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ABSTRACT: Efficient methods for describing non abelian charges in worldline approaches
to QFT are useful to simplify calculations and address structural properties, as for example
color/kinematics relations. Here we analyze in detail a method for treating arbitrary non
abelian charges. We use Grassmann variables to take into account color degrees of freedom,
which however are known to produce reducible representations of the color group. Then
we couple them to a U(1) gauge field defined on the worldline, together with a Chern-
Simons term, to achieve projection on an irreducible representation. Upon gauge fixing
there remains a modulus, an angle parametrizing the U(1) Wilson loop, whose dependence
is taken into account exactly in the propagator of the Grassmann variables. We test the
method in simple examples, the scalar and spin 1/2 contribution to the gluon self energy,
and suggest that it might simplify the analysis of more involved amplitudes.
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1 Introduction and outlook

The description of non abelian charges in worldline approaches has a long history. Yet, it
seems useful to improve on existing methods to gain in efficiency and be able to address in
the worldline context properties like the color/kinematics relations, found in the study of
perturbative gauge and gravitational amplitudes [1].

The classical limit of nonabelian charges was originally studied in [2], followed by the
proposal of using Grassmann variables to treat them in first quantization [3, 4]. The use-
fulness of Grassmann variables is that upon quantization they produce a finite dimensional
Hilbert space that can be employed to describe both spin and color degrees of freedom. For
the spin 1/2 particle the description of spin in terms of Grassmann variables [5, 6] allows
to simplify in the electromagnetic coupling the spin factor introduced with a path ordering
prescription by Feynman [7], so that the worldline description can combine into one expres-
sion Feynman diagrams with different orderings of the external photons along a line or loop,
just as in the scalar case. This produces considerable simplifications for the organization
and calculation of the related amplitudes. However, the color Hilbert space arising from
the use of Grassmann variables is reducible. For that reason path ordered exponentials (i.e.
Wilson lines) to take into account non abelian charges were often used in the past, as for
example in the worldline calculations of [8-15]. The quantization of Grassmann variables
creates automatically the path ordering, but one must devise ways to select the irreducible
representation needed in specific applications. One way of projecting onto irreducible rep-
resentations was proposed in [16] by considering a sum over a discrete set of angles, that
implements the required projection. This method was used for example in [17] and [18].

Here we suggest a way of obtaining the projection by coupling the Grassmann variables
to a U(1) worldline gauge field with an additional Chern-Simon term, whose discretized
coupling is tuned to obtain the required projection. This projection mechanism appeared
in the worldline description of differential forms [19-21], defined by constrained models
with worldline gauge fields making up an extended supergravity multiplet with a U(1)
gauge field. Upon quantization the latter is seen to produce the projection needed to



select the degree of the differential form. This mechanism was then used in other worldline
applications [13, 22-24], where a suitable projection was needed. After gauge fixing, there
remains an integration over a modulus associated to the U(1) gauge field, an angle ¢,
that implements the projection in the amplitudes. In [16] it was indeed suggested that the
discrete sum used there to achieve projection could be turned into a continuous integration.
In our model we see how that suggestion is explicitly realized. To proceed further, we
find it useful to encode the coupling of the Grassmann variables to the modulus ¢ by
using twisted boundary conditions. One-loop amplitudes are then obtained as usual by
computing worldline correlators of vertex operators suitably integrated over the moduli T
and ¢, the proper time and the U(1) modulus. Here we apply the mechanism to obtain
projection on a given representation of the color group for particles of spin 0 and 1/2,
and as a test calculation compute their contribution to the gluon self energy. Gluons can
also be described in first quantization, as in [8, 12] or with the string inspired method
of [13], and one could again employ in such a case the present description of non abelian
charges. It would be interesting to analyze how this description of color degrees of freedom
performs in calculating higher point one-loop amplitudes, and perhaps study the origin of
the color/kinematics relations in this context.

