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Abstract. The multi-objective optimization configurations of thickness, the locations of 
constrained layer damping (CLD) patches for plate are investigated and the vibration 
characteristics of the CLD/plate are analyzed based on the Pareto optimal solutions. The finite 
element method, in conjunction with the Golla-Hughes-McTavish (GHM) method, is employed 
to model the plate with CLD treatments to predict its vibration characteristics. A multi-objective 
optimization model for CLD/plate is formulated based on the dynamical equation. The design 
objectives are to maximize the mode loss factors, while the design variables include the 
thicknesses of viscoelastic material (VEM) and constrained layer material (CLM), the locations 
of CLD treatments on the plate. Aiming to the special real-integer hybrid variables optimization 
problems, the non-dominated sorting genetic algorithm II (NSGA-II) is employed and improved. 
Two different optimization strategies are proposed. As the results of the numerical example, the 
various feasible Pareto optimal solutions are successfully obtained, and effects of the design 
variables on the vibration characteristics are discussed. The influences of algorithm parameters on 
the optimization procedure are also investigated. The results show the validity of improved 
NSGA-II and the optimization strategies. The potential multiple selections of CLD treatments for 
different vibration control objectives and constrained conditions are also demonstrated. 
Keywords: multi-objective optimization, constrained layer damping, vibration characteristics, 
hybrid variables, NSGA-II. 

1. Introduction 

Vibration control of flexible structure is a common subject of engineering community. Active 
Constrained Layer Damping (ACLD) treatment has been used widely for damping the vibration 
of beams [1, 2], plates [3] and shells [4]. Such a system generally comprises a layer of viscoelastic 
material (VEM) sandwiched between a host structure and an active cover sheet, such as a 
piezoelectric layer.  

The overall performance of the ACLD system is governed by performance of the passive 
(open-loop) and the active controls (closed-loop). Thus, the optimization for the ACLD system 
consists of two parts, specifically, optimum design of the open-loop ACLD system, i.e. CLD 
system, and the closed-loop system. Optimization for CLD system is essential to enhance the 
performance of ACLD system. Furthermore, with optimally designed CLD treatments, the 
performance is guaranteed to be robust even if the active component of the ACLD ceases to 
operate or fail [5]. In the case of optimum design of CLD system, extensive efforts have been 
exerted to optimally design CLD treatment subject to space or weight limitations [6-8]. Parametric 
studies regarding variations in the natural frequencies and the mode damping ratios or loss factors 
have been implemented. Kung and Singh [9] developed an energy-based approach of multiple 
constrained layer damping patches. They only investigated the effect of constrained layer damping 
patches on suppressing vibration of several modes separately. Baz [5] optimized the placement of 
ACLD patches using the mode strain energy (MSE) method. In this study, the total weight of the 
damping treatments was taken as the objective function while satisfying constraints imposed on 
the mode damping ratios. Zheng and Cai [10] employed four different nonlinear optimization 
methods/algorithms (sub-problem approximation method, the first-order method, sequential 
quadratic programming (SQP) and genetic algorithm (GA)) to find the optimal locations and 
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lengths of the CLD patches, to minimize displacement amplitude at the middle beam. Al-Ajmi 
and Bourisli [11] optimized CLD segments’ length using the genetic algorithm (GA). The 
optimization procedure was only able to identify a distribution of segments for a single mode. 
Zheng Ling [12] proposed an optimality criterion to find the optimal placement of CLD patches 
on the cylindrical shell. Li Yinong and Xie Ronglu [13] considered the CLD structure optimization 
as a topology optimization problem, and the evolutionary structural optimization (ESO) method 
was employed to find the optimal configuration of the CLD patches. Both papers took the mode 
loss factors as objective functions. Lepoittevin Grégoire and Kress, Gerald [14] proposed a new 
arrangement method for enhancement of damping capabilities of segmented CLD treatments, and 
a mathematical programming method was developed in order to get the optimal arrangement that 
optimized the mode loss factor. As mentioned above, locations of the CLD patches, thicknesses 
of the CLD and VEM were optimized, but there is a limitation that all the parameters were rarely 
taken as the optimal design variables at the same time. Additionally, many of them just took a 
single objective function to find the optimal configurations of CLD treatments. 

In the present work, the objective is to develop a multi-objective optimization procedure for 
CLD structure with the ability to optimize locations of the CLD patches and thicknesses of the 
VEM and CLM simultaneously. Furthermore, effect of the parameters on vibration suppression 
performance can be analyzed based on Pareto optimal solutions set. 

This paper is organized in six sections. In section 1, the brief introduction is given. In section 2, 
the finite element model of the CLD/plate is developed. In section 3, a multi-objective 
optimization model is established and two optimization strategies are proposed. Locations of CLD 
patches expressed by positive integers, and thicknesses of VEM and CLM which are presented by 
positive consequent-real numbers, constitute the hybrid variables. The mode loss factors are 
served as objective functions, the added-mass and frequency shift are taken as constraint 
conditions. To obtain the optimal configuration of CLD treatments, the improved NSGA-II 
(INSGA-II) is proposed and explained in section 4. In section 5, the multi-objective optimization 
processes for the CLD system are carried out, and the effectiveness of the INSGA-II is verified. 
The vibration characteristics of CLD system are analyzed for different multi-objective 
optimization configurations. Furthermore, the influences of algorithm parameters on optimization 
procedure are also discussed. In section 6, a brief summary of the conclusions is given. 

2. Finite element model  

Fig. 1 shows a schematic drawing of a cantilever plate treated partially with the constrained 
layer damping (CLD) treatment. ZN-1 polymer is used as the viscoelastic material (VEM) layer 
which is boned to the base plate (aluminum). P-5H piezoelectric ceramics patch is selected as the 
constrained layer (CL) to enhance and control vibration energy dissipation. Their geometric and 
physical properties are shown in Table 1. It is assumed that shear strains in the constrained layer 
and base plate are negligible. The transverse displacements of any points on any cross section in 
the CLD/plate are considered to be the same. Besides, all layers are considered to be boned 
together perfectly. 

 
Fig. 1. The cantilever plate treated with CLD patches 
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Table 1. Geometrical and physical parameters of ACLD/plate system 
Aluminum P-5H ZN-1 ℎ௕ 0.0008 m ℎ௖ 0.0005 m ℎ௩ 0.001 m ߫ଵ ௖ܧ ௕ 69 GPaܧ 148.0 74.5 GPa ߤ௩ 0.3 ߫ଶ ௖ߤ ௕ 0.3ߤ 12.16 ௩ߩ 0.32 789.5 kg/m3 ߫ଷ ௖ߩ ௕ 2800 kg/m3ߩ 810.4 7450 kg/m3 ܩஶ 554200 Pa ߱ଵ 896200 

