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. INTRODUCTION

There have been a number of generalizations of metric
spaces. One such generalization is Menger space introduced
in 1942 by Menger [5] who used distribution functions
instead of nonnegative real numbers as values of the metric.
This space was expanded rapidly with the pioneering works
of Schweizer and Sklar[8,9]. Modifying the idea of Kramosil
and Michalek [3], George and Veeramani[l] introduced
fuzzy metric spaces which are very similar that of Menger
space. Recently Park [7] introduced the notion of
intuitionistic fuzzy metric spaces as a generalization of fuzzy
metric spaces.

Kutukcu et. al [4] introduced the notion of intuitionistic
Menger Spaces with the help of t-norms and t-conorms as a
generalization of Menger space due to menger [5]. Further
they introduced the notion of Cauchy sequences and found a
necessary and sufficient condition for an intuitionistic
Menger Space to be complete. Sessa [10] initiated the
tradition of improving coomutativity in fixed point theorems
by introducing the notion of weakly commuting maps in
metric spaces. Jungck [2] soon enlarged this concept to
compatible maps. The notion of compatible mapping in a
Menger space has been introduced by Mishra [6].

Il. PRELIMINARIES

Definition 2.1. A binary operation : [0,1] [0,1] [0,1] is a t-
norm if is satisfying the following conditions:

. is commutative and associative,

. is continuous,

« al=a,foralla[0,1],

« ab c dwhenevera cand b d, for all a,b,c,d

[0,1].

Definition 2.2. A binary operation : [0,1] [0,1] [0,1] is a t-
conorm if is satisfying the following conditions:
+ iscommutative and associative,
* s continuous,
e a0=a,foralla[0,1],
*+ a b c dwhenevera candb d, forall ab,c,d
[0,1].
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Remark 2.3. The concept of triangular norms (t-norms) and
triangular conforms (t-conorms) are known as the axiomatic
skeletons that we use for characterizing fuzzy intersectiob
and union respectively. These concepts were originally
introduced by Menger [1] in his study of statistical metric
spaces.

Definition 2.4. A distance distribution function is a function
F : R R" which is non-decreasing, left continous on R and
inf {F(t) :t R} =0and sup {F(t) : t R} = 1. We will denote
by D the family of all distance distribution functions while
H will always denote the specific distribution function
defiend by

0

0.

0, =x
1, =x

T
0, =10
HW={; ;2o

If X is a non-empty set , F : X x X D is called a
probabilistic distance on X and F(x,y) is usually denoted by
Fxy -

Definition 2.5. A non-distance distribution function is a
function L : R R™ which is non-increasing, right continous
onRand inf{L(t):t R} =1and sup {L(t) :tR} =0. We
will denote by E the family of all non-distance distribution
functions while G will always denote the specific
distribution function defiend by

H (x) = {
1, ¢ 1, t=0

G ()= {{JJ ¢ f S.G (1) = {{JJ £ =0,

If X is a non-empty set , L : X x X E is called a
probabilistic non-distance on X and L(xy) is usually
denoted by Ly .

0,
1

WA,

X 0
x = 0.

Definition 2.6. [4] A 5-tuple (X, F, L, , ) is sais to be an
intuitionistic Menger space if X is an arbitrary set, is a
continuous t-norm, is continuous t-conorm, F is a
probabilistic distance and L is a probabilistic non-distance
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on X satisfying the following conditions: for all x, y,z X
andt,s0

(1) Fuy() + Ley(t) 1 ,

(2) Fxy(0) =0,

(3) Fxy(t) = H(t) ifand only if x =y,

(4) Fx,y(t) = Fy,x(t),

(5) if Fxy(t) = 1 and F, ,(s) = 1, then Fy,(t+s) = 1,
(6) Fxo(t+s) Fyy(t) Fya(s),

(7) Liy(0) = 1,

(8) Lyy(t) = G(t) ifand only if x =y,

(9) Liy() = Lyx(®),

(10) if Ly (t) =0 and Ly ,(s) = 0, then L, ,(t+s) = 0,
(11) Lua(t+s) Lyy(t) Lyo(9).

The function F,,(t) and L,,(t) denote the degree of
nearness and degree of non-nearness between x and y with
respect to t, respectively.

