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IMPROVED CONVERGENCE THEOREMS FOR BUBBLE CLUSTERS.
I. THE PLANAR CASE

M. CICALESE, G. P. LEONARDI, AND F. MAGGI

ABSTRACT. We develop an improved convergence theorem for a case study variational problem
with singularities, namely, the isoperimetric problem on planar bubble clusters. We exploit this
theorem in the description of isoperimetric clusters, possibly perturbed by a potential. Our
methods are not specific to bubble clusters, and should provide a starting point to address
similar issues in other variational problems where minimizers are known to possibly develop
singularities. Further applications and extensions are discussed in companion papers.
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1. INTRODUCTION

1.1. Overview. The aim of this two-parts paper is developing a basic technique in the Cal-
culus of Variations, that we call improved convergence, in a case study where minimizers can
exhibit singularities. We focus on the isoperimetric problem for bubble clusters, whose study
was initiated by Almgren [Alm76] and Taylor [Tay76]. As reviewed in section 1.2, the technique
of improved convergence has found several applications in recent years to variational problems
involving minimization on sets: these applications include sharp stability inequalities, qualita-
tive and quantitative descriptions (and even characterizations) of minimizers, and the relation
between strict stability (in the sense of positive second variation) and local minimality. The
crucial assumption to exploit improved convergence in these problems is the smoothness of the
limit set, which is always the case in ambient space dimension n < 7. In section 1.3 we explain
why our very limited understanding of near-to-singularities behavior of minimizing sets prevents
the possibility of obtaining improved converge theorems to singular limit sets. For this reason
we move to the context of clusters. In this more general context, singularities arise even in
dimension n = 2. When n = 2,3 we have a full understanding of near-to-singularities behavior
of clusters, and thus we can try to obtain improved convergence theorems. In section 1.4 we
introduce the theory of bubble clusters and formulate our improved convergence theorem for
planar clusters, while in section 1.5 we present some of its applications. As explained in section
1.6, further applications to planar clusters are discussed in [CLMb, CLMc], while an improved
convergence theorem in dimension n = 3 is obtained in the second part of this paper [CLMa)].
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1.2. Improved convergence to a regular limit and applications. A basic fact about
sequences of perimeter almost-minimizing sets, which comes as a direct consequence of the clas-
sical De Giorgi’s regularity theory [DG60], is that L!-convergence improves to C''-convergence
whenever the limiting set has smooth boundary, that is to say

{ {Ek}ren are perimeter almost-minimizing sets = OE;, — OF in CL. (1.1)

E;, — E in L' with OF smooth

Let us recall that given A > 0, 79 > 0, and an open set A C R" (n > 2), a set E of locally finite
perimeter in A is a perimeter (A, rg)-minimizing set in A if

P(E; B,,) < P(F; B,.,) + A |[EAF], (1.2)

whenever EAF CC By, = {y € R" : [y —z| < r} CC A and r < rg; see section 3.1 for the
standard notation and terminology used here. In this way, (1.1) means that if {Ej}ren is a
sequence of perimeter (A, rp)-minimizing sets in R” with |E;AE| — 0 as k — oo and if 0F is a
smooth hypersurface, then there exist o € (0,1] and {1y, }ren C€ CH*(OE) such that, for k large
enough, and denoting by vg the outer unit normal to FE

OE), = (Id + ¢yvg) (0F), sup Ikllore@m <00, lim [[¢xllcror) = 0. (1.3)
c o0

(Here we have set (Id 4+ ¢yvg)(0F) = {x + ¢Yp(x)ve(z) : @ € OE}.) A local version of this
improved convergence result is found in [Mir67] in the case A = 0, but actually holds true
even for more general notions of almost-minimality than the one considered here; see [Tam&4,
Theorem 1.9]. It immediately implies a regularizing property of the sets Ej, in the sense that 0E},
must be an C'1®-hypersurface as a consequence of (1.3). Improved convergence finds numerous
applications to geometric variational problems. These include:

(A) Sharp quantitative inequalities: In [CL12|, (1.1) was used (with £ = B, where B = By
is the unit ball of R™ with center at the origin) in combination with a selection principle and
a result by Fuglede on nearly spherical sets [Fug89] to give an alternative proof of the sharp
quantitative isoperimetric inequality of [FMPO08], namely

P(E) > P(B) {1 +e(n) min [EA(w + B)\Z} , VECR",|E|=|B|.

This strategy of proof has been subsequently adopted to prove many other geometric inequal-
ities in sharp quantitative form. Examples are the Gaussian isoperimetric inequality [BBJ14]
(see also [CFMP11]), the Euclidean isoperimetric inequality in higher codimension [BDF12],
the isoperimetric inequalities on spheres and hyperbolic spaces [BDF12, BDF13], isoperimetric
inequalities for eigenvalues [BDPV13] (see also [FMP09]), minimality inequalities of area min-
imizing hypersurfaces [DPM14], and non-local isoperimetric inequalities [FFM™]; moreover, in
[FJ14] the same strategy is used to control by P(E) — P(B) a more precise distance from the
family of balls (see also [Neul4] for the case of the Wulff inequality).

(B) Qualitative properties (and characterization) of minimizers: Given a potential g : R" — R
with g(z) — 400 as |z| — oo and a one-homogeneous and convex integrand ® : R"™ — [0, 00),
in [FM11] the variational problems (parameterized by m > 0)

inf{/a*Eé(yE)d’H"_l+/ng(:1:) do: Bl =m). (1.4)

are considered in the small volume regime m — 0*. Denoting by E,, a minimizer with volume
m, one expects m~ Y™ E,, to converge to K, the unit volume Wulff shape of ®. One of the
main results proved in [FM11] is that if ® is a smooth elliptic integrand and g is smooth, then
m~Y" E,, — K as m — 01 in every C*©, with explicit rates of convergence in terms of m. The
improved convergence theorem (1.1), applied with £ = K and on (®, A, r9)-minimizing sets,
plays of course a basic role in this kind of analysis. The same circle of ideas has been exploited
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in the qualitative description of minimizers of the Ohta-Kawasaki energy for diblock copolymers
[CS13], and to characterize balls as minimizers in isoperimetric problems with competing nonlo-
cal terms [KM13, KMar, BC13, FFM™], and in isoperimetric problems with log-convex densities
[FM13].

(C) Stability and L*-local minimality: A classical problem in the Calculus of Variations is that of
understanding whether stable critical points of a given functional are also local minimizers. This
question was addressed in the case of the Plateau’s problem by White [Whi94], who has proved
that a smooth surface that is a stable critical point of the area functional is automatically locally
area minimizing in L (see [MR10, DPM14] for the L!-case). A key step in his argument is again
an improved convergence theorem (for area almost-minimizing currents) towards a smooth limit.
Similarly, in the case of the Otha-Kawasaki energy, volume-constrained stable critical points with
smooth boundary turn out to be volume-constrained L!-local minimizers, see [AFM13]. Once
again, (1.1) is the starting point of the analysis.

1.3. Improved convergence to a singular limit. We now try to address the question of the
precise meaning one should give to an assertion like

ool
Fp— Ein L1 = OE, — 0F in C*, (1.5)
when OF is possibly singular. To this end we split OF into its regular and singular parts:
precisely, recalling that the reduced boundary 0*F of a perimeter (A, rp)-minimizing set in R”
is a O'b%-hypersurface for every a < 1, we define the singular part X(E) of OF as

S(E)=0E\ 9°E.

It turns out that X(F) is always closed: moreover, it is empty if 2 < n < 7, discrete if n = 8,
and H*-negligible for every s > n—8 if n > 9; see, for example, [Magl2, Theorem 21.8,Theorem
28.1]. The regularity theory behind these results also leads to obtain a weak form of (1.3), which
in turn reduces to (1.3) when X(E) = (). More precisely, given a sequence {Fj }ren of perimeter
(A, 70)-minimizing sets with Ej — E in L', denoting by 1,(S) the p-neighborhood of S C R™,
and setting

{ {E} }ren are perimeter almost-minimizing sets

[0E), =0FE\ I,(X(F)) CO'E, p>0, (1.6)
one finds that, for every p small enough and for k > k(p), there exists {th} () € CH*([0E],)
such that

OE} \IQP(Z(E)) C (Id + 1/JkVE)([aE]p) C O*E}, Vk > k(p) , (17)
o < i = .
k;ﬁlﬁp) lklloreory,) < € lim [[Ygllorom,) =0

Of course, if X (E) = ), then (1.7) and (1.8) coincide with (1.3). Moreover, we notice that to
replace 0F}, \ I2,(X(F)) with, say, [0FEj]3, in the first inclusion in (1.7), one would need to
prove Hausdorff convergence of ¥(E})) to X(F); however, in this generality, one just knows that
Y(Ey) C 1,(3(F)) provided k > k(p).

Even though (1.7) and (1.8) seem to contain all the information we can extract from the
“standard” regularity theory, this is however not sufficient, for several reasons, to address any
of the above mentioned applications. The first evident gap is that we do not parameterize the
full boundaries OE;, on OF. Of course, in presence of singularities we cannot expect to represent
the whole dF}, as a normal deformation of OF; see Figure 1. Therefore, the best we can hope
for is to find a sequence {f;}ren of C1-diffeomorphisms between JE and OE}) such that

sup || fellcre@r) < oo, lim [|fx — Id|lc1om) = 0. (1.9)
keN k—o0

A difficulty here is to specify what is meant by a C1®-diffeomorphism between OF and 0E},
since these are singular hypersurfaces. Moreover, in passing from (1.7)—(1.8) to (1.9) we may
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FIGURE 1. The limit boundary F is depicted with continuous lines, the approximating
boundaries OF) by dashed lines, the singular set X(E) by a black circle, and its p and
2p-neighborhoods I,(X(F)) and I5,(3X(E)) by concentric balls: I,(X(E)) contains the
singular set of JE}, (depicted by a black square), while (1.7) says that 0Ej \ I»,(X(E))
can be covered by a normal deformation of [0FE], = 0E \ I,(2(E)) (depicted as a grey
region) which is C'-close to the identity thanks to (1.8). Of course, we cannot describe
OFE), by a normal deformation of the four components of 9*E unless X(Fy) = 3(E).

lose the useful information that OE}, is actually a C'-small normal deformation of F away from
the singular sets. It is therefore natural to require that, if k& > k(p), then

fe=1d+Yrvg on [8E]p, (1,10)

with ¢ as in (1.7)—(1.8). The maps f; must have a nontrivial tangential displacement

wp = (fe = 1d) = ((fi = 1) -vg ) v,

on [0F], if ¥(Ey) # X(E): and, actually, in order the maps fj to be usable in addressing
problem (C), it seems crucial to have a control of the C'-norm of uy, in terms of the distance
between X (Fj) and X(E). A possibility is requiring that fi(2X(E)) = X(E)), with f = Id on
Y(FE) if ¥(Ey) = X(F), and, for some constant C' depending on 0F,

lukllcrory < Cllfe —1d]lcrsm)) - (1.11)

Due to our limited understanding of singular sets, proving (1.7)—(1.11) seems a goal out of
reach, and so the possibility of understanding improved convergence to singular limit sets. The
theory of bubble clusters (partitions of the space into sets of finite perimeter) provides us with
a (more complex) setting where singularities appear even in dimension n = 2. However, at least
when n = 2,3, these singularities have been classified and understood. This fact opens to the
possibility of studying improved convergence in this setting, which is the content of this paper
concerning the case n = 2, and of [CLMa| when n = 3.

1.4. Perimeter minimizing clusters. We now briefly introduce the basics of the theory of

perimeter minimizing clusters, following [Magl2, Part IV] (which, in turn, is based on [Alm76]).

Given n, N € N with n, N > 2, one says that & = {£(h)}_, is an N-cluster if each £(h) is a set
of locally finite perimeter in R™ with

0<|E(h)| < o0, 1<h<N, (1.12)

|IE(h)NE(k)| =0, 1<h<k<N. (1.13)

The sets £(h), 1 < h < N, are called the chambers of £, while £(0) = R™ \ Uthl E(h) is called

the exterior chamber of € (so that |£(0)| = co). The perimeter of £ relative to some F' C R™ is
defined by setting

N
S PEMm;F) = Y ”H”‘1<Fﬂ£(h, k:)), (1.14)

h=0 0<h<k<N

where in the last identity we have set E(h, k) = 0*E(h) N 0*E(k) for the (h, k)th interface of £.
Setting P(E) = P(E;R™), the basic variational problem motivating the introduction of clusters

P(E:F) = %
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is the isoperimetric problem
inf {P(S) :vol (&) = m} , m € RY given, (1.15)

where RY = {m € RY : m), > 0Vh = 1,..., N}, and where vol (£) stands for the vector in RY
whose hth entry is equal to |E(h)|. A minimizer in (1.15) is called an isoperimetric cluster. 1t is
of course natural to study partitioning problems in the presence of a potential energy term, like

N
inf {P(E) + }; /E(h) g(x)dx :vol (£) = m} , (1.16)

where, say, g : R" — R with g(z) — 400 as |z|] — oo. The existence of minimizers in these
two problems can be proved by a careful restoration of compactness argument due to Almgren,
see [Magl2, Chapter 29]. It turns out that if £ is a minimizer either in (1.15) or in (1.16), then
there exist positive constants A and 7y such that & is a perimeter (A, rg)-minimizing cluster in
R™, that is (in analogy with (1.2))

P(&; Bayr) < P(F; Byy) + Ad(E, F), (1.17)
whenever z € R", r < rg and E(h)AF(h) CC By, for every h =1,..., N. Here we have set

N
d(&,F) = %Z ‘S(h)A]-"(h) , (1.18)
h=0

for the L'-distance between £ and F. A partial regularity theorem holds for (A, ro)-minimizing
clusters. Precisely, let us set

o =\Joem)y, oe= |J &Mk, (1.19)

h=1 0<h<k<N

where, by our convention on sets of finite perimeter, see section 3.1, dE(h) = cl (0*E(h)) for
every h = 1,...,N. Then (see [Magl2, Chapter 30| for the case A = 0, and section 3 below
otherwise) 9*€ is a C1*hypersurface (for every a € (0,1)), 9*€ is relatively open into O, and
HH(X(E)) = 0 where X(&) is the singular set

$(E) = 9E \ O*€.

One does not expect this almost-everywhere regularity result to be optimal in any dimension n,
although the situation is clear only when n = 2 (by elementary arguments) and when n = 3 by
[Tay76].

Let us now review the structure of singular sets when n = 2, and then exploit this description
to formulate an improved convergence result for planar clusters. With the notation introduced
in section 2.1, if £ is a perimeter (A,70)-minimizing cluster in R?, then one has

o = ] where [ is at most countable,
Nt i 7; is a closed connected C'!'-curve with boundary, (1.20)
07 = Uiey int (7:)
e v {7i}ier is locally finite,

(see [Ble87], [Mor94], or [Magl2, Section 30.3] in the case A = 0, and Theorem 3.16 below in
the general case — which is a simple variant of the A = 0 case). Moreover,

£E) = ey =Ubd (),

jed el

where J is at most countable, (1.21)
{p;}jer is locally finite, ’
and each p; € ¥(€) is a common end-point to three different curves from {v;}ics, which form
three 120 degree angles at p;.
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Remark 1.1. As already noticed, if £ is an isoperimetric cluster in R?, or if £ is a minimizer
in (1.16) with n = 2 and g is smooth, then £ is a perimeter (A,7rq)-minimizing cluster in R?
for some A and rg, with the additional property of being bounded, so that I and J are finite.
Moreover, if £ is an isoperimetric cluster, then each ~; is either a circular arc or a segment; if
€ is a minimizer in (1.16), then ~; is a closed connected smooth curve with boundary, whose
curvature is equal to (the restriction to 7; of) g up to an additive constant. Motivated by these
examples, we give the following definition.

Definition 1.2. Let £ be a cluster in R2. One says that £ is a C*®-cluster in R? if there exists
a family of C*®-curves with boundary {7;};cs such that (1.20) and (1.21) hold.

We premise two additional definitions to the statement of Theorem 1.5.

Definition 1.3. Let £ be a CY%cluster in R?. Given a map f : 9€ — R? one says that
f € CH(0&;R?) if f is continuous on IE, f € C1(v;;R?) for every i € I, and

[fllcre@e) = sup || fllcragy,) < oo
el

If £ and & are CM%-clusters in R?, then one says that f is a CL®-diffeomorphism between
0& and O&’ provided f is an homeomorphism between O£ and & with f € CL%(9&;R?),
f~te 0L (9€;R?), and f(X(&)) = B(E).

