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1 Introduction and Preliminaries 

Zadeh [10] proposed fuzzy set theory in 1965. The 

applications of fuzzy set theory appear in various fields. The 

intuitionistic fuzzy sets [1,2] was an extensions of fuzzy 

sets. Atanassov [1,2] proposed the Concept of intuitionistic 

fuzzy sets (IFS). It is useful in various application of science 

and engineering. IFS are associated for define in functions 

like non- membership function, membership function and 

hesitancy function. Liu and Wang [5] shows the basic 

concepts of intuitionistic fuzzy set theory and its practical 

applications. Recently Torra [8] and Torra, Narukawa [9] 

proposed the hesitant fuzzy sets (HFS). In 2011 Xia and Xu 

[11] introduced hesitant fuzzy information aggregation 

techniques and their applications for decision making. Also 

they defined some new operations on hesitant fuzzy sets and 

intuitionistic fuzzy sets. The hesitant fuzzy sets are an 

emerging and useful tool for dealing with uncertainty a 

vagueness. Interestingly, in motivates us to define new 

operators and properties of these sets, which must make 

them more important and applicable. A. Rezaei and  A. 

Broumand [6] introduce the nation of hesitant fuzzy 

(implicative) filter and some properties. In this paper we 

introduce the notion of intuitionistic hesitant fuzzy 

(implicative, fantastic) filters and get some properties.  

In this section, we cite the fundamental definitions that will 

be used in this paper: 

Definitions 1.1. (Kim and Kim [4]) By a BE-algebra we 

shall mean an algebra (𝑋,∗ ,1) of type (2,0) satisfying the 

following axioms: 

(BE1) 𝑥 ∗  𝑥 =  1,  

(BE2) 𝑥 ∗  1 =  1,  

(BE3) 1 ∗  𝑥 =  𝑥,  

(BE4) 𝑥 ∗  (𝑦 ∗ 𝑧)  =  𝑦 ∗  (𝑥 ∗ 𝑧), for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

From now on X is a BE-algebra, unless otherwise is stated. 

We introduce a relation “≤” on 𝑋 by 𝑥 ≤  𝑦 if and only if 

𝑥 ∗  𝑦 = 1.  

Definitions 1.2. A BE-algebra 𝑋 is said to be a self 

distributive if 𝑥 ∗ (𝑦 ∗ 𝑧)  =  (𝑥 ∗ 𝑦) ∗ (𝑥 ∗ 𝑧), for all 

𝑥, 𝑦, 𝑧 ∈  𝑋. A BE-algebra X is said to be commutative if 

(𝑥 ∗ 𝑦)  ∗  𝑦 =  (𝑦 ∗ 𝑥) ∗ 𝑥, for all 𝑥, 𝑦 ∈ 𝑋. 

Lemma 1.3. (Walendziak [10]) If 𝑋 is a commutative BE-

algebra, then for all 𝑥, 𝑦 ∈ 𝑋, we have 

 𝑥 ∗ 𝑦 = 1 and 𝑦 ∗  𝑥 =  1 imply 𝑥 =  𝑦.  

We note that  

“≤” is reflexive by (BE1). If X is self distributive then 

relation “≤” is a transitive ordered set on 𝑋, because if 

𝑥 ≤  𝑦 and 𝑦 ≤  𝑧, then 

𝑥 ∗ 𝑧 = 1 ∗ (𝑥 ∗ 𝑧) = (𝑥 ∗ 𝑦) ∗ (𝑥 ∗ 𝑧) = 𝑥 ∗ (𝑦 ∗ 𝑧) = 𝑥 ∗

1 = 1. Hence 𝑥 ≤  𝑧.  

If X is commutative then by Lemma 2.3, relation “≤” is 

antisymmetric. Hence if X is a commutative self distributive 

BE-algebra, then relation “≤” is a partial ordered set on X. 

Theorem 1.4. (Kim and Kim [4]) In a BE-algebra X, the 

following holds: 

(i) 𝑥 ∗ (𝑦 ∗ 𝑥) = 1,  

(ii) 𝑦 ∗  ((𝑦 ∗ 𝑥) ∗  𝑥)  =  1, for all 𝑥, 𝑦 ∈ 𝑋. 

Definition 1.5. A subset 𝐹 of 𝑋 is called a filter of 𝑋 if it 

satisfies:  

(F1) 1 ∈  𝐹.  

(F2) if 𝑥 ∈ 𝐹 and 𝑥 ∗  𝑦 ∈ 𝐹 imply 𝑦 ∈ 𝐹. 
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We define 𝐴(𝑥, 𝑦) = {𝑧 ∈ 𝑋: 𝑥 ∗ (𝑦 ∗ 𝑧) = 1}, which is 

called an upper set of 𝑥 and 𝑦. It is easy to see that1, 𝑥, 𝑦 ∈

𝐴(𝑥, 𝑦), for every 𝑥, 𝑦 ∈ 𝑋.  

Definition 1.6. (Borumand and Rezaei [6]) A nonempty 

subset 𝐹 of 𝑋 is called an implicative filter if satisfies the 

following conditions: 

(IF1) 1 ∈ 𝐹,  

(IF2) 𝑥 ∗ (𝑦 ∗  𝑧)  ∈ 𝐹 and 𝑥 ∗ 𝑦 ∈ 𝐹 imply 𝑥 ∗ 𝑧 ∈ 𝐹, for all 

𝑥, 𝑦, 𝑧 ∈ 𝑋. 

If we replace x of the condition (IF2) by the element 1, then 

it can be easily observed that every implicative filter is a 

filter. However, every filter is not an implicative filter as 

shown the following example. 

 

Example 1.7. Let X = {1, a, b} be a BE-algebra with the 

following table: 

 

 

 

 

 

 

Then 𝐹 = {1, 𝑎} is a filter of 𝑋, but it is not an implicative 

filter, since 1 ∗ (𝑎 ∗  𝑏)  =  1 ∗ 𝑎 =  𝑎 ∈ 𝐹 and 1 ∗ 𝑎 =

 𝑎 ∈ 𝐹 but 1 ∗ 𝑏 =  𝑏 ∉ 𝐹. 

Definition 1.8. Let (𝑋 ,∗ ,1) and (𝑌, 𝑜, 1′) be two BE-

algebras. Then a mapping 𝑓 ∶  𝑋 →  𝑌 is called a 

homomorphism if (𝑥1 ∗ 𝑥2)  =  𝑓(𝑥1) ∘ 𝑓(𝑥2) , for all 

𝑥1 , 𝑥2  ∈ 𝑋. It is clear that if 𝑓 ∶  𝑋 →  𝑌 is a 

homomorphism, then 𝑓(1)  =  1′. 

Definition 1.9. [2] A fuzzy set 𝜇 of  𝑋 is called a fuzzy filter 

if satisfies the following conditions: 

(FF1) 𝜇(1)  ≥  𝜇(𝑥),  

(FF2) 𝜇(𝑦)  ≥  𝑚𝑖𝑛{𝜇(𝑥 ∗ 𝑦), 𝜇 (𝑥)}, for all 𝑥, 𝑦 ∈ 𝑋. 

Definition 1.10. (Rao [7]) A fuzzy set 𝜇 of 𝑋 is called a 

fuzzy implicative filter of 𝑋 if satisfies the following 

conditions: 

(FΙF1) 𝜇 (1)  ≥ 𝜇(𝑥),  

(FΙF2) μ (x*z) ≥ min{μ(x*(y*z)), μ (x*y)}, for all 𝑥, 𝑦, 𝑧 ∈

𝑋. 

If we replace x of the condition (FIF2) by the element 1, 

then it can be easily observed that every fuzzy implicative 

filter is a fuzzy filter. However, every fuzzy filter is not a 

fuzzy implicative filter as shown the following example. 

Example 1.11. (Rao [7]) Let 𝑋 = {1, 𝑎, 𝑏, 𝑐, 𝑑} be a BE-

algebra with the following table. 

