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1. Introduction
In 1996, Dontchev [11] introduced a new class of functions called contra-continuous functions. He defined a function

f: X — Y to be contra-continuous if the pre image of every open set of Y is closed in X. In 2007, Caldas et al.
[9] introduced and investigated the notion of contra g-continuity. This notion received a proper attention and some
research articles came to existence.

In this paper, we study the generalization of contra-continuity called contra gy- continuity. It turns out that the
notion of contra gy-continuity is a weaker form of contra y-continuity [24] and a stronger form of contra mgy-
continuity [29].

2. Preliminaries

Throughout this paper, spaces (X, t) and (Y, o) (or simply X and Y) always mean topological spaces on which no
separation axioms are assumed unless explicitly stated. Let A be a subset of a space X. The closure of A and the
interior of A are denoted by clI(A) and int(A), respectively. A subset A of X is said to be regular open [34] (resp. regular
closed [34]) if A = int(cl(A)) (resp. A = cl(int(A))). The finite union of regular open sets is said to be n-open [36].
The complement of a =-open set is said to be n-closed [36].

Definition 2.1. A subset A of a space X is said to be

(1) pre-open [22]if A C int(cl(A)); (2) pre-closed [22]if cl(int(A)) € A; (3) semi-open [19]if A C cl(int(A)); (4)
B-open [1]if A € cl(int(cl(A)));

(5) b-open [6] or sp-open [12]or y-open [14]if A < cl(int(A)) v int(cl(A));
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(6) y-closed [14]if int(cl(A)) N cl(int(A)) € A;
(7) g-closed [20]if cl(A) € U whenever A € U and U is open in X;
(8) gp-closed [27]if pcl(A) € U whenever A € U and U is open in X;
(9) gy-closed [13]if ycl(A) € U, whenever A € U and U is open in X;
(10) mgp-closed [28]if pcl(A) € U whenever A € U and U is m-open
in X;
(11) mgy-closed [32]if ycl(A) <€ U whenever A € U and U is m-open in X.

The complements of the above closed sets are said to be open sets.

The complements of the above open sets are said to be closed sets.

The intersection of all pre-closed (resp. y-closed) sets containing A is called pre-closure (resp. y-closure) of A and
is denoted by pcl(A) (resp. ycl(A)).

The family of all gy-open (resp. gy-closed, closed) sets of X containing a point X € X is denoted by GyO(X, X)

(resp. GyC (X, x), C(X, x)). The family of all gy-open (resp. gy-closed, closed, semi-open, y-open) sets of X is
denoted by GyO(X) (resp. GyC (X), C(X), SO(X), yO(X)).

Definition 2.2. Let A be a subset of a space (X, 1).
(1) The set n{U €t : A € U}is called the kernel of A [23]and is denoted by ker(A).

(2) The set ~{F : F is gy-closed in X : A € F}is called the gy-closure of A
[16] and is denoted by gy-cl(A).

(3) The set U {F : F is gy-open in X : A 2 F}is called the gy-interior of A

[16] and is denoted by gy-int(A).

Lemma 2.3. [18] The following properties hold for subsets U and V of a space (X, 1).

(1) x € ker(U) if and only if U N F = @ for any closed set F € C(X, X);
(2) U € ker(U) and U = ker(U) if U is open in X;
(3) If U cV, then ker(U) < ker(V).

Lemma 2.4. Let A be a subset of a space (X, 1), then
(1) gy-cl(X-A) = X-gy-int(A);

(2) x € gy-cl(A) ifand only if ANU # @ for each U € GyO(X, X) [2];
(3) If Alis gy-closed in X, then A = gy-cl(A).

Remark 2.5. [3]If A = gy-cl(A), then A need not be a gy-closed.

Example 2.6. [3]Let X = {a, b, c, d, e, f}and © = {0, X, {a, b}, {c, d}, {a, b, c, d}}. Take A = {a, b, c, d}.

Clearly gy-cl(A) = A but A is not gy-closed.

Lemma 2.7. [6] Let A be a subset of a space X. Then ycl(A) = A U [int(cl(A)) N cl(int(A))].
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Definition 2.8. [4] A function f: X — Y is called contra gy-continuous if f'l(V) is gy-closed in X for every
open set V of Y.