Definition 1.4. Given a map f : R?> — R? and a cluster £ in R?, the tangential component of
f with respect to £ is the map T¢f : 9*E — R? defined by

Tef(x) = f(x) = (f(2) - ve(@)ve(x),  x€dE,
where vg : 9*€ — S! is any Borel function such that either v(z) = Ve () or v(x) = vegy ()
for every x € E(h, k), h # k.

Theorem 1.5 (Improved convergence for planar almost-minimizing clusters). Given A > 0,
ro > 0 and a bounded C*'-cluster £ in R?, there exist positive constants py and Co (depending
on A and &) with the following property.

If {& }ren is a sequence of perimeter (A, ro)-minimizing clusters in R? such that d(&, E) —
0 as k — oo, then for every u < po there exist k(1) € N and a sequence of maps { fi}p>r(u) such
that each f, is a CY1-diffeomorphism between OE and O&), with

[ frlleriey < Co,
Jim ([ fi —1dflcree) = 0,
—00

C
Te(fe —1d)]|c1(ore) < 70 I £ — 1]l cogsie)) -
Te(fr —1d) = 0,  ondE\I(Z(E)).

Remark 1.6. When (&) = (&) then fr = Id on () and fi is a normal perturbation of
the identity on 0*E. In general, the C'-size of the tangential displacement is controlled by the
distance between the singular sets. Moreover, for every x € 0E \ 1,(3(€)), fi(x) is just the
nearest point to x on 9&, while for every x € X(E), fi(z) is the nearest point to x on X(E).

Remark 1.7. A natural question is of course whether the maps f; in Theorem 1.5 can be
extended to C'!-diffeomorphisms g; of R? with ||gk|lc11@e) < Co and [gr — Id|[c1 g2y — 0 as
k — 0o. The answer is yes, but at the cost of a longer proof and of a heavier use of Whitney’s
extension theorem. The kind of argument needed here is a particular case of the one used in
the construction of almost-normal diffeomorphisms between surfaces with corners addressed in
[CLMal. At the same time, in view of the applications to planar clusters we have in mind, it is
not evident that working with such extensions g; would bring substantial advantages. For these
reasons we have decided not to include this stronger form of Theorem 1.5.
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1.5. Some applications of Theorem 1.5. As explained in section 1.2, a result like Theo-
rem 1.5 opens the way to several applications. The ones given below, see Theorem 1.8 and
Theorem 1.9, are inspired by a list of questions concerning partitioning problems proposed by
Almgren in [Alm76, VI.1(6)], precisely “to classify in some reasonable way the different mini-
mizing clusters corresponding to different choices of m € ]Rf 7. In this direction, let us consider
the equivalence relation ~ on the family of planar C1!'-clusters such that & ~ F if there ex-
ists a C'M!-diffeomorphism between £ and F. Theorem 1.8 shows that isoperimetric clusters of
a given volume (or with volume sufficiently close to a given one) generate only finitely many
~-equivalence classes.

Theorem 1.8. For every mg € Rf there exists § > 0 with the following property. If Q is the
family of all the isoperimetric N -clusters € with |vol (£) — mg| < §, then Q/~ is a finite set.

By an entirely analogous principle, we can describe qualitatively minimizers in (1.16) when
the potential energy is small enough. (In the case of planar double bubbles we can upgrade this
description to a quantitative one in the spirit of [FM11], see [CLMb].)

Theorem 1.9. Let mg € Rf be such that there exists a unique (modulo isometries) isoperimetric
cluster & in R? with vol (§)) = myg, and let g : R — [0,00) be a continuous function with
g(x) — o0 as |z| — oco. Then there exists 6o > 0 (depending on & and g only) such that for
every 0 < &y and |m — mg| < do there exist minimizers in

N
inf s P(&E)+ 0 x)dz :vol (E)=m. 1.22
[P(e) + hzﬂ/g(h)gu () = m} (122

If € is a minimizer in (1.22), then & = &. Moreover, if Hg, 1) denotes the scalar curvature of
the interface E(h, k) with respect to ve(yy, then He, py is continuous on E(h, k), with

pmax | He(hky — Heg(hoy llcoe iy < Cod, (1.23)

for a constant Cy depending on & and g only. (Notice that Heyp k) is a constant for every
0<h<k<N.)

Of course, in view of Theorem 1.8, if the uniqueness assumption on mg in Theorem 1.9
is dropped, then one can still infer that minimizers in (1.22) with 6 < dp and |m — mg| < do
generate only finitely many =s-equivalence classes.

1.6. Organization of the paper and overview on companion papers. In section 2 we
construct almost-normal diffeomorphisms between closed curves with boundary. Uniform ver-
sions of the inverse and implicit function theorems are needed here, and their proofs are collected
in Appendix A for the sake of clarity. Also, it should be noted this part of our paper could pos-
sibly be useful in the study of other planar geometric variational problems with singularities,
and is totally independent from the theory of clusters. Section 3 addresses the basic regularity
properties of (A, r)-minimizing clusters and provides a weak “improved convergence theorem”
in arbitrary dimension, see Theorem 3.12. In section 4 we bring together the results of the previ-
ous two sections to prove Theorem 1.5. Here we have a nice application of Whitney’s extension
theorem, see Proposition B.2. Whitney’s theorem, that will play a much more substantial role
in [CLMal, is thus quickly reviewed in Appendix B. Finally, in section 5 we give the (closely
related proofs of ) Theorem 1.8 and Theorem 1.9.

For reasons of space, further applications of Theorem 1.5 are discussed elsewhere. In [CLMb],
Theorem 1.5 is the starting point for obtaining a sharp stability inequality for planar double-
bubbles. In [CLMc| we exploit Theorem 1.5 to show that every strictly stable (in the sense
of positive definite second variation) planar cluster is a local volume-constrained perimeter
minimizer in L'. Again for reasons of space, the extension of Theorem 1.5 to clusters in R3,
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which is considerably more delicate from the technical viewpoint, is discussed separately in
[CLMa)].

Acknowledgement: The work of FM was supported by NSF Grant DMS-1265910.

2. ALMOST-NORMAL DIFFEOMORPHISMS BETWEEN CURVES

2.1. Sets in R". Given z € R™ and r > 0 we set
B(x,r):Bg”:{yGR":|y—x|<7‘}, B(0,r) = By, = By,

where v -w is the scalar product of v,w € R" and |v|?> = v-v. Weset S 1 = {2 € R" : |z| = 1}.
Given a set S C R™, we shall denote by

S, a8, d(S), int(9),

the interior of S, the boundary of S, the closure of S, and the interior of S with respect to the
topology of S, respectively. The tubular e-neighborhood of S in R” is denoted by

I.(S) = {z e R" : dist(x, S) < €}, e>0. (2.1)

If S is a k-dimensional C'-manifold in R™, then the geodesic distance on S is given by

1
dists(:n,y):inf{/o W(Old: 7€ CN0.1:5) 1(0) =2.7(1) =y}, zyes.

We also define the normal e-neighborhood of S as
n—k n—k
NE(S):{x+Ztiui(:p):xGS,Zt?<62}, (2.2)
i=1 i=1

where {v;()}"=F is an orthonormal basis to (7,,S)* for every € S. If S is a k-dimensional
C'-manifold with boundary, then we denote by bd (S) the set of boundary points of S, and set

[S]p = S\ 1,(bd (5)), Vp>0.

We use the terms curve in place of 1-dimensional manifold, and hypersurface in place of (n —1)-
dimensional manifold in R™. Finally, given two bounded sets S and 7" in R", we denote by
hd(S,T) the Hausdorff distance between S and T,

hd(S,T) = max { sup{dist(z, S) : © € T}, sup{dist(z,T) : x € S}} .

2.2. Uniform inverse and implicit function theorems. If S is a k-dimensional C1:-
manifold in R" (o € (0,1]), z € S, and f : S — R", then we say that f is differentiable
at x with respect to S if we can define a linear map from R™ to R™ by setting

lim L0W=f@) iy e T 8
st(g;)v — ¢ t=0 t T
0 if v € (T, 9)*,

where v € C'((—¢,¢); S) is such that y(0) = x and 7/(0) = v. We set
Ifllers) = Sup [f(@)] + VS f @)l

where ||L|| denotes the operator norm of a linear map L : R" — R™. We notice that if f is
differentiable in an open neighborhood of S, then V* f(z) is just the restriction of the differential
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Vf(x) of fat x to TS, extended to take the value 0 on (7,,S)*. For a € (0,1] we set

Vo f(x) = Vo FW)ll
VSf o _ sup H ,
| Jee ) z,y€S, x#yY |z —y[*
IV° fllcoags) = sup V2 (@) + [V flo.ags)
I fllcrais) = suplf@)|+ V5 fllcoas)
eSS

and, if {r;(z)}¥_, is an orthonormal basis of TS, we define the tangential Jacobian of f as

k
JSf(x) = ( A Vif(@)m(@)|, zes.
i=1
The next theorem is a uniform version of the inverse function theorem. The proof is included
in Appendix A for the sake of clarity.

Theorem 2.1 (Uniform inverse function theorem). Given o € (0,1], L,M > 0, and Sy a
k-dimensional CY®-manifold in R™ with diam(Sy) < M and

diStSO(x7y) < M|$ - y|7 Vw,y € S(]v (23)
ly — x| < 2|72y — 2)], Va € So,y € Byim N So, (2.4)
|70 — 7'('2H < Mz —y|“, Va,y € So, (2.5)

(where 70 denotes the projection of R™ onto T,,Sg) there exist positive constants o, po and Co,
depending on o, L, M, and k only, with the following properties. If f € C1(Sp;R™) is such
that

. 1
ISHOfIJSOfI 27 IV fllo.e(sy) < L, (2.6)
then f is injective on By ., N Sy for every x € Sy. If, moreover,

£ —1dllcocsy) < pos (2.7)

then S = f(Sy) is a k-dimensional C*“-manifold in R"™ and f : Sg — S is a CY*-diffeomorphism
satisfying ||f_1||c1,a(5) < Cp.

Remark 2.2. A sufficient condition for the existence of M > 0 such that (2.4) and (2.5) hold

is that Sy is compactly contained into a k-dimensional C'1®*-manifold Sy. Moreover, (2.4) and
(2.5) are trivial when k = n and thus Sp is a (not necessarily bounded) open set in R™.

Theorem 2.3 (Uniform implicit function theorem). Let o € (0,1], kK > 1, and L,M > 0.
Then there exist positive constants Cy and 1y depending on «, k, L and M with the following
property. If A is an open set with dista(x,y) < M|z — y| for every x,y € A, z9 € A and
u € CVY(A x (=1,1)" % R k) are such that

n—k
ou 1
u(20,0) =0, ‘ A\ 5(1’070)‘ 27 IVullco.a(ax(-1,1yn-+) < L, (2.8)

where 0 = (0,...,0) € R"F, then there exists a function ¢ € CH*(AN Bwomo;R"_k) such that
((z0) =0, u(z,¢(2)) =0,  Vz€ AN Byyn, I¢leraanB@om)) < Co- (29)

Proof. This follows from Theorem 2.1 by means of the argument classically used to deduce the
implicit function theorem from the inverse function theorem; see, e.g., [Spi65]. O
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"‘~~\Bp,3p

FIGURE 2. In Theorem 2.6 we consider two bounded connected curves with boundary
70 and 7 such that v is close in a C'-sense to v, and is actually a C'-small normal
deformation of 7y (at least) up to a distance 3 p from its boundary points. The goal of
the theorem is extending this normal deformation to a global diffeomorphism, still C*-
close to the identity map, and also using a minimal amount of tangential displacement
in order to attach the boundary points.

2.3. Construction of the diffeomorphisms. In the main result of this section, Theorem
2.6 below, we are given two compact connected curves with boundary in R™, denoted by =g
and ~y respectively, which are close in Hausdorff distance and whose boundaries are also close in
Hausdorff distance, see assumption (i). The tangent directions to these curves at their boundary
points are close too, see assumption (ii). Finally, the curve -, up to a certain small distance from
bd (7), is a C''-small normal deformation of the part of vy lying at a certain small distance from
bd (70); see assumption (iii) and, more generally, Figure 2. Under these assumptions, we want
to construct, in a somehow canonical way, a diffeomorphism between vy and v with a minimum
amount of tangential displacement. (This last requirement is crucial in relating stability to local
minimality, see also [CLMc|.) In order to prove Theorem 1.5 it would suffice to consider curves
in R? in Theorem 2.6, but the case of curves in R” is discussed here in view of the application of
Theorem 2.6 in [CLMa] (where n = 3). We premise to the statement of Theorem 2.6 the notion
of extension by foliation of a given curve with boundary.

Definition 2.4. Let v be a C1®-curve in R with {v®}7=! € C%%(~;S"1) such that {v® (z)}7=}
is an orthonormal basis to (T,7)* for every # € 4. One says that (e,,d,) is an extension by
foliation of v if d, € CYV*(R™;R™ 1) and 5 = I (v)N{d, = (0,...,0)} is a CT*-curve in R" with

n—1
YCA,  Vdy(z)=) e;ovi@), Vreny. (2.10)
=1

Remark 2.5. Thus 7 extends v and is embedded in a foliation of a neighborhood of 7. The
function d., gives a convenient way of defining the “C Le_norm of 47, and allows one to locate v
in space through the implicit function theorem, see also the sketch of proof given below.

Theorem 2.6. If a € (0,1], L > 0, and 7o is a compact connected C*'-curve with boundary in
R™ with bd (y9) # 0, then there exist positive constants pg < 1 and Cy (depending on «, L, and
Yo only) with the following property.

Let y be a compact connected CH*-curve with boundary in R™ with bd (v) # 0, which admits
an extension by foliation (e, dy) such that

1
max{e—,Hdecl,a(Isw(v))} SL, (211)
Y

and which is close to v in the following sense: for some p € (O,u%) one has

(i) hd(7y,v0) + hd(bd (7), bd (70)) < p;
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(ii) there exist unit tangent vector fields 19 € OV (70;S"™ 1) and 7 € CY(v;S"1), defining
start-points po and p, and end-points qu and q, to o and v respectively, such that

[po = pl+ lao —al < p, (2.12)
[70(po) — 7(p)| + |70(q0) — T(q)] < p; (2.13)
(iii) there exists ¢ € Cl’a([’yo]p;R") such that ¥ - 19 = 0 on [y], and

(V3p € (Id + ¥)([v0]p) C 7, (2.14)
Il (o) < P Il ce(y),) < L- (2.15)

Then for every ju € (/p; o) there exists a CH*-diffeomorphism f between vy and ~ such that
f(po) =p, f(q) =g, and

[flleraqey < Co, (2.16)
[f—TIdllcoey < Cop, (2.17)
C
[f=Tdllcr(ye) < FOP, (2.18)
C
I(F =1d) - Tollonry < = sup |(f —1d) - 7ol (2.19)
F bd (70)
(f=Id)-7p = 0 on [Yolu - (2.20)

Remark 2.7. Note that condition (2.19) guarantees that f is a normal diffeomorphism of 7
whenever p — pg and ¢ — qo are normal to vy at pg and qg respectively.

Remark 2.8. The assumption that bd (y) # 0 is redundant, as it is implicitly contained in
bd (79) # 0 and hd(bd (), bd (70)) < co. Moreover, if we drop the connectedness assumption on
v, then the map f constructed below is a diffeomorphism between vy and a connected component
of 4. In other words, v could have additional connected components without boundary that
(because of assumption (iii)) are close in Hausdorff distance to bd (vo).