  ݀ଷଵ, ݀ଷଶ 186×10-12 C/N ߙଵ 3.960 ߱ଶ 927800 
ଶߙ     65.69 ߱ଷ 761300 

2.1. Degrees of freedom and shape functions 

The CLD/plate is divided into ܰ elements and a two-dimensional integrated element with four 
nodes shown in Fig. 2 is considered to model the CLD/plate system. Each node has seven degrees 
of freedom, including the longitudinal displacements ݑ௖  and ݒ௖  of the constrained layer, the 
longitudinal displacements ݑ௕ ௕ݒ ,  of the base plate, the lateral displacement ݓ  of the whole 
structure, and the slopes ݓ,௫, ݓ,௬ of lateral displacement. The displacement of an arbitrary point 
in an element can be interpolated using the following polynomials: ݑ௖ = ଵߙ + ݔଶߙ + ݕଷߙ + ,ݕݔସߙ ௖ݒ = ହߙ + ݔ଺ߙ + ݕ଻ߙ + ௕ݑ ,ݕݔ଼ߙ = ଽߙ + ݔଵ଴ߙ + ݕଵଵߙ + ,ݕݔଵଶߙ ௕ݒ = ଵଷߙ + ݔଵସߙ + ݕଵହߙ + ݓ ,ݕݔଵ଺ߙ = ଵ଻ߙ + ݔଵ଼ߙ + ݕଵଽߙ + ଶݔଶ଴ߙ + ݕݔଶଵߙ + ଶݕଶଶߙ + ݕଶݔଶସߙ+      ଷݔଶଷߙ + ଶݕݔଶହߙ + ଷݕଶ଺ߙ + ݕଷݔଶ଻ߙ + ௫,ݓ ,ଷݕݔଶ଼ߙ = ݕ߲ݓ߲ ௬,ݓ   , = − ݔ߲ݓ߲ , (1)

where the constants ߙ = ଵߙ}  ଶ଼} are determined in terms of twenty-eight components of theߙ   …  
node displacements vector ܙ௘ of the ݅th element. The element displacement vector ܙ௘ is given by: ܙ௘ = ଵܙ} ଶܙ ଷܙ ,்{ସܙ (2)

where ݍ௜ = ݅ for ,{௜,௬ݓ   ௜,௫ݓ   ௜ݓ   ௕௜ݒ  ௕௜ݑ   ௖௜ݒ   ௖௜ݑ} = 1, 2, 3, 4. 
Substituting ߙ expressed by the nodes displacements and the nodes coordinates into Eq. (1), 

the displacement at any location (ݕ ,ݔ) inside the ݅th element can be described by: 

௖ݑ = ෍ ௖௜ସݑ௜ݏ
௜ୀଵ ௖ݒ   , = ෍ ௖௜ସݒ௜ݏ

௜ୀଵ , ௣ݑ = ෍ ௕௜ସݑ௜ݏ
௜ୀଵ ௣ݒ   , = ෍ ௕௜ସݒ௜ݏ

௜ୀଵ ,
ݓ = ෍൫ݏ௪௜ݓ௜ + ௜,௫ݓ௪௜,௫ݏ + ௜,௬൯,ସݓ௪௜,௬ݏ

௜ୀଵ
(3)

where: 

௜ݏ = 14 ൬1 + ௜൰ݔݔ ൬1 + ,௜൰ݕݕ ௪௜ݏ = 18 ൬1 + ௜൰ݔݔ ൬1 + ௜൰ݕݕ ൤2 + ௜ݔݔ ൬1 − ௜൰ݔݔ + ௜ݕݕ ൬1 − ௪௜,௫ݏ ,௜൰൨ݕݕ = − ௜8ݕ ൬1 + ௜൰ݔݔ ൬1 + ௜൰ଶݕݕ ൬1 − ,௜൰ݔݔ ௪௜,௬ݏ = ௜8ݔ ൬1 + ௜൰ଶݔݔ ൬1 + ௜൰ݕݕ ൬1 −  ,௜൰ݔݔ
are termed as the shape function, and ݔ௜, ݕ௜ are the coordinates of the nodes in the ݅th element 
coordinates system. Eq. (3) can be rewritten in the matrix form as: {ݑ௖   ݒ௖   ݑ௕  ݒ௕   ݓ   ݓ,௫ ்{௬,ݓ = ௨௖܁} ௩௖܁ ௩௕܁  ௨௕܁ ௪܁ ௪,௫܁ ,௘ܙ்{௪,௬܁ (4)
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where ܁௨௖, ܁௩௖, ܁௨௕, ܁௩௕, ܁௪, ܁௪,௫, ܁௪,௬ are called the shape function for ݑ௖, ݒ௖, ݑ௕, ݒ௕, ݓ ,ݓ,௫, ݓ,௬. 
The deformation relationship of the CLD patches and the base plate is shown in Fig. 3. Then, 

the displacements in ݔ -direction and ݕ -direction of the viscoelastic layer (VL) can be  
formulated as: 

௩ݑ = 12 ൬ݑ௖ + ௕ݑ + ℎ௖ − ℎ௕2 ݔ߲ݓ߲ ൰, ௩ݒ = 12 ൬ݒ௖ + ௕ݒ + ℎ௖ − ℎ௕2 ݕ߲ݓ߲ ൰. (5)

 

 
Fig. 2. The CLD element 

 
Fig. 3. The deformation relationship 

And the shear deformation of the VL can be derived as: 

௫ߛ = ௖ݑ − ௕ℎ௩ݑ + ℎ݀௩ ݔ߲ݓ߲ ௬ߛ , = ௖ݒ − ௕ℎ௩ݒ + ℎ݀௩ ݕ߲ݓ߲ , (6)

where ݀ = (ℎ௕ + ℎ௖)/2 + ℎ௩ , and ℎ௕ , ℎ௖ , ℎ௩  denote the thickness of the base plate, the 
constrained layer and the viscoelastic layer respectively. 

Hence, the shape functions for the longitudinal displacements ݑ௩, ௩ݒ   and the shear 
deformations ߛ௫, ߛ௬ of the VEM core can be derived as [4]: 

௨௩܁ = 12 ൤(܁௨௖ + (௨௕܁ − ℎ௖ − ℎ௕2 ௩௩܁ ,௪,௬൨܁ = 12 ൤(܁௨௖ + (௨௕܁ + ℎ௖ − ℎ௕2 ఊ௫܁ ,௪,௫൨܁ = 1ℎ௩ ൤(܁௨௖ − (௨௕܁ − ൬ℎ௖ + ℎ௕2 + ℎ௩൰ ఊ௬܁ ,௪,௬൨܁ = 1ℎ௩ ൤(܁௨௖ − (௨௕܁ + ൬ℎ௖ + ℎ௕2 + ℎ௩൰ .௪௫൨܁
(7)

So the displacement vector of the VEM can be expressed as: {ݑ௩   ݒ௩} = ௨௩܁} ,௘ܙ{௩௩܁ (8)൛ߛ௫   ߛ௬ൟ = .௘ܙ{ఊ௬܁   ఊ௫܁} (9)

2.2. Energies of a CLD/plate system 

2.2.1. Potential energies 

The potential energies related with the plane stress deformations of the CLD/plate system are 
expressed as: 
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௣ܲ௜ = ௜ℎ௜2(1ܧ − (௜ଶߤ න න ቈ൬߲ݑ௜߲ݔ ൰ଶ + ൬߲ݒ௜߲ݕ ൰ଶ + ௜ߤ2 ݔ௜߲ݑ߲ ݕ௜߲ݒ߲ + ൬1 − ௜2ߤ ൰ ൬߲ݑ௜߲ݕ + ݔ௜߲ݒ߲ ൰ଶ቉௕
ି௕

௔
ି௔ (10) ,ݕ݀ݔ݀

where ݅ = ݒ ,ܿ ,ܾ  denote the base plate, the constrained layer and the viscoelastic layer, 
respectively. ܧ௜, ߤ௜ are Young’s modulus and Passion’s ratio, and ℎ௜ is the thickness for the three 
layer in the CLD/plate system, respectively. Substituting Eq. (4) into Eq. (10) for base plate and 
constrained layer, the ௣ܲ௜ can be obtained as follows: 

