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1 Introduction and Preliminaries

Zadeh [10] proposed fuzzy set theory in 1965. The
applications of fuzzy set theory appear in various fields. The
intuitionistic fuzzy sets [1,2] was an extensions of fuzzy
sets. Atanassov [1,2] proposed the Concept of intuitionistic
fuzzy sets (IFS). It is useful in various application of science
and engineering. IFS are associated for define in functions
like non- membership function, membership function and
hesitancy function. Liu and Wang [5] shows the basic
concepts of intuitionistic fuzzy set theory and its practical
applications. Recently Torra [8] and Torra, Narukawa [9]
proposed the hesitant fuzzy sets (HFS). In 2011 Xia and Xu
[11] introduced hesitant fuzzy information aggregation
techniques and their applications for decision making. Also
they defined some new operations on hesitant fuzzy sets and
intuitionistic fuzzy sets. The hesitant fuzzy sets are an
emerging and useful tool for dealing with uncertainty a
vagueness. Interestingly, in motivates us to define new
operators and properties of these sets, which must make
them more important and applicable. A. Rezaei and A.
Broumand [6] introduce the nation of hesitant fuzzy
(implicative) filter and some properties. In this paper we
introduce the notion of intuitionistic hesitant fuzzy
(implicative, fantastic) filters and get some properties.

In this section, we cite the fundamental definitions that will
be used in this paper:

Definitions 1.1. (Kim and Kim [4]) By a BE-algebra we
shall mean an algebra (X,*,1) of type (2,0) satisfying the
following axioms:

(BE1l) x * x = 1,
(BE2)x * 1 = 1,
(BE3)1 * x = «x,

(BE4)x = (y*z) =y x (x*z),forallx,y,z € X.
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From now on X is a BE-algebra, unless otherwise is stated.
We introduce a relation “<” on X by x < y if and only if
x*y =1

Definitions 1.2. A BE-algebra X is said to be a self
distributive if x*(yxz) = (x*y)*(x=*z), for all
x,y,z € X. A BE-algebra X is said to be commutative if
(x*xy) *y = (y*x) =x, forall x,y € X.

Lemma 1.3. (Walendziak [10]) If X is a commutative BE-
algebra, then for all x, y € X, we have

xxy =landy * x 1implyx = y.

We note that

“<” is reflexive by (BE1). If X is self distributive then
relation “<” is a transitive ordered set on X, because if
x < yandy < z, then

x*z:1*(x*z):(x*y)*(x*z):x*(y*z):x*
1=1.Hencex < z.

If X is commutative then by Lemma 2.3, relation “<” is
antisymmetric. Hence if X is a commutative self distributive
BE-algebra, then relation “<” is a partial ordered set on X.

Theorem 1.4. (Kim and Kim [4]) In a BE-algebra X, the
following holds:

x*y*x) =1,
(iy* (*x)* x) = 1,forall x,y € X.

Definition 1.5. A subset F of X is called a filter of X if it
satisfies:

(F1)1€ F.

(F2)ifx e Fandx * y € Fimplyy € F.
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We define A(x,y) ={z€ X:x* (y*2z) =1}, which is
called an upper set of x and y. It is easy to see thatl,x,y €
A(x,y), forevery x,y € X.

Definition 1.6. (Borumand and Rezaei [6]) A nonempty
subset F of X is called an implicative filter if satisfies the
following conditions:

(IF1)1 €F,

(IF2) x+ (y* z) e Fandx*y € Fimply x xz € F, for all
x,y,z €X.

If we replace x of the condition (IF2) by the element 1, then
it can be easily observed that every implicative filter is a
filter. However, every filter is not an implicative filter as
shown the following example.

Example 1.7. Let X = {1, a, b} be a BE-algebra with the
following table:

Then F = {1, a} is a filter of X, but it is not an implicative
filter, since 1*(a * b) = 1xa = a €F and 1*a =
a EFbutl+«b = b ¢F.

Definition 1.8. Let (X,+,1) and (Y,0,1") be two BE-
algebras. Then a mapping f: X = Y is called a
homomorphism if (x; *x) = f(x1) e f(xy) , for all
X1, x; €X. It is clear that if f: X ->Y is a
homomorphism, then f(1) = 1"

Definition 1.9. [2] A fuzzy set u of X is called a fuzzy filter
if satisfies the following conditions:

(FFY) p(1) = u),

(FF2) u(y) = min{u(x xy),u (x)}, forall x,y € X.