Rough sketch of the proof of Theorem 2.6. One considers an orthonormal basis {V((]j )(:1:) ;‘:_11 of
T,70 and define functions a;,b : 79 — R™ with

a;(po) = (p = po) - v (mo) , b(po) = (p — po) - To(po) ,

aj(a0) = (¢ = q0) - 1" (@), blao) = (4~ @0) - Tola0)
In this way, if we define F': 79 x R"™1 = R™ and u : 79 x R*™! — R""! as

n—1

Fla,t) = 2+ b(x) 6(2) 7o) + Y _(a5(x) =t (@), t=(t1,stur),
j=1

u(w,t) = dy(F(z,1)),

where sptg, CC I,(bd (y0)) = Bpy,u U Bgo,u, then we have F'(pg,0) = p and F(qo,0) = ¢, where
0 = (0,...,0) € R"; thus, by p,q € v C {d, = 0}, u(py,0) = u(go,0) = 0; moreover, by
assumption (ii), one checks that /\;1:_11 (Ou/0t;) > 1/2 at (pg,0) and at (qp,0). Hence, by the
implicit function theorem there exists ¢ : I,(bd (y0)) — R"~! such that d.(F(z,((x)) = 0 for
every x € 9. The role of ( is clear: while we dampen the tangential component b (needed to
map bd (vp) into bd (y)) by means of the cut-off function ¢, the function ¢ gives us the right
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amount of normal displacement to find the position in space of v. The map f : v9 — R” defined
by

n—1

f(z) = F(z,((x) = 2+ b(x) $u(z) 1o(2) + > (a;(x) = (D (@) (),

i=1

is then a diffeomorphism between =y into v with f(po) = p and f(qo) = ¢, and a normal
deformation of 4o \ 1,(bd (v0)) thanks to spt¢, CC I,(bd (1))

Proof of Theorem 2.6. In the following, we always denote by C' a constant which possibly (but,
in the case, exclusively) depends on «, L and 7.

Extension of v: Let €, d,, and ¥ be as in Definition 2.4. The vector fields 7 and v introduced
in assumption (ii) and in Definition 2.4 respectively, are tacitly extended to 7, with C%*norms
depending on L only thanks to (2.11). By (2.10), if v,v; € S*"!, £ > 0, and x € , then

|\Vd,(z)v] < Ce, if |[7(x) - v|>1—¢, (2.21)
|Vd(z)v] > 1-Ce, if |7(x) -v| < e, (2.22)
n—1
‘ /\ Vd,(z)v;|] > 1-Ce, if v;-v; =6;; and |7(x) - v < €. (2.23)
1=1

Extension of vp: Consider any C%!-curve with boundary 7y, homeomorphic to 7o, such that
v = cl(y0) C int (59) C Jo. (The various constants appearing in the proof will depend on ~
through the particular extension 7y we have chosen.) We denote by dy the geodesic distance on
o, so that

do(z,y) < Clx —yl, Y,y €Y, (2.24)

and define Ty, V(()i) € C11(F;S™ 1) in such a way that 79 extends to 7y the tangent vector field

to o introduced in (ii), and {7o(x)} U {I/Oi) "~ !is an orthonormal basis of R”. In this way,

HTo”Cl,l(%) + 1<Ig1<8£(_1 ”I/éz)”cl,l(%) < C. (2.25)

We consider a unit speed parametrization ®q of g, that is ®g € C*!(I;R") with
o = {Po(s) : s € I}, Dy (s) = 10(Po(s)), Vsel, (2.26)
where I C R is an interval such that H!(I) = H'(5p). Clearly, by (2.25),

I70(®o)llr1(ry + | max HVéi)(‘I’o)HCLW) <C. (2.27)

If sp € I is such that ®¢(sg) = po, then we set

Upot = Po(I N (so—t,50+1)) CHo-
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Claim: There exist ng = no(c, L,v9) > po and a map fp, : Upyye — 7 With f,,(po) = p and

[ fpollcre@ym < € (2.28)
1fpo = 1dllcow,, ..y < Cp, (2.29)
C
1 fpo — IdH(Jl(Upo,,m) < m P (2.30)
C
[(fpo =1d) - Tollor Wy ng) < " |(po — p) - T0(po)| , (2.31)
(fpo—1d)-70 = 0, on Upg.no \ Bpoyu s (2.32)
= 1
JOfpy > 3 on Upg o (2.33)
Sro(0 N Upomo) € 7 (2.34)

We divide the proof of the claim in three steps.

Proof of the claim. Step one: We introduce a one-parameter family of cut-off functions that
we use to dampen the tangential displacement used to map pg into p: precisely, we fix ¢ €
C>®(R™ x (0,00);[0,1]) such that, setting ¢, = ¢(-, u) for p1 > 0, one has

¢ € CX(By) , ¢u=1on B, s, (2.35)
Vo< S, WIS G Yew eR x00a). (230
We decompose p — pyp in the orthonormal basis {7y(po)} U {1/02 (po)}'= of R™, and set
= (—po) 15 (), b= (p—p0)-Topo)- (2.37)
Of course, by (2.12) we have
Z_: a? 4+ b < p?. (2.38)

We now define F' € CY1(I x R*1;R") by setting, for (s,t) € I x R*~1,

F(s,t) = ®o(s) + b (Po(s) — po) (s Z (Po(s)) (2.39)

and then exploit d, € CH*(R™;R""1) to define u € Cl’o‘([ x R, R"71) as

u(s,t) = d(F(s,t)), (s,t) € I x R™L,
By ®(s0) = po, ®(s) = 10(Po(s)), ¢, =1 on B,,, and (2.37) we find
F(s0,0) =p, (2.40)
which combined with v C {d, = 0} implies
u(s0,0) = 0. (2.41)
We next compute that for every (s,t) € I x R*~1,
O = (1 (Vu(@o(s) — po) - #i(5)) ) ()
n—1
+ b du(@o(s) — po) () + Y (ai — i) (1 (®))'(5) , (2.42)
i=1
a—F. = — 1 (@0(s)). (2.43)



14 M. CICALESE, G. P. LEONARDI, AND F. MAGGI

By (2.36) and (2.38) we find

IVF|corx(=1,n-1) < C (1 + g) ; [VF]cor(rx (=11 < C (1 + %) ,
so that p < pu? gives
HVFHCO’l(IX(—l,l)”*l) S C . (244)
By (2.11) and (2.44) we thus find
HVU”CO,Q(IX(_Ll)n—l) S C . (245)

We claim that if py is small enough, then (up to identify (n — 1)-vectors in R"~! with real
numbers, with the convention that ey A--- Aep,—1 = 1),

n—1
ou 1
> —. .

A G0 2 (2.40)

Indeed, by (2.40) and (2.43) we find that

"o
/\ | (70,0 /\ V. ( o). (2.47)
By (2.13), we have

T0(po) - 7(p) 21 = Cp, max: !Vo (po) - 7P < Cp, (2.48)

1<i<n
so that (2.23) gives /\?:_11 g—;ﬁ(po, 0) > 1 —Cp, and thus (2.46) if po is small enough.

Step two: We construct the map f,, and introduce the parameter 79 appearing in the claim. By
(2.41), (2.45), and (2.46) we can apply Theorem 2.3 to find a positive constant 79 = no(c, L, o)
and a function ¢y € CH*(I N (sg — Mo, S0 + Mo ); R™ 1) such that
u(s,Go(s)) =0,  Vse€IN(so—mno,so+mno), (2.49)
CO(SO) =0, ”COHClva(Iﬂ(so—n(),So-i-no)) <C. (250)
(We notice that we can further decrease the value of py without affecting the value of ny. It
should be useful to keep in mind that the order of the parameters will be ug < 19/C, with

p? < p in force.) Up to further decrease 79, we may directly assume that (so — 10,50 +10) C 1,
so that ®o((so — 10,50 +10)) = Upy,ne C 70, and that

n—1

Yl —y) -1 @) < Clx —y) @), Y,y € Uppm- (2.51)
=1

(Indeed, if x = ®¢(t) and y = Po(s) with (¢,s) C (so— 10, S0 +10) then by @y (t)- (2)(<I>0( t)) =0
one finds

=)@ = | / (s — 1)@ (r) dr ué’<%<t>>1<u<1> lo0(s0no,s0+m0) (5 = )%
-a)m@) = | [ #edroh0] = -0~ [ 1200) - sholdr
s—1
Z <1_2770||q>0||00(80 7]0,80+7]0))(8_t el 9 )

provided 7 is small enough.) Moreover, we notice that, by (2.50),
HCOHCO(SO—no,so-FﬁO) < Lip (CO)TIO <Cno. (252)
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In particular, we can make quantities of the form C'|(y| smaller than other given constants
depending on «, L and 7y only provided we further decrease the value of 79. We finally define
fpo : Upg,no — R™ by setting, for x € Up, p,,

foo(@) = F(®51(2),G0(®5 (1), 2 € Upgo - (2.53)

Step three: We check that f,, satisfies the claimed properties. By construction f,,(po) = p and
foo € CY¥(Upg o3 R™) with (2.28) in force thanks to (2.44) and (2.50); moreover,

fpo(Upo.no) € {dy = 0}. (2.54)

Since fpy(po) = p, by (2.28) and up to pick a suitably small value of 7o, we find fp,(z) € B, 11
for every x € Upg s since B, ;-1 C I (7y) by (2.11), we deduce from the definition of 7 and by
(2.54) that

Spo(Upo,ma) €7 - (2.55)
We now define ¢ : Up, o — R"F and G : U,y — R" as
@) = (@5 @), (2:56)
G(x) = bou(x —po)o(x Zaz , (2.57)
so that ¢ € CH(Upyne: R"™1) and G € CHY(Upg 1o R™), with
p
¢l @y ng) < C 10 s 1GllcoWgm) SCP NGlcr Wy m <€ . (2.58)
[Cllcra @y m) < Cs Gl < C (2.59)
thanks to (2.25), (2.37), (2.38), and (2.52). Moreover,
fpo(@) =2+ Gz Zc“ V2 € Upgo - (2.60)
By (2.60) and (2.57),
(fpo(x) =) - 10(2) = bPu(x —po), V€ Upgy (2.61)

so that (2.32) follows by spt ¢, CC B,,. By differentiating (2.61) we find

V(S = 1d) - 7ol (@)7o(@) = b (Vou(@ = po) - 70() ) 7o(a)
which implies (2.31) once combined with (2.61) and the definition of b. By differentiating (2.60),

Y fo(@)mo(@) = (1+5Vu(@ — po) - 7o) o) (2.62)
+b9,(z = po) (v%m(w)m(@)
+Z (@) (Vo (@)mo(2)) = (V2¢O (@)rmo() ) (@)

We may thus prove (2.33): indeed, by (2.25), (2.36), (2.38), (2.58), (2.59), (2.62) and p < u? we
find that, if x € Uy 4,, then

T (@) = \v%fp <a:>m<a:>\ > (V7 fyu(@)mo(@)) - 7o()|

> ( +Zrazr+r< ) 21-Cluotm) >y, (263)
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provided 7y (and thus pg) is small enough. Similarly, by also taking into account (2.48)

(9% fyu (po)ro(r0)) - 7(8) 2 (o) - 7(0) — oo +70) > 5 (264

again, for ng small enough. By (2.55), there exists a continuous function X : Uy, — R such
that

V7 fpo(2)70(2) = AM@) T(fpo(2)), V& € Upg o - (2.65)
Thus, by combining (2.65), (2.63) (which gives [A| > 1/2 on U, y,) and (2.64) (which gives
A(po) > 1/2), we conclude that

= 1
(V7 hn@)70@) - 7(fpuf@) = 50 Vo € Upg - (2.66)
By (2.66) and (2.55) we deduce (2.34). We are thus left to prove (2.29) and (2.30). By (2.34)

and by assumption (i),
p > hd(v,70) = dist(fp,(2),7%), V& € 50N Upgp, - (2.67)

Let €9 > 0 be smaller than the maximum of the curvature of 7y, so that
n—1 )
dist (:17 + Zti 1/((]2) (:13),7()) = |t|, Vo € v, |t| <ep. (2.68)
i=1

By (2.60) and (2.32),
n—1
Fro(@) =2+ >t (@), Yo € Upgno \ Bpo
=1

where t; = a; — () is such that [t| < C(no + po) by (2.37) and (2.58); by combining this fact
with (2.68), (2.67) and (2.37), we thus find
IC(z)] < Cp, Va € Upgmo \ Bpou - (2.69)

Given x € Upg . let now g(x) € 7o be such that |f,,(z) — g(z)| = dist(fp,(),70). We claim
that
g(x) € Upg o » Vo € v N Bpyu - (2.70)

Indeed, should this not be the case, then by definition of g(z), fu,(po) = p and |z — po| < p, we
would find

(2.24)
m < do(po,g(@) < Clg@) —pol < C(19@) = oo (@) + oo () = pl + P = ol

(2.12),(2.67) (2.28)
< C(p+ (@) — Fu@o)l +p) = C(lz—pol +p) < C o,

which is a contradiction provided pg is small enough with respect to ng. By (2.70), we can apply
(2.51) to find that

n—1 )
3 l(g(@) - 2) - v (@)] < Cl(g(x) — @) - 1o(@)], Vo €70 N Byy- (2.71)
=1

Now, by (2.67) and (2.60) we find that, if x € 49 N By, ,,, then

p = dist(fp(2),7) = fpo (x) = 9(2)| = [(fpo () — g(2)) - T0(2)]
= (& —g(x)) - 70(z)| = [b] pu(x — po)
so that (2.71) and (2.38) give

n—1
3 (@) — ) - v (@) < Cp®.  Va €70N Byyy;
=1
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by exploiting this inequality we now deduce that if x € v N By, ,, then

p = dist(f(2).%) = (@) = 9(2)] 2 |(fpo(@) = 9(@)) - 1" ()]
> (e —g(@) 1" (@) + (@ = V@) 2 KD (@) = Clp+ ),
so that (2.69) improves into
¢l co @y m) < Cp- (2.72)
By combining (2.72) with (2.60) and (2.38) we prove (2.29). We now claim that there exists a
constant M depending on «, L and 7y only such that
fro(2) € (V30 vz € Y0 N (Upo,mo \ Upo,Mp) - (2.73)
To this end we notice that if x € v9 N (Upg,no \ Upo,ap), then by (2.12), (2.24) and (2.29) we have

dO(p07$) M
Foo(@) =Pl = Ipo = 2l = [fyo(@) = = Ip—po| = == Cp = (5 =C) p.

while by (2.12) and |z — po| < do(z,po) < 10
|fpo(x) —al > |p—dal = |fpo(x) =Dl = |p—a|l = fpo(x) = fpo(P0)|
> |po —qo|l —2p — Clxz — po| > |po — qo| — C(po + m0)

so that we can entail min{|fp, (z) — pl,|fp, () — ¢|} > 3p up to take M large enough and up to
further decrease 1y and pg. This proves (2.73). By combining assumption (iii) with (2.73) we
see that

fpo(x) =g(z) +Y(g()), g(z) € [70]p7 Vz € 90N (Upomo \ Upo,Mp) . (2.74)
(This implies, in particular, that
fpo(x) = 2 +1(2), vz € Y0 N (Upg,no \ Upo,u) - (2.75)
thanks to (2.32).) By (2.29) and by |g(z) — fp, ()] < |z — fp,(x)| we find that
lg(x) — x| < Cp, Va € v N (Upgno \ Upo, M p) - (2.76)
We finally exploit (2.74) and (2.76) to show that
T(fpo()) - 10(2) 21— Cp, Va € 0 N (Upg,o \ Upo,p) - (2.77)

Indeed by (2.14) we have

_ la) + Vru()n(a)
T = ) @@

Vz € [/70][)7

so that, by (2.15),
T(@+¢(@)) To(z) 21-Cp, Vo€ [y],.
By combining this inequality with (2.74), we find that
T(fpo(@)) - T0(9(x)) 21— Cp, v € 0 N (Upo,mo \ Upo,M p) »

which, combined with (2.76) and (2.25), gives (2.77). We now prove (2.30). Indeed, by (2.54),
dy(fpo(x)) = 0 for every x € Uy, ,. We differentiate this identity along U, », to find

0= Vdy (o (0) [T Sy (@)70(@)| Vo € Upyy . (2.78)
By taking (2.62) into account, and by (2.36), (2.37), (2.38) and (2.72), we find

Vs (f () [ ro() - nz (V¢ @)m(@)) v @)]| < cg Yz €Upgy.  (279)
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By (2.21) and (2.22) we have that

IVdy(fpo()) [To(x)]] < Cp, 2 € Upg o, v ERT,
whenever with |79(z) - 7(fp, (z))| > 1 —Cp (2.80
{ IV, fpa@) Bl = (1 = C )], it [0fe) - (2) p (2.80)

By (2.13), we can combine (2.79) and (2.80) at x = py to find that

n—1
> ‘V%C(i) (po)70(po)| < C’g : (2.81)
i=1
By (2.81), (2.59) and (2.72) we thus have
p
HCHcla@OQMp>f§CTE. (2.82)

By (2.77) we can can combine (2.79) and (2.80) at every € 70 N (Upgmo \ Upo,a1p) to find

n—1

3 (v%gw (@)mo(z)| < C

p
; ) Vr € 90N (Upomo \ UID07MP) . (2'83)
i=1

By combining (2.72), (2.82) and (2.83) we conclude that

P
HW@%MMSC;. (2.84)

By combining (2.62) with (2.25), (2.36), (2.37), (2.38), (2.84), and by taking (2.29) into account
we finally conclude the proof (2.30), thus of the claim.