Theorem 2.9. [2] The followingare equivalent for a function f: X - Y :
(1) fis contra gy-continuous;

(2) The inverse image of every closed set of Y is gy-open in X;
(3) For each x € X and each closed set V in Y with f(x) € V, there
exists a gy-open set U in X such that x e U and f(U) cV;

(4) f(gy-cl(A)) < Kker(f(A)) for every subset A of X;

G) gy-cl(f1(B)) cfl(ker(B)) for every subset B of Y.
Definition 2.10. A function f: X — Y is said to be

(1) completely continuous [7] (resp. perfectly continuous [26], gy-continuous [5]) if Fl(V) is regular open (resp.
clopen, gy-open) in X for every open set V of Y;

(2) contra-continuous [11] (resp. contra pre-continuous [17], contra y-continuous [24]) if Fl (V) is closed (resp.

pre-closed, y-closed) in X for every open set V of Y;

(3) contra g-continuous [9] (resp. contra gp-continuous [10]) if f l(V) is
g-closed (resp. gp-closed) in X for every open set V of Y;

(4) contra m-continuous [10] (resp. contra mgp-continuous [10],contra mtgy-

continuous [29]) if f'l(V) is m-closed (resp. mgp-closed, mgy-closed) in
X for every openset V of Y.

Remark 2.11. [2, 10, 24, 29] For the functions defined above, we have the following implications:

contra w-continuity

contra-continuity __,  contra pre-continuity

/

contra y-continuity

l

contra gy-continuity =~ <«——— contra gp-continuity

contra ngy-continuity <«——— contra ngp-continuity

None of these implications is reversible.

The following properties and characterizations of contra gy-continuous functions are already obtained.

Further properties are to be discussed in this paper.
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Theorem 2.12. [2] If a function f: X — Y is contra gy-continuous and Y is regular, then fis gy-continuous.

Theorem 2.13. [2] Let {Xj : i € Q} be any family of topological spaces. If a function f: X — I Xj is contra gy-
continuous, then Prj of: X — Xj is contra gy-continuous for each i € Q, where Prj is the projection of []Xj onto
Xj.

Definition 2.14. [2] A space (X, 1) is said to be gy-connected if X cannot be expressed as the disjoint union of

two non-empty gy-open sets.

Remark 2.15. [2] A contra gy-continuous image of gy-connected space is connected.

Definition 2.16. [2] The graph G(f) of a function f: X — Y is said to be contra gy-graph if for each (x, y) € (X x
Y)\G(f), there exist a gy-open set U in X containing x and a closed set V in Y containing y such that (U x V) N G(f
) =0.

Lemma 2.17. [2] A graph G(f) of a function f: X — Y is contra gy-graph in X xY if and only if for each (x, y) €
(X x Y)\G(f), there exist a U € GyO(X) containing x and V € C(Y) containing y such that f(U) NV = @.
Theorem 2.18. [2]If f: X — Y is contra gy-continuous and Y is Urysohn,  G(f) is contra gy-graph in X xY.
Theorem 2.19. [2] Let f: X — Y be a function and g : X — X x Y the graph function of f, defined by g(x) =

(x, f(x)) for every x € X. If g is contra gy-continuous, then f is contra gy-continuous.
Definition 2.20. A topological space X is said to be

(1) gy-normal [2] if each pair of non-empty disjoint closed sets can be separated by disjoint gy-open sets.
(2) Ultra normal [33] if for each pair of non-empty disjoint closed sets can be separated by disjoint clopen

sets.

Theorem 2.21. [2]If f: X — Y is a contra gy-continuous, closed injection and Y is Ultra normal, then X is gy-
normal.
3. Contra gy-continuous functions

Further study of contra gy-continuous functions are given in this section.

Definition 3.1. A function f: X — Y is said to be
(1) gy-semiopen if f(U) € SO(Y) for every gy-open set U of X;

(2) contra-1(gy)-continuous if for each x € X and each F € C(Y, f(x)),

There exists U € GyO(X, x) such that int(f(U)) < F.

Theorem 3.2. If a function f: X — Y is contra-1(gy)-continuous and gy-semiopen, then fis contra gy-continuous.