 

* 1 a b c d 

1 1 a b c d 

a 1 1 b c b 

b 1 a 1 b a 

c 1 a 1 1 a 

d 1 1 1 b 1 

 

Then it can be easily verified that (𝑋,∗ ,1) is a BE-algebra. 

Definition a fuzzy set 𝜇 on 𝑋 as follows: 

𝜇 𝑥 =  
0.9    𝑖𝑓 𝑥 = 1, 𝑎

0.2      𝑜𝑡ℎ 𝑒𝑟𝑤𝑖𝑠𝑒
  

Then clearly 𝜇 is a fuzzy filter of 𝑋, but it is not a fuzzy 

implicative filter of 𝑋, since 

𝜇(𝑏 ∗ 𝑐) ≱ min{𝜇 𝑏 ∗  𝑑 ∗ 𝑐  , 𝜇 𝑏 ∗ 𝑑 }. 

Definition 1.12. (Torra [8]) Let 𝑋 be a reference set. Then a 

hesitant fuzzy set HFSA of 𝑋 is represented mathematical 

as: 

𝐴 =   𝑥, ℎ 𝐴 𝑥  : ℎ 𝐴 𝑥 ∈ 𝜌  0,1  , 𝑥 ∈ 𝑋 , where 𝜌([0,1]) 

is the power set of [0,1]. 

So, we can define a set of fuzzy sets an HFS by union of 

their membership functions. 

Definition 1.13. (Torra [8]) Let 𝐴 = {𝜇1 , 𝜇2, . . . , 𝜇𝑛} be a set 

of 𝑛 membership functions. The HFS that is associated with 

𝐴, ℎ 𝐴, is define as:  

ℎ 𝐴: 𝑋 → 𝜌 [0,1] ,      ℎ 𝐴 𝑥 =  {𝜇 𝑥 }𝜇∈𝐴 . 

It is remarkable that this Definition is quite suitable to 

decision making, when experts have to assess a set of 

alternatives. In such a case, A represents the assessments of 

the experts for each alternative and ℎ 𝐴 the assessments of 

the set of experts. However, note that it only allows to 

recover those HFSs whose memberships are given by sets of 

cardinality less than or equal to n. 

For convenience, Xia and Xu in [11] named the set ℎ  =

 ℎ 𝐴(𝑥) as a hesitant fuzzy element HFE. The family of all 

hesitant fuzzy elements Definition on 𝑋 show by HFE(X).  

* 1 a b 

1 1 a b 

a 1 1 a 

b 1 a 1 
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2 Main Result  

2.1 Intuitionistic Hesitant Fuzzy Filters 

Definition 2.1.1. Let 𝑋 be a reference set. An Intuitionistic 

hesitant fuzzy set (𝐼𝐻𝐹𝑆) 𝐼 in 𝑋 is,  

𝐼 = {< 𝑥, ℎ 𝐼(𝑥), 𝑘𝐼(𝑥) >∶  𝑥 ∈ 𝑋} such that; 

ℎ 𝐼 𝑥 , 𝑘𝐼 𝑥 : X →  ρ [0,1]  are maps.  

Definition 2.1.2. An Intuitionistic hesitant fuzzy set 𝐼 of 𝑋 is 

called an Intuitionistic hesitant fuzzy filter (IHFF), if 

satisfies the following conditions:  

(IHFF1) ℎ 𝐼 𝑥 ⊑ ℎ 𝐼 1  and  𝑘𝐼 𝑥 ⊒ 𝑘𝐼 1 ,  

(IHFF2) ℎ 𝐼 𝑥 ⊓ ℎ 𝐼 𝑥 ∗ 𝑦 ⊑ ℎ 𝐼 𝑦  and 𝑘𝐼 𝑥 ∗ 𝑦 ⊔

𝑘𝐼 𝑥 ⊒ 𝑘𝐼 𝑦 , for all 𝑥, 𝑦 ∈ 𝑋. 

Lemma 2.1.3. Let I be an IHFF, than for all 𝑥, 𝑦 ∈ 𝑋 , if 

𝑥 ≤ 𝑦 then;ℎ 𝐼 𝑥 ⊑ ℎ 𝐼 𝑦  and 𝑘𝐼(𝑥) ⊒ 𝑘𝐼(𝑦). 

Proof. Let 𝑥 ≤ 𝑦. Then 𝑥 ∗ 𝑦 = 1  and so ℎ 𝐼 𝑥 ∗ 𝑦 =

ℎ 𝐼 1 ⊑ ℎ 𝐼 1  and 𝑘𝐼(𝑥 ∗ 𝑦) ⊔ 𝑘𝐼(1) ⊒ 𝑘1(1). By 

(IHFF2), we have ℎ 𝐼 𝑥 = ℎ 𝐼 𝑥 ⊓ ℎ 𝐼 1 = ℎ 𝐼(𝑥) ⊓

ℎ 𝐼(𝑥 ∗ 𝑦) ⊑ ℎ 𝐼(𝑦) and 𝑘𝐼 𝑥 = 𝑘𝐼 𝑥 ⊔ 𝑘𝐼 𝐼 = 𝑘𝐼(𝑥) ⊔

𝑘𝐼(𝑥 ∗ 𝑦) ⊒ 𝑘𝐼(𝑦). 

Example 2.1.4. Let X={1,a,b} with the following table. 

 

 

 

 

 

 

Then (X,*,1) is a BE-algebra. Let ℎ 𝐼 𝑎 =  0.4,0.5 , 

ℎ 𝐼 𝑏 =  0.2,0.3 , ℎ 𝐼(1) =  0.6,0.8  and  

𝑘𝐼(𝑎) =  0.7,0.9 , 𝑘𝐼(𝑏) =  0.2,0.25 , 𝑘𝐼(1) = {0.1,0.14}. 

Then I is an intuitionistic hesitant fuzzy filter. 

Definition 2.1.5. let 𝐴 and 𝐵 be two IHFF(X) and 𝑥 ∈

𝑋. Then we defined 

(i) 𝐴 ⊑ 𝐵 ⟺⇁ ℎ 𝐴 𝑥 ⊑ ℎ 𝐵 𝑥 𝑎𝑛𝑑 𝑘𝐴 𝑥 ⊒ 𝑘𝐵 𝑥 ,  

(ii) 𝐴 = 𝐵 ↔ ℎ 𝐴 𝑥 = ℎ 𝐵 𝑥 𝑎𝑛𝑑 𝑘𝐴 𝑥 = 𝑘𝐵 𝑥 , 

(iii) Ac =   x, kA (x), hA (x) : x ∈ X , 

(iv) 

𝐴 ⊓ 𝐵 =   𝑥, 𝑖𝑛𝑓 ℎ 𝐴 𝑥 , ℎ 𝐵 𝑥  , sup{𝑘𝐴 𝑥 , 𝑘𝐵 𝑥 } : 𝑥 ∈

𝑋, 

(v) 

𝐴 ⊔ 𝐵 =   𝑥, 𝑠𝑢𝑝 ℎ 𝐴 𝑥 , ℎ 𝐵(𝑥) , 𝑖𝑛𝑓{𝑘𝐴 𝑥 , 𝑘𝐵(𝑥) : 𝑥 ∈

𝑋   

Proposition 2.1.6. Let A ∈ IHFF(X)   and  𝑥, 𝑦, 𝑧 ∈ 𝑋. Then 

(i) ℎ 𝐴 𝑥 ⊑ ℎ 𝐴(𝑥 ∗ 𝑦) and  𝑘𝐴 𝑥 ⊒ 𝑘𝐴 𝑥 ∗ 𝑦 , 

(ii) ℎ 𝐴 𝑥 ⊓ ℎ 𝐴 𝑦 ⊑ ℎ 𝐴 𝑥 ∗ 𝑦  and  𝑘𝐴(𝑥) ⊔ 𝑘𝐴(𝑦) ⊒

𝑘𝐴(𝑥 ∗ 𝑦), 

(iii) ℎ 𝐴 𝑥 ⊑ ℎ 𝐴  𝑥 ∗ 𝑦 ∗ 𝑦  and  𝑘𝐴 𝑥 ⊒ 𝑘𝐴( 𝑥 ∗ 𝑦 ∗

𝑦), 

(iv) ℎ 𝐴 𝑥 ⊓ ℎ 𝐴 𝑦 ⊑ ℎ 𝐴( 𝑥 ∗ (𝑦 ∗ 𝑧)) ∗ 𝑧  and 𝑘𝐴(𝑥) ⊔

𝑘𝐴(𝑦) ⊒ 𝑘𝐴( 𝑥 ∗ (𝑦 ∗ 𝑧)) ∗ 𝑧 . 