Conclusion of the proof: By repeating the above argument with ¢y and ¢ in place of py and p,
we construct fq, € CH(Fo N Ugyne;¥) such that fy,(q0) = g,

[faollerewigom)y < € (2.85)

[ foo = Idllcowigom)y < Co, (2.86

1 foo — Ldllcr @igome)) < % P, (2.87)

[(foo = 1d) - Tollcr@wigome)) < % I(q0 — q) - 70(q0)] , (2.88)
(fgo—1d)-10 = 0, on 70 N (Ugeno \ Baop) » (2.89)

T fe > % : on Ugy o » (2.90)

Jo(oNUgme) C 7. (2.91)

Moreover, we find as in (2.75) that

foo =1d+ 1, on 7o M (qu,no \ qu,u) . (2.92)

Let us finally define f : 79 — R"™ by setting f = fp, on v N Upy2u, f = fgo o0 70 N Ugy 24
and f =Td+ ¢ on 7\ (Upy2u UUg2,)- In this way, by (2.28)~(2.34), (2.85)(2.91), (2.14),
(2.15), (2.75) and (2.92), it turns out that f € C1¥(yo;R™) with f(po) = p, f(qo0) = ¢, and
f() C 7y, with (2.16)—(2.20) in force, and with J f > 1/2 on vy provided pg is small enough.
In particular, up to further decrease the value of g, we may use Theorem 2.1 to deduce that f
is a C'l@-diffeomorphism between vy and f(70). Since f(po) = p, f(q0) = q, f(70) C 7, and v is
diffeomorphic to 7p, we conclude that it must be f(y9) = 7. O
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3. PERIMETER ALMOST-MINIMIZING CLUSTERS IN R"

3.1. Sets of finite perimeter. A Lebesgue-measurable set £ C R"” is a set of locally finite
perimeter in an open set A C R™ if

sup{/ divT : T € CHA,; B)} < 00
E
or, equivalently, if there exists a R"-valued Radon measure 1 on A with

[ vewis = [ s@due).  veecia). (3.1)
E n

The Gauss—Green measure pup of E is defined as the Radon measure appearing in (3.1) for the
largest open set A such that E is of locally finite perimeter in A. The reduced boundary 0*E of
FE is defined as the set of those x € spt up C A such that

1i ,UE'(Bm,r)
m ——————
r—0+ |pp|(Ba,r)

It turns out that 9*E is a locally H"~!-rectifiable set in A. (Here, H* denotes the k-dimensional
Hausdorff measure on R™, and S C R” is locally k-rectifiable in A if H¥LS is a Radon measure
on A and S is contained, modulo an H*-null set, into a countable union of k-dimensional C'-
surfaces.) Moreover, the Borel vector field vg : 0*E — S"~! (called the measure-theoretic outer
unit normal to F) is such that

vp(r) = exists and belongs to S*~ 1. (3.2)

*

g = VE H L OE on bounded Borel sets in A.

In particular, (3.1) takes the more explicit form

/ V() de = / o(x)vp(x) dH " (z), Vo € CH(A). (3.3)
If F C A is a Borel set, then the perimeter of E relative to the Borel set I is defined as
P(E; F) = |usl(F) = H*~ (F N 9°E), (3.4)

and we set P(E) = P(E;R"™). One always has
ANcl(0*E) =sptug = {:L'GA:O< |EN By | <wpr” Vr>0} C ANOE,

where w,, is the volume of the Euclidean unit ball in R"; moreover, pg is invariant by modifi-
cations of £ N A on and by a set of volume zero, and up to such modifications we can assume
that

ANcl(0"E) =sptug = ANOE; (3.5)
see, for example, [Magl2, Proposition 12.19]. Throughout this paper, all sets of finite perime-
ter shall be normalized so to have identity (3.5) in force (where A denotes the largest
open set such that F is of locally finite perimeter in A).

3.2. A regularity criterion for (A,rq)-minimizing sets. Given z € R, 7 > 0 and v € S" ™1,
let us set

= {yeRr":|y-a) vl <r,lly—o)— (w—=)- vl <1},

DY, = {y e B |(y—2) v =0.|(y— )~ (v~ ) -vw| <r},
and define the cylindrical excess of E C R™ at x, in direction v, and at scale r, as

1
exc, .(E) = — lvg —v[2dH" !,
T 5 ma*
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provided £ is of finite perimeter on Cj ,. When v = ¢, and x = 0 we simply set

C.=Cg,, D, =Dy, exc,(F) = excy,(E).
The next result is a classical local regularity criterion for perimeter (A, ro)-minimizing sets (from
now on simply called (A, rg)-minimizing sets).

Theorem 3.1 (Small excess regularity criterion). For every o € (0,1) there exist positive
constants €, and C., depending on n and « only, with the following property. If E is a (A, ro)-
minimizing set in CV with Arg < 1 and r < rg, and if xg € OF is such that

To,r’
excl (E)+Ar<e,,

zo,r

then there exists a Lipschitz function v : D rj2 — R with v(xg) =0, Lip (v) <1,

HUHCO(D” ) < Ck TeXC;O T’(E)l/Z(n_l) ’ (36)
xg,r/2 ’
, 1/2(n—1)
HVUHC'O(DZOJ/Q) < C (excxo’r(E) + Ar) , (3.7)
C. y 1/2
Volevamy ) < = (excxo’r(E) + Ar) , (3.8)
and such that
Cgo,r/2 NOE = (Id+vy)(DZO,r/2) : (39)
Proof. This is, with the minor addition of (3.7), [Magl2, Theorem 26.3]. O

Remark 3.2. Recall that lim,_,y+ inf,cgn1 exc . (E) = 0 for every x € 0" E; see, for example,
[Magl2, Proposition 22.3]. In particular, if E is a (A, rg)-minimizing set in A, then AN J*E is
a C1hypersurface for every a € (0,1).

Theorem 3.1 can be used to locally represent the boundaries of (A, rg)-minimizing sets F
converging to a set E as graphs with respect to 0F, at least provided JF is smooth enough.
This basic idea is made precise in Lemma 3.4 below. Before stating this lemma, let us premise
the following technical statement, where functions v : Dy — R with |u| < 4 are considered,
together with their graphs

I(u) = (Id +ue,)(Dy) C Cy.
We also set a A 8 = min{«, 5}.

Lemma 3.3. Givenn >2, L >0 and «, 3 € [0,1] there exist positive constants o9 < 1 and Cy
with the following property. If uy € C>*(Dy), us € CYP(Dy), and

max [[u;]|c1p,) <00, max {Hul\\c%a(m)’ HU2H(JM(D4)} <L, (3.10)

then there exists 1 € CH*"(Cy N T (uy)) such that

Cin F(’LLQ) C (Id + ¢I/)(CQ N I‘(ul)) C F(UQ) , (3.11)
%]l c1.0n8 (Conr(un)) < Cos 1¥]lcr (conrur)) < Collur — uzllcr(py) - (3.12)
Here, v € C1 (T (u1);S™™ 1) is the normal unit vector field to T'(u1) defined by

(=Vui(z),1)

o) = S

Proof. We define F': Dy x R — R"™ and ¢ : Dy x R — R by setting

VzeDy. (313)

_ (L Vui(z) (s t
Flat) = ( t\/l—i-\Vul(z)P’ i )+\/1+]Vu1(z)\2>’ (3:14)
P(z,t) = ua(z) —t, (3.15)
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for (z,t) € Dy x R. Notice that F' € C1*(Cy) and ¢ € C15(Cy) with
[Fllcrecy <C,  léllerscy) <O, (3.16)

where C' is a constant depending on n, «, S and L only. Provided oq is small enough we also
find F(Cy) C Cy, so that we can define ® : Cy — R by setting

_ z = Ug|\ 2 — VUI(Z) —uilz) — t
Bz t) = o(P(t) = was ~t g ) —wile) — e

By exploiting (3.10) and (3.16) we find that, provided og is small enough,

0P 1
HCI)|’CL“A5(CQ) < C7 @(272) < _17 CI)(Za _2) > 17 a(zvt) < _57

for every (z,t) € Ca; hence there exists ¢ € CH*(Dy; (—1,1)) with
¢l cransmyy < C ®(z,((2)) =0, VzeDy. (3.17)
By (3.13) and (3.17) we find
{(z,ul(z)) () vz ui(z) 2 € DQ} C D(u). (3.18)
Again by ®(z,((z)) = 0 we deduce that

() = W(w (Z_ (@) VUl(Z)(Z)|2> —ul(z)>, (3.19)

1 + |V’LL1

so that, by (3.10),

IClleomy < /1 + 03 (Iluz = urllcom,) + 08 <o, )

and thus [[(|[cop,) < C [lur — uzl[co(p,). Similarly, by differentiating (3.19), by exploiting the
fact that u; € C?%(Dg) and thanks to (3.10), one finds that
[<ller sy < Cllur — uzllcr(p,) - (3.20)

We finally define ¢ € C1*"3(Cy N T (uy)) by the identity (2, u;(2)) = ((2), 2z € Dy. In this
way (3.12) follows immediately from (3.10), (3.17) and (3.20), whereas (3.18) gives the second
inclusion in (3.11). The first inclusion in (3.11) is obtained by noticing that: (i) up to further
decrease the value of oy we have

{ xeCzﬂF(ul),

x+tv(x),z+ sv(x) € I(ug) = t=s; (3.21)

(ii) there exists > 0 (depending on L only) such that every y € N,(Co NI'(u1)) has a unique
projection over Co NT'(u7). Since (by (3.10) and provided og is small enough) we can entail

Cin F(UQ) C Nn(c2 N F(ul)) s
by (ii) we find that for every y € C; NT'(ug) there exists a unique § € Co N T'(uy) such that
y =g +dist(y,CoNIT'(u1)) v(9).

Furthermore, by the second inclusion in (3.11) we find, § + ¢(9) v(9) € I'(u2), and thus, by (i),
y =19+ 1Y(y)v(y). The first inclusion in (3.11) is thus proved. O

Lemma 3.4. If a, 5 € [0,1], A >0, and E is a set of finite perimeter in Cy with 0 € OF and
ClﬂE:{z+sen:zED1,v(z)<8<1}, (3.22)

where v € C%*(Dy) with v(0) = 0 and Vv(0) = 0, then there exists r € (0,1/64) (depending
on «, B, A and E) with the following property. If {Ey}ren is a sequence of (A, ro)-minimizing
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sets in Bsg, with |Bsg, N (ELAE)| — 0 as k — oo, then there exist ko € N and {¢x} >k, C
CheN(Cy, N OE) such that

C,NIE; C (Id + TﬂkVE)(Cgr N 8E) C Cyyr NOEL, Vk > ko, (3.23)
IWkllorans @ nomy < Cos - i [[dkllor(c,,nam) = 0, (3.24)

where Cy is a constant depending on «, 5, A and E.
Proof. We first notice for future reference that by (3.22),

ClﬂaE:{z—l—v(z)en:zeDl}. (3.25)
Let now e, and C, be determined in dependence of n and ( as in Theorem 3.1, and set

L = |jv]lc2.am,) (3.26)

so that L depends on E. For a parameter o to be chosen later on in dependence of «, 5, A and
E, and using the fact that v(0) = 0 and Vv(0) = 0, we can find r € (0,1/64) (depending on «,
A, and F) such that

o
exceq,(F) + A (64r) < o

[vllera,) <o (3.28)
Since 0 € OF, E} is a (A, rg)-minimizing set in Bss,, and |(ExAE) N Bsg,.| — 0 as k — oo, by
[Magl2, Theorem 21.14-(ii)] there exists {zj }reny with zx € OEy and xp — 0 as k — oo. By
[Magl2, Proposition 22.6], for a.e. t < 32r,

(3.27)

exc,(F) = klg)go exc,(Ey —xp) = kl;ngo excy, +(Ey).

We may thus pick ¢ € (16r,32r) such that

. 327‘ n—1 n—1
lim excy, +(Ey) < (—) excse,(F) < 2" " excse ., (E).
k—o0 ’ t

By (3.27) there exists ko € N such that
excy, +(Er) + At <o, VEk > ko . (3.29)

By requiring ¢ < &4, by (3.29) and by Theorem 3.1 for every k > ko there exists wy €
Cl’ﬁ(ka’tm) such that

t
ka,t/Z M Ek = {Z +se,:z € ka7t/2 7wk(z) <s< 5} , (330)
Copt2NOE, = {z +wg(z) e,z € Dxbt/Q} ,
and
t 1 1/2(n—1) 1/2(n—1)
lwillere o, ,.) < Cs maX{a, 2P } o <Co . (3.31)

where C' depends on 5, A and E. By composing the functions w; with vanishing horizontal and
vertical translations, and since ¢/2 > 87, we actually find that, up to further increase the value
of ko, then for every k > kg there exists v, € C1P (Dg) such that

Cs,NE, = {z—ksen:zEDgr,vk(z)§s§8r}, (3.32)
Cy, NOE, = {z—l—vk(z)en:zeDgr}, (3.33)

and, thanks to (3.31),
lokllerspy,y < Co/2V < L, (3.34)
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provided o is small enough (depending on 5, A and E). By (3.22) and (3.32) we have

”Uk—UHLl(Dgr) < ’Cgrﬂ(EkAE)‘, Vk > ko .
By (3.34) and by interpolation there exists 6 € (0,1) (depending on n, «, and 3 only) such that
vk = vllc1pyy < C|Csr N (ELAE)?, Yk > k. (3.35)

By (3.28) and (3.35), provided we further decrease the value of o and possibly up to increase
the value of kg we entail that

max { [oller.,)s [velor o } S 000 Yk = ko,

where o¢ is determined as in Lemma 3.3 in dependence of n, L, § and «. Since, by (3.34),
max {[[oll ez olorsm, } L = ko,
we can indeed apply Lemma 3.3 to find 1, € C*"?(Cy, NIE) with the required properties. [

3.3. Regularity of (A, ry)-minimizing clusters. We gather here some basic regularity prop-
erties of (A, rg)-minimizing clusters. In doing so it is convenient to first localize to an open set
A C R” the terminology introduced in section 1.4.

Let & = {&(h)}_, be a family of Lebesgue-measurable sets in R” with

IE(h)| < o0 Vh=1,..,N, IE(h) NE(K)| =0 Vi<h<k<N,
and set £(0) = R™\ Uthl E(h). One says that £ is an N-cluster in A if each £(h) is a set of
locally finite perimeter in A and
IE(h)NA] >0 Vh=1,..,N.
If A is the largest open set such that € is a cluster in A, then, according to (3.2), 9*E(h) is well-
defined as a subset of A for every h = 0, ..., N, and so are the interfaces £(h, k) = 0*E(h)NI*E (k)
whenever 0 < h < k < N; we may thus set
oe= | J &k,
0<h<k<N

so that 0*€ is automatically a subset of A. By (3.5), we are always assuming that

N N
c(07€)=An U sptign) = U {x €A:0<|E(h)NByy| <wpr™ Vr > 0} =ANoE,
h=1 h=1

where 9 = J_, E(h). We also set
Yp(&)=(FNoE)\o*E VFCA, Y(E) = Xrn(€).

Finally, one says that £ is a (A, rg)-minimizing cluster in A if (1.17) holds whenever x € R",
r < ro and E(h)AF(h) CC B, CC A for every h = 1,...,N. We now prove the following
lemma, which is a special case of [LT02, Lemma 4.6] (see also [Leo01, Theorem 3.1] for a similar
result in the context of immiscible fluids).

