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Abstract. We develop a new proximal-gradient method for minimizing the sum of a differ-
entiable, possibly nonconvex, function plus a convex, possibly nondifferentiable, function. The key
features of the proposed method are the definition of a suitable descent direction, based on the prox-
imal operator associated to the convex part of the objective function, and an Armijo-like rule to
determine the stepsize along this direction ensuring the sufficient decrease of the objective function.
In this frame, we especially address the possibility of adopting a metric which may change at each
iteration and an inexact computation of the proximal point defining the descent direction. For the
more general nonconvex case, we prove that all limit points of the iterates sequence are stationary,
while for convex objective functions we prove the convergence of the whole sequence to a minimizer,
under the assumption that a minimizer exists. In the latter case, assuming also that the gradient
of the smooth part of the objective function is Lipschitz, we also give a convergence rate estimate,
showing the O(%) complexity with respect to the function values. We also discuss verifiable suf-
ficient conditions for the inexact proximal point and present the results of two numerical tests on
total-variation-based image restoration problems, showing that the proposed approach is competitive
with other state-of-the-art methods.
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1. Introduction. In this paper we consider the problem

(1) min f(z) = fo(z) + f1(2),

TER™

where f1 is a proper, convex, lower semicontinuous function and fy is smooth, i.e.,
continuously differentiable, on an open subset o of R™ containing dom(f;) = {z €
R™: fi(x) < +00}. We also assume that f; is bounded from below and that dom(f;)
is nonempty and closed. Formulation (1) includes constrained problems over convex
sets, which can be introduced by adding to f; the indicator function of the feasible
set.

When in particular f; reduces to the indicator function of a convex set €, i.e.,
f1=tq, with
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T b ifz g Q,

*Received by the editors April 30, 2015; accepted for publication (in revised form) January 4,
2016; published electronically April 5, 2016. This work was partially supported by MIUR under the
two projects FIRB - Futuro in Ricerca 2012 (contract RBFR12M3AC) and PRIN 2012 (contract
2012MTE38N). The Italian GNCS - INdAM is also acknowledged.

http://www.siam.org/journals/siopt/26-2/M101932.html

TDipartimento di Matematica e Informatica, Universita di Ferrara, Via Saragat 1, 44122 Ferrara,
Italy (silvia.bonettini@unife.it, federica.porta@unife.it).

IDépartement de Mathématique, Université Libre de Bruxelles, Boulevard du Triomphe, 1050
Bruxelles, Belgium (igloris@ulb.ac.be). This author is a Research Associate of the Fonds de la
Recherche Scientifique - FNRS.

$Dipartimento di Scienze Fisiche, Informatiche e Matematiche, Universitad di Modena e Reggio
Emilia, Via Campi 213/b, 41125 Modena, Italy (marco.prato@unimore.it).

891

Downloaded 04/13/21 to 155.185.104.150. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://core.ac.uk/display/54011754?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.siam.org/journals/siopt/26-2/M101932.html
mailto:silvia.bonettini@unife.it
mailto:federica.porta@unife.it
mailto:igloris@ulb.ac.be
mailto:marco.prato@unimore.it

Downloaded 04/13/21 to 155.185.104.150. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

892 S. BONETTINI, I. LORIS, F. PORTA, AND M. PRATO

a simple and well-studied algorithm for the solution of (1) is the gradient projection
method, which is particularly appealing for large-scale problems. Several variants
of such methods have been proposed [7, 11, 20, 23], with the aim to accelerate the
convergence, which, for the basic implementation, can be very slow. In particular, re-
liable acceleration techniques have been proposed for the so-called gradient projection
method with line-search along the feasible direction [6, Chapter 2], whose iteration
consists of

(2) 2D = 20 4 xR (k) _ 5 (k))

where y*) is the Euclidean projection of the point z(¥) — V fo(2(*)) onto the feasible
set ©, and A% ¢ [0,1] is a steplength parameter ensuring the sufficient decrease of
the objective function. Typically, A(*) is determined by a backtracking loop until
an Armijo-type inequality is satisfied. Variants of the basic scheme are obtained by
introducing a further variable stepsize parameter oy, which controls the step along the
gradient, in combination with a variable choice of the underlying metric. In practice,
the point y*) can be defined as

. 1
(3) y® = argmin V fo (™) " (y — 2®) + —(y — 2)" Dy (y — ™),
yeQ 2ak

where «ay, is a positive parameter and Dy € R™*" is a symmetric positive definite
matrix. The stepsizes oy and the matrices Dy, have to be considered as “free” param-
eters of the method, and a clever choice of them can lead to significant improvements
in the practical convergence behavior [7, 9, 11].

In this paper we generalize the gradient projection scheme (2)—(3) by introducing
the concept of descent direction for the case where f; is a general convex function and
we propose a suitable variant of the Armijo rule for the nonsmooth problem (1). In
particular, we focus on the case when the descent direction has the form y*) — (%)
with

(1) y" = arg min Vol ™) (y = 2M) + dyoo (9, 2™) + fily) = (=),

where d,u (,-) plays the role of a distance function, depending on the parameter
o®) € R4, Clearly, (4) is a generalization of (3), which is recovered when fi = 1q, by
setting d,(y,z) = 2 (y — 2)TD(y — z), with o = (o, D).

Formally, the scheme (2)—(4) is a forward—backward (or proximal-gradient) method
[17, 18] depending on the parameters A*), ¢(*). In particular, we deeply investigate
the variant of the scheme (2)—(4) where the minimization problem in (4) is solved
inexactly, and we devise two types of admissible approximations. We show that
both approximation types can be practically computed when fi(z) = g(Ax), where
A € R™*"™ and g : R™ — R is a proper, convex, lower semicontinuous function with an
easy-to-compute resolvent operator. In this case, our scheme consists in a double-loop
method, where the inner loop is provided by an implementable stopping criterion. For
general fy, we are able to prove that any limit point of the sequence generated by
our inexact scheme is stationary for problem (1). The proof of this fact is essentially
based on the properties of the Armijo-type rule adopted for computing A*) | and it
does not require any Lipschitz property of the gradient of fy. When fj is convex,
we prove a stronger result, showing that the iterates converge to a minimizer of (1),
if it exists. In the latter case, under the further assumption that V fy is Lipschitz
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continuous, we give an O(%) convergence rate estimate for the objective function val-
ues. Our analysis includes as special cases several state-of-the-art methods, as those
in [7, 10, 11, 28, 35].

Forward—backward algorithms based on a variable metric have been recently stud-
ied also in [16] for the convex case and in [15] for the nonconvex case under the
Kurdyka—Lojasiewicz assumption (see also [22]). Even if our scheme is formally very
similar to those in [15, 16], the involved parameters have a substantially different
meaning. In our case, the theoretical convergence is ensured by the Armijo parameter
M%) in combination with the descent direction properties; this results in an almost
complete freedom to choose the other algorithm parameters (e.g., o, and Dy), with-
out necessarily relating them to the Lipschitz constant of V fy (actually, our analysis,
except for the convergence rate estimate, is performed without this assumption). We
believe that this is also one of the main strengths of our method, since acceleration
techniques based on suitable choices of ay and Dy, originally proposed for smooth
optimization, can be adopted, leading to an improvement of the practical perfor-
mances. The other crucial ingredient of our method is the inexact computation of
the minimizer in (4): this issue has been considered in several papers in the context
of proximal and proximal-gradient methods (see, for example, [1, 15, 34, 36] and ref-
erences therein). The approach we follow in this paper is more similar to the one
proposed in [36] and has the advantage of providing an implementable condition for
the approximate computation of the proximal point. Moreover, we also generalize the
ideas proposed in [7] for the inexact computation of the projection onto a convex set.
Finally, we also mention the papers [2, 3, 4, 21] for the use of non-Euclidean distances
in the context of forward—backward and proximal methods.

The paper is organized as follows: In section 2 the concept of descent direction for
problem (1) is presented and developed, while in section 3 the modified Armijo rule is
discussed. Then a general convergence result for line-search descent algorithms based
on this rule is proved in the nonconvex case. Two different inexactness criteria, called
e-type and 7n-type, are proposed in sections 3.2 and 3.3, and the related implementation
is discussed in sections 4.1 and 4.4. Section 3.5 deals with the convex case, where
the convergence of an e-approximation-based algorithm is proved and the related
convergence rate is analyzed. The results of two numerical tests on total-variation-
based image restoration problems are presented in section 5, and our conclusions are
given in section 6.

Notation. We denote the extended real numbers set as R = R U {—o0,+00}
and by R>o, R the set of nonnegative and positive real numbers, respectively. The
scaled Euclidean norm of an n-vector x, associated to a symmetric positive definite
matrix D, is || z||p = VaT Dz. Given 1 > 1, we denote by M,, the set of all symmetric
positive definite matrices with all eigenvalues contained in the interval [ﬁ, ). For any

D € M,, we have that D~! also belongs to M,, and
Lo 2 2 2
(5) ;Hxll < lzlp < wllz|l

for any = € R".

