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Abstract— There have been number of generalizations of Metric spaces. D—Metric space is one such generalization initiated by
Dhage [ 1 ]in 1992 and open new research area. Rhoades [ 2 ] generalized Dhage’s contractive condition by increasing number
of factors and proved fixed point of self-mapping in D—Metric space. Then many authors have obtained, interesting fixed point
results in D—Metric space satisfying contractive type condition.The present paper studies some fixed point theorems in D-Metric

space and proved new fixed point theorem and its corollary in a bounded D—Metric space for a contractive self — mapping.
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l. Introduction

Banach first proved contraction mapping priniciple
for self mappings in Metric spaces satisfying contraction
condition in 1922, Kannan in 1968 give new turn to Banach
fixed point theorem and introduce new class of contraction
mapping possessing the unique fixed point. All over the world
different authors generalized and extend of above theorem and
number of good research done on fixed point theorems in
Metric space. Dhage [ 3 ] in 1984 introduced the concept of
D—Metric space in his Ph.D. thesis in which it has been
possible to determine the geometrical nearness i.e. the distance
between two or more points of the set under consideration.
Geometrically, D—Metric d(a, b, ¢) represent the perimeter of
the triangle with vertices a, b and ¢. Some examples and few
details of D—Metric space observe in [ 1], In[ 4] Dhage
proved some fixed point results of self mappings of
D — Metric space satisfying some contractive conditions. In
[ 4,5 6, 7, 8 ] Dhage explain topological structures of
D—Metric space and several fixed point theorems. These works
have been the basis for a substantial number of results by
various authors.

2. Preliminaries and definitions :

Dhage introduced new structure D-Metric space
which is higher dimensional metric space of ordinary metric
space.

Definition 2.1 [ 2] : Let X be a non—-empty set. Let function
d:X x X xX — [0, o) is called a D-Metric if D satisfies,
forall x,y,z,a€e X

D,) dx,y,2)=0iff x=y=z
D)  d(xy.2)=d({x Yy, z})
When p is a permutation of X, y, z.
D;) dXxy.z<d(Xya)+d(xa z)+day, 2
(Tetrahedral inequality)

(coincidence)
(Symmetry)
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The non—-empty set X together with D—Metric “d” is
called D—Metric space and it is denoted by (X, d).

Geometrically, D—Metric d (X, y, z) is perimeter of a triangle
whose vertices are X, y, z.

Example 2.1 : Letd; : X x X x X — [0, o) define by ,

d; (a, b, ¢) = max {o (a, b), o (b,c), o(c, a)} foralla,b,ce X
and o (a, b) =| a —b | is an ordinary metric on X, then(X, d,) is
D—Metric space.

Example 2.2 : Letd; : X x X x X — [0, o) define by,

dy (a,b,c)=0(a, b) +o(b,c)+o(ca)foralla, b, ceX
where o(a, b) is an ordinary metric on X then d; is D—Metric
on X and (X, d;) is a D—Metric space.

Example 2.3 : Defined : R" x R" x R" — [0, «) by,

d(a,b,c)=C max{la-bl|,[|b-c| | c—a]} forall
a,b,ceR",C >0

Where || || is norm in Euclidean space R" is a D-Metric on R".
Hence (R", d) isa D—Metric space.

Definition 2.2 [ 4] : Sequence { a,} in D—Metric space (X, d)
is said to D—Convergentto a € X if lim,, , d (a,,a,,,a) =0

That is, for a pointa € X , if each € > 0 there exist positive
integer ny such that d(a,, am, @) < € forall m, n > n,.

Definition 2.3[9]: Sequence {a, } in
D — Metric space is called D- Cauchy if

lim d (ap, ap,a,) = 0
m,n,p

Definition 2.4 [ 4 ] : Every D-Cauchy sequence converges to a
point in D—Metric space is called complete D—Metric space .

Definition 2.5 [ 4] : Let ( X, d ) be D—Metric space. A subset
Uof X is said to be bounded if these exist constant s > o such



that, d(a, b,c) < s, foralla,b,c €U and sis called D-bound
of U.