Remark 2.7. Every Menger space (X, F, ) is intuitionistic
Menger space of the form

(X, F,1 — F, ) such that t-norm and t-conorm are
associated , that is x y =1- (1-x) (1-y) forany x,y X.
Example 2.8. Let (X,d) be a matric space. Then the metric d
induces a distance distribution function F defined by F,, (t)
=H (t-d (x,y)) and a non-distace function L defined by L,
) =G (t—d (x,y)) for all x,yX and t > 0. Then (X,F,L) is an
intuitionistic probabilistic metric space. We call this
instutionistic probabilistic metric space induced by a metric
d the induced intuitionistic probabilistic metric space. If t-
norm isa b = min{a,b} and t-conorm isa b =min {l1,a +
b} for all a, b [0,1] then (X,F,L, ,) is an intuitionistic
Menger space.

Remark 2.9. Note that the above example holds even with
the t-norm ab = min{a,b}and t-conorm a b = max {a,b}and
hence (X,F,L, ,) is an intuitionistic Menger space with
respect to any t-norm and t-conorm. Also note t-norm and t-
conorm are not associated.

Definition 2.10. [4] Let (X,F,L, ,) be an intuitionistic
Menger space witht t>t and (1-t) (1-t)<(1-t).
Then:

» Asequence {x,} in X is said to be convergent to x
in X if, forevery >0and (0,1), there exists
positive integer N such that Fy,x () > 1 - and Lynx
() < whenever n>N.

» Asequence {x,}in X is called Cauchy sequence if,
for every >0and (0,1), there exists positive
interger N such that Fy,xm () > 1- and Ly ym () <
whenever n,m > N.

* Anintuitionistic Menger space (X,F,L, ,) is said to
be complete if and only if every Cauchy sequence
in X is convergent to a point in X.

The proof of the following lemmas is on the lines of Mishra

[6].
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Lemma 2.11. Let (X,F,L, ) be an intuitionistic Menger
space withtt>tand (1-t) (1-t)< (1-t)and{y,}bea
sequence in X. If there exists a number k (0, 1) such that:

® I:yn+2,yn+1 (kt) Z I:yn+1,yn (t)x

¢ Lynsoyner (Kt) < Lynsayn (t) forall t>0and n
=1,2,3,4,... Then{y,} is a Cauchy sequence inX.

Proof. By simple induction with the condition (1), we have
forallt>0andn=1,2,3,...,

I:yn+1,yn+2(t) > Fyl,yz (t/kn) ' I—yn+1,yn+2 (t)
< Lypyo (UK").

Thus by Definition 2.6 (6) and (11), for any positive integer
m >n and number t > 0, we have

3 3

(

) (
Fvn,ym(t) 2 I:yn,vn+1 mon

D) )

- m—n
ceee Pym-ym

)

m—n
I:yn+1,yn+2

- (1 A)# (1 \) * . « (1 A = (1 A,

t t

) G)
and . . I-vn,ym(t) < I—yn,yn+1 rm—n rm—n I—yn+1,yn+2
) () D)
ym-1,ym

m— m—mn

N OIA G i e cer G A << A,

which implies that {y,} is a Cauchy
sequence in X. This completes the proof.

Lemma 2.12. Let (X,F,L,,) be an intuitionistic Menger
space witht t>tabd (1-t) (1-t)<(1-t)and forall x,y
X, t>0and if for a number k (0,1)

Fay (k) = Fiy(t) and Ly (kD) <
Ly () M

thenx =y.

Proof. Sincet >0abd k (0, 1) we gett> kt. In
intuitionistic Menger space (X,F,L, ,) , Fxy is non decreasing
and Ly, is non-increasing for all x,y X, then we have

Fyry (1) > Fyy(kt) and Ly (t) >
Lxy(Kt).

Using (1) and the definition of intuitionistic Menger space,
we have x = y.

Definition 2.13. The self-maps A and B of an intuitionistic
Menger space (X,F,L, ,) are said to be compatible if for all t
>0,
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. lim lim
Hm—n(( n—==n—= Fpoaan (t) =1
lim lim
and "R evean (1) =0,

lim lim
whenever {x,} is a sequence in X such that === Ax,

lim lim
= n—=men—w By, =z forsome z X.

