction of a new probability measure I/PS;C,G conditioned to the
environment

Since the function A is ﬁJpHarmonic on X x R}, it gives rise to a Markov kernel ﬁﬁ
on X x R defined by

~ 1~
Pi¢ = Pi(hg)

for any bounded measurable function ¢ on X x R}. The kernels 13+ and 134’} are related
to the stopping times 7 by the following identity: for any £ € X, a > 0 and n > 1,
- 1 -~
h ~ ~
(PY)" (&, a) = mpf(htb)(x,a)

1
1
= G @) Ee 9 (Xn, Su)ima > 0].

This new Markov chain with kernel ﬁf allows us to change the measure on the canonical
path space ((X x R)®N ¢(X,,, S, : n > 0),0) of the Markov chain (X,,,S,)n>0 (¥ from P
to the measure P; , characterized by the property that

Ei,a[(p(X07SO7 7Xk7Sk)] - E@G[SO(X07507 ,Xk,Sk)h(Xk,Sk), my > 0] (13)

L
h(Z,a)

for any positive Borel function ¢ on (X x R)**! that depends on X, So, ..., X&, Sk.

49 denotes here the shift operator on (X% R)®N defined by 6 ((xk, sk)k) = (Tk+1, Sk+1)k for any (zx, Sk)k
in (X x R)®N



For any 0 < k <mn,

Ez.alp(Xo, S0, X, Sk)|mpn > 0]

1
= — - X0,50, .-, Xk, 8); 80 >0,8>0,...,5,>0
Bra(mn > 0) #,al¢(Xo, So ks Sk); So 1 n > 0]
1
= —— E:.e(Xo, S0, Xk, Sk); So > 0, Xo, Mp) > 0,
Br (> 0) #,a[(Xo, So k> Sk); So a + p(Xo, Mo)
k—1 n—1
chat > (X M)+ p(Xa, M) > 0)
i=0 i=k
1
= — _E- E[e(Xo, So, ..., Xk, Sk); S 0,....5 0
Pi7a(mn>0) m,a[ [SD( 0520, s ks k)a o>0U, y 0k > U,
Spo*>0,...,8 + S, 00" >0lc(My, ..., Mj_1)]]
1 -
= —— E..le(Xo,S0,..., Xk S
Pi7a(mn>0) Z,a _SD( 0520 k k)
B[S, > 0,...,85 + Sn_ 085 > 0lc(Mo, ... Mx_1)]:mp, > 0}
1 -
= — [~ Xo,50,..., X1, S
Pj7a(mn>0) x@_@( 0540, y ks k:)
Px, s, (So 00k > 0,...,8— 00k > 0);my > O}
1
= —E; Xo,50,..., Xk, Sp)P —k); 0].
Pj7a(7'>n) :v,a[SD( 0520, y Ak k‘) Xk,Sk(T>n )7mk‘> ]

Hence,
Ez.q [¢(Xo0, S0, - ., Xk, Sk);mpn > 0] = Ez [0(Xo, S0, - - . s Xp, Sp)my, (X, Sk); mi > 0].(14)

Moreover, in view of Theorem 2.3, the dominated convergence theorem and (14), we obtain
for any bounded function ¢ with compact support,

lim Eia[(p(XQ,SQ, R ,Xk,Sk)\mn > O]

n—-+4oo
1
= E- X X X :
G z,al9(Xo0, 50, - - -y Xp, Sk) (X, Sk);my, > 0]
- Ei‘,a[(p(‘Xba SO; e 7Xk7 Sk)]7 (15)

which clarifies the interpretation of @j,a. Using [6], it follows that

vn Egqle(Xo, So, -y Xig, Sk) (X, S); my > 0]
vn —k h(i.7 a) ‘
Hence when n tends to 400, (15) arrives.

Now we formalize in three steps the construction of a new probability measure, denoted
again Pz ,, for each 2 € X and a > 0, but defined this time on the bigger o-algebra

Ez ol¢(Xo, S0, - .., Xk, Sk)|mp > 0] ~

0(fn:Zn : n > 0). Retaining the notations from the previous parts, the measure Pz , is
characterized by properties (13), (16) and (17).

Step 1. The marginal distribution of ﬁj,a on 0(X,,S,:n>0)is ]/I\”ia characterized by
the property (13).



Step 2. The conditional distribution of (fy)n>0 under an given Xg = 39 = 7, X; =
i, S0 =s9=a,S; = S;,... is

]/I\Di,a(fk € A, 0 <k <n|X;=12;,5 =s;,i>0)
=P(fr € A,0 < k <n|X; =3, 5(%) = 4,1 > 0), (16)

defined for almost all (Z;); and (s;); with respect to the law of ((X,,)n, (Sp)n) under P (and
also under @g,a since I/P\):,;,a is absolutely continuous with respect to P on o ((Xy,)n>0, (Sn)n>0)),
for any measurable set Ay.