For a bounded sequence {y,} in D-Metric space (X, d), let
an= 0({ Yn, Yn+1, Yn+2, ... }) for n €N. Then a, is finite for
all n € N and {a,} is nonincreasing and a,, =0

forall n € N sothereisana = 0 such that,

lim a, = a.

n — o

Definition 2.6 [ 9 ] : Consider (X, d) be D-Metric space and
f: X — X. The orbit of f at the point a € X is the set
O(a) = {a,fa,f?a, ....... }

Definition 2.7 [ 9] : Consider (X, d) be D—Metric space and
O(a) be orbit of f :X—X is said to be bounded if there exists a
constant C > 0 such that d (x, y, z) < C for all x, y, z € O(a).
The constant C is called D-bound of O (a).

D-Metric space is said to be f-orbitally bounded if O(a) is
bounded for each a € X.

Definition 2.8 [ 9 ] : An orbit O(a) is said to be f-orbitally
complete if every D—Cauchy sequence in O(a) converges to a
pointin X.

Definition 29 [ 11 ] For D-Metric space (X, d),
Y (# @) € X the diameter of Y is defined by,

dq (Y) =sup {d(a,b,c)/ a,b,ceY}

For bounded sequence {x,} consider r, = 84({ Xn, Xn+15 +---.. 1)
for ne N.

Then r, is finite for all n € N and {r.} is decreasing, r, > 0 for
n e N. Therefore there exists

r = 0such that, limn, =r7.

n — o

Let v be class of all upper semicontinuous function
® R} x R, — R, and @ is increasing on R} satisfying @
(%, %, %, X, X), y) > 0 implies y < f(x)

Where f : R, — R, is increasing upper semi continuous
function with f(0) = 0 and f(z) <z for z>0.

Example 2.4 : Let @,,: RS xR, — R, defined by,
Dm (( X1,X2, X3, Xa, Xs), Xg) = T (max {Xy, Xp, X3, X4, X5,}) — Xg

Where f : R, — R, is a increasing upper semi continuous
function with f(0) = 0 and f(x) < x for x > 0.Then @, is upper
semi continuous Further, @,,((x,x,x,x,x),y) > 0 implies
y <f(x). Thus @, € .

3 : Some fixed point theorems on D-Metric Space :

Theorem 3.1 ( D-Cauchy Principle ) [ 10 ]: Let {a, } be a
bounded sequence in D-Metric space X with D-bound C
satisfying d (an, a1, am) < a"C @

For all positive integerm>nand 0 <a <1
Then {a,} is D-Cauchy.
Rhodes [ 2 ]Jestablished the following theorem
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Theorem 3.2 [ 2] : Consider X be a complete and bounded
D—Metric space and f : X — X satisfying the following
condition

There exist a € [0,1) such that for all a, b, ¢ € X

d (fa, f, £) <a max {d (a, b, c), d (a, fa, c), d (b, f,, c),
d (a, f» ), d (b, fa,c)}

Then f has a unique fixed point g in X and f is continuous at g.

Theorem 3.3 [ 10 ] : Let (X, d) be a D-Metric space and
f: X — X be self — map. Leta, € X such that, O(a,) is
D-bounded and f — orbitally complete . Also f satisfies,

d(f;, fo, f) < k max {d (a, b, ¢), d (a, f,, )} for
a,b,ce0(a,) 2

Forsome 0<k<1. Thenf has unique fixed pointin X.
Proof : We prove this by induction

From (2) forany m and by definition of D-bound of O(a,),
d(a;, ay, a,) < k max{d(a,, ai, am.1),d(a,, as, an1)}<kC (3)

By (2),

d(az,as,a,,)< Kk max{d(az,asam.1),d(a,azam1)} (4)
Using (3)
d (aZ! as, am) S k max {d (az, as, am-l)! kC} (5)

Equation (5) can be a recursion formula in m.
~d (aZ! as, am)i k max{k max{d(a2| as, am-z),kc},kc}szc((s)
By induction hypothesis and from (1)

d(an+1, @neo, am) < kK max{d(an+1,an+2,am-1), d (an, Anet, Am1) }
< k max{d(an+1,@n+2,am1), k" C } (7)

Equation (7) can be regarded recursion formula in m.