Definition 2.14. Two self-maps A and B of an intuitionistic
Menger space (X,F,L, ,) are said to be weakly compatible if
they commute at their coincidence points ,that is if Ax = Bx
for some x X then ABx = BAX.

Remark 2.15. If self-maps A and B of an intuitionistic
Menger space (X,F,L,,) are compatible then they are
weakly compatible.

Definition 2.16. [4] Two self mappings A and B of an
intuitionistic Menger space (X,F,L, ,) are said to be

(i) Compatible of type (P) if

Fagxmeexn (1) = 1 and  Fgamaan () — 1 forall t
>0

where {X,}is a sequence in X such that Ax,,Bx, — z for
some z in X as n —oo,

(if) Compatible of type (P,) if
Fagxngexn (1) — 1 for all t > 0.

where {x,} is a sequence in X such that Ax,,Bx, — z for
some z in X as n —oo.

(iii) Compatible for type (P,) if
Feanaan () — 1 forallt>0

where {x,} is a sequence in X such that Ax,,Bx, — z for
some z in X as n —oo,

1. MAIN RESULTS
Theorem 3.1. Let (X, F, L, , ) be a complete intuitionistic
Menger space with tt tand (1-t) (1-t) (1-t) and let A, B, S,
T, P and Q be selfmappings of X such that the following
conditions are satisfied :

© AX) ST(X) , B(X) PQ(X),

*  Thereexists k (0,1) such that for every x,y X andt
>0,

I:A><,By(kt) {FPQX,STy(t) FAx,PQx(t) FBy,STy(t)
FAx,STy(t)}

and LAx,By(kt) {LPQX,STy(t) Laxpox(t) LBy,STy(t)
Laxsty(D}

«  Either A or PQ is continuous,
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*  The pair {A,PQ} and {B,ST} are both compatible
of type (P,) or type (P,),

+ PQ=QP,ST=TS,AQ=QA, BT =TB.

Then A, B, S,T, P and Q have a unique common fixed point
in X.

Proof. By (1) since A(X) ST(X) for any point XX, there
exists a point x; in X such that Axy = STx;. Since B(X)
PQ(X) , for this point x; we can choose a point X, in X such
that Bx; = PQX, and so on. Inductively, we can define a
sequence {y,} in X such that forn=0,1,2,3,...

Yon = AXon = STXone1 @A Yon +1 = BXone1 = PQXonea.
By (2), for all t > 0, we have

F y2n,y2n+1 (kt) =F Ax2n, Bx2n+1 (kt)

{ FPQxZn,ST x2n+1 (t) FAxZn, PQx2n (t) FB x2n+1,ST
xent1 () Faxanstxenst (0}

= { I:y2n—1,y2n (t) I:yZn,yZn-l (t) I:y2n+1,y2n (t)
I:y2n,y2n (t)}

I:y2n—l,y2n (t) I:y2n+l,y2n (t)n
and
L yan, yzn+1 (Kt) = Lasen, Bxan+1 (Kt)

{ LPQxZn,ST x2n+1 (t) I—Ax2n, PQx2n (t) I—B x2n+1,ST
xent1 () Laxanstxenss (O}

= { I-y2n-l,y2n (t) Ly2n, y2n-1 (t) Ly2n+1,y2n (t)
I-y2n,y2n (t)}

Lyan-1y2n () Lyansayen (D).
Similarly, we also have
F yoni1,yan+2 (K Fyanyon+1 () Fyonizyon 4 (),
and
Lyane1,yan+2 (K8 Lyanyan+1 () Lyznsayzn+a (1)
Thus it follows that for m=1,2,3,...
Fymer,ym+2 (KO Fymym+1 (1) Fymezym+2 (),
and
Lymer,ym+2 (K Lymym+1 (©) Lymszym+2 (0).
Consequently, it follows that form=1,23,... ,p=1,23,...
Fymet,ym+2 (K Fymym+1 (©) Fymesym+2 (87 k),

and

I—ym+1 ,ym+2 (kt) I—ym,ym +1 (t) I—ym+1,ym +2 (t/ kp)-
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By noting that Fym.iym+2 (t/ k) 1and Lymerym+2 (t/ k") O,
as p, we have form=1,2.3,...

