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ABSTRACT. An existence result for differential inclusions in a separable Hilbert space
is furnished. A wide family of nonlocal boundary value problems is treated, including
periodic, anti-periodic, mean value and multipoint conditions. The study is based on an
approximation solvability method. Advanced topological methods are used as well as a
Scorza Dragoni-type result for multivalued maps. The conclusions are original also in
the single-valued setting. An application to a nonlocal dispersal model is given.

1. Introduction. The paper deals with the nonlocal problem
2'(t) € F(t,z(t)) for a.e. t € [0,T]

z(0) = Mz L

in a separable Hilbert space H where F': [0,7] x H — H is a multivalued map (multimap)
and M: C([0,T], H) — H is a bounded linear operator. The investigation of periodic, anti-
periodic, mean value and multi-point solutions is included. The multivalued framework can
be motivated by the introduction of control terms into the process, by the appearance of
jump discontinuities or by an incomplete knowledge of the model as in Section 3. Advanced
topological methods were recently used for the study of (1), based on suitable topological
degrees (see e.g. [1], [8] and [10]). Recent results in this context can be found in [3], [4],
[6], [7], [8] and [12]. In particular, in [4] and [6] the assumptions involve the weak topology
in the state space; an abstract homotopy invariant is introduced in [8], in order to detect
steady-states solutions of (1) with an additional m-accreative term appearing also in [12].
A new approach was proposed in [3], based on the approximation solvability method and it
was showed there that a quite general family of nonlinear terms can be considered. While
the transversality condition in [3] (see [3, (3.1)]) is taken on all an open set, we refine here
that technique by assuming a strictly located condition (see condition (3) below), i.e. only
on a suitable boundary. This change is not marginal since it requires the use of a Scorza
Dragoni type result for multivalued functions (see e.g. [2] and [9, Proposition 5.1]) and the
introduction of a sequence of auxiliary problems (see (6)). The main result is Theorem 1.1
below; we point out that it is new also in a single-valued framework.

We denote by H* the topological space H equipped with its weak topology and assume
the following conditions
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(H) (H, |- |l;y) is a separable Hilbert space which is compactly embedded in a Banach space
(E, || - |l z) with the relation of norms:

lwl|z < qllw]| 5 for all w € H; (2)

for some g > 0;
(F1) F takes nonempty, convex, closed and bounded values and for every w € H the
multifunction F'(-,w): [0,T] — H is measurable;
(F2) for a.e. t € [0,T] the multimap F(t,-): H — H is closed from H to H¥;
(F'3) for a.e. t € I the multimap F(¢,): H—o H is E — F u.s.c;
(F4) for every bounded subset Q C H there exists vo € L1 [0, 7] such that for each w € Q
we have
1Bt w)|| g = sup{l|zll = 2 € F(t,w)} < va(t)
for a.e. t € [0,T].
(M) M: C(]0,T),H) — H is a linear bounded operator satisfying || M| < 1.

Theorem 1.1. Assume (H),(F1) — (F4) and (M). In addition, suppose that there exists
Ry > 0 such that for every w € H with |w||g = Ry, for a.e. t € [0,T] and z € F(t,w), we
have

(w,z) <0. (3)
Then problem (1) admits a solution x € WHL([0,T], H) with ||x(t)|g < Ro, for a.e. t €
[0,T].

Its proof appears in Section 2. Section 3 contains an application to a nonlocal dispersal
model given by an integro-differential equation; its multivalued nature is given by the pos-
sible uncertainty of the integral kernel which is not determined, but belongs to a prescribed
family of functions.

2. Proof of Theorem 1.1. Since H is separable, according to (F1) and the Kuratowski-
Ryll-Nardzewski Theorem (see [11]), a measurable selection of F(-, y) exists for every y € H.
Thus we get that, (F2), (F4) and [3, Proposition 4] yield, for each ¢ € C([0,T}], H),

S, ={f € L'[0,T],H) : f(t) € F(t,q(t)) for a.e. t € [0,T]} # 0

(see [5, Proposition 2.2]). The proof splits into five steps.

