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1. Introduction

Univariate Askey–Wilson polynomials can be explicitly defined as [13, page
415]

pn(x; a, b, c, d|q) =
(ab, ac, ad; q)n

an 4φ3

(
q−n, abcdqn−1, aeiθ, ae−iθ

ab, ac, ad

∣∣∣ q; q
)

,

x = cos θ, (1.1)

where the q-Pochhammer symbol is defined as

(a; q)n =
n−1∏
j=0

1 − aqj , (a; q)0 = 1,

and the basic hypergeometric series is defined as

rφs

(
a1, . . . , ar

b1, . . . bs

∣∣∣ q; z
)

=
∞∑

k=0

(a1, . . . , ar; q)k

(b1, . . . , bs; q)k
(−1)(1+s−r)kq(1+s−r)(k2) zk

(q; q)k
,

with

(a1, . . . , ar; q)k = (a1; q)k · · · (ar; q)k.
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The polynomial pn(x; a, b, c, d|q) is a polynomial of degree n in the q-quadratic
lattice [7,22]

x(s) = cos θ =
qs + q−s

2
, qs = eiθ. (1.2)

Let us introduce the divided-difference operators Dx and Sx [20,21,31]

Dxf(s) =
f(s + 1/2) − f(s − 1/2)
x(s + 1/2) − x(s − 1/2)

, Sxf(s) =
f(s + 1/2) + f(s − 1/2)

2
.

(1.3)

The above operators transform polynomials of degree n in the lattice x(s)
into polynomials of, respectively, degree n−1 and n in the same variable x(s).
Then, univariate Askey–Wilson polynomials satisfy the second-order linear
divided-difference equation [9]

φ1(x(s))D2
xpn(s) + τ1(x(s))SxDxpn(s) + λ1

npn(s) = 0, (1.4)

where φ1 is a polynomial of degree two in the lattice x(s) given by

φ1(x(s)) = 2(abcd + 1)x(s)2 − (a + b + c + d + abc + abd + acd + bcd)x(s)
+ab + ac + ad + bc + bd + cd − abcd − 1,

τ1 is a polynomial of degree one in the lattice x(s)

τ1(x(s)) =
4(abcd − 1)q1/2

q − 1
x(s) +

2(a + b + c + d − abc − abd − acd − bcd)q1/2

q − 1
,

and

λ1
n = −4

(qn − 1) q
1
2 (abcdqn − q)

(q − 1)2 qn
.

By introducing

Pn(z) =
(ab, ac, ad; q)n

an 4φ3

(
q−n, abcdqn−1, az, az−1

ab, ac, ad

∣∣∣ q; q
)

,

it is possible to rewrite the q-difference equation in the form [13, page 418]

q−n(1 − qn)(1 − abcdqn−1)Pn(z) = A(z)Pn(qz) − [A(z) + A(z−1)]Pn(z)
+A(z−1)Pn(q−1z),

where

A(z) =
(1 − az)(1 − bz)(1 − cz)(1 − dz)

(1 − z2)(1 − qz2)

is a rational function.
Bivariate Askey–Wilson polynomials have been introduced by Gasper

and Rahman [14] as

Pn,m(s, t; a, b, c, d, e2|q) = pn(x(s); a, b, e2q
t, e2q

−t|q) pm(y(t); ae2q
n, be2q

n, c, d|q),
(1.5)

P̃n,m(s, t; a, b, c, d, e2|q) = pn(x(s); ce2q
m, de2q

m, a, b|q) pm(y(t); c, d, e2q
s, e2q

−s|q).
(1.6)
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Both families (1.5) and (1.6) are polynomials of total degree n + m in the
variables x(s) and y(t) = x(t). Iliev [17] obtained a partial divided-difference
equation for the Askey–Wilson polynomials defined by Gasper–Rahman (in
arbitrary dimension) containing rational coefficients. The equation can be
rewritten in terms of a divided-difference equation of hypergeometric type
with polynomial coefficients, but it is required to consider a fourth-order equa-
tion [28]. Moreover, in [28], a monic family of bivariate Askey–Wilson polyno-
mials is introduced, from the three-term recurrence relations they satisfy, but
the explicit expression has not been provided yet in the literature, to the best
of our knowledge. Monic bivariate orthogonal polynomials as eigenfunctions
of partial differential (difference, q-difference or divided-difference) operators
have been analyzed in detail in [1–3,5,26]. The q-analogues, i.e., bivariate
and multivariate orthogonal polynomials on q-quadratic lattices have similar
properties in terms of eigenfunctions of the fourth-order divided-difference
equations, and representation as products of univariate orthogonal polyno-
mials on q-quadratic lattices.

