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Abstract:- For any (p,q) graph G, the middle graph of a graph G, is denoted by M(G), is a graph whose vertex set is V(G)U E(G), and two
vertices are adjacent if they are adjacent edges of G or one is a vertex and other is an edge incident with it. The regular number of the M(G) is the
minimum number of subsets into which the edge set of M(G) should be partitioned so that the subgraph induced by each subset is regular and is
denoted by 7, (G). In this paper some results on regular number of r,(G) were obtained and expressed in terms of elements of G.
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I.  INTRODUCTION :

All graphs considered here are simple, finite, and non-trivial. As usual p and g denote the number of vertices and edges of a graph
G and the maximum degree of a vertex in G is denoted by A(G). A vertex v is called a cutvertex if removing it from G increases
the number of components of G. A graph G is called trivial if it has no edges. The maximum distance between any two vertices in
G is called a diameter and is denoted by diam(G). The path and tree numbers were introduced by Stanton James and Cown in®°.
Any undefined term in this paper may be found in®.A tree is called a binary tree if it has one vertex of degree 2, and each of the
remaining vertices is of degree 1 or 3. The middle graph of G, is defined with the vertex set V(G)U E(G) where two vertices are
adjacent if and only if they are either adjacent edges of G or one is a vertex and the other is an edge incident with it and it is
denoted by M(G). The edge set independence number B;(G) is the minimum order of partition of E(G) into subsets so that the
subgraph induced by each set must be independent. The independence number B;(G) is the maximum cardinality of an edge
independent set in G. Let G = (V ,E ) be agraph. Aset D' C V is said to be a dominating set of G, if every vertex in (V —D") is
adjacent to some vertex in D'. The minimum cardinality of vertices in such a set is called the domination number of G and is
denoted by y(G). A dominating set is said to be total dominating set of G, if N(D) = V or equivalently, if for every v € V, there
exists a vertex u € D', u # v, such that u is adjacent to v. The total domination number of G, denoted by y, (G) is the minimum
cardinality of total dominating set of G. Domination related parameters are now well studied in graph theory. Total domination in
graphs was studied by E.J.Cockayne, R.M.Dawes, and S.T.Hedetniemi in®. This concept was studied by M.A.Henning in* and was
studied, for example in>®® 9. A dominating set D of L(G) is a regular total dominating set (RTDS) if the induced subgraph < D >
has no isolated vertices and deg(v) =1, Vv € D. The regular total domination number y,, (L(G)) is the minimum cardinality of a
regular total dominating set. The regular total domination in line graphs was studied by M.H.Muddebihal, U.A.Panfarosh and
Anil.R.Sedamkar in'®. Total domination and total domination subdivision numbers of graphs were studied by O. Favaron, H.
Karami and S. M. Sheikholeslami in?. On complementary graphs was studied by E. A. Nordhaus and J. W. Gaddum in** The
regular number of graph valued function were studied by M.H.Muddebihal, Abdul Gaffar, and Shabbir Ahmed in** and also
developed in" *# 3,

1. RESULTS :

The following results are obvious, hence we omit the proof .
Theorem 1 : For any graph G, M(G) is not regular.

Proof : We discuss the regularity of middle graph M(G) of a graph G in the following two cases.

Case 1 : Suppose G is r(> 1) regular. Then every edge of G is adjacent with r + k number of edges, r =2,3,4,... ; k=0, 1,
2,.....Since S(G) €« M(G) and V v; € S(G), degs(y(v;) > deguc)(v;), then M(G) is not regular.

Case 2 : Suppose G is not a regular graph and consider a vertex v in G such that deg(v) # A(G). Then in M(G), deg;(v) =
degy (V). Since G is not a regular graph, then M(G) is also not regular. Hence for any graph G, M(G) is not regular.
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Now, we give the exact value of the regular number of a middle graph of a path with p > 4 vertices.
Theorem 2 : For any path B, , with p > 4, then r,(B,) = 3.

