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ABSTRACT: Spinning particle models can be used to describe higher spin fields in first
quantization. In this paper we discuss how spinning particles with gauged O(N) super-
symmetries on the worldline can be consistently coupled to conformally flat spacetimes,
both at the classical and at the quantum level. In particular, we consider canonical quan-
tization on flat and on (A)dS backgrounds, and discuss in detail how the constraints due
to the worldline gauge symmetries produce geometrical equations for higher spin fields,
i.e. equations written in terms of generalized curvatures. On flat space the algebra of
constraints is linear, and one can integrate part of the constraints by introducing gauge
potentials. This way the equivalence of the geometrical formulation with the standard
formulation in terms of gauge potentials is made manifest. On (A)dS backgrounds the al-
gebra of constraints becomes quadratic, nevertheless one can use it to extend much of the
previous analysis to this case. In particular, we derive general formulas for expressing the
curvatures in terms of gauge potentials and discuss explicitly the cases of spin 2, 3 and 4.
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1. Introduction

In a previous paper [[] we have discussed the worldline quantization of massless higher spin
fields, considering in particular those fields that are described by spinning particle models
with gauged O(NN) supersymmetries on the worldline [J -] (which include all D = 4 higher
spin fields). We calculated the one-loop effective action in flat space, that contains the in-
formation on the number of physical degrees of freedom propagating in the loop. This result
was achieved by computing the path integral of the O(/NV) spinning particle on the circle.
To obtain more information on the quantum theory of higher spin fields in a first
quantized approach, it is desirable to couple the spinning particles to more general back-
grounds other than flat spacetime or, equivalently, to introduce suitable vertex operators



to describe couplings to external particles. However, this program has to face with the
notorious difficulty of introducing interactions for higher spin fields.! This difficulty is ev-
ident also from the sigma model point of view. In fact, it was shown in [J] that for N > 2
standard supersymmetry transformation rules leave the spinning particle action invariant
only if the target spacetime is flat. The standard supersymmetry transformation rules for
the worldline supergravity multiplet used in [[f] were purely geometrical, and assumed that
they would not involve the particle coordinates and corresponding fermionic partners. The
situation was improved in [§], where it was realized how to couple the spinning particle
to maximally symmetric spaces, namely (A)dS spaces. The construction presented in [
made use of the conformal invariance of the spinning particle which was discovered by
Siegel, who embedded the model in a flat target space with two extra dimensions to keep
conformal invariance manifest [[]] (this embedding had already been used by Marnelius for
the case of N = 0,1 [I(]). This construction implied that the susy transformation rule
of the supergravity multiplet had to be more general than the one used in [JJ, and could
include the particle coordinates and the corresponding fermionic partners.

In this paper we perform a canonical analysis to study the couplings to curved spaces,
and we are able to extend the known results to include couplings to arbitrary conformally
flat spaces. This finding can be understood in a simple way: noticing that the spinning
particle action is invariant under a Weyl rescaling of the background target space metric is
sufficient to guarantee consistent propagation on conformally flat manifolds. The couplings
to this class of curved spaces, even if mild, is presumably not negligible, as one may expect
some kind of conformal anomaly to give rise to a nontrivial one loop effective action (more
general than the one computed in [[l]). With this future application in mind, we proceed
to study the canonical quantization of the model. A canonical analysis is needed also
to provide sufficient data for fixing the counterterms that may arise when computing the
corresponding path integral in curved spaces [, [J], see in particular [[3-[§ for the
N = 0,1, 2 spinning particle cases, respectively.

Canonical quantization allows to identify the correct field equations one is describing in
first quantization. In the present case it allows to make contact with the classical description
of higher spin fields in the so-called geometrical formulation, dynamical equations originally
proposed in 16, 7] which make use of the higher spin curvatures constructed in [I§, [L9]
(see [g] for reviews). This relation is seen by recalling that gauge symmetries give rise to
first class constraints that select physical states from the Hilbert space. In flat space the
constraints of the O(/V) spinning particle produce equations of motion written in terms of
tensors that are interpreted as generalized curvatures describing higher spin fields. Gauge
potentials can be introduced by integrating a subset of these equations (those corresponding
to the Bianchi identities). This way one sees how the worldline approach reproduces and
unifies various constructions that have appeared in the recent literature on higher spin
fields, like the use of compensators to relax trace constraints [[7, or the use of generalized
Poincaré lemmas to integrate the Bianchi identities [R1]-R4] and prove the equivalence with

See for example @ for a general introduction to the classical theory of higher spin fields, and [E] which
reviews and studies the problem of coupling spin 2 to higher spin particles in four dimensions (see also [ﬂ]
for a recent analysis).



the standard formulation of Fronsdal and Labastida [Rg, (see [f] for a list of references
and discussions of related works). We present the analysis in arbitrary dimensions D, but
only for the case of even N, i.e. for particles with integer spin s = % Extension to the
odd N case should proceed in a similar fashion.

Then we analyze the constraint equations in the case of (A)dS spaces. The algebra of
constraints is again first class, but the algebra closes only quadratically. It is interesting
to note that this algebra coincides with the zero mode sector of the Bershadsky-Knizhnik
SO(N)-extended superconformal algebra in two dimensions 27, B§]. The constraints pro-
duce again geometrical equations of motion for the higher spin curvatures on (A)dS spaces.
Quadratic closure complicates the algebraic structure, which nevertheless remains of valu-
able help. In fact, we use it to express the curvatures in terms of higher spin gauge
potentials. Then, we consider in detail the cases of spin s = 2, 3,4, with the s = 2 case cor-
responding to the familiar case of the graviton if D = 4. Quadratic algebras have appeared
before in the description of higher spin fields, see for example [29, R(].

Though not discussed in this paper, one may find in the literature other particle models
related to higher spin fields, like the twistor-like particle of refs. [B0, B}, P4] or particles
that could be constructed using the OSp quantum mechanics of ref. [BJ). The same BRST
approach of refs. [B3 used to describe higher spin field equations can perhaps be related
to a particle model. In the following we shall structure our paper as indicated in the table
of content.

2. The O(NN) spinning particle

In this section we first review the classical formulation of the spinning particle propagating
in Minkowski space. Then, we proceed to describe the coupling to conformally flat spaces.

2.1 Minkowski space

It will be useful to present the O(NN) spinning particle action directly in phase space. The
dynamical variables are given by: the cartesian coordinates z* of the particle moving in
a D dimensional Minkowski space, their conjugate momenta p,, and N real Grassmann
variables with spacetime vector indices ¢! (i = 1,...,N). The Minkowski metric Nuw ~
(—,+,...,+) is used to raise and lower spacetime indices. In addition, there is an O(NN)-
extended supergravity on the worldline, whose gauge fields are given by the einbein e, the
gravitinos x;, and the SO(IN) gauge field a;;. The action which defines the model is given by

S = / dt [pui’” + ;wimf —e (%W“) —iXi (puwf > —%azg— (z‘wﬁ‘wmﬂ (2.1)
——— N—_—— —_————
H Qi Jij
where H, Q;, J;; denote the first class constraints gauged by the fields e, x;,a;;. The ki-
netic term defines the phase space symplectic form and fixes the graded Poisson brackets:
{2, py}pp = 0 and {wé‘,w}’}PB = —in*”¢;;. With these brackets one can easily compute
the constraint algebra at the classical level

{in Qj}PB = _2i6in



{Jij, Qrtep = 01 Qi — 0iQ;
{Jij, Jites = Ojkdi — Oindji — djudin + OuJji (2.2)

which is first class and thus gauged consistently by the fields e, x;,a;;. This algebra is
known as the O(N)-extended susy algebra: it has N susy charges (); which close on the
Hamiltonian H and which transform in the vector representation of SO(N), whose Lie
algebra is described by the last line. We now discuss the various symmetries of the model.

The gauge symmetries are those of the O(V)-extended supergravity on the worldline,
whose infinitesimal gauge transformations with parameters &, €;, v;; are given by

dat = {at, G}y = Ep" + gt

0pu = {Dp, G}pp =0

o = {), Glop = —ep’" + g
de = & + 2ivie;

OXi = € — Qi€ + QX

0aij = Gij + Qim@mj + QjmGim (2.3)

where G = £H + i¢;Q; + %aijJij denotes the generator of gauge transformations. One
could add trivial symmetries proportional to the equations of motion to present the world-
line diffeomorphisms in the standard geometrical form, but this is not so natural in the
hamiltonian formalism.

The rigid symmetries include transformations under the Poincaré group of target space,
which guarantees the relativistic invariance of model. They are given by

ozt = whya¥ +a", Opy=w, py, Y =ty (2.4)

where w*, and a* specify infinitesimal Lorentz rotations and spacetime translations, re-
spectively. The worldline gauge fields are left invariant by these symmetries.

In addition, the model is conformal invariant. To prove this we first show that
the model has background symmetries? corresponding to: (i) diffeomorphisms, (i) local
Lorentz transformations, (iii) Weyl rescalings of the flat target space metric. Then, con-
formal Killing vectors, which by definition leave invariant the background metric, identify
rigid symmetries of the model. They generate the conformal group SO(D, 2).

To discuss these background symmetries we find it convenient to rewrite the action (P.1)
using arbitrary coordinates, denoted again by x*. We also denote the Minkowski metric in
arbitrary coordinates by g,,. Then we introduce an orthonormal tangent frame specified
by the vielbein €,% and use ¢ = ¢!'e,%(x) as independent variables. Given the vielbein
one may construct the unique spin connection w,.p, which enters the definition of the
covariant momenta

i a
Ty = Du — §w“ab1/1i 1/1? . (2.5)

2These are symmetries in which also the background fields, like the spacetime metric, transform.