Let us introduce some other bivariate extensions of classical univariate
orthogonal polynomials. Let us first consider the q-Racah polynomials defined
for n = 0, 1, . . . , N by [6,13,15]

rn(x; a, b, c, N ; q) = (aq, bcq, q−N ; q)n(q
N/c)n/2

4φ3

(
q−n, abqn+1, q−x, cqx−N

aq, bcq, q−N

∣∣∣∣ q; q

)
,

(1.7)

where the factor (qN/c)n/2 were chosen, so that certain symmetry properties
of the q-Racah polynomials are satisfied. Note that rn(x; a, b, c,N ; q) is a
polynomial of degree n in the q-quadratic lattice

λ(x) = q−x + cqx−N . (1.8)

Gasper and Rahman [15] defined the multivariate q-Racah polynomials from
which we deduce the bivariate q-Racah polynomials given by

Rn,m(x, y; a1, a2, a3, b, N ; q) = rn

(
x; b, a2/q, a1q

y, y; q
)
rm

(
y

−n; ba2q
2n, a3/q, a1a2q

N+n, N − n; q
)
. (1.9)

We would like to notice that Rn,m(x, y; a1, a2, a3, b,N ; q) is a polynomial of
total degree n + m in the variables μ(x) and ν(y), where

μ(x) = q−x + a1q
x, ν(y) = q−y + a1a2q

y. (1.10)

As for the quadratic cases, let [13, page 190]

rn(α, β, γ, δ; s) = rn(s) = (α + 1)n (β + δ + 1)n (γ + 1)n

× 4F3

(−n, n + α + β + 1,−s, s + γ + δ + 1
α + 1, β + δ + 1, γ + 1

∣∣∣ 1
)

,

n = 0, 1, . . . , N, (1.11)

be the univariate Racah polynomials, where (A)n = A(A + 1) · · · (A + n − 1)
with (A)0 = 1 denotes the Pochhammer symbol. The polynomial rn(α, β,
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γ, δ; s) is a polynomial of degree 2n in s and of degree n in the quadratic
lattice [7,22]

η(s) = s(s + γ + δ + 1). (1.12)

Univariate Racah polynomials satisfy the second-order linear divided-
difference equation [9]

φ(η(s))D2
ηrn(s) + τ(η(s))SηDηrn(s) + λnrn(s) = 0, (1.13)

where φ is a polynomial of degree two in the lattice η(s)

φ(η(s)) = −(η(s))2 +
1
2
(−α(2β + δ + γ + 3) + β(δ − γ − 3)

−2(δγ + δ + γ + 2))η(s)

−1
2
(α + 1)(γ + 1)(β + δ + 1)(δ + γ + 1),

τ is a polynomial of degree one in the lattice η(s)

τ(η(s)) = −(α + β + 2)η(s) − (α + 1)(γ + 1)(β + δ + 1),

and

λn = n(α + β + n + 1).

Equation (1.13) can be also written in many other forms, e.g., [13, Eq.
(9.2.5)]

n(n + α + β + 1)rn(s) = B(s)rn(s + 1) − (B(s) + D(s))rn(s) + D(s)rn(s − 1),

where B(s) and D(s) are the rational functions given by

B(s) =
(α + s + 1)(γ + s + 1)(β + δ + s + 1)(δ + γ + s + 1)

(δ + γ + 2s + 1)(δ + γ + 2s + 2)
,

D(s) =
s(δ + s)(−β + γ + s)(−α + δ + γ + s)

(δ + γ + 2s)(δ + γ + 2s + 1)
.

The extension to the multivariable situation was given by Tratnik in
[30] and later analyzed by Geronimo and Iliev in [11]. In the two-dimensional
situation, the bivariate Racah polynomials given in [11] are defined in terms
of univariate Racah polynomials (1.11) as

Rn,m (s, t;β0, β1, β2, β3, N) = rn (β1 − β0 − 1, β2 − β1 − 1,−t − 1, β1 + t; s)
×rm (2n + β2 − β0 − 1, β3

−β2 − 1, n − N − 1, n + β2 + N ; t − n) ,

(1.14)

which are polynomials in the lattices x(s) = s(s + β1) and y(t) = t(t + β2).
If we consider the substitutions

β0 = a1 − η − 1, β1 = a1, β2 = a1 + a2, β3 = a1 + a2 + a3,

and N = −γ − 1, (1.15)

then the above polynomials exactly coincide with the bivariate Racah poly-
nomials of parameters a1, a2, a3, γ, and η introduced by Tratnik [30, Eq.
(2.1)]. In [11], an equation for bivariate Racah polynomials is given, which
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involves 9 rational coefficients. This equation can be rewritten as divided-
difference equation of hypergeometric type, but again the equation must be
of fourth order [27]. Moreover, as in the q-quadratic case, in [27] a monic
family of bivariate Racah polynomials is introduced, from the three-term re-
currence relations they satisfy, but again the explicit expression has not been
provided.

The main aim of this paper is to give explicitly a representation of
bivariate monic Askey–Wilson polynomials—see Sect. 2. Monic bivariate q-
Racah polynomials are also explicitly given in Sect. 3. Using appropriate limit
relations, families of monic bivariate orthogonal polynomials on q-quadratic
lattices are introduced in Sect. 4. Monic bivariate Racah polynomials are ex-
plicitly represented in Sect. 5. Finally, some other families of monic bivariate
orthogonal polynomials on quadratic lattices are deduced in Sect. 6.

2. Monic Bivariate Askey–Wilson Polynomials

In a very interesting contribution, Iliev [17] obtained a partial divided-
difference equation for the Askey–Wilson polynomials defined by Gasper–
Rahman (in arbitrary dimension). This equation, containing rational coeffi-
cients, can be rewritten as a fourth-order divided-difference equation of hy-
pergeometric type [28].

Theorem 2.1. Let

x(s) =
qs + q−s

2
= cos θ1, y(t) =

qt + q−t

2
= cos θ2.