Proof. Suppose that x € X and F € C(Y, f(x)). Since f is contra-1(gy)-continuous, there exists U € GyO(X, x) such
that int(f(U)) < F. By hypothesis f is gy-semiopen, therefore f(U) € SO(Y) and f(U) < cl(int(f(U))) < F. This

shows that f is contra gy-continuous.
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Lemma 3.3. For a subset A of (X, 1), the followingstatements are equivalent.
(1) A is open and gy-closed,;
(2) Ais regular open.
Proof. (1) = (2): Let A be an open and gy-closed subset of X. Then ycl(A) € A and so int(cl(A)) € A holds. Since A
is open then A is pre-open and thus A <int(cl(A)). Therefore, we have int(cl(A)) = A, which shows that A is regular
open.
(2) = (1): Since every regular open set is open, then, by Lemma 2.7, ycl(A) = Aand ycl(A) € A. Hence A is gy-
closed.
Theorem 3.4. Fora function f: X — Y, the followingstatements are equivalent.

(1) fis contra gy-continuous and continuous;

(2) fis completely continuous.

Proof. (1) = (2): Let U be an open set in Y. Since f is contra gy-continuous and continuous, Fl(U) is gy-closed
and open, by Lemma 3.3, Fl(U) is regular open. Then fis completely continuous.
(2) = (1): Let U be an open set in Y. Since f is completely continuous, Fl(U) is regular open, by Lemma

3.3, Fl(U) is gy-closed and open. Then fis contra gy-continuous and continuous.

Definition 3.5.

(1) A subset A of a topological space X is said to be Q-set [21] if
int(cl(A)) = cl(int(A)).

(2) Let f: X — Y bea function. Then fis called Q-continuous if Fl(U) is Q-setin X for each open set U of Y.
Lemma 3.6. For a subset A of X, the followingstatements are equivalent:

(1) A is clopen,
(2) A'is open, Q-set and gy-closed.

Proof. (1) = (2): Let A be a clopen subset of X. Then A is closed and open. Therefore, A is Q-set. Since every
closed is gy-closed then A is gy-closed.

(2) = (1): By Lemma 3.3, A is regular open. Since A is Q-set, A = int(cl(A)) = cl(int(A)). Therefore, A is

regular closed. Then A is closed. Hence A is clopen.

Theorem 3.7. For a function f: X — Y, the followingstatements are equivalent.

(1) fis perfectly continuous;
(2) fis continuous, Q-continuous and contra gy-continuous.

Proof. It obtained from the above Lemma.

Theorem 38. Let f: X > Y and g: Y — Z be a function. Then the following holds:
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(1) If fis contra gy-continuous and g is continuous, then go f: X — Z is contra gy-continuous;
(2) If fis gy-continuous and g is contra-continuous, then go f: X — Z is contra gy-continuous;
(3) If fis contra gy-continuous and g is contra-continuous, then

gof: X — Zis gy-continuous.

Definition 3.9. A space (X, 1) is called Tgs [16] if every gy-closed set is y-closed.

Theorem 3.10. Let f: X — Y be a function. Suppose that X is a Tgs space. Then the followingare equivalent.
(1) fis contra gy-continuous;
(2) fis contra y-continuous. Proof. Obvious.

Definition 3.11. For a space (X, 1), gry = {U c X : gy-cl(X\U) = X\U}.

Theorem 3.12. Let (X, 1) be a space. Then
(1) Every gy-closed set is y-closed (i.e. (X, 1) is Tgs) if and only if grY = v0(X);

2) Ever -closed set is closed if and only if gt/ = .
( y gy yifg

Proof. (1) Let A ¢ gry. Then gy-cl(X\A) = X\A. By hypothesis, ycl(X\A) = gy- cI(X\A) = X\A and hence A ¢
YO(X).
Conversely, let A be a gy-closed set. Then gy-cl(A) = A and hence X\A ¢ gry = yO(X), i.e. Ais y-closed. (2)

Similar to (1).