The coefficient in front of the spin connection is easily fixed by requiring the covariance con-
dition ‘
i

{77;“7“/}1313 = éRuvab¢g¢f (2.6)

so that in flat space the covariant momenta commute. With these tools at hand the ac-
tion (R.J)) can be rewritten in the form

. i ia 1 v . a 1 - a
S = /dt [puxu + §¢ia¢i —¢€ <§9“ 7Tu77u> —Xi (7/)@' ea””u) _5‘%)’ (“/)i ¢ja>} - (27
~—_———
H Qi Jij

We are now ready to discuss its background symmetries:

(i) Diffeomorphisms of target space are identified quite easily. The coordinates transform
as usual, z# — 2#'(z), the momenta as a 1-form, p, — p,/ = py%, and the
background fields g,,,e,%, wuqp as tensors as indicated by their coordinate indices.
The fermions v{ are left invariant, just like the supergravity gauge fields e, x;, a;;.
These transformations are easily seen to be an invariance of the action.

(ii) Proving local Lorentz invariance is slightly more difficult. An infinitesimal local
Lorentz transformation is specified by the parameters A% (z) = —A%(z). It leaves
the coordinates z# invariant and transforms the worldline fermions as vectors

S = A% ()Yl . (2.8)

The symplectic term of the action is left invariant if one assigns to the momenta the
transformation rule ‘

i
§8u)\ab(‘r)wg¢g : (29)

The background fields g,.,e,*, wuqp transform as usual under local Lorentz trans-

Opy = —

formations, and in particular the spin connection transforms as the local Lorentz
gauge field

8w, ™ = =N + X w,® + AP w, (2.10)

As a consequence the covariant momentum 7, is left invariant. Therefore the full
action is invariant.

(iii) Finally, let us prove invariance under Weyl rescalings of the target space metric. Un-
der an infinitesimal Weyl rescaling specified by the local parameter ¢(x), which is a
function of target space, the background fields transform as

09w =209, de," = de,”, (5w,ﬂb = (eu“e,,b — eube,,“)V”qﬁ . (2.11)
As a consequence the covariant momentum transforms as

oy = il 0,0 (2.12)



and the constraints as
0Qi = =0 Qi — Jij) 0
0H = —2¢H+i¢f@u¢Qi . (2.13)

These transformations can be compensated by suitable transformations on the world-
line gauge fields

de = 2¢e
oxi = —61/12“3#45 + Xi¢
daz; = (X — x;¥;)0ud (2.14)

while the variables x#, p,, 1§ are taken to be invariant. This proves Weyl invariance.

Because of these background symmetries, conformal Killing vectors necessarily produce
global symmetries. In fact, the conformal Killing vectors are precisely those vector fields &*
that generate infinitesimal diffeomorphisms whose effect on the metric and on the vielbein
can be compensated by suitable Weyl and local Lorentz transformations,

09w = LeGuv + 209 =0
de,® = Lee, + de,” + A%e,” =0 (2.15)

where L¢ denotes the Lie derivative acting along the vector field £#. As the background
fields are left untransformed, the conformal Killing vectors induce rigid symmetries of the
action (B7]). They generate the conformal group SO(D,2), which extend the Poincaré
group to include scale transformations and conformal boosts.

An additional bonus of the background Weyl symmetry is that it guarantees that the
O(N) spinning particle propagates consistently on arbitrary conformally flat manifolds.
These spaces include the class of maximally symmetric spaces, i.e. the (A)dS spaces, which
were shown to be consistent backgrounds for the spinning particle in [f], but are more gen-
eral.

Before closing, let us report the finite Weyl transformations leaving the action invariant.
They are given by

g/’w = e2¢g,uu , eua/ — e¢e“a ’ w“ab/ _ w“ab + (e“aeyb o e“beya)vuqs’ (2.16)
implying
Q' = e %(Qi — Jiv!0,0)

H =e* (H — Qi O — %Jijwfau@b;@ucb) , (2.17)
and
e = e2%¢
xi' = e?(xi — eyl'0,0)
aii' = ai; + iV — X905 )0u¢ — ey 0,697 0,0 - (2.18)



2.2 Conformally flat spaces

As just discussed, the background Weyl symmetry implies that the spinning particle is
consistent on any conformally flat spacetime. In this section we verify this claim by direct
canonical analysis.

The form of the action is the same as the one reported in eq. (2.7)

i . 1 1
S = /dt [p“:i:” + %zﬁmzﬁ —e <§g’“’7r“7r,,> —iXi <¢?ea”ﬂu> — 50 <i1/)§l¢ja> } (2.19)
—_——

Hop Qi Jij

but we have renamed the hamiltonian as Hy in view of convenient redefinitions to be
introduced later. We will start assuming an arbitrary metric g,,, and verify that the
constraints Ho, @;, J;; continue to form a first class algebra on spaces that are conformally
flat, so that by assigning suitable transformation rules to the gauge fields e, x;,a;; the
action keeps on being gauge invariant.

As anticipated, it is instructive to begin by considering generic curved spaces. Apart
from the SO(N) subalgebra generated by the J;;, which remains unmodified, one obtains
the following algebra

. i a C
{Qi, Qj}tpp = —2id;Ho + §Rabcd1/1i Phe -

O e (220)

which generically fails to be first class. Of course, one could try to add new constraints to
force the algebra to close, but this may overconstrain the system.

An option, that in the light of the previous analysis is guaranteed to work, is to
restrict attention to conformally flat spaces. These spaces have a vanishing Weyl tensor,
which allows to solve the Riemann tensor in terms of the Ricci tensor and curvature scalar

1

Rapea = m (nacRbd - 77ad*Rbc - 77bcf€ad + nbdRac)
R
- (D — 2)(D — 1) (Tlacnbd - nadnbc) . (221)
Substituting this relation into (2.20)) produces
9§ Ho — iR R L VTS S

{QuQ]}pB = _215ZJH0 (D—Q)(D— 1)Jzk<]]k (D—Q) (% ¢ngk+(Z<—>J))

R Rab a . a
{Qi, Hotpy = (D —2)(D = 1)QkJm' + D=2 (7T Uy ik + i 1/’2@1%) (2.22)

which becomes first class, though with structure functions rather than structure constants.
This is enough to guarantee consistency of the gauge system at the classical level, see
for example [B4].

It may be convenient, especially when considering maximally symmetric spaces, to
redefine the hamiltonian as

1 1
H = Ho+ AH = 5¢"'m,m, = < Rapeat)” - Pbape - ap? (2.23)



so that on general curved spaces the algebra (R.20) takes the form
. Z a 1 a C
{Qi, Qj}ep = —200i;H + 5 Rabea (ZZ)Z- W — 0i¥ 'T,Z)b>7/) -

{Qi,H}pp = %¢?V6Rabcd¢a SUULNRUL (2.24)

Written in this way one sees that the second Poisson bracket vanishes on locally symmetric
spaces, but the first one remains second class. Thus, the model is inconsistent on generic
curved spaces for N > 2 (while for N < 2 one can show that the offending terms vanish).
On conformally flat spaces these relations simplify to

. 1R 1
{Qi, Qj}tps = —2i6i; H + D-2D -1 <§5ngszkl - Jz’ijk> (2.25)
Rab a a a
) (Vevpdin + V5bpdie — 60t Jua)
1 c i c a, b
{Qi,H}pp = THD-2)(D- 1)% VR + 20D = 2)1/% VeRa V) Jrt
with
_ R g e
The corresponding action on conformally flat spaces
S = /dt [pui?” + %T,Z)m%q —eH —ix; Qi — %aijJij (2.27)

is then gauge invariant under suitable transformation rules generated by the constraints
and their structure functions. We refrain from presenting them here. Of course this form
of the action is equivalent to the one given in (R.19), as can be seen by redefining the gauge
field a;; — a;; — eFj;(z, 1) which is needed to pass from the form with H to the one with
Hy (the explicit expression of Fj;(x,) is easily obtained by using eqgs. (B-23) and (2.21)).

All these expressions simplify further on maximally symmetric spaces, the (A)dS

spaces, which are a subset of conformally flat spaces. As we are going to treat the canonical
quantization of these cases in some detail, it may be useful to report the corresponding
classical formulas. The Riemann tensor for maximally symmetric spaces is of the form

Raped = b(Nactbd — Nadbe) (2.28)

where the constant b is related to the curvature scalar by b = ol [1)%—1)' The improved
hamiltonian now reads as

1 b
H=Hy+AH = §7Ta7Ta — ZJMJZ (229)

and the complete gauge algebra, including the J;; charges, has the following nonvanishing
Poisson brackets

. . 1
{Qi,Qj}pp = —2id;H + Zb<=]ik<]jk - §5iijkal>



{Jijs Qr}op = 0j1Qi — 0ikQ;
{Jij, ites = Ojkdit — SinJji — Ojudin + OuJjn - (2.30)

It is a quadratic deformation of the linear algebra in (R.9), with b playing the role of de-
forming parameter. It is interesting to note that this algebra reproduces the (classical
version) of the zero mode sector of certain two-dimensional nonlinear superconformal alge-
bras introduced some time ago by Bershadsky and Knizhnik [P7, B§|. The corresponding
action (P.27) is invariant under transformation rules that can be easily derived using the
constraints and their structure functions. We list them here, as they might be useful in
discussing gauge fixing issues

dat = {a#, G}y = Ent + i)l
. a i c v
(5])” = {pu, G}PB = (67‘(“1 + Zék’l/}k) <§8Mwabcl/1§1/1i — p,,auea )

o = (U, Gloy = —(€n" + iextf Jwnact§ — e + (cij — EbJij)0S
de = & + 2ixici
OXi = €& — aijej + QijX;
daij = Cuij + Cimm; + Qjmim + ib(XuenJij + o (€ixnTrj — €jXkTri)
+(1 — o) (exJrjXi — Gkain)) (2.31)

where the free parameter o € [0,1] labels different choices of splitting the algebra in
structure functions and generators.
This hamiltonian formulation of the spinning particle on (A)dS spaces is equivalent to

the lagrangian formulation discussed by Kuzenko and Yarevskaya in [§.