Step 1. Introduction of a sequence of problems in a finite dimensional space. Denote by
{en}52, an orthonormal basis of H and for every n € N, let H, be an n—dimensional
subspace of H with the basis {ej}}_, and P, be the projection of H onto H,,. For the sake
of simplicity, we denote by F and M also their restrictions F'/ (0,T)x i,, and M / (0,T]x H,,- We
first prove that, for every fixed n € N, the problem

{x’(t) € P,F(t,z(t)), for ae. t € [0,T],

z(0) = P,Mz, @

has a solution. By a solution to (4) we mean a function x € W'([0,T], H,) such that
x(0) = P,Mx and there exists f € S, such that 2'(¢t) = P, f(¢t) for a.e. t € [0,T].

Let us denote by K = {& € H : ||z||g < Ro} and by @, the closed and convex set
C([0,T), K N H,).
Step 2. Introduction of a sequence of approzimating problems. To prove that problems (4)
are solvable we use an approximation result of Scorza-Dragoni type (see e.g. [9, Proposition
5.1]). According to Urisohn lemma, given € € (0, Ry), there exists a continuous function
w: H— 0,1 such that y =0on H\{x € H: Ry —¢ < ||z|lg < Ro+¢} and p =1 on
{x e H:Ry—§ < ||z||g < Ro+ §}. Trivially the function ¢ : H — R defined by

X
L <R
é(z) = WOy foes leller < Ro+e (5)

0  otherwise
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is well-defined, continuous and bounded in H.

Since P, is a linear operator, from (F1) it easily follows that P, F': [0,T]x (KNH,,) — H,
has nonempty, convex and bounded values. We prove now that the map P, F has closed
values too. Given (t,z) € [0,7] x (K N H,), take {w,,} C P, F(t,z) converging to w and
Wy, € F(t,z) with w,, = P,w,, for all m € N. From (F1), without loss of generality, we
get the existence of v € F(t,x) such that w,, — v, hence that w,, — P,v, for the linearity
and continuity of P,. From the uniqueness of the weak limit we then obtain w = P,v,
i.e. that P,F has closed values. Since P, is continuous, (F1) also implies that P, F(-, z)
is measurable for every x € K N H,,. For a.e. t € [0,T], (F4) implies that P,F(t,-) is a
compact multimap. Finally, given z,, — € K N H,,w,, — w with w,, € P, F(t,z,,)
and Wy, € F(t,xy,) with w,, = P,Wy,, the convergence of {z,,}, conditions (F2) and (F4)
yield the existence of a subsequence, denoted as the sequence, such that w,, — v € F(t, z).
According to the linearity and continuity of P, we then get w = P,v, i.e. that P,F(t,-)
is closed, hence u.s.c.. Let 7 be the Lebesgue measure in R. Applying [9, Proposition 5.1
] to P,F:[0,T] x (KN H,) — H, we obtain a multimap G,, : [0,T] x (K N H,) — H,
with closed, bounded, convex and possibly empty values satisfying G, (t,q) C P,F(t,q)
for every (t,q) and a monotone decreasing sequence {6,,}, of subsets of [0,7] such that
[0,T]\ 0, is compact, 7(0,,) < % for every m € N and G,, is nonempty valued and u.s.c.
in ([0,7]\ 6,,) x (K N H,). Obviously 7(N%_,6,,) = 0 and n}grleQm(t) = 0, for every

m=1
t ¢ N°_,0,, where x4 is the characteristic function of a set A C R.
Now we introduce the initial problem
2/ (t) € Gp(t, x(t)) — ¢(x(t)) (vg(t)xo,, (t) + L), for ae. t €[0,T] (©)
z(0) = P,Mx.
Step 3. Solvability of problem (6). To prove that problem (6) has a solution, we shall apply
a classical continuation principle (see, e.g. [2, Proposition 2]). Fix ¢ € @,; according to the
properties of G,, and since S; # () we have that

an = {f € Ll([ovT]an) : f(t) € Gn(taq(t)) fOI' a.e. te [OaT]} # (Z);