Proof : Let P, 1e; = vy, €; = V3 ,€3 = V3V, ..., €2 = Vp_2Vy_1 ,€y_1 = V,_1V, beapath. Now, in M(Pp) ,
VIMB)] ={v1 vz, v3,..., V51,0 YU{vy,05,v3,...,0,_1}and E[M(P))] ={e; =vv; , e, =1,V3 , €3 = V34, ...
p—3 = Vp_3Vp_z , €y = Vp_oVy_q }. LU, = {110, , 030404, UsV6Vs - -+, Vp_3Vp—_2Vp—2 }

Fy = {vyv3v3 , 04V5V5 , Vs 0707 , . . ., Vp_aVp_1V,_y }and F3 = { v;vyand v,_;v, } be the minimum regular partition of M(B, ).
Hence,

TM(Pp) ={F,F,F}

m(B,) = 3.
In the following theorem we establish the regular number of a middle graph of a complete graph.

Theorem 3 : For any complete graph K, with p >3, then r, (K,,) = % ; if pis odd.

[%] +1 ;if piseven.

Proof : Suppose ¢ = K, with V[K,] ={v, v, v3,..., 01,1, }; E[K,]= {e1,e;, e3,..., epp-1 }. Now we consider
2
e = vi , €y = Vé ,e3 = vé vy Bpp-1) = v,',(,,_l) be the set of vertices and V[M(Kp)] ={v v, v3,..., Vp_1,Vp ju {vi
7 =
Vg, Vs, ... V- }. INK, , every edge is adjacent to 2(p —2) edges. Then clearly in M(G), the vertices { v; , vy , V3 , ...,
2

v;,(p_l) } are adjacent to 2(p —2) vertices. Then we consider the following two cases.
2

Case 1: If p is odd, then

Fi={vy, vy, vs,..., vi,,(,,_l)_l] ,Up-1) } IS asingle partition such that v v, € F, , degr, (v;) = 2(p —2).
2 2

Fy = {0,010, 003030, . . . vp_lv;,_lvpvl;vl } is a 2- regular partition. , F3, F, , ...,
Fo = { "1V 1 V3Vpo1)_ 1VsVpeot)_ V7 - - - Vp—3Vpeot) . 1Vp—1Vpe-n), V1)
" ppz [ppz _1] [ppz _2] P [pp4 +2] P [pp4 +1]

Thus,

TM(Kp):l{Fl' F21F31"'1Fn }l

_ ptl

T'M(Kp) = T

Case 2: If piseven, then

Fi={v ,vy,v5,..., vip(,,_l)_ll ,Vye-1y } is a single partition with 2(p —2) regular.
2 2

Fy = {v1v1v,0,V3V30, . .. Vy_1 V1V, U, vy }iS @ 2-regular partition.
F3 = {v1vp11V3Vp13Vs . . Vp_1Vpp 1 V1 V2Vpy2VaVpials - - - VpVgpVs }
Fy = {v1V2p 11VaV0p 1207 - . Vp2V3p i}, - -,
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Fpa= {17117;@2—1) , vzvtpwz—n ] 17317ip(p2—1> RS vpvip(PZ—l) 1) }
E, = {Vp(p2—1)17[%+ 1] Vet y]V[ee2) Ve o) Ves] e Ve ) V] ¥
Thus,

rM(Kp)zl{Fl' F21F3""1Fn—1v Fn}l

wm(K) = F, F2,F3,... ., Fo1} + 1

1
n() = [ +1.

Next we establish the sharp value for 7y, (G) of a cubic graph.
Theorem 4 : For any cubic graph G, with p = 4, then r, (G) = 4.