Theorem 3.13. If gtY =t in X, then for a function f: X — Y the following are equivalent:

(1) fis contra gy-continuous;
(2) fis contra g-continuous;

(3) fis contra-continuous.
Proof. Obvious.
4. Properties of Contra gy-continuous functions
Definition 4.1. A space X is said to be gy-T, if for each pair of distinct points xand y in X, there exist gy-

open sets U and V containing x and y respectively, suchthat y # U and x ¢ V.

Definition 4.2. A space X is said to be gy-T2 [35]if for each pair of distinct points x and y in X, there exist U ¢
GyO(X, x) and V € GyO(X, y) such that U NV = 2.

Theorem 4.3. Let X be a topological space. Suppose that for each pair of distinct points x, and x, in X, there

exists a function fof X into a Urysohn space Y such that f(x,) # f(x,). Moreover, let f be contra gy-continuous at x;

and x,. Then Xis gy-T,.
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Proof. Let x, and x, be any distinct points in X. Then suppose that there exist an Urysohn space
Y and a function f: X — Y such that f(x,) # f(x,) and fis contra gy-continuous at x, and x,. Let
w = f(x,) and z = f(x,). Then w = z. Since Y is Urysohn, there exist open sets U and V containing

w and z, respectively such that cl(U) N cl(V) = @. Since f is contra gy-continuous at X, and x,,
then there exist gy-open sets A and B containing x, and x,, respectively such that f(A) < cl(U) and

f(B) ccl(V). So we have A N B = @ since cl(U) ncl(V) = @. Hence, X is gy-T,.

Corollary 4.4. If fis a contra gy-continuous injection of a topological space X into a Urysohn space Y, then X is
gy-T2 .
Proof. For each pair of distinct points x, and x, in X and fis contra gy-continuous function of X into a Urysohn
space Y such that f(x,) # f(x,) because fis injective. Hence by Theorem 4.3, X is gy-T,.
Theorem 4.5. For a space X, the followingare equivalent:

(1) X is gy-connected;

(2) The only subsets of X which are both gy-open and gy-closed are the
empty set ¢ and X;

(3) Each contra gy-continuous function of X into a discrete space Y with at least two points is a constant

function.
Proof. (1) = (2): Suppose S c X is a proper subset which is both gy-open and gy- closed. Then its complement X
— S is also gy-open and gy-closed. Then X = Su (X —S), a disjoint union of two non-empty gy-open sets which
contradicts the fact that X is gy-connected. Hence, S = @ or X.
(2) = (1): Suppose X = AuB where ANB =0, A= 0,B = ©and A and B are gy-open. Since A =X —B, A'is
gy-closed. But by assumption A = @ or X, which is a contradiction. Hence (1) holds.

(2) =(3): Let f: X — Y be contra gy-continuous function where Y is a discrete space with at least two points.
Then Fl({y}) is gy-closed and gy-open for each y € Y and X = u{Fl(y) : Yy € Y}. By hypothesis, Fl({y}) =0or
X |If Fl({y}) = Qfor all y € Y, then fis not a function. Also there cannot exist more than one y € Y such that f
l({y}) = X. Hence there exists only one y € Y such that Fl({y}) = X and fl({yl}) =0 where y # y, € Y. This

shows that fis a constant function.

(3) =(2): Let P be a non-empty set which is both gy-open and gy-closed in X. Suppose f: X — Y is a contra
gy-continuous function defined by f(P) = {a} and f(X\P) = {b} where a # b and a, b € Y. By hypothesis, fis

constant. Therefore P = X.

Definition 4.6. A subset A of a space (X, t) is said to be gy-clopen [35]if A is both gy-open and gy-closed.

Theorem 4.7. If fis a contra gy-continuous function from a gy-connected space X onto any space Y, then Y is
not a discrete space.

Proof. Suppose that Y is discrete. Let A be a proper non-empty open and closed subset of Y. Then Fl(A) is a

proper non-empty gy-clopen subset of X which is a contradiction to the fact that X is gy-connected.
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Definition 4.8. A space (X, t) is said to be submaximal [8] if every dense subset of X is open in X and

extremally disconnected [25] if the closure of every open set is open.

Note that (X, t) is submaximal and extremally disconnected if and only if every B-open set in X is open [15].

Note that (X, t) is submaximal and extremally disconnected if and only if every y-open set in X is open (We
know that y-open set is B-open) [30].