Definition 1.10. (Rao [7]) A fuzzy set u of X is called a
fuzzy implicative filter of X if satisfies the following
conditions:

v

(FIF) i (1) = p(x),

(FIF2) p (x*z) > min{p(x*(y*z)), u (x*y)}, for all x,y,z €
X.
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If we replace x of the condition (FIF2) by the element 1,
then it can be easily observed that every fuzzy implicative
filter is a fuzzy filter. However, every fuzzy filter is not a
fuzzy implicative filter as shown the following example.

Example 1.11. (Rao [7]) Let X ={1,a,b,c,d} be a BE-
algebra with the following table.

o o T o B
e
P o b o ®
= = = = I =
o L T O O

o » T ol a

Then it can be easily verified that (X,*,1) is a BE-algebra.
Definition a fuzzy set u on X as follows:

09 ifx=1,a
0.2 otizerwise

ueo = {

Then clearly u is a fuzzy filter of X, but it is not a fuzzy
implicative filter of X, since

ub=*c) e mini?{}u(b * (d * c)),u(b xd)}.

Definition 1.12. (Torra [8]) Let X be a reference set. Then a
hesitant fuzzy set HFSA of X is represented mathematical
as:

A ={(x,24(x)): 24(x) € p([0,1]), x € X}, where p([0,1])
is the power set of [0,1].

So, we can define a set of fuzzy sets an HFS by union of
their membership functions.

Definition 1.13. (Torra [8]) Let A = {uy, 4y, ..., 1, } be a set
of n membership functions. The HFS that is associated with
A, 74, is define as:

Z4:X = p([01]),  7Z4(x) = Uyea{u()}.

It is remarkable that this Definition is quite suitable to
decision making, when experts have to assess a set of
alternatives. In such a case, A represents the assessments of
the experts for each alternative and /4, the assessments of
the set of experts. However, note that it only allows to
recover those HFSs whose memberships are given by sets of
cardinality less than or equal to n.

For convenience, Xia and Xu in [11] named the set 2 =
/4(x) as a hesitant fuzzy element HFE. The family of all
hesitant fuzzy elements Definition on X show by HFE(X).
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2 Main Result
2.1 Intuitionistic Hesitant Fuzzy Filters

Definition 2.1.1. Let X be a reference set. An Intuitionistic
hesitant fuzzy set (IHFS) I in X is,

I ={<x,/4;(x),k(x)> x€X} such that;
721(x), ki (x): X = p([0,1]) are maps.

Definition 2.1.2. An Intuitionistic hesitant fuzzy set I of X is
called an Intuitionistic hesitant fuzzy filter (IHFF), if
satisfies the following conditions:

(IHFF1) /,(x) € /,(1) and k,(x) 2 k; (1),

(IHFF2) AN A (x*y) E A;(y) and k;(x + y) U
ki(x) 2 k;(y), forall x,y € X.

Lemma 2.1.3. Let | be an IHFF, than for all x,y € X, if
x < ythen;Z;(x) E /4,;(y) and k;(x) 2 k; ().

Proof. Let x <y. Then x*y =1 and so /;(x*y) =
Z;(DE/£;,(1) and k(x*xy)uk;(1) =2 k(1). By
(IHFF2), we have /;(x)=/;0x)nN/A;(1)=/;(x)n
Ap(x*y) E /1 (y) and k;(x) = k;(x) Uk;(I) = k;(x) U
ki(x *y) 2 ki (y).

Example 2.1.4. Let X={1,a,b} with the following table.

* 1 A b

1 1 A b

Then (X,*,1) is a BE-algebra. Let 4;(a) = {0.4,0.5},
/,;(b) = {0.2,0.3}, /,(1) = {0.6,0.8} and

k;(a) = {0.7,0.9}, k;(b) = {0.2,0.25}, k;(1) = {0.1,0.14}.
Then I is an intuitionistic hesitant fuzzy filter.