The bivariate Askey–Wilson polynomials defined in (1.5) are solution of the
following fourth-order linear partial divided-difference equation:

f1(x(s), y(t))D2
xD

2
yPn,m(s, t) + f2(x(s), y(t))SxDxD

2
yPn,m(s, t)

+f3(x(s), y(t))SyDyD
2
xPn,m(s, t)

+f4(x(s), y(t))SxDxSyDyPn,m(s, t) + f5(x(s))D2
xPn,m(s, t)

+f6(y(t))D2
yPn,m(s, t)

+f7(x(s))SxDxPn,m(s, t) + f8(y(t))SyDyPn,m(s, t) + λn,mPn,m(s, t) = 0,
(2.1)

where

λn,m = 16q−(m+n)+3(1 − qm+n)(1 − abcde22q
m+n−1),

Pn,m(s, t) stands for Pn,m(s, t; a, b, c, d, e2|q), with

f8(y(t)) = 8q2
(
q − 1

)(
2
(
1 − abcde22

)
y(t) +

(
d + c

)(
abe22 − 1

)
+

(
cd − 1

)(
a + b

)
e2

)
,

f7(x(s)) = 8q2
(
q − 1

)(
2
(
1 − abcde22

)
x(s)

+
(
cde22 − 1

)(
a + b

)
+

(
d + c

)(
ab − 1

)
e2

)
,

f6(y(t)) = 4q3/2(q − 1
)2( − 2

(
abcde22 + 1

)(
y(t)

)2
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+
((

d + c
)(

abe22 + 1
)

+
(
cd + 1

)(
a + b

)
e2

)
y(t) +

(
cd − 1

)

× (
abe22 − 1

) − (
d + c

)(
a + b

)
e2

)
,

f5(x(s)) = 4q3/2(q − 1
)2( − 2

(
abcde22 + 1

)(
x(s)

)2
+

((
cde22 + 1

)(
a + b

)

+
(
d + c

)(
ab + 1

)
e2

)
x(s) +

(
cde22 − 1

)(
ab − 1

)

− (
d + c

)(
a + b

)
e2

)
,

f4(x(s), y(t)) = 4q
(
q − 1

)2( − 4
(
abcdqe22 + 1

)
x(s)y(t) + 2

(
d + c

)(
abqe22 + 1

)
x(s)

+ 2
(
cdqe22 + 1

)(
a + b

)
y(t) − (

d + c
)(

a + b
)(

qe22 + 1
)

+
(
q + 1

)(
cd − 1

)(
ab − 1

)
e2

)
,

f3(x(s), y(t)) = 2
√

q
(
q − 1

)3(
4
(
1 − abcdqe22

)(
x(s)

)2
y
(
t
)

+ 2
(
d + c

)(
abqe22 − 1

)
× (

x(s)
)2

+ 2
(
cdqe22 − 1

)(
a + b

)
x(s)y(t)

+
( − (

d + c
)(

a + b
)(

qe22 − 1
)

+
(
q + 1

)(
cd − 1

)(
ab + 1

)
e2

)
x(s)

+ 2
(
cdqe22 + 1

)(
ab − 1

)
y(t)

− (
d + c

)(
ab − 1

)(
qe22 + 1

) − (
q + 1

)(
cd − 1

)(
a + b

)
e2

)
,

f2(x(s), y(t)) = 2
√

q
(
q − 1

)3( − 4
(
abcdqe22 − 1

)(
y(t)

)2
x
(
s
)

+ 2
(
cdqe22 − 1

)
× (

a + b
)(

y(t)
)2

+ 2
(
d + c

)(
abqe22 − 1

)
x(s)y

(
t
)

+ 2
(
cd − 1

)(
abqe22 + 1

)
x(s)

+
( − (

d + c
)(

a + b
)(

qe22 − 1
)

+
(
q + 1

)(
cd + 1

)(
ab − 1

)
e2

)
y(t)

− (
cd − 1

)(
a + b

)(
qe22 + 1

)
− (

q + 1
)(

d + c
)(

ab − 1
)
e2

)
,

f1(x(s), y(t)) =
(
q − 1

)4( − 4
(
abcdqe22 + 1

)(
x(s)

)2(
y
(
t
))2

+ 2
(
d + c

)
× (

abqe22 + 1
)(

x(s)
)2

y(t) + 2
(
cdqe22 + 1

)(
a + b

)
x
(
s
)(

y(t)
)2

+ 2
(
cd − 1

)(
abqe22 − 1

)(
x(s)

)2
+ 2

(
cdqe22 − 1

)(
ab − 1

)(
y(t)

)2
+

(
− (

d + c
)(

a + b
)(

qe22 + 1
)

+
(
q + 1

)(
cd + 1

)(
ab + 1

)
e2

)
x(s)y(t)

−
((

cd − 1
)(

a + b
)(

qe22 − 1
)

+
(
q + 1

)(
d + c

)

× (
ab + 1

)
e2

)
x(s) − ((

d + c
)(

ab − 1
)(

qe22 − 1
)

+
(
q + 1

)(
cd + 1

)(
a + b

)
e2

)
y(t)

− (
cd − 1

)(
ab − 1

)(
qe22 + 1

)
+

(
q + 1

)(
d + c

)(
a + b

)
e2

)
.
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Our first contribution is to present an explicit monic solution of the
above fourth-order linear partial divided-difference equation. In doing so, it
is extremely important to choose appropriate bases for both variables s and t.
While the first variable involves just a classical quadratic basis (aqs, aq−s; q)k,
the basis for the second variable in the summation contains also the summa-
tion index of the first variable, i.e., (ae2q

k+t, ae2q
k−t; q)p.