A similar set up may be constructed using bosonic variables instead of fermionic ones.
The corresponding Hilbert space that gives rise to the color degrees of freedom is infinite di-
mensional, containing all possible symmetric tensor products of the fundamental represen-
tation, but the coupling to the U(1) gauge field with a properly chosen Chern-Simons cou-
pling can again select the finite subspace corresponding to the fundamental representation.

2 The colored scalar particle

The euclidean action of a scalar particle coupled to the photon is given by
! L 1.0, 1 5
Slz,e; Al = / dT(ief T+ F€m” — iqAM(x)jz“> (2.1)
0

where z# are the coordinates of the particle, e is the einbein, ¢ is the charge of the particle,
and A, (z) is the background abelian gauge field. When inserted in the path integral

DzDe —S[z,e;A]
/ Vol(Gauge) ‘ (22)

i [ Ande® -~ A way to generalize this

one finds that the coupling gives rise to the Wilson line e
to non abelian fields A, (z) = Ajj(z)T*, with T hermitian generators of a simple group, is

to use the path ordering prescription to guarantee gauge invariance
Peio) Audet (2.3)

The generators are taken in an arbitrary representation of the gauge group and describe

the non abelian charge assigned to the particle, while g denotes the coupling constant.
This procedure is correct and well-known, but it is also useful to introduce Grassmann

variables to create the Hilbert space associated to the color degrees of freedom and get rid



of the path ordering prescription. The latter is generated by path integration over the new
variables. The coupling part of the scalar particle action takes then the form

1
AS,, = /0 d7<c%a —igAZ(:c)j:“éa(Ta)aﬂcﬁ) (2.4)

which depend on the Grassmann variables ¢, and their complex conjugates ¢*. The gauge
group generators (7%),” can be chosen in any desired representation, but for definite-
ness we select SU(N) as gauge group and choose the fundamental representation which
has dimension N. The Grassmann variables ¢, have thus an index in the fundamental
representation, and ¢ in the complex conjugate one.

The quantization of the Grassmann variables gives rise to fermionic creation and an-
nihilation operators ¢, and é¢/®, satisfying the anticommutation relations

{¢a,cPy =060, {ea,és} =0, {é*eP}=0. (2.5)

They are naturally represented by ¢/® ~ & and é, ~ % when acting on wave functions
of the form ¢(x,¢). The latter has a finite Taylor expansion on the Grassmann numbers
c® of the form

6(2,8) = 6(z) + da(2)2 + %W(x)aaaﬁ +ot %%I,,M (). (2.6)

and contains wave functions transforming in all possible antisymmetric tensor products of
the fundamental representation. Thus we see that the fermionic creation and annihilation
operators create a finite dimensional Hilbert space for the color degrees of freedom, which
is however reducible.

To select the fundamental representation one must project to the sector with occupa-
tion number one, so to isolate the wave function ¢, (z) with an index in the fundamental
representation. This can be achieved by coupling the variables ¢, and ¢* to a U(1) gauge
field a(7) living on the worldline, with in addition a Chern-Simons term with quantized
coupling s = n — %, where n is the occupation number and N is the dimension of the fun-
damental representation. The gauge field a acts as a Lagrange multiplier that imposes a
constraint on physical states, and setting n = 1 selects precisely the sector with occupation
number one as possible physical states, corresponding to wave functions in the fundamental
representation of the color group.

Let us analyze this mechanism in detail. The free kinetic term of the Grassmann
variables that appears in (2.4) is modified by the coupling to the worldline U(1) gauge field
a to

1
Sz = / dr (EO‘(GT +ia)co — isa) (2.7)
0

where the last piece is the Chern-Simons term. The equations of motion of a produce the
constraint C' = ¢%¢c,, — s = 0. Upon quantization the function C' becomes the operator

1

CEg

(619 — 6061 =5 ~ @ — —1 (2.8)



where we have resolved an ordering ambiguity symmetrizing in a graded way the term with
c and ¢, and used the quantized value of the Chern-Simons coupling s = 1 — % Clearly,
when acting on the generic wave function (2.6) the constraint C¢(z, ¢) = 0 selects the wave
function ¢, (z). The conclusion is that one can compute quantum properties of a scalar
particle coupled to non abelian gauge fields in an arbitrary representation by using the
above ingredients.