Proof : Letv; v,, vs,...,v,_1,V, be the vertices of a cubic graph such that degv; =3 for 1 < i < p. Let e;,e;,e3,...,
e(-1) " °(2) be the edges of a cubic graph such that e; = v, v, = vy ,e, = VU3 = vy, €3 = V3V = V3 ..., ew-1)=
2 2

5

Y1) T ) 0 T T ) T M) ) T ) B T ) ) T M)

“G+3) T VB+3) G T

’

v(%+3) peees €p = Up_qU = v;,_l e = vpv(%ﬂ) = vz; and e 41y = vlv(%ﬂ) = v;,+1 yeptz) = vzv(%”) =Vpy2,
ep+3) = v3v(%+3) = v;,+3 e 3(3717_1) = v(%_l)vp_l = v'(z,Tp_l) , 6(3711) = v(%)vp = vl(%p).

Now, in M(G), VIM(G)] = {vy ,v;, v3,...,vp_1,030{vy , V5,5, ..., vép_l) , vép)} . In any cubic graph G, every edge
is adjacent to 4 edges. Then, clearly the degree of each vertex of the vertex set {v; , v, , v3 , ..., v&%p_ 1) vép)} is 4. Further,

F={vvyvs ..., ViV, v, U UV Vg .. . Vssp Vg3 }is asingle partition of 4 regular. Now A =
AR Ve ) ) et V) T BASOED ‘
2
be the two sets such that each < A > and < B > are edge disjoint cycles. Thus F, = {AUB}. Further F; = {vlv,',+1 ; vzvz',Jr2 ,

{viv VvV 131 ... v(%_l)v(g_l)v(g)v(%)vl }and B = {v(%H)v(%H)v(%”)v(%”)v(%H) ca vp_lvp_lvpvpv(%ﬂ) }

' ’

R o e R O O R e R R e R R ek R AR DR

v(g_p)vp } . Let F be the minimum regular partition of the cubic graph, then
2

m (G) = |F|
m(G) = 4.
In the next result we obtain the regular number of a middle graph of a complete bipartite graph.

Theorem 5: For any complete bipartite graph K, ,, for 1 < m < n then

rM(Km,n)=%+l ; ifn=0(modm)

= L%J+m+l ifn =1 (modm).
Proof : Let K,, ,, be a complete bipartite graph with 1 < m < n. In M(K,,, ,), VIM(K,, ,)]= V(G) U q, since V; UV, = V(G) then
VIM(K,, )]= V1 U V, U V3 where Vg € V3. Every edge of K, , is divided by a new vertex. In K,, ,, there are mn number of

edges then, clearly there are mn number of vertices mn =q € V5 . In M(K,, ,,) Y v; € V3 are adjacent to each other and form
(m + n - 2) regular. Now, we consider the following two cases.
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Casel:Ifn=0(modm), thenclearly F ={F, F,, Fs,..., F,} is the minimum regular partition of K,,, ,, such that the
subgraph induced by each F; i.e, < F; > is K, ,,, for 1 < i < t. Thus,

T (Kmn) = 1F| + 1.
=t + 1.
:%+ 1.
==+ 1,
Case2:Ifn=1(modm),thenn —1 = 0 (mod m) and hence,

TM(Km,n) = 7"M(Km,n—l) + 7"M(Km,l) +1
=il
m
= [lj +m+1.
m
In the following theorem we determine the exact value of a regular number of a middle graph of a star.

Theorem 6 : For any star K ,, , then r, (K ,) = 2.

Proof : LetG =K, ,E(G)={e; = vvy, e, = vv, , e3= vv3,...,e, = vv, }. Further vy, Vg, V3,..., 1, arethe
vertices divide each edge of E(G) such that { vv; , vv, , vvs , ..., vv, } gives an induced subgraph < K;,,, > in M(G). Now we
consider a partition such as Fy = {vvy , vy , vv3, ..., vy, yand F, = {vyvy , vv; , 1303, ..., V0, }. Hence myy = |Fy
F2 | = 2

Next, we develop the result which establishes the relationship between ry, (G) and diam(G).
Theorem 7 : For any non trivial graph G, ry, (G) < p —diam(G) + 2.