Proof. (i). Since x ≤ y ∗ x, by Lemma 1, (i) holds. 

(ii). Since ℎ 𝐴 𝑥 ⊓ ℎ 𝐴 𝑦 ⊑ ℎ 𝐴 𝑦  .By (i), ℎ 𝐴 𝑦 ⊑

ℎ 𝐴 𝑥 ∗ 𝑦 , so  ℎ 𝐴 𝑥 ⊓ ℎ 𝐴 𝑦 ⊑ ℎ 𝐴 𝑥 ∗ 𝑦  . 

And, 𝑘𝐴 𝑥 ⊔ 𝑘𝐴 𝑦 ⊒ 𝑘𝐴 𝑦  , by (i) , 𝑘𝐴 𝑦 ⊒ 𝑘𝐴 𝑥 ∗ 𝑦 , 

so 𝑘𝐴 𝑥 ⊔ 𝑘𝐴 𝑦 ⊒ 𝑘𝐴 𝑥 ∗ 𝑦 .   

(iii). We have ℎ 𝐴 𝑥 = ℎ 𝐴 𝑥 ⊓ ℎ 𝐴 1 =  ℎ 𝐴 𝑥 ⊓

ℎ 𝐴  𝑥 ∗ 𝑦 ∗  𝑥 ∗ 𝑦  = ℎ 𝐴 𝑥 ⊓ ℎ 𝐴  𝑥 ∗   𝑥 ∗ 𝑦 ∗ 𝑥  ⊑

ℎ 𝐴  𝑥 ∗ 𝑦 ∗ 𝑦  . 

And, 𝑘𝐴 𝑥 = 𝑘𝐴 𝑥 ⊔ 𝑘𝐴 1 = 𝑘𝐴 𝑥 ⊔ 𝑘𝐴  𝑥 ∗ 𝑦 ∗

𝑥∗𝑦= 𝑘𝐴𝑥⊔𝑘𝐴𝑥∗𝑥∗𝑦∗𝑥⊒𝑘𝐴𝑥∗𝑦∗𝑦. 

(iv). From (iii) we have 

ℎ 𝐴 𝑥 ⊓ ℎ 𝐴 𝑦 ⊑ ℎ 𝐴( 𝑥 ∗  𝑦 ∗ 𝑥  ∗ (𝑦 ∗ 𝑥)) ⊓ ℎ 𝐴(𝑦) ⊑

ℎ 𝐴( 𝑥 ∗  𝑦 ∗ 𝑧  ∗ 𝑧). 

𝑘𝐴 𝑥 ⊔ 𝑘𝐴 𝑦 ⊒ 𝑘𝐴( 𝑥 ∗  𝑦 ∗ 𝑥  ∗ (𝑦 ∗ 𝑥)) ⊓ ℎ 𝐴(𝑦) ⊒

ℎ 𝐴( 𝑥 ∗  𝑦 ∗ 𝑧  ∗ 𝑧). 

Lemma 2.1.7. Let 𝐹 ∈ 𝐼𝐻𝐹(𝑋) and x,y,z,𝑎𝑖 ∈ 𝑋 for 

i=1,2,…,n. Then;  

(i) If 𝑧 ∈ 𝐴 𝑥, 𝑦 , then  ℎ 𝐹 𝑥 ⊓ ℎ 𝐹 𝑦 ⊑ ℎ 𝐹 𝑧  and 

𝑘𝐹 𝑥 ⊔ 𝑘𝐹 𝑦 ⊒ 𝑘𝐹(𝑧) . 

(ii) If  𝑎𝑖 ∗ 𝑥𝑛
𝑖=1 = 1, then  ℎ 𝐹(𝑎𝑖)

𝑛
𝑖=1 ⊑ ℎ 𝐹 𝑥  and 

⊓ 𝑘𝐹(𝑎𝑖) ⊒ 𝑘𝐹(𝑥), where  

 𝑎𝑖 ∗ 𝑥 = 𝑎𝑛 ∗ (𝑎𝑛−1 ∗ … .∗  𝑎1 ∗ 𝑥 … )

𝑛

𝑖=1

. 

Proof. (i) Let 𝑧 ∈ 𝐴 𝑥, 𝑦 . Then 𝑥 ∗  𝑦 ∗ 𝑧 = 1. Hence 

ℎ 𝐹 𝑥 ⊓ ℎ 𝐹 𝑦 = ℎ 𝐹 𝑥 ⊓ ℎ 𝐹(𝑦) ⊓ ℎ 𝐹 1 = ℎ 𝐹 𝑥 ⊓

ℎ 𝐹(𝑦) ⊓ ℎ 𝐹 𝑥 ∗  𝑦 ∗ 𝑧  ⊑ ℎ 𝐹(𝑦) ⊓ ℎ 𝐹(𝑦 ∗ 𝑧) ⊑ ℎ 𝐹(𝑧).  

* 1 A b 

1 1 A b 

a 1 1 b 

b 1 1 1 

http://www.ijritcc.org/


International Journal on Recent and Innovation Trends in Computing and Communication                               ISSN: 2321-8169 

Volume: 5 Issue: 6                                                   739 – 745 

_______________________________________________________________________________________________ 

742 
IJRITCC | June 2017, Available @ http://www.ijritcc.org 
_______________________________________________________________________________________ 

And, 𝑘𝐹 𝑥 ⊔ 𝑘𝐹 𝑦 = 𝑘𝐹 𝑥 ⊔ 𝑘𝐹(𝑦) ⊔ 𝑘𝐹 1 = 𝑘𝐹 𝑥 ⊔

𝑘𝐹(𝑦) ⊔ 𝑘𝐹 𝑥 ∗  𝑦 ∗ 𝑧  ⊒ 𝑘𝐹(𝑦) ⊔ 𝑘𝐹(𝑦 ∗ 𝑧) ⊒ 𝑘𝐹(𝑧).   

(ii). By (i) it is true for 𝑛 = 1,2. We proof it by induction on 

𝑛. Assume that it satisfies for 𝑛 = 𝑘. 

Suppose that  𝑎𝑖 ∗ 𝑥 = 1𝑘+1
𝑖=1 , for 𝑎1, … , 𝑎𝑘 , 𝑎𝑘+1 ∈ 𝑋. By 

induction hypothesis,  ℎ 𝐹(𝑎𝑖 ∗ 𝑥) ⊑ ℎ 𝐹(𝑎1 ∗ 𝑥)𝑘+1
𝑖=2 . Since 

𝐹 is a hesitant fuzzy filter, we have; 

 ℎ 𝐹(𝑎𝑖)
𝑘+1
𝑖=1 =   ℎ 𝐹(𝑎𝑖)

𝑘+1
𝑖=2  ⊓ ℎ 𝐹(𝑎1) ⊑ ℎ 𝐹(𝑎1 ∗ 𝑥) ⊓

ℎ 𝐹(𝑎1) ⊑ ℎ 𝐹(𝑥). 

And also by induction hypothesis   𝑘𝐹 𝑎𝑖 ⊒𝑘+1
𝑖=2

𝑘𝐹𝑎1∗𝑥. Since 𝐹 is a hesitant fuzzy filter, we have; 

 𝑘𝐹 𝑎𝑖 
𝑘+1
𝑖=1 =  𝑘𝐹 𝑎𝑖 

𝑘+1
𝑖=1 ⊔ 𝑘𝐹(𝑎1) ⊒ 𝑘𝐴(𝑎1 ∗ 𝑥) ⊔

𝑘𝐴(𝑎1) ⊒ 𝑘𝐴(𝑥). 

