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ABSTRACT

The gamma function has several properties that define it. In this paper, I will present proofs for
those properties and give example using real numbers. The properties I will prove are as

followed:
() =m-1)T(n—1)
F(n+1)=nx*T(n)
r(=1
() = (n—1)!
Q)=

'n+1)=n!

Main Results

The Gamma Function is defined as

=

I'(n) = fx"‘le‘xdx

0

The first property of the Gamma FunctionisI'(n) =(n-1)I'(n — 1)
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Proof:I'(n) =(n-1)I'(n — 1)

To integrate this function we use integration by parts with respect to x
Ir'(n) = fowx"‘l e *dx

Integration by Parts: uv - [ vdu

u=x"1 du=(n-1)x"2

dv=e™*dx v=-e™*

Once it has been integrated by parts it can be written as
(—x" e )G - [F(n— 1x"2 — e¥dx

This function can be reduced to

(n-l)fooo x"2 e *dx

From this function we now know that

I'n) =(n-1))T(n—1)

The second property of the Gamma Function isT'(n + 1) =n * I'(n)

Proof: T(n+1) =n *I'(n)

0

I'n+1) = fx("+1)‘1 e *dx
0

This can be reduced to

0

I'n+1) = fx"e‘xdx
0

To integrate this function we need to integrate by parts respect to x again.
u=x" du=nx"-1

dv=e™dx v=-e7*

Combing uv - [ vdu

(—x"e )5 - ['(nx""t —e~*dx

This can be reduced to
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o0
n f x" e *dx
0

Thus, we have proven that

I'nm+1)=nx*I'(n)

The third property of the Gamma Function isT'(1) =1

Proof: T'(1) =1

One of the properties of the gamma function is T'(1) = 1. The next step is to prove this

r()= fowxl‘l e *dx

This can be simplified to the equation below
rq) = foooe‘x dx

When we integrate with respect to x

foooe"‘ dx =1

Sor(1)=1

Using one of the properties we proved earlier, I'(n + 1)=n = I'(n), we can develop a formula for the gamma

function that gives a new property related to factorial values. We first review the factorial values forn =1, 2, 3,

4,5, 6.
=1
21=2*1=2
31=3*%2*1=6

41 = 4*3%2%1 = 24

51 = 5*4*3*2*1 = 120

The fourth property of the Gamma Function isT'(n)= (n — 1)!
Proof: I'(n)= (n — 1)!

Letn=1forT(n+ 1) =n=T(n)

F(1+1)=1+T(1)
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r2)=1+1

rQ) =1
Letn=2for [(n + 1) = n * I'(n)
r2+1)=2+I(2)

I'(3) =2+I(2)

rd)=2+1

rQ) =2
Letn=3for [(n + 1) = n * ['(n)
r'(3+1)=3+I(3)
r'4)=3+1(3)

I'(4)=3%2
I'4) =6

Letn =4 for [(n + 1) = n = T(n)
T(4+1)=4+T(4)

I(5) =4 *T(4)

I(5)=4+%6

I(5) =24

Letn =5 for [(n + 1) = n = T'(n)
I'(5+1)=5+T(5)

I(6) =5+T(5)

T(6) =5 * 24

I(6) =120

Thus, we have now shown that
r(n)=(n-1)!

The fifth property of the Gamma Function isI’ G) =vr
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Let X = u?

Then dx =2u * du

N
F(E)z f(uz) Ze " 2uxdu
0

1 o0
F(E) = fu‘le‘“2 2u * du
0

To solve the integral we will need to change it to polar coordinates because no integral technique exist for this

function.
Let|= fowe"‘z du
We need to square both sides of the equation
12=[f, e du]?
Simplify this to
:ffome"‘z * e dydx
We combine the bases together
:ffowe‘(xb’yz)dydx
In polar coordinates we know
r’=(x? + y?)
da = dydx = rdrdf

If wee substitute these into the equation we have
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T
2

2 _ (5 (* . — 2

12 =[2[ e rdrdo

We can now use U substitution to integrate this equation
Letu=r?

2rdr=du

d
dr=22

2r

Substitute these into the equation

s
P du
e Yr—do
o Jo 2r

Simplifying the equation we are left with

Vs

21 (”
f—f e “dudb
0 2 0

If we integrate the equation with respect to u we have

I 2l centsas
0 2 0

Replace U with our original definition

z1 2
f 5(_6 )5 dé
0

Substitute in the limits for r

We integrate with respect to 8

0112
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Therefore

12=

L

We take the square root of both sides and have

(o 2 _Ar
I=f, e™ du ==

If we take this value and return to the equation

0

1“(1)— Zfe‘“2 du
5) =

0

We will have
1\ _ Vr
r(;)=2+3

This simplifies to

r(3)=v
Therefore,
r(()= 7

Using the propertiessT'(n + 1) =n*T'(n) and T’ G) = +/mr, we can find the gamma of non-integers.

Letn=%forr(n+1)=n*l“(n)

(1))
IORNC

2

Q-2

Letn=2for '(n +1) = n* [(n)
r@+1)=2er )
@)=

()=

LethZforl"(n+1):n*F(n)

rG+1)=3r()
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We can also use the property I'(n + 1) = n! to find factorial values for non-integers.

Letn:%forl"(n+1):n!

Ge)-

1,

2 2

Letnz%forl‘(n+1):n!

@)=}

3\/7?_3'

4 2’

Letn=§forr(n+1)=n!
5 _5
r3+1)=3

15\/5_5'

8 2"
We can also use this property to define factorial values for negative non-integers.

Letn:-%forl“(n+1):n!

r(-en)=-d
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