moreover, it is well known that, for each ¢ € @, A € [0,1] and f € R, the linear initial
value problem
' (t) = N[ f(t) — o(q(t)) (vie(t)xe,, (t) + ;)] for ae. t € [0,T], )
z(0) = AP, M,q,
has a unique solution denoted by Hum(f, \).
Let us introduce now the multimap Tnm @ @Qn x [0,1] — C([0,T], H,), defined as
Tom (@A) = {Hpnm(f,A) + f € Ruq}. According to (F1) it has convex values. We prove
now that 7y, has a closed graph in @, x [0,1] x C([0,T], H,). Assume that A\, — X €
[0,1],qx — ¢ in Q,, and z — = in C([0,T], K N H,,) with 23 € Toum(qx, M) for all k and let
fr € Rng, be such that

wi () = M [fi(t) — dlax(t)) (vg(t)xe,, () + 1/m)].
According to the convergence of {gx}, condition (F4) and by the Dunford-Pettis Theorem

there exists f € L*([0,7], H,) and a suitable subsequence of {fz} denoted as the sequence,
such that fr — f. Moreover, the continuity of ¢ implies that

z =Lt = A[f(t) — o(a(t) (vg(t)xo,, (t) +1/m)]
in L'([0,T], H,). From (M) we get that x;(0) = A\yP,Mqr, — AP,,Mgq and by the finite
dimension of H,, we then obtain that

i (t) = y(t) ;== AP, M(q) —|—/O I(s)ds
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for all t € [0,T]. According to the uniqueness of the limit we get = y. Finally, the upper
semicontinuity of Gy, in [0,7]\ 6,, x (K N H,,) for every m implies that f € R, i.e. the
closure of the graph of 7, for every m € N.

Given now = € Tpm(@n % [0,1]), we have that z(t) = AP, Mg+ A fot [f(s) —o(q(s))(vie(s)
Xo,, (8)4—%)]6%, for some ¢ € Qn, A € [0,1] and f € R,4. The boundedness and equicontinuity
of Trm(Qn % [0,1]) follow from (F4), the boundedness of @,, and the continuity of ¢, thus
the Ascoli-Arzeld theorem implies the compactness of Tpm,.

Since trivially Tpnm(Qn X {0}) = {0} C int @,, to apply the continuation principle it
remains to prove that Tp., (-, A) is fixed point free on 9Q,, for every A € (0,1). We reason
by a contradiction and assume the existence of A € (0,1), ¢ € 9Q,, and ty € [0, T] such that
q € Tum(q,A) and ¢(tg) € OK. If we assume that ¢y = 0, by (M) we have the contradictory
conclusion Ry = ||¢(0)||lz = AM|P.Mgllz < ||M]lll¢llc < Ro. Hence ty > 0, thus there is
h > 0 such that ¢(t) € {x € H,, : Ry — § < ||z||g < Ro} for all t € [to — h, to]. According to
(F4), we then obtain

to
0 < la(to)l1% — llatto — 1) % = 2 / < (e (s) > ds =
to—

2\ / (< (), £(5) > —(vgels) + L/m)llq(s) | ar)ds +
[to—h,to]NO.,

2 / (< q(s), (s) > —1/mllq(s)||]ds <
[to—h,to]\Om

2 la(s)| mvg(s) — (vg(s) +1/m)llq(s)| )ds +
[to—h,to]NO.m,

2\ / (< a(s), £(5) > —1/mlg(s) | mlds <
[to—h,to]\Om

2 / (< a(s), £(5) > —1/mllg(s)] mlds.
[to—h,to]\Om

Now, if ty € 6,,, we can choose h sufficiently small such that [tg — h, to] C 6, because 0, is

open and we get f[to_h to]\0 [< q(s), f(5) > —2|lg(s)||z]ds = 0, so (8) gives a contradiction.

m

Otherwise, let us consider the map J : [0,7] \ 0,, x (K N H,,) — R defined as
(t,x) o {<z,w>-1/m|z||g : we Gy,(t,x)}
Since ||q(to)|lm = Ro, assumption (3) implies that
< q(to), w ><0, for every w € Gy, (to,q(to)) C PpF (to,q(to))-

Therefore, j < f%Ro < 0 for every j € J(to,q(to)) and since the multimap G,, is u.s.c.

in [0,7]\ 0,, x (KN H,) and q is continuous, we can choose h sufficiently small such that

< q(s), f(s) > —=2Lllg(s)|lz < 0 onall [ty — h,to] \ b, and (8) gives again a contradiction.
Therefore it follows the existence of gnm € Qn With ¢nm € Tnm(¢nm, 1), i.e. of a solution

of problem (6).