Theorem 2.1.8. Let 𝐼 ∈ 𝐼𝐻𝐹𝐹(𝑋). Then the set 𝜒𝐼 =

 𝑥 ∈ 𝑋: ℎ 𝐼(𝑋) = ℎ 𝐼 1 , 𝑘𝐼(𝑥) = 𝑘𝐼(1)  is a filter of  X. 

Proof. Obviously, 1 ∈ 𝜒𝐼 . Let x, 𝑥 ∗ 𝑦 ∈ 𝜒𝐼 . Then ℎ 𝐼 𝑥 =

ℎ 𝐼 𝑥 ∗ 𝑦 = ℎ 𝐼 1 , 𝑘𝐼 𝑥 = 𝑘𝐼 𝑥 ∗ 𝑦 = 𝑘𝐼 1 . Thus 

ℎ 𝐼 1 = ℎ 𝐼(𝑥) ⊓ ℎ 𝐼(𝑥 ∗ 𝑦) ⊑ ℎ 𝐼(𝑦) ⊑ ℎ 𝐼(1). Hence 

ℎ 𝐼 𝑦 = ℎ 𝐼(1) , and 𝑘𝐼 1 = 𝑘𝐼(𝑥) ⊔ 𝑘𝐼(𝑥 ∗ 𝑦) ⊒ 𝑘𝐼(𝑦) ⊒

𝑘𝐼(1). Hence 𝑘𝐼 𝑦 = 𝑘𝐼(1) ,So , 𝑦 ∈ 𝜒𝐼  .  

Definition 2.1.9. Let 𝛾 ∈ 𝜌 [0,1]  and 𝐼 ∈ 𝐼𝐻𝐹𝐹(𝑋). 

𝛾 − 𝑙𝑒𝑣𝑒𝑙 set of I, is defined by 

𝐿𝐼 ℎ 𝐼 , 𝑘𝐼 , 𝛾 = {𝑥 ∈ 𝐼: 𝛾 ⊑ ℎ 𝐼 𝑥 , 𝑘𝐼(𝑥) ⊑ 𝛾𝑐}. 

Lemma 2.1.10. Let 𝛽, 𝛾 ∈ 𝜌  0,1  . If 𝛽 ⊆ 𝛾, 

then  𝐿(ℎ 𝐼 , 𝑘𝐼 , 𝛾) ⊑ 𝐿(ℎ 𝐼 ,𝑘𝐼 , 𝛽). 

Proof. Let 𝑥 ∈ 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾 . Then 𝛾 ⊑ ℎ 𝐼 𝑥 . Since 𝛽 ⊑ 𝛾,  

we have, 𝛽 ⊑ ℎ 𝐼 𝑥 . Also, since 𝑘𝐼(𝑥) ⊑ 𝛾𝑐  and 𝛽𝑐 ⊒ 𝛾𝑐 , 

we have ℎ 𝐼 𝑥 ⊑ 𝛽𝛾 . Therefore, 𝑥 ∈ 𝐿(ℎ 𝐼 ,𝑘𝐼 ,𝛽). 

Theorem 2.1.11. Let 𝐼 ∈ 𝐼𝐻𝐹𝐹 𝑋  and 𝛾 ∈ 𝜌  0,1  . If 

𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾 ≠ ∅, then 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾  is a filter of 𝑋.   

Proof. Let 𝑥, 𝑥 ∗ 𝑦 ∈ 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾  for any 𝛾 ∈ 𝜌  0,1  . 

Therefore 𝛾 ⊑ ℎ 𝐼 𝑥 , 𝛾 ⊑ ℎ 𝐼 𝑥 ∗ 𝑦  and ℎ 𝐼 𝑥 ⊑

𝛾𝑐 , ℎ 𝐼 𝑥 ∗ 𝑦 ⊑ 𝛾𝑐 .  Hence 𝛾 ⊑ ℎ 𝐼(𝑥) ⊓ ℎ 𝐼(𝑥 ∗ 𝑦) ⊑

ℎ 𝐼(𝑦) and 𝛾𝑐 ⊒ 𝑘𝐼(𝑥) ⊔ 𝑘𝐼(𝑥 ∗ 𝑦) ⊒ 𝑘𝐼(𝑦)  therefore 

𝛾 ⊑ ℎ 𝐼(𝑦)  and 𝑘𝐼(𝑦) ⊑ 𝛾𝑐  hence 𝑦 ∈ 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾 . 

Obviously 1∈ 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾  .  

Theorem 2.1.12. Let 𝐴 ∈ 𝐼𝐻𝐹𝑆(𝑋) and 𝛾 ∈ 𝜌  0,1  . If 

𝐿 ℎ 𝐴 , 𝑘𝐴 , 𝛾  be a filter of 𝑋, then 𝐴 ∈  𝐼𝐻𝐹𝐹(𝑋).  

Proof. Let 𝐿 ℎ 𝐴 , 𝑘𝐴 , 𝛾  be a filter for all 𝛾 ∈ 𝜌  0,1  . If for 

any 𝑥 ∈ 𝑋 we consider ℎ 𝐴 𝑥 = 𝛾 and 𝑘𝐴 𝑥 = 𝛾𝑐  then 

𝑥 ∈ 𝐿 ℎ 𝐴 , 𝑘𝐴 , 𝛾 . Since 𝐿 ℎ 𝐴 , 𝑘𝐴 , 𝛾  is a filter of X, we have 

1 ∈ 𝐿 ℎ 𝐴 , 𝑘𝐴 , 𝛾 . Therefore  

ℎ 𝐴 𝑥 = 𝛾 ⊑ ℎ 𝐴 1  and 𝑘𝐴 𝑥 = 𝛾𝑐 ⊒ 𝑘𝐴 1 . Now, for 

any , 𝑦 ∈ 𝑋 , let ℎ 𝐴 𝑥 ∗ 𝑦 = 𝛾1 , 𝑘𝐴 𝑥 ∗ 𝑦 = 𝛾1
𝑐  and 

ℎ 𝐴 𝑥 = 𝛾2, 𝑘𝐴 𝑥 = 𝛾2
𝑐 . Assume that = 𝛾1 ⊓ 𝛾2, (𝛾𝑐 =

𝛾1
𝑐 ⊔ 𝛾2

𝑐) . We see that 𝑥, 𝑥 ∗ 𝑦 ∈  𝐿 ℎ 𝐴 , 𝑘𝐴 , 𝛾 , so, 

𝑦 ∈ 𝐿 ℎ 𝐴 , 𝑘𝐴 , 𝛾 . Hence 𝛾 ⊑ ℎ 𝐴 𝑦  and 𝑘𝐴 𝑦 ⊑ 𝛾𝑐 . We 

have ℎ 𝐴 𝑥 ⊓ ℎ 𝐴 𝑥 ∗ 𝑦 = 𝛾1 ⊓ 𝛾2 = 𝛾 ⊑ ℎ 𝐴 𝑦  and 

𝑘𝐴 𝑥 ⊔ 𝑘𝐴 𝑥 ∗ 𝑦 = 𝛾1
𝑐 ∪ 𝛾2

𝑐 = 𝛾𝑐 ⊒ 𝑘𝐴 𝑦 . Therefore 

𝐴 ∈ 𝐼𝐻𝐹𝐹(𝑋). 

Theorem 2.1.13. Let 𝐼 ∈ 𝐼𝐻𝐹𝐹 𝑋 , 𝛾 ∈ 𝜌  0,1   and 

𝑢, 𝑣 ∈ 𝑋. If 𝑢, 𝑣 ∈ 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾 , then 𝐴 𝑢, 𝑣 ⊑ 𝐿 ℎ 𝐴 , 𝑘𝐴 , 𝛾 . 