௣ܲ௜ = 12 ℎ௜்(௘ܙ) න න ۰௣௜்௕
ି௕

௔
ି௔ ۲௜۰௣௜݀ݕ݀ݔ(ܙ௘), ݅ = ܾ, ܿ, (11)

where ܦ௜  is the elastic coefficient matrix with ܦ௜ଵଵ = ௜ଶଶܦ = ௜ܧ (1 − ⁄,(௜ଶߤ ௜ଵଶܦ  = ௜ଶଵܦ = ௜ݑ௜ܧ (1 − ⁄(௜ଶߤ ௜ଷଷܦ , = ௜ܧ 2(1 + ⁄(௜ߤ , and ۰௣௜ = ቂడ܁ೠ೔డ௫ డ܁ೡ೔డ௬ డ܁ೠ೔డ௬ + డ܁ೡ೔డ௫ ቃ்
. So the 

membrane stiffness matrices for the base plate and the constrained layer can be defined as: 

௣௜ܓ = ℎ௜ න න ۰௣௜்௕
ି௕

௔
ି௔ ۲௜۰௣௜݀ݕ݀ݔ. (12)

For viscoelatic layer, the shape functions are related with the thicknesses ℎ௕, ℎ௖, ℎ௩, so the ௣ܲ௩ 
is also related with these parameters. To investigate conveniently the characteristics what these 
parameters have effect on, the ௣ܲ௩  from which the ℎ௕ , ℎ௖ , ℎ௩  are factored out is expressed as 
follows: 

௣ܲ௩ = 12 ଵ௩ܓ)்(௘ܙ) + ଶ௩ܓ + ଷ௩ܓ + ,(௘ܙ)(ସ௩ܓ (13)

where ܓଵ௩, ܓଶ௩, ܓଷ௩, ܓସ௩ are: 

ଵ௩ܓ = ℎ௩ܧ௩4(1 − (௩ଶߤ න න ൫܁௨௖,௫ + ௕ݕ݀ݔ௨௕,௫൯ଶ݀܁
ି௕

௔
ି௔        

        + ℎ௩(ℎ௕ − ℎ௖)ܧ௩2(1 − (௩ଶߤ න න ൫܁௨௖,௫ + ௪௬,௫்܁௨௕,௫൯܁ ௕ݕ݀ݔ݀
ି௕

௔
ି௔ + ℎ௩(ℎ௕ − ℎ௖)ଶܧ௩16(1 − (௩ଶߤ න න ௪௬,௫ଶ܁ ௕ݕ݀ݔ݀

ି௕ ,௔
ି௔ ଶ௩ܓ  = ℎ௩ܧ௩4(1 − (௩ଶߤ න න ൫܁௩௖,௫ + ௕ݕ݀ݔ௩௕,௫൯ଶ݀܁

ି௕
௔

ି௔         + ℎ௩(ℎ௕ − ℎ௖)ܧ௩2(1 − (௩ଶߤ න න ൫܁௩௖,௫ + ௪௬,௫்܁௩௕,௫൯܁ ݕ݀ݔ݀ + ℎ௩(ℎ௕ − ℎ௖)ଶܧ௩16(1 − (௩ଶߤ න න ௪௫,௬ଶ܁ ௕ݕ݀ݔ݀
ି௕

௔
ି௔

௕
ି௕

௔
ି௔ ଷ௩ܓ , = ℎ௩ߤ௩ܧ௩2(1 − (௩ଶߤ න න ൫܁௨௖,௫ + ௩௖,௬܁௨௕,௫൯்൫܁ + ௕ݕ݀ݔ௩௕,௬൯݀܁
ି௕

௔
ି௔         + ℎ௩(ℎ௕ − ℎ௖)ߤ௩ܧ௩4(1 − (௩ଶߤ න න ௪௬,௫்܁ ൫܁௩௖,௬ + ௕ݕ݀ݔ௩௕,௬൯݀܁

ି௕
௔

ି௔         + ℎ௩(ℎ௖ − ℎ௕)ߤ௩ܧ௩4(1 − (௩ଶߤ න න ൫܁௨௖,௫ + ௕ݕ݀ݔ௪௫,௬݀܁௨௕,௫൯்܁
ି௕

௔
ି௔         − ℎ௩(ℎ௕ − ℎ௖)ଶߤ௩ܧ௩16(1 − (௩ଶߤ න න ௪௬,௫்܁ ௕ݕ݀ݔ௪௫,௬݀܁

ି௕ ,௔
ି௔ ସ௩ܓ  = ℎ௩ܧ௩8(1 + (௩ߤ න න ൫܁௨௖,௬ + ௨௕,௬܁ + ௩௖,௫܁ + ௕ݕ݀ݔ௩௕,௫൯ଶ݀܁

ି௕
௔

ି௔  
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       + ℎ௩(ℎ௖ − ℎ௕)ଶܧ௩32(1 + (௩ߤ න න ൫܁௪௫,௫ − ௕ݕ݀ݔ௪௬,௬൯ଶ݀܁
ି௕

௔
ି௔         + ℎ௩(ℎ௖ − ℎ௕)ܧ௩8(1 + (௩ߤ න න ൫܁௨௖,௬ + ௨௕,௬܁ + ௩௖,௫܁ + ௪௫,௫܁௩௕,௫൯்൫܁ − ௕ݕ݀ݔ௪௬,௬൯݀܁

ି௕
௔

ି௔ . 
So the membrane stiffness matrix for viscoelastic layer is obtained as: ܓ௣௩ = ଵ௩ܓ + ଶ௩ܓ + ଷ௩ܓ + .ସ௩ܓ (14)

Furthermore, the potential energies related with the bending deformations of the CLD/plate 
system are expressed as: 

௕ܲ௜ = ௜ℎ௜ଷ24(1ܧ − (௜ଶߤ න න ൥ቆ߲ଶݔ߲ݓଶ ቇଶ + ቆ߲ଶݕ߲ݓଶ ቇଶ + ௜ߤ2 ߲ଶݔ߲ݓଶ ߲ଶݕ߲ݓଶ௕
ି௕

௔
ି௔       +4 ൬1 − ௜2ߤ ൰ ቆ ߲ଶݕ߲ݔ߲ݓቇଶ൩ ,ݕ݀ݔ݀ ݅ = ܾ, ܿ, .ݒ (15)

Substituting Eq. (4) into Eq. (15), ௕ܲ௜ can be obtained as follows: 

௕ܲ௜ == 12 ்(௘ܙ) ℎ௜ଷ12 න න (۰௕௜)்௕
ି௕

௔
ି௔ ۲௜۰௕௜݀ݕ݀ݔ(ܙ௘), ݅ = ܾ, ܿ, ,ݒ (16)

where ۰௕௜ = ቂడమೢ܁డ௫మ డమೢ܁డ௬మ 2 డమೢ܁డ௫డ௬ቃ்
. So the bending stiffness matrices for every layer in the 

CLD/plate system can be defined as: 

௕௜ܓ = ℎ௜ଷ12 න න ۰௕௜்௕
ି௕

௔
ି௔ ۲௜۰௕௜݀ݕ݀ݔ, ݅ = ܾ, ܿ, .ݒ (17)

For the CLD/plate system, the vibration energy is consumed by the shear deformation of the 
VEM. The potential energy related with the shear deformations of the VEM is derived as: 

௦ܲ௩ = 12 න൫ߛ௫ߛܩ௫ + ௬൯௏ߛܩ௬ߛ ܸ݀, (18)

where ܩ is the shear modulus of the VEM. Substituting Eq. (9) into Eq. (18), the ௦ܲ௩, like the 
potential energy ௣ܲ௩, can be obtained as follows: 