In particular, the one-loop effective action induced by a scalar particle coupled to a
non abelian gauge field is computed by path integrating on the circle S*

DxDecDcDeDa g
st Vol(Gauge)

I'[A] = (2.9)

where

1
S = /0 dT(éelrfvz + %em2 + (07 + ia)cq — isa — igAZ(:c)j:“Ea(Ta)a'B%) . (2.10)
The particle action has two local invariances, the standard reparametrization invariance
and the new U(1) local symmetry. One may gauge fix e(7) = 27" and a(7) = ¢, where T is
the standard Fock-Schwinger proper time and ¢ an angle describing U(1) gauge invariant
configurations on the circle (z = ¢ Jo 470 — ¢i9 is the Wilson loop). They make up moduli
that must be integrated over in the path integral. Taking care of the related Faddeev-
Popov determinants, one finds a final formula for the induced QFT effective action for the
non abelian field Aj of the type

o JT 2T d )
I'A] = —/ emQT/ Qﬁewd’/Dm/Dch e~ 9 (2.11)
o T 0 27 pec JrBC

! 1
Sur = [ ar(gp 4 et ig A (T ) (212

where PBC' denotes periodic boundary conditions, and T'BC' twisted boundary conditions
specified by ¢(1) = —e~¢(0), &(1) = —€?¢(0). The latter take into account the coupling
to the worldline U(1) gauge field, and arise after a field redefinition (c¢(7) — €7¢(7) and its
complex conjugate) that eliminates the U(1) coupling from the action while transferring

with

it to the boundary conditions (for ¢ = 0 they reduce to ABC, antiperiodic boundary
conditions, as natural for fermionic variables).

2.1 Contribution to the n-gluon amplitudes

Having found the worldline representation for the one-loop effective action due to a scalar
particle, it is now easy to find a master formula of the Bern-Kosower type [25], though
containing only one-particle irreducible terms, for the corresponding contribution to the
one-loop n-gluon amplitudes. This is obtained as usual by inserting in (2.11) a sum of
plane waves

AL ()T =) ep(ky)e™ T (2.13)
=1



selecting the terms linear in each polarization ,(k;), and choosing the generators 7% in
the fundamental representation. One finds

[e'e) dT 2T d )
Fscal(klaglyal;H-;kn75man) = - (Zg)n/ 76_m2T / Eezsqb
0 0

T 2
(2.14)
/D{I,‘/DCDC € SQHVvscal klaguaz]
=1
where the gluon vertex operator is given by
1 .
Vicallks €, 0] = (T)° / dre - i(1) & (7)cg(r) 2 (2.15)
0

and Sy denotes the quadratic part of the gauge fixed action (2.12). On the space of periodic

T dd > is not invertible, due to constant zero modes.

Thus, one may split the trajectories as /(1) = zff + y*(7), where

functions x*(7) the kinetic operator —

1 1
Z gl e 2mimT zh = / dr a*(t) , / dry* () =0. (2.16)
0 0

m7#0

The integration measure factorizes as Dz = dPzo Dy, and the integration over the zero
modes zf; produces the delta function for momentum conservation

/dDSL‘O H eiki'xo = (27T)D5D(/€1 + ko + ...+ k‘n) . (2.17)
=1

It is also convenient to define the normalized quantum averages (...) with respect to the

. -5
quadratic action as (f) = %, with

! 1
SQ—/O dr <4Ty +c ca> , (2.18)

while the free path integral normalization yields

N
/ Dy / DéDe e=%2 = (4nT)"P/2 Det,, .. (0;,)N = (4nT) P72 <2 cos ¢> . (2.19)
TBC 2
Also, from the action (2.18) one extracts the free worldline propagators
(Y (r)y" (o)) = =T M G(t — o), (ca(T)EfB(J» = (55 AT —0o;9) (2.20)

where

G(T—U):\T—U\—(T—U)Q,

1 ) ) 2.21
62%9(7 —0)— 671%6(0' —7) ( )