Lemma 3.5 (Infiltration lemma). There ezists a positive constant ng = no(n) < wy, with the
following property: if € is a (A, ro)-minimizing cluster in A, then there exists a positive constant
r1 < ro (depending on A and ro only) such that, if

Y 1EMR) N Bey| <mor™, (3.36)
heH
for some r <ry, HCA{0,...,N}, and x € R" with B, CC A, then
> &) N Byypl =0, (3.37)

heH
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Proof. By arguing as in [Magl2, Lemma 30.2] one sees that if £ is a N-cluster in A such that
P(&; By ) < P(F;Bgy)+ Co|vol (€) —vol (F)l, (3.38)

whenever £(h)AF(h) CC Bg, CC A for some z € R", r < ryp and every h = 1,..., N, then
(3.36) implies (3.37) with r; = min{rg,1/8Cp}. This is achieved by exploiting the perturbed
minimality inequality (3.38) on comparison clusters F having the property that, if 0 < h < N,
then either F(h) C E£(h) or £(h) C F(h). We now notice that, on such clusters F one has

N
d(E,F) =Y _|EM)| = [F(h)|| < VN |vol (€) = vol (F) .
h=1

Therefore, if £ is a (A, r¢)-minimizing cluster in A, then (3.38) holds on every comparison cluster
F as above with Cy = v/NA, and we can argue as in [Magl2, Lemma 30.2] to prove the lemma
(with 1 = min{r, 1/8V/NA}). O

We now deduce some corollaries of Lemma 3.5 and Theorem 3.1.

Corollary 3.6 (Density estimates). If £ is a (A,ro)-minimizing cluster in A, then there exist
positive constants ¢y, ¢1 < 1, and ¢ (depending on n only), C (depending on n and A only)
and 1 < 1o (depending on &), such that, if 0 < h < N, x € 9E(h), and r < ry is such that
B, , CC A, then

< M <ep, (3.39)

wp T
o PE(D); Bey)

Tn—l

<C(1+7). (3.40)

Proof. Lemma 3.5 implies (3.39) with ¢; = 1 — ¢y and ¢y = ng/wy; see [Magl2, Section 30.2].
The lower bound in (3.40) follows from (3.39) and the relative isoperimetric inequality on balls,
see [Magl2, Proposition 12.37]. Finally, by testing (1.17) on F(h) = E(h)\ Bz, 1 <h < N, we
find that P(€; By,) < nwp 7™t + Aw, ", whence the upper bound in (3.40). O

In general, if € is a (A, rg)-minimizing cluster in A, then its chambers £(h) are not neces-
sarily (A, rp)-minimizing sets in A; however, they are (A, r()-minimizing sets in suitably small
neighborhoods of any interface point.

Corollary 3.7 (Almost everywhere regularity). If € is a (A, ro)-minimizing cluster in A and 0 <
h <k < N, then for every x € E(h, k) there exists a positive 1, < o such that |E(j) N By, | =0
if j # h,k and By,, CC A: in particular, E(h) and E(k) are both (A,ry)-minimizing sets in
By ,,. As a consequence, 0*E is a CY_hypersurface for every a € (0,1), it is relatively open

inside ANOE, and H" 1 (XA(E)) = 0. Finally, if n = 2, we can replace CH* with C11.

Proof. Since z € E(h, k) = 0*E(h)NO*E(k), by standard density estimates (see [Magl2, Exercise
29.6]), we have

lim |E(h) N By, n |E(k) N By,

r—0+ Wy, ™ Wy, T
Therefore, by Lemma 3.5, |£(j) N By, | = 0 for some r; > 0 and for every j # h, k. Exploiting
(1.17) we easily infer that £(h) and £(k) are (A,7ro)-minimizing sets on B,,,. By [Magl2,
Theorem 21.8], 9*E€ is a C1*hypersurface for every a € (0,1) (with C1! in place of C1® if
n = 2), relatively open inside AN OE. Finally, the lower (n — 1)-dimensional estimate in (3.40)
implies H" 1 (X 4(€)) = 0 by Federer’s theorem (see [Mag12, Theorem 16.4]). O

=1.

Corollary 3.8 (Local finiteness away from the singular set). If £ is a (A, rg)-minimizing N -
cluster in A, p > 0, and A’ CC A is open, then (A'NOE)\ cl(I,(Xa(£))) is the union of finitely
many disjoint connected hypersurfaces.
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Proof. By Corollary 3.7, we can directly assume that 9*€ = (o Si, where each S; is a nonempty
connected C''-hypersurface with S; N.S; =0 for i # j. If we set S = (A'NS;) \ el (L,(24(E)))
then {S }ien is a disjoint family of connected C''-hypersurfaces whose union is equal to (A’ N
OE) \ el (I,(24(£))). We claim that only finitely many elements of {S”};cn are nonempty. If
this were not the case, then, up to extracting subsequences, we could find {z; };en C (A'NOE) \
cl (I,(X4(£))) with x; € S; for every i € N and z; — « for some z € (cl(A") NOE) \ I,(X4(E)).
Slnce x € 0*E, by Theorem 3.1 and Corollary 3.7, there exists 7, > 0 and v € S"~! such that

9ENCY, =9*ENCY, = (Id+ovv)(DY, ) for some v € C'(DY, ). By connectedness, we
infer that S; N Cy , = S N Cj ., which contradicts the assumption on S; and Sj. O

We finally prove that the boundary of a (A, rp)-minimizing cluster has bounded mean cur-
vature (in distributional sense). Let us recall here that if S is locally H"-rectifiable then for
HE-a.e. x € S there exists a k-plane T3S in R”, the approzimate tangent space to S at x, with

HkL<S;x) AnkoT,s, asr — 0,

in the weak-star convergence of Radon measures; see [Magl2, Theorem 10.2]. Given such x € S,
T € CLR™R"), and {r;(z)}F_, an orthonormal basis of 7.5, the tangential divergence divgT
of T over S at z is defined by divgT(x) = Zle Ti(x) - (VT'(x)7(x)). One says that S has
generalized mean curvature Hg € L (H* (AN S);R") in A C R™ open, if

/divSTde:/ T-HgdH:, VT eCHARY). (3.41)
S S

If Hg € L®°(H*L(A N S);R™) one says that S has bounded generalized mean curvature. With
this terminology at hand, we prove the following property of (A, r¢)-minimizing clusters.

Corollary 3.9 (Bounded mean curvature). If € is a (A, ro)-minimizing cluster in A, then ANOE
is a locally H™'-rectifiable set with bounded mean curvature in A, and

[Hoe || oo (-1 (anae)) < A (3.42)

Proof. Clearly ANOE is a locally H" !-rectifiable set in A as 9*& is a locally H"~!-rectifiable in
A and H"1(X4(€)) = 0. Let now x € A, r < min{rg, dist(z,0A)}, and T € C}(B,,;R™) with
|T'| <1 be given, and let {f;};<. be the flow with initial velocity T, so that (see, e.g., [Magl2,
Theorem 17.5])

P(fi(E); Byy) = P(E; By,) +t / divopT dH™ ™ + O(t?),

*

for every set E of finite perimeter in B, ,. By Lemma C.2 (see Appendix C) one sees that for
every 11 > 0 it is possible to decrease £ > 0 in such a way that

[f(E)AE] < (1+n) P(E; Bey) [t],  V[t] <€,

for every Borel set E C R™. Up to further decrease the value of € we have f;(E(h))AE(h) CC By,
for every h = 1,..., N, so that by (1.17) one finds

P(&;Boy) < P(fi(€) Zw )AF(E(h))]

= P(&Byy)+t | divoeTdH" 4+ O#*) + (1 +n) Alt| P(E; Byy) -
o0&

We conclude that, if B, CC A with r < rg and T € C}(B,,;R") with |T| < 1, then

[ divaeT an | < (1) A PE By ).
o0&
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so that (3.42) follows by Riesz theorem and Lebesgue-Besicovitch differentiation theorem. [

3.4. Convergence properties of boundaries. We now exploit the infiltration lemma and
the small excess regularity criterion to prove Hausdorff convergence of boundaries. We localize
the cluster distance d defined in (1.18) to A C R™ by setting

N
QA€ F) = 5 3 IAN ERAF W)
h=0

and, similarly, we localize the Hausdorff distance hd to A (see section 2.1) by setting
hda(S,T) = max { Jnax dist(z,T), max dist(z, S)} ,

for every pair S, T of compact sets in A. (It is useful to keep in mind that hd4(S,T) < ¢ if and

only if ANS C I5(T) and ANT C I5(S).)

Theorem 3.10 (Hausdorfl convergence of boundaries). If £ is a N-cluster in A and {&}ren
is a sequence of (A, ro)-minimizing N -clusters in A with da(E,E) — 0 as k — oo, then € is a
(A, ro)-minimizing cluster in A. Moreover, for every 0 <i < j < N and A’ CC A one has

lim hd g (ask(z') N AEL(5), O (i) N 85(]’)) —0, (3.43)
—00
so that, in particular, hd 4/(0&, 0E) — 0 as k — oo. Finally, for everye > 0 there exist k(e) € N
such that

Yar(&) C I.(2a(E)), Yk > k(e). (3.44)
Remark 3.11. We are not able, in general, to prove the inclusion ¥ 4/(€) C I.(X4(E)) for k

large, and thus infer the full Hausdorff convergence ¥ 4(Ex) to X 4(&) in every A’ CC A. We can
achieve this if n = 2, see Theorem 3.19 below, and if n = 3, see [CLMa)].

Proof of Theorem 3.10. The fact that £ is a (A, ro)-minimizing cluster in A is obtained by ar-
guing exactly as in the proof of [Magl2, Theorem 21.14], so we shall omit the details. The
remaining part of the theorem also follows by a rather standard argument.

Step one: We prove (3.43). To this end, let us fix 0 <i < j < N, set
Sty = 0& (i) NOE() .  Sij=0E(i) NIE),
and show that for every € > 0 there exists kg € N such that
A'NSE CcI(Siy;),  ANS;clL(S), Vk>k. (3.45)
To prove the first inclusion in (3.45) we argue by contradiction, and consider z; € A'N Sf:j with
dist(xy, S; ;) > € for every k € N. Up to extracting subsequences, we may assume that zj, — x

as k — oo for some z € cl (A’) C A. Since dist(z, S; j) > ¢, by (3.5) there exists r, < dist(z,0A)
such that

either |Byr, NE()] =0, or |Bg.r, NE(L)| = wp iy,
or |Bzr, NEG)| =0, or |Byr, NE()] = w1y
Let s, = min{r,,r1}/2, then for k > ko one has
either | Bz, 25, N EL(1)| < mo (252)", or | Bz, 25, N EL(T)| > (wn —mo) (252)",
or By 2s, NELG) <mo(282)",  or  |By2s, NEL)| > (wn —1m0) (282)"
and thus, by Lemma 3.5,
either |Bgy.s. NER(1)| =0, or |Bz.s. N ER(L)| = wy sty

or |Bmk751 NE&(4) =0, or |B$k78cc N EL(I)] = wn s -
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By (3.5), xp € A \S;fj for k large, a contradiction. We now prove the second inclusion in (3.45):
by contradiction, there exist x € A’ N.S; ; and € > 0 such that B, . N Sf’j =0, i.e., by (3.5),

either |Bze NEL(1)] =0, or |Bg.e N EL(1)| = wne™,
or |Bze NEL(J)| =0, or |Bz.e NEL(J)| = wne™,

for infinitely many values of k; by letting £ — oo along such values we thus find that = ¢ 5; ;.

Step two: We prove (3.44). Should (3.44) fail, we could find ¢ > 0 and z € A’ N X(&) with
dist(zg, X(€)) > ¢ for infinitely many k£ € N. By step one, up to extracting subsequences,
xr — x as k — oo for some z € ANOE. Since dist(x, X(E)) > e, we have z € 9*E. By Corollary
3.7, there exist 0 < h < ' < N and 27, < min{ry,dist(xz,0A)} such that x € E(h,h") and
Byar, C E(h)UE(R). Hence, for some ky € N we have

[€x(h) N Bay2r. |+ 1E,(K) N By 2| = (wn —m0) 7%, Yk = ko

By Lemma 3.5, £k(j) N By, », = 0 for every k > ko and j # h, ', so that &, (h) is a (A,rg)-
minimizing set in By, ,,. By arguing as in Lemma 3.4 we find that

exch (E(h)) = klim exc:”ck ~(Ek(h)), for a.e. r < ry. (3.46)
b %w b
Since z € £(h, 1), by Remark 3.2 there exist ry, < min{r,,79} and v € S*~! such that
exc?, (E(h)) + Ary, < ;_n (3.47)

where ¢, is defined (depending on n and o« € (0,1)) as in Theorem 3.1. Since, trivially,
exc? (E(h)) < (rw/r)" Lexcy, (E(h)) for every r < r.., by (3.46) and (3.47) we conclude

z,r T,

that, for some r € (r4«/2,74) and up to increase ko, excy, . (Ex(h)) +Ar < e, for every k > ko.
By Theorem 3.1, B, , /5 N 0*Ex(h) is a Cl @ hypersurface, against x, € X4/ (E). O

3.5. Normal representation theorem away from singularities. Given a cluster £ in A,
let us now set for the sake of brevity

[85],) = (ANoE)\ Ip(EA(g)) )

and combine Theorem 3.1 and Theorem 3.10 to show that if {& }ren is a sequence of (A, rg)-
minimizing clusters in A with d(&, &) — 0 for some & with 9*E of class C*!, then, for every
p < poand A" CC A we can cover (A’ NOE) \ I2,(X4(E)) with (Id + pve) (A’ N[OE],) C 0*E,
where ¢, — 0 in C1(4' N [9€],) as k — oo and vg is a C'11-unit normal vector field to 9*€.

Theorem 3.12 (Normal representation theorem). If A >0, o € (0,1) and & is a N-cluster in
A such that 0*E is a C*'-hypersurface, then there exist positive constants py (depending on E)
and C (depending on a, A and &) with the following property.

If {& }ken is a sequence of (A, 1g)-minimizing clusters in A with da(E,E) — 0 as k — oo,
then for every A' CC A and p < po there exist ko € N, € > 0, and {{y }r>k, C CV¥(A' N[OE],)
such that

(AN OE)\ Ip(EA(E)) C (Id + dyve)(A' N [9E],) C *Er (3.48)
NL(A' (1 [0E],) N OE, = (Id + by ve) (A N [9E],). (3.49)

with
A {[Yellor o) =0, sup kllorecanae,) < C- (3.50)

Moreover, when n =2 one can set a = 1.
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Proof. Since 0*& is a C?!-hypersurface, for every z € 0*E there exist r, > 0, v, € S* ! and
Vg € 0271(D;f64%) with v, (z) =0, Vug(z) = 0, and

By Theorem 3.10, £ is a (A, r¢)-minimizing cluster in A, so that by Corollary 3.7 there also exist
0 < hy < h!, < N such that, up to further decrease r,., one has

and thus, taking (3.51) into account and without loss of generality,

Clioar, NE(hy) = {z +svy 2 € Dy, s va(2) <8< 647’96}. (3.53)

By Lemma 3.5 and by (3.52) there exists k; € N such that
‘5k(j)ﬂBx7ggrz‘ =0, \Zi #hx,h;, Vk >k, (354)

so that & (hy) is a (A,7p)-minimizing set in By 32, for k > k;. By Lemma 3.4 there exist
sz € (0,7,) and, up to increase ky, functions 1, € C1*(CY%, . N OE(h,)) with

x,2 Sy
C.ry, NOEK(hy) C (Id + Yy k Ve, (h,)) (Clla s, NOE(hy)) C CL7yy N Ok (ha) (3.55)
1z kllorecrs, , nogny <€ Im [[bekllerers,,, nogne) =0, (3.56)

where C' depends on «, A and €.
Let po > 0 be such that [0€],, # 0. By compactness, for every p < py we can find
{xl}f‘il C A'N[0€], C 0*E such that (for h; = hy,, i = ra,, si = Sa,, and v; = v;,) one has

M
AN, cl)Ch,, Clg, CCA. (3.57)
i=1

Since 0*& is a C*-hypersurface we can find €(p) such that every point in N, (A’ N [0€],) has
a unique projection onto A’ N [9€], and

M
No(p)(A' N [OE],) C I, (A N [0€],) C U cy,,. (3.58)

i=1

S

N (o) N oE for

By arguing as in the proof of Lemma 3.3, we see that t;x = 1% on C! , )25

every i, j. In particular, if we set

M
i Vi
Q= U Cxi723i ’
i=1

then it makes sense to define v, € CL(Q N JE) for every k > kg = max{k; : 1 <i < M} by
letting ¢, = 1y, x on C. , . NOE. In this way,

5,2 8
M
08, M| Cx . C (1d + 9hpre) (2N OE) C 07Ep, (3.59)
i=1
[klloreonoey <€, lim [l onae) =0 (3.60)

By (3.58), (3.59), A’ N[9€], C , and since Id 4 ¢ v¢ is a normal deformation of QN E,
Ne(p)(A, N [85]p) No&E, C (Id + T/Jng)(Q N 85) N Ne(p) (A/ N [85]p)
= (Id+ ¢kV5)(A/ N [85]/)) C Ne(p)(A, N [85]/)) N oEy ,
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where the last inclusion follows by the second inclusion in (3.59) provided ||¢|co) < (p);
this proves (3.49). Finally, by Theorem 3.10, up to increase ko, A" N IE, C I, (9E) for every
k > kg, so that, up to require that e(p) < p, we find

(A N0\ Ly(Sa(E)) € A'N (IE(,,) (D) \ IQP(zA(g))) C AN L) ([0€]y) C L (A N [DE],).-
By combining this last inclusion with (3.58) we find that

M
(A'N0&)\ Inp(Ba(&)) c 0& N | CY .,

i=1
and thus deduce (3.48) from (3.59). O

3.6. Blow-ups of (A,rp)-minimizing clusters. We finally comment on the monotonicity
properties of density ratios and the existence of blow-up limits. We set

B P(&;Byr)

0(0E,x,r) = ) VreR",r>0.

rn—1
Theorem 3.13 (Monotonicity of density ratios). If £ is a (A, rg)-minimizing N-cluster in A,
x € ANOE, and ry € (0,7¢) is such that wy, ry <min{|E(h) N A|:1 < h < N}, then

0(9E, z,r) e wnAr is increasing on (0,r,), (3.61)

In particular, the density 0(0,x) = 0(OF, z,0") is well defined for every x € ANOE. Moreover,
if A =0 and (€, x,-) is constant on (0,7y), then By, NOE is a cone with vertex at x (that
is, x +t(y — x) € O for every y € By ,, NOE and t € [0,1]).