3. Canonical quantization

In this section we study canonical quantization of the spinning particle on the class of
spaces just discussed. Phase space variables become operators and the problem is to find
the correct ordering that preserves the first class property of the constraints. As we shall
discuss, this requirement introduces quantum corrections to the classical hamiltonian as
well. The quantum constraint equations are then used to select the physical sector of the
Hilbert space, and are interpreted as field equations for higher spin fields.

3.1 Minkowski space

Let us briefly review canonical quantization for the O(/N) spinning particle in flat space,
which is best carried out using cartesian coordinates. The fundamental (anti) commutation
relations are obtained from the corresponding classical Poisson brackets and read (from now
on all variables are operators)

[2#, pu] = 10l , {0y, %} =065 (3.1)

This operator algebra is realized irreducibly on a Hilbert space which contains also un-
physical states. The physical states are obtained a la Dirac-Gupta-Bleuler by requiring the



constraints to annihilate them. Of course, the quantum constraints are constructed from
the classical ones by specifying a suitable ordering plus possible quantum corrections. In
the case of flat spacetime, one only needs to specify the correct ordering in the definition
of the SO(IV) generators, as there are no other ordering ambiguities. Taking that into
account, the quantum constraint are given by

i

1
H= §pup”7 Qi = puvt, Jij = 5[ i il (3.2)

and satisfy the quantum algebra

{Qi, Qj} = 20;;H (3.3)
[Jij, Qr] = 10,,Qi — 10:2.Q; 3
[Jijs Jet] = 05k Ji — 16k Jj1 — 1050 Tik + 05T g

which is first class. The corresponding constraints give rise to higher spin field equa-
tions [B-H], in the form originally developed by Bargmann and Wigner. These equations
are described by a multispinor ¥, . ., that satisfies a Dirac equation in each index and,
in addition, suitable algebraic constraints which project onto the irreducible spin % com-
ponents BY]. We shall discuss these equations in a different basis for the case of even N
(integer spin) in section [l The alternative BRST quantization for this model is described
in refs. [BG) and [B7]. In particular in [B7] one finds its use to construct second quantized
actions for any spin in flat spaces of arbitrary dimensions.

3.2 Conformally flat spaces

The classical structure presented in section P.J carries over to the quantum theory after
specifying the correct orderings that preserve the symmetries of the model. It is again
useful to discuss first the case of generic curved spaces, and then restrict to conformally
flat spaces which will be shown to admit a first class constraint algebra.

The quantum algebra of the fundamental operators now reads as

[t p] =i, {ef i =0y (3.6)

since worldline fermions with flat indices are taken as fundamental variables. The correct
ordering of the SO(NN) currents is again immediate

Jij = Sl il (3.7)

The susy charges are also ordered uniquely as follows?

@i = vt (v~ g5 (39

3For notational simplicity we use nonhermitian operators Q;. Hermiticity is obtained by a similarity
1 1
transformation A — g4 Ag™ 4 on the quantum variables, so that hermitian operators Q; (as well as H) are
1 1
obtained by substituting p, — g4pu.g™ 4, see for example [@]

— 10 —



To understand why this covariantization is unique, one may recall that it corresponds to
the unique covariant derivative acting on a multispinorial wave function.
Before proceeding, it may be useful to introduce the hermitian Lorentz generators

a Z‘ a
M =[5, 4] (3.9)
which satisfy the Lorentz algebra and commute with the SO(V) generators

[Mab’ MCd] — ,L-nbcMad _ i?]bdMac _ i?’}achd + inadec
(M, J;;] = 0. (3.10)

Then one can write the covariant momentum in the form 7, = p, — %wuabM @b and the
susy charges as @QQ; = Ve l'm, = Yim,.

At this point one may start checking the algebra on generic curved spaces and identify
a suitable hamiltonian operator. Equations (B.4) and (B.5) are left unmodified, but the
other (anti)commutators produce

1
{Qi,Q;} = 26;;Ho + §¢?¢?RabchCd (3.11)
1 ) 1
(Qu Hol = 5Raf7 + = Rapeatsf M*m* — =V Ryctpf M (3.12)
where )
Hy = 5 (7Ta7Ta - iw“abﬂb) (3.13)

corresponds to the minimal quantum covariantization of the classical operator appearing
in (R.19): in particular, the second term in Hy is a quantum correction which guarantees
covariance. As in the classical case, also in the quantum case the algebra fails to be first
class, implying a generic inconsistency on arbitrary spaces.

Thus, we restrict to conformally flat spaces. Using the relation (R.21) for the Riemann
tensor on conformally flat spaces, we obtain the quantum version of (R.29) which takes

the form
{Qi,Q;} = 20;;H — ijRab(WT,DZij + R T — SigbRaby Tk
+2(D — 1;(D — 2)R(Jiijk + Jikdik — 6ij Ju1 ki)
Qiy H) = ﬁvawfgm e
~ 5=y VP VUL T (3.14)
where
H = Hy+ %Rabch“bM“l _ W _126) ((5 fg ~2p (3.15)
= Hot 15— 1§(D —g7 Rk~ mRabwgwg T+ %R

— 11 —



with Hg as in (B.13). The result is that, with a suitable quantum redefinition of the hamil-
tonian H, the algebra closes and becomes first class. The last term in both expressions
of H, proportional to the scalar curvature, is a quantum effect that did not appear in the

corresponding classical expressions (2.23) and (R.26). This final result proves the quantum

consistency of the model on conformally flat spaces.

3.3 (A)dS spaces

The subset of maximally symmetric spaces, characterized by a Riemann tensor of the form
Raved = b(Nactbd — Nadbe), is much simpler. In fact, the above algebra simplifies further
and we summarize here the set of quantum constraints appropriate for (A)dS spaces

i a
Jij = 3¢ ¥jal
1
Qi = Tﬁ?@a“ <pu - §Wubchc>
H= l(w%r — iwgpr?) — Y Jiidi; — BA(D) (3.16)
2 a ab 4 ij % .

where A(D)=(2— N )% — %2, and the corresponding quantum algebra
(Jijs Jr) = 05 it — 10 j1 — 16513 + 103 i,

[Jij, Qr) = 10;,Qi — 10:1,Q;

{Qi, Q]} = 25in — g(Jiijk + ijJik — (52'ijle1) . (3.17)
Note, in particular, that [@Q;, H] vanishes. This is not a Lie algebra, but rather a quadrat-
ically deformed Lie algebra with b playing the role of deforming parameter. Of course, as
b is proportional to the (A)dS scalar curvature, in the limit b — 0 one reobtains the flat
space constraint algebra. One may check that this quadratic algebra coincides with the
zero mode algebra in the Ramond sector of the nonlinear SO(V)-extended superconformal
algebras discovered by Bershadsky and Knizhnik in two dimensions [P7, B§]. The above
construction gives the quantization of the model obtained at the classical level by Kuzenko
and Yarevskaya in [f].

4. Geometrical equations for higher spin fields

We now study the quantum constraints that define the quantization of the O(N) spinning
particle and use them to derive equations of motion for higher spin fields. The case in
flat space is well-known, as the constraints generate the equations of motion of Bargmann
and Wigner. We review this in section [L.1, though in different language and notations,
to show how the spinning particle reproduces many of the results in higher spin theory,
derived previously from field theory. More importantly, it indicates how to extend those
results to (A)dS and conformally flat spaces. We discuss the extension to (A)dS spaces in
section [l.4. For the sake of concreteness, we consider only the case of even N = 2s, i.e.
massless particles of integer spin s.
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4.1 Minkowski space

In flat space the equations that select the physical states from the Hilbert space are given
by T4|R) = 0, where Ty = (H,Q;, J;;) are the constraints in (B.3) and |R) is a physical
state. We consider even N = 25, so that the constraints can be analyzed by taking complex
combinations (in a Lorentz invariant way) of the operators zbf , and representing half of
them as (Grassmann) coordinates and the other half as momenta. Then, one can represent
the wave function |R) in a coordinate basis and expand it in terms of tensors of flat space.
The only tensor surviving the constraints lives in even dimensions D = 2d, has “s” blocks
of “d” indices

(4.1)

Ru}---u}iv---vui---uz

and satisfies the following three sets of properties:

(i) it is symmetric under exchanges of the s blocks, antisymmetric in the d indices of
each block, traceless, and satisfies the algebraic Bianchi identities (J constraints);
this part is summarized by saying that the tensor R is an irreducible representation
of the Lorentz group specified by the Young tableau with d rows and s columns

R

Nr-”év---v#?--“i ~d of SO(D — 1, 1) (42)

_

S
(ii) it satisfies “differential Bianchi identities” (from half of the @) constraints)

R =0, (4.3)

[ T B V5| IO T B

(iii) it satisfies “Maxwell equations” (from the other half of the @) constraints)

O Ry 1 e e =0 (4.4)
The H constraint is automatically satisfied. These are geometrical equations for conformal
free fields of integer spin s, and are equivalent to the Bargmann-Wigner equations when
D =4 [BF. Up to an overall power of the D’Alembertian operator they coincide with the
geometrical equations introduced in [[[d], that can also be recovered from the compensator
extension of Fronsdal’s equations of [[[7.

To derive these equations in more detail, we take complex combinations of the SO(N) =

SO(2s) indices and define (for I,i =1,...,s)

Ur = (Wt i) (45)
vr = %(% — ithigs) =T (4.6)

so that
{07y =] . (4.7)
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In the “coordinate” representation one can realize ¢} as multiplication by Grassmann
variables and zﬁﬁ = % (we use left derivatives). This realization keeps manifest only
the U(s) C SO(2s) subgroup of the internal symmetry group, but will be quite useful in
classifying the constraints and their solutions.