2. A family of descent directions. When f is smooth, a vector d € R" is said
to be a descent direction for f at  when V f(x)”d < 0. In the nonsmooth case (1), a
vector d € R™ is a descent direction for f at x € dom(f) if f'(x;d) < 0, where f'(x;d)
is the one-sided directional derivative of f at x with respect to a vector d defined as
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(see [32, p. 213])

(6) f'(@;d) = lim

if the limit on the right-hand side exists in R. Thanks to [32, Theorem 23.1], the
previous definition is well posed. In this section we define a family of descent directions
for problem (1). To this end, we define the following set of nonnegative functions.
Given a convex set @ C R™ and a set of parameters S C R, we denote by D(Q, S)

the set of any distance-like function d, : R™ x R" — R>¢ U {+0c0} continuously
depending on ¢ € S such that for all z,x €

(D) do(z,x) is continuous in (o, z, x);

(D3) do(z,x) is smooth with respect to z € Q;

(D3) do(z,x) is strongly convex with respect to z:

do(22,) 2 do(21,2) + Vidy (21,0) (20— 21) + S|z =21l Vo, za € Q

where m > 0 does not depend on ¢ or x (here V; denotes the gradient with
respect to the first argument of a function);
(D4) do(z,2) = 0 if and only if 2 = = (which implies that Vid,(z,x) = 0 for all
z € Q).
The scaled Euclidean distance

1
(7) do(z,y) = %Ilﬂf—yll%

with 0 = (a, D), where a > 0 and D € R™*"™ is a symmetric positive definite matrix,
is an interesting example of a function in D(R™,S). Other examples of distance-like
functions can be obtained by considering Bregman distances associated to a strongly
convex function.

It is well known [6, p. 667] that when V fy is Lipschitz continuous, and when « is
sufficiently small, the following upper bound exists for f:

F(2) < f(2) + Vox) (z — z) + %HZ =l + f1(2) = fil@)

(equality when z = z). In other words, a negative sign of

) Vio@) (= — ) + 52— all? + ()~ fi(a)

corresponds to a descent of the function f. Our aim now is to drop the Lipschitz as-
sumptions on fy and to generalize the expression (8) for an arbitrary distance function
de replacing the Euclidean distance squared.

For a given array of parameters ¢ € S C R? let us introduce the function
he : R™ x R™ — R defined as

9) ho(z,x) = Vio(x) (2 — ) + do(2,2) + f1(2) — fi(x) Vz,2 € R™,
where d, € D(,5) and Q = dom(f7).

We remark that h, depends continuously on o, as does d,. Moreover, since
d,(-,x) and f; are convex, proper, and lower semicontinuous, h, (-, z) is also convex,
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proper, and lower semicontinuous for all z € y. Finally, for any point € ) and for
any d € R™ we have
(10) R (x,2;d) = f'(x;d),

where h! (z,x;d) denotes the directional derivative of hy( - ,x) at the point z with
respect to d.

From assumption (Ds), it follows that h,(-,x) is strongly convex and admits a
unique minimum point for any x € Q.

Now we introduce the following operator p : o — €0 associated to any function
he of the form (9):

(11) p(z; hey) = arg m%%n he(z, ).
zeR™
When d,, is chosen as in (7), the operator (11) becomes

p(x;he) = proxff1 (x —aD 'V fy(x)),

where prox? is the proximity or resolvent operator associated to a convex function
f:R™ = R in the metric induced by a symmetric positive definite matrix D, defined
as [22, section 2.3]

. 1 n
prox?(x) = arg min f(z)+ 5”2’ —z||3 VreR™

Under assumption (Ds), one can show that p(z; h,) depends continuously on (x,0).

PROPOSITION 2.1. Let d, € D(Q2,S) and h, be defined as in (9). Then p(x;hey)
depends continuously on (z,0).

Proof. Let y = argmin,cge» hy(2,2). Then y is characterized by the equation
Vio(z) + Vids(y,z) + w = 0, where w € df1(y). It follows that fi(u) > fi(y) +
w? (u —y) for all u € R™ or

fi(w) > fi(y) — (Vo(z) + Vidy (y,2)T (u —y) Yu € R™.
Assumption (Ds) expressed in y and u gives
do(u, ) > do(y, ) + Vids (y,2)" (u —y) + %Hy — ul? Vu € R™.
Together, these two inequalities yield
Sy =l < i) = 1)+ do (,2) — do(y.2) + Vo) (w—y)  VueR"

Let y1 = p(x1; hyy) and yo = p(z2; hsy,). Adding the previous inequality for y = y1
(resp., y = y2) and choosing u = ys (resp., u = y1), one finds

mllyr — v2|? < doy (Y2, 1) — doy (Y1, 71)
+ doy (Y1, 22) — doy (y2, 22) + (V fo(z1) — Vfolz2))T (y2 — 1),

and hence

mllyr — y2||? < do, (y1,22) — do,y (y1,21)
+doy (Y2, 21) = doy (Y2, 22) + |V fo(21) — Vo(z2)|| ly2 —yul. O
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It follows that 0 < ||y1 — y2|| < (b+ V0% + 4dem)/2m, where b = ||V fo(x1) — V fo(x2)||
and ¢ = dy, (y1,72) — do, (Y1, 71) + do, (y2,21) — doy(y2,72). As fo is C1, one has
limg, 2, b= 0. As ds(2, x) is continuous in (o, 2, x), one also has that limg,_,;, ¢ = 0.
This shows then that limg, 4, ||y2 — y1]| = 0; in other words p(z1; hs,) is continuous
in (Ul,xl).

Given a function d, € D(f, S), we introduce also the function &, - : R® xR™ — R
defined as

(12) hon(z,2) = Vio(2)T (2 — &) + vy (2,2) + f1(2) — fi(z) Vz,2 € R"

for some v € [0,1]. We have

(13) hﬂﬁ(yvx) S ho(yvx) VZE,y € Rn

and ﬁgﬁ = hy when v = 1. In the following we show that
e the stationarity condition f’(z;d) > 0 for all d € R™ [35, p. 394] can be
reformulated in terms of fixed points of the operator p( - ; hy);
e the negative sign of Bow detects a descent direction.
To this purpose, we collect in the following proposition some properties of the function
he and the associated operator p( - ; hy).

PROPOSITION 2.2. Let 0 € S CR?, v € [0,1], and h,, ﬁgﬁ be defined as in (9),
(12), where dy € D(S2,S). If v € Q and y = p(x; hs), then

(a) ho,v(xa r) = 0;

(b) if z € R" and ho~(2,x) <0, then f'(z;2z — ) <0;

(©) hony(y;2) <O (hoy(y,2) =0 &y =2); )

(d) f(x;y —x) < 0 and the equality holds if and only if he(y,z) = 0 (if and

only if x =y).

Proof. (a) This is a direct consequence of definition (12) and condition (D3) on
dy.

(b) If ho (2, 2) < 0, we have

0> —vds(z,2) > Vfo(2)" (z — 2) + f1(2) — fi(x)
> V(@) (z — ) + fi(z;z — ) = f(x;2 — x),

where the second inequality follows from definition (12) of &, and the third one from
[32, Theorem 23.1].

(c) Since y is the minimum point of h,( - , ), part (a) with v = 1 yields h, (y, z) <
0, which, in view of (13), gives hy(y, ) < 0. If y = z, part (a) implies hy - (y, 2) = 0.
Conversely, assume h, (y,2) = 0. From inequality (13) we have hy(y,z) > 0. On
the other side, since y is the minimum point of h, (-, x), part (a) with v = 1 implies
he(y,2) < 0. Thus hs(y,x) = 0, and since y is the unique minimizer of hy (-, z), we
can conclude that x = y.

(d) From (c) we have hy(y,2) < 0. When h,~(y, ) < 0, then part (b) implies
f'(z;y — ) < 0. When h,~(y,x) = 0, from (c¢) we obtain y = = and, therefore,
f'(x;y — x) = 0. Conversely, assume f'(x;y — ) = 0. This implies
0=Vfol2)"(y —2) + filw;y —2) < Vho@)" (y —2) + fi(y) — fi(x) < hopy(y, ).

Since A~ (y, ) < 0, we necessarily have h - (y, ) = 0. O
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The following proposition completely characterizes the stationary points of (1) in
two equivalent ways: as fixed points of the operator p(-; hy), i.e., the solutions of the
equation & = p(x; hy), or as roots of the composite function r, 4 () = ho o (p(x; he), 2).

PROPOSITION 2.3. Let S C RY, 0 € S, h,, hy., be defined as in (9) and (12),
v €[0,1], z € Q, and y = p(x; hy). The following statements are equivalent:

(a) z is stationary for problem (1);

(b) z=y;

(©) Py (y,3) = 0.

Proof. (a) <= (b) Assume that z = y. Then h,(-,x) achieves its minimum at x
and the stationarity condition applied to it yields h. (z,z;z —x) > 0 for all z € R™.
Recalling (10), we have h/ (z,z;2 — x) = f'(x;2z — ); hence z is a stationary point
for problem (1).

Conversely, let € Q be a stationary point of (1) and assume by contradiction
that © # y. Then, by Proposition 2.2 (d), we obtain f'(x,y—x) < 0, which contradicts
the stationarity assumption on z.

(b) <= (c) See Proposition 2.2 (c). O

In the following sections, we will study iterative optimization algorithms based
on the knowledge that the negative sign of iLgﬁ(y,x) indicates a descent direction
at z. At each iterate z(*), we will use the symbol y*) to indicate the minimizer of
B (-, 2F)): 4B = p(x(F); h_4y). This minimizer may be difficult to compute. We
therefore introduce the symbol §*) to indicate an approximation of y*) of which,
initially, we only ask h(,<k>w(gj(k),a:(k)) < 0.

3. A line-search algorithm based on a modified Armijo rule. In this
section we consider the modified Armijo rule described in Algorithm LS, which is a
generalization of the one in [35]. Indeed the rule proposed in [35] is recovered when d,
is chosen as in (7) and v € [0,1). In the following we will prove that Algorithm LS is
well defined and classical properties of the Armijo condition still hold for this modified
case.