Step 3. The conditional distribution of (Z,),>0 under I/P\):,;,a given féz), f1,... is the same
as under P, namely

Ei,a [SZ"‘Zo,...,Zn_l, O(i),...,fn_l] = fn_l(S)Z"71

= E |:SZ"|Z0, ey anl, féz), . fnfl] . (17)

3.3 Proof of Theorem 1.1

For any # € X,;a > 0 and 7 € {1,...,p} let us denote IF’g)a the probability measure on

(Q, F,P) conditioned to the event [Xg = &,5¢) = a,Zy = i| and E;(zl,)a the corresponding
expectation.
We separate the proof in 4 steps.

1. Fix p>1,2€ X and a > 0, we prove that the sequence (IP’g)a(Zn # 0lmpn > 0))n>0

converges as n — +00 to hr_rFl P o(Zm #0).

2. We identify the limit of the sequence (I/P\)g)a(Zm # 0))m>0 and prove that it belongs
to Ry .

3. We get rid of p and prove the sequence (y/n ]P’ ‘o(Zn # 0,my > 0))n>0 converges in
R as n — +oo, for any a > 0.

4. We achieve the assertion by letting a — +o00.

Step 1. Fix 0 < m < n. Using (14), then conditioned on O'(foi yees fm—1), finally 1, S

and my, (X, Sp) are measurable with respect to a( cey fm—1), we may write
PO (Zin # 0,mpn > 0) = PY [Zyy # 0,10 > 0, M (X, S
= Eia [E(l[z 20) L0/ (X Sm) | £, afm—l)}
= Eig [P(Zm 2O, oy Fon1) L 0] Mg (Xom, Sm)]
= Ezq [q,(fb),mpn > O] (18)

so that, by (15), since 0 < m < n is fixed

~

Jim P (Zn # 0lmpn > 0) = lim Es, [qﬁg)\mpn > 0} = Bsa [q,é,?] =BV (Z, #0).
(19)

10



To get the similar result with n instead of m, we write, for 0 <m <n

Pzg':i,)a(zn 7é O‘mpn > 0) = ]P’(;,)G(Zn 7é 07 Zm 7& O‘m/m > 0)
= PY) (Zu # Olmpn > 0)
PV (Zin # 0, Zy = Olmpm > 0).  (20)

The first term of the right side of (20) is controled by (19); for the the second term, we
use the following Lemma.

Lemma 3.1 Foranyp>1,z€ X and a > 0,

lim sup lim sup Pg)a(Zm #0,Z, =0|m,, > 0) =0.

m—-+00 n—-+0oo

Therefore, by taking limits over n and then m in (20), it follows that

lim sup IP’(;)G(Z,L # 0lmp, > 0)

n—-+o0o

= limsup limsup IP’(;)G(Zm # 0|m,y, > 0) — limsup lim SupP:g)CL(Zm # 0,2, =0/m,, >0)
m——+00 n—+oo ’ m—-+00 n—-+oo ’

= limsup limsup IP’(;’)G(Zm # 0|m,, > 0)

m—-+00 n—+00

= limsup @g,)a(zm # 0). (21)

m—-+00

Step 2. By (15), we know that the sequence (I/P\)g)a(Zm # 0))m>0 converges; its limit is
given by the Lemma 3.2 below.

Lemma 3.2 For any T € X and a > 0,

lim PV (Zin # 0) = Ez,q). (22)
Moreover, the following lemma deduces that the quantity v(z,a) := Eﬂaq(@ does not

vanish as m tends to oo.

~

“+o00
Lemma 3.3 Forany#€X anda >0, Ez, Y. e < +o0.
n=0

Since 7y, are bounded and Y41, € CN SP~1, by using Lemma 2.2 property 2), that is
to say |ZRy| =< €;R,Yy 41,00, Lemma 3.3 implies IAEj,aqéQ < 400 and Iﬁja(jLzoo e~5n)71 > 0,
which yields 0 < v(Z,a) < +oo for any a > 0. i
Step 3. For p > 1 fixed, we decompose P(iL(Zn # 0,my, > 0) as Pi(p,n) + Px(p,n) with

:27

Pi(p.n) = PV (Zy #0,my > 0) =P (Z, # 0,mp, > 0)
and Py(p,n) := Pg)a(Zn #0,mpp > 0).

Next, we get rid of p. Theorem 2.3 states that, as n — +oo

1
/pn

Pz o(mpn > 0) = Pz o(T > pn) = mp,(Z,a) ~ c1h(Z,a)

11



so that on one hand

Pip,n) = PU(Zy#0,7 >n) — PV (Z, # 0,7 > pn)