The susy charges in the U(s) basis take the form Q; = Ql)?p“ and Q! = &I“pu, and the

susy algebra (B.3) breaks up into

{(Qr.Q"Y=25/H, {Q1,Q,}={Q".Q"}=0. (4.8)

Similarly, the SO(N) generators split as J;; ~ (J; 7,17, Jr7) ~ (Jr7, K15, K'7), which we
normalize as

T=wpr -7 —ds], Kpp=ir-v;, KY=9¢0.97, (4.9)

so that J;7 for I = J is a hermitian operator with real eigenvalues. The SO(V) algebra (B.5)
breaks up into

(17, Tk = — 6k TK!
Jr! Kkr] = KKIL + 0 Kkr
[J]J,KKL] KJL 5%’KKJ
Ky, KEL) = 5KJ1 — ok K — 5K gk sk, K (4.10)

where the first line identifies the U(s) subalgebra. Finally, it is useful to list in the same
basis the remaining part of the constraint algebra corresponding to eq. (B.4)

17, Q] = 6% Q1

[J17,Q%] = =61 Q7

[K”,Q ] = 6% Q" — 65 Q7

[K17,Q%] =65 Q1 =61 Qy - (4.11)

Let us now analyze the constraint equations, and derive the geometrical equations for
fields of integer spin s, briefly summarized above. A general wave function is a function
of the coordinates (z*, 1/)? ) with a finite Taylor expansion in the Grassmann variables 1/)?
(with a slight abuse of notation we indicate with 1/)? both the operator and its eigenvalues,
but it will be clear from the context which is which)

D

B) ~ 3" Ruyoopiayoinon, (D) U4 ™l gl (1.12)

A;=0

We start by analyzing the consequences of the constraints J;; ~ (JIJ K, K17 ). In the
coordinate representation these operators take the form

0
oy

_ g 9
—dé?, Kpy=vr-v¢y, K/=_—.— (4.13)

=V 901 9
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and we find

4.14
4.15
4.16
4.17

|R) ~ Rty oopigos o1 owrg () )Pl
R satisfies algebraic Bianchi identities

R traceless

R

(4.14)
(4.15)
(4.16)
(4.17)

R traceless (in dual basis) .
Similarly, the constraints Q; = (Qr, Q') produce

Qr|R) =0 = R closed (Bianchi identities) (4.18)
QI|R)=0 = R co—closed (Maxwell equations) . (4.19)

The constraint H is automatically satisfied as a consequence of {Q;, @7} = 25}] H.

Let us comment in more depth some of these equations. The constraints (4.14)
and ({.15) correspond to the generators of the subgroup U(s) C SO(2s), which is manifestly
realized in the complex basis. The curvature R that solves these constraints has “s” sym-
metric blocks of “d” antisymmetric indices each, and satisfies the algebraic Bianchi iden-
tities

R[m...,ud,ul}...ud,... =0 (4.20)
where [...] indicates antisymmetrization. Antisymmetry in each block is manifest. Sym-
metry between blocks can be proved by using finite SO(s) C U(s) rotations. For example,
consider the rotation that exchanges ¢y — vy and ¢y — —1; for fixed I and J. This proves
symmetry under exchange of the block relative to the fermions 17 with the block relative to
the fermion ¢ ;. As these transformations are connected to the identity, they are obtained
by exponentiating the infinitesimal generators used in ([L.15), so that this symmetry must
be a consequence of (.17, i.e. of the algebraic Bianchi identities. As an aside, we note that
the fermionic Fock vacuum |§2) ~ Q(z) is not invariant under the subgroup [U(1)]* C U(s),
as the generator J;! at fixed I transforms it by an infinitesimal phase (J;/|Q) = d|Q)). It
is the vector |R) of eq. (JEI4) that is left invariant. Thus, the constraint J;” selects an
irreducible representation of the general linear group GL(D) depicted by a Young tableau
with d rows and s columns. Note that traces are not removed at this stage.

The constraint K’/ removes all possible traces from this tensor, and thus reduces it to
an irreducible representation of the Lorentz group SO(D—1,1). One may notice that (4.17)
(which removes the traces in the dual tensor) is not independent from ({.16)). This does
not seem to be a consequence of the algebra, but it can be viewed as a consequence of a
duality symmetry enjoyed by the spinning particle. One can realize the Hodge operator *;
which takes the dual in the I-th block of indices by the operation

*7 - ¢[ — 1;[, (*])2 =1. (421)

This operation can be obtained by a discrete O(N) symmetry transformation (a reflection
on one real 1; coordinate). Denote by *7; = xr%; (this combined transformation can be
done within SO(N)). Then

Kij|Ry =0 = (15 K1y%1s) (15 |R)) = K"/ |R*17)) = 0, (4.22)
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which implies that R*17) is traceless when contracting an index of the block I with an
index of the block J. Of course, by R*17) we indicate the tensor dual to R both in the set
of indices of the block I and of the block J. Then, using ee ~ § ... implies tracelessness of
R as well. More generally, invariance under duality implies selfduality, which is an expected
characterization of conformal field equations in higher dimensions, that are precisely those
produced by the O(NN) spinning particle. Finally, note that ([.19) is a consequence of ({.1§)
and ([E16) (since [K'7,Qk] = 64.Q — 61.Q7).

4.1.1 Gauge potentials

The previous equations can be partially solved and cast in terms of gauge potentials for
higher spin fields. An independent set of constraints that describe the geometrical equations
is given by (1), (.14)-(f.1), and (f.16), corresponding to the constraints Qr, J;7, K17,
respectively, and we can try to solve them precisely in that order.

Before starting, it is useful to define the operator

q=0Q1Q2...Qs (4.23)

that satisfies Qrq = ¢ @1 = 0 for any I. In fact, powers of the QJ;’s may be nonvanishing
up to the s-th power, since an additional application of any of the QQ;’s makes it vanish as
a consequence of the algebra ([[.).

Constraint (.1§) (i.e. Q7|R) = 0) can be solved by setting

|R) = ql9) . (4.24)
Constraints (E14)-(E1H) (i.e. J;/|R) = 0) are solved by selecting a tensor

Ryt sy With the symmetries described previously, but not traceless. It corresponds
to a tensor of GL(D) with a Young tableau of the form
R~d (4.25)
—_——
To keep (f.14)-([.15) satisfied by (£.24)), one imposes the vanishing of
Jrlale) = (1917, dl + ¢J1")1e) = a(6r” + Ji7)|g) = 0 (4.26)
that is implemented by setting
Jr’|¢) = —or7|¢) (4.27)
which says that |¢) must have the form
0) ~ Gpar ooty vty (@) PP (4.28)

and must satisfy corresponding algebraic Bianchi identities. In particular, the tensor ¢ is
symmetric under block exchanges. In short, it corresponds to a Young tableau of GL(D)
of the form

¢~d—1{ (4.29)
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It remains to implement ({16 (i.e. K'/|R) = 0). To do this, let us consider

K'2ql¢) = K2 Q1Q2Qs5...Qsl¢) = Q... Qs K Q1Q2]0)
———

q12

:[Km, Q1)Q2 + Q1[K"?, Q2] + Q1Q2K12} )
= [~ Q*Q: + Q1Q' + Q1K 2|9)
= "2 < 2H + QuQ* + Q1@ + Q102K "2 |9)

— 2| 2l 1 Qi) %QIQJK”] )
— ¢12G]9) (4.30)

where we have defined the Fronsdal-Labastida operator?
_ 1 _
G=—2H+QQ" + §QIQJKIJ (4.31)

which is manifestly U(s) invariant (one may check that [J;7,G] = 0). A similar expression
holds for K'2 — K!/ so that imposing (f.1d) produces (in an obvious notation)

¢ Glg) =0 (4.32)

It is convenient to eliminate the operator ¢/ form this equation. Recalling that the product
of s +1 @Q’s must vanish, one finds the following general solution

Glo) = QrQ QrWEW W p) (4.33)

which depends on an arbitrary vector field contained in W/ = W”qﬂﬁ, and on |p) that
satisfies J;7|p) = —87|p) (so that it belongs to the same space of |¢) and |€), i.e. it has the
same Young tableau appearing in eq. ({.29)). Eq. (£.33) gives the equations of motion for
higher spin fields, written in the form that makes use of the compensator fields described
by [p!%) = WEWIW!|p), see [17, R0, B3, P4).

To familiarize with the meaning of the present notation, note that the effect of W/
acting on |p) is to saturate one index belonging to the block I of the tensor sitting in |p)
with the vector field W*, so that |p!/) contains a tensor with s — 3 blocks with d — 1
indices, and the remaining 3 blocks (block I, block J, block K') with d — 2 indices, so that
it corresponds to a Young tableau of GL(D) of the form

p”Kwd—l{ [ 1] (4.34)

——

s

Let us now discuss gauge symmetries in this language. Using an arbitrary vector field
VH(x) we define
vi=vipl (4.35)

41t corresponds to the Fronsdal kinetic operator for higher spin fields in D = 4 [@], extended to higher
dimensions for generic tensors of mixed symmetry by Labastida [@]

— 17 —



and use it to define the gauge transformation

Slg) = QrVE|e) . (4.36)

It is a gauge symmetry of |R) = ¢|¢), the solution of the Bianchi identities that expresses
the curvature in terms of the gauge potentials. Since [J;7, Qx V] = 0, one requires that
the gauge parameters satisfy Jr7|€) = —47|€) to guarantee that |¢) and 6|¢) are tensors
with the same Young tableau.