The modified Armijo line-search procedure represents an inner loop in the itera-
tive optimization algorithm that will be presented in subsection 3.1. We prefer not to
introduce explicitly an inner iteration counter, in order not to complicate notation.

Algorithm LS Modified Armijo line-search algorithm.

Let {0} en, {7 }ren be two sequences of points in Q, and let {¢(*)},.cy be a
sequence of parameters in S. Choose some §,5 € (0,1), v € [0,1]. For all k € N
compute A*) as follows:

1. Set A*) =1 and d®) = g*) — z(F),

2. Ir
(14) F@® 4+ A0k < £(8)) 4 gAR AR
where
(15) A® = oo (GW, 20

THEN go to step 3.

ELSE set A(®) = 6A*) and go to step 2.
3. END
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Here and in the following we define the function h,(-,-) as in (9) and, for the sake
of simplicity, make the following assumption:

(HO) d» € D(,5), where 2 = dom(f;) and S C R? is a compact set.
PrOPOSITION 3.1. Let {x®)}ren, {7 }ren be two sequences of points in Q, let
{0 hen be a sequence of parameters in S C RY, and let vy € [0,1]. Assume that
(16) oo (G, 2 <0

for all k. Then the line-search Algorithm LS is well defined; i.e., for each k € N
the loop at step 2 terminates i a finite number of steps. If, in addition, we assume
that {x®} ey and {5* }keN are bounded sequences and f(z*+1D) < f(2®), then we
have that A®) = h o) ( (*) a:(k)) is bounded. Assuming also that

(17) lim f(z®) — f(z® 4+ X® gk =0,

k—o0

where A% and d®) are computed with Algorithm LS, then we have
L7 ~(k) (K
klinolo ho(k);y(y( )71:( )) =0.

Proof. We prove first that the loop at step 2 of Algorithm LS terminates in a
finite number of steps for any k£ € N. Assume by contradiction that there exists a
k € N such that Algorithm LS performs an infinite number of reductions; thus, for
any j € N, we have

f(x(k) + 5jd(k)) _ f(x(k))

BAF) < 5
J
fo(z®) 4+ 57d®)) — fo(x)) N fr(z®) 4 57dF)) — f1(x®)
o &7 Y
o Jo@® +8dW) — foa®) 571 +dD) + (1 - ) [ EY) - fiEY)
- 57 Y
_ Jo(z™® + 5jd;)) — fo(z®) F RGP = fi(a®),

where the second inequality is obtained by means of the Jensen inequality applied to
the convex function f;. Taking limits on the right-hand side for j — oo, we obtain

BAW <V fo(x™)Td™ + f1(5™) - f1(=™)
< Vfo@®™)Td® + f1(5") = f1(z™) +vdga (5*), 2*))
=A® <,
where the second inequality follows from the nonnegativity of d, € D(,S) and the
last one from (16). Since 0 < 8 < 1, this is an absurdum.

Assume now that {z(®)}cn, {y( )}ren are bounded sequences and that f(z(*+1)
< f(=™®). We show that A =h o) (T (k) 2(k)) is bounded. By assumption (16),

hg(k) 77(y(k), ) is bounded from above. We show that it is also bounded from below.
Indeed we have

oy (G, 2®) = V fo(a®) TGP = 2®)) 4 yd 0 (5P, 2®) + f1(GD) = f1(2P)
> Vfo(a®)T(G* —2®) + AW - f1(2®)
= Vfo(z™)"(G® — 2®) + 1(G*) — F@®)) + fo(a®)
>V fo(a™)T(G* —2®) + f1(GD) = f(2©) + fo(a®),
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where the first inequality follows from the nonnegativity of d,,, the next line is obtained
by adding and subtracting fo(z(*)), and the last one is a consequence of f(z(*t1)) <
Fa),

Because f7 is proper and convex, there exists a supporting hyperplane, i.e., there
exist a,b € R™ such that fi(u) > aTu +b for all u € R". Thus,

oo (G*),28)) > ¥ fo(z) T (GHF) — 2™ 4+ a”§® + b — f(2O) + fo(a®).

The right-hand side is a continuous function of z(*) and 7*). As these are assumed
to lie on a closed and bounded set, the left-hand side is bounded (from below) as well.

We now show that the only limit point of A is zero. We observe that from (16)
and (17) we obtain

(18) 0= lim f(z®)— fz® + XFqd®) =3 lim AFNF®),
k—o0 k—o00

@ssume that there exists a subset of indices K C N such that limpcx ko0 AR =
A € R, with A < 0. By (18), this implies that

(19) lim A% =o.
k€K, k— o0

Denote by K C K a set of indices such that limyc g oo 0% =7, limpe g 500 2% =
7, and limc g oo g =g for some & € S, 7,7 € Q. From (19) we have that for any
sufficiently large index k € K, Algorithm LS makes at least a reduction; this means

that
BOM /HAG < fa® + (A /5)d) — ()

for all sufficiently large k € K. Repeating the same arguments employed in the first
part of the proof, we obtain

(k) (B) /18)Yd*)) — (k)
BAM) < fo(@™ + (A /\{k))/d& ) = folz )+f1(g<’f))—f1(9c(’f))
< Jo(z™® + (A(kj\{g)/d;k)) — fo(z™) +AG) = f1@®) 4 1do (G0, 28,

Taking limits on both sides for k € K, k — oo, since {d®) = §(® -2} }, . is bounded,
and by (19) we obtain SA < A < 0, which is an absurdum, being 0 < 5 < 1. O

We prove also the following useful lemma.

LeEMMA 3.1. Let {z® }ren, {§%) Yren be two sequences of points in Q, let {o® } ey
be a sequence of parameters in S C RY, and let v € [0,1]. Assume that

(20) f(fc(kﬂ)) < f(x(k) + )\(k)d(k)% d®) = gk _ (k)

where §*) satisfies (16) and \¥) is computed by Algorithm LS for any k € N. Suppose
that f is bounded from below. Then we have

(21) 0< =3 A® k0 (G, 2®) < co.
k=0
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Proof. Denote by ¢ € R a lower bound for f, i.e., £ < f(z) for all z € R™.
Inequalities (14) and (20) can be combined as

_B)\(k)ﬁd(k),'y(g(k)ax(k)) S f(f(k)) — f(ﬁ(k+1))

Summing the previous inequality for £k =0, ..., j gives

(22)
J J

_52 )\(k)ilg(km@(k),x(k) Z (2= f(z*+D)) = f(2 )= f(2UtD) < F(2(O)—0.
=0 k=0

Thus, inequality (21) follows. O

The easiest way to satisfy the sufficient-decrease condition (20) is to simply set
z*+D = 2R 1 XK @(*) - Our analysis applies to any general scheme satisfying (20);
therefore we do not need to impose z(#+1) = z(k) 4 (k) g(k)

3.1. A class of line-search-based algorithms. Proposition 3.1 allows the
convergence analysis of a wide class of descent methods based on the Armijo condition
(14). The crucial ingredients of these methods are

e a descent direction d®) = §(*) — 2(*) where (¥ is a suitable approximation
of the point p(z™*); hy);

e the sufficient decrease of the objective function between two successive it-
erations, which has to amount to at least )\(k)ﬁgﬁ(gj(k),x(k)), where \(®) ig
determined by the backtracking procedure given in Algorithm LS.

THEOREM 3.1. Let {x()}ren, {7 Yren be two sequences of points in Q, and let
{0} pen € S and v € [0,1]. Assume that there exists a limit point T of {x™}en,
and let K' C N be a subset of indices such that limye g+ oo k) =z € Q. Assume
that for any k € N we have

Fa®D) < f(@® 4 AB R gk = 5k _ k)

)

where X¥) is computed by Algorithm LS, %) satisfies (16), and there exists K" C K’
such that

(23) edim, Dot 3", 20) = how (y™,2®)) =0, with  y™ = p@®; hyw).

Then T is a stationary point for problem (1).

Proof. First, we notice that Algorithm LS is well defined, since (16) holds. We
observe that, since h ) is strongly convex with modulus of convexity m and y*) is
its minimum point, we have

(24) %Hz — y(k)H2 < hym (2, x(k)) — hg<k>(y(k),x(k)) Vz € R".

Setting z = *) in the previous inequality and using (23) gives

2 li 2 _ () — 0.
(25) kEK},{I}g%oHy y =0

By continuity of the operator p(z; he), since {x(®)}rcr is bounded, {y® }rcg is

bounded as well. Thus, (25) implies that {7*)}xc g~ is also bounded and there exists
a limit point § of {gj(k)}keN. We define K C K" such that limge g ko0 §*) = g and
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limgex koo o®) = . By continuity of the operator p(x; hy) with respect to all its
arguments, (25) implies that § = p(Z; hs).
Consider now the sequence {f(z*))};ecn. From assumption (20) it follows that

(26) f(x(k+l)) < f(x(k) _|_/\(k)d(k)) < f(a:(k)).

Thus, the sequence {f (x(k))} keN is monotone nonincreasing, and therefore it converges
to some f € R. Since f is lower semicontinuous and Z is a limit point of {z(*)},cy,
we have

f=lim fz®) = lim fz**Y) > f(z).

k—00 k—00 -

The previous inequality implies that f € R, and this fact, together with inequality
(26), gives

lim f(z®) — f(z® +A®a®) = .

k—o0

Thus we can apply Proposition 3.1 and obtain

; . ~(k) (k)Y —
kag,rlieth(k)"Y(y o) =0.

