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Abstract: Let M be a R-module , where R be a commutative ring with identity,

In this paper, we defined a new types of module namely “ET-hollow(ET-holl.) and ET-lifting(ET-lift.) modules”. An R-module M is called ET-
holl. module, if for all sub-module H of M then H <<grM. An R-module M is called An R-module M is called ET-lifting module, if forallH <M,
there exists X <gM and L «<grM, such that H=X+L. We give many characterizations of ET-holl. and ET-lifting modules, Also we give the relation
between T-hollow and ET-holl. and relation between T-lifting modules and ET-lift. modules.
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1. Introduction
Throughout this paper, M be an R-module; where R be any a commutative ring and R with unity, a proper

sub-module H of M is called small(H«& M), if for all X< M, such that M=H+X then M=X[1]. A sub-module H of M is
called essential of M, if HNB=0 , ¥V B < M, then B=0[2]. A sub-module H of M is e-small (H&,M), if for every sub-
module B of M such that H+B=M, then B=MJ3]. Let T < M, A sub-module H of M is said to be “T-small sub-module
of M”, if for all K < M such that TS H+K , then T € K [4]. Recalled a module M is e-hollow module, if for all proper
sub-module H of M is e-small of M[5]. M is e-lifting module if for all sub-module H of M, there exists K < M such that

% K, %[6]. In[7] we defined ET-small sub-module of M, Let T < M and A sub-module H of M is “ET-small sub-
module of M”, if for all K <, M such that T € H+K, then T € K, and we give some properties of ET-small sub-module
of M, Clearly. Every T-small sub-module of M is ET-small sub-module of M but the converse is not true. Let M be an
R-module and Let T, N; and N, < M, Then N;<g M and N,<gr M if and only if N1+N,<g M. assume that T,H and L
are sub-modules of any R-module M suchthat T<Nand H<L<M and LK.M, if HKg; M then HK L, and there
are many of other properties of ET-small [7].

In this work, we give the concept of ET-holl. module and ET-lifting module. An module M is called ET-holl.
module, if VH < M then H&grM. An R-module M is called ET-lifting module, if for all H < M, there exists X
<@M and L «<grM such that H=X+L. Also We give many properties of ET-holl. module and ET-lifting module.

In section 1, we defined ET-holl. module with we give some properties of ET-holl. module. Every T-hollow
module is ET-holl. module, but the converse is not true, but if M be a non-zero module and T =M. thus M is ET-holl.
module iff M is e-holl. module. Let T < M .If M is ET-holl. module, then every essential sub-module K of M such
that TCK, then K is a T-hollow module. Let (T# 0) be an essential sub-module of a module M, if M is ET-holl.
module, then T is indecomposable. there are some of other properties of ET-holl. module.

In section 2, we defined ET-lifting module with we give some properties of ET-lifting module. Also, we list many
of their important properties. Also we give the relation between T-hollow and ET-holl. and relation between T-lifting
modules and ET-lifting modules.
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Section 1: ET-hollow module

In section this, we defined ET-holl. module and we give many properties of ET-holl. module.

Definition 1.1:Let T be a sub-module of (M# 0) module. We say that M is a ET-holl. module if for every sub-module
H of M is a ET-small sub-module of M.

Remark and Example 1.2:

1. Consider Zg as Z-module .Let T={0,3}, then Z¢ is ET-holl. since the only essential sub-module of Z. Then the sub-
modules H={0}, {0,3}, {0,2,4} and Zs,then T € H+ Z;. Implies that T £Z; , then for every sub-module H of Zg is a ET-
small sub-module of Z.

2. Every (M= 0) T-hollow module is ET-holl. module, but the converse is not true, for example Consider Z, as Z-
module. let T={0,2}and B={0,2}, then B is not T- small sub-module of Z,, since T € B+ {0}, but TZ {0}. So Z,is not T-
hollow module . but Z, is ET-holl. module. Since for every sub-module H of M is a ET-small sub-module of M, since H
={0},{0,2}and Z, are sub-modules of Z, then T € H+ X, V X <, Z,, but the only essential sub-modules of Z, are
{0,2}and Z, since T € {0,2} and T € Z,. So every sub-module H of Z,is ET-small sub-module of Z,. Then Z,is ET-hollow
module.