Proof. This comes from a classical argument (see for example [Magl2, Theorem 28.4] in the
case A = 0), that is sketched here, for the reader’s convenience, under the assumption that
P(&;0B,,) = 0 for every r < r,. Given r < r,, define N-clusters F with £(h)AF(h) CC By,
for every h = 1,..., N, by setting

F(h) = (g(h)\var) U{x—l—t(y—a;):O<t<1,y65(h)ﬂ8Bx7r}, h=1,..,N.

(Notice that |F(h)| > 0 for every h = 1,..., N thanks to the definition of r,.) If v : 9* — S*~!
is a Borel normal vector field to 0*&, then, by applying the coarea formula to 0*€ and since
P(&;0B,.s) = 0 for every s < r,, we find that

r dH"(y)
P(&;Byy) = ds , Vr < Ty
(&3 Ber) /0 / 0B VI W) (@ - )/l D) -

Thus, p(r) = P(€; By,) is absolutely continuous on (0,7,), with p'(r) > H""2(8*E N OBy, for
a.e. 7 < ry. At the same time, by applying the coarea formula to 0*F we find that

r r n—2
P(F;By,) = / H2(0"F 0 OB,.) ds = H"2(0€ N ABa.) / (3)" " as,
0 0
so that P(F; By ,) <rp'(r)/(n—1). By (1.17) we find that (n—1) p(r) < rp'(r)+(n—1) Aw, r"
for every r < r,. This proves (3.61), and the rigidity assertion is easily inferred by a careful
inspection of the above argument. O

If £ is a N-cluster in A and x € A, then the blow-up of £ at x at scale r is the N-cluster
Ezr in (A —x)/r defined by the equations

Ex,r<h>=g(h)r—_x, 1<h<N,

(Notice that (A — z)/r eventually contains any given compact set in R™ as 7 — 07.) In order
to describe blow-up limits (as r — 07) of (A, r)-minimizing clusters, we need to introduce the
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following terminology. One says that K = {K(h)}\L, is an improper M-cluster in R™ if K(h)
is of locally finite perimeter in R™ for every h = 1,..., M, with |[[C(h) N K(k)| = 0 whenever

1<h<k<Mand|R"\ M, lC(h)‘ = 0. If F is a bounded set in R”, then the relative
perimeter of K in I is defined as

M
PG F) = % S Ph:F) = Y W (FRatk(h) oK)
h=1

1<h<k<M

Correspondingly, one says that K is a cone-like minimizing M -cluster (with vertex at 0) if C(h)
is an open cone with vertex at 0 for every h = 1,..., M, and if

P(K;Bgr) < P(F;Bg), (3.62)

whenever F is an improper M-cluster in R with F(h)AK(h) CC Bpg for some R > 0 and every
h=1,.. M.

Corollary 3.14 (Tangent cone-like minimizing clusters). If € is a (A, rg)-minimizing N -cluster
in A, x € ANOE, and 1, — 0 as k — oo, then there exist {k(j)}jen with k(j) — 0o as j — oo,
and a cone-like minimizing M -cluster IC (with 2 < M < N ) such that

0(0E, ) = 0(K,0),  Epr B, K asj— oo,

TTk(4)

that is, there exists an injective map o : {1,..., M} — {0,..., N} such that
M
lim 5" ((/C(i)Agw(j)(a(i))) N BR‘ =0, VR>O0. (3.63)

Proof. The upper density estimates in (3.40) implies the compactness of {&; ,, }ren in the lo—gg
convergence to a limit which is shown to be a cone-like cluster by adapting the argument used
in proving Theorem 3.13. Since this proof is classical we omit the details, and refer for example
to [Magl2, Theorem 28.6] for the case of (A, rp)-minimizing sets. O

3.7. (A,ro)-minimizer clusters in R2. In view of Corollary 3.14, the starting point in the
analysis of almost-minimizing clusters near their singular sets is the classification of cone-like
minimizing clusters. Such a classification is currently known only in R? and R®. Referring to
[CLMa] for the latter case, we work from now on in R% Let us denote by Vs the cone-like
minimizing 3-cluster in R? defined by

2 2
Wo(i) = {(tcos@,tsin@) t>0,(0—-1) ?ﬂ <0< zg}, i=1,2,3.
Up to rotations around the origin, ) is the only cone-like minimizing cluster in R? (other than
the one defined by a pair of complementary half-planes, of course); see, for example, [Magl2,

Proposition 30.9]. As a consequence, by Corollary 3.14 one has that if £ is a (A, r)-minimizing
cluster in A C R?, then 0" = {x € ANJE : (0E,x) = 2} and

SA(E) = {x € ANIE : 0(OE,x) = H(y,0) = 3} . (3.64)

We now localize Definition 1.2, and then, in Theorem 3.16, describe the structure of planar
almost-minimizing clusters.

Definition 3.15. Let & be a cluster in A C R? open. One says that £ is a C*%-cluster in A if
there exist at most countable families {7;};es of connected C*®-curves with boundary relatively
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closed in A, and {p;};c of points of A, which are both locally finite in A (that is, given A’ CC A
we have 7; N A’ # () and p; € A’ only for finitely many 7 € I and j € J), and such that

AnoE=Jy, o0& =Jimt (),
i€l el

Sa(€) = An|Jbd () = An [ {p;}-

iel jed

(3.65)

Theorem 3.16. If £ is a (A, ro)-minimizing cluster in A C R2, then £ is a CY'-cluster in A.
Moreover, each ~y; has distributional curvature bounded by A and each p; is a common boundary
point of exactly three different curves from {v;}icr which form three 120 degrees angles at p;.
Finally, diam(~;) > 1/2A for every i € I such that v; CC A and bd (v;) = 0. (In particular, if
A =0, then bd (v;) # 0 for everyieI.)

Proof. By exploiting the argument of [Magl12, Theorem 30.7] (which addresses the case of planar
isoperimetric clusters, but actually uses only a minimality condition of the form (1.17), and that
can be easily localized to a given open set) we just need to prove that the curves 7; have
distributional curvature bounded by A and the diameter lower bound when ~; CC A with
bd (y;) = 0. By Corollary 3.9 we have that

/ divogsTdH' = | T -Hpe dH', VT € CH(A;R?), (3.66)
oE o0&
where |Hpg| < A. In particular,
/ div., T dH' = / T -Hpe dH', (3.67)
Vi Vi

for every T € C}(A’;R?) such that spt TNIE = spt T'Nint (;). Since [Hge| < A this proves that
each A’ N ~; has distributional mean curvature bounded by A. If, in addition, v; CC A’ cC A
and bd (7;) = (), then we can test (3.67) with T'(z) = ((z)(x — x¢) where 2y € R? is such that
Vi C By 2diam(y;) and ¢ € CH(A") with ¢ = 1 on ~; and spt¢ N OE = spt{ N ;, to find that
H(vy;) < 2A diam(r;) HE (), as required. O

Remark 3.17 (Topology of boundaries of planar (A, r¢)-minimizing clusters). If £ is a bounded
(A, 70)-minimizing cluster in R?, then Theorem 3.16 implies the existence of finite families of
closed connected C''-curves with boundary {v;}icr (whose distributional curvature is bounded
by A) and of finitely many points {p;};es (such that each p; is the common end-point of three
different curves from {; };er, which form three 120 degrees angles at p;). Moreover, (3.65) takes

the form
08 = Jv, ore={Jimt(w), 2E =Jbdw)=J{p}- (3.68)
i€l iel i€l jeJ
We also notice that if, in addition,
~i is diffeomorphic to [0, 1] for every ¢ € I, (3.69)

then

#(I)=3(N'"-2),  H(Z(E)) =2(N'-2), (3.70)
where N’ is the sum of the numbers of connected components of the chambers £(h) of £ over
h=0,...,N. (In particular, N' = N + 1 if every chamber, including the exterior chamber, is
connected.) Indeed, by (3.69) and by (3.68) each 7; has exactly two end-points, both belonging
to 3(&), and for every x € X(E) there exist three curves from {v;};cs sharing x as a common
end-point: therefore we find #(I) = (3/2) H%(2(E)). If we now apply Euler’s formula to the
planar graph having the singular points from (&) as its vertexes, the curves {~;}ics as its

edges, and the N’ connected components of the chambers of £ as its faces, then we find 2 =
HO(S(E)) — #(I) + N'. Since #(I) = (3/2) H(2(E)), we have proved (3.70).
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Remark 3.18. We notice that (3.69) holds true whenever £ is a planar isoperimetric cluster
(that is, £ is a minimizer in (1.15) with N > 2 and n = 2; notice that £ is necessarily bounded).
By contradiction, let us assume there exists ¢ € I such that +; is C'-diffeomorphic to a circle.
Since v;NYX(E) = 0, the constant curvature condition on interfaces of £ implies that ; is, in fact,
a circle. Moreover, since N > 2, we must have #(I) > 2. Since #(I) > 2, we can translate ~;
along a suitable direction until it intersects for the first time 9€ \ 7; at some point z. Denoting
by & the resulting cluster, we have that P(E') = P(€) and vol (£') = vol (£), so that &£ is a
minimizing cluster in R?. Therefore, the fact that, in a neighborhood of x, O’ is the union of
two tangent circular arcs, leads to a contradiction with Theorem 3.16 applied to &’

We now close this section by upgrading (3.44) to the full Hausdorff convergence of singular
sets, at least in the special case of planar clusters.

Theorem 3.19 (Hausdorff convergence of singular sets). If {E}ren s a sequence of (A, ro)-
minimizing clusters in A C R? with da(&, &) — 0 as k — oo, then

khm hda (X4(&),24(E)) =0 VA cc A.
—00

Proof. By (3.44) in Theorem 3.10, and arguing by contradiction, we may directly assume the
existence of zp € ¥ 4/(€) and € > 0 such that B,, . CC A and, up to subsequences,

zBacO,s(gk) = BZ‘O7E m EA(gk) - ®7 Vk S N . (371)

By Theorem 3.10 we have xp, — x¢ as k — oo for some x, € ANOE;, so that, for k large enough,
we must have x;, € A’ N9*E;,. Up to translations we have thus reduced to consider the following
situation: & are (A, ro)-minimizing clusters in By, . CC A with dp, (&, &) — 0, zg € Ta(€),
and zg € 9*&;, for every k. We now fix a sequence s; — 01 as j — oo, and correspondingly
define k(j) — oo as j — oo in such a way that

dB,, .. (Ek(). E) = o(s])  asj—o0. (3.72)

By xg € ¥ 4(€) and by Corollary 3.14, up to extracting a subsequence in j and up to apply the
same rotation to & and to each &, we can also entail

loc

Eroys; —ro Vo, as j — 0o, (3.73)

for an injective map o : {1,2,3} — {0,..,N}. Let us now define G; = {G;(i)}3_,, g =
{G:(1)}}=1, and G = {G(i)}}_, by setting

. Ery(a (i) —zo
gj(z)—Bgﬂ( s; >’
and G(i) = Bz N Ya(i) for i = 1,2,3. By (3.73) we find dp,(G},G) — 0 as j — oo, so that
by (3.72) and by triangular inequality dp,(G;,G) — 0 as j — oo. In particular, G; defines a
3-cluster in By for j large enough and, actually, G; is a (A s;,70/s;)-minimizing 3-cluster in Bs.
Again by dp,(Gj,G) — 0 as j — oo, Theorem 3.10 gives

lim max hdg (agj(z') N8G; (), ¥(i) N ayg(e)) —0, (3.74)

Jj—00 1<i<l<3

£(a(4)) —wo>

Sj

g3 (i) ZBgﬂ(

while, by Theorem 3.12, for every § small enough one can find j(6) € N and {t;};>;i) C
CY(B N [0)s]s) such that (on taking into account that Io5(X()%2)) = Bas)

9G; N (B\ Bys) C (Id +4v)(BN[0)e]s), Vi =j(9), (3.75)

where v denotes a continuous normal vector field to 0*)s. Finally, we notice that by (3.71), as
soon as j is large enough to give 2s; < ¢, one has

¥B,(Gj) =10. (3.76)
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By Theorem 3.16 there exists a finite family of connected C''-curves with boundary {v;}icr,
relatively closed in B, such that B N 0G; = B N J;c;v and Xp(G;) = U;e; B N bd (7:), so
that, by (3.76), B Nbd (y;) = 0 for every i € I. Let 7;; denote the connected curve in 9G; that
contains (Id + ;) (B N [0Y2(i) N 0Va2(€)]s), for 1 < i < £ < 3. By (3.75) we notice that

0G; N (B\ Bys) = | J 7N (B\ Ba) (3.77)
1<i<<3
while by (3.74) we get
~ie N B C I5(0Y:2(1) N 9Ya(¢)) forall1<i</(<3. (3.78)
By (3.77) and (3.78) we deduce that bd (v;¢) N Bag # 0, against the fact that BNbd (y;) = 0 for
every i € [. ]

4. PROOF OF THE IMPROVED CONVERGENCE THEOREM FOR PLANAR CLUSTERS
We shall use the following theorem in order to deduce Theorem 1.5 from Theorem 2.6.