Step 4. Solvability of problems (4).  For every n € N, we got a sequence {gnm} C

AC([0,T], K N H,) such that

G (1) = fin () = S(@nm (1)) (v (t)x0,, () + 1/m) for a.a. t € [0,T] (9)

with fn, € Rug,..- Hence, {¢nm}m is bounded. Moreover, according to (F4), {fm}m is
integrably bounded, thus the boundedness of ¢ implies the integrable boundedness of {¢,,,,}-
The Ascoli-Arzeld Theorem then implies the existence of ¢, € AC([0,T], KN H,) such that
{@nm } has a subsequence, again denoted as the sequence, with ¢, — ¢, uniformly in [0, T,
and ¢,,, — ¢, in L'[0,T]. Notice, moreover, that since ¢ is bounded and nliﬁmoox@n (t)=0
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for every t ¢ NS°_10,,, and 7 (N5°_16,,) = 0,
¢(gnm (1)) (v ()Xo, (t) + 1/m) = 0, for a.a. ¢ € [0,T].

Consequently, a standard limiting argument (see e.g. [13, page 88]) implies that ¢, is a
solution of (4).
Step 5. Solvability of problem (1). The conclusion follows as in [3, Theorem 7].

3. Applications. We apply the developed abstract theory to the Cauchy multi-point prob-
lem (10) associated to a nonlocal diffusion process. The multivalued nature of the nonlinear
integro-differential equation in (10) depends on the integral kernel, which can be unknown
and can only be chosen in a suitable family of functions.

Let Q C R¥ (k > 2) be an open bounded domain with Lipschitz boundary. Consider the
multi-point problem

ur = ult, ) /Q o€ myult, n)dn — bu(t, €) + F(t,u(t,€))

veS (10)

uw(0,€) =3 ouu(ti,€), i €R, i=1,2,..,p, 0<t; <..<t, <1,

for a.a. ¢ € [0,1] and all £ € Q, where b > 0, >-7_| |ay| <1, f: [0,1] xR — R is a continuous
function, and

38 > 0 such that
S=<{veW"?Qx QR) ,

(€, m)] + V(€ n)llpee < B for ae. (€,m) € Q x O

where the symbol V stands for the derivative with respect to (£,1) € Q x Q.
Assume that
(f) the partial derivative % : [0,1] x R — R is continuous and there is a positive constant
N, such that

‘W < N for all (t,2) € [0,1] x R.

0z
We assume that b = N + 1/66|Q|8, where § = m[gui] |f(t,0)]. The symbol D stands for
telo,

the derivative (i.e. the gradient) with respect to the variables in the vector ¢ and for
(t,2) € [0,1] x R, we denote fy(t, z) = 2L{L2)

By a solution to (10) we mean a continuous function u: [0,1] x @ — R whose partial
derivative % exists, for a.a. t € [0, 1], and it satisfies (10).

Let H = WY2(Q,R) and E = L?(Q,R). It is clear that H is a separable Hilbert space
which is compactly embedded in E. By means of a reformulation of this problem we will
prove the existence of a continuous function u(t,£) such that at every value ¢ the function
u(t,-) belongs to the Sobolev space W12(Q,R). To this aim, for each ¢ € [0, 1], set z(t) =
u(t,). Then we can substitute (10) with the following problem

{z’(t) € F(t,z(t)), for ae. t € [0,1], )

z(0) =2 Jauz(t)with a; €R, i =1,2,...,p, 0 <t < ...<t, <1,

where F': [0,1] x H — H, F(t,w) = G(w) + f(t,w) with
G: H —o H,G(w) = {g € H 5 9O =wl©) [ vy~ bu©ve s} ,

F:00,1] x H— H, f(t,w)(&) = f(t,w(§)) for a.a. £ € Q.
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First we remark that G is well-defined. Indeed for w € H and v € S, by Fubini’s Theorem
we have that {v(£,-)} € L*(Q,R) for a.e. £ € Q; so g can be defined and for a.e. £ € Q it
holds

Dg(€) = Dul@) ([ otccnwtman) + 0 ( [ Dotenwtman) - 1u(e)

Trivially, by the definition of the set S it follows that g € H.
From (f) it follows that

£, 2)] < [f(£,0)] +/0 |fa(tsm)] dn < |£(2,0)] + Nz, (12)
for all (¢, z) € [0,1] x Q. Moreover
Df(t,UJ(f)) - fé(t,w({))Dw(f) for¢ € Q.