3. Let (M= 0) be an uniform module and let T =M, so M is holl. module iff M is ET-holl. module.

4. Let (M# 0) be an module and T =M. so M is ET-holl. module iff M is e-holl. module.

5. Let (M=% 0) be an module and T =o, hence M is ET-holl. module. by remark (1.2-3) [7].

Proof 3: Assume that (M=% 0) be an uniform module such that T =M and M is hollow module to prove M is ET-
holl. module . suppose that H< M to prove H<gr M, let T € H+ X, for every essential sub-module X of M, to
prove T C X, since T=M so M € H+ X and H+ X € M therefor M = H+ X , but M is hollow module then H < M, so
M=X implies that T=X therefor T € X then H <gr M . thus M is ET-holl. module. Conversely let M is ET-holl.
module, to show M is ET-holl. module . let H< M, to show H < M, so M=H+X then T € H+X , VX < M, but M is
uniform module then X <, M, since M is ET-holl. module, then H Kgy M, therefor T€ XthenM S Xand X €M,
thus M=X, implies that H << M, then M is hollow module.

4. Let M is hollow module and T =M and M is hollow module to prove M is e-hollow module . let H < M to show
H «<,M, let M = H+ B, for every essential sub-module B of M, to prove B = M, since T=M so T= H+ B therefor T
C H+B, but M is ET-holl. module, then H «<grM, so TE B thus M € Band B&€ M thenB= M, hence H K,M . then M
is e-hollow module. Conversely let M is e-hollow module, to show M is ET-hollow module . let H< M, to prove H
Kgr M, letTEH+A, VA<, M, sinceT=Mso M € H+A and H+tA € M thus M= H+ A, since M is e-hollow module
then H <M, therefor A=M, then T=A therefor T € A, thus H <gr M then M is ET-hollow module.

Proposition 1.3: Let T be sub-module of a non -zero module M .If M is ET-holl. module, then every essential sub-
module H of M such that TEH, then H is a T-hollow module.

Proof:- Let H be an essential sub-module of M such that TEH. to prove H is a ET-holl. module. so Let L be a sub-
module of H, show to L KgrH, Since H< M and M be an ET-holl. module, then L<grM .Then, by (1. 4) [7]. then
LK grH. Thus H is a T-hollow module .

Proposition 1.4: Let T be a non-zero essential sub-module of a module M .If M is ET-holl. module .Then T is
indecomposable.

Proof:- Let M be an ET-holl. module and T is decomposable, then T = HEX, for some H and X are non-trivial sub-
modules of T. Therefore TZH. since X< T =(HPX) <.M, then X <,M, since M is ET-holl. module and TC € HPX,
then HKrM. therefore TSX and XET, hence T =X which is a contradiction .Then T is indecomposable .
Proposition 1.5: let f: M —> N be an epimorphism , where M and N are a non -zero modules, if M be an ET-holl.
module, Then N is Ef(T)-hollow module .

Proof:- Let M is an ET-holl. module and let f: M = N be an epimorphism .To prove N is Ef (T)-hollow module. Let H
be a sub-module of N, to prove H<Egr N, since f be an epimorphism , there exist K < M such that f(K) =H, But M
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is ET-holl. module, then KKgrM, and by lemma (1.8)[7], we get f(k) Kgf(r)N, implies that H&gf(r)N. then N is
Ef(T)-hollow module.
Proposition 1.6: Let T and H be sub-modules of a module M such that HES T.H <, M. If HKLgr M, % be any

E( g) - holl. module, hence M is ET-holl.

Proof:- Let H&grM and % is E( g) —holl. module. To prove M is ET-holl. let B be a sub-module of M, To prove

BKLgrM, let T ©B+L, V L <,M. Then %E —B;L and hence %E —B;H + —L;H . since (L< L+H < M and L<,M then
. L+H M M . T B+H M T

< < B — =) - - _ il

L+H <.M and since H <, M then T Se g ), but T E( H) hollow module, therefore m <<E(%) L hence e

% , Thus TEL+H . Since HKgrM , then TCL. hence M is ET-holl. module.

Proposition 1.7: Let M be a module and H and T are sub-modules of M, such that HET and H <,M. If M is ET-holl.

Module, and % is non-zero finitely generated ; hence T be a finitely generated.
Proof: Let % = R(x;+H)+R(x,+H)+...+R(x,+H)= (Rx;+H)+(Rx,+H)+...+(Rx,+H) where x; €T, for all i =1,...,n. then Rx;+

Rxy+...+ Rx, €T .To prove T € Rx;+Rx,+...+ Rx,, let a €T .Then a +HE %, then there exist ry,...,r, ER, such that a+H =r;
(x7#H) + o (xo+H) +oo+ 1y (X +H ) = ( rixg + X, +..+ X, ) +H. Hence a = ( ryxg + rax; +..+ rpx, ) + h for some heH
.Therefore T =(Rx;+ Rx;+..+ Rx,) + H .Since HE T, since M is ET-holl. module, so H&KgrM. So T S Rx; + Rx; + ...+
Rx,.hence T = (Rx;+ Rx;+ ...+ Rx, ).