AT —05¢) =

2COS§



with 6(z) the step function. A constant part in the bosonic propagator G(7 — o) has been
dropped, as it does not contribute in such calculations due to momentum conservation. At
last, one may use an exponentiation trick by writing

n

[esin = oSt o)

. lineq...en

i=1
with the shorthand notation y; = y(7;), so that with all the previous definitions and
manipulations one may cast the non-abelian master formula for the n-gluon amplitude in
the following way

Fscal(khEh ai; ... kna €n, an) =

D <D 4T emm’I 2T de A
— (ig)" (2 +...+n/ / L (2cos2) eisd
(ig)" (2m)"7 0" (kv kn) o T (4xT)P72 J, 2 cos 5 e

! ! | : 1 - 2.2
X / dTl.../ dTn exp T Z - Gijki . kj — Z'Gij& . kj + = Gij& cEj ( 3)

lingy...en

X <H(Tai)aiﬁi5°"'(Ti)%’i(ﬁ)>

i=1

where G;; = G(7; — 7;), and dots stand for derivatives with respect to the first variable. It
is interesting to notice that the bosonic contributions yield exactly the same 7; integrand
as in the abelian case: all the non-abelian features are captured by the extra fermionic
average appearing in the last line, and by the modular integral over ¢.

2.2 The gluon self-energy

The previous master formula can be tested by checking the scalar contribution to the gluon
self-energy. From (2.23) one obtains

2m dd) ) ¢ N-2
Cscat(k1, €1, a1; ko, €2, a2) = 92 (27T)D (5D(k1 + ko) trF(T‘”T“Q)/ o e's? (2 cos 2>

0 m
o qT emeT 1 1 . 9
X (e1-eak? —e1-kea -k T2/ dT/dTG2 e~ TR Gz
(61- €2 1 2 )/0 T (xT)DP2 ; 1 ; 2 G
(2.24)
where we used A(T — 0;¢0)A(0c — 7;¢0) = — (2 cos %)7 in the fermionic contractions,
integrated by parts a term in the bosonic piece to get a manifestly transverse amplitude, and

used momentum conservation to define k = k1 = —ko. It can be casted in the following form
Fscal(kla £1,01; kQ, €9, a2) = (QTI')D (5D(k1 + kg) Cangéb&.gnuy(k) (2.25)

to isolate the color factor

27 N-2
C%® = tr, (T°T") / ‘2@ es? <2 cos (5) (2.26)

0 7T



and the abelian vacuum polarization tensor I1,, (k) = (6*k* — k*k") II(k?) with
2 o) 1
2y _ 4 E —m2T p2—L2 B 2 —Tk?u(l—u)
(k%) = (4m) D72 /0 e T 2 /0 du(l—2u)%e . (2.27)
The latter is obtained by using the translation symmetry on the circle to fix 75 = 0, so

that denoting 7, = u one has G(u) = u(1 — u) and G(u) = 1 — 2u. For completeness, let
us proceed further by using

0 dt
/ — e " = a7 T(2) (2.28)
o ¢
to perform the 7' integral and get it into a standard form
2 1 D_
2 _ 9 D 2[, 2 2] 2 2
) = 7 F(? - 5) /0 du (1 — 2u) [m +u(l — u)k (2.29)

that is easily regulated in dimensional regularization with D = 4 — 2¢ (and MS scheme
conventions) to get

2 2 1 2 2
(k%) = é 4;2 - 1gﬂ2 /0 du (1 — 2u)? 1nML“2’k) +O(e) (2.30)
where M?(u, k%) = m? + k?u(1 — u).

In this simple example the effect of the color charge is to dress the abelian vac-
uum polarization by the color factor C%. In the fundamental representation one has
tr, (TT?) = %5“17. Using for simplicity the Wilson loop variable z = ¢, and the specific
value of the Chern-Simons coupling s =1 — %, one finds from (2.26)

1 dz (14+2)N=2 1
ab ab ab
- - 2.31
C 25 746 57 SN 25 (2.31)

where C is a contour of unit radius around the origin of the z complex plane. This is the
expected contribution for a particle in the fundamental representation of the color group.