௩ܲଷ = 12 ଵ௦௩ܓ)்(௘ܙ) + ଶ௦௩ܓ + ,(௘ܙ)(ଷ௦௩ܓ (19)

where ܓଵ௦௩, ܓଶ௦௩, ܓଷ௦௩ are: 

ଵ௦௩ܓ = ℎ௩ܩ න න ௨௕܁)) − ௨௖)ଶ܁ + ௩௕܁) − ௕ݕ݀ݔ݀(௩௖)ଶ܁
ି௕

௔
ି௔ ଶ௦௩ܓ , = ℎ௩ܩ2 ൬ℎ௕ + ℎ௖2 + ℎ௩൰ න න ቀ(܁௨௕ − ௪,௬்܁(௨௖܁ + ௩௕܁) − ௪,௫்܁(௩௖܁ ቁ ௕,ݕ݀ݔ݀

ି௕
௔

ି௔ ଷ௦௩ܓ  = ℎ௩ܩ ൬ℎ௕ + ℎ௖2 + ℎ௩൰ଶ න න ൫܁௪,௬ଶ + ௪,௫ଶ܁ ൯݀ݕ݀ݔ௕
ି௕

௔
ି௔ .
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So the shear stiffness matrices for viscoelastic layer is obtained as: ܓ௦௩ = ଵ௦௩ܓ + ଶ௦௩ܓ + .ଷ௦௩ܓ (20)

2.2.2. Kinetic energies 

The kinetic energy for each layer of the CLD/plate system is expressed as: 

௜ܶ = 12 ௜ℎ௜ߩ න න ቈ൬߲ݑ௜߲ݐ ൰ଶ + ൬߲ݒ௜߲ݐ ൰ଶ + ൬߲߲ݐݓ ൰ଶ቉௕
ି௕

௔
ି௔ ,ݕ݀ݔ݀ (21)

where ݅ = ݒ ,ܿ ,ܾ  denote the base plate, the constrained layer and the viscoelastic layer, 
respectively. ߩ௜, ℎ௜ are density and the thickness for the three layers in the CLD/plate system, 
respectively. Substituting Eq. (4) into Eq. (21) for base plate and constrained layer, the ௜ܶ can be 
obtained as follows: 

௜ܶ = 12 ሶܙ) ௘)்ߩ௜ℎ௜ න න ሾ(܁௨௜)்܁௨௜ + ௩௜܁்(௩௜܁) + ௪ሿ௕܁்(௪܁)
ି௕

௔
ି௔ ሶܙ)ݕ݀ݔ݀ ௘). (22)

So the element mass matrices for the base plate and the constrained layer can be defined as: 

௜ܕ = ௜ℎ௜ߩ න න ሾ(܁௨௜)்܁௨௜ + ௩௜܁்(௩௜܁) + ௪ሿ௕܁்(௪܁)
ି௕

௔
ି௔ .ݕ݀ݔ݀ (23)

For viscoelatic layer, like the stiffness matrix, the element mass matrix can be defined as: ܕ௩ = ଵ௩ܕ + ଶ௩ܕ + ,ଷ௩ܕ (24)

where ݉ଵ௩, ݉ଶ௩, ݉ଷ௩ are: 

ଵ௩ܕ = 14 ℎ௩ න න ௨௕܁))௩ߩ + ௨௖)ଶ܁ + ௩௕܁) + ௩௖)ଶ܁ + ௪ଶ܁4 )௕
ି௕

௔
ି௔ ଶ௩ܕ,ݕ݀ݔ݀ = 12 ℎ௩(ℎ௕ − ℎ௖) න න ௩ߩ ቀ(܁௨௕ + ௪,௬்܁(௨௖܁ − ௩௕܁) + ௪,௫்܁(௩௖܁ ቁ ௕,ݕ݀ݔ݀

ି௕
௔

ି௔ ଷ௩ܕ  = 14 ℎ௩(ℎ௕ − ℎ௖)ଶ න න ௪,௫ଶ܁௩൫ߩ + ௪,௬ଶ܁ ൯݀ݕ݀ݔ௕
ି௕

௔
ି௔ .

2.2.3. Work done by the external force 

The virtual work done by the external disturbance is: 

ௗܹ = ۴ௗ௘. (25)்(௘ܙ)

2.3. Equation of motion 

Applying the energy method, the equations of motion for an ACLD element can be written as: ۻ௘ܙሷ ௘ + ۹௘ܙ௘ = ۴ௗ௘, (26)

where ۻ௘ = ௕ܕ + ௖ܕ + ,௩ܕ  ۹௘ = ௕ܓ + ௖ܓ + ௩ܓ + ,௦௩ܓ ௕ܓ  = ௣௕ܓ + ,௕௕ܓ ௖ܓ  = ௣௖ܓ + ௩ܓ ,௕௖ܓ = ௣௩ܓ +  .௕௩ܓ
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The frequency- or time-dependent behavior of the visco-elastic material is now modeled by 
using Golla-Hughes-McTavish (GHM) method [15]. In this approach, the shear modulus of VEM 
is expressed as a series of ‘mini-osillator’ terms in the Laplace domain: 

(ݏ)෨ܩݏ = ஶܩ ൥1 + ෍ ௞ߙ ଶݏ + 2߫௞߱௞ݏݏଶ + 2߫௞߱௞ݏ + ߱ଶ௞ ൩, (27)

where the constants ߙ௞, ߫௞ and ߱௞ govern the shape of the modulus function over the complex  
s-domain. A column matrix of dissipation co-ordinates is introduced as follows: 

(ݏ)ො௘ܢ = ߱ଶݏଶ + ݏ2߫߱ + ߱ଶ .(ݏ)௘ܙ (28)

Considering a three-term GHM expression, Eq. (24) can be rewritten as follows: ۻ෡ ௘܆ሷ ௘ + ۲෡ ௘܆ሶ ௘ + ۹෡ ௘܆௘ = ۴෠ௗ௘, (29)

where each vector and matrix can be expressed as: 

෡ۻ ௘ =
ێێۏ
ێێێ
௘ۻۍ 0 0 00 ଵ߱ଵଶߙ ઩ 0 00 0 ଶ߱ଶଶߙ ઩ 00 0 0 ଷ߱ଷଶߙ ઩ۑۑے

ۑۑۑ
ې
෡௘ܦ   , =

ێێۏ
ێێێ
0ۍێ 0 0 00 ଵ߱ଵଶߞଵߙ2 ઩ 0 00 0 ଶ߱ଶଶߞଶߙ2 ઩ 00 0 0 ଷ߱ଷଶߞଷߙ2 ઩ۑۑے

ۑۑۑ
 ,ېۑ

۹෡ ௘ =
ێێۏ
௦௩(1ܓஶܩۍێێ + ෍ ௞ଷߙ

௞ୀଵ ) + ௩ܓ ଵܴߙ− ଶܴߙ− ்܀ଵߙ−ଷܴߙ− ଵ઩ߙ 0 ்܀ଶߙ−0 0 ଶ઩ߙ ்܀ଷߙ−0 0 0 ଷ઩ߙ ۑۑے
௘܆   ,ېۑۑ = ቄܙ௘ܢ௘ ቅ,   ۴෠ௗ௘ = ൜۴ௗ௘0 ൠ,  

where ܓ௦௩ = ௩், ઩܀௩઩௩܀ = ܀ ,ஶ઩௩ܩ = ௘ܢ ,௩઩܀ =  ො௘, ઩௩ is a diagonal matrix of the positiveܢ௩்܀
eigenvalues of matrix ܓ௦௩, and ܀௩ is the eigenvectors matrix corresponding to the eigenvalues. 