Theorem 2.2. The fourth-order divided-difference equation (2.1) has the fol-
lowing monic solution:

P̂n,m(s, t) =

n∑
k=0

m∑
p=0

(−1)k+p−n−mqp(n−k)+ 1
2 (n+m−k−p−1)(n+m−k−p)

[
n

k

]

q

[
m

p

]

q

× (abqk; q)n−k(ace2q
k+p, ade2q

k+p; q)m+n−k−p(abe22q
n+k+p; q)m−p

(abcde22q
n+m+k+p−1; q)n+m−k−p

×(aqs, aq−s; q)k(ae2q
k+t, ae2q

k−t; q)p. (2.2)

Proof. Let

B1
k(s) = (aqs, aq−s; q)k, B2

p(t) = (ae2q
k+t, ae2q

k−t; q)p.

Using the definitions of the divided-difference operators as well as the latter
definitions, the following relations hold true:

x(s)B1
k(s) =

q−k
(
a2q2k + 1

)
B1

k(s)

2a
− q−kB1

k+1(s)

2a
,

y(t)B2
p(t) =

q−k−p
(
a2e2

2q2k+2p + 1
)

B2
p(t)

2ae2
− q−k−pB2

p+1(t)

2ae2
,

SxDxB1
k(s) =

2a
(
1 − qk

) (
1
2

(
1 − q1−k

) (
1 − a2q2(k−1)

)
B1

k−1(s) +
(

q1−k

2 + 1
2

)
B1

k(s)
)

(q − 1)B1
1(s)

,

SyDyB2
p(t) =

2ae2qk (1 − qp)
(

1
2

(
1 − q1−p

) (
1 − a2e2

2q2k+2(p−1)
)

B2
p−1(t) +

(
q1−p

2 + 1
2

)
B2

p(t)
)

(q − 1)B2
1(t)

,

D
2
xB1

k(s) =
4a2√

q
(
1 − qk−1

) (
1 − qk

)
B1

k−1(s)

(q − 1)2B1
1(s)

, D
2
yB2

p(t)

=
4a2e2

2q2k+ 1
2

(
1 − qp−1)

(1 − qp)B2
p−1(t))

(q − 1)2B2
1(t)

.

If we apply the fourth-order divided-difference Eqs. (2.1) to (2.2), the result
follows using the latter properties. �
Remark 1. Let

Pn =
(
Pn−k,k(s, t; a, b, c, d, e2|q)

)n

k=0

be the column vector of bivariate Askey–Wilson polynomials, where Pn,m

(s, t; a, b, c, d, e2|q) are defined in (1.5). Let us also introduce the column vec-
tor of monic bivariate Askey–Wilson polynomials

P̂n =
(
P̂n−k,k(s, t)

)n

k=0
,

where P̂n,m(s, t) are defined in (2.2). Then, by computing the leading co-
efficients of the bivariate Askey–Wilson polynomials Pn,m(s, t; a, b, c, d, e2|q)
defined in (1.5), it yields

P̂n = WnPn, n = 0, 1, 2, . . . , (2.3)
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where the upper triangular matrix Wn of size (n + 1) × (n + 1) is defined as

wk,l(n) = (−1)n

[
n − k

n − l

]
q

q(
n
2) anel

2(1 − abe22q
2n−2l−1)(abqn−l; q)l−k

(abe22q
n−l−1; q)n+1−k(abcde22q

2n−l−1; q)l
.

3. Monic Bivariate q-Racah Polynomials

Theorem 3.1. The bivariate q-Racah polynomials are solution of a fourth-
order linear partial divided-difference equation of the form

f1(μ(x), ν(y))D2
μD

2
νRn,m(x, y; q) + f2(μ(x), ν(y))SμDμD

2
νRn,m(x, y; q)

+f3(μ(x), ν(y))SνDνD
2
μRn,m(x, y; q)

+f4(μ(x), ν(y))SμDμSνDνRn,m(x, y; q)

+f5(μ(x))D2
μRn,m(x, y; q) + f6(ν(y))D2

νRn,m(x, y; q)

+f7(μ(x))SμDμRn,m(x, y; q)

+f8(ν(y))SνDνRn,m(x, y; q) + 4 q−m−n+3
(
qm+n − 1

)
(
ba2a3q

m+n − 1
)

Rn,m(x, y; q) = 0,

(3.1)

where Rn,m(x, y; a1, a2, a3, b,N ; q) := Rn,m(x, y; q) and

f8(ν(y)) = − 4 q2 (1 − q) (1 − ba2a3q) ν(y)

+ 4 q2 (−1 + q)
(
(ba2q − 1)(a1a2a3q

N + q−N )

+ a2 (a3 − 1) (bq + a1)
)
,

f7(μ(x)) = − 4 q2 (1 − q) (1 − ba2a3q) μ(x)

+ 4 q2 (−1 + q)
(

(bq − 1) (a3a1a2q
N + q−N )

+ (a3a2 − 1) (bq + a1)
)
,

f6(ν(y)) = (1 − q)2
[

− 2 (ba2a3q + 1) q3/2ν(y)2

+ 2q
3
2

(
(ba2q + 1) (a1a2a3q

N + q−N ) + a2

× (a3 + 1) (bq + a1)
)
ν(y) − 4 a2q

3/2
(
(bq + a1) (a1a3a2q

N + q−N )