Theorem 4.9. If A and B are gy-closed sets in submaximal and extremally disconnected space (X, 1), then AU B is
gy-closed.

Proof. Let AU BC U and U be open in (X, t). Since A, B €U and A and B are gy-closed, ycl(A) € U and
ycl(B) € U. Since (X, t) is submaximal and extremally disconnected, ycl(F) = cl(F) for any set F € X. Now ycl(A
U B) = ycl(A) v ycl(B) € U. Hence Au B is gy-closed.

Lemma 4.10. Let (X, t) be a topological space. If U, V € GyO(X) and X is submaximal and extremally

disconnected space, then U NV ¢ GyO(X).

Proof. Let U, V € GyO(X). We have X\ U, X\V € GyC(X). By Theorem 4.9, (X\U) U (X\V) =X\ (UNV) ¢
GyC(X). Thus, UNV € GyO(X).

Theorem 4.11. If f: X - Y and g: X — Y are contra gy-continuous, X issubmaximal and extremally

disconnected and Y is Urysohn, then K = {x ¢ X : f(x) = g(x)} is gy-closed in X.

Proof. Let x ¢ X\K. Then f(x) # g(x). Since Y is Urysohn, there exist open sets U and V such that f(x) € U, g(x)
e Vand cl(U) ncl(V) = 2. Since fand g are contra gy-continuous, Fl(cI(U)) £ GyO(X) and g’l(cI(V)) £ GyO(X).
Let A = Fl(cI(U)) and B = g‘l(cI(V)). Then A and B contains x. Set C = A N B. C is gy-open in X. Hence f(C) N
g(C) =Q%and x ¢ gy-cl(K). Thus K is gy-closed in X.

Definition 4.12. A subset A of a topological space X is said to be gy-dense in X if gy-cl(A) = X.

Theorem 4.13. Let f: X - Y and g: X — Y be contra gy-continuous. If Y is Urysohn and f =g on a gy-
dense set A € X, then f=gon X

Proof. Since f and g are contra gy-continuous and Y is Urysohn, by Theorem 4.11, K = {x ¢ X : f(x) = g(x)} is
gy-closed in X. We have f = g on gy-dense set A c X.Since A S K and A is gy-dense set in X, then X = gy-cl(A)
cgy-cl(K) =K. Hence, f = g on X.

Definition 4.14. A space X is said to be weakly Hausdroff [31]if each element of X is an intersection of regular
closed sets.

Theorem 4.15. If f: X — Y is a contra gy-continuous injection and Y is weakly Hausdroff, then X is gy-T,.
Proof. Suppose that Y is weakly Hausdroff. For any distinct points x; and x, in X there exist regular closed sets

Uand V in Y such that f(x;) ¢ U, f(x,) ¢ U, f(x,)¢ V and f(x,) € V. Since f is contra gy-continuous, Fl(U) and

f‘l(V) are gy-open subsets of X such that x, € Fl(U), X, ¢ f‘l(U), X, Fl(V) and x, € Fl(V). This shows that
Xis gy-T,.
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Theorem 4.16. Let f: X — Y have a contra gy-graph. If fis injective, then X
isgy-T,.

Proof. Let x, and x, be any two distinct points of X. Then, we have (x,, f(x,)) € (X x Y)\G(f). Then, there exist

a gy-open set U in X containing x, and F ¢ C(Y, f(x,)) such that f(U) N F = @. Hence U N f‘l(F) = (. Therefore,
we have x, ¢ U. This implies that X is gy-T,.

Definition 4.17. A topological space X is said to be Ultra Hausdroff [33]if for each pair of distinct points x and y

in X, there exist clopen sets A and B containing x and Y. respectively such that AN B = 0.

Theorem 4.18. Let f: X — Y be a contra gy-continuous injection. If Y is an Ultra Hausdroff space, then X is gy-
T

2"

Proof. Let x, and x, be any distinct points in X, then f(x) = f(x,) and there exist clopen sets U and V

containing f(x,) and f(x,) respectively, such that U NV = Q. Since f is contra gy-continuous, then Fl(U) €

GyO(X) and f1(V) € GyO(X) suchthat f1(U) nfL(V) = 0. Hence, X is gy-T,.
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