The global equations of motion can be obtained via assembling the element mass and stiffness 
matrices, and the element force vectors, as follows: ܆ۻሷ + ሶ܆۱ + ܆۹ = ۴ௗ. (30)

3. Problem formulations 

Most real-world search and optimization problems naturally involve multiple objectives. For 
the optimization problem of the CLD structures, it requires that several trade-off CLD 
configurations, using which the selected resonance peaks can be decreased simultaneously, can 
be obtained. Thus, it can be considered as a multi-objective optimization problem. The standard 
form of the multi-objective optimization problem for CLD/plate can be described as: max ௜݂(܌),       ݅ = 1, … , ݊,s. t.   ݃௝(܌) ≤ 0,    ݆ = 1, … , ݉, (31)
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where ܌ is the vector of the design variables. 

3.1. Objective functions 

Based on Eq. (30), the state space model of the CLD/plate can be derived as follows: ܠ = ܠۯ + ܡ   ,܎۰ = .ܠ۱ (32)

The complex eigenvalues corresponding to Eq. (32) are expressed as: ߣ௜(ܣ) = ௜ߙ ± ௜, (33)ߚ݆

where ߙ௜ ௜ߚ ,  are the real and imaginary parts of the ݅th complex eigenvalue, respectively, and  ݆ = √−1. Here, the loss factor of the ݅th complex mode are defined as: ߞ௜ = − ௜ߚ௜ߙ . (34)

Obviously, the loss factor is larger, the vibration of the structure is decayed more quickly, and 
the efficiency of vibration suppression becomes better. So, the objective functions used in this 
study can be stated as follows: max: ߞଵ,ߞଶ,, … , ݅      ,௜ߞ ≥ 2. (35)

3.2. Design variables and optimization strategies  

The parameters of viscoelastic material (VEM) and constrained layer material (CLM) and the 
locations of the CLD patches are significant on the vibration and damping characteristics of CLD 
structure. So locations of the CLD patches on the base structure and thicknesses of the VEM and 
CLM are selected as the design variables, i.e.: ܌ = {݈௜ ℎ௝ ℎ௞},   ݅ = 1, … , ݊, ݆ = 1, … , ݉, ݇ = 1, … , ,ݏ (36)

where ݈௜ ∈ ௟ܵ denotes the location of the ݅th CLD which is expressed by the positive integer, and ݈௜ ≠ ௝݈  for ݅ ≠ ݆ , ݊  is the number of the CLD. ℎ௝ ∈ ܵ௩  and ℎ௞ ∈ ܵ௖  which are expressed by 
positive continuous real number, are the thicknesses of the VEM and CLM, respectively. ݉ and ݏ are the number of the thickness variables. Thus, the design variable vector contains different 
variable type, i.e. it is a hybrid variable vector. 

Due to the variable vector containing two different types, two optimization strategies are 
proposed to optimize the CLD/plate structure as follows: 

1) Firstly, the locations of the CLD patches are optimized, and then the optimal thicknesses of 
VEM and CLM are obtained. That is ‘step-by-step optimization’. 

2) The locations, the thicknesses of VEM and CLM, which consists of the hybrid variable 
vector, are optimized simultaneously. That is “integrated optimization”. 

3.3. Constraints 

Considering design requirements for the engineering structures, the added weight and the shift 
of the natural frequencies should be in a limited range. i.e.: ݉௠௜௡ − ݉௔ ≤ 0,݉௔ − ݉௠௔௫ ≤ 0,ห ௝݂ − ௢݂ห − ܿ ≤ 0, (37)
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where ݉௔ is the added weight when the CLD patches are pasted on the base structure, ݉௠௜௡ and ݉௠௔௫  are the feasible minimum and maximum added-mass. ݉௠௜௡  and ݉௠௔௫  can be  
calculated as: ݉௠௜௡ = ௠ଵߙ × ݊ × ௩ߩ × ℎ௩௠௜௡ × ܽ × ܾ + ௠ଵߙ × ݊ × ௖ߩ × ℎ௖௠௜௡ × ܽ × ܾ, ݉௠௔௫ = ௠ଶߙ × ݊ × ௩ߩ × ℎ௩௠௔௫ × ܽ × ܾ + ௠ଶߙ × ݊ × ௖ߩ × ℎ௖௠௔௫ × ܽ × ܾ, 
where, ߙ௠ଵ  and ߙ௠ଶ  are the coefficients, ݊ is the number of CLD patches, ߩ௩  and ߩ௖  are the 
densities of VEM and CLM, ℎ௩௠௜௡ and ℎ௖௠௜௡ are the minimums of VEM and CLM, ℎ௩௠௔௫ and ℎ௖௠௔௫ are the maximums of VEM and CLM, ܽ and ܾ are the size of the element. ௢݂ and ௝݂ are the 
natural frequencies of the CLD/plate before and after the optimization procedure is carried out. 

4. Multi-objective optimization algorithm-improved NSGA-II  

For multi-objective optimization for CLD structure, the relationship between the design 
variables and the objectives is hard to describe by the use of explicit mathematical equations. 
Meanwhile, the design variables space composes of two different types of design variables: 
discrete and continuous. Besides, due to the difficulty of characterizing visco-elastic properties of 
VEM accurately, that makes the optimization problem more complex. As well known, the 
traditional optimization strategies, such as linear programming algorithm, are powerful to solve 
single objective optimization problem described by explicit mathematical equations, but difficult 
to solve the complex multi-objective problem. However, GA is very useful and powerful to deal 
with such multi-objective optimization problem. In this paper, the non-dominated sorting genetic 
algorithm (NSGA-II), which has an excellent robustness, is introduced and improved to solve the 
hybrid variables multi-objective optimization problem. 

The basic flow chart of the NSGA-II algorithm which is proposed by Deb [16], considering 
the constrained condition, is employed to carry out the optimization shown in Fig. 2. Some basic 
ideals are explained as follows: 

(1) Chromosome representation. In this investigation, to overcome the ‘Hanming Cliff’ in the 
binary codes, all the values of the design variables are encoded by decimal code that is different 
from the original NSGA-II algorithm. For simplicity, the chromosome constructions of hybrid 
variables, objective function value, constraint violation value, the rank value, the crowding 
distance, are shown in Fig. 3.  

(2) Constraint handling. In the multi-optimization problem, the constraint violation is 
described as: ݃ = |݉௠௜௡ − ݉௔| + |݉௔ − ݉௠௔௫| + ቚห ௝݂ − ௢݂ห − ܿቚ. (38)

In the constraint handling approaches, a tournament selection is employed where two solutions 
are compared at a time, and the following criteria are always enforced [17]: 

a) Any feasible solution is preferred to any infeasible solution.  
b) Among two feasible solutions, the one having smaller constraint violation is preferred. 
c) Among two infeasible solutions, the one having smaller constraint violation is preferred. 
(3) Non-dominated sorting. The constrain-domination condition [18] for any two solutions is 

described as follows: 
If a solution ݀௜  is said to ‘constrain-dominate’ a solution ௝݀ , then any of the following 

conditions are true: 
a) Solutions ݀௜ is feasible and solution ௝݀ is not. 
b) Solution ݀௜ and ௝݀ are both infeasible, but solution ݀௜ has a smaller constraint violation. 
c) Solution ݀௜ and ௝݀ are feasible and solution ௝݀ dominates solution ௝݀ in the usual sense. 
In the non-dominated sorting procedure, for each solution, two entities will be calculated  
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firstly: 1) domination count ݊ௗ, the number of solutions which dominate the solution ݀, and 2) ܵௗ, 
a set of solutions that the solution ݀ dominates. Then the following procedure [16] is used to carry 
out the non-dominated sorting. 