20(Ans1s Anszr am)<k max{k max{d(ans1, @ns2: am-2),K"C} k"C}
= max {k? d(ans1, anez, am-2), K™2C, K™'C}

= max{ kK’ d (an+1,@ni2,am2 ), K"'C}

< max {k% k max {d (ans1, @niz, Ams), K™ C}, k™'C}

= max {k%d (@ns1, @niz, Ams), K™'C} (8)
< max { K"d (@ns1, Gnizy Amen), K™'CH

< max { kK" k max { d (@ns1, @nizs Am_n - 1), K™'C}, K™'C}
- kn+1c.

and { a,} is D—Cauchy

X is ap—orbitally complete, there exists a q € X with
lim a, =q.
In(2) set a=a, c=qtoobtain
d (ans+1, ansz, fq) <k max {d (an, a, a), d (ay, an, 4)} (9)

Taking limit of (9) as n — o gives



d(9,9,fg) <kd(a,q,9)=0and q="fq.
Now, for prove uniqueness, let p is also fixed point of f

Then from (2)

d (a, q, p) = d (fq, fq, fq) <k max {d (q, g, p), d (a, fq, p)}

= kd(q,q,p) (10)
Gives p=q

Theorem 3.4[11]: Let X be complete bounded D—Metric
space and f be self map of X such that,

9((d (a, b, ), d(a, f, c),d (b fc),d(afc)d b, f ),
d (fo, fo. f)) >0 (11)

Then f has unique fixed point g in X and f is continuous at g.
Proof : Consider a, € Xand f, = ap.

Then the orbit { a,} is bounded.

Let X, = 6q ({@n, An+1, Anezy -...n. }), neN

Then lim x, = x for some x > 0.
n—o

If a, = an. forsome n e N, then f has a fixed point say g € X
-~ assume that a, # an. forne N.

Let, k e N be fixed.

Taking a=apy b=byim_1and c=a i pm+e_1 in (11)
Where n > k and m, £ e N.

w @ ((d (any Gpmt Animee)d (@n - 1, Fang, Gnemeea),
d@ +m-1 fansm-1 @Gnems -1, danvfan s m- 1,8 meo-1),
d(@n+m-nfan 1,00+ m+ -0 d(fan —1.fan s m-1, fan e m+ - 1))
=0 (([d(@n1, @Gn+m-1,0nt mec - 1), d@n -1, Any Ay s+ (- 1),
d(@ +m-1G+msQnim+c-1), d (@ -1, Gnvm Qs m+0-1),
d(an+m71, an,an+m+t—1))v d(@n AGnem, Gnsm+¢)) =0

~ We get,

B((Xn-1, Xn-1s Xn+m-1: Xn—1s Xn +m-1),d(@n,0n+m, An+m+¢)) >0
@ is increasing on RS and {x,} is decreasing we have,

D ((Xk—10 Xk—1, Xk— 15 Xk—1, Xk ~1), A (@n, Gnems Ansm)) =0
gives,

d(@n AGn+m Gnrm+ o) SV (Xe1)

Taking limit sup over n > k, we get, Xk < y (X¢1). As k — oo,
we have X <y (x).

If x>0, then X <wy (x) <x, which is a contradiction.

~ x = 0and hences lim x, = 0.

n— o

Thus given € > 0, there is M € N such that, x, < €. Then we
have forn>Mand m, £ € N,

d (any An+my an+m+€) <e€

~ { a,} is a D—Cauchy sequence in X.
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lim a, = q since X is complete

n — oo
Hence lim f, =q
n — oo
Taking a=a,_1, b=by.m_rand c=q in (11) we get,

P((d(an -1, @nsm-1, d), d(ansfans ), d(@n+m 1 fapim s D
d(an—ll fan+m_1, q)v d(an+ m—1, fan_l’ q))l d(fan_l, fan+m_1, fq) b 0

As n — oo, we get,

®(d( g 9),d(qg, 9, 0),d(,q,q),d(g g q), da, d ),
d(9,q,f)>0

Gives d(q, g, f)) < v (d(q, 4. 9)) = w(0) =0

Hence f,=q.

Now for uniqueness, let g and p be fixed points of f.
Let a=qg, b=q and c=p in (11) we have,

@((d(a, g, p),d(q, fg, p), d (g, fg, p), d (a, fq , p), d (q, fa, p)),
d (fq, fg, fp))

= ¢ ((d(g, g, p), d(9, g, p) , d(d, 9, p), d (a4, 9, p), d (@, 9, P)),
d(,q,p)>0

Givend (g, g, p) < v (d (9, 9, p)) < d (g, g, p), which is a
contradiction,

~q=p

Now, to prove f is continuous at q.