−a1 (1 − a3) (1 − ba2q))
]
,

f5(μ(x)) = (1 − q)2
[

− 2 (ba2a3q + 1) q3/2(μ(x))2

+ 2 q3/2
(

(1 + bq) (a3a1a2q
N + q−N )

+ (1 + a3a2) (bq + a1)
)
μ(x) − 4 q3/2

(
(bq + a1) (a1a3a2q

N + q−N )

−a1 (bq − 1) (a3a2 − 1))
]
,

f4(μ(x), ν(y)) = (1 − q)2
[

− 4
(
ba2a3q

2 + 1
)
q μ(x)ν(y)

+ 4 q
(
bq2a2 + 1

) (
a3a1a2q

N + q−N
)

μ(x)



MJOM Monic Bivariate Polynomials on Quadratic and q-Quadratic... Page 9 of 18 132

+ 4 (a2a3q + 1) (bq + a1) q ν(y)

− 4 q
(

(qa2 + 1) (bq + a1) (a1a2a3q
N + q−N )

− a1a2 (q + 1) (bq − 1) (−1 + a3)
)]

,

f3(μ(x), ν(y)) = (−1 + q)3
[

− 2
(
ba2a3q

2 − 1
) √

q μ(x)2ν(y)

+ 2
√

q
(
bq2a2 − 1

)
μ(x)2

×
(
a3a1a2q

N + q−N
)

+ 2 (a2a3q − 1) (bq + a1)
√

qμ(x)ν(y)

+ 4 (bq − 1) (a2a3q + 1)
√

qa1ν(y)

− 2
√

q
(
(qa2 − 1) (bq + a1) (a1a2a3q

N + q−N )

−a1a2 (q + 1) (1 + bq)

(−1 + a3)) μ(x) − 4
√

qa1

(
(bq − 1) (qa2 + 1) (a1a2a3q

N + q−N )

+a2 (q + 1) (−1 + a3) (bq + a1))
]
,

f2(μ(x), ν(y)) = (−1 + q)3
[

− 2
(
ba2a3q

2 − 1
) √

q μ(x)ν(y)2

+ 2 (a2a3q − 1) (bq + a1)
√

q ν(y)2

+ 2
√

q
(
bq2a2 − 1

) (
a3a1a2q

N + q−N
)

μ(x)ν(y)

+ 4 (−1 + a3)
(
bq2a2 + 1

)
a2a1

√
q μ(x)

− 2
√

q
(
(−1 + qa2) (bq + a1) (a1a2a3q

N + q−N )

−a1a2 (q + 1) (bq − 1) (a3 + 1)) ν(y)

− 4 a2a1
√

q
(
(q + 1) (bq − 1) (a3a1a2q

N + q−N )

+ (−1 + a3) (qa2 + 1) (bq + a1))
]
,

f1(μ(x), ν(y)) = (1 − q)4
[

− (
ba2a3q

2 + 1
)
μ(x)2ν(y)2

+
(
bq2a2 + 1

) (
a3a1a2q

N + q−N
)

× μ(x)2ν(y) + (qa3a2 + 1) (bq + a1) μ(x)(ν(y))2

+ 2a1a2 (a3 − 1)
(
bq2a2 − 1

)
μ(x)2

+ 2a1 (bq − 1) (qa3a2 − 1) ν(y)2

−
(
(qa2 + 1) (bq + a1) (a1a2a3q

N + q−N )

−a1a2 (q + 1) (bq + 1) (a3 + 1)) μ(x)ν(y)

− 2a1a2

(
(q + 1) (bq + 1) (a3a1a2q

N + q−N )

+ (−1 + a3) (−1 + qa2) (bq + a1)) μ(x)

− 2 a1

(
(bq − 1) (−1 + qa2) (a1a2a3q

N + q−N )

+a2 (q + 1) (a3 + 1) (bq + a1)) ν(y)

+ 4a1a2

(
(q + 1) (bq + a1) (a1a3a2q

N + q−N )
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−a1 (bq − 1) (−1 + a3) (qa2 + 1))
]
.

Similarly as in the Askey–Wilson case, it is possible to obtain a explicit
expression for the monic bivariate q-Racah polynomials

Theorem 3.2. The fourth-order divided-difference Eq. (3.1) has the following
monic solution

R̂n,m(x, y) =
n∑

k=0

m∑
p=0

(−1)
n+m−k−p

q
p+ 1

2
(k+1−n)(k−2m−n)+ 1

2
(m−p)(m−p+1)

[n
k

]
q

[m
p

]
q

× (bqk+1; q)n−k(a2bqn+p+k+1; q)m−p(a1a2a3qN+p+k, q−N+p+k; q)n+m−k−p

(a2a3bqn+m+k+p; q)n+m−k−p

×(q
−x

, a1q
x
; q)k(q

k−y
, a1a2q

k+y
; q)p. (3.2)

Remark 2. Let

Rn =
(
Rn−k,k(s, t; a1, a2, a3, b,N, q)

)n

k=0

be the column vector of bivariate q-Racah polynomials, where Rn,m

(s, t; a1, a2, a3, b,N, q) are defined in (1.9). Let us also introduce the column
vector of monic bivariate q-Racah polynomials

R̂n =
(
R̂n−k,k(s, t)

)n

k=0
,

where R̂n,m(s, t) are defined in (3.2). Then, by computing the leading coef-
ficients of the bivariate q-Racah polynomials Rn,m(s, t; a1, a2, a3, b,N, q) de-
fined in (1.9), it yields

R̂n = TnRn, n = 0, 1, 2, . . . , (3.3)

where the upper triangular matrix Tn of size (n + 1) × (n + 1) is defined as

tk,l(n) = (−1)n

[
n − k

n − l

]
q

q(
n
2) a

n
2
1 a

l
2
2 (1 − a2bq

2n−2l)(bqn−l+1; q)l−k

(a2bqn−l; q)n+1−k(a2a3bq2n−l; q)l
.