= P
< Pi,a(n <7< pn)
= Pio(r >n) —Pi(r > pn)
(Z,a) 1
~ ——) as n— 4o 23
=) (23)
and on the other hand, from (21) and (22),
(4) - N 1
Py(p,n) =P, (Z, # 0|7 > pn)Pz o(T > pn) ~ c1h(Z,a)v(Z,a as n — +oo.
(p;n) al | )Pz a( ) (Z,a)v(Z,a) N
(24)
Hence, (23) and (24) yields
. (i) L .
nll)I_’I_loo VP (Zn # 0,mpy > 0) = nll)rilm VnPi(p,n) + nll)rilm VnPs(p,n)
- 1 1, -
= ch(z,a)(1 — —)+ —=h(z,a)v(z,a).
(%, a)( \/ﬁ) NG (#,a)v(Z,a)
1
The factor (1 — 7) in (23) can be made arbitrary small by choosing p sufficiently closed
D
to 1. Thus
lim VP (Z, #0,m, > 0) = eih(Z,a)v(z, a). (25)

Step 4. For any a > 0, we may decompose P®)(Z, # 0) as
PO(Z, # 0) =PV (Zy # 0,my > 0) + PV (Z, # 0,my, < 0). (26)

The first term of the right side of (26) is controled by (25). For the second term, we write

Pg,)a(zn #0,m, <0) = Ezq [E |:Zn i O‘f(i)7 ---afn—l] ;Mp, < O]
— IE:}B,a [C]f@i);mn < O} .
Now, it is reasonable to control the quantity qg ); using Lemma 2.2, one gets
n—1

; 1
(i)y—1 _ Yk
q = = + 5 v
( " ) eiRnl P eiRkYk—f—l,n

Tk 1
max =5/ < mMax =5
0<k<n—1 { €iRLYit1m } 0<k<n—1 { |z Ry| }

1

exp {Oglglglg_l(a +1In |ka|)}

v

Y

12



Hence qg) = exp(m,(Z,a)) and by applying Theorem 2.3 equation (10), the second term

of the right side of (26) becomes:

P, (Zn # 0,mn <0) = PY(Z, #0,my, < —a)

= Ezlexp(my);mn, < —al
“+o00o
< Ze*’fpj(—k <mp < —k+1)
k=a
“+o00
< Zeikpfmk(T >n)
k=a
1 X
—k
= ﬁZ(kH)e : (27)
k=a
+oo
Notice that the sum Z (k+ 1)64C becomes arbitrarily small for sufficiently great a. Hence
k=a
the quantity lim sup \/EIP)EEZ)Q(Z,L # 0,m, < 0) is over approximated by the same manner.
n—-+o0o ’

On one hand,

c1h(@,a)o(F,a) = lim /nPY)(Z, #0,my > 0) < Jim VnP®(Z, #0).

n—-+400

On the other hand, by (25), (26) and (27), we have for some constant ¢ > 0,

ah(z,a)v(z,a) = nETOO \/EIP):(;,)OL(Z,1 #0,my > 0)
= lim [VaP"(Z, # 0) = VAP, (Zy # 0,my < 0)]
n—-+0o0 )
+oo
> limsup[v/nP" (Z, #0) — cZ(k‘ +1)e "],
n——+0o00 k—a

which implies

+oo
a1 h(Z,a)v(Z,a) + cZ(k: +1)e ¥ > limsup v/nPY (Z, # 0).
k—a n—-+00
+o00
Since Y (k + 1)e ™ < 400, for any € > 0, we can always choose a to be great enough so
k=0

+0o0
that ¢ > (k+ 1)e™* < . Hence, for any ¢ > 0,
k=a

cah(z,a)v(z,a) < 1712141_1;12’ VnlP(Z, #0)
< limsupvnP(Z, #0) < c1h(Z,a)v(Z,a) + ¢ (28)

n—-+400

if only a is chosen great enough. Remind that v(Z,a) > 0 for any a > 0 and h(Z,a) > 0
for a large enough; by (25) the quantity h(Z,a)v(Z,a) is increasing in a, hence g :=

13



¢ lim Ah(Z,a)v(z,a) is strictly positive. For any € > 0, by (25), it follows that

a——+00

0<p = lim ch(z,a)v(z,a)

a—r+00

= lim lim \/_IP’()(Z #0,m, > 0)

a—+00 n—-+400

< lim limsup /nP%(Z, #0)
a—+00 ptoo
< limsup vaP%(Z, #0)
n—+o0o
< cah(z,a)v(T,a) + e < +oo. (29)

Therefore, from (28) and (29), the assertion of the theorem arrives.

3.4 Proof of Theorem 1.2
First, for any n > 1 and s = (s1,...,sp), we denote F,,(s) = fo(fi(... (fa=1(s))...)).
By definition of q,(f ), we have for any 0 < m < n,
qg) = &;(Fm(1) — Fin(2)),

where z = z(m,n) = fi (... (fn=1(0))...). The Mean Value Theorem yields

IN

Ei(Fp(1) — F(2)) as] (1—2)t )dt> (1 —2)

<

(0
£

( )
= eZMO Mm,ll.
Therefore, using Lemma 2.2, we have for any 0 < m < n and z € X,
D <&My... My 11 = |ZR,,| = exp(S,,(Z,0)),
which yields q,(f) =< exp(m,(Z,0)) and
Elgf)] = E[m@0] = Eyfem].