Proof. Since 𝑢 , 𝑣 ∈ 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾 , we have 𝛾 ⊑ ℎ 𝐼 𝑢 , 𝑘𝐼 ⊑

𝛾𝑐  and  𝛾 ⊑ ℎ 𝐼(𝑣), 𝑘𝐼(𝑢) ⊑ 𝛾𝑐 . 

Let 𝑧 ∈ 𝐴 𝑢, 𝑣 . Then 𝑢 ∗  𝑣 ∗ 𝑧 = 1 and so we have, 

𝛾 ⊑ ℎ 𝐼 𝑢 ⊓ ℎ 𝐼 𝑣 ⊑ ℎ 𝐼 𝑢 ∗  𝑣 ∗ 𝑧 ∗ 𝑧 = ℎ 𝐼 1 ∗ 𝑧 =

ℎ 𝐼 𝑧  and 𝛾𝑐 ⊒ 𝑘𝐼 𝑢 ⊔ 𝑘𝐼 𝑣 ⊒ 𝑘𝐼 𝑢 ∗  𝑣 ∗ 𝑧 ∗ 𝑧 =

𝑘𝐼 1 ∗ 𝑧 = 𝑘𝐼 𝑧 .  

We obtain, 𝑧 ∈ 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾 . Therefore  𝑢, 𝑣 ⊑ 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾  

. 

Corollary 2.1.14. Let 𝐼 ∈ 𝐼𝐻𝐹𝐹(𝑋) and 𝛾 ∈ 𝜌  0,1  . If 

𝐿 ℎ 𝐴 , 𝑘𝐴 , 𝛾 ≠ ∅,  then 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾 =

 𝐴(𝑢, 𝑣)𝑢 ,𝑣∈𝐿 ℎ 𝐼 ,𝑘𝐼 ,𝛾 . 

Proof. It is obviously  𝐴(𝑢, 𝑣)𝑢 ,𝑣∈𝐿 ℎ 𝐼 ,𝑘𝐼 ,𝛾 ⊑ 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾 . 

Now, assume that 𝑢 ∈ 𝐿 ℎ 𝐼 , 𝑘𝐼 , 𝛾 . Since 

 𝑢 ∗  1 ∗ 𝑢 = 1, we have 𝑢 ∈ 𝐴(𝑢, 1). Therefore, 

𝐿 ℎ 𝐴 , 𝑘𝐴 , 𝛾 ⊑ 𝐴(𝑢, 1) ⊑  𝐴(𝑢, 𝑣) ⊑𝑢∈𝐿 ℎ 𝐴 ,𝑘𝐴 ,𝛾 

𝑢,𝑣∈𝐿ℎ 𝐴,𝑘𝐴,𝛾𝐴(𝑢,𝑣).  

2.2 Intuitionistic Hesitant Fuzzy Implicative Filters  

Definition 2.2.1. Let 𝐴 ∈ 𝐼𝐻𝐹(𝑋). A is called an 

Intuitionistic hesitant fuzzy implicative filter if satisfies the 

following condition holds for every x,y,z∈ 𝑋.  

(IHFIF1) ℎ 𝐴 𝑥 ⊑ ℎ 𝐴 1 , 𝑘𝐴(𝑥) ⊒ 𝑘𝐴(1),  

(IHFIF2)ℎ 𝐴 𝑥 ∗ (𝑦 ∗ 𝑧) ⊓ ℎ 𝐴(𝑥 ∗ 𝑦) ⊑ ℎ 𝐴 𝑥 ∗ 𝑧 , 𝑘𝐴(𝑥 ∗

(𝑦 ∗ 𝑧)) ⊔ 𝑘𝐴(𝑥 ∗ 𝑦) ⊒ 𝑘𝐴(𝑥 ∗ 𝑧). 

Theorem 2.2.2. Let X be a self distributive BE-algebra. 

Then every 𝐼𝐻𝐹𝐹 is a IHFIF of X. 

Proof. Let 𝐼 ∈ 𝐼𝐻𝐹𝐹(𝑋)X. Obvious for every 𝑥 ∈ 𝑋, we 

have ℎ 𝐼(𝑥) ⊑ ℎ 𝐼(1), 𝐾𝐼(𝑥) ⊒ 𝐾𝐼(1). Now, let 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

Since X is self distributive, we have, 𝑥 ∗ (𝑦 ∗ 𝑧)  =  (𝑥 ∗

𝑦) ∗ (𝑥 ∗ 𝑧), by (IHFIF2), we have, 

ℎ 𝐼(𝑥 ∗ (𝑦 ∗ 𝑧)) ⨅ℎ 𝐼(𝑥 ∗ 𝑦)  =  ℎ 𝐼((𝑥 ∗ 𝑦)  ∗  (𝑥 ∗ 𝑧)) ⊓

ℎ 𝐼(𝑥 ∗ 𝑦) ⊑ ℎ 𝐼(𝑥 ∗ 𝑧), 

And, 𝑘𝐼(𝑥 ∗ (𝑦 ∗ 𝑧))  ⊔ 𝑘𝐼(𝑥 ∗ 𝑦)  =  𝑘𝐼((𝑥 ∗ 𝑦)  ∗  (𝑥 ∗

𝑧)) ⊔ 𝑘𝐼(𝑥 ∗ 𝑦) ⊒ 𝑘𝐼(𝑥 ∗ 𝑧). 
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Therefore, 𝐼 ∈ 𝐿𝐻𝐹𝐼𝐹 𝑋 . 

Note. The converse of the above theorem may be not true. 

The following example show this. 

 

Example 2.2.3. Let 𝑋 = {1, 𝑎, 𝑏, 𝑐, 𝑑} with the following 

table. 

* 1 a b c d 

1 1 a b c d 

a 1 1 b c b 

b 1 a 1 b a 

c 1 a 1 1 a 

d 1 1 1 b 1 

Then (𝑋,∗, 1) is a BE-algebra. But, 𝑎 ∗  𝑏 ∗ 𝑑 = 𝑎 ∗ 𝑎 = 1 

and  𝑎 ∗ 𝑏 ∗  𝑎 ∗ 𝑑 = 𝑏 ∗ 𝑑 = 𝑎. This shows that 𝑋 is not 

self distributive. Let ℎ 𝐼 1 = ℎ 𝐼 𝑎 = {0.8 , 0.7} and 

ℎ 𝐼 𝑏 = ℎ 𝐼 𝑐 = ℎ 𝐼 𝑑 = {0.4} and, 𝐾𝐼 1 = 𝐾𝐼(𝑎) =

{0.2 , 0.3}, 𝐾𝐼 𝑏 = 𝐾𝐼 𝑐 = 𝐾𝐼 𝑑 = {0.6}. 

Then 𝐼 ∈ 𝐼𝐻𝐹𝐹 𝑋 . But, we have, ℎ 𝐼 𝑏 ∗ 𝑐 = ℎ 𝐼 𝑏 =

{0.4}, this shows that ℎ 𝐼(𝑏 ∗  𝑑 ∗ 𝑐 ) ⊓ ℎ 𝐼(𝑏 ∗ 𝑑) ⋢ ℎ 𝐼(𝑏 ∗

𝑐). So, 𝐼 ∉ 𝐼𝐻𝐹𝐼𝐹 𝑋 .□ 

Theorem 2.2.4. Let F be a implicative filter of X. Then there 

exists a Intuitionistic hesitant implicative fuzzy filter 

𝐼 =< 𝑥, ℎ 𝐼 𝑥 , 𝐾𝐼 𝑥 > of X such that 𝐿 ℎ 𝐼 , 𝐾𝐼 , 𝛿 = 𝐹, For 

some 𝛿𝜖𝑃( 0,1 ). 