Step 1: Find all the solutions with the domination count ݊ௗ being zero, and set these solutions 
in the first non-dominated front. The rank value for these solutions is set to be one. 

Step 2: For each solution ݀  with ݊ௗ = 0 , each member ݍ  of its set ܵௗ  is visited and its 
domination count is reduced by one.  

Step 3: In doing so, if for any member ݍ, the domination count becomes zero, it will be put in 
a separate set ܳௗ. These members belong to the second non-domination front. The rank value for 
these solutions is set to be two. 

Step 4: The above procedure is continued with each member of ܳௗ  and the third front is 
identified. And the process continues until all fronts are identified.  

(4) Crowding distance. The crowding distance of the ݅th solution (marked with solid circles) 
in its front which is shown in Fig. 4, is the average side-length of the cuboids (shown by a dashed 
box). It denotes the diversity distribution of the solution in its front. 

Generate initial population 

Termination condition?

Start, gen =1

Non-dominated sorting

Execute genetic operator

End

New parents

No

Yes

gen=2

New generation ? No

Yes

Calculate objective function

Tournament selection 

Non-dominated sorting

Combine parents and offspring populations 

Execute genetic operator gen=gen+1

Calculate constraint violation

 
Fig. 4. Flow chart of the optimization algorithm 

(5) The genetic operator 
In the standard NSGA-II, simulated binary crossover operator and polynomial mutation 

operator are served as genetic operators. But they can be used to solve real coded optimization 
problem. Herein, the new genetic operators are introduced and improved for the special 
optimization problem of the CLD/plate. 

a) The new crossover operator  
The Laplace crossover operator which is proposed in [19], is introduced in the NSGA-II to 

deal with the hybrid/mixed design variables optimization problems. According to the Laplace 
crossover operator, the two offspring produced by the two parents, ݔ௜ଵ, ݔ௜ଶ are computed as: 
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௜ଵݕ = ௜ଵݔ + ௜ଵݔ|௜ߙ − ,|௜ଶݔ ௜ଶݕ = ௜ଶݔ + ௜ଵݔ|௜ߙ − ,|௜ଶݔ (39)

where: ߙ௜ = ൜ܽ − ௜ݎ      ,(௜ݑ)݃݋݈ܾ ≤ 1/2,ܽ − ௜ݎ      ,(௜ݑ)݃݋݈ܾ > ௜ݑ,1/2 ௜ݎ ,  are uniform random numbers between 0 and 1, ܽ ∈ ܴ is called location parameter, and  ܾ > 0 is termed as scale parameter. For integer design variables, ܾ = ܾ௜௡௧, is usually assigned to 
be an integer, otherwise, ܾ = ܾ௥௘௔௟ is set to be a positive real value below 1. For smaller value of ܾ, offspring are expected to be produced near the parents, and for lager ܾ, offspring are likely to 
be produced far from parents.  

Because two or more CLD patches can not be bonded on the same location on the base plate, 
i.e., ݈௜ ≠ ௝݈ for ݅ ≠ ݆, the procedure of the original crossover operator will be modified. Based on 
the smallest distance principle, the crossover operator will be carried out for every pair variables 
denoting the locations of CLD patches in the parent. The procedure is expressed as follows: 

Step 1: The crossover operator is carried out for the first pair variables ݈ଵ௣ଵ and ݈ଵ௣ଶ in the parent 
and the first two offspring are got as follows: ൛݈ଵ௣ଵ      ݈ଶ௣ଵ    ݈ଷ௣ଵ    ݈ସ௣ଵൟ൛݈ଵ௣ଶ    ݈ଶ௣ଶ    ݈ଷ௣ଶ    ݈ସ௣ଶ ൟ ⇒ {݈ଵ௖ଵ 0 0 0}{݈ଵ௖ଶ 0 0 0 }. (40)

Step 2: The range ܵ௟మ೎భ and ܵ௟మ೎మ for the second two offspring are updated to: ܵ௟మ೎భ = ௟ܵ − ݈ଵ௖ଵ,   ܵ௟మ೎మ = ௟ܵ − ݈ଵ௖ଶ. (41)

Step 3: The crossover operator is carried out for the first pair variables ݈ଶ௣ଵ and ݈ଶ௣ଶ in the parent 
and the second two offspring are obtained as follows: ൛݈ଵ௣ଵ      ݈ଶ௣ଵ    ݈ଷ௣ଵ    ݈ସ௣ଵൟ൛݈ଵ௣ଶ    ݈ଶ௣ଶ    ݈ଷ௣ଶ    ݈ସ௣ଶ ൟ ⇒ {݈ଵ௖ଵ ݈ଶ௖ଵ 0 0}{݈ଵ௖ଶ ݈ଶ௖ଶ 0 0 }. (42)

If ݈ଵ௖ଵ ≡ ݈ଶ௖ଵ or ݈ଵ௖ଶ ≡ ݈ଶ௖ଶ, then ݈ଶ௖ଵ and ݈ଶ௖ଶ will be revised as: ݈ଶ௖ଵ = min ቀቚܵ௟మ೎భ − ݈ଶ௖ଵቚቁ ݈ଶ௖ଶ = min ቀቚܵ௟మ೎మ − ݈ଶ௖ଶቚቁ. (43)

Step 4: Step 2 and Step 3 are continued until the crossover operator is carried out for every 
integer variable pair. 

b) The new mutation operator 
The power operator which is proposed in [19], is introduced in the NSGA-II as mutation 

operator to deal with the hybrid/mixed design variables optimization problems. According to the 
mutaion operator, the offspring produced by the parents, ݔ௜௠, is generated as: 

௜௠ݕ = ቊݔ௜௠ − ௜௠ݔ൫ݏ − ,௜௟൯ݔ ݐ < ௜௠ݔ,ݎ + ௜௨ݔ)ݏ − ,(௜௠ݔ ݐ ≥ ,ݎ (44)

where ݏ =  is named as the power ݌ ,ଵ is an uniform random number in the range of 0 to 1ݏ ,௣(ଵݏ)
distribution index of mutation. ݌ =  ௜௡௧, is usually assigned to be a positive integer for integer݌
design variables, otherwise, ݌ =  ௥௘௔௟ is set to be a positive real value less than 1. For large values݌
of ݌, more diversity in the solutions is expected, and for small valves of ݌, less perturbance is 
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achieved. ݐ = ௜௠ݔ) − ௜௨ݔ)/(௜௟ݔ −  .is a uniformly distributed random number between 0 and 1 ݎ .௜௨ are lower and upper limits of the ݅th design variableݔ ,௜௟ݔ ,(௜௠ݔ
When the mutation operator is carried out for integer variables, the similar procedure like that 

of the crossover operator is employed. 
(6) Truncation for integer variables. After the crossover and mutation operator are performed, 

the variables denoting the locations of CLD patches are truncated to integer. The rule is described 
as follows: 

a) if ݕ௜ is an integer, then ݈௜ =  ;௜, otherwiseݕ
b) ݈௜  is equal to either ሾݕ௜ሿ or ሾݕ௜ሿ + 1 each with probability of 0.5, ሾݕ௜ሿ is the integer part  

of ݕ௜. 
5. Optimization results and discussions 

5.1. The cantilever CLD/plate 

The cantilever CLD/plate which is divided into 8×4 elements, is shown in Fig. 5. The left side 
of the plate is clamped. The numbers on the element denote the locations for CLD patches which 
will be bonded on the base plate, as well as the element numbering. The base plate, with the size 
of 0.2×0.1 m2, is partly treated with CLD treatments. The main physical parameters of the base 
plate (Aluminum), viscoelastic layer (ZN-1) and piezoelectric layer (P-5H) are listed in Table 1. 
In the following optimization procedure, the range of thickness is 0.0005 m ≤ ℎ ≤ 0.002 m. And 
the point ܧ in Fig. 7 is set to measure the vibration response of the plate. 