Section 2: ET-lifting module

In section this, we defined ET-lift. module with we give many properties of ET-lifting module.

Definition 2.1:- suppose T is sub-module of a module M. M is said to be a ET-lifting module, if every sub-module H
of M, there exists a direct summand K of M and LK gy M such that H=K+L .

Remark and Example 2.2:

1. Z, as Z-module is E(Z, )-lifting module.

2.Let M be a module and T=M .Then M is ET-lifting module if and only if M is e-lifting module.

Proof:- Let T=M and M is E(T)-lifting module, to prove M is e-lifting module. Let H be sub-module of M, hence there
exist B <g M and A<KgrM such that H=B+A. By the modular law H=HNM=HN(B@B')=BH(HNB") .Take A=HNB"
and hence AL, M, by [(1.2-4)[7].Thus M is e-lift. module. For the converse, suppose that M is ET-lifting module and
let H be sub-module of M, then H=BL, where B <M and AK,M. by [(1.2-4) )[7]. hence H<KgrM. then M is E(T)-
lift. module.

3. every T-lifting module is ET-lift. module. But the converse is not true, for the example consider Zg as Z-module
and let T={0,4}then Zg is not T-lifting module, To prove that , suppose that is not and let H={0,4}, then there exists
K <@g Zg and LK Zg such that H=K+L .Since Zg indecomposable, then K=0 and H={0,4}. But H=L= {0,4} is not T-small
sub-module in Zg .implies that Zg is not T-lifting module. But H=L is ET-small sub-module in Zg [7], then Zg is an ET-
lifting module.

Remark 2.3: assume that M be a semisimple module. So M is ET-lifting module, for all sub-module T of M.

Proof:- Let M is an semisimple module and H be sub-module of M .Thus H=H+0, where H <gM and 0 <gzrM
.Then M is ET-lifting module.

Remark 2.4: Let M be an ET-lifting module .Then for all sub-module B of M such that TC B is also ET-lifting.

Proof:- let M is ET-lifting and B be a sub-module of M such that TEB. To prove B is ET-lifting, let H is a sub-module
of B.thus H S M and since M is ET-lifting, then H=K+L, where K <gM and LK grM and since K< B<MandK<gM
then K <g B [2]. Since TEB, then L<KgrB, by (1.4)[7].Thus B is ET-lifting .
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Recall that a sub-module H of a module M is called ((projective invariant)), if for every P=P* € End (M), P(H) < H, see
(8].

Proposition 2.5: Let T be a submodule of a module M .Consider the following statements:

1. For each submodule X of M, there exists a decomposition M=K@K" such that K€ H and (HNK") <KgrM.

2. M is ET-lifting module.

Then 1=2

2=1 If for all ET-small sub-module of M is projective invariant.

Proof: (1=2) Let H be a sub-module of M, there exists a decomposition M=K@K" such that KEH and (HNK") Kzr M.
Now H=HNM=HN(KPK')= KB(HNK"), by the Modular Law and let L=(HNK"), then H= K+L .Thus M is ET-lifting
module.

(2=1) Let M is ET-lifting module and for every ET-small sub-module of M is (projective invariant) . Let H be sub-
module of M, Then H=K+L, where K< M and LK gy M. to prove HNK" < grM. H=HNM=HN(KDK") =KD(HNK"), by
the Modular Law . Let P: M=>K" be the projection map . P(L)=P(K+L)=P(H)=P(KE(HNK"))=P(HNK')=HNK" .Since L is
ET-small in M, then by our assumption L is projective invariant . So P(L)=HNK'< L. Thus HNK <gr M ,by (1.8) [7 ].
Theorem 2.6: Let T be sub-module of a module M .Then the following statements are equivalent:

1. For all sub-module H of M, there exists a decomposition M=K@K", KEH and HNK <K grM.

2. For all sub-module H of M, there exists &End (M) such that /=4 B(M)SH and (1- B)(H) <grM.

Proof: (1=2) Let H be sub-module of M .Then there exists a decomposition M=K@K" such that KEH and HNK K gr M.
Let /4 : M-K be the projection map .Clearly that ﬁ=,6’ and M=K@K'= f(M)P(1-4(M), since ais onto then
AM)=KCH. Now (1-4(H)=HN(1-4(M)=HNK" but HNK KgrM. then (1-4(H) KgrM.