Proof. Define ℎ 𝐼 and 𝐾𝐼  as follows 

     ℎ 𝐼 𝑥 =  
𝐹,           𝑥 ∈ 𝐹
∅    𝑜𝑡ℎ 𝑒𝑟𝑤𝑖𝑠𝑒

        ,         

      𝑘𝐼 𝑥 =  𝐹𝐶          𝑖𝑓 𝑥𝜖𝐹
𝑋    𝑜𝑡ℎ 𝑒𝑟𝑤𝑖𝑠𝑒 

  

Where 𝐽 = [0, 1], and 𝛾 is a fixed subset of [0, 1]. Since 

1 ∈ 𝐹, we have ℎ 𝐼(x)⊑ 𝐹=ℎ 𝐼 (1) and 𝑘𝐼(𝑥) ⊒  𝐹𝐶  =

𝑘𝐼(1). 

We will showed  I=< 𝑥,ℎ 𝐼(x),𝑘𝐼(x)>∈ 𝐼𝐻𝐼𝐹𝐹(𝑋), first now 

we show that 

(1)   ℎ 𝐼(𝑥 ∗ (𝑦 ∗ 𝑧))⨅ℎ 𝐼(𝑥 ∗ 𝑦) ⊑ ℎ 𝐼(𝑥 ∗ 𝑧), 

(2)   𝑘𝐼(𝑥 ∗ (𝑦 ∗ 𝑧)) ⊔ 𝑘𝐼(𝑥 ∗ 𝑦) ⊒ 𝑘𝐼(𝑥 ∗ 𝑧). 

We consider the following cases: 

Case 1. If 𝑥 ∗  𝑦 ∗ 𝑧 ∈ 𝐹, 𝑥 ∗ 𝑦 ∈ 𝐹 , then 𝑥 ∗ 𝑧 ∈ 𝐹. 

Hence ℎ 𝐼(𝑥 ∗ (𝑦 ∗ 𝑧)) = 𝛾, ℎ 𝐼 𝑥 ∗ 𝑦 = 𝛾. Then ℎ 𝐼(𝑥 ∗

𝑧) = 𝛾, and (1) holds. 

Also, 𝑘𝐼 𝑥 ∗  𝑦 ∗ 𝑧  = 𝛾𝑐 , 𝑘𝐼 𝑥 ∗ 𝑦 = 𝛾𝑐 . Therefore 

𝑘𝐼 𝑥 ∗ 𝑧 = 𝛾𝑐  and (2) holds. 

Case 2. If 𝑥 ∗ (𝑦 ∗ 𝑧) ∈ 𝐹, 𝑥 ∗ 𝑦 ∉ 𝐹, then ℎ 𝐼 𝑥 ∗ 𝑦 = Ø. 

Therefore ℎ 𝐼(𝑥 ∗ (𝑦 ∗ 𝑧))⨅ℎ 𝐼(𝑥 ∗ 𝑦) = Ø ⊑ ℎ 𝐼(𝑥 ∗ 𝑧), and 

(1) holds.  

Also 𝑘𝐼 𝑥 ∗ 𝑦 = 𝑋, we have  𝑘𝐼 𝑥 ∗ 𝑦 ⊔ 𝑘𝐼(𝑥 ∗  𝑦 ∗ 𝑧 ) ⊒

𝑘𝐼(𝑥 ∗ 𝑧), and (2) holds. 

Case 3. If 𝑥 ∗ (𝑦 ∗ 𝑧) ∉ 𝐹, 𝑥 ∗ 𝑦 ∈ 𝐹, is similary to cases (2). 

Case 4. If 𝑥 ∗ (𝑦 ∗ 𝑧) ∉ 𝐹, 𝑥 ∗ 𝑦 ∉ 𝐹, then ℎ 𝐼 𝑥 ∗  𝑦 ∗ 𝑧  =

ℎ 𝐼(𝑥 ∗ 𝑦) = Ø ⊑ ℎ 𝐼(𝑥 ∗ 𝑧), obvious, (1) holds, 

Also,   𝑘𝐼 𝑥 ∗ 𝑦 = 𝑘𝐼 𝑥 ∗  𝑦 ∗ 𝑧  = 𝑋 ⊒ 𝑘𝐼(𝑥 ∗ 𝑧) and (2) 

holds. 

 Clearly 𝐿(ℎ 𝐼 ,ℎ 𝐼 , 𝛾) = {𝑋 ∈ 𝐼: 𝛾 ⊑ ℎ 𝐼(𝑋), 𝐾𝐼(𝑋) ⊑ 𝛾}  =

𝐹. 

In the same manner we can show that if F be a filter of X. 

Then there exists a intuitionistic hesitant fuzzy filter 

𝐼 =< 𝑥 , ℎ 𝐴  , 𝑘𝐴 > , such that, 𝐿(ℎ 𝐼  , 𝑘𝐼 , 𝛾) = 𝐹. 

Proposition 2.2.5. Let X be a self distributive BE-algebra 

and 𝐼 ∈  𝐼𝐻𝐹𝐹(𝑋). Then the following conditions are 

equivalent for all 𝑥, 𝑦, 𝑧 ∈  𝑋. 

(i) 𝛪 ∈ 𝛪𝛨𝐹𝐼𝐹   𝑋 , 

(ii) ℎ 𝐼(𝑦 ∗ (𝑦 ∗ 𝑥)) ⊑ ℎ 𝐼(𝑦 ∗ 𝑥) and 𝑘𝐼 𝑦 ∗  𝑦 ∗ 𝑥  ⊒

𝑘𝐼 𝑦 ∗ 𝑥 , 

(iii) ℎ 𝐼( 𝑧 ∗  𝑦 ∗  𝑦 ∗ 𝑥   ) ⊓ ℎ 𝐼(𝑧) ⊑ ℎ 𝐼(𝑦 ∗ 𝑧) and 

𝑘𝐼( 𝑧 ∗  𝑦 ∗  𝑦 ∗ 𝑥   ) ⊔ 𝑘𝐼(𝑧) ⊒ 𝑘𝐼(𝑦 ∗ 𝑧). 

Proof. (i)⇒(ii). Since 𝐼 ∈ 𝐼𝐻𝐹𝐼𝐹(𝑋). By (BE1) we have: 

ℎ 𝐼(𝑦 ∗ (𝑦 ∗ 𝑥)) =) ℎ 𝐼(𝑦 ∗ (𝑦 ∗ 𝑥)) ⊓ hI 1 =) ℎ 𝐼(𝑦 ∗ (𝑦 ∗

𝑥)) ⊓ hI y ∗ y ⊑ hI y ∗ x  and kI y ∗  y ∗ x  =

kI y ∗  y ∗ x  ⊔ kI(1) = kI y ∗  y ∗ x  ⊔ kI y ∗ y  ⊒

kI y ∗ x  

(ii)⇒(iii). Let 𝐼 ∈ 𝐼𝐻𝐹𝐹(𝑋), that satisfying (ii). We have 

hI z ∗ (y ∗  y ∗ x ) ⊓ hI z ⊑ hI y ∗  y ∗ x  ⊑ hI y ∗

x  and kIz∗y∗y∗x⊔hIz⊒kIy∗y∗x⊒kIy∗x. 

(iii)⇒(i). Since x ∗  y ∗ z =  y ∗  x ∗ z  ≤  x ∗ y ∗

 x ∗  x ∗ z  , we haveTherefore, hI x ∗  x ∗ z  ⊑

hI   x ∗ y ∗  x ∗  x ∗ z   . Thus hI x ∗  y ∗ z  ⊓

hI x ∗ y ⊑  ℎ 𝐼(((x ∗ y) ∗ (x ∗ (x ∗ z)))  ⊓ ℎ 𝐼(x ∗ y)  ⊑

ℎ 𝐼(x ∗ z) and 𝑘𝐼((𝑥 ∗ (𝑥 ∗ 𝑧) ⊔ 𝑘𝐼  (𝑥 ∗ 𝑦)  ⊒ 𝑘𝐼(((𝑥 ∗ 𝑦) ∗

(𝑥 ∗ (𝑥 ∗ 𝑧))) ⊔ 𝑘𝐼(𝑥 ∗ 𝑦) ⊒ 𝑘𝐼(𝑥 ∗ 𝑧) 

Therefore, 𝐼 ∈ 𝐼𝐻𝐹𝐼𝐹 𝑋 . 
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Let 𝑓: 𝑋 → 𝑌 be a homomorphism of BE-algebra 𝑋 onto 

BE-algebra 𝑌 and 𝐴 ∈ 𝐼𝐻𝐹𝑆(𝑌). Define mapping 

ℎ 𝐴 𝑓  and 𝑘𝐴(𝑓): 𝑋 → 𝑝([0,1]), by ℎ 𝐴(𝑓)(𝑥) = ℎ 𝐴(𝑓(𝑥)) 

and 𝑘𝐴(𝑓)  (𝑥) = 𝑘𝐴 𝑓 𝑥  . 𝑇his mapping are composition of 

two mapping, thus are well define and 𝐴(𝑓 ) = {𝑥 ∈ 𝑋 ∶

 𝑓(𝑥) ∈  𝐴}. 