Consider {b,, } be sequence in X and lim,,_,,, b, = q
Taking a=q, b=g,and ¢ =b,in (11) we get,

B((d(a, g, bn), d(@, fq,bn), d (@, fo, bn), d (. T, bn) d (4, o, b)),
d (fy, fo, fp,))

= @((d(g, 9, by), d(q, g, by), d(g, g, by), d(q, g, by), d (a, g, by)),
d (q7 Q, fbn)) =0

=d(q,q,f,) <y (d(q,q, by)

Taking lim sup, we get,

limd (g, g, f,)) <lim y (d (q, 0, by)) <y (0)=0
Hences lim f, =q=1f;and hence f is continuous at g.

Corollary 3.1 : Consider X be a bounded complete D—Metric
space, n € N and f be self mapping of X such that for a,b, c € X

@((d(a, b, ¢), d(a, fg*, ¢), d(b, f*, ), d (a, f", ¢) d (b, fa", ©)),
d(fas fp' f')) 20

Then f has a unique fixed point g in X and " is continuous at q

Proof : By theorem 3.4., f" has a unique fixed point q in X
and f" is continuous at q.

- fq=ff"y = f"fy, fy isalso afixed point of f"
By the uniqueness, f;=q

4. Main Result :



Theorem 4.1 : Let X be complete bounded D — Metric space
and f be self — map on X such that,

d(f.fy, ) < o max{d(x,y,z) + d(x.fy,z), d(x,fx,z) + d(x.fy,z),
d(x,y,z) +d(y,fx,2)} (12)

Forallx,y,ze X,0<a <% . Then f has a unique fixed point.

Proof : Let X € X and define f, = X,,,

If X,,, = X, for some n, then f has a unique fixed point.

So assume that, X,,, # x, for each n, setting x =X,, y =X,

Z=Xmn1, M>1 we have,

d (fx, fy, fz) = d (X1, Xo, Xm)

< o max { d(Xo, X1, Xm1) + d (Xo, Xz, Xm-1), d (Xo, X1, Xm-1) +
d (Xo, X2, Xm-1), d (Xo, X1, Xm-1) + d (X1, X1, Xm-1) }

max
Sa, b,C (d (Xa’Xb, XC) +d (Xa,Xb, Xc))
where 0<a<1,1<b<2,andl<c<m
max
< zua’b’cd(xavxbyxc)s 20,1(,

where Kk is D—bound of {x.}
Again getting X =X3, Y=Xo, Z=Xng, M>2 we get,

d (X2, X3, Xm)

<amax { d (X3, Xz, Xp1) + d (X1, X3, Xmp.1), d (X2, Xo, Xpp1) +
d (X1, X3, Xm-1), d (X1, X2, Xm-1) + d (X2, X2, Xm-1) }
, max

<
o a,b,c

(d (Xas X, Xc) +d (Xa» Xo Xc))

Where 0<a<2, 1<b<3 and 2<c<m

, Max

2a a,b,c

IN

d (Xay va XC)
< 2a%k
By induction we get,

d (X, Xne1, Xm) < 2 @ d (Xg, X, Xo) <2 a'k.

a,b,c

Where0<a<n,1<b<n+landn<c<m,forallm>neN
By D-Cauchy principle,{x,} is D—Cauchy.

- X is complete, {x,} converges. Call the limit g.

From equation (12),

d (Xn, Xn+1s fq) <o max{d(xn_l, Xn+2, q) + d(Xn»lx Xn + 1 q).
d(Xna Xn+1s Q) + d(Xna Xn+2s Q), d(xn-la Xn+2s q) + d(Xn, Xn+1s q)}

Taking limit as n — o gives, d(q, qfy) <O0.
. fq =q
- fhas a fixed point.

Now, to prove uniqueness, assume that w # q is also fixed
point of f
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Form equation (12)
d (fq, fw, f5) = d (q, w, 0)

<amax {d(q,w,q+d(qwq),d(q,q, q+d(@q,w,q),
d(q,w,q)+d(waq,q)}

<2ad(q,w,q)
Which is a contradiction
. W= q

- fhas a unique fixed point.

Corollary 4.1 : Let X be complete bounded D — Metric
space, m a positive integer, and f be self — maps on X
satisfying,

d(fL 1,17 ) <a max{d(x, y, 2)+d(x, fj,2), d(x, f%,2) +
d(x, 1, 2), d(x, y, )+d(y, ¥, 2)} (13)

forallx,y,z ¢ X, 0<a <% . Then fhas a unique fixed point.

Proof : Define T =f"then (13) reducesto (12) and T hasa
unique fixed point p.

p= Tp = f{)n
Thus, fp = "5 =T (f) and f; is also a fixed point of T.
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