4. Limit Transitions on q-Quadratic Lattices

4.1. Bivariate Monic Dual q-Hahn Polynomials

The family of bivariate monic dual q-Hahn polynomials follows by taking the
limit as b → 0 from (3.2):
D̂n,m(x, y; q) = D̂n,m(x, y; a1, a2, a3, N ; q)

=
n∑

k=0

m∑
p=0

(−1)
n+m−k−p

q
p+ 1

2
(k+1−n)(k−2m−n)+ 1

2
(m−p)(m−p+1)

[n
k

]
q

[m
p

]
q

×(a1a2a3q
N+p+k

, q
−N+p+k

; q)n+m−k−p(q
−x

, a1q
x
; q)k(q

k−y
, a1a2q

k+y
; q)p.

4.2. Bivariate Monic q-Hahn Polynomials

If we take the limit a1 → 0 and replace b ← a1, a2 ← a2q, a3 ← a3q in (3.2),
this yields the bivariate monic q-Hahn polynomials

Ĥn,m(x, y; q) = Ĥn,m(x, y; a1, a2, a3, N ; q)

=
n∑

k=0

m∑
p=0

(−1)n+m−k−pqp+ 1
2 (k+1−n)(k−2m−n)+ 1

2 (m−p)(m−p+1)

[
n

k

]
q

[
m

p

]
q
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× (a1q
k+1; q)n−k(a1a2q

n+p+k+2; q)m−p(q−N+p+k; q)n+m−k−p

(a1a2a3qn+m+k+p+2; q)n+m−k−p

×(q−x; q)k(qk−y; q)p.

4.3. Bivariate Monic q-Krawtchouk Polynomials

If we let a1 → ∞ in Ĥn,m(x, y; q) and replace a2 ← a1, a3 ← a2, we obtain
the bivariate monic q-Krawtchouk polynomials

K̂n,m(x, y; q) = K̂n,m(x, y; a1, a2, N ; q)

=
n∑

k=0

m∑
p=0

(−1)n+m−k−pq
1
2 [k2−m+k(3+2m)−3n−(n+m)2+p+p2]

[
n

k

]
q

[
m

p

]
q

× (q−N+p+k; q)n+m−k−p

an−k
1 an+m−k−p

2

(q−x; q)k(qk−y; q)p.

4.4. Bivariate Monic q-Meixner Polynomials

In the bivariate monic q-Racah polynomials, if we substitute q−N ← β, take
the limits b → ∞ and a1 → 0 and replace a2 ← a1, a3 ← a2, we obtain the
bivariate monic q-Meixner polynomials given by

M̂n,m(x, y; q) = M̂n,m(x, y; a1, a2, β; q)

=
n∑

k=0

m∑
p=0

(−1)n+m−k−pq
1
2 [k2+k(2m+1)−(n+m−p)(n+m+p−1)]

×−n

[
n

k

]
q

[
m

p

]
q

(βqp+k; q)n+m−k−p

an−k
1 an+m−k−p

2

(q−x; q)k(qk−y; q)p.

4.5. Bivariate Monic q-Charlier Polynomials

The β → 0 limit of the bivariate monic q-Meixner polynomials gives the
bivariate monic q-Charlier polynomials

Ĉn,m(x, y; q) = Ĉn,m(x, y; a1, a2; q)

=

n∑
k=0

m∑
p=0

(−1)n+m−k−p

[
n

k

]

q

[
m

p

]

q

q
1
2 [k2+k(2m+1)−(n+m−p)(n+m+p−1)]−n

an−k
1 an+m−k−p

2

×(q−x; q)k(qk−y; q)p.

5. Monic Bivariate Racah Polynomials

Let

x(s) = s(s + β1), y(t) = t(t + β2). (5.1)

In [11], a difference equation for multivariate Racah polynomials was giving, in-
volving rational coefficients. In the bivariate case, the equation was rewritten using
appropriate divided-difference operators, in terms of a fourth-order linear partial
divided-difference equation with polynomial coefficients in [27].
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Theorem 5.1. The bivariate Racah polynomials defined in (1.14) are solution of the
following fourth-order linear partial divided-difference equation:

f1(x(s), y(t))D2
xD

2
yRn,m(s, t) + f2(x(s), y(t))SxDxD

2
yRn,m(s, t)

+f3(x(s), y(t))SyDyD
2
xRn,m(s, t) + f4(x(s), y(t))SxDxSyDyRn,m(s, t)

+f5(x(s))D2
xRn,m(s, t) + f6(y(t))D2

yRn,m(s, t)

+f7(x(s))SxDxRn,m(s, t)