F ym+1,ym +2 (kt) I:ym,ym +1 (t)

and

I—ym+1,ym +2 (kt) I—ym,ym +1 (t)

Hence by Lemma 2.11, {y,} is a Cauchy sequence in X.
Since X is complete, the sequence {y,} converges to a point
z in X. Also its subsequences

{ Axon}z, {PQx2n}z, { BXon1}z and { STXp41}Z

Case (i): PQ is continuous, the pair {A,PQ} and {B,ST} are
both compatible of type (P,),

PQPQx2,PQz ,

(since PQ is continuous)

PQAX,,PQz

AAX,,PQz (since
{A,PQ} is compatible of type (P,))

By taking X = AXzn , Y = Xan+1 0 (2), We get

I:AA><2n,B x2n+1 (kt) {FPQAXZn,ST x2n+1 (t) FAAxZn,PQ Ax2n (t) FB
sen+1 sTxen+t (1) Faaxenst xenst (D)}

I:PQz,z (kt) {FPQZ,Z (t) I:PQz,PQZ (t) Fz Z (t) FPQz,z (t)}
FPQZ,Z (kt) FPQZ,Z (t)
and

I—AA><2n,B x2n+1 (kt) {LPQAXZn,ST x2n+1 (t) LAAxZn,PQ Ax2n (t) I—B x2n+1
ST x2n+1 (t) LAAXZn,ST x2n+1 (t)}

LPQz,z (kt) {LPQz Z (t) LPQZ ,PQz (t) I—z z (t) LPQz z (t)}
LPQZ,Z (kt) LPQz,z (t)

Therefore by lemma 2.12, we have PQz = z. Similarly by
taking X =z, y = Xon4q i (2), We get

Fazgxen+1 (KO {Fpozstxanst (1) Fazpgz(t) Fexent1 stxent ()
l:Az,ST X2n+1 (t)}

FAz,z (kt) {Fz,z (t) FAZ,Z (t) Fz Z (t) FAz,z (t)}
FAz,z (kt) FAZ 4 (t)

and

LAZ,B X2n+1 (kt) {LPQZ,ST x2n+1 (t) LAz,PQz(t) I—B x2n+1 ,ST x2n+1 (t)
I—Az,ST x2n+1 (t)}

LAz,z (kt) {Lz,z (t) I—Az,z (t) Lz Z (t) LAz,z (t)}
I—Az,z (kt) LAZ 4 (t)
Therefore by lemma 2.12, we have Az = z.

Since A(X) ST(X), there exists wX such that z = Az = STw
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By taking X =X,,,y =w in (2) , we get

I:A x2n,BW(kt) { FPQ x2n,STw(t) FA x2n,PQ x2n (t) FBW,STW(t) I:A
wen,sTw(t)}

Fz,Bw(kt) {Fz,z(t) Fz,z (t) FBW,z(t) Fz,z(t)}
Fz,Bw(kt) FBW,Z(t)
and

I-A x2n,BW(kt) {LPQ x2n,STW(t) I—A x2n,PQ x2n (t) LBW,STW(t) I—A
x2n,STw(t)}

Lz,Bw(kt) {Lz,z(t) Lz,z (t) LBw,z(t) Lz,z(t)}
Lz,Bw(kt) I—Bw,z(t)

Therefore by lemma 2.12, we have Bw = z. Hence STw =
Bw = z.

Since (B,ST) is compatible of type (P,), we have STBw =
BBw , Therefore STz = Bz.

Now by taking X = X»,, y =2z in (2) , we get

Faxangz(Kt) { Fpg xanstz(t) Fa xenpoxen () Fezsta(t) Fa
x2n,STz(t)}

Fz,Bz(kt) {Fz,z(t) Fz,z (t) FBZ,Z(t) Fz,z(t)}
Fz,Bz(kt) FBz,z(t)
and

LAxZn,Bz(kt) {LPQXZH,STZ(t) I—A x2n,PQ x2n (t) LBZ,STZ(t) I—A
x2n,STz(t)}

Loga(Kt) {Lzz(t) Lez(t) Leza(t) Loa(t)}

L,go(kt) Lg,(t) .