So f is well-defined as well. Trivially G has bounded and convex values. To prove that G
has closed values we have to show that given w € H and {g,} C H such that g, € G(w) for

any n € N and g, RS g, it follows g € G(w). First notice that w.l.o.g. {g,} almost pointwise
converges to g. By the definition of the multimap G there exists a sequence of functions
{v,} € WH2(Q x Q,R) such that g,, satisfies

g (£) = w(€) /Q on(€, myw(n) dn — bw(€), € € 9.

By the weak compactness of the set S there exists a subsequence, denoted as the sequence,
such that v, — vg,v9 € & in WH2(Q x Q,R). By the compact embedding of W2(Q x
Q,R) into L?(Q x Q,R), the weak convergence of {v,,} in W2(Q x Q,R) implies its strong
convergence in L2(2 x Q,R) and hence the almost pointwise convergence of a suitable
subsequence. Denote with A :  — R the function:

h(E) = w(e) / vo(€,myw(n) dy — bu(e), € € Q.

From the dominated almost pointwise convergence of {v,,} to vy it follows that |g, (&) — h()|
goes to zero as n goes to oo for a.e. £ € Q). Therefore by the uniqueness of the limit we have
that g(§) = h(&) for a.e. £ € Q, hence g € G(w).

Now let w, £ wg. We have

17t wa) — Tty wo) |3 = /Q F (. wn(€)) — F(t wo(€))Pde

wn (€) 2
:/ / 5t T)dr
Q u

)0(5)
<N? / 0 (€) — w0 (€) PdE = N[ — woll%.

dg

Hence f(t,w,,) £ f(t,wo) and then f(t,-) is E — E continuous.

Moreover the multimap G is E — E u.s.c.. Indeed, if w, X wp, w.lo.g. {w,} almost
pointwise converges to wg and the convergence is dominated in E. Let moreover g,, € G(ws,),
implying the existence of {v,} C S such that

(€)= wa (€) / v (€ m)wn () diy — b (E), € € 9. (13)

As above there is a subsequence, denoted as the sequence, and vy € S such that {v,, } almost
pointwise converges to vy and the convergence is dominated in L?(Q x Q,R). Put

90(€) = wo(£) / vo (€, m)wo(n) dn — b (€), € € Q. (14)
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Notice that

192(6) — 90(6)] <Jwn(©)] / o (6.m) — o€, 1) [0 () diy
1 (€) / oo (€, )10 (1) — w0 ()] iy +

0 (€) — wo (€)] / oo (€, m)l[wo ()| d +

blwn(§) —wo(§), €,
implying that |g, () — go(§)| — 0 for a.a. & €  and the convergence is dominated in E.

Hence g, 2 go and then the multimap G is quasicompact. Following the same reasonings
it follows that it is E — E closed. By [10, Theorem 1.1.12] we have that G is an u.s.c.
multimap.

So w +— F(t,w) is u.s.c. from FE into itself, for each t € [0,1] and condition (F3) is
satisfied.

Now, let ¢t € [0,1]. To prove the H — H continuity of the map f(¢,-) we assume by

contradiction that there exists a sequence {w,} such that w, £> wg and € > 0 such that

|l f(t, @) — f(t,wo)|| g > & for any n € N. Thus we have
2 < |[F(t, @) — F(t,wo) % =
[ 50,8, = £ B + 1050, T(€) ~ Dt wo( D) de.
For the continuity in E of the map J(¢,-), w.Lo.g. has to be
/Q IDf(t, ) — DJ(t,wo)|e dé > 2 ¥n € N, (15)

By the convergence of {w,, } to wg in H there exists a subsequence {w,,, } such that w,, ({) —
wp(§) and Dy, (§) — Dwg(§) for a.e. £ €  and the convergence is dominated. We have
the following estimation