Proposition 2.2.6. Let 𝑓: 𝑋 → 𝑌 be onto homomorphism of 

BE-algebras. 𝐼 ∈

 𝐼𝐻𝐹𝑆(𝑌) 

(resp., 𝐼 ∈ 𝐼𝐻𝐹𝐼𝐹(𝑌)) if and only if I(F)∈ IHFF(X) (resp., 

𝐼 ∈  𝐼𝐻𝐹𝐼𝐹(𝑋)). 

Proof. Assume that 𝐼 ∈  𝐼𝐻𝐹𝐼𝐹(𝑌). For any 𝑥 ∈ 𝑋, we 

have; 

ℎ (𝐴(𝑓)) (𝑥) =  ℎ 𝐴  (𝑓(𝑥))  ⊑ ℎ 𝐴( 1𝑦)  = ℎ 𝐴(𝑓( 1𝑦))  =

 ℎ (𝐴(𝑓)) (1𝑥). 

And 

𝑘(𝐴(𝑓)) (𝑥) =  𝑘𝐴  (𝑓(𝑥))  ⊒ 𝑘𝐴( 1𝑦)  = 𝑘𝐴(𝑓( 1𝑦))  =

 𝑘(𝐴(𝑓)) (1𝑥). 

Therefore, 𝐴(𝑓)  ∈  𝐼𝐻𝐹𝐼𝐹(𝑋). 

Conversely, assume that 𝑨(𝒇) ∈ 𝑰𝑯𝑭𝑭 and 𝒚 ∈ 𝒀. Since 𝒇 

is onto, there exists 𝒙 ∈ 𝑿 such that 𝒇(𝒙) = 𝒚. Therefore, 

𝒉𝑨(𝒚) = 𝒉𝑨(𝒇(𝒙)) = 𝒉𝒇(𝑨)(𝒚) ⊑ 𝒉𝒇(𝑨)(𝟏𝒙) =

𝒉𝑨(𝒇(𝟏𝒙)) = 𝒉𝑨(𝟏𝒚). 

And 𝒌𝑨(𝒚) = 𝒌𝑨(𝒇(𝒙)) = 𝒌𝒇(𝑨)(𝒚) ⊒ 𝒌𝒇(𝑨)(𝟏𝒙) =

𝒌𝑨(𝒇(𝟏𝒙)) = 𝒌𝑨(𝟏𝒚). 

Now let 𝑥, 𝑦 ∈ 𝑌. Then there exists 𝑢, 𝑣 ∈ 𝑋 such that 

𝑓(𝑢) = 𝑥, 𝑓(𝑣) = 𝑦, and we have; 

ℎ 𝐴(𝑥 ∗ 𝑦) ⊓  ℎ 𝐴(𝑥) =  ℎ 𝐴(𝑓 𝑢 ∗ 𝑓(𝑣)) ⊓ ℎ 𝐴(𝑓(𝑢)) =

 ℎ 𝐴(𝑓(𝑢 ∗ 𝑣))  ⊓ ℎ 𝐴(𝑓(𝑢)) =  ℎ 𝑓 𝐴 (𝑢 ∗ 𝑣) ⊓ ℎ 𝑓(𝐴)(𝑢) ⊑

ℎ 𝑓(𝐴)(𝑣) =  ℎ 𝐴(𝑓(𝑣)) = ℎ 𝐴(𝑦). 

And, 𝑘𝐴(𝑥 ∗ 𝑦) ⊔  𝑘𝐴(𝑥) =  𝑘𝐴(𝑓 𝑢 ∗ 𝑓(𝑣)) ⊔ 𝑘𝐴(𝑓(𝑢)) =

 𝑘𝐴(𝑓(𝑢 ∗ 𝑣))  ⊔ ℎ 𝐴(𝑓(𝑢)) =  𝑘𝑓 𝐴 (𝑢 ∗ 𝑣) ⊔ 𝑘𝑓(𝐴)(𝑢) ⊒

𝑘𝑓(𝐴)(𝑣) =  𝑘𝐴(𝑓(𝑣)) = 𝑘𝐴(𝑦)). Hence 𝐴 ∈ 𝐼𝐻𝐹𝐹(𝑌). 

2.3 Fantastic Hesitant Intuitionistic Fuzzy Filters 

Definition 2.3.1. Hesitant fuzzy set 𝐴 is called a fantastic 

hesitant intuitionistic fuzzy filters of 𝑋 if and only if satisfies 

the following conditions: 

(FHIFF2) ℎ 𝐹(𝑥 ∗ (𝑦 ∗ 𝑧)) ⊓ ℎ 𝐹(𝑥) ⊑ ℎ 𝐹((  𝑧 ∗ 𝑦 ∗ 𝑦 ∗

𝑧), 

(FHIFF2) 𝑘𝐹(𝑥 ∗ (𝑦 ∗ 𝑧)) ⊔ 𝑘𝐹(𝑥) ⊒ ((  𝑧 ∗ 𝑦 ∗ 𝑦 ∗ 𝑧). 

Example 2.3.2. Let 𝑋 = {1, 𝑎, 𝑏, 𝑐, 𝑑}. Define binary 

operation ∗ on X as follows: 

* 1 a b c d 

1 1 a b c d 

a 1 1 b c b 

b 1 a 1 b a 

c 1 a 1 1 a 

d 1 1 1 b 1 

Then it can easily verified that (𝑋,∗, 1) is BE-algebra. Now 

let; 

ℎ 𝐹 1 = ℎ 𝐹 𝑐 = ℎ 𝐹 𝑑 = {0.8, 0.9},ℎ 𝐹 𝑏 = ℎ 𝐹 𝑎 =

{0.6, 0.7} and 𝑘𝐹 1 = 𝑘𝐹 𝑐 = 𝑘𝐹 𝑑 = {0.2, 0.3}, 

𝑘𝐹 𝑎 = 𝑘𝐹 𝑏 = {0.4, 0.5}. 

Obviously, we can check < 𝑥, ℎ 𝐹 𝑥 , 𝑘𝐹(𝑥) > is an 

(IFHFF) in 𝑋.   

Theorem 2.3.3. Every IFHFF in a BE-Algebra 𝑋 is an IHFF 

in 𝑋. 

Proof. Let 𝑥, 𝑦, 𝑧 ∈ 𝑋. We have, ℎ 𝐹 𝑥 = ℎ 𝐹 𝑥 ⊓ ℎ
𝐹

(𝑥 ∗

(1 ∗ 1)) ⊑ ℎ 𝐹(   1 ∗ 1 ∗ 1 ∗ 1 = ℎ 𝐹 1 .  

Also, 𝑘𝐹 𝑥 = 𝑘𝐹 𝑥 ⊓ 𝑘𝐹(𝑥 ∗ (1 ∗ 1)) ⊒ 𝑘𝐹(   1 ∗ 1 ∗

1∗1=𝑘𝐹1. 