Proof :Let Pp TV1Vy, VU3, U3V ... ,Up_lvp be a path on dlam(G) +1.: Let €1 = V1Vy,e; = VU3, €3 = V3Vs , ...,
€y—2 = Vp_aVp_1 , €1 = Vp_17, be the edges of P, . In M(B,) , the edges

{ei,e;,e3,...,e, 1} aredivided by the new vertex set {v; , v, , v3,...,v,_; }Withe; = v; for 1 < i <p — 1 and join
these vertices by the new edge set {e; , e; , e3,...,€e,_3 , e, y}suchthate; =vv, , e, =v,v3 , €3 = V3V, ,... .6, 3 =
Up_317p_2 ) ep_z = vp_zvp_l . Then Clearly F1:{U1v21]2 ) U3U4U4 ) U5U6U6 gy Up_gvp_zvp_z} B FZ = {V2V3173 B
_1V,_q }and F3 = {v;v; , v,_yv, } is the minimum regular partition of M(B,).

v;vsvé ) vév7v’7 e ,vz;_zvp
Hence,
m(G) < | F|
my(G) < p —diam(G) + 2.
Now, we prove the following result to prove our next result.
Theorem 8 : For any graph G, r, (G) < q — 5, (G) + 2.
Proof : Let S be a maximum edge independent set in G. Then E — S has at most |[E — S| edge independent sets. Thus,
m(G) <|E -S|+ 2.
m(G) <q—pi(G) + 2.
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Now, the following result determines the upper bound on 7y, (G).

Theorem 9 : For any graph G, ry(G) < 2q —p + 2.

Proof : By Theorem 8, we have

mw(G) <q—p1(G) + 2.

Since, B1(G) = v ().

This implies,

m(G@) <q-y(G)+ 2.

Where y'(G) is the edge domination number of G.

Also,p —q < v (6).

Thus,

mG)<q-(pP-q+ 2

m(G)<qg—-p+q+ 2.

m(G) <2q—p+ 2.

In the next result we obtain Nordhaus-Gaddum type result on 7y, (G).

Theorem 10 : For any graph G, G # K, , 14(G) + 74(G) < p(p — 3) + 4.

Proof : By Theorem 9, we have

m(G) <2q—p+ 2.

m(G) <24 —p+2.

m(G) + my(G) <2(g +q) —2p + 4.

m(G) + m(G) <2(8) —2p + 4.

() + my(6) < 2222 —2p + 4.

mw(G) + my(G) <plp—-1) —2p+4

i (G) + my(G) < p(p—3) + 4.

Next, we develop the regular number of a middle graph of a wheel.

Theorem 11 : For any wheel W, , with p > 4 vertices then
rM(Wp) = 3 ;if pisodd.

=4 ;if piseven.

Proof : LetV; = {v; v,, vs,...,v, } be the vertices of W, such that degv; =3 for1 <i <p —1anddegv, =p — 1. Let {
61,62,63,...,ep_l},{ei,eé,eé,...,er’,_l}betheedgesofl/l/psuchthatei = vy for 1<i<p-2,e,_1= 11,4
ande; = vy, for1 < i <p—1.InM(W,), the edge set {e; ,e;,e3,...,e, }and{e;,e;,e3,...,e, 4 } which divides by
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"

thenewsetV, = {vy , vy, v3,..., v, }and Vs = {v, ,v; ,v3 ,...,v, 1} respectively. Then, clearly V; U V, U V3 U v,
€ Vu(W, ). Now, we consider the following two cases.

Case 1: If p is odd, then p — 1 is even and hence,

roonor ’

Fy = {vjvy vV , VsV VgV , VsVg UV ..., vp_zv;_lv;,_lvp_l } be a 3-regular partitions.
Fy = {Vyv3 V3V3 , VyVs UsVs , VgVUy VgVy ..., D4V v;,_lvl } be a 3-regular partitions.
Fy={vv,v3vy ..., v,_ov, 11, }isacomplete graph and it is (p — 1) regular graph.
Let F be the minimum regular partition of M(W4;,).
Thus,

ru(W,) = |F|

(W) =3.
Case 2 : If p is even, then p — 1 is odd and thus,
Fy = {vjvy VU , VsUy VgV , VsVg UV ..., v;,_3v;_2v;,_2vp_2 } be a 3-regular partitions.
Fy = {Vyv3 V33 , VyVs UsVs , VgUy UsVy ..., vz’,_zv;_lv;,_lvp_l } be a 3-regular partitions.