Therefore by lemma 2.12, we have Bz = z.
Az=Bz=PQz=STz=z

i.e. zisacommon fixed point for A, B, PQ and ST.

Case (ii): A is continuous, the pair {A,PQ} and {B,ST} are
both compatible of type (P,),

AAX;AZ ,
(since A is continuous)

APQXx,,Az

PQAX,,Az (since
{A,PQ} is compatible of type (P,))

By taking X = AXzn, ¥ = Xons+1 N (2) and letting n, we get
Faz,z (kt) Fazz () and La;,, (kt) Laz, (t) Therefore by
lemma 2.12, we have Az = z. Since A(X) ST(X), there
exists wX such that z = Az = STw . By taking X = X,,,y =
w in (2),we get STw=Bw =z. Since (B,ST) is
compatible of type (P,), we have STBw = BBw , therefore
STz = Bz. Now by taking x = X,,,y=2z in(2) ,weget z=
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Bz = STz. Since B(X) PQ(X), there exists uX such that z =
Bz = PQu. By taking X = U, ¥ = Xn+1 In (2) and letting n, we
get Fay 2 (Kt) Fay, () and Lay , (kt) Lay, (t) Therefore
by lemma 2.12, we have Au = z. Since z = Bz = PQu, hence
Au = PQu. Since (A,PQ) is compatible of type (P,),we have
PQAuU = AAu PQz = Az.

Az=Bz=PQz=STz=z

i.e. zisacommon fixed point for A, B, PQ and ST.

Now PQz=z

Q(PQz) =Qz QPQz = QzPQQz=Qz i.e. Qzisa fixed
point for PQ.

Since STz=z TSTz=Tz STTz=Tz i.e. Tzisa fixed
point for ST.

Similarly, STz=2z SSTz=Sz STSz=Sz

Sz is a fixed point for ST. Hence Sz and Tz are fixed point
for ST.

Now Az =z QAz=Qz AQz=Qz i.e. Qzis afixed point
for A.

SinceBz=z TBz=Tz BTz=Tz. i.e. Tzisa fixed point
for B.

Now we prove that Tz = Qz. By takingx=Qz ,y=Tz in
(2) , we get

Faozstz(Kt) { Froozstrz(t) Faozproqa(t) Ferzstra(t)
Fagzstrz(t)}

I:Qz,Tz(kt) {FQZ,Tz(t) FQz,Qz(t) FTz,Tz(t) FQz,Tz(t)}
FQZ,TZ(kt) FQZ,Tz(t)
and

LAQZ,BTZ(kt) {LPQQZ,STTZ(I) LAQz,PQQz(t) LBTZ,STTZ(t)
LAQz,STTz(t)}

LQz,Tz(kt) {LQZ,TZ(t) LQz,Qz(t) LTz,Tz(t) LQz,Tz(t)}
LQZ,TZ(kt) LQZ,TZ(t)

Therefore by lemma 2.12, we have Qz=Tz. Qzisa
common fixed point for A, B, PQ and ST.

By takingx=Qzandy =z in (2) , we get
FAQz,Bz(kt) { FPQQZ,STz(t) I:AQz,PQQz(t) FBz,STz(t) FAQZ,STz(t)}

Fozz(kt) { Foza(t) Forgu(t) Fra(t) For.()} (sincez=Bz=
STz)

FQz,z(kt) FQz,z(t)

and
LAQZ,BZ(kt) {LPQQZ,STZ(t) LAQZ,PQQZ(t) LBZ,STZ(t) LAQZ,STZ(t)}
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I—Qz,z(kt) {LQz,z(t) LQZ,QZ(t) I—z,z(t) I—Qz,z(t)}
LQz,z(kt) LQz,z(t)

Therefore by lemma 2.12, we have Qz = z. Therefore z = Qz
=Tz is a common fixed point for A, B, PQ and ST.Since
STz=z Sz=zandPQz=2z Pz=z

z is a common fixed point for A, B, S, T, P and Q.