1 3 7 6 2.0 15.0 1f 2f c r dc

 
Fig. 5. Chromosome constructions. ܿ denotes the constraint violation value, ݎ denotes the rank value for ݅th 

solution, ܿௗ denotes the crowding distance of the ݅th solution 

1f

2f

 
Fig. 6. The crowding distance calculation 

 
Fig. 7. Finite element partition of the CLD/plate 

5.2. “Step-by-step optimization” for CLD/plate  

“Step-by-step optimization” for CLD/plate is carried out. Firstly optimal locations of CLD 
patches for taking the first two mode loss factors maximization as the objective functions are 
obtained by carrying out the multi-objective optimization procedure using the above improved 
NSGA-II (INSGA-II). The thicknesses of VEM and CLM are the same as that in Table 1. The 
number of CLD patches is selected as eight. The genetic parameters ܾ௜௡௧ and ݌௜௡௧ are set to be 0.5 
and 8.  

The Pareto front is shown in Fig. 8. It is observed that the Pareto front is a set of points 
distributing like a curve because of the discrete design variables, and the first mode loss factor 
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increases with the second mode loss factor decreasing. Four different layouts of CLD patches 
which are illustrated in Fig. 10 are selected to analyze the effectiveness of vibration suppression. 
For the layout 1 and layout 7, the CLD patches are placed on the locations where the mode strain 
energy for the first two modes, is maximum, shown in Fig. 11. The result is consistent with that 
in reference [5]. The frequency responses of base plate and different layouts of CLD patches are 
plotted in Fig. 9. It is reasonable to believe that: (1) it is very effective to reduce the first two 
resonances for all the layouts of CLD patches; (2) layout 1 is more effective for suppressing 
resonance of the first mode; (3) on the contrary, layout 7 is more feasible to control the vibration 
induced by the disturbance with the second mode frequency; (4) compared to layout 1 and 7, 
layout 3 and 5 may be the trade-off configurations for CLD patches to reduce the vibration of the 
first two modes; (5) especially, for layout 5, the control performance is close to that of the layout 1 
for the first mode and is close to that of layout 7 for the second mode; (6) compared with the base 
structure for which the first two mode frequencies are 16.44 Hz and 70.805 Hz, the natural 
frequencies for CLD/plate are changed a little, but still in an acceptable range. 

 
Fig. 8. The Pareto front for locations of CLD patches 

optimization 

 
Fig. 9. FRFs for different layouts of CLD patches 

 
 

 
a) Layout 1 

 
b) Layout 3 

 
c) Layout 5 

 
d) Layout 7 

Fig. 10. The different Pareto optimal layout for CLD patches 

Then the thicknesses of VEM and CLM for layout 5 are optimized by use of INSGA-II. Here, 
mass constraint is employed, which is ݉௠௜௡ ≤ ݉௔ ≤ ݉௠௔௫ , and the coefficients ߙ௠ଵ = ௠ଶߙ ,1.2 = 0.8. Furthermore, the frequency constraint is added, in which the frequency shift limitation 
is set to be about 20 % of the original value for the first mode, and about 10 % for the second 
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mode.  
Fig. 12 shows the Pareto front for layout 5 under the two constraints. A series of Pareto optimal 

configurations of thickness can be obtained when mass constraint is employed, and only a 
configuration is received when mass and frequency constraints are considered simultaneously. 
Fig. 13 shows the frequency responses for different configurations of ℎ௩  and ℎ௖ . Fig. 14 
demonstrates the added-mass and frequency shift for different optimal thickness configurations, 
and Fig. 15 displays the relationship between optimal thickness of VEM/CLM and the first two 
modes’ loss factor.  

 
a) Mode 1 

 
b) Mode 2 

Fig. 11. Mode strain energy of the first two modes for CLD/plate 

 
Fig. 12. Pareto front for laytout 5 

 

 
Fig. 13. FRF for different Pareto optimal 

configurations of ℎ௩ and ℎ௖ 
 

 
Fig. 14. The added-mass and the frequency shift for different optimal configurations 

It is apparent that: (1) the mode loss factor is more sensitive to the mode frequency constraint 
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and the first mode loss factor increases with thickness of VEM decreasing, but the second mode 
loss factor decreases; (2) compared to the original layout 5, the better vibration suppression of the 
first two modes can be achieved for almost all the configurations of ℎ௩  and ℎ௖ , regardless of 
constraint conditions; (3) the added-mass keeps a constant and the mode frequencies exceed the 
limitations except for configuration 17; (4) thickness of CLM keeps a constant close to 0.9 mm, 
and thickness of VEM varies from 0.05 mm to 0.2 mm in general; (5) compared Fig. 13 with 
Fig. 12, there is a tendency that when thickness of CLM keeps a constant, the natural frequency 
of the CLD/plate increases with thickness of VEM increasing; (6) there is a special configuration 
for ℎ௩  and ℎ௖ , (ℎ௩ = 2 mm, ℎ௖ = 0.56 mm), corresponding to configuration 17, in which the 
maximum second mode loss factor is obtained. 

 
Fig. 15. Relationship between thickness of VEM/ VLM and the first two mode loss factor 

5.3. Integrated optimization for CLD/plate 

The integrated optimization for CLD/plate is carried out. In the procedure, locations of CLD 
patches and thicknesses of VEM and CLM consist of hybrid variables, and the first two mode loss 
factors are taken as objective functions. The mass constraint is employed firstly, and then the mass 
and frequency constraints are considered simultaneously. Optimal variables and objective 
functions are listed in Table 2 and Table 3. It is very clear that the CLD patches for the first two 
maximal mode loss factors are bonded on the locations where the mode strain energy is maximal. 
That is consistent with “step by step optimization”. Fig. 16 displays the Pareto fronts for the two 
cases. It clearly reveals that the first mode loss factor varies oppositely to the second mode loss 
factor. A comparison between the fronts shows that the mode loss factor becomes smaller when 
the frequency constraint is employed, especially for the first mode loss factor. Thus, it can be 
inferred that the vibration suppression for the first mode is more effective when the mass constraint 
is considered exclusively.  

Fig. 16. Pareto fronts for hybrid variables 
 

Fig. 17. Relationship of ℎ௩ ℎ௖⁄  and mode loss factor 
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For consideration of the mass constraint, the locations of CLD patches described in number 4 
of Table 2 may be a preferred trade-off configuration. Furthermore, Fig. 17 reveals that when the ℎ௩ ℎ௖⁄  remains around 0.05-0.1, the performance for controlling the first mode of vibration is 
better and when the ℎ௩ ℎ௖⁄  remains a larger value (greater than 3.6), the performance for 
controlling the second mode of vibration is better. Considering the mass and frequency constraints 
simultaneously, it can be seen from Table 3 that thickness of VEM is up to the upper limitation. 
And the first mode loss factor varies very little except configuration 6, otherwise the second mode 
loss factor has a large range. So it can be inferred that for vibration control of the first mode, the 
variation is not obvious except that of configuration 6, but that is contrary for the second mode. 
That is verified in Fig. 18. Fig. 19 and Fig. 20 display that the added-mass and the mode frequency 
variation for the above two cases. A comparison between the two cases shows that for the first 
case, although there will be more configurations of CLD patches and a large mode loss factors 
range, it will have a larger added-mass and a larger mode frequency variation. Thus, it can be 
referred the second case may be a better selection in real-world optimization problem. 