To study how the gauge symmetries act on equation ([.33), one may compute the
gauge variation of G|¢) using (4.3¢)

Gol6) = 5 QuQQKVE K e) (4.37)

Thus, defining the gauge transformation on the compensators as follows
o 1
SWEWIW!|p)) = - VK g) (4.38)

guarantees gauge invariance of eq. (£.33).
One can use part of the gauge symmetry to set to zero the compensator fields described

by WEWW!|p), and obtain the equation of motion in the Fronsdal-Labastida form
Glg) =0. (4.39)

Inspection of eq. (f.33) indicates that the gauge symmetries surviving this partial gauge
fixing are those with traceless gauge parameters [€), i.e. K7|¢) = 0, as K7 in the operator
that computes the trace. For consistency, the gauge potential |¢) must be double traceless.
This can be seen by applying the operator Q7 — %QJKJI on eq. ([£39)

(@f - %Qﬂ‘(”) C16) = ~ 1 QuQuNKT KMV |6) = 0 (4:40)

which is consistent only if K/ KMN|g) =0, i.e. if |¢) is double traceless.

In appendix [] one finds a dictionary for translating our present notation to the
standard tensorial notation. In particular, one may verify that in D = 4 the gauge
potential [¢) corresponds to a symmetric tensor ¢, .., the Fronsdal equation G|¢) =

(—2H + Q;Q + %Q]QJKIJ)‘¢> = 0 translates to
8aaa¢u1---us - (8u18a¢au2---us + e ) + (8u18u2¢aau3---us + - ) =0 (4-41)

where the brackets contain s and %s(s — 1) terms, respectively, needed for symmetrizing
the j; indices, and the condition KT/KMN|¢) = 0 corresponds to the double traceless
condition qbo‘aﬁg%,,,us =0.

The analysis presented here makes use of the natural quantum mechanical operators
of the spinning particle and corresponds to a translation in the present notations of the
analyses performed in 23 -P4]. Geometrical equations for conformal field theories and their
link with spinning particles were also discussed in [B§], though from a different perspective
which emphasized manifest conformal invariance.
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4.2 (A)dS spaces

The solutions to the geometrical equations described in the previous section for Minkowski
backgrounds can be deformed to other maximally symmetric spaces with non-vanishing
cosmological constant, thus producing conformal invariant field equations (see [B9] for an
analysis of conformal representations on AdS). In fact the corresponding constraint algebra,
given in eqs. (B.16) and (B.I7), defines a quadratic deformation of the linear algebra which
describes the propagation on flat space, and is used to produce the geometrical equations
for higher spin fields on (A)dS spaces. These equations can be worked out, and correspond
to the simple covariantization of the flat space ones, eqs. (1), ({.3), (4). They read

Bt sy ™ of SO(D — 1,1)
—_———
S
Vil )y = 0
1
vulRu%---ubv---vui---uZ =0 (4.42)

where V,, is the covariant derivative on (A)dS spaces. To analyze them it is again useful
to employ a U(s) notation. The deformed susy algebra reads

{Qr,Qs} = b<KILJJL + KJLJIL) (4.43)
{Qr,Qs} = —b(KzLJJL + KJLJ1L> (4.44)
[Q1,Q"} = 257 (Ho—bA,(D))

—g (JIK Jx?d + I IiE — K RIK — RIK K1K> (4.45)

with A4(D) = (1 —s)% - %2 being the ordering constant given in (B.16) for the case N = 2s,
while all other algebraic relations remain unchanged. Note that in (B.16) we preferred to use
H as hamiltonian to make contact with the zero mode sector of the Bershadsky-Knizhnik
superconformal algebra, but now we find it more convenient to use Hy, which is allowed
since the difference is proportional to the J;; constraints and the algebra remains first class.
An independent set of constraint is again given by the set Qr, J;7, K1/, We shall discuss in
full generality the first two constraints, Q7 and J;”/, which can be solved by the introduction
of higher spin gauge potentials. The main difference with respect to the flat space case is
that the Q1 operators are no longer anticommuting with one another, so that Q1Qs - - - Q4|®)
does not solve the “Bianchi identity” constraint anymore (the )7 constraint).

Since Q1Q2 - - Qs|¢p) does solve the Bianchi identity in the flat space limit b — 0, we
use it as a starting point to integrate the higher spin curvature. We find it convenient
to use an explicitly U(s) covariant formulation (actually SU(s) invariant) and rewrite the
above leading order (in powers of b) state as

. L.
|R0> = QO|¢> ,  with ¢ = yﬁll Istl R Q[S (446)
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with the gauge potential |¢) still satisfying eq. (f:27) to solve the J;”/ constraint. Hence,
by acting on the previous state with (Q; and by making repeated use of the anticom-
mutator (.43), produces on the right hand side only higher order terms, in powers of
b. In particular, it is not difficult to convince oneself that only operators of the form
Qre Ky, Kiy, 1 15,Qlspy. - Q1, are involved. Therefore the higher spin curvature
is solved by the expression

[s/2]
[R) = " (=b)"rn(5)qn(s) |0) (4.47)

n=0

where the operators ¢, (s) are given by

1
qn(s) = 5611[2 ISKHIQ T K12n7112nQ12n+1 t le (4'48)

and the coefficients r,(s) are uniquely fixed by imposing the Bianchi identity (we give a
more detailed description of our derivation in the appendix) and can be written recursively
in terms of the Pochhammer function P(s, k) = s(s —1)(s —2)--- (s — k) as follows

n

rn(s) = % Z Tn—k(s)agp(s —2(n — k) + 1), ro(s) =1 (4.49)
k=1
where
2k
azn(s) = f(k)P(s,2k) = f(k) [ J(s = D) (4.50)
1=0

and the s-independent function f(k) is defined by the recursive formula

fk)= (=) fOy, fo)=1. (4.51)

F ol
IMT
Ve
[\
Ve

@k+1)! k=)
We have checked numerically that these coefficients are generated by the Taylor expansion
of the tangent function, tan(z) = > 22, f (k)z?k+1 This solves the problem of expressing
the higher spin curvature in terms of gauge potentials on (A)dS spaces.

Note that, alternatively, one may find it more convenient to express the coeffi-
cients (f.49) in a way that a common Pochhammer function gets factored out, namely

rn(s) = pn(s) P(s+1,2n) (4.52)

with the prefactor p,(s) given by

fln—k
ons) +§jf n_,ﬂ;% 204+ 2y + 1)
n—1 n—1—ky
f( k‘l ) f(n—k1—kg)
+ s—2n+2k1+1)(s—2n+2k1+2ko+1
klz:l kgzl n(n— kl ("—kl—k?)( 1+ 142k +1)
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n—1 n—l—k1 n—l—k‘lm—k}n,g

D R 3 k) f(ka) - fln—ky-- —kp_q)

P — ! 2nn(n —ki)---(n—ki- —kn_1)

X(s—=2n+2ki+1)---(s—2n+2ky -+ 2kp_1+1) . (4.53)

It remains to study the K!” constraint, which however seems rather involved alge-
braically and we have not attempted to find a general formula for it. Nevertheless in the
next section we shall treat explicitly the first few cases, i.e. for spin s < 4. Analyses of the
geometrical equations for higher spin fields on (A)dS have been presented also in [0, (],
though in the case of totally symmetric potentials that coincide with our conformal models
only in D = 4.

Let us conclude this section reporting the explicit expressions for the higher spin cur-
vatures for the cases s < 4. We have

ro(s) =1

ri(s) = %ag(s +1) = % (s+1)s(s—1)

ro(s) = i<a4(8 +1)+ %ag(s + 1as(s — 1)>
55 4+ 7

(s+1)s(s—1)(s—2)(s—3)

(I8
(@)
o

which provide the following expressions for s = 2,3,4

1

|R) = 561112 [Qthz - meQ} ), (4.54)
1

‘R> = 5611[213 |:Q.[1QIQQ13 —4b KI112Q13:| ‘¢> ) (455)
1

‘R> = 16111213]4 |:QI1QI2Q13QI4 - 10bK1112Q13QI4 + 9b2K1112K1314 ’¢> : (4'56)

5. Explicit examples on (A)dS

In this section we prove explicitly the gauge invariance on (A)dS backgrounds of the higher
spin curvatures, expressed in terms of gauge potentials, for the special cases of spin 2, 3, 4,
and impose the remaining constraints (due to K’*) that lead to higher derivative equations
of motion for the potentials. Then we make contact with the standard (quadratic in
derivatives) formulation by introducing compensator fields to maintain the gauge invariance
of the equations of motion. Finally we obtain the Fronsdal-Labastida equation for the
double-traceless potentials by gauging to zero the compensators.

5.1 Spin 2

The starting point is the SU(2) invariant expression

1) = 52 Q1 @, — bK 1,1, 16) (51)

for the spin 2 curvature.
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Gauge invariance. Let us consider the transformation

3l6) = Qi V) (5:2)

where VE = VoK and |€) is the gauge parameter. Both |¢) and |¢) are described by a
rectangular Young tableau of GL(D) of the type

% 1 (5.3)

Now one can easily compute

5<Q1Q2|¢>> =b K1 QgVE|lp) = JR)=0.
This proves that the spin 2 curvature is invariant with respect to the gauge transforma-

tion (b.2).

Equations of motion. The gauge-invariant curvature |R) given above is expressed in
terms of the gauge potential |¢). Imposing the left over trace constraint K!’|R) = 0
produces the equations of motion for the potential. We find that

K|R) = G5V |g) =0 (5.4)

where we recognize the spin 2 Fronsdal-Labastida kinetic operator on (A)dS

GV = _oHy+QiQ" + %QIQJKIJ —bK 1K' + bas (D) (5:5)
G
and
D) =15 (5 1) Y

The operator G looks formally as the one in flat space, but of course it is the minimally
covariantized version of it. By expressing the equation of motion (@) in components it
is easy to see that, for D = 4, it reduces to the linearized Einstein equation on (A)dS,
R (g + ) = 3b . ie.