/Q 1Dt @) — Dt wo) |2 d = /Q L F4(ts B (€)) DBy (€) — F(t,w0(E)) Duo (€)%
<9 / 58, By (€)) 2 DB (€) — Dg(€)]2 d
Q

+ 2/Q | f3(t, Wn,, (€)) — f(t,wo(€))* [ Duwo (€) [ dé-

By the continuity of the map f5 it follows fi(t,wn, (£)) — f5(t,wo(&)) for a.e. & € Q.
Moreover by hypothesis (f) we have

|(f5(8, @, (6)) = f3(t, wo () *| Dwo (&) e < ANZ[|Dwo (&)l
and
| £3(¢, W ()| D, (€) — Dwo (&) [ < N?|[Dbn, (§) — Duwo(€)][v-
Thus by the convergence of {w,} to wy in H and by the Lebesgue’s Convergence Theorem

/ |Df(t, @) — Df(t,wo)||3e d€ goes to zero as n — oo,
Q

obtaining a contradiction with (15). Hence for any sequence {w,} such that w,, B wo it
follows £ (t,wy) A F(t,wo).

The multimap G is H—H* closed. Indeed, assume that there exists w,, A wo, gn € G(wy,)
such that g, A g, we shall prove that g € G(wy).
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By the definition of G, the function g, satisfies (13) with v, € S for every n € N.
Reasoning as above we can show the existence of vg € S and a subsequence, denoted as
the sequence, such that v,, almost pointwise converges to vy in 2 x  and the convergence
is dominated in L?(Q x ,R). Moreover g, X go with go defined as in (14). The weak
convergence of {g,} to g in H also implies that g, X g. By the uniqueness of the limit we
have that g = g, i.e. ¢ € G(w). Hence w — F(t,w) is closed from H into H¥, for each
t € [0,1] and condition (F2) is satisfied.

To verify condition (F1) it is sufficient to prove that f(-,w) is measurable, for every
w € H. In fact the multimap G does not depend on t € [0, 1] and so it is trivially measurable
with respect to t. We will prove that f(-,w) is continuous. In fact, let t; € [0,1] and
{tn} C [0,1] such that t,, — to. According to (f) we obtain that f(t,,w(§)) — f(to,w(&))
and Df (b, w(€)) = fa(tn, w(€))Dw(E) — fy(to, w(€)Dw(€) = Df(to, w(€)) for all € € Q.
As a consequence of (12), the previous convergences are also dominated in E, implying that
f(tn,w) A f(to,w). Therefore, f(-,w) is continuous, and hence, it is measurable.

Now let © C H be bounded, w € © and t € [0,1]. If z € F(t,w), hence z = g + f(t,w)
with g € G(w). Therefore there exists v € S such that

2

It = [, \w@) ([ etemutian) - bue) + s(e.u(e)| de

+/Q w(g)( i Du(&,n)w(n) dn> + Dw(§) (/Q v(&,n)w(n) dn)

— bDw() + f3(t, w()) Dw()||2, de
< 7820wl + 462wl + 61£(t, 0)[2Q + 6N2[w]%.

So condition (F4) is satisfied.
Now, let w € H and g € G(w); by virtue of (f) and (12) the following estimation is true

(w, g+ F(t,w)) < =bllwly +/Q\w(€)| (£, 0)[ + Nfw()]) d€

8 [ 0wl de+ 5 ([ oo ae) ([ oolan)
+ﬁ< / ||Dw<s>w|w<£)|d£) ( / w(n)|dn)
#5 ([ 10w©1Reac) ([ wtln)

2
< (bt W)l + 81212 ]y + B2 wl 3wl &
1
+ S BION2 wl plhelh

3
< SOl + (<b+ Nllwly + 61902 w7 =0,

. b— N
prOVlded ||’lUHH = W
Applying Theorem 1.1 we obtain the existence of a solution to (11), and therefore, of

(10).
Notice that the last term of the previous inequality is grater than zero for any w € H

b—N
with [Jw]|, # EIORER Thus, from [3, Theorem 7] it is not possible to deduce the existence
of a solution of problem (10) from the above estimation.
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Remark 1. We remark that different nonlocal conditions can be replaced in (10) such as
the mean value condition, i.e.,

1
0.6 = [ u(s9ds, €0
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