Using the same trick like in (27), we can deduce that there exists a constant ¢y such that

C2

%,

Ez[e™"] = Ez[e™™;m, < 0] ~
and thus the upper estimate in equation (3) arrives.

To obtain the lower estimate in (3), for any R-valued multi-dimensional generating
function f(s) , s = (s1,...,8p)7, we obtain (see for instance formulas (64) and (65)

n [12])
p an -1

f<s>g1—(z§—;‘;<1><1—si>) 14 SNCY

=1

14



Me(1 — ~
We set ge(s) = 1 — M, where M, is the mean matrix of f¢(s) and I'y =
14Te(1—s)

(A,..., A). Denote ge,(s) = gn(s). Applying inequality (30) with f = fg(i), we may write

fél)(5)§g§Z)(S)’ izl""’p’

which yields

E[1 = go(g1(-- - (9n-1(0)) .. )] S E[X = fo(f1(- .. (fa-1(0))...))]- (31)

The lower estimate in equation (1.2) appears by applying Theorem 1.1 to the left side of
equation (31). Therefore, the assertion of the Theorem 1.2 arrives.

4 Proof of facts

We first give some hints for the proof of Lemma 2.2. Lemmas 3.1, 3.2 and 3.3 are listed
in the order of our use; since they are dependent, we first prove Lemma 3.3, then Lemma
3.2 and at last Lemma 3.1.

4.1 Proof of Lemma 2.2
First, we obtain (32) by formally using (4)

P

o= i) "L gk D). (2)

i,j=1

Further properties can be easily deduced from (32). Indeed, the assertions we need are
obvious by noticing that
p p3B2

gzl =Y g(i.i)z; =< lgl,
ij=1
b 2 D2
- .. p°B
jgr =>_ wigli,j)z; = |gl,
=1
p

Ny, P B
ghl = > g(i,/)h(j. k) "= |gllhl.
ij k=1

4.2 Proof of Lemma 3.3

Before going into the proof, we first claim that in the critical case, for any § > 0 and
¢ given from Lemma 2.2, there exists k = k(d,c) > 1 such that

p(Es) = p{g: vz € X, In|zg| > 6} > 0. (33)
Indeed, let 7/ := inf{n > 1 : In|R,| > Inc + ¢}; the random variable 7’ is a stopping
time with respect to the natural filtration (o(Mo,..., My))r>o and P-a.s. finite since
limsupln|R,| = +oo.
n—-+oo

15



Therefore, for any 6 > 0 and ¢ given from Lemma 2.2, there exists x > 1 such that
P(7" = k) = p > 0. Moreover, we also have
P(ln|Rs| > Inc+46) > P(n|Ri|>Inc+d,7 =k)
= P(n|Ry| >Inc+6,7 =r)
= P(r'=k)=p>0.
Since for any = € X, g € G, |gz| > % , it follows that
{g:In|g| >Inc+d} C {g:Vz € X,In|Zg| > d}.
Thus,
0<P(n|Ry| >Inc+0) =p"{g:In|g| >Inc+ 0} < u*{g:Vz X, In|zg| > d},

which is the assertion of the claim (33).

Now, let us go into the proof of Lemma 3.3. For any z€X,a>0and A € (0,1),
there exists some constant C'(\) > 0 such that (¢ 4+ 1)e™" < C(A\)e™ for any ¢ > 0 and ¢
is introduced in equation (8). Hence

+00 +oo
E:a L;e—sn] < 1+ h(x% ZEM [e™ 5" 1(X,0, S0); S0 > 0., Sy > 0]
< )ZEM [ (14 8,); 80 > 0,..., 8, > 0]
cC(A) "
< %G)ZEM{ AS7SO>O,...,Sn>0]

h(
C(\ _
< 1+;(j(,a))ZEm[ An. G >0, Sn>0]

Now, we define a function ® for any z € X and a € R as follow:
+oo
5a)i= > Es [e*ASn;Sl >0,....5, > 0}.

Notice that Sp := a with respect to Ez , for any & € X, we may skip the event [Sy > 0] for
any positive a. This is a trick to deal with our problem since ®(Z,a) = 0 whenever a < 0
and we can not do anything more. Hence, it suffices to prove for any Z € X and a € R,

®(Z,a) < +o0, (34)

and the assertion of Lemma 3.3 arrives for a > 0.

Notice that for any Z € X, the function ®(z,.) increases on R. We take into account
the spirit of the strategy of the proof of Lemma 3.2 in [5]. In the multi-dimensional
case, it is more complicated to apply the duality principle, namely £(My, My, ..., M,) =
L(M,, ..., My, My) , and we can only prove that for some ay < 0, the quantity ®(Z,aq) is
finite. Unfortunately, ®(Z, ap) may vanish and then we can not say anything else about
®(Z,a) for a > ag. To avoid this difficulty, we skip the first x steps by introducing the
functions ®,, associated with the ™ power of convolution p** of yu. For any 7 € X, a € R,
let

16



+oo
(@, a) = Es [e_’\s"“; S >0, Sy > 0].
n=1

The relation is that ®(Z,a) < ®,(Z,a) for any & € X,a € R. Then, by using the duality
principle, we bound from above ®,(Z,a) by a new quantity W, (Z) defined below for any
Z € X and a € R. Finally, we prove V(%) < +oo by using the ascending ladder epochs
associated to the Markov walk (Ly,-z,In |L,x|),>0 and the Elementary Renewal Theorem.