F3 = {v,_yv;v; vy } be a 3-regular partition and
Fy={vivyvsv, ..., v,yv, 1V, }be acomplete graph and it is (p — 1) regular graph.
Let F be the minimum regular partition of M(W,).
Hence,
(W) = IF|
i (Wp) = 4.
Next, we establish the result which gives the relationship between r,, (W) and A(W5,).
Where A(W,) is the maximum degree of W, .
Corollary 12 : For any wheel W, , with p > 5 vertices then

m(W,) < A(W,) — 1. Where A(W,) is the maximum degree of W, .

Proof : By Theorem 11, if p is odd, then ry, (W;,) = 3 and if p is even, then r, (W, ) = 4. Clearly, if p =5, then A(W, ) = 4 and By
Theorem 11, we have ry, (W,) = 3.

Hence,
(W) = A(W,) — 1.
Similarly, if p = 6, then A(W,,) = 5 and By Theorem 11, we have

i (Wp) = 4.
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Thus,

na(,) = A(W,) — 1.
In succession if p = 7, then A(W, ) = 6 and By Theorem 11,

mu(Wp) = 3.
Hence,

(W) < A(W,) ~ 1.

In the following theorem we establish the regular number of a middle graph of a binary tree.
Theorem 13 : For any non trivial binary tree T,

2 ; ifp=3.

mu (T)

3 ifp=>5and p=7.

4 ; ifp=09.

Proof : Let T be a non trivial binary tree. Then, we consider the following three cases.

Case 1:Ifp = 3, letv; v, , v3 be the vertices of T, such that deg(v;) = deg(v3) = 1 and deg(v,) = 2. Let
e; = vV, and e, = v,v; be the edges of T. In M(T), the edges e; and e, which divides by the new vertex set { v; , v, } and
join these vertices by the new edge. Let F; = { v;v,v, }and F, = {v;v; and v,v; } be the minimum regular partition.

Hence,
m(T) =|{F, F>}|
=2.

Case2:Ifp =5, letv; v,, vs ,vs, vs bethe vertices of T, such that deg(v,) = 2, deg(v,) = 3 and deg(v3) = deg(v,) =
deg(vs) = 1. Lete; = vyv,, e, = viv3 ,e3 = Vv, and e, = v, V5 be the edges of T. In M(T), the edge set { e; ,e;,e3, €4 }
which divides by the new vertex set { v; , v, ,v3, v, }and join these vertices by the new edges. Let F; = { v,v,v, }, F, = {
VU3, } and Fy = { v,v3 , v4vs and vyv, } be the minimum regular partition.

Thus,
m(T) ={F, F,,F5}

Ifp=7,letv; v,, v3 ,vy, vs,ve, v; bethe vertices of T, such that deg(v,) = 2, deg(v,) = deg(vz) = 3 and deg(v,) =
deg(vs) = deg(vg) = deg(vy) = L. Letey = vivy, €3 = VU3 ,e3 = VU, €4 = VyUs, €5 = V1V, , and eg = v3v; be the
edges of T. In M(T), the edge set { e, , e, ,e3 , €4 , es,eq } which divides by the new vertex set { vy ,v,, v3,v,, Vs, Vg } and
join these vertices by the new edges. Let F; = {v,v;v, }, Fy = { vyv3v4v, and vyvsvgvs } and Fy = { v3v, , 14Vs , Usvg and
VgV, } be the minimum regular partition.