Combining the previous equality with (13) and (23) yields

— ; 2 (k) (k)Y < ; a(k) (k)Y — i (k) (k)
0 k—><];g,rli€K ho(k)7ry(y y L ) = k—)(]iunliEK ho'(k) (y ) L ) k—)(gunliel( ha’(k) (y y L )

Since h, ) (y(k),x(k)) < 0, this implies limy_, o0, ke K hg<k>(y(k),x(k)) = (0. Expressing
inequality (24) for z = (®)| we can write

k—oo,ke K
—

%”x(k) - y(k) ||2 < h’o’(k) (x(k) ’ m(k)) - ha(k) (y(k) ’ x(k)) = _ha(k> (y(k)v x(k)) 0.

Thus, we proved that y = Z, and by Proposition 2.3 we have that Z is stationary. 0O

Let us now discuss assumption (23) in Theorem 3.1, concerning the inexact so-
lution of the minimum problem in (11). Assumption (16) guarantees that d¥) =
§® — 2(%) is a descent direction, which is needed for the line-search algorithm. How-
ever, it is not sufficient to ensure that the limit points are stationary; we also need to
assume that (23) holds.

As a counterexample, consider the case n = 1, fo(x) = 22/2, fi(z) =0, do (x,y) =
(x —y)?/2, B = 6 = 1/2. The sequence z D = z(*) 4 \®E) (GF) _ (k) with
AR =1 ) = (&) _ (1/2)F*1 satisfies all the assumptions of Theorem 3.1 except

(23). However, starting from z(®) = 2, the sequence writes as 2¥) = 14 (1/2)F *29° 1

while the only stationary point is 0.

Assumption (23) could be replaced by requiring that f; is continuous and (25)
holds. Clearly, (23) cannot be checked directly, but it is very general. In the fol-
lowing sections, we consider two implementable conditions (the first one is limited to
Euclidean distance functions; the second one is more general) that imply (23), and
in s(ections 4.1-4.4 we show how §*) can be computed in practice without knowing
p™; hym).

3
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3.2. Inexact proximal evaluation: e-approximations. In this section we
assume that d, has the form (7) and, in this case, we describe a sufficient condition
for (23).

We observe that y = p(z;hy) = prong1 (z — aD71Vfy(z)) if and only if 0 €
Ohy(y,x), that is,

(27) D=~ y) € O(y),

where z = ¥ — aD ™!V fo(x). Borrowing the ideas in [34, 36], we consider a relaxed
version of (27) and study the properties of any point ¢ satisfying the inclusion

(28) D=~ ) € 0.11()),

where € € R>g and 9. f(2) is the e-subdifferential of a convex function f : R™ — R at
a point z € R™, defined as [38, p. 82]

(29) Def(2) ={weR™: f(z) > f(2)+ (x — 2)Tw — e Yz e R"}.

LEMMA 3.2. Let d, be defined as in (7) and let © € Q. Assume that y = p(x; he)
and that § satisfies (28) for some € € R>g. Then § € Q and we have
(a) hg(ﬂ,ZIJ) _ hd(yvx) <€
() |17 — ylI* < apue for all u € Rsq with
eigenvalue of D.
Proof. Since we have d:ho(§,%) 2 {2D(j — 2) +w : w € I f1(§)} (see [38,

Theorem 2.4.2 (viii)]), inclusion (28) implies 0 € Ocho (7, x), which, by definition (29)
of e-subdifferential, is equivalent to

i < Amin(D), Amin being the smallest

(30) ho(w,z) > he(g,z) —e Yw € R™.

Recall that h,( - ,z) is strongly convex with modulus m = 2/(au) and y is its
minimizer. This yields

1. ) 3
- - < ho’ ) - ho’ ) S )
atu ylI* < he (7, ) (y,7) <e

where the rightmost inequality follows from (30) with w = y. O

The previous result combined with Theorem 3.1 directly implies the following
corollary.

COROLLARY 3.1. Let 0 < amin < Gmax, ¥ € [0,1], © > 1. Assume that {ay ey C
[aminaamax]; {Dk}keN - Mp,7 {ek}keN - IFgZO; limg oo € = 0. Let {x(k)}keN;
{g<’<>}keN be two sequences of points in Q such that, for any k € N, (20) holds,
where \*) is computed by Algorithm LS and §%) satisfies (16) and

1 N N
(31) a—ka(Z(k) — %) € 0, 1 (T,

with 28 = ) — 0y, D'V fo (). Then any limit point of the sequence {x®)}ren
is stationary for problem (1).
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3.3. Inexact proximal evaluation: n-approximations. A different approach
to defining a suitable approximation of the operator (11) is based on the following
definition:

(32) Py(x;he) ={7 € Q: ho(g,2) < nho(y,x), where y = p(x;hq)}

for some n € (0, 1]. This idea of inexactness was introduced first in [7] to approximate
the projection operator onto a convex set in the context of scaled gradient projection
methods for smooth optimization. Clearly, if

(33) 7 € Py(x; he),

then h, (7, z) <0 and hy(g,x) = 0 if and only if A, (y,z) = 0, which implies § = y.
The following theorem establishes a convergence result under the condition §*) €
P, (x*);h,).

THEOREM 3.2. Letn € (0,1], 0 < v < 1, {cr(k)}keN c S, and {x(k)}keN cQ
satisfy (20), where A\*®) is computed by Algorithm LS, with

(34) 7® e Py(a™; hya ).

Then either the iterate *) for some k is stationary for problem (1) or any limit point
T of {x™) Y en is stationary for problem (1).

Proof. Set y®) = p(z™®); h_u ) and first observe that v < 1 and (34) imply
(35) oo (G5, 28)) < by (G0, 2H)) < nhyo (y™, ™) < 0.

If at some iterate k& € N we have h,u ,(5*,2) = 0 and, as a consequence,
hg (y(k),x(k)) = 0, then, by Proposition 2.3, z(®) is a stationary point for prob-
lem (1). )

Otherwise 0 (5%, () < 0 for all k € N, and thus (16) holds. Consider now
a limit point & € Q of {2} e (if one exists) such that limg e ger 2 = & for
some set of indices K’ C N.

We first prove that {§*)} e g is bounded, using the strong convexity of h, w (-, ().
From (34),

(36) o (G5, ) — By (y®, 20) < (7 = Dby (y*), ).

Since h,m (-, x(k)) is strongly convex with modulus of convexity m, and y*) is the
minimizer of A (-, 2(F)),

%Hﬂ(k) =y P2 < hooo (G0, 2®)) = b (y®,20) < (n = Dhga (™, 2®).

Since y®) depends continuously on z*), when {x(k)}keK/ is bounded, and all lie in
a closed set, then {y(k)}ke - is also bounded. Recalling Proposition 3.1, we have
that {ﬁdk)ﬁ(g(k),x(k))}ke;{/ is bounded from below; then, using inequalities (35),
we can conclude that hg<k>(y(k),x(k)) is also bounded from below for k € K’, and
thus {§®}rex: is bounded. We define K C K’ as the set of indices such that
hmkEK,k—H-oo ok = o, hmkEK,k—H-oo y(k) = g for some ¢ € S, § € Q2. Thanks to
the continuity of the operator (11), the set K is well defined, since the sequences
{2} perr, {0¥)}ren are bounded, and, moreover, we have § = p(%; hy). Reasoning
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as in the proof of Theorem 3.1, the existence of a limit point guarantees that (17)
is satisfied. Then, by Proposition 3.1, we obtain limy_eo ke homw(g}(k),a:(k)) = 0.
Combining this with (34), we also have

_ 7 Sk ()Y < T (B k) < - (k) .(k)
0 ka})grlieKho(k)"y(y - )7ka<1>i>1,1lieth(k)(y - )777k%<1>1o%€Kh0(k)(y & )’

which, since h ) (y*®), 2(®)) < 0, implies
(37) lim  hy (y®, 2" = 0.

k—oo,keK

Invoke again the strong convexity of h ) ( - ,2*)) to obtain
P YOI < Ay (29, 29) — hyar (40, 289) = iy (5O, 2,

which, together with (37), gives limy_,o0 rer [|y®) — 2|2 = 0. Thus, § = 7, and by
Proposition 2.3, we conclude that T is stationary. a

3.4. Remarks. Different notions of inexactness have been proposed in the liter-
ature (see [34, 36] and references therein), especially in the context of proximal point
methods, with the aim of approximating the resolvent operator, and some of them can
be considered also in our framework. A synthetic description of possible inexactness
notions and their relationships is given in Figure 1.

3D(z—1) € 0:1(9)
XN
0 € 0cho(:2) &  ho(f,2) <ho(y,z) +e = ||Z]*y||2 < ke
7
dist(0, 0ho (7, 2)) < €
(when D =1)

Fic. 1. Connection of different inexactness notions, under the assumption (7). The proof of
the implications is given in Lemma 3.2 and in [34, Proposition 1].

It is difficult to insert the inexactness criterion (33) in the scheme shown in Fig-
ure 1, since the shape of P, in (33) depends on z, while the implications in Figure 1 are
independent of z. In general, we observe that from inequality (36) and by definition
of e-subdifferential we have

0 € e hom (TP, 20, with e, = (7 — Dby (v, ™).

We give a pictorial example of the sets of admissible approximations 4 of the exact
minimizer y defined by conditions (33) and (28) in Figure 2. This example refers to
the case where f1(z) = tq(z) is the indicator function of a convex closed set 2 C R™.
Choosing the Euclidean metric, i.e., (7) with D = I, a = 1, as distance function, the
operator p(x; h,) reduces to the Euclidean projection of the point z = z — V fo(z)
onto Q. Moreover, condition (28) becomes

(38) geQand (w—9T(z—9) <e Ywe.