(2=1) Let H be sub-module of M .Then there exists f£End (M) such that ,62:[3, AM)CH and (1-4)(H) LgrM. Clearly
that M= S(M)D(1-4(M), then M= (KPK’). Let D= (M) and D'=(1-4J(M) .Then HNK'=HN(1- B)(M). To prove HN(1-
B)M)=(1- B)(H), let a=(1-A(b) € (HN(L- B)(M)). Since (1- B)*=(1-4) ,then a=(1-A(b)=(1-A( (1-A(b))= (1-Ala)E (1-4
(H). Now let a=(1-4j(b) €(1- B)(H), b €H ,then a €(1-4(M). a=(1-4)(b) =b- B(b) € H .Thus a EHN(1-4(M) .

Now (1-4J(H)= HN(1-4(M) = HNK", But (1-4(X) <grM, then HNK' KgrM

Proposition 2.7: let M be ET-lifting module and let B be a sub-module of M such that for every direct summand K of

K+B . . M M . _ T+B, ...
M,%IS direct summand of E,then 5 s E(%)—Ilftmg module.

Proof:- Let % is a sub-module of% . but M is ET-lifting , so H=K+L , V KSgM and LKLy M .Hence g = % = KB;B + %
. K+B M L+B M z M T+B _ H+B Z H+B+Z
.By our assumption, 5 <@ rl .To prove - <<E(¥) rE Let 3 < 5 such that < c -ty 5 then
TCT+BCH#(B+2). (Since = <, = then Z <,M and Z < B+Z< M, then B+Z <,M). Since L«zr M ,then TCB+Z and
hence 22 28 2. Thus 2 is E( E) -lifting module.
B B B B B

Recall that M is called a (distributive module) if for every sub-modules A, B and C of M, A+(BNC)=(A+B)N(A+C) and
AN(B+C)=(ANB)+(ANC), see[9]. Corollary2.8: suppose that M is ET-lifting, M is distributive

module and A be a sub-module of M .Then % is T;TB -lifting module.

Proof: Let K be a direct summand of M .Then M=K@K", for some sub-module K’ of M .Hence % = % = KB%B Kﬂi

.Since M is distributive, then (K+B)N(K'+B)=((K+B)NK')+((K+B)NB) = (KNK’) + (BNK")+(KNB)+B = B .Hence % = KB;B )

K%B .Thus, by (2.8), then %is E( T;TB )-lifting module.

Proposition2.9: Let M=M;@M, be a module such that R=A,, (M) + A,,, (M,) . If My is ET,-lifting and M, is ET,-lifting,
then M=M,;@ M, is E(T,DT,)-lifting module.

Proof:- Let H be sub-module of a module M. Since R=A,, (M1)+A,, (M,), then then H=H;@®H, ,where H; < M; and H, <
M, [10] . But My is ETy-lifting and M, is ET,-ifting ,then Hy=K;+L; and H,=K;+L, ,where K; <gM; and Li<grMy , K;
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<@M; and L,KgrM, .Then H= H;@H, = (K +L;)D(K;+L,) = (K1DK;) + (LiDL;) .to prove (KiDK,) is a direct summand
of M. since K; <gM; then there exist A;< M; and A, < M, such that M; =K;+A; and M, =K;+A,; , then My+M,=( Ki+A;)+
(Ka+A;) =( Ki+Ka)+ (Ar+A;) and ( Ki+Kp)N (A+A;)=0, then ( Ki+K;) <g(M;+M2)=M By Proposition (2.12) in [7], then(
LD L) KLgm@ry M. Thus M=(M;@DM,) is E(T,DT,)-lifting module.

Proposition 2.10:- Let M = @;c;M; be a” fully stable module” ; and T= @;¢T;, where T; < M; . If M; is ET-lifting, for
each j€l, then M is a ET-lifting module .

Proof: Let B be sub-module of M .For each i€l, let f;: M = M, be the projection map .To prove B=@,;¢;(BNM)) .Let
YEB ,then ye@,¢;M; and hence y=);c; ¥; ,for y;€ M;and y; # 0 for at most a finite number of i€l .Since M is fully
stable, then m(y) € B and hence f; (y) € BNAMi . Now f(y) = m; (X;e; ¥:i) = Vi . So y; € BNMi and hence
Y=X\ie; Yi€®ie;(BNM;). Thus BE@,¢;(BNM;). Thus B=@;¢;(BNM,). Since BNM,S M; and M; is ET-lifting ,then
BNMi=Ki+L; where Ki<gM; and Li<&eM; .Then @;¢/(BNM)=D;¢/(Ki+Li)= D;e/Ki+&D;e/Li- One can easily show that
@D eiKis®;e/Mi .By Proposition (2.13) in [7], then @ ;¢/Li<gg, i M .ThenM is ET-lifting module.
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