Definition 2.1.5. let A and B be two IHFF(X) and x €
X. Then we defined

()AC B & /i (x) E 4p(x)and ky(x) 2 ky(x),
(i) A =B o /y(x) = Zg(x)and ky(x) = kz(x),
(iii) A° = {(x,ka (%), ha (x)):x € X},

(iv)

AN B ={(x,inf{/,(x), 25(x)}, supifk,(x),kp(x)}):x €
x
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v)
AU B = {{x,sup{/24(x), 2 5(x)}, inf {ky(x), kg (x)): x €
X}

Proposition 2.1.6. Let A € IHFF(X) and x,y,z € X. Then
(0) 24(x) E /4(x xy) and ky(x) 2 ky(x *y),

(i) 240N 7%,() EZa(xxy)and  ky(x) Uky(y) 2
ka(x *y),

(iii)) 24(x) E Z4((x*xy) xy) and ka(x) 2 ky((x ) *
¥),

(V) 2,(0) N /24 (y) E /24((x * (y * 2)) * z) and k, (x) U
ka() 2 ka((x * (v * 2)) * 2).

Proof. (i). Since x <y * x, by Lemma 1, (i) holds.

(ii). Since /4 (x) N Z24(y) E %,4(y) By (i), 2,(y) E
fog(xxy),80 /ig(x) M 24(y) E ix(x*y) .

And, k() Uk, (v) 2 ka(y) by (), ka () 2 ky(x * y),
S0 ky(x) U ka(y) 2 ky(x * y).

(iii). We have Z24(x) = /2,4(x) N 24(1) = /Z4(x) N
fa(Gex y) (e x ) = 4G M g (x5 ((+ ) +x)) €
/ZA((x*y)*y).

ANd, ky(x) = ks (x) U ky(1) = ky(x) U kA((x *y) *
XY= RAXURAX* Xy * X TRAXA Y+ Y.

(iv). From (iii) we have

haQ) M /g E /ia((x* 7 *2)) * (7 *x)) N 4,() E
ha((x x v+ 2)) * 2).

ka(O) Uka () 2ha((x + 7+ 2)) = (7 +x)) N 24() 2
ha((x (v 2)) * 2).

Lemma 2.1.7. Let FeIHF(X) and Xxy,z,a; € X for
i=1,2,...,n. Then;

() Ifze A(x,y), then /p(x) N Ar(y) E /p(2) and
kp(x) U kp(y) 2 kp(2) .

(i) IF[T=y a; *x = 1, then [T72, Z2r(a;) E /2 p(x) and
Nkg(a;) 2 kp(x), where

Hai *X = Ay * (Ay_q * ...* (@1 *X) ..0).

i=1
Proof. (i) Let z € A(x,y). Thenx* (y*z) =1. Hence
p) N Ap(y) =/p() N Ap(Y) N Ap(1) = /Zp()N
Lr) N p(x* (y*2)) E£p(Y) N Ap(y*2) E /p(2).
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And, kp(x) Ukp(y) = kp(x) Ukp(y) Ukp(1) = kp(x) U
kr ) Ukp(x * (y % 2)) 2 kp(y) Ukp(y * 2) 2 ke (2).

(ii). By (i) it is true for n = 1,2. We proof it by induction on
n. Assume that it satisfies for n = k.

Suppose that [[¥*la, xx = 1, for ay,...,a;, az; € X. By
induction hypothesis, [T¥%} % z(a; * x) E /¢ (ay * x). Since
F is a hesitant fuzzy filter, we have;

i'(=+11 fp(a;) = (Hi:rzl /ZF(ai)) N/p(a) E Zp(a; *xx) N
fep(ar) E /2p(x).
k+1

And also by induction hypothesis 5 ke(a;)
#Fal+x. Since £is a hesitant fuzzy filter, we have;

I

i kp(ay) = 11 kp(a) U kp(ay) 2 ka(ag *x) U
ky(ar) 2 ky(x).

Theorem 2.1.8. Let [ € IHFF(X). Then the set y;
{xeX:2,;,(X)=/,;(0),k;(x) =k;(D}is afilter of X.

Proof. Obviously, 1 € y;. Let x, x *y € ;. Then /4,;(x) =
Zy(xxy) = 2,(1), k (x) = ki (x * y) = k; (D). Thus
A =/A,(x)NA;(x*xy)E /,;(y) E 4,;(1). Hence
1(y) = /1), and k; (1) = k() Uk (x xy) 2k (y) 2
ki (1). Hence k; (y) = k;(1) S0, y € ¥ .