Hence,
m(T) =K F, P, F3 )

m(T) = 3.
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Case3:If p=9, letv; v,, v3 ,vy, Vs,Vs Uy, Vg Vg bethe vertices of T, such that deg(v,) = 2, deg(v,) = deg(vz) =
deg(vy) = 3and deg(vs) = deg(ve) = deg(vy) = deg(vg) = deg(vy) = 1. Lete; = vivy, e, = VU3 ,€3 = VU, €4 =
VU5 , €5 = V3Vg, €g = VU3Vy ,€7 = V,Ug and eg = v,vq be the edges of T. In M(T), the edge set { e; , e, ,e3, €4 ,

es,eq, ey, eg } divided by the new vertex set { vy ,v,, vs,vs, s, Vs, vy , Ug} respectively and join these vertices by the new
edges to the adjacent vertices. Let F, = {v;v,v, }, F, = { v,v3040, and v,vsvgvs } Fy = { va3vyvg1, } and Fy = { v,vg , vgg
, V4Vs , UsVg and vgv; } be the minimum regular partition.

Thus,
m(T) =K F, F,,F5, B}

If p>9.InT, A(T) = 3, and there exists only one vertex of degree 2 let v be a vertex with deg(v) = 2. N(v) = v; ,v, and in
M(T) which forms a block of 2-regular. Clearly, those vertices of degree 3 which forms the blocks of 3-regular which are adjacent
to each other. Hence these adjacent blocks belongs to either F, or F; and the remaining edges which are of 1-regular can be
partitioned in F, only. Hence, in general for p > 9, we have 1, (T) = 4.

Now, we give the exact value of r,(T).
Where T is a non-trivial tree with n-cut vertices with same degree and n > 2.
Theorem 14 : For any non-trivial tree T, with n-cut vertices with same degree and n > 2, then r, (T) = 3.

Proof : Foranytree T, V;, = {v; v,, v3,...,v, }bethe subset of V(T) be the set of all non-end vertices and the degree of each
vertex is same. Suppose, deg(v;) = deg(v,) =deg(vs) =, ..., =deg(v,) = m (say). Then in M(T), V v; € V; such that

1 <i<n, gives n-number of m-regular blocks. Let v; € V; ,1 <i <nsuchthat { N(v;)uv;} € F; and v; € V; such that
N(v;) = v; in G. Further { N(v;)u v} € F, . Hence V[M(G)] — { N(v;)U v;} U{ N(v;)U v} € F5.Since, V[M(G)]= F; U F, U
F3 and each < N(v;) Uv; > and < N(v;) U v; > is edge disjoint regular subgraph of M(G), then 7y (T) ={ Fy, F,,F3}| = 3.

In the following theorem we establishes the relationship between ), (T) and y (T).

Theorem 15 : For any non-trivial tree T, with n-cut vertices with same degree and n >3 and T # B, forp < 6, then 7(T)
< y(.

Proof : Foranytree T, V; = {v; v,, v3,...,v, }be the subset of V(T) be the set of all non-end vertices and the degree of each
vertex is same. Suppose, deg(v;) = deg(v,) =deg(v3) =, ..., =deg(v,) = m (say). Then in M(T), V v; € V; such that

1 <i<mn,gives n-number of m-regular blocks. Suppose 7, (T) < y(T). Now we consider T = B, with p < 6 vertices. Then for
¥(P,) = 2. Since ry(B,) forp < 6is 3. Clearly, y(P,) < ry(P,), a contradiction. Further for any nontrivial tree if p < 6 and T
# P, , y(T) = ry(T). Since by Theorem 14, r, (T) = 3, then 7, (T) < y(T).

In the next result we developed a relationship between ry, (T) and y, (T).
Theorem 16 : For any non-trivial tree T , with n-cut vertices with same degree and n > 3, then 1,(T) <y, (T).
Proof : By Theorem 15, we have
mu (T) < y(T).
Since, y(T) <y (T).
This follows,

i (T) S v (T).
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. CONCLUSION:

We studied the property of our concept by applying to some standard graphs. We also established the regular
number of middle graph of some standard graphs by dividing the each edge by a new vertex and joining the new adjacent vertices
by the new edges. Also many results established are sharp.
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