It is also simple to consider other occupation numbers in the particle model to see
how the color charge corresponding to the various antisymmetric tensor products of the
fundamental representation contributes to the self energy, and in particular to the one-
loop beta function. One must set the Chern-Simons coupling to the value s = n — %, with
n = 0,1,...,N, to select the other wave functions appearing in the expansion (2.6). One
finds that the integral in (2.31) is changed to

dz (1+2)N=2 (N —2)!
}ém’ N-n T (N—n—1)l(n—1)

(2.32)

for 1 < n < N, while it vanishes for n = 0, as there is no residue, and for n = N, as there
is no pole. The latter two values are obviously correct, as the particle is colorless for such
cases. One may verify directly the color/anticolor duality, given by changing n — N — n.

Of course, if one is interested in describing particles in other representations of the
color group, one may just insert in (2.4) the generators in the chosen representation R, say
of dimension dg, take the variables ¢ in that representation and ¢ in its complex conjugate,
and the previous analysis goes through just by substituting in the Chern-Simons coupling
the dimension N of the fundamental representation by dg.



3 The colored spinor

In this section we extend the previous construction to spin 1/2 colored fermions, starting for
simplicity from a phase-space approach. The relativistic spinning particle has an underlying
N = 1local supersymmetry on the worldline [6]. The essential ingredient is the supercharge
@, that gives rise to the Dirac equation as quantum constraint, while the hamiltonian H
is completely determined by the supersymmetry algebra. For reducing to an irreducible
representation of the color group we add an additional constraint J. We present the
massless case first, and then add a mass term by dimensional reduction.

The massless model contains as degrees of freedom the particle coordinates and mo-
menta z# and p, together with real Grassmann variables 1# that reproduce space-time
spin degrees of freedom. The color structure of the particle is provided in exactly the
same way as before by adding the éc sector with its coupling to the U(1) gauge field a. In
minkowskian time the phase space action takes the form

1
Spnlz,p, 0, ¢, ¢ e, x,a; A] = / dr |:pux'“ + %¢#¢M +i1c%q —eH —ixQ — aJ} (3.1)
0

where H,(Q) and .J are constraint functions that are set to vanish by the worldline gauge
fields e, y and a. The supercharge @ is defined by

Q= mu =" (b — g Ag(@) & (T)a” c5) (3.2)

where 7, are gauge covariant momenta. It is easy to check that at the quantum level the
corresponding constraint produces the gauge covariant massless Dirac equation

QU)=0 — DU(x)=0.

The hamiltonian H is fixed by the supersymmetry algebra, that in terms of Poisson brack-
ets reads

N 1 Z v a =« a
(QQY=-2H = H=om+ guh’ Foe (1] ¢ (33)

where the non-abelian field strength is given by F, = 9,47 — 0, A, + g fabe AZ AS, with
fa¢ the structure constants of the gauge group. At this stage the spinor wave function
transforms in all possible tensor products of the fundamental representation, so that by

taking the U(1) current in the form
J=7¢c%q— s, (3.4)

that is the fermion number for the ¢ and ¢ variables modified by the Chern-Simons coupling
s=n-— %, it implements the required projection to the sector with occupation number n.
This completes the construction at the hamiltonian level.

We can now eliminate momenta from (3.1) by means of their equations of motion,
perform a Wick rotation to euclidean time, and obtain the euclidean action

1 1 1 -
s :/ dr[ o (@ = XY o+ o @+ (0 + ia)ea — isa

- a . = a Ze v a =04 a
— g A () i 2 (T)a” e + 5 gue” Fi (@) e (T ¢



which can be used in a path integral on a circle S to compute the QFT effective action
induced by a quark loop

DxDyDcDcDeDxDa _gq

FlAl = g1 Vol(Gauge)

(3.6)