Put 𝑦: = 1 in IFHFF2, we obtain;  

ℎ 𝐹(𝑥 ∗ 𝑧) ⊓ ℎ 𝐹(𝑥) ⊑  ℎ 𝐹(𝑥 ∗ (1 ∗ 𝑧)) ⊓ ℎ 𝐹(𝑥) ⊑

ℎ 𝐹(   𝑧 ∗ 1 ∗ 1 ∗ 𝑧 =  ℎ 𝐹 1 ∗ 𝑧 = ℎ 𝐹(𝑧), 

And, 𝑘𝐹 𝑥 ∗ 𝑧 ⊔ 𝑘𝐹 𝑥 ⊒ 𝑘𝐹(𝑥 ∗ (1 ∗ 𝑧)) ⊔ 𝑘𝐹(𝑥) ⊒

𝑘𝐹(   𝑧 ∗ 1 ∗ 1 ∗ 𝑧 =  𝑘𝐹 1 ∗ 𝑧 = 𝑘𝐹(𝑧). 

Therefore, 𝐹 ∈ 𝐼𝐻𝐹𝐹(𝑋). 

Since every IFHFF is IHFF, by Theorem 5.3, we have the 

following corollary. 

Corollary 2.3.4. Let 𝐹 ∈ 𝐼𝐹𝐻𝐹𝐹(𝑋). Then for all 𝑥, 𝑦 ∈ 𝑋 

the following holds: 

 ( 𝑖) If 𝑥 ≤ 𝑦, then ℎ 𝐹(𝑥) ⊑ ℎ 𝐹(𝑦), 𝑘𝐹(𝑥) ⊒ 𝑘𝐹(𝑦). 

(𝑖𝑖) ℎ 𝐹(𝑥) ⊑ ℎ 𝐹(𝑥 ∗ 𝑦), 𝑘𝐹(𝑥) ⊒ 𝑘𝐹(𝑥 ∗ 𝑦).  

The converse of the Theorem 2.3.3 atmospheric is not true. 

It can be seen the following example. 

Example 2.3.5. Let 𝑋 = {1, 𝑎, 𝑏} be a BE-algebra with the 

following table: 
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Let  ℎ 𝐴 𝑎 =  0.4,0.5 , ℎ 𝐴 𝑏 =  0.2,0.3  , ℎ 𝐴(1) =

 0.6,0.8  and 𝑘𝐴(𝑎) =  0.4,0.5 , 𝑘𝐴(𝑏) =  0.6,0.8 ,

𝑘𝐴(1) = {0.2,0.3}. Then  𝐴 ∈ 𝐼𝐻𝐹𝐹(𝑋). But ℎ 𝐴 1 ∗ (𝑏 ∗

𝑎)=ℎ 𝐴𝑥∗ 𝑦=ℎ 𝐴1 and  

ℎ 𝐴 ((𝑎 ∗ 𝑏) ∗ 𝑏) ∗ 𝑎 = ℎ 𝐴  𝑏 ∗ 𝑏 ∗ 𝑎 = ℎ 𝐴 1 ∗ 𝑎 =

ℎ 𝐴𝑎=0.4,0.5. If we put 𝑥:=1, 𝑦:=𝑏, 𝑧:=𝑎 in (IFHFF2) we 

have, ℎ 𝐴 1 ∗ (𝑏 ∗ 𝑎) ⊓ ℎ 𝐴 1 = ℎ
𝐴
 1 =  0.6,0.8 ⋢

 0.4,0.5 = ℎ 𝐴 ((𝑎 ∗ 𝑏) ∗ 𝑏) ∗ 𝑎 .  

Therefore, 𝐹 ∉ 𝐼𝐹𝐻𝐹𝐹(𝑋). 

Theorem 2.3.6. Let 𝐹 ∈ 𝐼𝐻𝐹𝐹(𝑋). 𝐹 ∈ 𝐼𝐹𝐻𝐹𝐹 if and only 

if the following condition holds for all 𝑥, 𝑦 ∈ 𝑋: 

ℎ 𝐹(𝑦 ∗ 𝑥) ⊑ ℎ 𝐹(  𝑥 ∗ 𝑦 ∗ 𝑦 ∗ 𝑥), 𝑘𝐹(𝑦 ∗ 𝑥) ⊒

𝑘𝐹(  𝑥 ∗ 𝑦 ∗ 𝑦 ∗ 𝑥)                    (1) 

Proof: Assume that 𝐹 ∈ 𝐼𝐹𝐻𝐹𝐹(𝑋). Let 𝑥, 𝑦 ∈ 𝑋, since 

1 ∗  𝑦 ∗ 𝑥 = 𝑦 ∗ 𝑥 and 𝐹 ∈ 𝐼𝐹𝐻𝐹𝐹(𝑋), by (IFHFF2), we 

have 

ℎ 𝐹 𝑦 ∗ 𝑥 = ℎ 𝐹 1 ∗  𝑦 ∗ 𝑥  = ℎ 𝐹 1 ∗  𝑦 ∗ 𝑥  ⊓

ℎ 𝐹(1) ⊑ ℎ 𝐹    𝑥 ∗ 𝑦 ∗ 𝑦 ∗ 𝑥 , 

𝑘𝐹 𝑦 ∗ 𝑥 = 𝑘𝐹 1 ∗  𝑦 ∗ 𝑥  = 𝑘𝐹 1 ∗  𝑦 ∗ 𝑥  ⊓ 𝑘𝐹(1) ⊒

𝑘𝐹    𝑥 ∗ 𝑦 ∗ 𝑦 ∗ 𝑥 . 

Conversely, assume (1) holds. Since  𝐹 ∈ 𝐼𝐻𝐹𝐹(𝑋), we 

have; 

ℎ 𝐹 𝑥 ⊓ ℎ 𝐹 𝑥 ∗ 𝑦 ⊑ ℎ 𝐹 𝑦 , 𝑘𝐹 𝑥 ⊔ 𝑘𝐹( 𝑦 ∗ 𝑥 ) ⊒

𝑘𝐹(𝑦).                      (2) 

And by (1) we obtain; 

ℎ 𝐹(𝑦 ∗ 𝑥) ⊑ ℎ 𝐹(  𝑧 ∗ 𝑦 ∗ 𝑦 ∗ 𝑧), 𝑘𝐹(𝑦 ∗ 𝑥) ⊒

𝑘𝐹(  𝑧 ∗ 𝑦 ∗ 𝑦 ∗ 𝑧).     (3) 

From (2) and (3) we have: 

ℎ 𝐹 𝑥 ⊓ ℎ 𝐹 𝑥 ∗ (𝑦 ∗ 𝑧) ⊑ ℎ 𝐹 𝑦 ∗ 𝑧 ⊑ ℎ 𝐹 ((𝑧 ∗ 𝑦 ∗

𝑦) ∗ 𝑧), 

and 

𝑘𝐹 𝑥 ⊔ 𝑘𝐹 𝑥 ∗ (𝑦 ∗ 𝑧) ⊒ 𝑘𝐹 𝑦 ∗ 𝑧 ⊒ 𝑘𝐹 ((𝑧 ∗ 𝑦 ∗ 𝑦) ∗

𝑧). 

Therefore, 𝐹 ∈ 𝐼𝐹𝐻𝐹𝐹(𝑋). 

Conclusions and further 

In this paper, we introduce the notion of Intuitionistic 

Hesitant Fuzzy Filters on a BE-algebra . I give some results 

and examples about  Intuitionistic Hesitant Fuzzy Filters 

(IHFF), and the relationship between an IHFF of a BE-

algebra X and filters of X is showed by define  𝜒𝐼 =

 𝑥 ∈ 𝑋: ℎ 𝐼(𝑋) =

ℎ 𝐼 1 , 𝑘𝐼(𝑥) =

𝑘𝐼(1) . By define 𝛾 -Level 

set of a IHFF  we show 

the relation between 

IHIFF and 𝛾 -IHFF, 

Level. Finally we 

defined fantastic hesitant 

intuitionistic 

fuzzy filters and study it's properties. In other paper we are 

study about  Intuitionistic Hesitant Fuzzy Filters on 

residuted algebra. 
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