V2ur = VuVPGp = ViV Gpp + ViVt p + 26(guwd’p — dpu) =0 . (5.7)
In even dimension D = 2d > 4 it corresponds to
V2¢/J1~~~/Jd7171/1~~1/d—1 - (d - 1) (Vm vp¢PH2---Hd—1,V1~~Vd—1 + V1/1 vp¢ﬂlﬂ2~~~ﬂd—17PV2---Vd—1>

+(d - 1)2V(M1 vVl)¢pﬂ2---ﬂd—17PV2---Vd—1 + Qb(d - 1)29M1V1 ¢pﬂ2---ﬂd—17PV2---Vd—1
+b(4 —d(d+ 1))¢M1---Md717V1---Vd71 =0 (5.8)

where a weighted antisymmetrization in the p and v groups of indices is implied and with
the round bracket around indices denoting a weighted symmetrization.
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5.2 Spin 3

We start from the SU(3) invariant expression

|R) = %6111213 |:QI1Q12Q13 - 4bK1112Q13] |$) (5.9)

for the spin 3 curvature.
Equations of motion. Similarly to the spin 2 case we obtain the equation for the spin

3 potential by imposing tracelessness of its curvature, K//|R) = 0. Using the quadratic
algebra described in the previous section, we obtain an elegant U(3) covariant result

0 = erx . KXEIR) = QG ) (5.10)
where 1
Gy = —2Hy + Q" + EQIQJKIJ —bK ;K" + baz(D) (5.11)
G

is the spin 3 Fronsdal-Labastida kinetic operator on (A)dS and

ag(D) =9 — g <§ + 2) . (5.12)

Note that the equations of motion (f.10) for the spin 3 potential are higher derivative
ones. This is well-known to be correct for geometrical equations satisfied by curvatures
for spin s > 2.

Gauge invariance and Fronsdal-Labastida equation. Using the experience inherited
from the flat case, we now study the gauge invariance and describe the appearance of the
compensator field WEWJW!|p). First of all, eq. (5.10) shows that GéA)dS|¢> is closed with
respect the operator Qr; hence, in analogy with the spin 3 Damour-Deser identity [i], one
can integrate the Q)7 by using the compensator to parametrize an element of the kernel of
@1 and obtain the searched for second order differential equation

GV 10) = (QrQuQx — 4b KryQic) W W/ W |p) . (5.13)

The gauge transformation

3|¢) = QxVE|¢) (5.14)

is a symmetry of the generalized curvature (5.9), whereas the left hand side of (f.13)
transforms as

G§V5616) = —5(QrQuQxk — 4 K1y Qi) VKK ) (5.15)

Hence, the differential equation with compensator is fully gauge-invariant provided the
compensator transforms as

SOV py) = —%V[KK”H@ . (5.16)
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The latter can be used at once to gauge fix the compensator to zero yielding
A)dS
G p) = 0 (5.17)

that is the second order spin 3 Fronsdal-Labastida equation on (A)dS. The left over gauge
symmetry must keep the left hand side of (§.1) equal to zero, VK K7/1l|¢) = 0. Hence,
the gauge parameter must be traceless.

5.3 Spin 4
We start from the manifestly SU(4) invariant expression

1

1B) =4

611[2[3[4 QI]QIQQI3QI4 — 100 K11[2Q13Q14 + 9b2 K11]2K13]4] ‘¢> (518)
for the spin 4 curvature.

Equations of motion. The traceless condition (in the form e; ;5 K**|R) = 0) produces
the higher order equations of motion

(QuQJ — bKu)fo”dSl@ =0 (5.19)
where )
GV = —2Ho + QiQ" + 5QrQ K" —bK 1K' + bas(D) (5.20)

G

is the second order Fronsdal-Labastida differential operator on (A)dS and

as(D) = 16 - g (% + 3) . (5.21)

Gauge invariance and Fronsdal-Labastida equation. Once again the higher order
equations of motion (5.19) are fully gauge invariant under 6|¢) = Qx V5[¢). On the other
hand it is straightforward to check that, identically to the spin 3 case, one gets

1 e =
GV 6lg) = _§(QIQJQK — 40 K1;Qr)VIE R ¢g) (5.22)
so that the “compensated” second order equation
(A)dS . _ = KirJ il
Gy 7Ne) = (Q1QsQk — 4b K1 jQu )W W/ W p) (5.23)

is invariant, provided the compensator transforms as in (p.1§). The Fronsdal-Labastida
equation
A)dS
Gy g) =0 (5.24)

is again obtained by gauge fixing the compensator to zero. It is invariant under gauge
transformations parametrized by a traceless parameter and requires a gauge potential
with vanishing double trace.
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5.4 Spin s >4

The results obtained above suggest us that, for every integer spin s in arbitrary (even)
dimensions D, the Fronsdal-Labastida kinetic operator on (A)dS becomes

_ 1 _ _
G — [—2}[0 +Q1Q" + §Q1QJKI T —bK K1 4 bag(D) (5.25)
where D/D
OZS(D) = 82 — 5 <§ + s — 1> = 82 + 2AS(D) . (526)

V%)
above in (f.15) and (f.2) for spin 3 and spin 4, respectively, and it is gauge invariant

One can check that the gauge transformation of G is identical to the ones obtained

provided the gauge parameter is traceless. Moreover, in D = 4 this operator reproduces
the extension of the Fronsdal operator to (A)dS spaces.

6. Conclusions

We have discussed classical and quantum properties of the O(NN) spinning particles and
studied their relation to the equations of motion for fields of spin s = % After a review of
the model, we have shown how these spinning particles can be coupled to conformally flat
spaces, both classically and quantum mechanically, thus extending the result of [§], where
the coupling to (A)dS spaces was obtained at the classical level. One of our results, worth
mentioning, is that on (A)dS the algebra of quantum constraints closes quadratically and
reproduces the zero mode sector of the 2D Bershadsky-Knizhnik SO(/V)-extended nonlinear
superconformal algebra [27, Bg].

Furthermore, we have analyzed the constraint equations that select the physical states
from the particle Hilbert space. We have shown that in flat space these equations repro-
duce the so-called geometrical equations for higher spin curvatures. Using the quantum
mechanical operators we have described how to integrate the “Bianchi identities” to ex-
press curvatures in term of gauge potentials, and obtained various well-known forms of the
equations of motion for higher spin fields [f, [[7, d, B2-R6, [, E4).

Then we have studied the spinning particles on (A)dS spaces and obtained correspond-
ing geometrical equations. To our knowledge generalized Poincaré lemmas are not known
for this case, but using the constraint algebra we have shown how to integrate the “Bianchi
identities” in terms of gauge potentials. Finally, we have analyzed in detail the equations
of motion and the gauge invariances for the cases of spin s < 4.

Having established the precise connection between the quantum theory of the O(N)
spinning particles and the conformal higher spin field equations on (A)dS, one can now use
the equivalent path integral quantization to obtain further results on the quantum theory
of higher spin fields.
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A. Dictionary

For the reader’s convenience, we present a dictionary between our compact notation and
the more conventional tensorial notation. Building blocks are the superalgebra constraints
that lead to the geometrical equations

- ) LD )
Qr = —ifel (&L + wubchS%) ; Q' = _Za¢1a et (&L + wubc¢§m>
9 R
oG oG e

As an example, let us consider a state corresponding to a rectangular tensor

J7 =t —ds], Kpj=9fg., K'Y

_ al a b1 b c1 c
1X) = Xaroanbrobnycrea Wit - 0" Pt g™ 4 ---1/’an71{

| —

S

with n arbitrary (and similar expansions for more general tensors). A set of correspondences
that allows to obtain Fronsdal-Labastida equations in components is given by table [] and
table fJ, where a weighted antisymmetrization in each of the s groups of indices a;, b;, ..., ¢;
is implied. In the last two expressions the dots in parenthesis indicate a sum over all pairs
of indices corresponding to I < J and the round brackets around indices denote a weighted

symmetrization.

B. Solution to the “Bianchi identities” on (A)dS

We give here a detailed derivation of the solution to the “Bianchi identities” equations for
the higher spin curvatures on (A)dS. In the spinning particle language such equations read

Ji'|R) =0 (B.1)
QiIRy =0, I,J=1,...,5. (B.2)

As explained in the main text the first relation selects an irreducible GL(D) tensor rep-
resented by a rectangular Young tableau with s rows and D/2 columns. The “differential
Bianchi identity” is instead encoded in the second relation, and can be solved by expressing
the curvature |R) in terms of a potential |¢)

[R) = dl¢) (B.3)

where the operator ¢ must reduce in the flat space limit to

flat space
—

Q1Q2-- Qs = %eh"h@h - Qr, = qo (B.4)
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Compact notation | Tensorial notation
| X) Xay..an by bn,ec1.cn
Q1]X) —iV a1 Xag...ans 1,01, bnyensc1.n
Q'X) —inV' Xy an b1 bn,scrocn
K7|X) (=)"12 Xy am by byt
K12|X) (=)™ Narby Xas...an 1,62 bp g1, cn
Ji'X) (n—d)Xay..anbr..bn,...cr.cn

Table 1: Dictionary for elementary constraints.

and, since [J17, Qx| = 87 Qy, the potential must satisfy
Jr'|9) = —o7 |9) (B.5)

so that it is represented by a Young tableau with s columns and D /2 — 1 rows. Above and
in what follows we express the differential operator ¢ in an explicitly SU(s) invariant form.
We construct ¢ by imposing the conditions

