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Abstract—Here we consider lossless transmission lines terminated by a circuit consisting of linear and nonlinear RGCL-loads. First we 

overcome a difficulty caused by nonlinear boundary conditions utilizing Kirchhoff’s laws. The problem arising is to choose as many equations 

as are the unknown functions. Then we formulate the mixed problem for the hyperbolic system, reduce the mixed problem to an initial value 

problem on the boundary and obtain a neutral system with respect to new variables. Further on we prove an existence-uniqueness theorem for 

periodic solution in lossless case. 
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I. INTRODUCTION 

The theory of transmission lines is a rapidly evolving area 
due to numerous applications[1]- [10]. The main purpose of the 
present paper is to investigate a transmission line terminated by 
a particular circuit consisting of linear and nonlinear RGCL-
loads given in [11]-[16] and shown in Fig.1. 

Here weconsider just lossless transmission lines using the 
method developed in our previous monograph [17]. The loads 
are in general nonlinear, but the theory developed could be 
applied to the linear loads too. In Section 2 we derive boundary 
conditions utilizing Kirchhoff’s laws and formulate the mixed 
problem for lossless transmission lines. We wantto emphasize 
thatthe main difficulty by solving the mixed problem in 
question is to choose the unknown functions in such a way that 
their number equals the number of equations obtained from 
Kirchhoff’s laws. In Section 3we reduce the mixed problem to 
an initial value problem on the boundary. Then in Section 4 by 
suitable operators we find conditions guaranteeing existence-
uniqueness of a periodic solution. In Section 5 we analyze the  

Figure 1. Lossless transmission lineterminated by a circuit consisting of linear 
and nonlinear loads 

arising nonlinearities. In Section 6 we give an 
operatorpresentation of the periodic problem and prove the 

main result concerning an existence-uniqueness of periodic 
solution of the neutral system obtained.We use the fixed point 
method which allows us to obtain successive approximations 
tending to the solution. In Section 7 using numerical example 
we demonstrate how to apply our method to particular 
problems. We proceed from the Telegrapher equations  
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By the transformation  
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where CLZ /0   and ),(),,( txItxU  are new variables, we 

reduce the above system in diagonal form
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II. DERIVATION OF THE BOUNDARY CONDITIONS AND 

MIXED PROBLEM FORMULATION 

In this section we derive the boundary conditions having 
considered Kirchhoff’s laws. Let us recall that   is the length 

of the transmission line, LCv /1  is the speed of 

propagation and LCLCT  )/1/( ,where L is per 

unit-length inductance and C – per unit-length capacitance of 

the line. We assume that 0R , 01L and 01C  are linear loads, that 

is, ),()(
00 0 tiRtu RR 
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while )(
000000 CuCC   and )(

000000 LiLL  are nonlinear ones 

which implies
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Similarly, the Kirchhoff’s Voltage Law gives 
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In the above system the unknown functions are  
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Similar reasoning leads to boundary conditions for the 
right-hand side of the line: 
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Remark 1. In the above equations we have to assume that 
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 CC  exist. This problem will be considered below. 

Now we are able to formulate the mixed problem for the 
hyperbolic transmission line equations: to find a solution 
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III. REDUCING THE MIXED PROBLEM TO AN INITIAL VALUE 

PROBLEM ON THE BOUNDARY 

Here we formulate a mixed problem for the system with 
respect to new variables ),(),,( txItxU  (see [17]): 
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where as usually we use the denotation CLZ /0  . 

To obtain new boundary conditions we take into account 
that 
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Integrating(10)along the characteristics we obtain 
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Let us suppose that the unknown functions are 
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and then we have to solve the following system consisting of 

six differential equations with constant delays: 
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So we obtain a neutral system of differential equations with 
retarded arguments. 

IV. ESTIMATES OF THE ARISING NONLINEARITIES AND 

INTRODUCING FUNCTION SPACES 

We consider nonlinear capacitances (cf. [1]-[10]): 
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Consequently )(0 uCp  is monotone increasing and 

possesses a unique inverse function. Its explicit form can be 
obtained from the equation  
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Let 0mTT   for some ,Nm 0T  is a period of the 

functions forming the function space where we seek a solution 
of the above system.
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Denote by ]2,[1
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TTCT  the set of 0T -periodic smooth 

functions, where TmT 0  for some positive integer m . 
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V. OPERATOR PRESENTATION OF THE PERIODIC PROBLEM 
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Lemma 2 is thus proved. 
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Differentiating the last equalities we conclude that (13) has 

0T -periodic solution. 

Lemma 3 is thus proved.  
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Consequently the operator Bmaps 
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It remains to show that B is contractive operator. Indeed, 
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For the second component we have 
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For the third component we obtain  
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For the fourth component we have 
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Therefore Bhas a unique fixed point which is a periodic 
solution of (13). 

Theorem 1 is thus proved. 

VII. NUMERICAL EXAMPLE 

Here we collect all inequalities guaranteeing the existence-
uniqueness result: 
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VIII. CONCLUSION 

The solution can be obtained by successive approximations 
beginning with simple functions. Indeed, 
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