As well explained in [34, 36], from a geometrical point of view, a point § € ) satisfies
(38) if and only if 2 is contained in the negative half-space determined by the hyper-
plane of equation (w — )7 (z —9)/||z — || = €/||z — ||, which is normal to z — 7 at a
distance ¢/||z — g|| from g.
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No
<
No

Ko

Fi1a. 2. Ezample with fi(z) = tq(x), do as in (7) with a« = 1, D = I. Shaded portions show
the set Pp(x; ho) defined in (32) (left panel) and the set of points § satisfying (28) (right panel).

On the other side, setting v = 1 for simplicity, we have hg( -, ) = hy( - ,x) =
LI =z)> = 3llz — 2|12 + ta( - ) — ta(x). Thus, the set P, (z;ho) is the intersection
of the set 2 with the ball centered in z of radius v/nly — ]| + (1 — n)[lz — 2|

In general, one of the main differences between definitions (34) and (31) consists
in the fact that in the latter case the distance between the approximated and the
exact minimum of h,w (- ,2®), ie., |[§) — y®)|, can be controlled by the inde-
pendent parameter €, while in the other case this distance is algorithm and iteration
dependent. This fact can be exploited to obtain a stronger convergence result, as
shown in the next section.

3.5. Convergence analysis in the convex case with e-approximations.

3.5.1. Convergence. In this section, we assume that fy is convex, and in this
case we prove a stronger convergence result for a specific line-search algorithm where
the descent direction is defined by means of an e-approximation, provided that the
sequence of parameters {e }ren is summable and that the sequence of the matrices
Dy, satisfies suitable assumptions. The following theorem is a generalization of Theo-
rem 3.1 in [10]. Further results on forward-backward variable metric algorithms which
apply to problems of the form (1) when f has a Lipschitz continuous gradient can be
found in the recent papers [16, 19]. We stress that in all our analysis we do not need
any Lipschitz continuity of the gradient of fy and, moreover, the sequence of errors
5% — 4| needs to be square summable, while the convergence result stated in [16,
Theorem 4.1] is given under the stronger assumption that ||§*) — y(*)|| is summable.

THEOREM 3.3. Let 0 < amin < @max, ¥ € [0,1], {ak tren C [@min, ¥max].- Assume
that fo in (1) is convex and the solution set X* of problem (1) is not empty. Let
{x(F)}pen be the sequence generated as

D) = () L AR gk) - gk) = (k) _ p(k)
where \%) s obtained by means of the backtracking procedure in Algorithm LS, with
%) satisfying ha<k>w(g(k),x(k)) < 0. Moreover assume that

(H1) §® satisfies (31), where the sequence {e}ren is summable, i.e., S e €k <
00;
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(H2) {Di}ren C M,,, where p>1 and

Dpy1 = (14+Ck)Dr,  {Cutren CR>g, and ZCk < 0.

k=0
Then the sequence {x*)} ey converges to a solution of (1).
Proof. First of all we recall the basic norm equality
(39) lla = bl + [1b = clh — lla = clb = 2(a = b)" D(c — b),

which holds for any a,b,c¢ € R™. Let & € X*. By definition of §*) we have

1
filw) = AGH) + a—(Z(k) — NI Dy (w — §™) — e Yw € R™,
k

which, recalling that 2(®) = 2(*) — a;, D71V fo(x(*)), can also be written as

(1P =™ De(w=5) = ai (1GY) = fi(w) + VIo@™)T GO —w)) —aper Yw € R™.

For w = 2, the previous inequality gives

7% — )T Dy - 29) > (AGY) ~ @) + T @ - 5)) - ases
. (g(k) _ 4 aka_lVfo(x(k)))T Di(® — 28

(40) > ap (LGY) = AED)+1@®) = £@)) +15D - 2P,
+ oV fo(z* )T (3" — 2™ — ey
> [|g* — 2B, — arex

+ar (AED) = i@ ®) + Vfo(a®)T(GH — 20))

|
) \C)E Iz — W13, — akey

+ar (AED) = 1@ ®) + Vfol@®)T @GP - 20)),

where the second inequality is obtained by adding and subtracting f; (x(k)) and by
the convexity of fy, the third one from the fact that Z is a minimum point, and the
last one by definition of z(**1. By equality (39) with a = z*+1), b = z®) ¢ = &,
D = Dy, we obtain
lz*+Y =23, = 2™ =23, + |a*D —2W|, —2(a® — 2T Dy (™) - 3)
= [«® — 2|}, + |z — 2P, —22® (G*) — )T Dy (3 — 2
(41) R 2
< ||x(k) _ xH%k + <1 — W) Hx(kJrl) — x(k)”%k
— 20, AP (va(QC(k))T(g(k) — ™Y £ (G = f (xw))) 20,0,

. 2 g
= 1 =l + (1= 35+ 5 ) I — 1,

— 20 AP Ny, (G0, M) + 20, AP ey
(42) < ||$(/€) - j:H%k - ZOék/\(k)ilo(’“)fy(g(k)v x(k)) + 2Oék/\(k)€ka
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where the third equality is obtained by adding and subtracting the term yA®)||5(*) —

a®2, =y /AB|zk+D — (B2 and the last inequality follows from the fact that
v € [0,1]. From assumption (H2) we obtain

Iz — a3, < L+ G@lla®Y 2],
< (1) e™ = 21D, — 206(1+ GIA O hgw , (50, 21)
+ QQk/\(k)(l + )€k
(43) < L+ Gl — 213, — 20max AP by 5 G, 2) + 20maxCer,
where we set ¢ = 1+maxy, (. Then from [27, Lemma 2.2.2] we can conclude that the
sequence {[|z(®) — ||%, Jren converges. In particular, since Dy, € M, {x®)} ey is
bounded and thus has at least one limit point. Let us denote such a limit point by x*°.
By Corollary 3.1, = is stationary; in particular, since f is convex, it is a minimum
point, i.e., 2 € X*, and thus {||z*) — 2°°||3, }ren converges. Let {z¥)};cy be a
subsequence of {z(®)} ey which converges to z°°. By the norm inequality (5)

lo®) — 2|, < plla™ -2 =F 0.

Since {||z(®) — x> |5, }ren converges, this implies that its limit is zero. Invoking again
(5), we obtain

1
~[le® — 2| < ¥ — 2|3, =5 0,

which allows us to conclude that {x(k)}keN converges to . a

In the following we present a variation of Theorem 3.3 where the tolerance pa-
rameters € are adaptively chosen, instead of being a predefined summable sequence.

THEOREM 3.4. Let 0 < tmin < @max, ¥ € [0,1], {ak tren C [@min, ¥max]- Assume
that fo in (1) is convex and the solution set X™* of problem (1) is not empty. Let
{2} en be the sequence generated as

2D — g0 LA R k) k) _ (k)

where A\%) s obtained by means of the backtracking procedure in Algorithm LS, with
%) satisfying hg<k>,7(g(’“),x(k)) < 0. Moreover assume that
(H1") §*) satisfies (31), where the sequence {ex }ren satisfies

(44) e < —Thyw (", 2®)
for some T >0,

and that hypothesis (H2) of Theorem 3.3 holds. Then the sequence {x*)} ey converges
to a solution of (1).

Proof. By substituting (44) in (43) we obtain
[ = alh,,, < (4 Gl = 2D, = 20mad (1 4+ 7)Ao o (5, 20).

The remainder of the proof follows exactly from the same arguments employed in
Theorem 3.3. a
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We show in section 4.4 how the conditions (31) and (44) can be satisfied in
practice.

Assumption (H2) is analogous to the one proposed in [16, 19]. A special case of
it is given by

(H2') {Di}ren C My, where pf = 1+ &, & >0, Y & < oo.

Thanks to inequality (5), for any € R™ we have

el

2" (Diy1 — i1 Di)z = 27 Dyjrz — p i 2" Dy < prgoen ||| = pogo s 1 —— " =0,

which implies Dy41 = prpr+1Di. Moreover, ugpur1 can be written as pgpp+1 =
1+ (g, where ( = \/(1 + &) (1 + &ky1) — 1. Since lim, 0 +/1 + z/x = 1/2, it follows
that >~ ;& and >_ - (& have the same behavior. Then we can conclude that (H2)
implies (H2).

We also observe that, employing the same arguments above, we can prove that
tk+1 e Dir1 = Dy, and as a consequence, (H2') also implies that (1 + (x)Dg+1 = Dy
with >°p7 , ¢k < co. In practice, (H2') says that the scaling matrices have to converge
to the identity matrix at a certain rate, while (H2) implies the convergence to some
symmetric positive definite matrix (see Lemma 2.3 in [19]).

3.5.2. Convergence rate analysis. In this section we analyze the convergence
rate of the objective function values f(z(®)) to the optimal value f*, proving that
flzttD)y — fr = ( ). This complexity result is obtained using the same settings as
Theorem 3.4, but further assumes that the gradient of fj is Lipschitz continuous on
the domain of f;. This Lipschitz assumption guarantees that the sequence {A\(*)},.cx
is bounded away from zero. Before giving the main results, we need to prove the
following lemma, which actually does not require the Lipschitz assumption.

LEMMA 3.3. Let %) %) € Q. If %) satisfies (31), with 0 < ag < Qmax and
Dy € M, then

(45) 3 — 2® )12 < ~hyu ,(GH,2®)) + .