Definition 2.1.9. Let y € p([0,1]) and [ € IHFF(X).
y — level set of 1, is defined by

Lk y) ={x€l:y E /;(x),k;(x) Ey‘}

Lemma 2.1.10. Let B,yep([01]). If pcy,
then L(%,, k;,v) S L(%; k;, B).

Proof. Let x € L(%,k;,v). Then y E /,(x). Since B C vy,
we have, B C /,;(x). Also, since k;(x) E y¢ and B¢ 3 y°,
we have /,;(x) £ BY. Therefore, x € L(/;, k;, B).

Theorem 2.1.11. Let I € IHFF(X) and y € p([0,1]). If
L(/,,k;,y) = @,then L(/%,, k;,y) is afilter of X.

Proof. Let x,x*y € L(/%;k;,y) for any y € p([0,1]).
Therefore yC /4;(x),yE 4£;(x*y) and /;(x)C
yE, A (x xy) E y-. Hence yC/Z;(x)N/A(x*y)E
Z;(y) and y¢ Tk (x)Uk;(x*y) 32k (y) therefore
yE/Z;(y) and k;(y) &Sy hence ye€L(%kpy).
Obviously 1€ L(%;, k;,y) .

Theorem 2.1.12. Let A € IHFS(X) and y € p([0,1]). If
L(/24,ky,v) be afilter of X, then A € IHFF (X).

Proof. Let L(/ 4, ky,v) be afilter for all y € p([0,1]). If for
any x € X we consider /Z4(x) =y and k,(x) = y° then
x € L(/24,ky4,v). Since L(/,4,ky,y) is a filter of X, we have
1 € L(/24,ky,y). Therefore
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fax) =y E /241) and ky(x) =y° 2 ky(1). Now, for
any ,y€X , let Z (x*y) =y, ks(x*y) =y, and
A 4(x) =y2, kg(x) = y,¢. Assume that =y, Ny, (y¢ =
y1€ U y©) We see that x,x*y € L(/Zy4 ks, y), SO,
v € L(/24,ky,y). Hence y E Z,(y) and k,(y) E y©. We
have  Z,(x) N /4(x*y) =y Ny, =y E /%,(y) and
ki) Ukyg(x*y) =y1Uy,° =y 2 ky(y). Therefore
A € IHFF (X).

Theorem 2.1.13. Let [ € IHFF(X), y € p([0,1]) and
u,v e X Ifuw,veL(l,k,y) then A(u,v) E L(/24,ky,7).

Proof. Since u,v € L(/%,,k;,y), we have y C /,(u), k; E
y¢and y E /,;(v), k;(u) E y°.

Let z€ A(u,v). Then us*(v=z)=1and so we have,
YE£2WNAW)E juxWrz)*x2z)=/;(1x2z) =
A(z) and y 2k Uuk () 2 ki(ux(wxz)*xz) =
k(1 *z) = k;(2).

We obtain, z € L(/4, k;,y). Therefore (u,v) E L(%, k;,v)

Corollary 2.1.14. Let I e IHFF(X) and y € p([0,1]). If
L(/ZA,kA,]/) * @, then L(ﬁ[!kl']/) =
Hu,vEL (Z1k1y) A(u, U).

Proof. It is obviously [l vercs, k00 AW, v) E L(Z 1, k1, v).
Now, assume that u € L(/%,, k;,y). Since

ux(1*u)=1, we have u€A(u,1). Therefore,
L(/ZA:kA» ]/) E A(u» 1) = HuEL(/zA,kA,y)A(u' U) E
uvelh A kA yA(uv).

2.2 Intuitionistic Hesitant Fuzzy Implicative Filters

Definition 2.2.1. Let A € IHF (X). Ais called an
Intuitionistic hesitant fuzzy implicative filter if satisfies the
following condition holds for every x,y,z€ X.

(IHFIFL) Z4(x) £ 2,(1), ka(x) 2 k4(1),

(IHFIF2) 2 g (x  (y * 2)) N 224 (x x ) E /24 (x % 2), ky (x *
(y*2)) Uky(x *y) 2 ky(x * 2).