+f8(y(t))SyDyRn,m(s, t) + (m + n)(β3 − β0 + m + n − 1)Rn,m(s, t) = 0,

(5.2)

where Rn,m(s, t) := Rn,m(s, t; β0, β1, β2, β3, N), and the coefficients fi, i = 1, . . . , 8
are polynomials in the lattices x(s) and y(t) defined in (5.1) given by

f8(y(t)) = (β0 − β3)y(t) − N(β0 − β2)(β3 + N),

f7(x(s)) = (β0 − β3)x(s) − N(β0 − β1)(β3 + N),

f6(y(t)) = −(y(t))2 +
1

2
(2N2 + 2β3(β0 + N) − β2(β3 + β0))y(t)

− 1

2
Nβ2(β0 − β2)(β3 + N),

f5(x(s)) = −(x(s))2 +
1

2
(2β3(N + β0) + 2N2 − β1(β3 + β0))x(s)

− 1

2
Nβ1(β0 − β1)(β3 + N),

f4(x(s), y(t)) = −2x(s)y(t) + (2N2 + β2(1 − β0) + β3(β0 − 1 + 2N))x(s)

+ (β0 − β1)(β3 + 1)y(t) − N(β0 − β1)(β2 + 1)(β3 + N),

f3(x(s), y(t)) = (β2 − β3)(x(s))2 + x(s)
(

− (1 + β1 + β3 − 2β0)y(t)

+ (1 + β1 − 2 β0 + β2) N2

− β3 (−β1 − β2 − 1 + 2 β0) N +
1

2
(β2 − β3) (β1β0 − 2 β0 + β1)

)

+
1

2
β1 (β3 + 1) (β0 − β1) y(t) − 1

2
β1N (β2 + 1) (β3 + N) (β0 − β1) ,

f2(x(s), y(t)) = (β0 − β1)(y(t))2 + x(s)
(
(β0 + β2 − 2β3 − 1)y(t) + (1 − β0 + β2) N2

− β3 (−1 + β0 − β2) N +
1

2
β2 (β2 − β3) (β0 − 1)

)

− 1

2
(β0 − β1)

(
2 β3N − β3β2 + 2 N2 − 2 β3 + β2

)
y(t)

− 1

2
(β0 − β1) Nβ2 (β2 + 1) (β3 + N) ,

f1(x(s), y(t)) = −(x(s))2y(t) − x(s)(y(t))2 + (N2 + β3N − 1

2
β2 (β2 − β3))(x(s))2

+
1

2
β1 (β0 − β1) (y(t))2

+
( (

1

2
β1 +

1

2
− 1

2
β3 − β0

)
β2 − β3 − 1

2
β1 + 2 β0β3

+ β0 + N2 − β1β3 + β3N − 1

2
β1β0

)
x(s)y(t)

+
( (

1

2
β1β0 +

1

2
β2

2 +
1

2
β1β2 +

1

2
β2 − β0β2 +

1

2
β1 − β0

)
N2
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+
1

2
β3

(
β1β0 + β2

2 + β1β2 + β2 − 2 β0β2 + β1 − 2 β0

)
N

− 1

4
β2 (β2 − β3) (β1β0 + β1 − 2 β0))x(s)

− 1

4
β1

(
β2 − 2 β3 + 2 β3N + 2 N2 − β2β3

)
(β0 − β1) y(t)

− 1

4
Nβ1β2 (β2 + 1) (β0 − β1) (β3 + N) .

Next, we present the monic solution of the above fourth-order linear partial
divided-difference equation. In doing so, as it happens in the q-quadratic case,
it is extremely important to choose appropriate bases for both variables s and
t. Similarly, the first variable involves just a classical quadratic basis {(−s)j(s +
β1)j}j≥0, and the basis for the second variable in the summation contains also the
summation index of the first variable, i.e., {(j − t)r(j + t + β2)r}r≥0.

Theorem 5.2. The fourth-order divided-difference Eq. (5.2) has the following monic
solution:

P̂n,m(s, t) =
n∑

j=0

m∑
r=0

(
n

j

)(
m

r

)
(−s)j(s + β1)j(j − t)r(j + t + β2)r

(−2m − 2n + β0 − β3 + 2)−j+m+n−r

×(β0 − β1 − n + 1)n−j (β0

−β2 − j − m − n + 1)m−r

×(N − m − n + 1)m+n−j−r(j + N + r + β3)m+n−j−r.

(5.3)
In the particular case n = 0, the above expression reduces to

P̂n,0(s, t) =
n∑

j=0

(n

j

) (−s)j(β0 − β1 − n + 1)n−j(s + β1)j(N − n + 1)n−j(j + N + N)n−j

(β0 − N − 2n ++2)n−j
,

which can be expressed as

P̂n,0(s, t) =
Γ(β0 − β1 + 1)Γ(N + 1)Γ(β0 − β3 − 2n + 2)Γ(n + N + β3)

Γ(β0 − β1 − n + 1)Γ(β0 − β3 − n + 2)Γ(N + β3)Γ(N − n + 1)

× 4F3

(−n, −s, s + β1, n − β0 + β3 − 1
−N, β1 − β0, N + β3

∣∣∣ 1
)

.