Table 2. The Pareto solutions and objective functions with mass constraint only 
Number Locations of CLD patches ℎ௩ (mm) ℎ௖ (mm) 1st loss factor 2nd loss factor 

1 1, 4, 5, 8, 9, 12, 13, 16 0.05 0. 98 0.077 0.058 
2 2, 3, 6, 7, 10, 11, 14, 15 0.05 0. 97 0.076 0.072 
3 2, 3, 6, 7, 10, 11, 14, 15 0.05 0. 8 0.072 0.075 
4 2, 3, 6, 7, 10, 11, 13, 16 0.06 0.99 0.068 0.079 
5 2, 3, 6, 7, 10, 11, 13, 16 0.07 0.94 0.065 0.083 
6 2, 3, 6, 7, 10, 11, 13, 16 0. 08 0.94 0.062 0.086 
7 2, 3, 6, 7, 10, 11,13, 16 0. 09 1.08 0.061 0.088 
8 2, 3, 6, 7, 10, 11,13, 16 0.10 1.08 0.059 0.090 
9 2, 3, 6, 7, 10, 11,13, 16 0.11 1.01 0.056 0.091 
10 2, 3, 6, 7, 10, 11,13, 16 0.10 1.14 0.055 0.092 
11 2, 3, 6, 7, 10, 11,13, 16 0.11 1.14 0.054 0.093 
12 2, 3, 6, 7, 10, 11,13, 16 0.12 1.11 0.052 0.094 
13 2, 3, 6, 7, 9, 12, 14, 15 2.00 0.50 0.048 0.108 
14 2, 3, 6, 7, 9, 12, 13, 16 2.00 0.50 0.043 0.125 
15 1, 4, 6, 7, 10, 11, 13, 16 2.00 0.56 0.034 0.129 
16 5, 8,10,11, 14, 15, 17, 20 2.00 0.38 0.016 0.143 

Table 3. The Pareto solutions and objective functions with mass and frequency constraints 
Number Locations of CLD patches ℎ௩ (mm) ℎ௖ (mm) 1st loss factor 2nd loss factor 

1 1, 4, 5, 8, 9, 12, 13, 16 2.00 0. 45 0.050 0.032 
2 1, 4, 5, 8, 9, 12, 14, 15 2.00 0. 49 0.049 0.061 
3 2, 3, 6, 7, 10, 11, 14, 15 2.00 0. 48 0.048 0.068 
4 2, 3, 5, 8, 9, 12, 14, 15 2.00 0.52 0.048 0.082 
5 2, 3, 6, 7, 9, 12, 13, 16 2.00 0.54 0.043 0.125 
6 5, 8,10,11, 14, 15, 17, 20 2.00 0.27 0.016 0.138 

Comparison between ‘step-by-step optimization’ and ‘integrated optimization’ shows that: 
(1) locations of CLD patches for the two maximal mode loss factors are the same; (2) more optimal 
CLD patches configurations and larger range of loss factors are obtained using “integrated 
optimization”, and it means that more feasible configurations of CLD patches can be in a selection 
list; (3) for controlling the first mode of vibration, the ℎ௩ ℎ௖⁄  should be a smaller value, and for 
controlling the second mode of vibration, the ℎ௩ ℎ௖⁄  should be a larger one without considering 
the mode frequency variation; (4) the ℎ௩ will be up to the upper limitation with considering the 
added-mass and mode frequency variation simultaneously. 
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Fig. 18. FRF for mass and frequency constraints 

 
Fig. 19. The added-mass for the two cases 

 

 
a) The mass constraint only 

 
b) The mass and frequency constraints 

Fig. 20. Mode frequency variations for different constraints 

5.4. Discussions of genetic parameters 

Fig. 21 show the relationships between parameters ܾ, ݌ and the variables probability. And the 
probability denotes that the variables are located in the decreasing ranges (from set 1 to set 6) 
when the genetic operators are carried out for 10000 times. Based on Fig. 21, ܾ = 0.5 and ݌ = 8 
are selected in the precious optimization procedure. 

 
a) 

 
b) 

Fig. 21. The relationship between parameters ܾ, ݌ and the variables probability 

For simplicity, taking the above integrated optimization with mass and frequency constraints 
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as an example, the effect that the crossover probability and mutation probability have on the 
optimization procedure are analyzed. When crossover probability decreasing (from 0.95 to 0.5) 
and mutation probability increasing (from 0.05 to 0.5), the convergence procedures are obtained 
in Fig. 22. It can be seen that the optimization procedure converges well when mutation 
probabilities are smaller, and fluctuations appear when mutation probabilities are larger. It is noted 
that the pattern is obtained while optimization procedures for every set are carried out for many 
times. Besides, when the mutation probabilities are too small, such as 0.05, the best Pareto 
solutions cannot always be obtained. 

When crossover probability is 0.9 and mutation probability is 0.1, the relationships between 
convergence generations and parameters ܾ, ݌ are discussed, shown in Fig. 23. It is very clearly 
that: 1) when crossover parameter is smaller than 1, convergence generations vary tinily, 2) when 
it is more than 1, convergence generation increases greatly, 3) when it is larger than 3 (point P1), 
the convergence still cannot be obtained while 100 generations are carried out, 4) when mutation 
parameter ݌ increases, the convergence generations vary tinily due to smaller mutation probability. 
It is also noted that the pattern is obtained while optimization procedures for every set are carried 
out many times. 

 
Fig. 22. The optimization procedure with different 

crossover and mutation probabilities 

 
Fig. 23. Relationships between ܾ, ݌ and convergence 

generations 

6. Conclusions 

In this paper, the multi-objective optimization model of CLD/plate is established based on 
finite element method (FEM) in conjunction with Golla-Hughes-McTavish (GHM) method. The 
objectives are to maximize the first two mode loss factors and the design variables are locations 
of the CLD patches and thicknesses of viscoelastic material (VEM) and constrained layer material 
(CLM) which consist of hybrid variables. The improved non-dominated genetic algorithm 
(INSGA-II) is proposed and two different optimization strategies are employed. As results of the 
optimization, reasonable pareto solutions about CLD configurations are successfully obtained. It 
is shown that the INSGA-II is very suitable to the multi-objective optimization problem and the 
optimization strategies are applicable for the CLD treatments structure optimization. 

The vibration characteristics of the CLD/plate based on Pareto solutions are discussed. The 
different reasonable configurations of CLD treatments can be obtained except for some special 
cases by use of different optimization strategies. The effectiveness of vibration control for 
different modes depends highly on the ratio of ℎ௩ ℎ௖⁄  and locations of CLD treatments on the 
Pareto fronts. Furthermore, the optimal configurations of CLD treatments are also sensitive to 
constraint condition, and different tendencies of parameters of VEM and CLM can be obtained 
under different constraint conditions. Therefore, the multi-objective optimization will supply 
different trade-off optimal configurations for CLD treatments structure under different vibration 
control objective and constraint conditions.  
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Besides, the influence of genetic parameters on optimization procedure is also discussed. The 
crossover parameter and mutation parameter can be selected in a large range. Fluctuations in 
optimization procedure will happen when a larger mutation probability is employed, and 
premature may occur when a smaller mutation is selected. The crossover parameter has an obvious 
effect on the optimization procedure. 
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