QIlR) =0 (B.6)

and use its flat space limit gp as our starting point. In particular, thanks to the SU(s)-
invariance it will suffice to require @1|R) = 0. In order to achieve such a task we shall need
a few recursive relations that we derive using the commutation relations

{Qr,Qs} = b (K J;" + Ky Ji*) (B.7)
[J17,Qk) = 6% Q1 (B.8)
(K17, Kx1] = [K17,QK] =0 (B.9)

and the condition (B.§). We find it convenient to split the s indices into a “time-like” index
1 and s — 1 “space-like” indices ¢
I=(1,i), i=2,...,s. (B.10)
Let us define a shortcut notation that will prove to be extremely useful
€1 Qi Qi Q1Qinyy Qi — Quuj@Q1Q[s—1-n)
€ Ky Qi Qi Q1Qiny Qi — Kiiy Qu-2)Q1Qs—1-n)

and whenever we encounter a K, tensor we use the commutation rules above and the
antisymmetry provided by the € tensor to bring it in front of everything and give it the

first indices of the set i1,1s,.... It is thus not difficult to prove the relation
nn—1
()" Qu@1Qs—1-n)|9) = Q1Q[s—1jlP) + b<n(8 —-2) - %)KIHQ[S—ZHQ»
n s—3
—bK i, Z Z (_)kQ[k}QlQ[s—k—3]’¢> (B.11)
m=1k=m—1
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that can be iterated by noting that the last term is just equal to the left hand side provided
one performs the substitution s — s — 2. The iteration process thus yields

s—1
> ()" QuQ1Qs—1-n)|®)= sQ1Q(s—1]|9)
n=0
_(_b) a2(8) <K1i1 Q[s—2] - Ki1i2 QIQ[S—3]> |¢>
—(—b)%aa(s) <Kli1 KiyisQs—a) _KiligKi3i4QlQ[s—5}> 9)
—(—b)p@p(S)KulKizis"'Kz'z(p vyizp—1 Qs—2p]| )
s—1 s— kp—1 s—2p—1
b > Z Z DD
ko=1mi=1ki=mi—1 mp=1kp,=mp—1
K1Z1K22Z3 ’ Kiz(p,l)igpflQ[kp]QlQ[s—Zn—l—kp}|¢> (B12)
with

s—1 kn—1 s—2n—1

agm(s) = i Zg > 5,2n) (B.13)

ko 1m1 1k1 =mi— 1 mn—lkn mn—l

where P(s,2n) = s(s —1)--- (s — 2n) is the Pochhammer function and the s-independent
function f(n) is given be the recursive formula (equivalent to ([.51]))

O g O
2 ! @ (B4

Note that the iterative expression ([B.12) stops at the last-but-one entry if s = 2p, whereas
it stops at the last entry if s = 2p + 1. Another helpful relation that can be obtained with
the help of (B.1J) and with implied antisymmetrization of the indices “i”, reads

s—2

QTQps-1)l0) = K1, Y ()" Q@1 Q(s—2-n]|®)

n=0
= bKy;, (ao(S — 1) Q1Qs—2) — baz(s — 1) Ki,i;Q1Qs—y]
et (0P agpony (s — 1) Kiggy - - Kig(pl)i2p1Q1> [
(B.15)

It is easy now to convince oneself that the zero-th order operator go(s) can be written as

s—1

s qo(s) = ()" Q@1 Q[s—1-1] (B.16)

n=0
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Compact notation | Tensorial notation

H0|X> _%V2Xa1...an,b1...bn,...,cl...cn

Q:Q!IX) 1 (Var V' Xt 1. b
+Vb1 VlXal...an,lbg...bn,...,cl...cn
+-- 4+ vclleal...an,bl...bn,...,ICQ...cn>
QIQJKIJ|X> 2n? (V(m Vbl)XlGQ---a7l7lb2---bn7---701---Cn
o+ Vi Ve Xl ag.anbr b olcz.cn

Vo, VeryXay.oan, by.bnyolcanen + )

KiK'\ X) —2n? (na1b1 a9..an b by nC1onCn

l
-+ nalch ag...an,b1...bn,...,lca...cp,
l
+ o Mbyes Xaroan, by bnyodeacn T )

Table 2: Dictionary for some composite operators.

so that making use of (B.19), (B.15), and assuming for definiteness that s = 2p, one gets

5/2
! Quaols)l6) = —é(—b)“a%(s QUL ()]0) (B.17)
n=1
where
In(s) = Kuiy Kiyig -+ Kiyyyion 1 Qls—2n) (B.18)
and we have used the identity
Z agk(8)ao(n—1-k)(s — 1 —2k) = ag,(s + 1), a_s(s) =1 (B.19)
k=0

that can be proved by induction. This completes the first step. The next step is to rewrite
expression (B.17) in terms of U(s)-covariant tensors. The covariantization of the tensors
I,,(s) is again an iterative process. Note in fact that one can write

s/2

! 1
Li(s)|6) = - an()16) + 5= D (D) agu-m(s = 20+ 1) Ln(s)]9)
m=n+1
that finally yields
[s/2]
Q1 Y (=b)"ru(s)an(s)¢) =0 (B.20)
n=0
with
Zrn k() ask(s —2(n—k)+1) . (B.21)

Finally, note that in (B.2() we have replaced s/2 with its integer part: it is in fact not
difficult to check that the latter holds for odd s as well, with that precise replacement.

— 929 —



References

[1]

2]

F. Bastianelli, O. Corradini and E. Latini, Higher spin fields from a worldline perspective,
VHEP 02 (2007) 072 [hep-th/0701055].

V.D. Gershun and V.I. Tkach, Classical and quantum dynamics of particles with arbitrary
spin (in Russian), [Pisma Zh. Eksp. Teor. Fiz. 29 (1979) 32( [[Sov. Phys. JETP 29 (1979)

[ 28§,

P.S. Howe, S. Penati, M. Pernici and P.K. Townsend, Wave equations for arbitrary spin from
quantization of the extended supersymmetric spinning particle, |Phys. Lett. B 215 (1988) 555.

P.S. Howe, S. Penati, M. Pernici and P.K. Townsend, A particle mechanics description of
antisymmetric tensor fields, |Class. and Quant. Grav. 6 (1989) 1125

M.A. Vasiliev, Higher spin gauge theories in various dimensions, [Fortschr. Phys. 52 (2004)

D. Sorokin, Introduction to the classical theory of higher spins, [AIP Conf. Proc. 767 (2005)|

N. Bouatta, G. Compere and A. Sagnotti, An introduction to free higher-spin fields,

X. Bekaert, S. Cnockaert, C. Tazeolla and M.A. Vasiliev, Nonlinear higher spin theories in

A. Fotopoulos and M. Tsulaia, Gauge invariant Lagrangians for free and interacting higher
spin fields. A review of the BRST formulation, prXiv:0805. 1344.

M. Porrati, Universal limits on massless high-spin particles, prXiv:0804.4673.

P. Benincasa and F. Cachazo, Consistency conditions on the S-matriz of massless particles,

S.M. Kuzenko and Z.V. Yarevskaya, Conformal invariance, N-extended supersymmetry and
massless spinning particles in anti-de Sitter space, [Mod. Phys. Lett. A 11 (1996) 1653

W. Siegel, Conformal invariance of extended spinning particle mechanics, |Int. J. Mod. Phys)

A 3 (1988) 2713; All free conformal representations in all dimensions, |Int. J. Mod. Phys. Al

R. Marnelius, Manifestly conformal covariant description of spinning and charged particles,

F. Bastianelli and P. van Nieuwenhuizen, Path integrals and anomalies in curved space,

F. Bastianelli, Path integrals in curved space and the worldline formalism, hep-th/05082085

F. Bastianelli and A. Zirotti, Worldline formalism in a gravitational background, [Nucl. Phys

3]
[4]
[5]
[ 709 [hep-th/0401177];
| 172 [hep-th/0405069];
lhep-th/0409069;
various dimensions, hep—th/0503128;
[6]
7]
BrXiv:0705.4308.
8]
[hep-th/951211§).
[9]
4 (1989) 2015,
[10]
[Phys. Rev. D 20 (1979) 2091l.
[11]
[Cambdridge University Presd, Cambridge U.K. (2006).
[12]
[13]
[ B 642 (2002) 372 [hep-th/0205182].
[14]

F. Bastianelli, O. Corradini and A. Zirotti, Dimensional reqularization for SUSY o-models
and the worldline formalism, |Phys. Rev. D 67 (2003) 104009 [hep-th/0211134]; BRST
treatment of zero modes for the worldline formalism in curved space, lm
[hep-th/0312064].

— 30 —


http://jhep.sissa.it/stdsearch?paper=02%282007%29072
http://arxiv.org/abs/hep-th/0701055
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZFPRA%2C29%2C320
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA%2C29%2C288
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA%2C29%2C288
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB215%2C555
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C6%2C1125
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FPYKA%2C52%2C702
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FPYKA%2C52%2C702
http://arxiv.org/abs/hep-th/0401177
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APCPC%2C767%2C172
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APCPC%2C767%2C172
http://arxiv.org/abs/hep-th/0405069
http://arxiv.org/abs/hep-th/0409068
http://arxiv.org/abs/hep-th/0503128
http://arxiv.org/abs/0805.1346
http://arxiv.org/abs/0804.4672
http://arxiv.org/abs/0705.4305
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA11%2C1653
http://arxiv.org/abs/hep-th/9512115
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA3%2C2713
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA3%2C2713
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA4%2C2015
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA4%2C2015
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD20%2C2091
http://www.slac.stanford.edu/spires/find/hep/www?irn=6927343
http://arxiv.org/abs/hep-th/0508205
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB642%2C372
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB642%2C372
http://arxiv.org/abs/hep-th/0205182
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD67%2C104009
http://arxiv.org/abs/hep-th/0211134
http://jhep.sissa.it/stdsearch?paper=01%282004%29023
http://arxiv.org/abs/hep-th/0312064

[15]

F. Bastianelli, P. Benincasa and S. Giombi, Worldline approach to vector and antisymmetric
tensor fields, JHEP 04 (2005) 01( [hep-th/0503159]; Worldline approach to vector and
antisymmetric tensor fields. 11, JHEP 10 (2005) 114 [lhep-th/051001(].