Theorem 2.2.2. Let X be a self distributive BE-algebra.
Then every IHFF is a IHFIF of X.

Proof. Let I € IHFF (X)X. Obvious for every x € X, we
have 7 ;(x) E /4,;(1), K;(x) 2 K;(1). Now, let x,y,z € X.
Since X is self distributive, we have, x * (y * z) = (x *
y) * (x * z), by (IHFIF2), we have,

y(xx(y*2) e (xxy) = /i ((xxy) * (x*2)) N
Zj(xxy) E /y(xx2),

And, k;(x * (y *2)) Uki(x*y) = ki((x*y) = (x*
z)) U k(x*y) 3 k;(x * 2).
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Therefore, I € LHFIF (X).

Note. The converse of the above theorem may be not true.
The following example show this.

Example 2.2.3. Let X = {1, a, b, ¢, d} with the following
table.

* 1 a b c d
1 1 a b c d
a 1 1 b c b
b 1 a 1 b a
c 1 a 1 1 a
d 1 1 1 b 1

Then (X,*,1) is a BE-algebra. But, a* (b*d) =a*xa =1
and (a *b) * (a*d) = b*d = a. This shows that X is not
self distributive. Let /%;(1) = /4,(a) ={0.8,0.7} and
%;(b) = /2,(c) = /2,(d) = {04} and, K (1) =K(a)=
{0.2,0.3}, K;(b) = K;(¢) = K;(d) = {0.6}.

Then I € IHFF (X). But, we have, Z;(b *c) = /,;(b) =
{0.4}, thisshows that Z;(b* (d*c)) N A (b*d) & /2;(b *
¢). So, I & IHFIF (X).o

Theorem 2.2.4. Let F be a implicative filter of X. Then there
exists a Intuitionistic hesitant implicative fuzzy filter

I =<x,/,;(x), K (x) > of Xsuch that L(%,,K;,5) = F, For
some 8P ([0,1]).

Proof. Define 4, and K, as follows

F, X€EF
@ ot/erwise

Jey (x) = t{FC if xeF

ot/ erwise

760 = {

Where J = [0, 1], and y is a fixed subset of [0, 1]. Since
1 € F, we have /%,(X)E F=/, (1) and k;(x) =2 F¢ =
k; (D).

We will showed 1=< x,/;(X),k;(X)>€ IHIFF (X), first now
we show that

(D) (e x (2N (x xy) E /2, (x * 2),
() ki(x* (y*2)) Uk;(x *y) 2 k;(x * 2).
We consider the following cases:

Casel.Ifx*(yxz) EF,x+xy € F,thenx+z €F.
Hence Z;(x x (y xz)) =y, /2;(x *y) = y. Then /;(x *
z) =y, and (1) holds.

Also, k,(x * (Y * z)) =y, k;(x = y) = y°. Therefore
k;(x * z) = y¢ and (2) holds.
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Case2. Ifx x(y*z) EF,x*y & F,then /2;(x xy) = @.
Therefore 4;(x * (y * 2))[142;(x xy) = B E /;(x * z), and
(1) holds.

Also k;(x *y) = X, we have k;(x *y) U k;(x x (y xz)) 2
k;(x * z), and (2) holds.

Case 3. Ifx x (yxz) € F,x *y € F, is similary to cases (2).

Cased. Ifxx(yxz) @ F,xxy @ F, then /2,(x x (y x2)) =
Z(x*xy) =@ E /,;(x*z), obvious, (1) holds,

Also, k;(x*y) =k/(x*(y*2))=X Tk (x*z)and (2)
holds.

Clearly L(%;,%,,y) = {X € I:y € /1,(X), K;(X) Ey} =
F.

In the same manner we can show that if F be a filter of X.
Then there exists a intuitionistic hesitant fuzzy filter
I =< x,/ZA 'kA >,SUChthat, L(ﬁ],k,,'}/) =F.

Proposition 2.2.5. Let X be a self distributive BE-algebra
and I € IHFF (X). Then the following conditions are
equivalent for all x,y,z € X.