We set Ly = 0 and denote L, := M,_1...My the left product of the matrices
My, ..., M, when n > 1. For any = € X,a € R, let

400
U (F) = ZEDLMH; L] > Loty | L] > 1].

n=1
Property (34) is a direct consequence of the four steps following:

1. For any k > 1, there exists C'(k) > 0 such that, for any Z € X and a € R,
B(7,0) < C(R)(1 + By(F,a).

2. If there exist some k > 1,%o € X and ag < 0 such that 0 < ®,(Zg,ap) < +00, then

Vi eX,VaeR D, (z,a) < +oo.
3. There exist C7 > 0 and a; < 0 such that for any x > 1, Z € X and a < a;
C
D, (Z,a) X U(Z).

4. For any k > 1 and 2 € X
U, (T) < +o0.

Roughly speaking, on one hand, for any ag < a; < 0, we can always choose some §g such
that 09 > —ag > 0. For each dp, there exists ko > 1 such that P(Iln [ZR,,| > do) > 0 (see
(33) above). Since dyp > —ag, we have P; ,(S., > 0) > 0, which implies ®,_ (Zo,ag) > 0.
On the other hand, since ag < a1, step 3 and step 4 yield @, (Zo,ap) < +0c0. Therefore,
we can apply step 2 and it yields ®,(Z,a) < oo for any Z € X and a € R. Finally, thanks
to Step 1, (34) arrives.

Step 1. It is easy to see that

k—1 +oo k—1
®(7,0) < D Eale ]+ Y Eaale 718, >0, S > 0
r=1 n=1r=0
Kk—1 +o0 k—1
< ZE;; [eiAST] + ZEj,a [eiAS"“; S, >0,...,5,. > O} X ZsupEg,a [ef)‘ST}
r=1 n=1 r=0 yex
k—1
< (S supBya [ ] (1 + 2ula,a),
r—0 yeX

k—1
which yields to the expected result with 0 < C'(k) = Z sup Eg o[ ™" < +o0.
r=0 yex
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Step 2. The inequality ®,(Zo,ap) > 0 implies that P(In [ZoRx| > —ap) > 0; we thus fix
d > —ag > 0 and k > 1 such that p**(Ejs) > 0. Since ag < 0, this property may hold only
when k is large enough; this happens for instance when the support of y is bounded.

To simplify the notations, we assume that —ag < & where ¢ is given by H5. We set x = 1

and write

—+00
O(ig,a0) = Y E[FoRn| i |ZR1| > e ™™, .., [#0Ry| > €]
n=1
+oo

/ S [[0gRral ™ l0g] > e o Rl > ] u(dg)
{9€G:|zog|>e~ %0} n—o

400
> [ > ElsogRial ™
E

Vv

6 n=2
lGogl > € > e, [FogRia| > ¢, .., [f0gRun| > ¢~]pu(dg)
“+o00
— / Fog ™ 3 E[I(Fo - ) Ron|
Es m=1
(Fo - g)R1| > e~ 0 M08l |(y - g)Rpn| > =90 F00l]u(dg)
— /E 1Fog] > ®(Z0 - g, do + In [70g])u(dg)
)

> / |Zog| @ (&0 - g, a0 + 6)u(dg).
Es

Consequently, if ®(Zg,ag) < +oo then ®(Z¢ - g, a9+ ) < +oo for p-almost all g € E5 and
by iterating this argument, there thus exists a sequence (gj)r>1 of elements of Es such
that

Vk>1, ®(Zo-g1--- gk, a0 + kd) < +o0.

By Lemma 2.2, for any Z,7 € X and a € R
+o00
®(Z,a—Inc) < A ZE[|Rn|_)‘; IR >e % ... |Ry| > e % < P0(f,a+1nc);
n=1

it follows that, by choosing k sufficiently great such that ag + kd > a + 21n ¢, we have

O(z,a) < P(To- g1 - gr,a+2Ine) < P(Tp- g1 gk, a0 + kd) < +00.