Similarly, in the case m = 0, we have

P̂0,m(s, t) =
m∑

r=0

(m

r

) (−t)r(β0 − β2 − m + 1)m−r(t + β2)r(N − m + 1)m−r(N + r + N)m−r

(β0 − N − 2m + 2)m−r

,

or equivalently

P̂0,m(s, t) =
Γ(β0 − β2 + 1)Γ(N + 1)Γ(β0 − β3 − 2m + 2)Γ(m + N + β3)

Γ(β0 − β2 − m + 1)Γ(β0 − β3 − m + 2)Γ(N + β3)Γ(N − m + 1)

× 4F3

(−m, −t, t + β2, m − β0 + β3 − 1
−N, β2 − β0, N + β3

∣∣∣ 1
)

.

Proof. Let

ϑ1
j (s) = (−s)j(s + β1)j ,

ϑ2
m(t) = (−t + j)m(t + β2 + j)m.

Using the definitions of the divided-difference operators as well as the latter defini-
tions, the following relations hold true:

x(s)ϑ1
n(s) = −ϑ1

n+1(s) + n(n + β1)ϑ
1
n(s),
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y(t)ϑ2
n(t) = −ϑ2

n+1(t) + (n + j)(n + j + β2)ϑ
2
n(t),

SxDxϑ1
n(s) = −2nϑ1

n(s) − n(n − 1)(2n + β1 − 2)ϑ1
n−1(s)

2ϑ1
1(s)

,

SyDyϑ2
n(t) =

(
−n(2ϑ2

1(t) + (β2 + 2j)(n − 1))

2ϑ2
1(t)

)
ϑ2

n−1(t),

D
2
xϑ1

n(s) =
n(n − 1)

ϑ1
1(s)

ϑ1
n−1(s), D

2
yϑ2

n(t) =
n(n − 1)

ϑ2
1(t)

ϑ2
n−1(t).

If we apply the fourth-order divided-difference Eqs. (5.2)–(5.3), the result follows
using the latter properties. �

Remark 3. Let

Rn =
(
Rn−k,k(s, t; β0, β1, β2, β3, N)

)n

k=0

be the column vector of bivariate Racah polynomials, where Rn,m(s, t; β0, β1, β2, β3,
N) are defined in (1.14), assuming the substitutions (1.15). Let us also introduce
the column vector of monic bivariate Racah polynomials

R̂n =
(
P̂n−k,k(s, t)

)n

k=0
,

where P̂n,m(s, t) are defined in (5.3). Then, by computing the leading coefficients of
the bivariate Racah polynomials Rn,m(s, t; β0, β1, β2, β3, N) are defined in (1.14),
it yields

R̂n = UnRn, n = 0, 1, 2, . . . , (5.4)

where the upper triangular matrix Un of size (n + 1) × (n + 1) is defined as

ui,j(n) = (−1)n+1
(n − i + 1

j − i

) (η + α2 + 2(n − j + 1))(η + n − j + 2)j−i

(α2 + η − j + n + 1)n−i+2 (α2 + α3 + η − j + 2n + 1)j−1
.

6. Limit Transitions on Quadratic Lattices

6.1. Bivariate Monic Wilson Polynomials

Let [11, p. 443]

V0 :=

{
β0 = a − b, β1 = 2a, β2 = 2a + 2e2, β3 = 2a + 2e2 + c + d,

s = −a + ix, t = −a − e2 + iy, N = −a − d − e2.
(6.1)

Under the above change of variables monic bivariate Racah polynomials (1.14)
transform into the monic bivariate Wilson polynomials (in a similar way as in the
univariate case [13, p. 196])

Ŵn,m(x, y; a, b, c, d; e2)

=
n∑

j=0

m∑
r=0

(
n

j

)(
m

r

)
(a − ix)j(a + ix)j(−a − b − n + 1)n−j

(−a − b − c − d − 2m − 2n − 2e2 + 2)m+n−j−r

×(a + j − iy + e2)r(a + j + iy + e2)r(−a − b − j − m − n − 2e2 + 1)m−r

×(a + c + j + r + e2)m+n−j−r(−a − d − m − n − e2 + 1)m+n−j−r.

(6.2)
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6.2. Bivariate Monic Continuous Dual Hahn Polynomials

If we take the limit b → ∞ in (6.2) (after redefining c → b, d → c), we obtain the
monic bivariate continuous dual Hahn polynomials [29]

D̂n,m(a, b, c, e2; x, y)

=
n∑

j=0

m∑
r=0

(
n

j

)(
m

r

)
(a − ix)j(a + ix)j(a + j − iy + e2)r(a + j + iy + e2)r

×(−1)j+m+n+r(a + b + j + r + e2)m+n−j−r(a + c + j + r + e2)m+n−j−r.

(6.3)

6.3. Bivariate Monic Continuous Hahn Polynomials

Let in (6.2) [29]

a → a +
1

2
iε, b → b − 1

2
iε, c → c +

1

2
iε, d → d − 1

2
iε, x → x − 1

2
ε,

y → y − 1

2
ε.

If we take the limit as ε → ∞, the resulting polynomials are the bivariate monic
continuous Hahn polynomials

ĥn,m(a, b, c, d|x)

=
n∑

j=0

m∑
r=0

(−1)n+m+j+r

(
n
j

) (
m
r

)
(ix + a1)j(j + iy + a1 + e2)r

× (j + a1 + b1)n−j(j + r + a1 + a3 + e2)m+n−j−r(j + n + r + a1 + b1 + 2e2)m−r

(j + m + n + r + a1 + a3 + b1 + b3 + 2e2 − 1)m+n−j−r
.

(6.4)
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