(i) I € IHFIF (X),

(i) 2,y * (¥ *x)) E ;(y *x) and k; (y * (y * x)) =2
ki Cy * x),

(i) /1, ((z+ (v * & # )))) N 21(2) € (3 + ) and
k(2 (v« 0+ 0)) Uki(2) 2 (v * 2).
Proof. (i)=(ii). Since I € IHFIF (X). By (BE1) we have:

fi(y*@xx)) =)/ (y**x) Nh(1) =) 2,y =y *
x)) Nh(y *y) E h(y *x) and kI(Y* (Y*X)) =

ki(y* *0)uk@D) =k(y*y*0)uk@y*y) 2

ki (y * x)

(ii)=(iii). Let I € IHFF (X), that satisfying (ii). We have

hy(z* (y* (y *x))) Mhi(z) Ehy(y = (y*x)) £ h(y =
x and klzxy*yxx//hlz Tkly*y*x TKly*x.

(iii)=(i). Since x * (y xz) = (y * (x *2)) < (x *y) *
(x * (x * z)), we haveTherefore, h;(x * (x xz)) &
h, ((X *y) * (x * (X * Z))). Thus h, (x * (y * z)) mn

h(xxy) € Z;(((x*y) * (x* (x*2))) N/ (x*y) E
Zy(xxz) and ky((x * (x * 2) Uk (xxy) 2k ((Ce*y) *
(x* (x*2))) Uk (x*y) 2 ki(x *2)

Therefore, I € IHFIF (X).
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Let f: X — Y be a homomorphism of BE-algebra X onto
BE-algebra Y and A € IHFS(Y). Define mapping

%2 apy and kypy: X = p([0,1]), bY 745y (x) = Z24(f ()
and ky¢ry (x) = ka(f (x)). This mapping are composition of
two mapping, thus are well defineand A(f ) = {x € X :

f(x) e A}

Proposition 2.2.6. Let f: X — Y be onto homomorphism of
BE-algebras. I €
IHFS(Y)

(resp., I € IHFIF (Y)) if and only if I(F)e IHFF(X) (resp.,
I € IHFIF (X)).

Proof. Assume that I € IHFIF (Y). For any x € X, we
have,;

Zagy )= 7Zia (f(0)) E 24(1)) =/24((1)) =
% acry) (1e).

And

kagy ) = kg (f () 2 ka(1)) =ky(f(1y)) =
kg (1e)-

Therefore, A(f) € IHFIF (X).

Conversely, assume that A(f) € IHFF and y € Y. Since f
is onto, there exists x € X such that f(x) = y. Therefore,
hy(¥) = hy(f (%)) = hpay(¥) E hyay(15) =

ha(f (1)) = hy(1,).

And k4 (y) = ka(f (X)) = kg (¥) 2 kpay (1) =

ka(f (1)) = ka(1y).

Now let x, y € Y. Then there exists u, v € X such that
f) =x, f(v) =y, and we have;

oY) N lg(x) = a(F W) * f(0)) N 24 (f (W) =
Aa(fuxv)) NAa(f) = Zpayu*v) Nl E
L) = 2a(f(V)) = /4().

And, ky(x + y) U ka(x) = ka(f ) * f(v)) U ka(f (W) =
ka(f (uxv)) U Z4(f(W) = kpay(u*v) U kpay(uw) 2
keay () = ka(f(v)) = ka()). Hence A € IHFF(Y).

2.3 Fantastic Hesitant Intuitionistic Fuzzy Filters

Definition 2.3.1. Hesitant fuzzy set A is called a fantastic
hesitant intuitionistic fuzzy filters of X if and only if satisfies
the following conditions:

(FHIFF2) /ip(x % (v + 2)) M /2 () E /5 (2 % y) ¥ ¥) *
z),

(FHIFF2) kg (x * (v * 2)) U kp(x) 2 (2 *¥) *y) * 2).
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Example 2.3.2. Let X = {1, a, b, ¢, d}. Define binary
operation * on X as follows:

* 1 a b c d
1 1 a b c d
a 1 1 b c b
b 1 a 1 b a
c 1 a 1 1 a
d 1 1 1 b 1

Then it can easily verified that (X,*, 1) is BE-algebra. Now
let;

/p(1) = /p(c) = /2p(d) = {0.8,09} /4 (b) = /2p(a) =
(0.6,0.7} and kp(1) = kyp(c) = kp(d) = {0.2,0.3},

Obviously, we can check < x, Zp(x), kp(x) > is an
(IFHFF) in X.