Step 3. For any 0 < k£ < n, denote L, := My,_1... M}, and L, = I otherwise. Let
¢ > 1 be the constant given by Lemma 2.2. For any € X and a € R, by using Lemma
2.2, we may write

+o0
®,.(7,a) = ZIED:ERMF’\;@?R,J > e, ..., | Rl >e*a}
n=1

IN

AN 5\ e e
c ZE[\RM\ Rl > — . [ R| > — ]
n=1
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so that, by duality principle and Lemma 2.2,

)\Jroo A e @ e @
‘IDK(.%',G) < c Z:lE |:‘L7m‘ ; Lnn,(nfl)n‘ > 77 SRR ’Lnn‘ > 7:|
n=

400
—\ (&
= C)\ZE[|L71H| ;‘an,(n—l)m‘ X ‘L(n—l)n{ > ‘L(n—l)m{ Ta
n=1
e—a
ooy | Lnw| > —]
c
T A e " e "
< ¢ ZE |:|Lnli| ;|Lnli| > ‘L(nfl)li‘ 0—2’ RS |Lnli| > 0—2]
n=1
too N e—a e
< ZlE [[me\_ i | Lnx| > {L(n_l),@x‘ 0—4,...,\me\ > a }
n—=
Consequently, setting a; := —4Inc and using the fact that the map a — ®.(%,a) is non

decreasing for any a € R, one may write ®,(Z,a) < ¥(Z) as long as a < a;.

Step 4. To simplify the notations, we assume here x = 1; the proof is the same when
k> 2. For any & € X and n > 0, set X/, := L,, -z and S}, := In|L,z|; the random process
(X],8] )n>0 is a Markov walk on X x R starting from (z,0) and whose transitions are
governed by the ones of the Markov chain (X),>o on X. To study the quantity ¥(z),
we follow the strategy developed in the case of one dimensional random walks on R with
independent increments and we thus introduce the sequence (7;);>0 of ladder epochs of

(S!)n defined by

n =0, Nj+1 = 77j+1(1‘) = min {n >1njt In ‘an" > In ‘Lnjx{} , 5 >0.

For any z € X, one may write

+00
U(E) = YR [La[ 352 10 =)

n=1

_ iﬂ«: [|Loy 7). (35)

400
Let Q' denote the transition kernel of the Markov walk (X}, 5),), and G¢/ = Z Q"
n=0
its Green kernel. The sub-process (th, , 51’7], )j<o is also a Markov chain, its transition kernel
Q;, is given by: for any bounded Borel function ¢ : X x R — C and for any z € X, a € R,

Qué(x,a) = E[o(X) ,a+ S, )Xy =z]

—+00
= ZE [QS(Ln “x,a+In |Lnx|);"71 = n]
n=1

+oo
= > E[¢(Ly - x,a + In|Lya|);
n=1

|Liz| <1,-++,|Lp—1z| < 1,|Lpz| > 1].
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Let G, denote the Green kernel associated with the process (Xj .5 );j>o0; by (35)
400
1+9(7) = Y E {|Lnjx|_)‘}
=0
—+00 ‘
= > | [ @) (2.0).dyd)
oIxJr

- /X /Re)\aG;v((x,O),dyda).

The Markov walk (X}, S!,)n>0 has been studied by many people (see for instance (3], [§]
or [6]). All the work are based on the fact that the transition kernel of the chain (X)), has
some “nice” spectral properties, namely its restriction to the space of Lipschitz functions
on X is quasi-compact. In particular, it allows these authors to prove that the classical
renewal theorem remains valid for this Markov walk on X x R as long as it is not centered,

1
that is 7 = lirf —E[ln|L,|] # 0; in this case one may prove in particular that, for
n——+0o0

any & € X, the quantity G¢/((x,0),X x [0,a]) is equivalent to % as a — oo [8]. For
the behavior as a — +oo of G} ((,0),X x [0,a]), the situation is way different. On one
hand, it is easier since for any j > 1 the random variables S;U are strictly positive, one
might thus expect a similar result; on the other hand, the control of the spectrum of the
transition kernel Q% remains unfortunately unknown in this circumstance, in particular
the transition kernel Q% does not even act on the space of continuous functions on X !

Nevertheless, we have the following weak result with the postponed proof at the end
of this subsection.

Fact 4.1 There exists C' > 0 such that for any 2 € X and a > 0

+o0
G ((2,0),X x [0,a]) = Y "P([ln|Ly,z| < a) < Ca.
j=0

It follows that

119@) = [ [ 6 (@0, dyda)
“+o0

< e Ze*A“G%((aE,O),X X [a—1,a])
a=1
400

< e Ze_MG%((:C,O),X x [0, al])

a=1

400
< C’e’\Zae*)‘a < +o0.
a=1

To complete the proof of Step 4, it remains to prove Fact 4.1. First, by definition of FEy,

for any 7 > 0 and Z € X, we may write ST,?;’H — 51’7], > 01g;(My,); setting € := 1g;(M,,),
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this yields S; > d(o + ... +¢€;-1) so that

+oo
Gy((2,0),X x [0,a]) = Y P(X) €X,8; €[0,d)|X( =)
j=0

IN

+oo
S [10,4(S7,)1 X6 = 2]
j=0

+oo
< ) E[lpg(8(so +---55-1))] -
=0

To conclude, we use the fact that (¢;);>0 is a sequence of i.i.d. random variables; the
Elementary Renewal Theorem for the Bernoulli random walk process [(eg +...4+¢j-1)];>0
implies