D. Francia and A. Sagnotti, Free geometric equations for higher spins, |Phys. Lett. B 543

(2002) 309 [hep-th/0207003].

D. Francia and A. Sagnotti, On the geometry of higher-spin gauge fields, [Class. and_Quant]

Grav. 20 (2003) S47 [hep-th/02121885); Minimal local Lagrangians for higher-spin geometry,

18]

[19]

|Phys. Lett. B 624 (2005) 93 [hep-th/0507144]].

S. Weinberg, Photons and gravitons in perturbation theory: derivation of Mazxwell’s and
Einstein’s equations, [Phys. Rev. 138 (1965) B98Y.

B. de Wit and D.Z. Freedman, Systematics of higher spin gauge fields, |Phys. Rev. D 21|

(1980) 353

[20]

A. Sagnotti and M. Tsulaia, On higher spins and the tensionless limit of string theory,

Phys. B 682 (2004) 83 [hep-th/03112517);

[21]

D. Francia, J. Mourad and A. Sagnotti, Current exchanges and unconstrained higher spins,
[Nucl. Phys. B 773 (2007) 203 [hep-th/0701163.

M. Dubois-Violette and M. Henneaux, Generalized cohomology for irreducible tensor fields of
mized Young symmetry type, |[Lett. Math. Phys. 49 (1999) 245 [math.QA/9907135]; Tensor
fields of mized Young symmetry type and N-complezes, [Commun. Math. Phys. 226 (2002)

399 [math.QA/0110089).

[22]

[23]

X. Bekaert and N. Boulanger, Tensor gauge fields in arbitrary representations of GL(D, R):
duality and Poincaré lemma, |Commun. Math. Phys. 245 (2004) 27 [hep-th/020805§]; On
geometric equations and duality for free higher spins, [Phys. Lett. B 561 (2003) 183
[lhep-th/0301243]; Tensor gauge fields in arbitrary representations of GL(D, R). II: quadratic

actions, [Commun. Math. Phys. 271 (2007) 723 lhep-th/0606199].

P. de Medeiros and C. Hull, Exotic tensor gauge theory and duality, |Commun. Math. Phys]

235 (2003) 255 [hep—th/0208155]; Geometric second order field equations for general tensor

[24]

[25]
[26]

[27]

gauge fields, YHEP 05 (2003) 019 [nep-th/030303{].

I. Bandos, X. Bekaert, J.A. de Azcarraga, D. Sorokin and M. Tsulaia, Dynamics of higher
spin fields and tensorial space, JHEP 05 (2005) 031] [hep-th/0501113].

C. Fronsdal, Massless fields with integer spin, |Phys. Rev. D 18 (1978) 3624.

J.M.F. Labastida, Massless bosonic free fields, |Phys. Rev. Lett. 58 (1987) 531, Massless
particles in arbitrary representations of the Lorentz group, |Nucl. Phys. B 322 (1989) 184§

M.A. Bershadsky, Superconformal algebras in two-dimensions with arbitrary N, [Phys. Lett. B

174 (1936) 285

28]

[29]

[30]

V.G. Knizhnik, Superconformal algebras in two-dimensions, |Theor. Math. Phys. 66 (1986) 6§
([Teor. Mat. Fiz. 66 (1986) 102

I.L. Buchbinder, A. Pashnev and M. Tsulaia, Lagrangian formulation of the massless higher
integer spin fields in the AdS background, [Phys. Lett. B 523 (2001) 33§ [hep—th/01090617].

ILA. Bandos and J. Lukierski, Tensorial central charges and new superparticle models with
fundamental spinor coordinates, |Mod. Phys. Lett. A 14 (1999) 1257 [hep-th/9811022].

— 31 —


http://jhep.sissa.it/stdsearch?paper=04%282005%29010
http://arxiv.org/abs/hep-th/0503155
http://jhep.sissa.it/stdsearch?paper=10%282005%29114
http://arxiv.org/abs/hep-th/0510010
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB543%2C303
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB543%2C303
http://arxiv.org/abs/hep-th/0207002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C20%2CS473
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C20%2CS473
http://arxiv.org/abs/hep-th/0212185
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB624%2C93
http://arxiv.org/abs/hep-th/0507144
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2C138%2CB988
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD21%2C358
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD21%2C358
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB682%2C83
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB682%2C83
http://arxiv.org/abs/hep-th/0311257
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB773%2C203
http://arxiv.org/abs/hep-th/0701163
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2C49%2C245
http://arxiv.org/abs/math.QA/9907135
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C226%2C393
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C226%2C393
http://arxiv.org/abs/math.QA/0110088
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C245%2C27
http://arxiv.org/abs/hep-th/0208058
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB561%2C183
http://arxiv.org/abs/hep-th/0301243
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C271%2C723
http://arxiv.org/abs/hep-th/0606198
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C235%2C255
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C235%2C255
http://arxiv.org/abs/hep-th/0208155
http://jhep.sissa.it/stdsearch?paper=05%282003%29019
http://arxiv.org/abs/hep-th/0303036
http://jhep.sissa.it/stdsearch?paper=05%282005%29031
http://arxiv.org/abs/hep-th/0501113
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD18%2C3624
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C58%2C531
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB322%2C185
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB174%2C285
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB174%2C285
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=TMPHA%2C66%2C68
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=TMFZA%2C66%2C102
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB523%2C338
http://arxiv.org/abs/hep-th/0109067
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA14%2C1257
http://arxiv.org/abs/hep-th/9811022

[31] I.A. Bandos, J. Lukierski and D.P. Sorokin, Superparticle models with tensorial central
charges, [Phys. Rev. D 61 (2000) 045009 [hep-th/9904109)].

[32] K. Hallowell and A. Waldron, Supersymmetric quantum mechanics and super-Lichnerowicz
algebras, |Commun. Math. Phys. 278 (2008) 775 [hep-th/0702033]; The symmetric tensor
Lichnerowicz algebra and a novel associative Fourier-Jacobi algebra, [SIGMA 3 (2007) 089]
brXiv:0707.3164.

[33] A. Pashnev and M.M. Tsulaia, Dimensional reduction and BRST approach to the description
of aRegge trajectory, |Mod. Phys. Lett. A 12 (1997) 861| [hep—th/9703010||; Description of the
higher massless irreducible integer spins in the BRST approach, |Mod. Phys. Lett. A 13
[ (1998) 1859 [hep-th/9803207].

[34] M. Henneaux, Hamiltonian form of the path integral for theories with a gauge freedom,
[ Rept. 126 (1985) 1.

[35] V. Bargmann and E.P. Wigner, Group theoretical discussion of relativistic wave equations,
|[Proc. Nat. Acad. Sci. 34 (1948) 211

[36] R. Marnelius and U. Martensson, BRST quantization of free massless relativistic particles of
arbitrary spin, [Nucl. Phys. B 321 (1989) 18§.

[37] W. Siegel, Fields, chapter XII, hep-th/991220§.

[38] P. Arvidsson and R. Marnelius, Conformal theories including conformal gravity as gauge
theories on the hypercone, hep—th/061206(.

[39] R.R. Metsaev, All conformal invariant representations of d-dimensional anti-de Sitter group,
IMod. Phys. Lett. A 10 (1995) 1719.

[40] J. Engquist and O. Hohm, Geometry and dynamics of higher-spin frame fields, JHEP 04
[ (2008) 101 [arXiv:0708.1391].

[41] R. Manvelyan and W. Riihl, The generalized curvature and Christoffel symbols for a higher
spin potential in AdSqs+1 space, [Nucl. Phys. B 797 (2008) 371] [prXiv:0705.3528;
Generalized curvature and Ricci tensors for a higher spin potential and the trace anomaly in
external higher spin fields in AdSy space, |[Nucl. Phys. B 796 (2008) 457 [arXiv:0710.095d].

[42] T. Damour and S. Deser, ‘Geometry’ of spin 3 gauge theories, [Annales Poincaré Phys]
| Theor. 47 (1987) 271.

[43] S. Ouvry and J. Stern, Gauge fields of any spin and symmetry, [Phys. Lett. B 177 (1986) 33§.
[44] W. Siegel and B. Zwiebach, Gauge string fields from the light cone, Nucl. Phys. B 282 (1987)

— ]

— 32 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD61%2C045002
http://arxiv.org/abs/hep-th/9904109
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C278%2C775
http://arxiv.org/abs/hep-th/0702033
http://arxiv.org/abs/0707.3164
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA12%2C861
http://arxiv.org/abs/hep-th/9703010
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA13%2C1853
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA13%2C1853
http://arxiv.org/abs/hep-th/9803207
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C126%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C126%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PNASA%2C34%2C211
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB321%2C185
http://arxiv.org/abs/hep-th/9912205
http://arxiv.org/abs/hep-th/0612060
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA10%2C1719
http://jhep.sissa.it/stdsearch?paper=04%282008%29101
http://jhep.sissa.it/stdsearch?paper=04%282008%29101
http://arxiv.org/abs/0708.1391
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB797%2C371
http://arxiv.org/abs/0705.3528
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB796%2C457
http://arxiv.org/abs/0710.0952
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=AHPAA%2C47%2C277
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=AHPAA%2C47%2C277
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB177%2C335
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB282%2C125
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB282%2C125