Theorem 2.3.3. Every IFHFF in a BE-Algebra X is an IHFF
inX.

Proof. Letx,y,z € X. We have, /2 (x) = /2p(x) N /2 (x *
(1= D)EAp(((1*1)# 1) *1) = £p(D).

AlsO, ki (x) = ki (x) Mk G+ (1 1)) T hep (1 1) +
1x1=£F1.

Put y: = 1 in IFHFF2, we obtain;

fp(x*x2)Np(X)E /Zp(xx(1*x2))N /Ap(x) E
he((zx 1)+ 1) xz) = hp(1+2) = 4 (2),

And, kp(x *2) Ukp(x) 2 kp(x* (1% 2)) U kp(x) =2
kF((((z * 1) * 1) * Z) = kr(1*2) = kp(2).

Therefore, F € IHFF (X).

Since every IFHFF is IHFF, by Theorem 5.3, we have the
following corollary.

Corollary 2.3.4. Let F € IFHFF (X). Thenforall x,y € X
the following holds:

(D Ifx <y, then p(x) E Ar(y), kr(x) 2 kr(y).

(@) Zp(x) & 2p(x *y), kp(x) 2 kp(x *y).

The converse of the Theorem 2.3.3 atmospheric is not true.
It can be seen the following example.

Example 2.3.5. Let X = {1,a, b} be a BE-algebra with the
following table:
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Let Z4(a) ={0.4,0.5}, Z2,(b) = {0.2,0.3}, 42,4(1) =
{0.6,0.8} and k, (@) = {0.4,0.5}, k,(b) = {0.6,0.8},

k(1) = {0.2,0.3}. Then A € IHFF(X). But /s,(1 x (b *
@)=/ Ax* y=h AT and

fa(((@*b)*b)x @) = /ig((b*b) *a) = £4(1 %) =
A Aa=0.4,0.5. If we put x:=1, y:=b, z:=ain (IFHFF2) we
have, z,(1* (b*a)) N /2,(1) = /2 ,(1) = {0.6,0.8} &
{0.4,0.5} = % ,4(((a = b) * b) * a).

Therefore, F ¢ IFHFF (X).

Theorem 2.3.6. Let F € IHFF (X). F € IFHFF if and only
if the following condition holds for all x,y € X:

Aryxx) EAp(((x*y) xy) *x), kp(y * x) 2
ke(((x % y) *y) * x) 1)

Proof: Assume that F € IFHFF (X). Let x,y € X, since
1x(y*xx) =y=*xand F € IFHFF (X), by (IFHFF2), we
have

lp(yxx)=Ap(1x@xx))=/p(1*(y*x))nN
fe(D)E /g (((x y) +y) *x),
kp(y *x) = kF(1 * (y *x)) = kF(1 * (y *x)) Mkep(1) =2
ke (((X*y)*y)*x)-

Conversely, assume (1) holds. Since F € IHFF(X), we
have;

Ap(x) N ep(xxy) € 4 p(y), kp(x) Ukp((y *x)) 2
kr (). 2

And by (1) we obtain;

2py*x) E £p(((z %) *y) *2), kp(y *x) 2
kr(((z*y) xy)*2).  (3)

From (2) and (3) we have:

)N Ap(xx(y*2)) Ep(y*2) E 2p(((z*y)

y) *z),
and
kp(x) Ukp(x = (y*2z)) D kp(y*2z) kp(((z*y) *y) *
z).

Therefore, F € IFHFF (X).
Conclusions and further

In this paper, we introduce the notion of Intuitionistic
Hesitant Fuzzy Filters on a BE-algebra . | give some results
and examples about Intuitionistic Hesitant Fuzzy Filters
(IHFF), and the relationship between an IHFF of a BE-
algebra X and filters of X is showed by define y; =
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{x € X:4,(X) =
* 1 a b (D), k(x) =

k;(1)}. By define  p-Level
set of a 1 1 a b IHFF  we show
the relation between
IHFF, a |1 1 b IHIFF and »-
Level. Finally we
defined b ! ! ! fantastic hesitant
intuitionistic

fuzzy filters and study it's properties. In other paper we are
study about Intuitionistic Hesitant Fuzzy Filters on
residuted algebra.
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