Theorem 4.1. Under the assumptions of Theorem 1.5, there exist ko € N and Cy, pg > 0 such
that the following properties hold:

(i) if £ and & satisfy (3.68) with {vi}icr and {p;}jcs, and with {vF}icr, and {p‘];-:}jejk
respectively, then for k > ko and up to a relabeling, one has I = Iy, J = Ji, bd (v;) # 0
if and only if bd (vF) # O for every i € I, and

Jim |py —pj| +hd(y, %) =0, Vielje; (4.1)
—00

moreover, for every i € I there exists an extension by foliation (52 ,df) of ’yf with

1
max {E—,?, Hd?”Clvl(Rz)} < Co; (42)

(ii) for every i € I and k > ko, if bd () = {p;,p;}, bd(7F) = {pf,pf,}, and if TF €
CO«(yF:SY) and 7; € CY(v;;St) denote tangent unit vector fields to vF and ~y; respec-
tively, then, up to a change of orientation,

Jim|7i(p;) = 7' (05| + 7 (py) — 77 (p)| = 0; (4.3)
(iil) for every p < po there exist k(p) > ko and {¥g}p>k(p) C CHL([0€),) such that
[0k]3p € (Id + ¢yv)([0€],) C O*Ey, (4.4)
where v is a CY' normal unit vector field to 0*E and
i = < . .
A ([@llesoey,) =0 killi?p) [¥llorr(ae),) < Co (4.5)

Proof. Step one: We prove statement (iii). By Theorem 3.12 (applied with A = R? and A’ an
open ball such that £(h) CcC A’ for every h =1, ..., N) there exist pg, Cy > 0 such that for every
p < po one can find k(p) € N, e(p) > 0 and {¢ }x>k(,) € CHH([OE],) such that (4.5) holds, with

98\ Ip(£(E)) © (1d + ) ([0€],) C 0"E . (4.6)

N () ([0€]p) N 0&, = (Id + ¢yr)([0€],) - (4-7)

In turn, by Theorem 3.19 (applied with A = R? and A’ as above), we have hd(2(&), 2(€)) —
as k — oo. Hence, up to increase the value of k(p) we find ¥(&) C 1,(X(&)) for k > k(p), and
thus [0;]3, = 0& \ I3,(X(Ek)) C O& \ I2,(X(E)). Thus (4.4) follows from (4.6).
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Step two: We prove statement (i) up to (4.1). Since hd(X(&),>3(E)) — 0, we can assume
without loss of generality that J = J; with
lim |ph—p;| =0, VjeJ. (4.8)
k—o0
Let now I’ and I"” be the sets of those 7 € I such that ; is homeomorphic, respectively, either to

St or to [0,1], and similarly define Ij and I}/ starting from I;. By intersecting with N.,)([7i],)
in (4.7) and by directly assuming that [[¢(|co(jae),) < p for every k > k(p) we find

Ny ([ilp) N0 = Id + wr)([vil,) . Vi€ T, k> k(p).

In particular, by exploiting the connectedness of the curves {7} }icr,, one defines for every
k > k(p) a map oy : I — I in such a way that

(1d + ) ([ilo) €%, i)
(Id+ o) ([ilo) Nl =0, Viel,Vi'e I\ {ox(i)};
hence,
(Id + rv)([vilp) = Neo)([Vilp) N OEK = Nepy([yilp) N ’ng(i) ) Vk > k(p),iel. (4.9)
To complete the proof of (4.1) it will suffice to show that

o}, is a bijection with oy (I") = I, and oy (I") = I}/, (4.10)
lim hd(y;,75, ;) =0,  Viel. (4.11)
k—o0 k
We start by choosing n > 0 such that
L,(vi) N L,(vi) =0, Vi,i' eI (4.12)
Ifi € I', then [y;], = v and N, (7i) = Io(p) (i) for every p > 0, so that (4.9) gives
(Id + ¢kl/)(’yl) = Ig(p) (72) N 85k = Ia(p)(/yl) N ’}/gk(l) s vk > k?(p) ,i S I/ . (413)

Since (Id + 1) () is homeomorphic to S' and is contained in 7§k (i) by connectedness of 7§k )
we conclude that oy(i) € I, with

(I + 1) (i) = Ie(p) (i) N OEL =%, (i) (4.14)
hd(vi, Ve, ) < llUkllcroey,) <P Yk >k(p),iel. (4.15)

By combining (4.12), (4.14) and (4.5) we conclude that
(4.11) holds for every i € I', o1,(I") C I}, o, is injective on I'. (4.16)

Our next goal is proving that
oy is a bijection between I” and I . (4.17)

To this end, we shall first need to prove (4.18) and (4.22) below. In order to formulate (4.18)
we introduce the following notation: given j € J, let us denote by a;(1), a;(2), and a;(3) the
three distinct elements in I” such that the curves {vaj (g)ﬁ:l share p; as a common boundary

point (as described in Theorem 3.16), and let {a?(f)}?zl C I} be defined analogously starting
from p;?. We claim that, up to permutations in the index ¢ € {1,2, 3}, one has

af(0) = on(a;(0)), Vi€, k>k(p).l€{1,23}. (4.18)

Indeed, by Theorem 3.16, up to decrease the value of n > 0, we find that, for every j € J,

3 3
9N By, .y =00 N Boyms  {pi} =S(E) N By, = DA (1ay0) N By~ (4.19)
=1 =1
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Assuming without loss of generality that £(p) < p and by taking py small enough with respect
to 1, we can entail by Theorem 3.10 and (4.8) that
O, C 1.1, (0€) S(E) N By, = AN} C Bpyeny, Vi€, k>k(p). (4.20)
By (4.19) and provided py is small enough

( )(85 JD] /N U I ’7(1]([ Bpj,n

- Bpj,2pU U ( e(p) [’Yaj(ﬁ)]p) N Bpj,?]) ) VjiedJ.

By 08, C I.(,)(0€) and by (4.9) one thus ﬁnds

3
08,1 By, © (9801 By20) U (95 as0) N Boyn) - (4.21)
l

Let now w be the connected component of yfk (1) Ncl(By, ) which contains p;?. In this way, w
j

is a connected C''!-curve with boundary, homeomorphic to [0, 1], with pf € bd(w) N By, - Tt

cannot be w CC By, ;, because otherwise it would be w = 7%(1) CC By, , and thus %(&) N

By, \ {P}} # 0, against (4.20). Hence w N8By, , # 0. At the same time, by (4.21),

wnN By, C (WﬂBpﬂp) = CJ (w”’qu () “Bpam>

and since w is connected with wNIBy,, ; # (), it must be wﬂ’yk L (a;(0) 75 () for some ¢ € {1,2,3},
thus v* at (1) N ’yo_k (a; (6 75 (). Up to relabeling ¢ € {1,2,3}, we have thus proved that

/ya;?(f) m/yak(aj(ﬁ)) 7£ 07 V] € Jvk > k‘(p) 7€ € {1,2,3},

from which (4.18) follows by connectedness of the curves {7 };c;. Having proved (4.18), we
now introduce the notation needed to formulate (4.22): given i € I”, let b;(1) and b;(2) denote
the two distinct elements of J such that bd (v;) = {b;(1),;(2)}, and define similarly b¥(m)
(m =1,2) for each i € I}]. Then, up to permutations in the index m € {1, 2},

bfrk(i)(m) = b;(m), Viel” k>k(p),m=12. (4.22)
Indeed, if i € I" then i = ay,(1)(¢) for some £ € {1,2,3}, therefore, by (4.18),

o4(6) = ox{an (0)) = ok 1) (0),
that is,
P,y € bd (Yo i) = o @oPee (@F,  thus bil) € {05,y (1), 65, ()},
as required. With (4.18) and (4.22) in force, we now prove (4.17). The fact that o (I") C I}/
is immediate from I” = {a;(¢) : j € J,¢ € {1,2,3}} and (4.18). If now 4,i" € I" are such that
o(i) = or(i') then by (4.22)

{jed:pjebdm)} = {bi(m)}noy = {85, ) (M)} ey = {05, ) (M)} o

= {br(m)}— 1—{J€J pj € bd (vi1)},

so that bd (y;) = bd (v;r), and thus ¢ = i’; this proves that oy is injective on I”. Finally, by
Remark 3.17, it must be # I” = (3/2) # J = (3/2) # Ji, = # I}/, so that oy, is actually a bijection
between I” and I}, and (4.17) is proved.
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Let us now show that
Jim_ hd(yi, 75, ) =0,  Viel”. (4.23)
We first notice that, by (4.22),
{j € J:pj €bd(vg,0)} = {85, (M)}my = (Bilm)}iy = {7 € T p; €bd ()}
so that (4.8) gives
Jim_hd(bd (v), bd (va.@) =0, Viel. (4.24)
Next, if ¢ € I”, then by (4 13) one has "

o, (1)

N Iy (vir) = 0 for every i’ € I', while (4.9) gives

%k(z) N Ny ([virlp) = 0 for every ' € 1"\ {i}; since &, C I.(,)(9€) for k > k(p), we thus find
Ve o Clp()U | Ipbd (),  Viel” k>k(p).
Z eI//

Since Iz ,(7;) is disjoint from [ J;c v I2,(bd (7;r)) thanks to (4.19), we conclude that 7§k(i) C
I5,(7;) for every i € I” and k > k(p). At the same time, by (4.9), (4.5), and (4.24)

Milo C L (Vao)»  Lo(bd (7)) C Iop(VE, ), Vi€ l" k> k(p),

that is, v; C I2P(’Y§k(i)) for every ¢ € I"” and k > k(p). We have thus proved (4.23).

In order to complete the proof of (4.10) and (4.11) we are thus left to show that oy (I') = I
We argue by contradiction, and assume the existence of i. € I} \ ox(I"). Since I.(,) (i) N O& =

’yfjk (i) for every i € I " (recall (4.14)), by connectedness we deduce that
v 0 | Lpy(v) = 0. (4.25)
iel!
Since N, ([vilp) NOE = ( y([vilp) N, () for every i € I (recall (4.9)), if ’yi NNy (vilp) # 0,
then, by connectedness of ¥ (i) one ﬁnds ix = o(i) € or(I), a contradiction: hence,
¥ 0 Negwy(i) = 0. (4.26)
Z'eI//
Since 9&;, C [a(p)(ag) = Uie[ Ie(p) (’)/Z'), by (4.25) and (4.26) we find
¥\ L)\ U Negyy) € U Bpy
iel” iel” =
and since the balls {B,; ,}jes are disjoint by (4.19), we conclude that for every i. € I}, \ ox(I')
there exists a unique j € J such that ’yi C By, 2p; however, by Theorem 3.16,

1
L < i) <20,
which leads to a contradiction if pg is sufficiently small.

Step three: We prove (4.2) by exploiting Proposition B.2 in Appendix B. We directly consider
the case when bd (v¥) # (), and omit the (analogous) details for the case bd (7¥) = ). Let us
set (¥ = H(yF), consider of € C11([0,£F];R?) to be an arc-length parametrization of 7%, and
deﬁne unit normal vector fields v¥ € C%'(y;;S!) by setting v¥(ak(t)) = (af)(t)*, with the
convention that v+ = (vg, —v1) for every v = (vy,v2) € R%. We claim that

i@ - (y—o)| <Cla—yP,  |pf@)-vi@|<Cle—yl, Veyerf.  (427)
Indeed, if x,y € vF with s,t € [0, £¥] such that z = ¥ (s) and y = a¥(t), then, by Lip ((aF)") < A,

i) (y—2)| < Cls =t (@) —viy)l < Cls—1;
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we are thus left to show that
s —t] < Claf(s) —af(t)], Vs, te[0,F]. (4.28)
If |s — t| < 1/A, then (4.28) follows with C' > 2 by noticing that

ak(s) ~ b)) =| [ (@b ryar| = - s/ - A

once again thanks to Lip ((a¥)’) < A. If 4;[z, y] denote the arc of 5; with end-points x,y € ;,
then by compactness

|t — sf?
2 )

1
min 1nf{|3: _y| 1T,y € 727H1(/}/Z[$7y]) > _} > C,
el 2A

where ¢ > 0 depends on € and A only. Since for every i € I we have hd(7¥,v;) — 0 as k — oo,
we can thus entail

1 c
. k k
min inf {2 —y| : 2 = af(s) .y = ak(t) ls =t/ = T} > 7.

so that (4.28) holds on |s — t| > 1/A provided C' > 2A/c. This completes the proof of (4.28),
thus of (4.27). By (4.27) we can apply Proposition B.2 to deduce (4.2).

Step four: We prove statement (ii). Let us fix j € J, and consider pg? € X(&) and iq,i9,i3 €
such that {pf} = bd (’yfl) Nbd (’yZ) Nbd (’yg) Since each v¥ is a compact connected C'1-curve
with distributional curvature bounded by A one finds that, for every ¢ = iy, o, i3,

Al pk
. 7 J k(. k _
lim sup th( Ry [7 (pj)]> =0, (4.29)
where we have set R[] = {t7 :t > 0} for every 7 € S!. We thus find
S
b (Re [1i(p)), R [ 06)]) < suphdp(~— Ry 1 ()] (4.30)
keN r
i =D hd(yf,vi + () — py))
—i—th(fY bRy [Ti(Pj)]) +2 . S
where we have also used the fact that, for k£ large enough,
kb N . hd(~v*, v + (p* — p;
th</yz p‘]”)/z py) §2 (72 ’7 (p] p])) ]
T r r
Let first & — oo and then r — 07 in (4.30). By exploiting (4.1) and (4.29), this gives
hdg (R4 [7(p;)], Ry [Tf(pg?)]) — 0 as k — oo, that is (4.3). O

Proof of Theorem 1.5. Let € be a C?*'-cluster in R?, {& }1en be a sequence of (A, rg)-minimizing
clusters such that d(&,&) — 0 as k — oo, and let ky and pg be the constants given by Theorem
4.1. Denote by gy and Cy two positive constants depending on A and £ only, and let pu < pg be
fixed. We want to find k(u) € N such that for every k > k(p) there exist a C'!-diffeomorphism
f1 between 0E and 0&;, with

[fklleri@ey < Cos (4.31)
dm ([ fy —Idfjeree) = 0, (4.32)
—00
C
Ire(fe = 1D)lcrore) < 7 I = Tdleogsie) (4.33)
Te(fp —1d) = 0, on [0€],. (4.34)

Let us fix i € I such that bd (v;) # 0. If pu3 < po, then we can apply Theorem 4.1 to £ and &
and any p € (0,2). As a consequence we can apply Theorem 2.6 and prove the existence of



38 M. CICALESE, G. P. LEONARDI, AND F. MAGGI

k(p) > ko, {k«(p)}p<p2 C N, and of maps {fik}ka(p) such that for every k > k(u) one has that
fFis a Chl-diffeomorphism between v; and V¥ with fF(p;) = p;?, fEpy) = p;?, (j and ;' as in

)

statement (ii) of Theorem 4.1) and

||ff\|01,1(«,i) < Co, (4.35)
£ = Tdllcowa (v

1= 10) Tl < Co o, (4.36)
(ffF=1d)-7 = 0  on [yiu; (4.37)

moreover, if k > k.(p), then

p
sup || fF —1Id[|¢1(,y < Co =, 4.38
kzm(m” e I (4.38)
which of course implies
. k B

lim |fF = 1dflea g,y =0 (4.39)

Let us now fizi € I such that bd (v;) = 0. Up to further decrease pg, 7; is a connected component
of [0€],,, and thus by statement (iii) in Theorem 4.1, {¢; }y>k(,) € CH([0€],) are such that

v = (Id + ) (%) ([ dkllory =0, supllvelleni e, < Co- (4.40)
—+00 keN

We set f¥ = 1d + 1y v for every i € I such that bd (v;) = (), and finally define fj(z) = f¥(z) for
x € 7;. The resulting map f; defines a C'!-diffeomorphism between 9€ and 9&, (see Definition
1.3) with (4.31)—(4.34) in force. O

5. SOME APPLICATIONS OF THE IMPROVED CONVERGENCE THEOREM

We now prove Theorem 1.8 and Theorem 1.9. To this end, let us notice that if {E}ren is a
sequence of planar isoperimetric clusters with supey P(Ex) < oo, then there exist x;, € R? and
a planar N-cluster & such that, up to extracting subsequences, xy + &, — &. This is a simple
consequence of (i) the inequality 2diam(E) < P(E), which holds for every indecomposable set
of finite perimeter £ in R? (this, of course, after the normalization (3.5)); (ii) the fact that
R?\ £(0) is indecomposable whenever £ is an isoperimetric cluster (as it can be easily inferred
by arguing as in Remark 3.18).