The gauge fixing procedure goes along as in the scalar case, together with the gauge fixing
of the local supersymmetry obtained by requiring ¥ = 0.! One may also introduce a
mass term, without breaking the supersymmetry algebra, by dimensional reduction of the
massless theory in one dimension higher. The net effect is that, in the gauge chosen, one
only finds an additional term e~mT Thus, the gauge fixed path integral reduces to

I[A] = % /Oooage_sz /027r 49 jiso / /Dw/Dch et (3.7)

where the gauge fixed action is given by

1

1
S:/dT T w“w—i-cca
af 0 |:4T 2]

(3.8)
g AS () i ¢ (T*)a 5 — iTg "y Fi (1) (T 5]

The overall normalization of the effective action is fixed by comparing with QFT results,
and includes the sign for the loop of a fermionic particle.

3.1 The gluon self-energy

In order to compute n-point amplitudes from (3.7) we proceed in the usual way by spe-
cializing the background gauge field A} to a sum of plane waves. A complication in the
spinor case is due to the non-abelian field strength appearing in (3.8), that yields two kind
of vertices, a first one with one gluon and a second one with two gluons. The full one-gluon
vertex is given by

1
Vi [k 2y a] = (%) /0 dr [e-i(r) — 2T k- p(r) 2 (7)) & (7)es(r) 4500, (3.9)

and the two-gluon contact vertex by

1
Volkn,e1, as by, e2,8] = —20T f*°(T°)o” / drer-(r) ez - () & (r)eg(r) 1Rl
0
(3.10)
Again, we only present the explicit calculation of the two-point function, i.e. the spinor
contribution to the gluon self-energy. The perturbative calculation is standard, as reviewed

in the previous section but with the addition of the 1) propagator for antiperiodic fermions
that reads

(@ (r)y¥ (o)) = 6" S(T - o)

(3.11)
S(r—o)= %6(7’—0’)

The gravitino is antiperiodic and does not develop a modulus, and the associated Faddeev-Popov
determinant is trivial.



where e(x) is the sign function obeying €(0) = 0. The free path integral normalization
gains an extra 2P/2 factor coming from the 1 fermions, and as before we use the symbol
(...) to denote the normalized quantum average with respect to the quadratic action. One
can thus write the gluon self-energy as

0 qT e—mQT 27 d¢ ) ¢ N
. _ _ 9D/2-1 4P ise ¢
Lspin(k1,€1,a1; k2, €2, a2) = 2 /0 T (anT)07 /0 5 e’ <2 cos 2>

2 (3.12)
x <(ig)2 T Vepinlki, €5, ail + g*Valk, €1, an; ko, 2, a2]> :
i=1

By looking at the contact vertex (3.10), it is immediate to see that the c¢¢ contraction
in (3.12) yields tr,7° = 0, and it is therefore irrelevant for the two-point amplitude. The
computation of the other piece (Vipin(k1,¢€1, a1]Vipin[k2, €2, az]) proceeds in the very same
way as for the scalar one: the c¢ contractions give the same color factor, also one can employ
the standard techniques to deal with the bosonic part, and the ¥y Wick contractions are
straightforward. Hence, as for the scalar case, we write (3.12) as

Tspin(k1, €1, a1; ko, €2, a2) = (2m) P67 (ky + ko) C192 el 10, (k) | (3.13)

where the color factor C is the same as in the scalar case, eq. (2.26), while the vacuum
polarization I1,,, (k) = (6*“k? — kHk¥) II(k?) is now given by

2D/27192 dT e—™m'T ) .
Mk =  (4m)Pr2 /o T (4xT)D/2 Tz/ dﬁ/ dre TN (G% _45@ - (3.14)
One can fix 75 = 0 and 71 = u, giving S(u) = %, and performing the T integral produces
2D/2+192 D 1 _92
2y _ 2

that is again easily regulated in dimensional regularization with D =4 — 2¢ to

1 g2 @2 [ M2 (u, k2)
2\ )
II(k*) = S 2.7 ), duu(l —u) In 2

+0(e) (3.16)

where M?(u, k%) = m? + k?u(1 — u).
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