“+o00
Gp((2,0),X x [0,a]) < E |Y 1o q(leo+...+£-1)| Za
j=1
To check that the ¢; are ii.d., we set E° = G\ E;,E' = Es and we fix k£ > 1 and
€, ... e € {0,1}; since [go € E,...,gn, , € E*-1,m = ny,--- ,n, = ny| belong to
(90, ,9n,_,), a straightforward computation yields
Pleo =e€o,....en =ex) = P(go € EY,... gy, € E%)
= Z P(QOEEeoagm EEEI,---,gnk eEeka
1§n1<...<nk
M=, M = )
= Z P(906E607gn1 6E617"'7gnk_1 6E6k717
1<ni<...<ng

m=mni, -, =ng) X P(gn, € EY%)
= P(go € E,...,gn,_, € E*)u(E*)

and the assertion arrives by induction.

4.3 Proof of Lemma 3.2
We claim that

lim E;
n—1>r—|I—100 ,a
By definition, the quantities qg) are always less than or equal to 1. Therefore, (36)

implies that the same property holds @i,a—almost surely for qé?. Hence, qg ) _ qc(i))

@ =@ =0 (36)

|

~

N —1 N o—1
@) — (@) ' Using (36) again, we find that lim Bz

)

@ _ @)

< qn” — goo

i) (i N N
a2 - @)

0. In particular,

which is the assertion of (22). Finally, it remains to verify (36). From (11) and (12), for
any 0 <1 < n, it follows that

-1 =
(i) —1 _ (i) 71‘ < 1 Yk - Yk ' L'
q q < Iz T2z z T2z '
( n ) ( oo) e R,1 ];) eiRkYkJrl,n eiRkYk+1,oo ; eiRkYk+1,oo
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Taking expectations with respect to Pz ,, we obtain

=~ )\~ N 1 (i N Vi o
Eiol(@™)  —(¢) | <E; E; -
sa |(@n’) (4) | < Bz eiR,1 +k§0 e R Y 1 EiREYi41.00
S et
+ T -~ - ~- |-
= € REY ki1 00

Let us denote A,, B, and C), repectively as below,

~ 1

A, = E;

" DR,

i OPN €l (Yit1n — Yis1

Bn:ZEfg,a Yk ~Z ( +,n~ +7OO) 5
k=0 (€iRkYk11,n) (€ RLY k4 1,00)
10~ Yk

Cr= > E;

By using Lemma 2.2, it is obvious that Lemma 3.3 implies
“+oo
S Ba [IRil™] < +o0.
k=0
Besides, it is also an immediate consequence of Lemma 2.2 that

-~ 1
AnjEm,a|R |,
n

‘% EiRL(Yit1,n — Yit1,00) ‘< 1
(EiRkYkt1.m)(EiREYi11,00) | — |Ri|’

+ooA 1
Cn j ZEm,a—-
— Ry

(38)

(39)

(40)

Hence, (37) and (38) implies A,, — 0 as n — oo. For B, using (37), (39) and the fact
that Y, — Y} o P-almost surely, we may apply the Dominated Convergence Theorem.
Thanks to (37) and (40), C; can be made arbitrarily small by choosing [ sufficiently great.

4.4 Proof of Lemma 3.1
Assume 0 < m < n. Using first (18), (14), and then (9), we find that

P(;L(Zm 7£ 0,2, = 0|mpn > 0)
= P (Zon # Olmpn > 0) = PY) (Z, # Omp > 0)

B A
1

= ———E; (i) _ () ‘
Pi’,a(mpn > 0) ]E:L',a |:(q7n q” )m(p—l)n(Xm Sn), mn > 0]

\/ %h(:ﬁl, a) Eza [E [(qu) - q,(f))h(Xn,Sn);mn > 0[50, ...,SnH
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Since 1y, ~0) and h(Xy, Sy) are o(Sp, ..., Sy, )-measurable, by (13) and (19), we can observe

that
E[qﬁi — 180, 8 H

B, (Zn # 0) = B, (Z0 £ 0)] .

Now let first n and then m tend to +o00. By applying Lemma 3.2, the assertion arrives.

5 Appendix: sketch of the proof of Theorem 2.3

We adapt here the proof of [6] in our setting. Identity (6) may be rewritten as

n—1
Sn(#,0) = a+1n|iR,| =a+ > p(Yi) (41)
k=0

with Y, = (& - Rg, M),k > 0. The process (Y,),>0 is an homogenous Markov chain on
(Q, F,P) with values in the product space X = X x S, with initial distribution d; ® u
and transition operator ) defined by: for any (Z,g) € X and any bounded Borel function
p: X —C,

Qo(T,9) = /S+ (- g, h)pu(dh).

The probability measure A(dZ dg) = v(dz) u(dg) on X is stationary for the Markov chain
(Yn)nZO-

For any a € R, the sequence (Y, Sp)n>0 is a Markov chain on X' x R whose transition
probability Q is defined by: for any ((Z,9),a) € X x R and any bounded Borel function
Yv: XXxR—=C

Qv (3, 9), / O((E - g.h),a+ p(E, g))(dh).