20zmaxu

Proof. For any w € 9, f1(7F)) we have
- 1. -
oo (F*), ™) = V fo (™) T (5* — ) + EHy(k) — M3, + AEP) = fr(@®)
1
< VA®)T G - a®) + 25 — 20, 40T GO —2®) 1 q.
k

In particular, the previous inequality holds true for w = aLka(z(k) — ) (see (31)).
This results in

;}O_(km@(k),m(k)) < hy (g(k)7 x(k))

< Vio(e™)T (" —2®) + Hy(k) 2|3,
1 _ - -
+a—k(x(k) —apD,, 1Vf0(x N = g"INTDR(g® — 20 4 ¢,

Hy(’“) W + e,

k k)2
— 55 — ¥, + e <~

max

where the last inequality follows from (5). O
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PROPOSITION 3.2. Let {z(®) } ey be a sequence of points in Q and {d® }ren a se-
quence of descent directions such that d®) = §*) —2®) and (45) holds. Let {\*)}ren
be the steplength sequence computed by Algorithm LS and assume that V fy is Lipschitz
continuous on Q and that (44) holds. Then there exists Amin € Rso such that

(46) AE) > A i Yk €N,
Proof. In view of (44)—(45), setting a = aumaxp, one obtains
(47) 4™ < —2a(1+ 1)hg0 (P, 2V).

If V £y is Lipschitz continuous on ) with Lipschitz constant L, then from the descent
lemma [6, p. 667] we have

L

(48) fola™ +2d®) < fo(a®) + AV fo () Td® + ZA2d @,

where A € [0,1]. By combining inequalities (47) and (48) we further obtain
fo(@® +Xd®)) < fo(a®) + AV fo(z)Td® — a(1 + 7) LA Ry A (5F), ).

Summing f(z®) + Ad*)) on both sides of the previous relation and applying the
Jensen inequality fi(z®) +Xd®)) < (1= \)f1(z®) 4+ Af1 (7)) to the right-hand side
yields

F@® 4 2d®) < f@®) = A1) + AL GD) + AV fo(z)Td®)
— CLL/\2(1 + T)ibo(k),,y(ﬂ(k),x(k))
< f@®) = A (@®) + A1 (5P) + AV fo (2 )T a®)

L1+ 7)o o (0, 20) + AL a3,
= f(x(k)) + )\izg(k)ﬁ(g](k), x(k)) —aLX*(1+ T)izg(k)w(gj(k),a:(k))
= f@®)+ X1 —aL(l+7)N) izg(k)ﬁ(gj(k), ).
The previous inequality ensures that the Armijo condition
(49) Fa™ +2d®) < f(@0) + Aho o (5, 2()

is satisfied, for all k& € N, when 1 — aL(1 + 7)A > f, that is, for all A such that
A< (1-p)/(aL(14 7). If A(®) is the steplength computed by Algorithm LS and
the backtracking loop is performed at least once, then A = \(*) /0 does not satisfy
inequality (49), which means A(*) > (1 — 8)§/(aL(1 4 7)). Thus, the steplength
sequence {\(®)} oy satisfies inequality (46) with Ay, = (1 — )6/ (aL(1 + 7)). 0

Based on these premises, we are now ready to prove the convergence rate result.
The proof of the theorem follows the arguments developed in Theorem 3.1 of [5] by
modifying them to the case of inexact proximal computation, variables metrics, and
the presence of the Armijo line search. In [16] where the authors also take into account
variable metrics and inexact computation, no convergence rate results are given. In the
case of exact proximal computation and without variable metrics, a different proof
of the convergence rate is given in [12]. In contrast to the results mentioned, the
explicit expression of the Lipschitz constant of V fj is not needed in order to choose
the line-search parameter in the correct range (the Armijo rule guarantees sufficient
decrease and the steplength parameters are free).
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THEOREM 3.5. Assume that the hypotheses of Theorem 3.4 hold and, in addition,
that the gradient of fo is Lipschitz continuous on 2. Let f* be the optimal function
value for problem (1). Then

Fa) - =0 (3)-

Proof. If we do not neglect the term f(z®*)) — f(&) = f(z™™) — f* in (40) and in
all the subsequent inequalities, instead of (42) we obtain

Jo D — 13, < 2™ — B, + 2002 (<hgoo 5 (G, 29) + )
= 22Wa(f(®) - ),

and hence

k+1

A

[ — &5, < (14 G)lla®T — 23,

1+ C)llz™® = @3, + 20XP (1 + G) (—hgm 4 (GTF ™) + ex)
= 2081+ G (f(= ™) - )

(45) 1+ Ce)llz™® = 2[|3, — 20max( + 7)AP Ry, (GH, )

+ CL(f* - f(x(k)))v

IN

where we set ( = 1 + maxg (x, @ = 2 AminQmin, Where Ay, is defined in Proposition
3.2. Summing the previous inequality from 0 to k gives

k
JeHD a3, < 2@ — 3, + 3Gl — 23,
3=0
k ~ ) k )
— 200max (1 + T)CZ/\(j)hg(j)w@(j)’mu)) tal(k+1)f - Zf(x(ﬂ))
7=0 j=0
k
. — 20max(l+ 7 N N
< ||a:<°>—x|\%O+M<—%<f<x<°>> | k- fa)
j=0

where the second inequality follows
o by setting ¢ = >-77 (j;
e from the fact that {|[z(*) — ||%, Yren is a convergent sequence (see Theo-
rem 3.4), and thus there exists M such that ||\ — &[|3, < M; and
e from (22).
Adding the positive quantity a(f(z(®)) — f*) to the right-hand side of the last inequal-
ity, we obtain

20mexLETIC 440 — p)

l2® Y — 2|3, <@ —|p, + M~

k
talkf =) fa)

Jj=1
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Moreover, exploiting the inequality

M»

k
(J) (J+1) Z f(x (J) (k+1))
j=1

gives

20max(L £ T)C 1 Oy o) Lk o f(aHD)).

le Y =3, < ll2©—alp, +MC-

B
Rearranging terms yields
~ 1 N = Omax 1 +7 C N
Fa) - 1(0) < o (10 - alfy, + M& - 22U 100) - fra).
establishing the result. d

4. Practical computation of - and e-approximations.

4.1. Computation of the inexact proximal: n-approximations. In this
section we discuss how to compute a point §*) such that (34) holds, i.e., satisfying

(50) hg<k>(3j(k),x(k)) < nhyw (y(k),x(k)), with y(k) = p(x(k); he),

for a given n € (0,1], without knowing y*). A special case of this problem, corre-
sponding to the case f; = 1, where 2 is the intersection of closed, convex sets and
the metric is given by (7), is considered in [7].

Satisfying inequality (50) is possible when, for each k, one can compute a sequence
{al}leN C R such that

(51) ar < hyoo (y®, M) Ve N and llim ar = hyw (y®, 20,
—00

and a sequence of points {7 },cy such that
(52) im0 (50, 28) = by (4, 2
— 00

In practice, { should be considered as the index of an inner loop for computing §*).
Indeed, when (51) holds, we also have
(53) na; < nhya (y*, z*)) v e N.
Moreover, for all sufficiently large [ we have a; > h (y(k),x(k))/n, which, together
with (53), gives

ho'(k) (y(k)v x(k)) <na; < T]ha(k) (y(k) ) x(k))

Then, if one considers any method generating a sequence §**) such that (52) holds,
the stopping criterion

(54) hoto (G50, ™) < nay

for the inner iterations is well defined. If [ is the smallest integer such that (54) is
satisfied, then the point 7®) = §(*! satisfies (50). In the following sections we show
how to compute a sequence a; satisfying (51) in the interesting case of the Euclidean
metric.
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4.2. Composition with a linear operator. In this section we assume that
f1(x) is given by

(55) fi(z) = g(Ax),

where A € R™*" and g : R™ — R is a convex function. Moreover, we choose d, as
in (7). We consider the minimum problem (11), which can be written in equivalent
primal-dual and dual form as

: k . k k
min o (y, %) = min max Foe (y, v,2) = max @00 (v,20).

The primal-dual problem can be obtained from the primal one by applying the def-
inition of the convex conjugate g*, which gives g(Ar) = max,crm vT Az — g*(v),
obtaining

(56)

1 * Qg
Fyar (9.0,29) = 5o ly = 2B, + 9740 g (0) = i) = TS},

with z(®) = z(*®) — akD,foo(x(k)). The dual problem is obtained by computing
the minimum of the primal-dual function with respect to y, which is given by y =
2®) — D, ATv, and substituting it in (56), obtaining the explicit expression of the
dual function

1 _ . (o7
U, 00 (v,20) = —El\awk PATy — 20|13, — g% (v) — f(@™) - 7|\Vfo(x(’“))||%;1

1
= 1xR)2
+ 5=,
By definition of the primal-dual and dual functions, the following inequalities hold:
ha’(k) (y7 x(k)) 2 Fg—(k) (y7 v, x(k)) 2 \Ijg—(k) (UJ x(k)) vy € Rna veR™.