For uniqueness, let v be a common fixed point for A,B,S,T,P
andQ.By taking x=z, y=v in (2),we get

Fazgu(kt) { Fpozstu(t) Fazper(t) Fevstt) Fazst(t)}
Fou(kt) {Fu(t) Fzo(t) Fuu(t) Fou(D}

Fou(kt) Fou(t)

and

Lazeu(kt) { Leqzstult) Lazpoa(t) Levstult) Lazst(t)}
Lzu(kt) {Leu(t) Lza(t) Luu(t) Lzu(D}

Lou(kt)  Lou(t)

Therefore by lemma 2.12, we have z = v.

z is a unique common fixed point for A, B, S, T, P and Q.

If we put A =B in theorem 3.1, we have the following
result:

Corollary 3.2. Let (X, F, L, ,) be a complete intuitionistic
Menger space with tt tand (1-t) (1-t) (1-t)andletA, S, T,
P and Q be selfmappings of X such that the following
conditions are satisfied :

© AX) ST(X) . AX) PQ(X),

e There exists k (0,1) such that for every x,y X and t
>0,

I:Ax,Ay(kt) {FPQx,STy(t) FAx,PQx(t) I:Ay,STy(t)
FAx,STy(t)}

and I—Ax,Ay(kt) {LPQX,STy(t) LAx,PQx(t) I—Ay,STy(t)
Laxsty(D)}

« Either A or PQ is continuous,

*  The pair {A,PQ} and {A,ST} are both compatible
of type (P,) or type (P>),

« PQ=QP,ST=TS,AQ=0A AT =TA.

Then A, S,T, P and Q have a uniqgue common fixed point in
X.

If we put T = Q = Ix (The identity map on X) in theorem
3.1, we have the following:
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Corollary 3.3. Let (X, F, L, , ) be a complete intuitionistic
Menger space with tt tand (1-t) (1-t) (1-t)and letA, B, S
and P be selfmappings of X such that the following
conditions are satisfied :

© ARX) S(X) , B(X) P(X),

»  There exists k (0,1) such that for every x,y X and t
>0,

FAx,By(kt) {FPx,Sy(t) FAx,Px(t) FBy,Sy(t) FAx,Sy(t)}

I—Ax,By(kt) {LPx,Sy(t) I—Ax,Px(t) I—By,Sy(t) LAx,Sy(t)}!

«  Either A or P is continuous,

and

e The pair {A,P} and {B,S} are both compatible of
type (Py) or type (Py),

Then A, B, S and P have a unique common fixed point in X.

If weputS=T=P=Q = Ix (the identity map on X) in
corollary 3.2, we have the following:

Corollary 3.4. Let (X, F, L, ,) be a complete intuitionistic
Menger space with tt tand (1-t) (1-t) (1-t) and let Abe a
continuous mapping from X into itself . There exists k (0,1)
such that for every x,y X andt>0,

FAx,Ay(kt) {Fx,y(t) FAx,x(t) FAy,y(t) FAx,y(t)}

and Laxay(Kt) {Ly() Laxx(t) Layy(t) Laxy(D)}, then A
has a unique fixed point in X.

Now , we give an example to illustrate Corollary 3.3

Example 3.5. Let X = [0,1] with the metric d defined by
d(x,y) = x -y and for each t [0, 1] define

[ ﬁ L ift=0
Fault) = l 0 Cif t=0
m , ift=0
L 0 L if t=10 L
( r-I--;—;-| L ift=0
L 0 ,if t=10
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[1]

[2]
(3]
[4]

[5]
6]

[7]
8]
[9]
[10]

{ w0

l 0 ,if t=0  _
|2~ 51 e

[ ryparl if t=0

l 1 ,if t=0
|2~ 51 e

[ =y o o

l 1 ,if t=0

forall x,y X.Clearly (X, F,L,,)isacomplete
intuitionistic Menger space where is defined by tt tand is
defined by (1-t) (1-t) (1-t). Define A,P,BandS: X X
by

T Ty T

Ax=** | Sx= 22  Bx =%% Px=x respectively.
Then A, P, B and S satisfy all the conditions of Corollary
11

3.3 with k[ *%,1) and have a unique common fixed point 0
X.
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