The operator @+ is the restriction of Q to X x R} and by 7 := min{n >1: S, <0}.
the first time the random process (S, ), becomes non-positive.

Denote by Pz 4 the probability measure generated by the finite dimensional distribu-
tions of (Y3,),,5, starting at Yo = (%,9) € & and by E(z ) the corresponding expectation.
Similarly Pz 4y , denotes the probability measure generated by the finite dimensional dis-
tributions of ((Yn, Sn)), o starting at (Yo, So) = ((Z,9),a) € X and by E¢z ) , the corre-
sponding expectation.

Equality (41) states that S, (Z,a) may be decomposed as a sum of the values of p along
the trajectories of the Markov chain (Y},),>0. This is in this context that is stated in [7]
a weak invariance principle for a one dimensional Markov walk with a control of the rate
of convergence, which is the key ingredient to control the tail of the law of the entrance
time in R~ of the process (S, (%, a)),>0. We emphasize that the quantity p(Z,g) cannot
be expressed in term of the point Z - g, so that S, (Z,a) may not be decomposed as a sum
along the trajectories of (X,,),>0, this explains why we have to introduce the new process

(Yn)nZO .
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We follow now step by step the approach developed by these authors in the context of
product of invertible matrices.

The operator @ acts on the space C(X') of continuous bounded functions f : X — C
endowed with the supremum norm

|floo = sup |f(g,Z)|
(g,2)eX

In this Appendix, we verify that the restriction of @ (and also a family of pertubations of
@) to some Banach subspace B C Cy(X) satisfies some spectral gap properties M1-M3 to
be introduced below; for more details we refer to [11]. Under these properties and some
additional moment conditions M4-M35 stated below, we have established in [7] a Komlos-
Major-Tusnady type strong approximation result for Markov chains (see Proposition 3.3)
which is one of the crucial points in our proof and the one of the main results in [6].
The conditions M1-M5 also imply the existence of the solution 6 of the Poisson equation
p = 0 — Q0 which is used in the next section to construct a martingale approximation of
the Markov walk (Sp,)n>0.
Let us now define the Banach space B. For any fix € > 0 and f € Cp(X) set

[f (g, %) — f(9,9)| £ (g, %) — f(h, T)]
k-(f) = sup —— + sup
(/) @7 d(z,9)¢|g]*e sex |9 — —H|[g[>|h|3
geSY g#h

The space B = B. :={f € Cp : k-(f) < +o0o} endowed with the norm

[fl8 = [floo + ke(f) (42)

the space B becomes a Banach space and also a Banach algebra. Denote by B = L(B,C)
the topological dual of B equipped with the dual norm | - |z .

Using the techniques of the paper [11], it can be checked that under H1-H3 the con-
dition M1 below is satisfied:
M1 (Banach space):

i) The constant functions belongs to B.

ii) For every (z,g) € X, the Dirac measure (3 4) belongs to B' and its norm is < 1.

iii) B C LY(Q((2,9),-) for every (Z,9) € X

iv) There exists a constant ny € (0,1) such that for any t € [—ng,no] and f € B the
function €*? f belongs to B.

Condition M1 iii) implies that Qf is well defined for any f € B; it follows from M1 iv)
that the perturbed operator Q;f = Q(e'” f) is also well defined on B for any ¢ € [—ng, 10].

Combining techniques from [11] with the contraction property 2 in Proposition 2.1, on
can check that the following conditions M2-M3 are satisfied:
M2 (Spectral gap): The operator Q on B may be decomposed as Q) = II + R where 11
is a one dimensional projector on the constant functions space and R is an operator on B
with spectral radius < 1

Notice that ITf = A(f)1 for any f € B.
M3 (Perturbate transition operator): There exists a constant C = Cg > 0 such
that

Vn > 1,Vt € [-no,m0]  |Qf|s < C.

Using H1, we readily deduce the conditions M4-M5 below:
M4 (Moment condition): For any p > 2

sup supEgp)\p(Yn)\p < +00.
@glex n>1 "7
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M5: The stationary probability measure \ satisfies /sup Q"p*(z,9)\(dg dF) < +oo.
n>0

In summary, under hypotheses H1, H2, H3 and H4, the conditions M1-M5 are satis-
fied. The proof of Theorem 2.3 is decomposed in several steps.

First M1-M3 allows to construct a martingale approximation of the sequence (M, (Z, a))n>0
base on the existence of a solution in B of the Poisson equation p = (I —Q)¢ (see [6] section
4).

Conditions M1-M4 yields to the fact that the function V' on & x R* defined by

V((@,9),a) = lm E(gg.a (S >n)

for any (z,9) € X and a > 0, is @+7Harmonic. Comparing the forms of the operators P
and @ implies that V ((Z,9),a) = h(Z - g,a + In|Zg|). Hypothesis H5 is needed to prove
that this function V' does not vanish on X x R™T.
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