In particular, the previous inequality holds for y = y*). Then an approximation *)
of y®) can be computed by applying any method to the dual problem

(57) max ¥, (v, z ),

vER

generating a sequence {U(l)}leN such that ¥ (U(l), x(k)) converges to the maximum
of the dual function ¥, ( - ,z(*)). As a consequence of this, setting (¥t = 2(F) —
axD; P ATvW | a point satisfying (50) can be found by stopping the dual iterations
when

(58) hooo (§50, 20) <m0 (00, 2®))
is satisfied, i.e., (54) with a; = U_q (v, 2®).
For example, one can apply a forward—backward method [18], such as ISTA or its

accelerated version (FISTA [5]), to the dual problem. As an alternative, the saddle
point problem

min max F_u (y, v a:(k))
g 3 3
yER™ vER™
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can be addressed, for example, with a primal-dual method such as [14, 26], using (58)
as stopping condition. More generally, a point §*) € P, (z(*); h ) can be obtained
by computing two sequences, {v® Ve, {7 }en, such that

lim @, (v®, 2®) = max ¥_u) (v,2%) = min h,w (y,2®) = lim hya (G, 2H),
l—o0 veER™ yeR™ l—o0

stopping the iterates when (58) is met.

Remarks. We observe that (55) includes also the case where fi(x) is defined as
fi(z) =30_, gi(Aiz), where A; € R™*" g, : R™ — R. Indeed, formulation (55) is
recovered by setting A = [AT AT ... AT]T € R™ ™ with m = _;_, m;. In this case
the dual variable v can be partitioned as v = [vf v ... vI]T, where v; € R™ and
g*(v) = >0, gf (v;) (see [38, Theorem 2.3.1 (iv)]).

4.3. Preserving feasibility. Clearly, any point 7%! satisfying (58), where v(*)
is generated by any converging algorithm applied to the dual or the primal-dual
problem, belongs to the domain of hg(-,x(k)), i.e., to the set 2. Indeed, for any I,
v(® belongs to the domain of the dual function \Ilg<k)(-,x(k)) and, as a consequence,
(54) implies that h ) (5%, 2(*)) is finite. However, the stopping criterion (54) may
require a very large number of inner iterations [ to be satisfied, and, in addition, the
primal sequence points §*" may be feasible only in the limit. For these reasons,
we propose also considering the sequence (%1 = Py (3}(’”)), where P denotes the
Euclidean projection onto the set 2. If, at some inner iteration [, the inequality

(59) B 5 (0D, 2®) <l (00, 2 M)

is satisfied, this clearly means that g*) € P, (z®);h,) (i.e., (34) is satisfied), and we
can set ) = 58D We observe that when (%! converges to y*) as | diverges, the
stopping criterion (59) is well defined, since 7(*) also converges to 3.

4.4. Computation of the inexact proximal: e-approximations. In this
section we show how to compute a point satisfying inclusion (31), for any given e €
R>o, when the convex function f; in (1) has the form (55). Our arguments are
obtained by extending those in [36], which are recovered by setting D = I. As done
in section 4.2, we will make use of the duality theory. In particular, we define the
primal-dual gap function as

(60) Gt (y, v, ™)) = Ry (y, 2™) — W (v, 2P,

We also have the following results.

LEMMA 4.1. Let f : R* = R, g: R™ — R be two convex functions, A € R™*".
If f(z) = g(Az), then f*(ATy) < g*(y) for ally € R™.

Proof. By the definition of the convex conjugate we have

[ (ATy) = sup " ATy — f(z) = sup (Az)"y — g(Ax)

rER™ rER™
= sup 2'y—g(z) < sup 2Ty —g(z) = g*(y). O
z€ER™ z=Ax z€R™

PROPOSITION 4.1. Let ¢, € R>q. If
(61) Gt (P, 0,2 < ¢,

with §F) = 2 — ;. D,V ATv, for some v € R™, then (31) is satisfied.
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Proof. From the definition of the primal-dual gap, a simple computation shows
that

gg(k) (g(k)a v, x(k))

1
—||o<ka_1ATU||%k — 0T AR 4 f1 (z(k) — aka_lATU) + 9" (v)
QL

1
e Ay ”akD’ZlAT”H%k — 0T Az®) 4T () — o DT AT )

weRm Ok

— fi(w) +g*(v)

= s (w = ATo)T (2 — D ATY) - £ (w) +9"(0)

weR™

2 sup (w = AT)T (2" — @ Dt ATv) = fi (w) + fi(AT0),
we m

where the last inequality follows from Lemma 4.1. Thus, if (61) holds, the previous
inequality yields

(w—ATv)T(z(k)—ocka_lATv)—fl* (w)+ £ (ATv) < Gy (TP, v, 20) < €, Vw € R™.

Rearranging terms, the previous inequality writes also as

fi(w) > fH(ATY) + (w— ATo)T (2P — agD; P ATY) — €, Vw € R™,

which, from definition (29), is equivalent to z*) — a; D, * ATv € 9., fi (ATv). Finally,
by applying [38, Theorem 2.4.4 (iv)], we obtain ATv € 9, f1(z¥) — oy D, ' ATw).
Recalling that §* = 2 — a; D, "' ATv, which implies ATv = Dy (z*) — () /oy,
(31) follows. 0

Proposition 4.1 suggests that for computing §*) satisfying the assumptions of
Corollary 3.1, we can use the same iterative approaches described at the end of sec-
tion 4.1, stopping the iterates when

(62) G (§FD 00, 2®) < e and by (5%, 2 < 0.

4.5. Equivalence between 7n- and e-approximations. Any n-approximation
%) satisfying (58) for some v) € R™ is also an e-approximation, where e =

~Thyw (§F),2*)) and 7 = —1 + 1/n. In fact, in these settings, (58) implies
By (), 2®)) =W _ay (v, 2®)) < —7h o) (), 2*)), and, as shown in section 4.4,
this means that §*) is an e-approximation with € = —7h ) (5*,2z(*). Thus, any

point computed by an iterative procedure stopped when (58) is satisfied is both an 7-
and an e-approximation.

5. Numerical illustration. In order to validate the proposed approach, we con-
sider two relevant image restoration problems, whose variational formulations consist
in minimizing the sum of a discrepancy functional plus a regularization term. The
first test problem is convex; the second test problem is nonconvex. An outline of the
algorithm that we will use is shown in Algorithm VMILA, and it is the same for both
convex and nonconvex problems.

5.1. Image deconvolution in presence of Poisson noise. Following the
Bayesian paradigm, when the noise affecting the data is of Poisson type, a typical
choice for measuring the discrepancy of a given image = from the observed data b is
the following Kullback-Leibler divergence:

n bi
KL(z,b) = E b; log <—) +x; — b;.
Ty
i=1
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Taking into account also the distortion due to the image acquisition system, which
we assume to be modeled through a linear operator H € R"™*" and a constant
background term g, the data discrepancy is defined as

folw) = KL(Hz + g1,b),

where 1 € R" is the vector of all ones. Moreover, when one wants to preserve edges in
the restored image and also the nonnegativity of the pixel values, the regularization
term can be chosen as

(63) fi(z) ZPZIIVMJH + e, (2),

where p > 0 is a regularization parameter multiplying the total variation functional
[33] and V; € R?X™ represents the discrete-gradient operator at the pixel i. Clearly,
the function fi(z) has the form (55), with 4 = (V{ .- VI I)T € R3"X" In
this case v € R3" and g¢* is the indicator function of the set B&p X e X Bg)p x RZ,
where Bj , C R? is the 2-dimensional Euclidean ball centered in 0 with radius p.

In our experiments we assume that H corresponds to a convolution operator asso-
ciated to a Gaussian kernel, with reflective boundary conditions, so that the matrix-
vector products involving H can be performed via the discrete cosine transform [24].

We define a set of test problems in the following way: A reference image is
rescaled so that the pixel values lie in a specified range (this is for simulating different
noise levels); then it is blurred by convolution with a Gaussian kernel with standard
deviation opsr and the background is added. Finally, Poisson noise is simulated with
the MATLAB imnoise function, obtaining the noisy blurred image b. The details
of each test problem are listed in Table 1. The regularization parameter p has been
manually tuned to obtain a visually satisfactory solution. For each test problem we
numerically compute the optimal value f* by running the considered algorithms for
a huge number of iterations, retaining the smallest value found.

Algorithm VMILA Variable metric inexact line-search algorithm (VMILA).

Choose 0 < min < Qmax, £ > 1, 8,8 € (0,1), v € [0,1], n € (0,1], 29 € Q.
For £k =0,1,2,...
1. Choose aj, € [Qumin; ¥max), 1 < i < p, and Dy, € My, ;
2. Compute §*): compute a dual vector v € R™ and the corresponding primal
vector 7*1) such that (58) is satisfied, then set §*) = g,
3. Set dF) = k) — gk,
Compute the steplength parameter A(*) with Algorithm LS;
5. Set x(k+1) = g(k) 1 \(k)g(k),

.~

We implement our inexact algorithm, which is summarized in Algorithm VMILA,
in a MATLAB environment with the following settings:

Step 1: Metric selection. The scaling matrix Dy is chosen mimicking the split-
gradient idea [25] that was developed for smooth optimization problems under a non-
negativity constraint. In particular, the gradient of the smooth part of the objective
function is split into a positive and a negative part, which gives rise to a class of
iterative optimization algorithms that can be interpreted as scaled gradient methods.
As the gradient of the KL function can easily be split in the same way, we propose
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TABLE 1
Test problems description.

Problem Ref. image Size Range Opst g p
cameraman ~ MATLAB cameraman 2562  [0,1000] 1.4 5 0.0091
micro [37, Figure 8] 1282 (1,69] 3.2 0.5 0.09

phantom Shepp-Logan phantom 2562 [0, 1000] 1.4 10 0.004

adopting this procedure in this case, too. Skipping the technical details, the scaling
matrix is defined as the diagonal matrix with positive entries:

z®) 1 -
D i = Ia; i 177 y T )
[ k] max | min [HT]]_]Z 13 m

where pr = /14 1019/k2, so that assumption (H2') is satisfied. We choose a large
initial range for the scaling matrix selection to allow more freedom of choice at the
first iterates, where the benefits of the scaling matrix are more relevant [9].