Proof of Theorem 1.8. We argue by contradiction, and assume that there exists a sequence
{€k}ren of isoperimetric N-clusters with vol () — mg such that [Ex]~ # [€;]~ whenever
k#j. Let ¢: ]Rf — (0,00) denote the infimum in (1.15), then it is easily seen that ¢ is locally
bounded. In particular, sup,cy P(£;) < 0o, and thus there exists a N-cluster & and zj, € R2
such that, up to extracting subsequences, zp + &, — & as k — oo. We claim that, for k£ large
enough, xj, + & is a (A, rg)-minimizing cluster in R?, where A and o are independent from k.
To this end, let g, 79, and Cj be the constants associated with & by Theorem C.1 and let kg
be such that d(zg + &, &) < o for k > k. Given F with F(h)A(zy + Ex(h)) CC By, for
h =1,...,N, by applying Theorem C.1 with £ = 3, + &, we find Fj, such that

vol (F},) = vol (zy, + &) = vol (&) , P(F) < P(F)+ Cod(zg + E, F) -

so that, by the isoperimetric property of &, P(zy + &) < P(F,) < P(F) + Cod(zy, + &, F).
Thus zj + & is a (A, 7ro)-minimizing cluster in R? for k& large enough. By Theorem 3.10 we
infer that & is also a (A, rg)-minimizing cluster in R?, and thus conclude by Theorem 1.5 that
xp+E& = € for k large enough. Since x4+, ~ &, we have found a contradiction to [Ex|~ # [£]~

~

for k # j. O
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Proof of Theorem 1.9. Step one: We first prove that, if £ is a minimizer in (1.22) with ¢ € (0, dg)
and |m — mg| < dp, then & ~ &. We argue by contradiction, and consider a sequence {& }ren
of minimizers in

N = int {P(€ +5k2/ r)de:vol(€) =my}, kel (5.1)

where 6 — 0 and my — mg as k — oo, and [Ex|~ # [Eo]x for every k € N. Let {Fi}ren be a
sequence of isoperimetric clusters with vol (Fj) = my. Since my — myg implies supyey P(Fk) <
00, by the argument presented at the beginning of this section there exists R > 0 such that, up
to translations, Fi(h) CC Bp for every h = 1,..., N and k € N. By comparing & and Fj in
(5.1) we find

N
P(gk)+5k2/ 9 < P(F) +5kZ/ 9 < P(Fy) +5k|mk|sélp9 (5.2)
R

and since P(Fy) < P(&) we thus find that for every r > 0

inf Er( B, <
Rg\lBrgZIk )\ Brl |mk|SUP9

By g(z) — oo as |z| — oo, we conclude that

TIE&Z“I’Z |Ek(h) \ B[ = 0. (5.3)
Since (5.2) also implies sup,en P(Ek) < 00, by (5.3) we conclude that up to extracting subse-
quences, d(&, &) — 0 as k — oo, where £ is a planar cluster with vol (£) = myg. In particular,
recalling that & denotes the unique isoperimetric cluster with vol () = mg, we have

P(&) < P(€) < liminf P(&) . (5.4)
k—o00
Now, by [Magl2, Theorem 29.14] there exist positive constants &, n and C, a smooth map ® €

CH((—n,n)N xR?;R?), and a disjoint family of balls { B,, -}, such that, for every v € (—n,n)¥
the N-cluster defined by & ,(h) := ®(v,&(h)), h =1,..., N, satisfies

M
Eow(h)AE(h) CC A= (B, P(&ow) < P(&)+Clo|, vol (€)= vol (&) +v
i=1
For k large, vy, = vol (&) — vol (&) € (—n,n)", so that vol (£, ) = my and, by g >0
N
P() +5k2/ 9 PE) Y [ g PE)+Clul+biswg
=1 €0, (h) Bas

where S is such that thl &(h) UA CC Bg. Letting k — oo we find that
limsup P(€) < P(&),

k—o0
so that, by (5.4), P(£) = P(&y). Since vol (£) = my, we find £ ~ & (through an isometry),
and we may thus assume, without loss of generality, that £ = &). By arguing as in the previous
proof (with some minor modification because of the presence of the potential), we see that, for
k large enough, & is a (A, rg)-minimizer with A and ry uniform in k. Since d(&, &) — 0 as
k — oo, by Theorem 1.5 we find that & ~ & for k large enough, a contradiction.

Step two: The argument of step one can be easily adapted to show the existence of minimizers in
(1.22), together with the existence of Ry (depending on &y, dp and g only) such that £(h) C Bg,
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for every h =1, ..., N and every minimizer £. In particular, there exists Cy depending on g and
Ry only such that

P(E) < P(F)+Cood(E,F), (5.5)
whenever vol (£) = vol (F) and F(h) C Bag,. Let us fix 1,29 € E(h, k), T; € C(By, »;R")
(t=1,2) with |E(j) N By, »| =01if i # h,k and r < |z — 22|, and with

/ E'Vg(h)dﬂn_lzm>0, sup [T;| < 1.
“&(h) Rn

By a standard argument we can construct a one-parameter family of diffeomorphisms f; with
fi(x) =z +t (Ty(x) — (m/n2)Te(x)) + O(t?) such that vol (f;(€)) = vol (£). For t small enough
F = fi(€) is admissible in (5.5), with

d(€, f:(€)) < 2[fe(E(h)AE(R)] < 2 P(E(h); Beyr U Bayr) It
by Lemma C.2. Since

PUAE) = @)+t [ (T /m)) vy Heonsy + O

and P(S(h), B:cl,s U sz,s) = Wp—1 3"—1(1 + O(l)) as s — 0+, by (55) we conclude that
/8 S(h)(TI - (771/772)T2) . V(‘:(h) Hg(}%k) < 200 5wn_1rn—l(1 + O(l)) '

Let now T; = Tij — 1B, ,Vem) in LY(H'LOE(R)) as j — oo, so that

/ He (k) — n / Hepy < 2Co 0w, (14 0(1)).
By, +NO*E(h) 12 J By, rn0*E(R)

By the mean value theorem, as 7 — 07, we find that Hg, 1y (21) — Hep ) (v2) < 2Co 6, that is,

J
ocmax N Hew) = Hapllcosg, ) < €0,

for some H;ik € R. At the same time, by arguing for example as in [CL12, Lemma 3.7(ii)], one

see that Hg(j, 1) has to converge in the sense of distributions to Hg ;1) as 6 — 0", and thus
prove (1.23). O

APPENDIX A. PROOF OF THEOREM 2.1 AND THEOREM 2.3

Proof of Theorem 2.1. In the following, we denote by C' a generic constant depending on «, L,
M and k only. Let us set Amin, Amax : S0 — R as Apin(2) = inf{|V0 f(2)v| : v € TS0, |v| = 1}
and Amax () = ||V f()]|, and then exploit (2.6) to find that

1
E < Jsof($) < /\min($) /\max($)k_1 < /\min($) Lk_l 5

that is Amin(z) > L™ for every = € Sp. In particular, by also using (2.4) we find that

0o _
V5 £ () y )] = [V f(@)mlly - o)) > D el

We now assume g9 < 1/M and fix y € By, N S \ {z}. Since distg,(z,y) > 0 we can find
v € C([0,1]; Sp) such that v(0) = x, y(1) = y and

Yy € Bw,l/M NSy. (A1)

1
distg, (z,y) < / |9(¢)| dt < 2 distg,(x,y) . (A.2)
0
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By (A.1),

1
[f(y) = f(@)] = ; VR F(y ()3 (t) dt

1
‘Vsof( )y —x) = /(VSOf(’Y(t))—VSOf(w))"Y(t)dt

>t [ 19 s60) - v @ikl
By (2.6), (A.2), and (2.3)

1
/ IV f(v() = VO F @Bl de < L /0 [ — (O] ()] dt

v ([ eenas) o

< L2Y distgy (z,y)'Y < L (2M) 7 |z — y|t e

IA

We thus conclude (up to further decrease the value of €¢) that if x € Sy and y € By ., N Sp, then

@) = 1)1 =y = (5 - D ecg) = L2 (A3)

This shows that f is injective on B, ., N Sy for every x € Sp. If now (2.7) is in force, then we
notice that (provided p < gy/4 and by diam(Sy) < M) for every x,y € Sy with |z — y| > ¢ one
trivially has

€0

[f (@) = fW)| = o =yl = |f(z) — 2] = [f(y) —y| Z 0 = 2po > 5 > 5 1T vl
We have proved that if (2.7) holds true, then f is injective on Sy with
17 1) = f M p2) < Clpr =2l Ypi,p2 €S = f(So)- (A.4)
We are thus left to prove that
IV2f = 01) = Vo o) < Clpr = p2|*, Vpipa€S. (A.5)
Indeed, if 7, denotes the projection of R™ onto 7,5, then by (2.5) we can entail
[mp =7l <Clp—q|*,  VpgeSs. (A.6)

Let us now fix p1,p2 € S and set
M;=V5f"p), m=mp, mi=f"p), Ni=VVf(x;), 70=nl.
By exploiting the relations
mM; = M; = Mym;,  mN; = N; = Nymy (A7)
N{Mym =7y, NoMomy = mo M1N17T? = 71'?, MgNgﬂ'g = 7T(2) , (A.8)
one finds that
M;(Ny — Ny)Ms + Mo(No — Np) M,
= MiNoMy — MiNi My + MoyNo My — MaNy My
= M NyMymy — MyN17Y My + MyNowS My — MyNy My
= Mmy — W?Mg + 7T8M1 — Moy
= 2(My — M) + (My + Ma)(my — ) + (79 — m0) (M + M) .
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By (2.5) and (A.6), and since || M;|| < C by (A.4), we thus find
2[My = My < 2| My|[[|Ma|[[[ N2 — Nuf| 4 [[ My + Mo <H7T2 — il + |73 — W?H)

< O (IN2 = Nill +Ip2 = p1[* + oz — 21"

< (D)l — a1l + o —pi*) < Clps = ;i

where in the last line we have first used [V fleo.esy) < L and then (A.4). This completes the
proof of (A.5), thus of the theorem. O

APPENDIX B. WHITNEY’S EXTENSION THEOREM

We quickly review here some basic fact concerning Whitney’s extension theorem. Let k =
(K1, ..., ky) denote the generic element of N, and set

K[ => ki, k=[], H=]]",
i=1 i=1 i=1
for every k € N” and z € R™. If f is |k|-times differentiable at x € R", we let
olklf olklf
k _ _
D™ fe) = 8xlf1...8xﬁ" e dxk o

denote the k-partial derivative of f, with the convention that D°f = f (here, 0 = (0, ...,0) € N").
A jet of order h on X is a family of continuous functions F = {Fk}‘kgh on X. We denote

by J"(X) the vector space of jets of order h on X, and set
Fllsn(x) = max ||[F¥ .
[ Fmx) max [E | cox)
A jet of infinite order on X is just a family of continuous functions F = {F¥}yenn on X, and

in this case we set F € J*°(X). One says that F € J"(X) is a Whitney’s jet of order h on X
if, for every |k| < h,

h—|K]|
sup FX(y) — F¥(z) — Y F¥H(a)(y — a)<H| = o(rh~ 1) |
z,yeX 0<|z—y|<r lj|=1

We denote by W.J"(X) the space of Whitney’s jets of order h on X, and set

- e [ F¥loors 4 [F¥(y) = F¥(@) = S0 5 FRi(a) (y — 2)kH)
WJh(X) = ﬁ?@’,‘z CO(X) fﬁi’i %y:;l}?#y iz — y[—TK :

Finally, given o € (0, 1] we define W.J"%(X) as the space of those jets F € J"(X) such that

[F¥(y) — F¥(@) = S0 5 PR (y — 2)H)

|z — y|p—Tkl+o ?

k
”I_.HWJ’%&(X) = |if’;iLHF HCO(X)—i-max sup

|k [k|<h z,yeX ,x#y

is finite. Notice that WJ"1(X) c WJM*(X) c WJ"(X) for every h € N and «a € (0, 1], so we
also set WJ"(X) = WJ™M0(X). We are now ready to state Whitney’s extension theorem, and
to prove Proposition B.2 (which was used in the proof of Theorem 4.1).

Theorem B.1 (Whitney’s extension theorem, C*%-case). For everyn > 1, a € [0,1] and R > 0
there exists a constant Cy depending on n, o and R only with the following property. If X is a
compact set in R", X C Br, and F € WJ"(X), then there exists f € C°(R"\ X)NCH*(R")
such that

DXf = F% on X for every k| <1, (B.1)
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[ fllctemny < CollFlwrtex) (B.2)

Proof. The classical construction introduced by Whitney (see [Ste70, Theorem 4, Chapter VI]
or [Bie80, Theorem 2.3]) gives a function g € C°(R™\ X) N C**(Byg) with

D%g = F% on X for every [k| <1, (B.3)
lgllctoBor)y < CIFllwsrex) (B.4)

where the constant C' depends on n, h, a and R. If we now pick n € C2°(Bag;[0,1]) with n =1
on Bpg, then by setting f = gn we find that (B.1) holds with

[ fllcramny < Cllgllcras,g) -
In particular, (B.2) follows from (B.4). O

Proposition B.2. If v is a compact CV'-curve with boundary in R? and K > 0 is such that
v C By and, for a normal vector field v € C%1(v;S!) to 7,

@) - <Klr—yP?, @) v <Klz-yl, VYeyey,  (BD)

then there exists a function d € C®(R?\ v) N CHY(R?) with d = 0 and Vd = v on v, such
that ||d||cramey < C for a constant C depending only on K. In particular, there ezists € > 0
(depending on K only) such that (£,d) is an extension by foliation of v (see Definition 2.4).

Proof. We define a jet F of order 1 on v by setting F°(z) = 0, F°'(z) = v(z) - e; and F(x) =
v(z) - eg for every z € 7. By (B.5) we find that, for every x,y € 7,

2

FOy) = FO(a) = Y Fo(a)(y — @) -ei| < K Jo — .
=1

max |[F (z) — F(y)| < K|z —y],

so that F € WJY(y) with [|F[ly ji1(,) < C(K). Since v C B, Theorem B.1 immediately
gives us a function d with the required properties. (We notice that the existence of € > 0 such
that (e,d) is an extension by foliation of v — see Definition 2.4 — follows by the uniform implicit
function theorem Theorem 2.3.) O

APPENDIX C. VOLUME-FIXING VARIATIONS

Comparison sets used in variational arguments usually arise as compactly supported pertur-
bations of the considered minimizer. In order to use these constructions in volume constrained
variational problems, one needs to restore changes in volume due to such local variations. In the
study of minimizing clusters, this kind of tool is provided in [Alm76, Proposition VI.12]; see also
[Magl2, Section 29.6]. The following theorem is a version of Almgren’s result which is suitably
adapted to the problems considered in here. In particular, it adds to [Magl2, Corollary 29.17]
the conclusions (C.6) and (C.7).

Theorem C.1 (Volume-fixing variations). If & is a N-cluster in R™, then there exist positive
constants 1o, €9, Ry and Cy (depending on &) with the following property: if & and F are
N -clusters in R™ with

d(gugo) S €0,
F(WAE() CC Buyy,  Vh=1,..N, (C.2)

—
Q
—

SN—
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for some x € R™, then there exists a N-cluster F' such that

F'(h)AF(h) CC Bpry\ Bzrg, Vh=1,..,N, (C.3)
vol (F') = wol(&), (C.4)
|P(F') = P(F)| < CoP(€)|vol (F) —vol(€)], (C.5)
|d(F, &) —d(F, &) < CoP(€)|vol (F)—vol (£)]. (C.6)
Moreover, if g : R™ — [0,00) is locally bounded, then
N

> 9 < Collgllim (s PE) ol (F) —vol (€)]. (©7)

h=0"F'(R)AF(h)

We shall need the following slight refinement of [Magl2, Lemma 17.9)].

Lemma C.2. If g : R" — [0,00) is locally bounded, E is a set of locally finite perimeter in an
open set A and T € CL(A;R™), then for every n > 0 there exist K C A compact and ¢ > 0
(depending on T') such that if {fi} ;< is a flow with initial velocity T', then

/ oan? S UM Tl gl PUS ), ¥l < 2. (C.8)

Proof. Since (d(f;)™t/dt)|i=o = —T, if we set ®54(z) = sz + (1 — s) (fi) " H(x) for z € R”
and s € (0,1), then for every n > 0 there exists ¢ > 0 such that {®;} . is a family of
diffeomorphism on R™ with

Jnf J®sy(z) 21-n,  [ld- (f) " Heo@ny < A+t TN co@ny, — VIE| <e.

Let K C A compact be such that {f; # Id} C K for every |t| < e. By Fubini’s theorem and by
the area formula, if u € C*(R"), then

1
| ali=al ™l < Q) Tlcoe [ ate)de [ 19u(@,(@)lds

L P Ay = T

1—1—77
0T oo ol / V.

IN

1-—

By [Magl2, Theorem 13.8] there exists {up}ren C C'(R™) such that u;, — 1p a.e. on A and
limsupy, o [ [Vun| < P(E;K). Since |up — up((fi) ") = 1gaf,(p) a-e. on A, we conclude
the proof by Fatou’s lemma. O

Proof of Theorem C.1. One repeats the proof of [Magl2, Corollary 29.17], exploiting Lemma
C.2 in place of [Magl2, Lemma 17.9] in order to obtain (C.6) and (C.7). We thus omit the
details. 0
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