Step 1: Steplength selection. The parameter «y is chosen by the same strategy
used, e.g., in [11, 30, 29] (based on a suitable alternation of the Barzilai-Borwein
rules), and its value is constrained in the interval [min, ¥max] With Qmin = 108,
Omax = 102.

Step 2: Computation of the approzimated prozimal point §*). We experimented
with different inner solvers applied on the primal-dual or on the dual formulation of
the inner problem. The best performances have been obtained using FISTA applied to
the dual problem (57), in the variant proposed in [13], which ensures the convergence
not only of the objective function values to the optimal one but also of the iterates to
the minimum point. In particular, we set t; = (I +a—1)/2, with a = 2.1 [13, formula
(5)]. For brevity, we report only the results obtained stopping the inner iterates when
criterion (59) is met, which corresponds to both an n- and an e-approximation (see
section 4.5). A maximum number of 1500 inner iterations is imposed. The initial
guess of the inner loop at the first outer iterate is the vector of all zeros, while at all
successive iterates the inner solver is initialized with the dual solution computed at
the previous iterate.

Other parameter setting. The line-search parameters 9, 5,y have been set, respec-
tively, equal to 0.5,107%, 1. These are the standard choices for the Armijo parameters
in the constrained optimization setting [11, 29, 30], where it has been remarked that
the performance of the line-search algorithm is not sensitive to modification of the
standard values.

All the following results have been obtained on a PC equipped by an Intel Core
i7-2620M processor with CPU at 2.70GHz and 8 GB of RAM, running Windows 7 OS
and MATLAB R2010b. The MATLAB routines and the datasets are available at the
website http://www.oasis.unimore.it/site/home/software.html.

We investigate first the impact of the inexactness parameter 7 choice on the over-
all method. In Figure 3 the relative decrease of the objective function values in the
first 500 iterates is reported with respect to both the iteration number (first row) and
the computational time, in seconds (second row). It can be observed that a higher
precision can accelerate the progress toward the solution, but this usually results in a
very large number of inner iterations, and, consequently, it is extremely time consum-
ing (for example, for the test problem cameraman with n = 1076,1072,5- 107! the
mean number of inner iterations per outer iteration is 28, 54, 409, respectively). This
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F1a. 3. Algorithm VMILA with different choices for n. Relative decrease of the objective func-
tion values with respect to the outer iteration number (top row) and to the computational time
(bottom row). Left column: cameraman. Middle column: micro. Right column: phantom.

is typical of inexact algorithms based on the iterative solution of an inner subproblem.
We find that a good balance between convergence speed and computational cost is
obtained by allowing a relatively large tolerance, corresponding to n = 10~6.

As a further benchmark, we compare our algorithm to Chambolle and Pock’s
method (CP) [14], which, referring to the notation used in their paper, has been
implemented setting G(z) = try () and F(Kz) = KL(Hz + ¢,b) + B 1 Vizl],

with K = (HT, Vf, e VZ)T. In this way the resolvent operator associated to F'*
can be computed in closed form. In Figure 4, we compare the behavior of our approach
(with n = 1075) with CP (2000 iterations) for different choices of its two parameters,
o and 7 (once 7 is selected, o is chosen such that 70 L? = 1, where L = || K||). We
observe that CP is quite sensitive to these parameters, and it is difficult to devise,
in general, a more convenient choice, while our approach with the parameter settings
described above seems to be always comparable to the best results obtained by CP
in terms of objective function decrease with respect to both the iteration number and
the computational time.

We have run the simulations also for Dy = I. In this case, the identity scaling
matrix gave rise to slower convergence as compared to the scaling matrix described
above. The advantages of using a variable metric have already been noticed in many
smooth optimization problems arising in different applications [8, 9, 10, 11]. Our
results are coherent with what has been already observed in the recent literature.

5.2. Image deconvolution in the presence of signal-dependent Gaussian
noise. In the second example, we study the image reconstruction problem described
in [15], where the observed data b € R™ are governed by the model

bi = (thrue)i + Ui((thrue)i)wia

where Zyue € R™ is the true image to be recovered, H € R™ ™ is a matrix with
nonnegative entries associated to the acquisition system, w = (w1, ..., w,)? are drawn
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FiG. 4. Comparison between Algorithm VMILA (n = 10~%) and the CP algorithm with different
choices of parameters. Relative decrease of the objective function values with respect to the outer
iteration number (top row) and to the computational time (bottom row). Left column: cameraman.
Middle column: micro. Right column: phantom.

from Gaussian distribution with zero mean and covariance matrix I,,, and o; : R —
R+ is defined as o;(u) = va;u + ¢, with a; € R>p, ¢; € Ry, foralli=1,....n

As explained in [15], an approximation of the true image x4y can be found as a
solution of the minimization problem (1) where the data discrepancy function is given
by

(64) % Z + - —|— log(a;(Hzx); + ¢;),
which is nonconvex and smooth in dom(fy) = {x € R" : a;(Hzx); + ¢; > 0 Vi =
1,...,n}, and the regularization term is chosen as in (63).

Since ¢; > 0 for all ¢+ = 1,...,n and H has nonnegative entries, it holds that
dom(fy) D dom(f1). We also have that V fo is Lipschitz continuous in dom(f1), but
there is no explicit expression for the Lipschitz constant.

We evaluate the performance of the suggested method in comparison with the
variable-metric forward-backward (VMFB) algorithm [15] (the implementation is pro-
vided by the authors [31]). In particular, we analyze the test problem jet plane [31].
In this case, the operator H is a convolution with a truncated Gaussian function of
size T X 7,a; =c¢; =1foralli=1,...,n, and p = 0.03. The approximation gk
of the proximal operator is handled in the same way as in the previous test problem.
The parameters aumin = 1072, amax = 102, 6 = 0.5, 3=10"%, vy=1, n = 1075 used
in the MATLAB implementation are also the same as in the previous test problem.

We consider two diagonal scaling matrices Dy, corresponding to two choices for
the metric:

MM (Dy);;t = max{min{(Ag)i;, 1}, } where Ay, is defined in [15, formula (36)]
with 5 = 0. This matrix Ak 15 chosen such that the quadratic function
Q(z,2®) = fo(a®) + V fo(e™)T (& — 2®)) + 3|z — ™%, is a majorant
function for fo, i.e., fo(z) < Q(z,z™) for all x € dom(fy).
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Fi1Gc. 5. Image deconvolution in the presence of signal-dependent Gaussian noise. Relative
decrease of the objective function toward the minimum value with respect to the iteration number
(left) and computational time in seconds (right).

()
SGM (Dy);' = max{min{m, w}hy %}, where ¢ is set to the machine precision

and V(z®) is defined as V(z®)) = HT s with

a;((Hzx); + b;) + 2¢; a;

) _ (Fa), %
si = (Hz)i 2(ai(Hx); + ci)? 2(ai(Hz); + i)

This scaling matrix is again chosen mimicking the split-gradient idea [25].
The bound p of the diagonal entries of Dy, is set equal to 10'°. The stepsize parameter
ay is chosen using the Barzilai-Borwein rules as before.

In our experiments, both methods achieve the same value of the objective function
in the limit, which we denote by f* (this is not true in general for nonconvex problems).
Thus we can compare the convergence properties of the algorithms by showing the
decay toward this value (it has been precomputed by running 5000 iterations of all
methods and retaining the smallest value).

The results have been obtained on a PC equipped by an Intel Core i7-3667U
processor with CPU at 2.0GHz and 8GB of RAM, running Linux Ubuntu 64-bit OS
and MATLAB R2012a.

Figure 5 reports the relative decrease of the objective function with respect to
the minimum value f* as a function of the iteration number and of the computational
time. We observe a faster decrease of the objective function for Algorithm VMILA.

6. Conclusions and future work. In this paper we presented and analyzed
an inexact variable-metric forward-backward method based on an Armijo-type line-
search along a suitable descent direction. The inexactness of the method lies in the
possibility of using an approximation of the proximal operator, while the underlying
metric may change at each iteration and also non-Euclidean metrics are allowed.
We performed the convergence analysis of the method, obtaining results in both the
nonconvex and convex cases and providing also a convergence rate estimate in the
latter one. The main strengths of the method are listed below.

e For nonconvex problems we proved a weak convergence result (Theorem 3.1)
which holds true for inexact computation of the proximal point (for which
we provide implementable conditions). This result is not given in [1, 15], nor
under the weaker Kurdyka—FLojasiewicz hypothesis.

e The convergence is ensured by a line-search procedure, which does not depend
on any user-supplied parameter (actually the constants v, 3, have to be
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chosen, but the behavior of the whole algorithm is not sensitive to these
choices). On the other side, the “free” parameter ¢ in (11) could be exploited
to accelerate the convergence speed.

e The possibility of using at each iterate an approximation of p(x(k); he) makes

the method well suited for the solution of a wide variety of structured prob-
lems.

e The numerical results on large-scale problems show that the performances of

the inexact method are promising and comparable with those of state-of-the-
art methods.

Future work will be addressed especially to deepen the theoretical and numerical
analysis in the nonconvex case, investigating the possibility of obtaining convergence
results stronger than those stated in Theorems 3.1 and 3.2, at least for some classes
of nonconvex functions (e.g., Kurdyka-tojasiewicz functions).
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